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Correlation Coefficient

Correlation coefficient (-1<=R<=1): a measure of linear
association, or clustering around a line of multivariate
data.

Relationship between two variables (X, Y) can be
summarized by: (1y, o), (lty, Oy) and the correlation
coefficient, R. R=1, perfect positive correlation (straight
line relationship), R =0, no correlation (random cloud
scatter), R = —1, perfect negative correlation.

Computing R(X,Y): (standardize, multiply, average)
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Linear Regression Analysis

Correlation Coefficient
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Correlation Coefficient - Properties

Correlation is invariant w.r.t. linear transformations of X or Y
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Correlation Coefficient - Properties

Correlation is Associative

N _ _
R(X,Y>=]1v > (W)(M]=R(Y,X>
=i\ & N o

Correlation measures linear association, NOT an association in
general!!! So, Corr(X,Y) could be misleading for X & Y related in
a non-linear fashion.

Recall the correlation coefficient... |

Another form for the correlation coefficient is: |
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Deterministic Model

Correlation Coefficient - Properties |
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Linear Regression Analysis (ch. 12)
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Questions

Interpretation of

AN
Plotting the Data

\\\\\\\ AN |
Estimating B, and 3,




SN

Possible Estimation Criteria

NN

Formulas for Least Squares Estimates

Estimating c?

Least Squares Estimation

AN

Estimating 2 Cont’d




Example (12.12) Cont’d ‘ Examining the Overall Fit of the Model |

Another Notation for the Slope of the LS line

1. Note that there is a slight difference in the formula for
the slope of the Least-Squares Best-Linear Fit line:

Review Cont’d A Examining Fit Cont’d




Examinin:

Coefficient of Determinat

NNy

Testing for a Linear Relationship N\




Mean and Variance of ﬂl

Hypothesis Testing

Linear Correlation (12.5)

Estinate 3E Titat Fvalue
ParaneterTable + 1 0,626l 2.13541 0.293218 0.774364
X 0,65229 0,0404095 16,142 167475 % 10~

idjnstedRSquared - 0,952305,

Riruared - 0,955974,
EstimatedVariance - 32,6634, ANOVATahle -

IF Sum0£Sg Neaniq FRatio Malue
Hodel 1 8510.9 8510.9 260,564 1.67475x 10
Error 12 391,961 32,6634
Total 13 3902, 86
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Good Residual Plots Residual Plots w/ Nonlinear Data §
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Residual Plots w/ Autocorrelation i
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Residuals vs. Predicted

Scatter Plot

1z0

Scatter Plot

Standardized Residual vs. Predicted

Revised Data Set — Outlier Omitted

data? = {{3, 4}, {8, 1}, {10, 8}, {11, 8}, {13, 10}, {16, 11},
{27, 16}, {30, 26, {35, 21}, {38, 31}, {44, 30}, {103, 75}, {142, 90}}

FitResiduals »
10,20667, -0,0550843, -0.359786, -1,01214, -0.318838, -1,27389,
-3.44975, 4,5932, -3.66856, 4,37439, -0,533713, 5.97159, -4.47009}, |
StandardizedResiduals — {0,0660442, -0,0174454, -0.113586,
-0,319061, -0.0895393, -0,398958, -1,07037, 1.42319,
-1.13533, 1.35368, -0.167233, 2,11475, -2,1816}}

Residuals vs. Predicted




Standardized Residuals vs. Predicted Multiple Regression ‘

General Multiple Regression Model Two Variable Models

Two Variable Models Cont’d




Obtaining the ANOV Overall Measu

Model Utility Test
- Inference Concernin
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Detecting Multicollinearity

{150.0, 510, 2.3, 48}, (36.0, 46,0, 2.3, 613, {40.0, 48.0, 2.2, 66},
{41.0, 4.0, 1.8, 70}, {26.0, 43.0, 1.8, 89, {49.0, 54.0, 2.9, 36),
[42.0, 50.0, 2.2, 46}, {45.0, 48.0, 2.4, 54}, {52.0, 62.0, 2.9, 26},
[29.0, 50.0, 2.1, 17}, {29.0, 48.0, 2.4, 89}, {43.0, 53.0, 2.4, 6T,
[38.0, 55.0, 2.2, 47}, {34.0, 51.0, 2.3, 51}, {53.0, 54.0, 2.2, §1),
[36.0, 49.0, 2.0, 66}, {33.0, 56.0, 2.5, 19}, {29.0, 46,0, 1.9, 88
{33.0, 49.0, 2.1, 60}, {55.0, 5L.0, 2.4, 49}, {29.0, 52.0, 2.3, 11,
{44.0, 58.0, 2.9, 52}, {43.0, 50.0, 2.1, 60}

