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Abstract.

Whenanunknavn objectwith Lambertiarre ectanceis viewed orthographicallythereis animplicit
ambiguityin determiningits 3-d structure:we show thatthe object's visible surface
from a “generalizedbas-relief transformatiorof the object’s geometry

is indistinguishable
,anda

correspondingransformationon the object's albedo. For eachimageof the objectilluminated by an arbitrary
numberof distantlight sourcesthereexists anidenticalimageof the transformedbjectilluminatedby similarly
transformedight sources. This resultholds both for the illuminated regions of the objectaswell asthosein
castand attachedshadavs. Furthermoreneithersmall motion of the object, nor of the viewer will resole the
ambiguityin determiningthe attening (or scaling) of the object's surface. Implicationsof this ambiguity on

structurerecovery andshapeaepresentatioarediscussed.

Keywords:

1. Intr oduction

Sinceantiquity, artisanshave created attened forms,
i.e., so-called'bas-reliefs; which whenviewedfrom

a particularvantagepoint are dif cult, if not impos-
sible, to distinguishfrom full reliefs. SeeFigure 1.

As the sun moves throughthe sky, the shadingand
shadavschangeyetthedegreeof attening cannotbe
discernedbn well sculptedbas-reliefs.Evenif anob-

sener'sheadmovesby asmallamountthisambiguity
cannoteresohed. Thispaperdoesnotsimply present
anexplanationfor the effectivenes®f relief sculpture,
but demonstratethat the ambiguityis implicit in re-

coveringthestructureof ary object.

Considerthe setof imagesproducedy viewing an
objectfrom a x ed viewpoint, but underall possible

Variablelllumination, Shadevs, ShapeAmbiguity, ObjectRepresentatiorQbjectRecognition

combination®f distantlight sourcesAn ambiguityin
determiningthe object's structurearisesif thereexist
otherobjectsthatdiffer in shapeyetproducethesame
setof images.We shaw thatthereexistsa wholefam-
ily of transformationstermed“generalizedbas-relief
transformations$,for whichthisis true.

A generalized bas-relief (GBR) transformation
changedoththe surfaceshapeandalbedopattern.in
particular if denoteshecoordinate®f pointsin
animageplane,and denoteghedistance
from an object’s surfaceto theimageplane,a gener
alizedbas-reliettransformatiorof the surfaceshapes
givenby with ,
andthe correspondinggeneralizedas-relieftransfor
mationof the surfacealbedois givenby Eq. 3. Relief
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Fig. 1. Frontaland side views of a pair of marblebas-reliefsculptures:Notice how the frontal views appearto have full
3-dimensionabepth,while the side views reveal the attening — the sculpturegise only 5 centimeterdrom the background
plane.While subtleshadings apparenbnthefacesthe shadavs onthewomens pleatsarethedominantperceptuatuein the

body

sculpturesareconstructedisinga subsef the trans-
formationon shapewith and

but without — to the bestof our knowledge— the cor-
respondindgransformatioronalbedo.Bas-reliefylow
reliefs)areusuallyde ned ashaving

Yet the subtletiesof the bas-reliefambiguity may
have eludedRenaissancartists. Leonardoda Vinci,
while comparingpaintingandsculpturecriticizedthe
realismaffordedby reliefs[15]:

As faraslight andshadeareconcernedow relief
fails both as sculptureand as painting, because
the shadavs correspondo the low natureof the
relief, asfor examplein theshadaevs of foreshort-
enedobjects,which will not exhibit the depthof
thosein paintingor in sculpturen theround.

It is true that — whenilluminated by the samelight
source- arelief surface( ) andasurface“in the
round” ( ) will castdifferentshadevs. However,
Leonardos commentappeargo overlookthefactthat
for ary classicalbas-relieftransformatiorof the sur
face, thereis a correspondingransformationof the
light sourcedirection suchthat the shadavs are the
same.This is not restrictedto classicalreliefs but, as
wewill shav, appliesequallyto thegreatersetof gen-
eralizedbas-relieftransformations.

The factthatanobjectandevery GBR transforma-
tion of the object producethe sameshadav regions
arisesfrom an implicit duality. For eachimage of
a Lambertian[20, 11] surface viewed underortho-
graphicprojection(parallellines of sight) andillumi-
natedby a distantlight source (e.g.,the sun),there

exists an identical image of a GBR surface  with

transformedalbedoproducedby a transformedight

source . This equality holds not only for the shad-
owedregionsof thesurfacesput for theshadingn the
illuminatedregionsaswell. Furthermoredueto su-
perpositiontheequalityholdsfor anarbitrary— possi-
bly in nite —numberof light sourceslt will beshavn

in the Appendixthatfor objectswith corvex shapehe
generalizedbas-relieftransformations theonly trans-
formationwith this property:no othersuchambiguity
exists.

