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1 Introduction

In this paper, we study a special case of the celebrated Metropolis algorithm — the In-
dependence Metropolis Sampler (IMS), for finite state spaces. The IMS is often used in
designing components of more complex Markov Chain Monte Carlo algorithms. Using an
acceptance-rejection mechanism described in section 3, the IMS simulates a Markov chain
with target probability p = (p1, pe, - - -, Pn), by drawing samples from a more tractable prob-
ability ¢ = (q1,q2, - - -, qn)-

In the last two decades a considerable number of papers have been devoted to studying
properties of the IMS. Without trying to be comprehensive, we shall briefly review some
of the results that were of interest to us. For finite state spaces, Diaconis and Hanlon [3]
and Liu [9] proved various upper bounds for the total variation distance between updated
and target distributions for the IMS. They showed that the convergence rate of the Markov

chain is upper bounded by a quantity that depends on the second largest eigenvalue:

/\slem =1- mln{&}

A complete eigenanalysis of the IMS kernel was performed by Liu (1996). He also compared
the IMS with other two well known sampling techniques, rejection sampling and importance
sampling. By making use of Liu’s results, Smith and Tierney [12] obtained exact m-step
transition probabilities for IMS, for both discrete and continuous state spaces.

In the continuous case, if denoting by

* . q\r
rt=1-— 1531f{ Z%},

Mengersen and Tweedie [10] showed that if 7* is strictly less than 1, the chain is uniformly
ergodic, while if 7* is equal to 1, the convergence is not even geometric anymore. Similar
results were obtained by Smith and Tierney. These results show that the convergence rate
of the Markov chain for the IMS is subject to a worst-case scenario. For the finite case, the
state corresponding to the least probability ratio ¢;/p; is determining the rate of convergence,
that is just one state from a potentially huge state space decides the rate of convergence of

the Markov chain. A similar situation occurs in continuous spaces. To illustrate it, let us

consider the following simple example.

FExample: Let ¢ and p be two Gaussians having equal variances and the means slightly

shifted. Then ¢, as proposal distribution, will approximate the target p very well. However,



Hitting time analysis for IMS 3

it is easy to see that inf,{q(x)/p(x)} = 0 and therefore the IMS will not have a geometric
rate of convergence. This dismal behavior motivated our interest for studying the mean first
hitting time as a measure of "speed” for Markov chains. This is particularly appropriate
when dealing with stochastic search algorithms, when the focus could be on finding indi-
vidual states rather than on the global convergence of the chain. For instance, in computer
vision problems, one is often searching for the most probable interpretation of a scene and,
to this end, various Metropolis-Hastings type algorithms can be employed. See Tu and Zhu
[13] for examples and discussions. In such a context, knowledge of the behavior of the first
hitting time of some states, like the modes of the posterior distribution of a scene given the
input images, is of interest.

The IMS was thoroughly studied, but most of the analysis focused on its convergence
properties. Here, we analyze its first hitting time and derive formulas for its expectation and
variance. These formulas are expressed mostly in terms of the eigenvalues of the transition

kernel.

o We first review some general formulas for first hitting times. Then, we derive a formula
for the mean f.h.t for ergodic kernels in terms of its eigen-elements and show that when
the starting distribution of the chain is equal to one of the rows of the transition kernel,

the mean f.h.t will have a particularly simple form.

Using this result together with the eigen-analysis of the IMS kernel (briefly reviewed in
section 3), we prove the main result, which gives an analytical formula for the mean f.h.t of

individual states, as well as bounds.

e We show that, if in running an IMS chain the starting distribution is the same as the
proposal distribution ¢, then after ordering the states according to their probability

ratio, and if denoting by \; the i eigenvalue of the transition kernel, we have:

. N 1

i) Elr(i)) = s

) 1 : 1 1
i) min{g;, p;} < Elr(i)] < min{q;,p:} 1 — |lp — qllrv’

where 7(7) stands for the f.h.t of i, and ||p — ¢||7v denotes the total variation distance

between the proposal and target distributions.

The result can be extended from individual sets to some subsets of state space, as we shall

see in section 3. We then illustrate these results by a simple example.
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e We conclude the section by proving that when starting from j # ¢, the mean f.h.t of
1 are decreasing, with the smallest being equal to the mean f.h.t of ¢ when starting

from gq:

If ¢1/p1 < qo/p2 < ... < qn/pn then :
Ey[r(i)] > Eo[r(0)] > ... > E;1[7(i)] > Eia[m(d)] = ... = E,[7(0)] = E[r(3)], Vi.
Next, in section 3.5 and section 3.6 we focus on the tail distribution and the variance of the
f.h.t for the IMS and we determine:
e An exponential upper bound on the tail: P(7(i) > m) < exp{—m(p;w;)}, Ym > 0.

e If 7 denotes the fundamental matrix associated with the IMS kernel then:

. 22“(1 — )\2) — 3}71(1 — )\z) + 2]97; —1
- pi(l—A\)? ’

Various bounds on the variance are also presented.

Vi.

Var[r(i)]

Further, in section 4 we show how a special class of Metropolis-Hastings algorithms can

outperform the IMS in terms of mean first hitting times.

e We prove that if @) is a stochastic proposal matrix satisfying Q;;/p; > 1,Qi;/p; >
1,Vi,Vj # i, and R is the corresponding Metropolis-Hastings kernel then, for any

initial distribution ¢,

, 1 —gq
Q 7
E; [T(1)] <14 ,

Di

and as a corollary,

1
EQ[r(i)] < ——— < EIMS[r(3)] Vi
0] < ey < EESIrO)] Vi
where we denoted by E[*5[7(i)] the mean £.h.t of the IMS kernel associated to ¢ and
p.

e We conclude by presenting lower and upper bounds on the hitting times for general

Metropolis-Hastings kernels.
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2 General f.h.t for finite spaces

Consider an ergodic Markov chain {X,,},, on the finite space Q2 = {1,2,...,n}. Let K be
the transition kernel, p its unique stationary probability, and ¢ the starting distribution.