Estimate Titat Palue
1 189,576 212,91 0,630404 0, 385677
4] -5.90183 2, 72606 -2, 16497 0,0449073
{ParameterTahle-» % 1,79928 8.25637 0217926 0, 630081 ,
b -6.93054 11,9702 -0.578% 0,570195

xf 0.0877692 0033378 1. 73086 0. 101585
x% -0.0248369 0.0791632 -0.313743 0,757533

Riquared - 0,721785, AdjustedRiquared- 0,639957, EstinatedVariance - 100,57,

IF S0 Neansg FRatio Malue
Hodel 5 4435.53 887,105 8,82076 0,000252143
ANOVATab L,
o Error 17 1709.64 100,57

Total 2L 614522

Multiple Regression Example

Backward Elimination

Estinate SE © Tstat Palue
1 189,105 237,11 0.79754 0.436514

b4} -5.8021 2.61042 -2.10008 0.0519326
M 16482 12.616 0.146497 0, 835359
{PBEWEEEETEME-’ .4 -7.60405 126,613 -0.0580318 0953658

xi 00577719 0.0344071 1.67907 0112558
xg -0.0253057 0.120932 -0.209257 0. 536559

b5 0, 141337 26,9073 0.00525276 0.995674

Rigquared - 0,721785, AdjustedRSquared - 0.617455, EstinatedVariance - 106,836,
IF Sum0ESg Meansy FRatin Walue

Hodel [ 4435, 53 738,255 6.91626 0.000916356}

Error 16 1709.69 106,856

Total 22 6145,22

LNOVATahle -

Estiuate Sk Titat Malue

1 253,763 57,4641 4, 41603 0, 000333435
-5,70281 2,63106 -2.19m 0. 0412808
-0.m882 0, 782546 -0,505238 0.l
%o -6.99403 11,6649 -0,599586  0,556253

xi 00363325 0.0322218  1.74628 0.0874511

1
ParaueterTahle %

Rimared» 0, 720074, AdjustedRiquared » 0,657991, EstinatedVariance - 95,5328,

IF  Sw0fSy  MeanSy FRatio alue

Model 4 263 L0R4 1L 0.0000747018
HlTale~ Freor 18 171959 95,5328

Total 22 flAR22




Estinate i Titat Pralue

l 259,23 35,7702 4.64828 0000175241
MrmueterTables B -9, 54778 2,521 L3 003N
no -L123 0.520828  -Z.15311  0.0443875

xi 0.0578e6L 0031574 L3Nl 0.0823647

Riquared- 0,714583, AdjustedRiuuared 4 0.66952, EstiuaredVariance - 52,3124,

IF Sw0fSy  MeanSy FRatio Palue
lodel 3 4928 e 1566 0.000020892L
AiTale- frrr 19 176594 8314

Total 22 6l4h.22

Estimate Titat Falue
RrmetaTable+ 1 LLER LLOEELLOIB 3340,
woo -LE04 0.2%8eL -EOSER O 0.0000148907
Riquared- 0, 598585, AdjustedRiouared 0, 57947, EstivatedVariance o 117,466,
DF Smdfiy  Heaniy Patlo  Malue
Iodel 1 W4 MM 3L31S 0.0000128907
AT le Breor 2L 26670 L6
Total £L45.22

Batinate  SE Thtat Malne
DavametarTables 1 173604 ILORE LIS 00000445882,
B -0 D66 ST 0.00%0aLY

Rimazed+ 0, 343091, adjustedRamuared - 0, 313908, EotinatedVariance 4 191,645,

DF o Swfy  Memdy  Pathh Ml
Tkl 1 206 2066 ILDGSS 0.00%20909
e fror o 44 DL
Total il