Thus,from a singleviewpoint, thereis an ambigu-
ity in determiningthe 3-d Euclideangeometryof a
surface: one can— at best— determinethe relief of
the surface up to a three parameteifamily of linear
transformationsNo informationin eitherthe shadav-
ing or shadingof the surfacecanresol\e this. Yet, if
theviewermovesrelativeto thesurface,or thesurface
movesrelative to theviewer, canthis ambiguitybere-
solved?

As discussedby Helmholtz [32], image changes
producedby an obsener's motion reveal both the
depthandshapeof viewed objects. For an objectun-
demgoing rigid motion and viewed underperspectie
projection,the object's Euclideanstructurecanbe de-
terminedfrom asfew astwo images[22, 25, 33]. If
the objectis viewed orthographicallyin two images,
its structurecanonly berecoveredup to a oneparam-
eterfamily of af ne distortions[13]. For in nitesimal
motion underorthographicprojection,thereis a gen-
uinebas-reliefambiguity: the shapeof the surfacecan
only berecoveredup to a scalefactorin the direction
of the cameras optical axis, i.e., a classicabas-relief
transformatiorfor which is unknovn[17].
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Fig. 2. Three-dimensionalatafor the humanhead(top row) wasobtainedusinga laserscan(Cyberware)andrenderedasa
Lambertiansurfacewith constantalbedo(equalgrey valuesfor all surfacepoints). The subsequenthreerows shav images
of headswhoseshapesave beentransformedy differentgeneralizedas-relieftransformationsbut whosealbedoshave not
beentransformed.The pro le views of thefacein thethird columnreveal the naturethe individual transformationsandthe
direction of the light source. The top row imageis the true shape;the secondfrom top is a attened shape( (as
areclassicabas-reliefs)the third is an elongatedshape( ); andthe bottomis a attened shapeplus anadditive plane
( , , and ). The rst columnshaws frontal views of the facesin the third column. Fromthis view
thetrue 3-d structureof the objectscannotbe determinedin eachimagethe shadwing patternsareidentical,andeventhough
the albedohasnot beentransformedaccordingto Eq. 3, the shadingpatternsareso closeasto provide few cuesasto thetrue
structure.The second columnshaws nearfrontal views of the facesfrom the samerow, after having beenseparatelyotated
to compensatéor the degreeof the attening or elongation. Therotationaboutthe verticalaxisis  for the rst row of the
secondcolumn; for thesecondrow; for thethird; and for thefourth row. To maskthe shearingproducedby the
additive plane thefourth row hasalsobeenrotatedby  abouttheline of sight.
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Beyondexplainingthe effectivenesof relief sculp-
tures thegeneralizedbas-reliefambiguityalsohasim-
plicationsfor ourunderstandingf humansurfaceper
ceptionandfor the developmentof computationali-
sion algorithms. Our resultssupportthe recentpsy-
chophysicalndings of [19] thatfor a variety of sur
facesthis ambiguity exists andis often unresohedin
thehumarvisualsystem Lik ewise,theresultssuggest
thatthe aim of structurerecovery might be a wealer
non-Euclidearrepresentationsuchas an af ne rep-
resentatio{17, 26, 27, 31], a projective representa-
tion [7], or anordinalrepresentatiof8]; for mary ap-
plications, machinevision systemsneednot resole
this ambiguity

In summary this paperwill make the following
points:

Thesetof castandattachedshadavs producedy

asurfaceandaGBRtransformedurfaceareiden-
tical, irrespectve of the materialtype.

If the materialcan modeledas having Lamber

tian re ectance,then the set of possibleimages
including shadaving under ary lighting condi-
tion (illumination cone[3, 4]) for anobjectanda

GBR transformecbbjectareidentical. (Note the
GBRtransformatioraltersboththesurfacegeom-
etry andsurfacealbedo.)Therefore theseobjects
cannotbe distinguisheddy ary recognitionalgo-
rithm.

The generalizedbas-relieftransformationis the
only transformationwhich has these rst two

properties.

Underorthographigprojection,the setof motion
elds producedyy a surfaceandits classicabas-
relief areidentical[13, 17]. Therefore,anobject
andits relief cannotbe distinguishedrom small
unknowvn cameramotion.