For each state ¢ € Q, the first hitting time is defined below.

Definition 2.1 The first hitting time for a state v is the number of steps for reaching @ for
the first time in the Markov chain sequence, 7(i) = min{m >1: X, =i}.

E[7(1)] is the mean first hitting time of i for the Markov chain governed by K.

For any i, let us denote by K_; the (n — 1) x (n — 1) matrix obtained from K by
deleting the i'® column and row, that is, K_;(k,j) = K(k,j),Vk # i, j # i. Also let
q-i = (q1, -y Gi—1,Gis1, s @n). Then, it is immediate that P(7(i) > m) = ¢_;K"; '1, where
1:=(1,1,...,1). This leads to the following formula for the expectation:

Er(i)] =14 q(I-K;)™'1, (2.1)

where I denotes the identity matrix. The existence of the inverse of I — K_; is implied by
the sub-stochasticity of K_; and the irreducibility of K (Bremaud [2]).
More generally, the mean f.h.t of a subset A of §2 is given by

Er(A)] =14¢aI-K_4)'1, VACQ. (2.2)

A different route is to consider the first hitting times if starting from a fixed j # i. Here,
we should define a different stopping time, by not counting starting from j as an initial step,
but for simplicity, we will use the same notation and refer to E;[7(¢)] as the mean f.h.t of ¢
when starting from state j. Then, for all j # 4, one has E;[7(i)| = (Z; — Z;i)/pi. Z denotes
the fundamental matrix, which, we recall, is defined to be Z = (I — K + P)~!, where P
denotes the matrix having all rows equal to p. When starting from ¢ instead from a fixed

state 7, one has:
. _ 1
Ey[r()] =14 ¢;E;[r(i)] =1+ o > 4(Zi — Zy). (2.3)
J#i b
For the rest of the paper we shall drop the subscript ¢ whenever this will not create any

notation confusion.
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The variance of the f.h.t can also be derived from the fundamental matrix Z. It is known

that the second moment of 7(7), when starting from j, is determined by:

, 2 1 2 o
Ejlr(0))? = =(Z5 = Z3) — —(Zu — Zj) + ]?Zn-(Zii — Zji),Vj #1, (24)

where the first term refers to the matrix Z2. Hence, it is immediate that the second moment

of the f.h.t when Starting from ¢ is just:

E[ =14 — Z q] ZQJ i z ” ZQJ W ]Z (25)

which readily leads to a formula for the variance. For more on the properties of the funda-
mental matrix Z and its connections to hitting times refer to Kemeny and Snell [6].

Next, we will show how knowing the eigen-structure of the transition matrix allows the
direct computation of the mean f.h.t.

Let {\; }o<j<n—1 be the eigenvalues of K and let v, = {v }o<i<n—1, and w, = {uw fo<i<n—1
be their corresponding right and left eigenvectors, such that U’V = I, where U' = {ug }, V =
{v.}r. As K is a stochastic matrix with stationary probability p, we have Ay = 1 and we

can fix vg = 1 and uy = p respectively. Moreover, all the eigenvalues have real values and
|Aj| < 1,¥j > 0.

Proposition 2.1 . Using the same notations as before, for any ergodic kernel K and any

wnitial distribution q, the mean first hitting time of i € €2 s

n—1

) 1 1
Elr(i)] =1+ — Z T ukz Ui — ZQZUM

In particular, if q is chosen to be row 7" of K for arbitrary j € Q, then

I =t 8ii
E[T(Z)] = — Z 11— )\kum(vm — Uk]') + p_

Proof: Using (2.3),
E[ =1 + — qu W z (26)

b
Let us recall that Z and K share the same system of eigenvectors, while the eigenvalues

of Z are fy = 1,8; = 1/(1 — A\;),V1 < j < n — 1. Therefore, we can apply the spectral

decomposition theorem (see Bremaud [2]), to get:

n—1 n—1 1 n-l
Zii = E Brukiug: = voruo; + E 1 — )\, CklUki = Di + § : 1
JE— k -
k=0 k=1 k=1

VEiUki, Vl, 1.
Ak
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Therefore,

i
L

1
1— X

L — Zji = (Uki — Ukj ) Uk (2.7)

i

1
From (2.7) and (2.6), we get

Elr(i)] =1+ — Zq] W — Zji) =14+ — Zq]z Uki_vkj)ukia

g b A k=1
which, by changing the summation order, turns into
n—1

Elr(i)] =1+ - Z

Di

uk’z Z q] Vki — Uk:] (28)

J#i

Noting that Z#i ¢;(vk; — vg;) can be rewritten as vy, — >, Uk, the first part of the proof
is completed. For the second part, assume that ¢ = K;.. This implies that ), quy =
> K = (Kvg);. But as vy is a right eigenvector for A\;, we get >, qug = Agvy; and by

plugging this into the general formula just proved,

n—1 n—1
1 1 1
Elr(i)| =1+ — Ui \ Vs — )\kvk —1+ Uki (Vgs — Vgs + 1_/\kvk‘-
Or
, 1o 1 1
E[T(Z)] =1+ - Z 1\ ’U,M(UM — Ukj) -+ - Zukﬂ}kj. (29)
Di k=1 k Di b1

We have to consider two cases:
i) 7 =i. In this case, Zz;ll Uk Uk = ZZ;(l) UpiVki — Pi = 1 — p; since Zz;é UiV = 1.
Therefore, from (2.9) it follows that E[7(i)] = 1/p;, the first sum cancelling for j = 1.
ii) j # 4. Then, again, S 1_] uriV; = S p—o UkiVkj — Pi = 0ij — pi = —pi. Now, using
(2.9)