ParsueterTahle - b

i
iy

e
Frror

Total

fatinate  IE

166,381

-l 0,298
-LOR3E 0.50L388

Réquared+ 0, 664129, AdjustedhSmared < 0.630542, EstinatedVariance 4 103.2,

W iy
T dAL
0o

& fdn

Titat Falue
A8 GBS L6104

A3 Lo

-197589 (0.0620629

Heandy — MRatio  Palwe
a4 197 0.0000l6ze%
10,2

Forward Selection
T Dtge  § Tt Ml
PometerTble+ ] LLAR L0 LI BOMIkL0Y,
W -LETAnmesl  -REAROR0.0000148907
Roiquated - 0, 398583, AdjustedRiquared + 0, 57947, EatiuatedVariance - 117, 466,
DF o hm0fSy  Memdqy  FRatlo  Plalue
Hodel 1 w4 R4 3L 0.0000148907
lnINWlD'TahlE-}Errur A k68 117,468

Total

6145, 22

DarameterTable s |
S

e
Error

Total

Batinate
137,48
18,140

Roipuared- 0, 362778, AdjustedRbmuared 4 0, 332434, EatinatedVariance 4 186,47,

o iy
X
A
Dl

i) Thtat Malue
A 610 300763 104,
b.58%4  -34MR 0.00235%4

BewSy  Ratin  Flalue
208,35 1L 0.00235094
16,47




ae Titat Falue
l 166,591 49084 6.60615 164798 ¢ 10

woo -Lig0d 0.690%0 433664 .oty
noo -LOBSE 0519 -LTER [.0allsld

ParaneterTahile 4

Riuared - 0.664129, AdjnstedRSmared- 0, 630542, EstinatedVariance 4 103.2,

0P hwlffg  Meandy FRatio Walue
Model 2 40BLZE 204061 15T DLO0ODLg26%
Brror 20 2064, 103.2
Total 2 6l

ANATabLe -

Estiuate 5 Thtat [alue
.23 15,1213 L7585 000113345
-6, 02522 2.79503 -2.155 00435276 7

xf 0.004324  0.0343023  L6l6 0. 1217

1
ParaneterTahle +
bl

Riquared 4 0,644945, AdjustedRimared- 060944, EstinatedVariance - 109,094,

IF Gm0fSg  Meandq FRatin PPalue
Idel 2 %33 L9LET 181647 0.000030833
MUV&T&hle-»Em[ a0 ALE 109.09
4 gl

Total

5 Tétat Malue
L 20% SR AGSB 0.000U754
{pam&t&ml“ no SIS LIS A6 0.0
wo -LISE 0S8 LB 0.0

xi 0.0578660  0.031574  L.63ZL 0. 0525647

Riiquared - 0,714585, adjustedR3mared -+ 0,68952, Eatinatedvariance - 92,3124,

IF Smlfiy  Meandy TRatin Palue
Model 3 439128 146376 LS.SE6 0.0000208921
AT le~ Error 19 179394 92,3134

Total 22 6ldG.al

Estimate  3E Titat Palne
1 147,075 16,7334 8.78929 1,648 L4
no -L243E 029612 419884 0. 000441915
¥ 158808 8,258 192483 00685832

ParaneterTable +

Riquared -+ 0.861324, MjustediSquared - 0,627457, EatinatedVariance + 104,062,

DF Sww0ffy  Meandy [Ratio Falue
Model 2 463,98  203L99 195266 0.00001%853
ATele- Ereor 20 208L.24 L04.062
Total 22 6L46.2

Estinate i Titat Fialue
1 162,876 25,1057 6. 31838 4,59191x 104
DarameterTable sy L2000 0.300452  -4,00497 0000740441
wo -D.665906  0.82097  -0.8LL0% 0.7
o -B.6L303 12,2413 0703607 0.4902LL

Riquared - 0,672659, AdjustedhSmared - 0,620973, EstinatedVariance < 105,873,

IF SwlfSy  Meandq FRatio PValue
Nodel 3 A6 LEE 1504 00000748239
HIVATabl
HEEIU[ 19 L% L0587
6143,22

Tutal

ParaneterTahle +

—

Estinate i Titat Palue
1 145 147,628 L1.00638 0.326878
bl -1.26127 0.29%851 -4, 25189 0.000431343,
bt -0. 564215 4,27428 -0.132002 0.89637

x§ -0, 0000643321 0.000515054  -0,123941 0. 902664

Riquared - 0,664401, AdjustedRiquared - 0.611411, EstinatedVariance - 105, 544,

IF Sunlfsy Heansy FRatio Palue
Hadel 3 406289 L1360, %8 12,5384 0.000094259
HliiTable + Error 1 062,33 108,544