For photometricstereowherethelight sourcedi-

rectionsare unknawn, the structurecanonly be
determinedipto ageneralizedbas-relietransfor

mation,andshadavs do not provide furtherinfor-

mation. Using prior informationaboutthe albedo
andlight sourcestrengththe structurecanbe de-
terminedupto are ection in depth.Castshadevs

canbeusedto distinguishthesetwo cases.

lllustrating the GBR ambiguity Fig. 2 shavs four
graphicallyrenderechumanheads:a “normal” head
and three distorted headsobtainedthrough a GBR
transformationof the original. Whenthe headsare

obsenedfrontally andunderappropriatelypositioned
light sourcesthe resultingimagesare so similar that
theirdifferencegprovide few cuesto thetruestructure.
Evenwhenthe headis rotatedby a smallamount,the
ambiguity cannotbe resoled. Only througha large
motion(e.g.,the sideviews) is the bas-relieftransfor

mationrevealed.

2. Bas-ReliefAmbiguity: Illumination

In this sectionwe presentetailsexplainingthe com-
plicity of factorsthatgive riseto the generalizedas-
relief ambiguity In particular we shav thatthereis a
duality betweena particularsetof transformationof
an object's shapeandthe light sourceswhich illumi-
nateit. Herewe considerdistantillumination (paral-
lel illuminating rays) of objectsviewed underortho-
graphicprojection(parallellines of sight).
Considera surface obsened under orthographic
projectionandde ne a coordinatesystemattachedo
theimageplanesuchthatthe and axesspanthe
imageplane. In this coordinatesystem,the depthof
everyvisible pointin the scenecanbe expresseds

where is a piecavise differentiablefunction. The
graph of , l.e., , de nes a sur
facewhich will alsobe denotedby . The direction
of theinward pointing surfacenormal canbe
expresse@ds

1)

where and denotethe partial derivatives of
with respecto and respectiely.
Considertransformingthe surface to a new sur
face in the following manner We rst atten (or
scale)it alongthe axisandthenaddaplane,i.e.,

where [5]. We call this transformationthe
generalizedas-relief{ GBR) transformation SeeFig-
ures2 and3. When and , we referto
thisastheclassicabas-relieftransformationsincefor



the surfaceis attened like classicalbas-relief
sculptures.
Note that if and
, then where

(@)

Underthe matrix productoperation the set
formsa subgroupof with

Also, notethatfor imagepoint , therelationbe-
tweenthe direction of the surfacenormalof and
is given by where

As will be seenin Section4, this is the
only lineartransformatiorof thesurfacesnormal eld
which preseresintegrability.

Letthevector denoteapointlight sourceatin n-
ity, with the magnitudeof proportionalto the inten-
sity of the light source. (For a more generalmodel
of illumination, e.g., one that doesnot restrict light
sourcedo beatin nity , see[21].) We rst shaw that
shadaving on a surface for somelight source is
identicalto thatona GBR transformedsurface  with
anappropriatdight source ; we thenshaw thatif the

Fig. 3. Theimagepointsthatlie in shadev for a surface
underlight source areidenticalto thosein shada for a
transformedsurfaceunderlight source . In this2-d
illustration, the lower shadav is an attachedshadw while
the upperoneis composedf both attachedand castcom-
ponents.A generalizedasrelief transformatiorwith both
attening andan additive planehasbeenappliedto the left
illustration,yielding theright one. For diagrammaticlarity,
the surfacenormalsaredrawvn outward.
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surfacesareLambertianthe setof all possibleéimages
of bothsurfacesareidentical.

2.1. Shadows

We canidentify two typesof shadavs: attachedshad-
owsandcastshadowg?2, 28]. SeeFigure3. A surface

point lies in an attached shadow
for light sourcedirection iff . This
de nition leadsto thefollowing lemma.

Lemmal. A point liesin an

attached shadowfor light source direction iff
lies in an attached shadowfor light
souicedirection

Proof: If apoint on liesin anattachedshadaov,
then . Onthetransformedsurface,the point
alsoprojectsto , andfor this

point . Therefore, is
alsoin anattachedshadev. Thecorverseclearlyholds
aswell. O
A necessarycondition for a point on the surface
to fall on the castshadow

boundaryfor light sourcedirection is thatthereex-
istsanothermpoint onthesur
facesuchthatthe light ray in the direction passing

through grazeghesurfaceat andintersectshe
surfaceat . Thepoint istheboundaryof anat-
tachedshadov.