-1 n—1
. 1 1 1
Elr(i)] = — E ukz Vi — Ugj) — 1 = o E - Ui (Vi — vgz). O
k= Cp=1 - Ok

3 Hitting time analysis for the IMS

Here, we shall capitalize on the previous result to prove our main theorem. But first, let us

set the stage by briefly introducing the IMS.
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3.1 The Independence Metropolis Sampler

The IMS is a Metropolis-Hastings type algorithm with the proposal independent of the
current state of the chain. It has also been called Metropolized Independent Sampling
(Liu [9]). The goal is to simulate a Markov chain {X,,}n,>o taking values in  and having
stationary distribution p (the target probability) . To do this, at each step a new state
J € Q is sampled from the proposal probability ¢ = (¢1,¢2,...,q,) according to j ~ g;,
which is then accepted with probability

. . qi Pj
Oé(l7j) = mll’l{l, __}
Di gj
Therefore, the transition from X,, to X,,,1 is decided by the transition kernel having the
form
Qja(ivj)7 ] 7£ i7
1— Zk#K(z’7k), j=1i.

The initial state could be either fixed or generated from a distribution whose natural choice

K(i,j) =

in this case is ¢. In section 3.3, we show why it is more efficient to generate the initial state
from ¢ instead of choosing it deterministically.

It is easy to show that p is the invariant (stationary) distribution of the chain. In other
words, p K = p. Since from g > 0 it follows that K is ergodic, then p is also the equilibrium
distribution of the chain. Therefore, the marginal distribution of the chain at step m, for
m large enough, is approximately p.

However, instead of trying to sample from the target distribution p, one may be interested
in searching for a state ¢* with maximum probability: ¢* = arg max;cq p;. Here is where the
mean f.h.t can come into play. E[7(7)] is a good measure for the speed of search in general.
As a special case we may want to know E[r(i*)] for the optimal state.

As it shall become clear later, a key quantity to the analysis is the probability ratio
w; = q;/pi- It measures how much knowledge the heuristic ¢; has about p;, or in other

words how informed is ¢ about p for state ¢. Therefore we define the following concepts.
Definition 3.1 A state i is said to be over-informed if ¢; > p; and under-informed if ¢; < p;.

There are three special states defined below.
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Definition 3.2 A state i is exactly-informed if ¢; = p;. A state ¢ is most-informed (or
least-informed ) if it has the highest (or lowest) ratio w;: im.x = arg max;eqf{ w; }, imin =
arg min;eq{ w; }.

Liu [9] noticed that the transition kernel can be written in a simpler form by reordering the
states increasingly according to their informedness. Since for i # j, K;; = ¢; min{1, w;/w,},

if w; <wy <... <w, it follows that

w;pP; 1< j7
Kij = 1— Zk<i qr — W; Ek>i P 1= j7
q; = W;p; 7> j

Without loss of generality, we shall assume for the rest of the paper that the states are
indexed such that w; < wy, < ... < w,, to allow for this more tractable form of the
transition kernel.

Proposition 2.1 can be used to compute mean first hitting times whenever an eigen-
analysis for the transition kernel is available. In practice, this situation is quite rare though.
However, such an eigen-analysis is available for the IMS. We review these results below and

then proceed with our results.

3.2 The eigenstructure of the IMS

A first result concerns the eigenvalues and right eigenvectors of the IMS kernel.

Theorem 3.1 (J. Liu, 1996) Let Ty = 5, ¢ and Sy = ) -, pi- Then, the eigenvalues
of the transition matriz K are \, = Ty, —wy - Sp,V1 < k <n—1,) ) =1, and they are
decreasing as A\g > A1 > Ay > -+ > \,_1 > 0. Moreover, the right eigenvector corresponding
to A,k >0 ids v = (0, ,0,Sks1, =Pk, -+, —DPk), with the first k — 1 entries being 0 and
vo=(1,1,...,1).

Remark: 1t is easy to see now that the eigenvalues of K are ”incorporated” in the diagonal
terms of K through the equality K; = \; + ¢;, which will be often used later on.

Smith and Tierney [12] computed the exact k-step transition probabilities for the IMS.
One of their results reveals in fact the very structure of the left eigenvectors. Suppose d, is
the unit vector with 1 in the k’th position (1 < k < n) and 0 everywhere else. They showed
that:
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Proposition 3.2 (Smith and Tierney, 1996) For 1 <k <n —1,

k—1
1 v
Ok = Pkvo + 5 Uk — Dk !
Sk ; S;Sjt1
while for k =n,
n—1
’l} .
571 = PnUo — Pn .
; SjSj+1
As a corollary, the left eigenvectors of K are given by:
Corollary 3.3
1 Pk+1 Pn T
up=p,up = (0,0,...,0, —, ————, ..., ————) ", 1 <k <n-—1,
o =P = 5SS St

where for k > 0 the first k — 1 entries are 0.

3.3 Main Result

We are now able to compute the mean f.h.t for the IMS and provide bounds for it, by

making use of the eigen-structure of the IMS kernel as well as of Proposition 2.1.

Theorem 3.4 Assume a Markov chain starting from q is simulated according to the IMS

transition kernel having proposal q and target probability p. Then, using previous notations:

. o Z,
i) E[r(i)] = =)’ Vi e Q,
1 1 1

) mln{%pi} [ ( )] mln{%‘,pi} 1— Hp - C]HTV

where we define A, to be equal to zero and ||p — q||7v denotes the total variation distance

between p and q. FEquality is attained for the three special states from Definition 3.2.

Proof: 1) Let us first note that we are in the situation from the second part of Proposition
2.1. That is, after reordering the states according to their probability ratios, our initial
distribution ¢ is equal to the n'" row of K as it can easily be seen.