Tatal 514522

s




Reduced Sets of B;’s

ParameterTahle

Eatimate SE Titat
1 183,105 237.11 0.78754
X1 -5.80z1 2.8104z -2.10008
X 1.8482 12.61a 0.146497
2 -7.60405 128.813 -0.0590315
xi 0.0577719 0.0344071 1.67907
x§ -0.0253057 0.120932 -0.209257
x§ 0.141337 26.8073 0.00525276

Ricuared — 0.721785, AdjustedRSgquared — 0.617455,
Estimated¥ariance —+ 106.856, ANOVATable —»

DF Sum0fsq MeanSog FRatio
Model B 4435. 53 739,255
Error 16 1709.69 106,856
Total 6145.22

6.91826

PValue
436814
0519326
5835359
953653
112558
536639

. 995874

oo ooooo

PValue
0. UUUQIGSSG}

ParaneterTable »

1 121,832
X1 -1, 52704
Riquared - 0, 595585, AdjustedRiquared = 0, 57947,
Estinaredvariance - 117,466, ANOVATable +
IF Sum0£3g Heandq FRatio

11,0422
0.272881

11,0333 3
-3,38398 0

Model l 367544 678,44 3L3la
Error il 466,78 117,456
Total 614322

Eatinate iE Tatat Mralue

T3k 10,
0000148307

FValue
0.0000148907}

Eatinate b Ttat

ParaueterTable »

Hodel 12 amjli o 40l 19,773
frror 20 064 103.2
Total 21 6L45.14

1 166,551 24,5084 i

xo -LI6046  0.28986  -4.35664 0.000304217 "
%o -LO0B932 0.55139  -L.97ER9 (.0621629
Riquared- 0,664129, AdjustedRiquared - 0630542,
EatinatedVariance - 103.2, MOVATable
IF SwlfSq  lesndq FRatio Palue

Walue
16478 10

0.0000182692}

{PatameterTahle-»

Estimate 3E Titat PYalue

1 182,876 25,7797 6.31898 459181 % 10
b4l -1.21032 0.301452 -4,01497 0.000740441 «
b4 -0, 665906 0.520997 -0.611084 0. 427356

b4 -8, 61303 12,2413 -0, 703607 0.430211

Rimquared = 0,672659, AdjustedRiquared - 0.620973,
EstinatedVariance - 105,873, ANOVATzble »

IF im0y Heandq FRatin Palue
HNodel 3 4133.63 1377.88 13,0145 0.0000748239
Error 19 2011, 58 105,873
Total 22 £145.22

All “Possible” Models;
XX, Only
{Para.meterTa.ble =
Estinate 3E Tatat Walue
1 162,361 129,875 1.25013 0.22643
XL -1.15639 3.12827 -0. 369851 0.715584,
Xy -1.00566 2.5807 -0.389685 0.701103
o) -0. 00202929 0.061078 -0.0332245 0.97384z2
Biquared » 0,664149, AdjustedRiquared » 0.6111Z,
EstimatedVariance —+ 108.625, ANOVATabhle 5
IF Sum0f 3y Mean3y FRatio P¥alue
Model 5 4081.34 1360, 45 12.5242 0. 00009495'?8}
Error 19 206388 105,625

Total 22 £145,22

Eatinate 5 Titat Malug
PaameterTailes | 1206 ILD4Z LLOBM a0,
B -LENG DML -RSOSOR 0.000nL4R0T

[

Riuared - 0, 598585, AdjustedRiquared - 0, 57947,
EstinatedVariance + 117,466, ANOVATable

[P Swlffy  lHeamdq FRatio  Pralue
fodel 1 W4 X4 3L 0.000014890%

Error 21 24668 LI7.466
Total &2 64522




Estinate  3E Titat Walue
ParameterTable | 173,514 1.8 5,12853 0, 0000445082,
v -L20M o DBRAREL  -3.3640 000320618

Riquared 0, 343081, AdjustedRiquared- 0. 313903,
EstinatedVariance - 191,646, MNOVATah1e +

DF Swfy  Meamdy FRatio PValue
Todel 20,66 212066 LLOSS  0.003205L%
Error 24,56 181646
Total 614522

Multicollinearity Example