Lemma2. A point satis esthe

necessargonditionfor lying ona castshadowbound-
ary for light sourcedirection iff
satis esthe conditionfor light souice direction

Proof:  The condition for a point  to be on a
shadav boundarycastby  isthat
for some . For thetransformedsurface,the rst

conditionfor a pointto beon the shadev boundaryis

Underthe GBR transformation , andthesec-
ond conditioncan be expressedor the relief surface
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as

This condition clearly holds when . The con-
verseof thislemmacanbesimilarly proven. O

This lemmabecomedoth necessanandsufcient
for a pointto lie on a shadav boundarywhentheray
from passingthrough  doesnot intersectary
otherportion of the surfacefor both and . In gen-
eral,thisis truewhen

Takingthesetwo lemmastogetherit follows thatif
someportion of the surface is in a castor attached
shadav for alight sourcedirection , thenif the sur
faceis subjecto a GBRtransformation , thereexists
alighting direction suchthatthe sameportion
of the transformedsurfaceis also shadaved. Let us
specify theseshadeved regions — both attachedand
cast—throughabinaryfunction suchthat

if is shadeved
otherwise.

Usingthis notationandthe aboretwo lemmaswe can
thenwrite .

We should stressthat the shadaving
from directillumination by a light sourceis a func-
tion of the object's geometry- it is unafectedby the
re ectancepropertieof thesurface. For ary surface,
ary light sourcedirection,andarny GBR transforma-
tion of that surface,thereexists a light sourcedirec-
tion suchthat the shadeving will be identical. Fur
thermore,the GBR transformationis the only trans-
formationfor which thisis true. Seethe Appendixfor
aprooffor objectswith corvex shape.

2.2. Shading

We now show thatif the surfacere ectanceis Lam-
bertian[11, 20], thenthe setsof imagesproducedby
a surface(i.e., the surfaces illumination cone[3, 4])
and a transformedsurfaceunderall possiblelighting
conditionsareidentical. Letting the albedoof a Lam-
bertiansurface be denotedby , theintensity
imageproducedby a light source canbe expressed
as

where is the productof thealbedo and
theinwardpointing unit surfacenormal

As shawn in thefollowing lemmawhenthegeome-
try of istransformedo , theremustalsobea cor
respondingransformatiorof the albedogivenby

- ®3)

The effect of applying Eq. 3 to a classicalbas-relief
transformation is to darken points on
thesurfacewhere pointsaway from the opticalaxis.
Notethatalbedoandgeometridransformatioraredis-
cussedn [18].

Lemma3. For ead light souce illuminating a
Lambertiansurface with albedo , there
existsa light source illuminating a surface

(a GBRtransformationof ) with albedo (as
givenin Eq. 3), sud that

Proof: Theimageof isgivenby

For ary invertiblematrix , we have that

Since is asubgroupof and

where and . O
Thetransformatioron the albedogivenby Eq. 3 is
subtleandwarrantsdiscussion.For closeto unity,
the transformationon albedois nearly impossibleto
detect. Thatis, if you transformthe shapeof a sur
faceby a GBR transformationbut leave the albedo
unchangedthen the differencesin the imagespro-
ducedundervarying illumination seemtoo small to
revealthe structure.In Fig. 2, we left the albedoun-
changed, andeventhough ranges
from 0.5to 1.5,thedifferencesn shapecannotbedis-
cernedfrom the frontal images. However, whenthe
albedois unchangedndthe attening is moresevere,



e.g.,tenfold ( ), the shadingpatternscanre-
veal the atness of the surface. This effect is often
seenon very low relief sculptures(e.g., Donatellos
rilievo schiacciatg which reproduceshadeving accu-
rately, but shadingpoorly.

For the setof imagesto be identicalit is necessary
thatthe albedobe transformedalongwith the surface
and . When , the surface is inverted
(asin intaglio); for a correspondingransformatiorof
thelight source , theilluminatedregionsof the orig-
inal surface andthe transformedsurface will be
the same. This is the well known “up/down" (con-
vex/concare) ambiguity However, the shadevs cast
by and maydiffer quitedramatically

With the above threelemmasin hand,we cannow
stateandprove the centralpropositionof this section:

Proposition1l. Thesetofimagesunderall possible
combinationsof distantlight souicesproducedby a

Lambertiansurface with albedo and those
surfaces differing by any GBRtransformationwith

albedo givenby Eq. 3 areidentical.