Then, from Proposition 2.1, one has:

n—1
1 1 0;
[P0)) = - 37 vk = i) + (3.1)
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From Theorem 3.1, vy; = vgy, Vk < ¢, while from Corollary 3.3, ug; = 0 for k& > i. Hence
Ui(Vgi — V) = 0,VEk # 0. If ¢ = n, then E[7(i)] = din/pi = 1/[pn(1 — A\y)], while for i < n
one has ( )
) Ui\ Vis — Uin
Elr(i)] = = n)

Using the eigen-analysis for the IMS, we can write w;(vy; — vin) = (Six1 — (=pi))/S; = 1,
so the expectation becomes E[7(i)] = 1/[p;(1 — \;)], and the proof of i) is completed.

it) By using 7) it is obvious that E[r(i)] > 1/p; since 0 < \; < 1. Therefore, we
only need to show that 1 — A\; < w; which would imply that E[r(i)] > 1/¢;. Noting that
Ni=¢+ @1+ .-+ g — (pi +pix1 + - .. + pr)w;, we need to prove that

:@> G1ta+...+¢q-
i pitpat...tDpic1

w;

This is follows quickly since for any j < i, w; < w; <= q; < pjw;.

To prove the upper bound, let us first get a more tractable form for ||p — ¢[|7v. We
partition the state space into two sets: under-informed and over-informed with the exactly-
informed states in either set: Q = Qunder U Qover. As the states are sorted, let k& < n be their
dividing point

Qunder = {0 <k <pi}ty Qover = {8 >k 2 qi > i},
where ove; can be the empty set if ¢ = p. By definition, ||p — ¢||7v = %ZZ |pi — qi]. Since
Y ica(Pi — @) =0, we have

1 1 1
lp—dllrv = 52’%’—%”:5 Z (pi_Qi)+§ Z (4 — pi)

S ieQunder ieﬂover
= Z (¢ — i) = Tir1 — Sk, (3.2)
1€Q0ver

where we define T,, ;1 = S,.1 = 0. We prove the upper bound for the under-informed and
over-informed states respectively.
Case I. upper bound for under-informed states i < k.

For under-informed states, ¢; = min{p;, ¢;}. As \; = T; — w;S;, it follows that:
pi(1=X) =pi(1 = T3) + ¢S = pi(1 — Ti1) — pigi + @iSiva + qipi = pi(1 — Tiy1) + ¢iSita-

Therefore, p;(1—A;) = ¢i(1—=Ti11+5i41). By using (3.2), we get min{p;, ¢;}(1—|lp—qllrv) =
¢i(1=Tg11+Sk+1). Thus, we only need to show that S; 1 —Sk+1 > Ti1 —Tk11. By definition,
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this is equivalent to p;y1 + pizo + ... + Pr > Giv1 + Givo + - .. qr, which is obviously true
because states ¢ + 1,. ..,k are under-informed. Equality is attained for p; = ¢;,Vj € [i, k],
which is at the exactly-informed states.

Case II. upper bound for over-informed states ¢ > k.

As min{p;, ¢;} = p;, it suffices to show that p;(1 — X\;) > pi(1 — Tre1 + Skr1), or \; <
Tyi1 — Sky1. Because \; < Mgy, it suffices to prove that A\py; < Trpiq — Sgy1, of Tpiq —
Wra1Sk41 < Thy1 — Sky1, which is trivial since w1 > 1 for over-informed states. Equality
in this case is obtained if \; = \;_1 = ... = A\¢y1 and wi; = 1 which is equivalent to
Wil = Wpao = ... =w; = 1.

Theorem 3.4 can be extended by considering the first hitting time of some particular

sets. The following corollary holds true.

Corollary 3.5 Let A C Q of the form A = {i+1,i+2,... i+k}, withw; < wy < ... < wy,.
Denote pa := piy1 + pivz + oo + Pitks;qa = Giy1 + Giy2 + oo+ Gipr, Wa = qa/pa and
A o= (¢ip1+ ..+ @) — (Pis1 + ... + pp)wa. Then i) and ii) from Theorem 3.4 hold
ad-literam with i replaced by A.

Proof: We will only prove part i) since the proof of ii) is analogous to the one in Theorem
3.4.

Let A={i+1,i+2,...,i+ k}. We notice that w; <ws < ... <w; < wy < Wigpr1 <
... < w,. Therefore, if we consider A to be a singleton, the problem of computing the mean
f.h.t of A reduces to computing the mean f.h.t of the singleton A in the "reduced” space
Qu:={1,2,...,i,{A},i+k+1,...,n}. The new proposal (respectively target) probability
would be ¢ restricted to the space Q4 by putting mass g4 on the state {A} (similarly for p).

It is easy to check that K_ 4 = K_;4), where the last matrix is obtained if we consider A
to be a singleton (it is essential that the ordering of the states according to the probability

ratios is the same in Q as in {24). Now, we can apply (2.2) to obtain
EQ[T(A)] =14+ q_A(I — K_A)_l]_, =14+ q_{A}(I — K_{A})_ll,

and by using Theorem 3.4 for Qa, Eq[T(A)] = Eq,[T({A})] = 1/[pa(1 — Aa)]. We used the
subscripts {2 or 24 to indicate which space we are working on. O

In the introduction part we hinted at showing why generating the initial state from ¢ is
preferable to starting from a fixed state j # 7. The following result attempts to clarify this

issue.
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Proposition 3.6 Assuming that wy, < we < ... < w,, the following inequalities hold true:
Ey[r(1)] > Es[r(1)] > ... > E; 4[7(i)] > Eia[r(d)] = ... = E,[r(1)] = E[r(i)], Vi € Q.

Proof: We saw that

E;[m(i)] = 1 Z 1 _1)\kuki(?1ki — Ugn) = E[7(1)].

it) j < i. Let us compute the difference E;[7(i)] — Ej41[7(¢)] for arbitrary j.

n—1 n—1

. ) 1 1 1 1
Ej[r(i)] = Eja[r()] = ZZ Z 1_—)%(% — Ukj)Uki — ZZ 1_—)%(%‘ - ’Uk(j+1))uk:i =
= k=1
1 1
= ; T n (Vk(j+1) = Ukj ) Uki- (3.3)

If j < i—1 then for & < j we have vy;;1) = 0 = vy, while for j +1 < k < 1,
Uk(j+1) = —Pk = Ukj, S0 in both cases the difference is zero, which cancels the corresponding
terms in (3.3). The terms for k£ > ¢ cancel too, because ug; = 0. The only remaining terms
are those for k = j, 7 + 1. Therefore,

Ej[r(i)] — Ejlr(i)] = L [;(Uj(j-i-l) — vjj )i + ;(U(j+1)(1+1) - U(j+1)j>u(j+l)i]-
pi Ll = 1—Xin

We note that (vj(+1)—vj;)us = (—pj—Sj+1)(=pi/ (53 Sj41)) = pi/ Sjs1. Similarly, (v(r1)+1)—

UG+ UG+ = Sj+2(=Di/ (Sj+15542)) = —pi/ Sj1. Hence,

Ej[r(i)] — E; == - = - > 0.
SO = Ejalr @) = > (1 -, 1- AjH) Si Siea (1 N 1- Aj+1) =

Equality case is obtained if w; = w;4; which implies A\; = A;1;. Therefore, if states j and
J + 1 have the same informedness, it would make no difference from which one of them the
sampler would start.

The only thing left to prove is that E;_1[7(i)] > E[r(i)]. To do this, we note that one
can write (3.3) with ¢ — 1 in the place of j and i + 1 instead of j + 1. This gives

. ) 1 1
Ei 1[7(i)] — Eia[7(i)] = P Z T~ n (Vk(i41) — Uk(i—1)) Uki-
b k=1
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As before, all the terms cancel except for k =i — 1,7 and analogously,

1 1

Bialri)] = Bualr@) = ¢ (75—~ 1) 20

As Eiq[1(i)] = E;[7(i)] = E[7(i)],Vj > i, the proof of Proposition 3.6 is completed.O

3.4 Example

We can illustrate the main results in Theorem 3.4 through a simple example. We consider a
space with n = 1000 states. Let p and ¢ be mixtures of two discretized Gaussians with tails
truncated and then normalized to one. They are plotted as solid (p), dashed (g) curves in
Fig.1a. Fig.1b plots the logarithm of the expected first hitting-time In E[r(z)]. The lower
and upper bounds from Theorem 3.4 are plotted in logarithm scale as dashed curves which
almost coincide with the hitting-time plot. For better resolution we focused on a portion of
the plot around the mode, the three curves becoming more distinguishable in Fig.1lc. We
can see that the mode z* = 333 has p(z*) ~ 0.012 and it is hit in E[7,«] ~ 162 times on
average for ¢. This is much smaller than n/2 = 500 which would be the average time for
exhaustive search. In comparison, for an uninformed (i.e uniform) proposal the result is
E[r,«] = 1000. Thus, it becomes visible how a ”good” proposal ¢ can influence the speed

of such a stochastic sampler.

p(solid) vs. g (dashed)

- L L L L L L L L L L 35 L L L L L
500 600 700 800 900 1000 ] 100 200 300 400 500 600 700 800 900 1000 320 330 340 350 360 370

(a) p (solid) vs ¢ (dashed) (b) In E[7(4)] and bounds (¢) zoom in for (b)

Figure 1: Mean f.h.t and bounds
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3.5 Tail Distribution

It is known (Abadi [1]) that the distribution of first hitting times is generally well approxi-
mated by an exponential distribution. This can be illustrated on a small example.
Consider a state space with N = 10 states, with p and ¢ being discretized mixtures
of Gaussians as before. Fig. 2a plots the tail distributions of the f.h.t for all the states
of the space. It is apparent that their shapes generally resemble exponential tails. In
Fig. 2b, we plotted both the tail distribution of the f.h.t (in solid) and the corresponding
exponential distribution (dashed) for an arbitrary state (i = 3). Even though we are not
able to quantify the approximation error in general, we can give an exponential upper bound

on the tail distribution of the f.h.t. The bound is shown in Fig. 2c.

01f —

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250

F.h.t and the corresponding

(a) Tail distributions (b) exponential distribution

(¢) Upper bound for the tail

Figure 2: Tails, exponential approximation and the upper bound

Proposition 3.7 For alli € Q, P(7(i) > m) < (1 — ¢;)(1 — pywy)™ < exp{—m(p;w1)},
Vm > 0.

Proof: For all j # i we can write Kj; = p; min{w;, w;}. This shows that Kj; > p,wq,Vj #
i. Or, equivalently, 1 —K;; <1—p;w;,Vj # i. By writing this set of inequalities in matrix
form, one gets K_;1 < (1 — p;w;)1. Now, we can iterate this inequality and therefore,
K',1 < (1 —pyw;)'1, VL.

We recall that P(7(i) > m) = ¢ ;K™ '1. Hence, by taking | = m — 1 we shall obtain
P(7(i) >m) < (1 — pywy)™ 1q_;1, or finally, P(7(i) > m) < (1 — ¢;)(1 — pywy)™ L.
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For the second of the inequalities we note that w; > wy, so 1 — ¢; < 1 — p;w;, which
readily gives P(7(i) > m) < (1 — pjwy)™. But (1 — pwy)™ < exp{—m(p;w1)}, since
exp{—z} > 1 — x, Vz, and the proof is completed. O

Remarks: 1) We note that the last of the inequalities in Proposition 3.7 holds also for
the exponential distribution (i), having mean equal to E[r(i)]. That is, P(u(i) > m) <
exp{—m(p;wq)}, YVm > 0. To see why, note that \; < A\; = 1 —wy, so E[7(i)] = 1/[p;(1 —
Ai)] < 1/(piwq) or 1/E[r(i)] > p;wi. Then, obviously, P(u(i) > m) = exp{—m/E[7(i)]} <
exp{—m(piwi)}.