Proof: FromLemmasl, 2, and3, we have thatthe
imageof asurface producedy asinglelight source

is the sameas the image of a GBR transformed
surface producedby the transformedlight source

,i.e., Whenthe ob-

jectis illuminatedby a setof light sources |, then
theimageis determinedy the superpositiorof those
imageghatwould beformedundertheindividuallight
sources. Similarly, the sameimage can be produced
from thetransformedsurfaceif it is illuminatedby the
setof light sourcegyivenby where .
o

Taken together the above resultsdemonstratehat
when both the surfaceand light sourcedirectionare
transformedby , both the shadeving and shading
areidenticalin the imagesof the original and trans-
formed surface. An implication of this resultis that
givenary numberof imagestakenfrom a x edview-
point, neithera computervision algorithmnor biolog-
ical processcandistinguishtwo objectsthat differ by
a GBR transformation.Knowledge (or assumptions)
aboutsurfaceshape,surfacealbedo,light sourcedi-
rection,or light sourceintensitymustbe employedto
resol\e this ambiguity SeeagainFig. 2.
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3. Bas-ReliefAmbiguity: Motion

While neitherthe shadingnor shadeving of an ob-
ject,seenfrom a singleviewpoint, revealsthe exact3-
d structure motiondoesprovide additionalcues[32].
If the surfaceundegoesa rigid motionandis viewed
under perspectie projection, the object's Euclidean
structurecan be determinedfrom asfew astwo im-
ages[22, 25, 33]. If the objectis viewed orthograph-
ically, the object's structurecan only be determined
upto aoneparametefamily of af ne distortionsfrom
twoimageq17]. To determingheEuclidearstructure
underorthographicprojection, at leastthreeimages,
takenfrom separateviewpoints,areneeded.

Yet,complicationsarisewhentheobjects motionis
small. For in nitesimal motionunderperspectre pro-
jection, the structureestimatesare sensitve to noise,
producinganimplicit errorin theestimateof therelief
of the surface[24, 30]. For small (in nitesimal) un-
known motion underorthographigorojection,thereis
a genuinebas-reliefambiguity: the shapeof the sur
facecanonly be recoreredup to a scalefactorin the
directionof the cameras optical axis, i.e., a classical
bas-reliettransformatior( ).

To seethis, let us assumehat the surfacedoes,in
fact, undego an arbitrary in nitesimal motion. The
velocity of apoint onthesur
face inducesa velocity in the imageplane.
The collection of velocitiesfor all pointsin the im-
ageplaneis often calledthe motion eld [11]. In the
following proposition,we shav thatthe setof motion
elds inducedby all 3-din nitesimal motionsof asur
face is the same,underorthographicprojection,as
the setof all motion elds of a surfacediffering by a
classicalbas-relieftransformation(not a generalized
bas-relieftransformation).

Proposition2.  Thesetof motion elds inducedby
all 3-D in nitesimal motionsof a surface is the
same under orthographic projection, as the set of
all motion elds of a surfacediffering by a bas-elief
transformation whee

Proof: Let and
respectiely denotethe angularandlinear velocity of
the surface with respectto the obsener. The 3-d

velocityof apoint on is . Forthe
transformedurface, with , andthe
velocity of the pointis givenby Lt

is easyto show thatthemotion elds for bothsurfaces
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will beidentical(i.e., and ) when

' : , and .

Thatis, thecomponenbf theangularvelocity parallel
to theimageplaneis scaledinverselywith respecto

therelief. Thus,for every motion thereis a motion

of thatwill yield the samemotion eld andso the

setof motion elds is identical. O

This prooffollowstheresultsin [17, 26]. An implica-

tion of Propositior? is thatunderorthographigrojec-
tion, asmallmotionof eithertheobjectortheobsener

cannotresole the bas-reliefambiguity Furthermore,
sincethemotion eld is linearin , theclassical
bas-relieftransformatioris the only transformatiorof

thatwill bepreserethe setof motion elds.

Revisit the secondcolumnin Figure2. Theimage
producedby the “normal” relief aftera rotationof
from frontalis nearlyidenticalto theimagesproduced
by arotationof for the attenedheadand for
the elongatedhead. No rotation, however, will com-
pletely disguisethe distortionsproducedby the bot-
tom imagein the secondrow where ; herewe
rotatedthe headby aroundthe vertical axis and
thenby abouttheline of sight.

4. Integrability, Reconstruction, and the Bas-
Relief Ambiguity

In this section, we investigatethe role of the gen-
eralized bas-reliefambiguity on surface reconstruc-
tion using photometricstereo. Let us assumethat
a Lambertiansurfaceis illuminated by a point light
sourceat in nity . Whenthereis no shadeving (i.e.,

), the intensity imageproducedby a
light source canbeexpresseds

(4)

where is the productof the albedo of
the surfaceandthe inward pointing unit surfacenor-
mal . Frommultiple imagesof the objectseen

from a x edviewpoint but with differentlight source
direction, we can solve Eq. 4 for  when the light
sourcestrengthsand directionsare known. This, of
course,is the standardphotometricstereotechnique,
seg[11, 29,34].

However, if thelight sourcestrengthsaanddirections
arenot known thenwe canonly determinethe vector
eld of surfacenormalsandalbedosup to a

lineartransformation.For ary invertible

lineartransformation [10,5, 26]

(®)

Notethatnumerousision problemshave this bilinear
form anda similar linearambiguity[18].
If is thetruevector eld of surfacenormals,
thenthe recoveredvector eld is ary vector
eld in the orbit of underthe group
For apixelatedmagewith no surfacepointin shadav,
canbeestimatedrom a collectionof imagesusing
singularvalue decompositionwhensomeof the sur
facepointsareshadaved,Jacobsmethodcanbeused
to estimate  [14]. Note, however, thatnot all vec-
tor elds correspondo continuous(or even
piecavise continuous)surfaces. We will usethis ob-
senationto restrictthegroupof allowabletransforma-
tionson [5].
If is transformedby an arbitrary
(i.e., ary vector eld in the orbit of  un-
der ), thenin generaltherewill be no surface
with unit normal eld and albedo
that could have producedthe vector eld
. For to be a surface,it mustsatisfy
thefollowing integrability constrain{12]:

which,in turn, means mustsatisfy

— — (6)

where
denotepartialderivatives.

andthe subscripts and

Proposition3.  If correspondgo a surface

with albedo , then the set of linear
transformation which satisfythe
integrability constaint in Eq. 6 are whee

the genealizedbas-elief transformations
in Eq.2.

is given

Proof:  The integrability constraintgivenin Eq. 6
canbewrittenas .
Letting bethe -th elementof , andrecall-
ing that , the left handsideis a function of
and for . Since
thesefunctionsare generallyindependentthe coef-
cientsof thesefunctionmustall vanishfor theintegra-
bility constrainto hold for all . Thisleadsto the
following algebraicconstraintson the elementof



Sincethis systemis homogeneoudpr ary  satis-
fying this system, alsosatis esthe system;vary-
ing correspondso changingthe light sourceinten-
sity while making a correspondingglobal scaling of
the albedofunction. It canbe shavn thatif ,
thematrix satisfyingthe constraintds singular So
we canlet , andsolve for the remainingcoef-
cients. Theonly nonsingularsolutionis
and . Thatis, must
beageneralizedas-relieftransformation. O

The choice of
since

is, of course,not unique
satis es the integrability con-
straintfor ary . Yet,every hasacor
respondingsurface  with a correspondingalbedo
, andthesesurfacesdiffer by a GBR ambigu-
ity. Thus,if we have at leastthreeimages— eachac-
quired under differentlight sourcedirections— of a
Lambertiansurface , thenby imposingthein-
tegrability constraintin Eq. 6, we canrecoverthe sur
face up to a GBR transformation
See[35] for a methodto esti-
mateanintegrable from imagedata. Note thatno
information givenin the image shadavs canresole
this ambiguity asSection2 shovedthatthe setof all
possibleimagesof a surface is invariantunder
the GBR transformation.It shouldbe notedthat Fan
andWolff shaved that the Hessianof canbe
determinedrom threeimagesup to scalefactorusing
the integrability constraintto enforceequality of the
off-diagonalelements, [6]. The unknavn
scaleof the Hessiancorrespondgo the parameter
andtheunknawn initial conditionsof FanandWolff's
differential equationcorrespondo the parameters
and .

If, however, we have additionalinformation about
the albedoor the strengthof the light sourcesve can
furtherrestricttheambiguity

Corollary 1. If the albedo is constant(or
known),or the light sources all havethe same(or
known) intensity then the GBR ambiguity is re-
strictedto the binary subgoupgivenby

and
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Proof: If is constant(or
known), thenfor ,
mustpresere lengthfor ary . Theonly matrices
thatpreserelengtharetheorthonormamatrices.The
only orthonormalimatricesthatarealsoGBR transfor

mationscorrespondo and A
similar algumentholdswhenthe light sourceintensi-
tiesareknown. O

Thus, we can determinethe true surfaceup to a
sign, i.e., This is the classi-
cal in-out ambiguity that occursin shapefrom shad-
ing [11, 23]. Note however, thatthe shadeving con-
gurations changewhen changesign, andif shad-
owing is presentthis ambiguitycanberesohed.

In contrastto [10], it is worth noting that the sur
face cannotbe recovered using known albedo (e.g.
the white world assumptionjplone. This assumption
only allows oneto restrict to orthogonaltransfor
mation(rotationandre ections). While it mightseem
that rotation of a normal eld (asrepresentedn the

eld) would simply correspondo arotatedsurface,
theresultingnormal eld is notintegrableandthere-
fore doesnot correspondo asurface.