2) We can always use Markov’s inequality to upper bound the tail distribution with
respect to the expectation of the f.h.t of some 7. That is, for any k positive integer, one has:
P@ﬁ)>kﬂﬂ0b§%.

If we were to avoid the use of eigenvalues, whose values might be too difficult to compute,

we could rely on the upper bound from Theorem 3.4 which combined with the above gives:

1
min{p;, ¢} (1 — [|p — ql)

P(r(i) = k[ 1)<

| =

3.6 Variance

In this section, we derive a formula for the variance of the f.h.t for the IMS. We show that:

Theorem 3.8 If Z is the fundamental matriz associated to the IMS kernel and using the

same notations as before, the variance of the first hitting time of i is given by:

N Pl = A)?

Proof: Already knowing the expectation of the f.h.t reduces the problem of computing the

Var(r(i)] Vi€ Q.

variance to finding F(7(i)?). This is given by (2.5):
9 2 9 9 1 27;;
Elr(i)]=1+ o > 47— 73) - . > a4 Zi — Zy) + "l > 4i(Zi — Zji).
b b L

We can rewrite the above as:

' 2 1 27,
Elr(i)?] =1+ ;(Zi- - 475 - ;(Zii —> 4% + I (Zi=) 4 %).  (34)
’ j ! j ¢ j
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Let us note that Zj ¢ 2y = Zj K,;Z; = (KZ),;. Also, recall that
KZ=Z+P-1L (3.5)

Thus, Y, q;Zji = Zni + pi — Oni. Similarly, 7. 4235 = > K,;Z} = (KZ?)n;. From (3.5)
it also follows that KZ? = Z® + P — Z, hence 3, q; 23, = Z2; + pi — Zn;- By transforming
(3.4) we get

Bl 1) = L+ (28 = 22 = it Zoi) = (Zi = Zos = i i) (2 = Zi = ik G,

which further reduces to

2 3 27 Oni  27;
Elr(i)?) = (2% — Z2) — ~(Zsi — Zni) + “(Zis — Zpi) + — (== —1). 3.6
[7(i)7] pi( ) pi< ) pg( ) pi(pi ) (3.6)

For i = n (3.6) becomes E[r(n)? = (2Z,, —pn)/p2, so Var[r(n)] = E[r(n)?] — (E[r(n)])? =
(2Zyn — pu) /Py — 1/p;, or finally,
20 — P — 1

Var[r(n)] = = ;
which is what I wanted since A, = 0.

If i < n, let us rewrite (3.6), for clarity:

Bl = 2(2 - 22) — (2 — 20 + 225 (2~ 2,0) (3.7)

[ ) i

We use the spectral decomposition theorem for Z2 and obtain

3
—_

1
Zi = pi+ g Ukt Uki, V L, 0.
= (=)
Therefore, we have
n—1
1
Z7,27, - Ziz = Z 1-\ )QUki(Um' — Ukn),
k=1
which, just as before, leads to
ii(Vii — Vin 1
7~ 7= M) 55)

(1—N\)2 (1— )2
It is also noted that Z; — Z,; = p;E,[7(i)]. At the same time, from Proposition 3.6,
E,[7(1)] = E[r(i)] = 1/[p;(1 — \;)]. Therefore,

D = Zns = (3.9)

1=\
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Now using (3.8) and (3.9) in (3.7) we obtain

o 9 3 27
Blr(y]= pi(1 — \)? - pi(1—A) " pi(l—X)

Or

pi(1—=X)?
Since Var[r(i)] = E[r(i)%] — E[7(i)]* and E[7(i)] = 1/(p;(1 — X\;)), it is immediate that

Er(i)*] =

Var[r(i)] EIEWE

3.6.1 Bounds for the variance

Two corollaries of Theorem 3.8 will offer bounds on the variance of the f.h.t.
By bounding the term Z;; in Theorem 3.8, we obtain Corollary 3.9, which gives bounds

for the variance mainly in terms of the expectation of the f.h.t:

Corollary 3.9 Let us denote E; :== E[7(i)], for any i € Q. Then,

21+ ¢;)

E/(Bi=1) < B[(1+20)F, = 3] < Varlr()] < B[

with equality if w; = w;_1 = ... = wy.

Proof: For the proof we first need to prove the following lemma.

Lemma 3.10
Ltai—pi 7. < 1‘“12‘—201'7
1-— >\z - - w1
with equality if and only if w; = w;_1 = ... = wy.

Proof of the lemma: We use again the identity

n—1

1
Zy =pi+ Z 1_—)%7)1“?%1
k=1
As 1/(1 = X) =14 M\/(1 = A\g), we can rewrite Z;; as

n—1 n—1 n—1
A A A
Zii = pi + g VkiUki + g - —k)\k Vgily; = 1 + E - _k)\k Uil = 1 + g 1 —k)\k Ui Uy -
j=1 k=1 k=1

k=1
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Note that 1/(1 — X)) <1/(1—X\;) <1/(1—X\),V1<j <4, which gives

1

1
1o

i 1 i
MUk < i < 1+ Ak Uki Wk
;kk ki S < 1_)\1; ) Uki Wk

Since 22:1 A Ukill; = ZZ: Mevgiur: = Ky — pi = ¢; + i — pi, it follows that 1+ (¢; + \; —
pi)/(L—=XN) < Ziyy <1+ (¢ + N —pi)/(1 —\), or further, (14+¢; —p;)/(1 = N\;) < Z;; <
(I4+q —pi+ X —A)/(1 = N\p).

The lemma is proved if, for the right hand side term, we use 1 — \; = w; and \; < Ag.
Clearly, equality on both sides is obtained if and only if w; = w;_1 = ... = wy.

Going back to the proof of Corollary 3.9, we note that, starting from the left side, the
first inequality is trivial since E; > 1/q;. Also, proving that F;[(1 + 2¢;)E; — 3] < Var[r(i)]
is just a matter of applying Lemma 3.10 and regrouping the terms.

For the upper bound we notice that w; = 1—X; < 1—\;, which gives p; < p;(1—X\;)/w;.
This combined with the upper bound for Z;; will show that

14+ q —pi)(1— N (1= )\ 14+ q)(1 =\
Zz(l_/\z)‘f’pz S ( +q@ pl)( >\z) +pz< )\z) _ ( —I—ql)( )\2)
w1y Wy w1

Since from Theorem 3.8, Var[r(i)] = [2Z;(1 — \;) — 3pi(1 — Xi) + 2p; — 1]/[p?(1 — \;)?], it
follows that Var[r(i)] < [2(1 4 ¢;)(1 — X;)/wy — 3p;(1 — N;) — 1]/[p(1 — \;)?], which easily
turns into the pursued upper bound since, from Theorem 3.4, E; = 1/[p;(1 — \;)]. The

equality case shows up if \; = \;_1 = ... = Aq, which is equivalent to w; = w;_1 = ... = wy.
The bounds given by Corollary 3.9 can be further simplified, but weakened at the same
time, if one uses the known lower bound for E; on the left and maximizes the upper bound

with respect to E;. Thus, one gets:

Corollary 3.11 If M; := 1/ min{q;, p;}, for any i € Q, then

M;(M; — 1) < M[M;(1 + 2¢;) — 3] < Var[r(i)] < <1w—i1_pq.i 2)2

Proof: Obviously, for the lower bounds we apply inequality F; > M; to the previous corol-
lary. To prove the upper bound, we refer again to Corollary 3.9 and for simplicity, let us

denote

(14 q)
w1 pi

Then, Corollary 3.9 gives Var[r(i)] < E;(a — E;). Consequently, a > E; > 0, and since the

2 —3:=a.

maximum value of function f(z) := xz(a —z) on (0, a) is obtained for x = a/2, we conclude

that f(E;) < a*/4, which is the upper bound.
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4 IMS vs. a special class of Metropolis-Hastings

kernels

We have seen that for the IMS the mean f.h.t is always bounded below by 1/p;, for all
proposal probabilities q. We shall prove that for more general Metropolis kernels, the mean
f.h.t can be lower than 1/p;, and thus show formally, what was otherwise clear intuitively,
that, because of its independence from the current state, the IMS kernel can be inferior to
other samplers in terms of speed of hitting a certain state.

Firstly, we recall that a Metropolis-Hastings kernel R, induced by a proposal stochastic
matrix () can be written as R;; = Q;; min{1, Q;;p;/(Qi;p:)}, for any i # j (Hastings [5]).

Theorem 4.1 Let Q be a stochastic proposal matriz satisfying the condition Qj; > p;,Vj #
i.

Then, for any wnitial distribution q, the Metropolis-Hastings Markov chain that uses @)
as a proposal matriz has the property that

I —q

)

E2[r(i)] <1+ , Vi€ Q,

with equality for Q) equal to the stationary matrix.

Proof: Let R be the Metropolis-Hastings kernel associated to the proposal ) and the
target probability p. Let ¢ € Q. As Qj > p; and Q;; > pj, it follows that R;; =
min{Q;i, Qi;p:/p;} > pi,Vj # i. This implies that 1 — R;; <1 —p; or R;1,,.1 <1—p;. As
the previous inequality holds true for all j # i, we get that R_;1 < (1 —p;)1 or equivalently
(I—R_;)1>p;l.

The inverse of I — R_; exists and it is equal to ) R™ and therefore (I — R_;)~* > 0.
This said, we can multiply the inequality (I — R_;)1 > p;1 by ¢_;(I — R_;)"" and get
q—i(I—R_;)™'1 < (1 —¢;)/p; or finally, E2[r(i)] < 1+ (1 — ¢;)/ps;, where we have used
formula (2.1) for the mean f.h.t when starting from ¢q. We have equality if R;; = p;, Vj # 1,
which is fulfilled if @) equals the stationary matrix. Naturally, there are also other ()’s that
accomplish equality, the condition being that either Q);; = p; or Q;; = p;, Vj # 1. O

Combining Theorem 3.4 and Theorem 4.1, one gets:
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Corollary 4.2 For any initial distribution g and Q) satisfying the assumption in Theorem

4.1,

Qr(i maxll IMS[r(j
EZ[r(9)] < max{ .y < B [r(0)

where we denoted by EIM5[7(i)] the mean f.h.t of the IMS kernel associated to q and p.

Proof: The proof is immediate since, obviously, 1 + (1 — ¢;)/p; < max{1/p;,1/q;}, with

equality if and only if ¢; = p; or, in other words, if 7 is an exactly-informed state for ¢. O

The above corollary thus gives a simple way to construct Metropolis-Hastings samplers
that would perform better than a corresponding IMS sampler in terms of first hitting times.

It is worth noting that there are known examples of samplers that satisfy the condition
in Theorem 4.1. Such a sampler is the "Metropolized Gibbs Sampler” (Liu [8]) or simply
MGS. A recent application of this sampler is described in Tu and Zhu [13].

For the MGS, the proposal matrix @ is defined as: Q;; = p;/(1 — p;), Vi # j which
satisfies the above mentioned condition.

Interestingly, the MGS can also be viewed as a particular case of the IMS. To see this,
let us remark that after metropolizing ) through the usual acceptance-rejection mechanism,
one gets the transition kernel having elements:

2

p] . . .
Toms if 1 < 7,

Ri; = 1= Ry ifi=j,

p] . . .
=z if i > 7.