5. Conclusion

We have shavn thatunderary lighting condition,the
shadingandshadaeving on an objectwith Lambertian
re ectanceare identical to the shadingand shadev-
ing onary generalizedas-relietransformatiorof the
object. The GBR transformationis uniquein that it
is the only transformationof the surface having this
property Thus, from a single viewpoint, thereis an
ambiguityin therecovery of the surface:we canonly
determingherelief of thesurfaceupto athreeparam-
eterfamily of lineartransformationsNo information
in either the shadaving or shadingcan resohe this.
Furthermorenot eventhe motion elds producedby
smallmotionsof theviewer (or object)canresohethe
surfacerelief.

Leonardoda Vinci's statemenin the introduction
thatshadavs of relief sculptureare“foreshortenedis,
strictly speaking,incorrect. However, reliefs are of-
ten constructedn a mannersuchthat the castshad-
ows will differ from thoseproducedby sculpturein
the round. Reliefs have beenusedto depict narra-
tives involving numerous gures locateda different
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depthswithin the scene.Sincethe slabis usually not
thick enoughfor the artistto sculptthe gures to the
proper relative depths,sculptorslike Donatelloand
Ghiberti employed rules of perspectie to determine
the sizeandlocationof gures, sculptingeach gure
to the properrelief [16]. Barring the effects of con-
stantalbedo,the shadingandshadaeving for each g-
ureis self consistenthowever, the shadevs castfrom
one gure ontoanothemareincorrect.Furthermorethe
shadaevs castonto the backgroundslab,whoseorien-
tation usually doesnot correspondo that of a wall
or oor in the scene,are alsoinconsistent. Thus,
Leonardos statemenis an accuratecharacterization
of complereliefssuchasGhiberti's EastDoorsonthe
Baptisteryin Florence,but doesnot applyto gures
sculptedsingly suchastheonesshavn in Figurel.

Putting the subtletiesof relief sculptureaside,we
shouldpointoutthatwhile shadeving is preseredex-
actly underGBR transformationf an object, there
are certainshadingeffects which are not. Specular
ities arising from non-Lambertian(glossy) surfaces
andthe effect of inter-re ection of light from onepart
of a surface onto anotherdependon the surfacere-
lief. Neverthelesstheseeffects may be secondary
in that they may not allow a humanobsenrer to re-
solve the GBR ambiguity — even when viewing a
known object. Recently Koenderink,Van Doornand
Christonperformeda seriesof psychophysicagxperi-
mentsin which subjectsobsene imagesof sculptures
(oneabstractandonetorso)and provide estimatef
the orientationof the surface normalsat about 300
points[19]. Sincetheestimated/ector eld of normals
satis esanintegrability constrainfor all subjectsthis
experimentprovidesevidencethathumangmaintaina
surfacerepresentationf an obsened scene.Further
more,while the subjectscorrectlyestimatethe overall
shapeof the surface,they consistentlymiss-estimate
its relief andslant.

Thenatureof GBR ambiguityandits apparenpres-
encein the humanvisual systemsuggesthatmachine
vision systemswill also be similarly impaired. One
objective of computervision is the recovery of mod-
els of surfacesfrom multiple images.In photometric
stereothe Euclideanstructureis estimatedrom mul-
tiple imagesof a scenetakenfrom a x ed viewpoint,
but underdifferentlighting conditionsfor which the
illuminant directionsare known [11]. While it had
beenthoughtthat photometricstereowith unknavn
light sourcedirectionscould be solved by rst esti-

matingthe light sourcedirectionsandthenestimating
the surfacestructure this paperhasshavn thatthese
estimatesarecoupledthrougha GBR transformation.
Theonly wayto resoletheseambiguitiess to usead-
ditionalinformationbesidethatcontainedn theimage
data[10, 5, 35].

Recently it has beenproposedthat structurere-
covery methodsshouldbe strati ed accordingto the
availableinformationaboutthe imageformationpro-
cesq7, 17, 26]. Sofor example,the Euclideanstruc-
ture of a sceneobsered underperspectie canbere-
coveredfrom two imageswhenthe cameras intrin-
sic parameterge.g.,focal length, principal point) are
known. Whenthey are unknown, the structurecan
only be recoveredup to a projective transformation.
Here, we introducea new layer of the strati cation
betweenafne and Euclideanstructure. Thesenon-
Euclidearrepresentation@f ne [17,26,27,31], pro-
jective [7] or ordinal [8]), canstill be usedto solve
numerousvision-basedaskssuchasobjectandface
recognition[9], vehiclenavigation, robotic manipula-
tion andsynthetidmagegeneratiorwithoutresolution
of theseambiguities.

Appendix: Uniquenessof the Generalized Bas-
Relief Transformation

Herewe provethatthe generalizedas-relieftransfor
mationis uniquein thatthereis no othertransforma-
tion of the object's surfacewhich preseresthe setof
imagesproducedby illuminating the object with all
possiblepoint sourcesat in nity . We consideronly
thesimplestcase- a smoothobjectwith corvex shape
castingno shadavs onits own surface— andshaw that
the setof attachedshadev boundariesand, thus, the
setof imagesare presered only undera GBR trans-
formationof the object’s surface. In its currentform,
the proof requiresthat objecthasa collection of sur
facenormalscovering the Gausssphereandthat the
object's occludingcontouris entirely visible.
Recall that an attachedshadev boundaryis de-
ned asthe contourof points satisfying
, for some . Herethemagnitudeandthesign
of the light sourceare unimportantas neithereffects
the location of the attachedshadev boundary Thus,
let the vector denotea point light
sourceat in nity , but let us equateall light sources
producingthe sameattachedshadev boundary i.e.,



With this, the spaceof light sourcedirections is
equialentto the real projective plane , with
the line at in nity given by coordinatesof the form

Let thetriple denotea surface
normal. Again, the magnitudeandsign of the surface
normalareunimportantsowe equate

. Thus,the spaceof
surfacenormals s, likewise, equivalentto
Note that underthe equation , the surface
normalsarethe dual of the light sources.Eachpoint
in the of light sourceshasa correspondindine
in the of surfacenormals,andvice versa.

Let usnow considerthe imagecontoursde ned by
the points satisfying , for some .
Thesemagecontoursarethe attachedshadev bound-
ariesorthographicallyprojectedontotheimageplane.
For lack of abettername ,we will referto themasthe
imagedattachedshadev boundaries.

The setof imagedattachedshadev boundariegor
acorvex objectformsanabstracprojectveplane
wherea “point” in the abstractprojective planeis a
singleattachedshadev boundary anda “line” in the
abstracprojective planeis thecollectionof imagedat-
tachedshadev boundariepassinghroughacommon
point in the imageplane. To seethis, note the obvi-
ous projective isomorphismbetweenthe real projec-
tive planeof light sourcedirections andtheabstract
projective plane of imagedattachedshadev bound-
aries . Underthis is isomorphismwe have a bi-
jectionmappingpointsto pointsandlinesto lines.

Now let ussaythatwe aregiventwo objectswhose

visible surfacesare describedy respectie functions
and . If the objectshave the same

setof imagedattachedshadev boundariesasseenin
the image plane (i.e., if the set of image contours
producedby orthographicallyprojectingthe attached
shadaev boundariess the samefor both objects) then
the questionarises:How arethe two surfaces
and related?

Proposition4.  If two corvex surfaces and

with visible occluding contouss producethe
samesetof attachedshadowboundariesasseernin the
image plane under orthographic projection, thenthe
surfacesare relatedby a generlizedbas-elief trans-
formation.

TheBas-ReliefAmbiguity 11

Isomorphism Isomorphism

Collineation

Dual Dual

Collineation

Fig. 4. The relationshipof different spacesn proof of Proposi-
tion4.

Proof: Asillustratedin Figure4, we canconstruct
projective isomorphisnbetweerthe setof imagedat-
tachedshadaev boundaries andthereal projective
planeof light sourcedirections illuminating surface
. Theisomorphismis chosento mapthe col-
lection of imagedattachedshadav boundariegpass-
ing througha commonpoint in theimageplane
(i.e.,alinein ) to thesurfacenormal . In
the samemanney we can constructa projectie iso-
morphismbetween  andthe real projective plane
of light sourcedirections illuminating the surface
Theisomorphisnis, likewise,choserto map
thesamecollectionof imagedattacheghadev bound-
aries passingthrough in the image plane to
the surface normal Under thesetwo map-
pings, we have a projective isomorphismbetween
and which in turn is a projective transformation
(collineation),se€1]. Because and aretheduals
of and respectrely, thesurfacenormalsof
are alsorelatedto the surfacenormalsof by
a projectie transformationj.e.,
where isa matrix in the generalprojective
groupGP(3).

Thetransformation is furtherrestrictedn thatthe
surfacenormalsalongthe occludingcontourof and

areequialent,i.e., the transformation pointwise
x estheline atin nity of surfacenormals.Thus, is
of theform givenby Eq. 2, andthe surfaces,in turn,
mustberelatedby ageneralizedbas-relietransforma-
tion. O
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Notes

It should be notedthat the imagelocation of a specularityis
not presered underGBR, andso shadevs arisingdueto indi-
rectillumination of the surfacefrom thevirtual light sourceof a

specularitywill notbepreseredunderGBR.
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