Without loss of generality, we assume that p; < p, < ... < p,. Now, if we denote by
¢ = pi/(1 = p;),Vi <nand ¢, :=1—73 . ¢, we note that R has the same form as the
IMS transition matrix corresponding to p and ¢ for w; < ws < ... < w,. Therefore, if using
as initial distribution the newly defined ¢, all the previous results pertaining to the IMS
apply also to the MGS.

Remark: The MGS is a modified Gibbs sampler, the main difference being that it will
never propose the current state. Thus, it travels through the state space in a more efficient
manner. However, a M-H acceptance probability needs to be introduced to maintain the
correct invariant distribution. Rejections could still cause the sampler to stay in the same

state. Nevertheless, Liu [8] showed that the MGS is more efficient than the ordinary Gibbs
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sampler in the sense that the asymptotic variance of the estimators based on the Markov
chain samples is smaller for the MGS than for the Gibbs sampler. Thus, the expected gain
in efficiency would justify metropolizing the stationary probability p.

A recent review of various types of "efficiency” definitions for MCMC samplers as well
as theoretical results linking these types of efficiency notions can be found in Mira [11]. Our
approach is to consider the mean first hitting time as an indicator of efficiency when the

focus is on searching for a few states through a finite state space.

5 General bounds for expected f.h.ts for Metropolis-

Hastings kernels

It turns out that one can get lower and upper bounds on the expected f.h.t for any
Metropolis-Hastings kernel by a reasoning similar to the one in Theorem 4.1 as shown

with the result below.

Theorem 5.1 Let p and Q) be the target probability and the proposal matrix respectively for

a Metropolis-Hasting sampler. Let M = max; ; Q;;/p; and m = min, ; Q;;/p;. We assume

m > 0. Then for any initial distribution q, the expected f.h.ts are bounded by

l—q I —q
M

pi+ < pEQ[r(D)] <pi + , Vi

Equality is attained if Q;; = p;, Vi, J.

Proof: The proof is similar to the one for Theorem 4.1 so it will only be sketched. Firstly
one shows that mp, < Kj;; < Mp; which then leads to (mp;)1 < (I — K_;)1 < (Mp;)1,
which in turn, by an argument analogous to the one in Theorem 4.1, gives (1 — ¢;)/Mp; <
qi(I—K_ ;)1 < (1 — ¢)/mp;. Now using the corresponding identity for expected f.h.t,
EQ[r(i)] = 1+ ¢q—(I— K_;)"'1, one immediately gets the result stated in Theorem 5.1.0

For some particular choices of ¢, the bounds can be made more ”concrete”. Two partic-

ular choices seem both intuitive and convenient:

i) g = Zanji,W> (Z a; =1)
J J

.. max; /; .
i) q; = ¢,V@.
> o max; Qi
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It is immediate to check that both ¢) and i) are valid probability distributions. The first
one is just a linear combination of the elements on the ith column, which in the particular
case when the proposal does not depend on the current state (the IMS), reduces to the
proposal distribution for the IMS. The second distribution described above would use the
maximum value of the proposal matrix on each column as an initial step, after normalization.

Using them as initial distributions for the Markov chain and applying Theorem 5.1 one

can derive the corollary below:

Corollary 5.2 Within the setup from Theorem 5.1, the following hold:

1) If the initial distribution is given by i) then 1/M < p; E@[7(i)] < 1/m,Vi.

2) If the initial distribution is given by i), then max{1/n,1/M} < p;E@[r(i)] < 1+
1/m,Vi.

Proof: To prove 1), let us first notice that from the way M and m where defined it
follows that mp; < ¢; < Mp;. Therefore

_|_1_Qi> _|_1_Mpi_1
Di M Z Pi Vi =M
and analogously
l—gq 1—mp;, 1
pit+ <pi+ =—
m m

which proves 1) by means of Theorem 5.1.

For 2), we first need to show that mp;/n < ¢; < Mp;, Vi. We note that
1= ZQlk < ij‘dXQg’k < Zl =n
k k k

Therefore,
max; Qj; max; Qj;
max; Qji G = _max; Qi < max Q;;
n > max; Qi j

Hence mp;/n < ¢; < Mp;,Vi. Now, as for 2), one will get

1

, 1—pm/n 1
o < PEQIr(0)] < py 2

<l+—

m
The only thing left to prove is that p;EZ[r(i)] > 1/n. In order to show this, we employ
the second basic identity for the kernel K, which is pK = p. If we denote by u the n — 1
dimensional vector obtained from row i of K after deleting component K;;, we can write

p—iK_; +pu=p_; or p_i(I-K_;) =pu. We note that K;; < @Q;; < max; Q;; < ng;,Vj.
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Therefore, u < ng_; so p_;(I-K_;) < (np;)q—;. As before, it follows that p_;1 < (np;)q_;(I—
K_;)"'1Lor 1 —p; < (np;)(E[r(i)] —1). Hence p;E2[7(i)] > p; + (1 — p;)/n, implying that
piEZ[7(i)] > 1/n which concludes the proof of the corollary.0

Naturally, because of their generality the bounds developed in this section are quite
weak in general, as m and M can take very extreme values in practice, rendering the

bounds useless for such cases.

6 Conclusion

We were able to perform a detailed first hitting analysis of one special type of Metropolis-
Hastings sampler, the Independence Metropolis Sampler. More practical general non-
independence Metropolis-Hastings samplers seem to be too complex to allow for a detailed
analysis. In the spirit of this paper, such an analysis could only be done if the eigenstruc-
ture of the kernel matrix would be available. This is typically not the case for most of the
practical applications. However, even when the eigenstructure is unknown, insights into the
behavior of mean first hitting time are possible, as seen in Theorem 4.1. Also, we have
derived lower and upper bounds for the expected first hitting time for general Metropolis-
Hastings algorithms. We are hoping that future work will allow obtaining better bounds in
the case of the tail distribution for the IMS and further for more general cases. This would

make our results more useful and amenable for using them in practice.
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