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Abstract

We describea novel viewpoint-lighting ambiguity which
we call the KGBR.This ambiguityassumesorthographic
projection or an af�ne camera, and usesLambertianre-
�ectance functions including cast/attached shadowsand
multiple light sources. A KGBR transformalters the ge-
ometry(by a three-dimensionalaf�ne transformation)and
albedopropertiesof objects. If two objectsare relatedby
a KGBRtransformthen for any viewpoint and lighting of
the �r st object there existsa correspondingviewpoint and
lighting of the secondobject so that the imagesare iden-
tical up to an af�ne transformation.TheGeneralizedBas
Relief (GBR) ambiguity[1] is obtainedas a specialcase
of the KGBR.We describegenericviewpoint and lighting
assumptions[5] andshowthat either, or both, resolvethis
ambiguitybybiasingtowardsobjectswith planargeometry.

In ProceedingsInter national Conference on Com-
puter Vision. Vancouver, British Columbia. 2001.

1 Intr oduction

From prehistorictimesartistshave carved portraitsin bas
relief (seethe Assyrian art in the British Museum). In
suchportraitstherelativedepthof theobjectis compressed
(mathematicallythereis a transformationz 7! �z where
z is the depthand� < 1 is the compressionfactor). The
shadingandshadows of the resultingsculptures,however,
appearto bevery realistic.Similar basrelief sculpturesoc-
cur at theYaleUniversitycampus(P. Belhumeur– private
communication).

Recentwork by Belhumeur, KriegmanandYuille [1] has
shown thatthereis a generalizedbasrelief (GBR) ambigu-
ity, see�gure (1), in theequationsfor shadingandshadows

(assumingaLambertianre�ectancemodelwith castandat-
tachedshadows). TheGBR includesthestandardbasrelief
ambiguityasa specialcase.(This ambiguityis of practical
consequencein photometricstereo,see[9]).

The �rst goal of this paperis to demonstratea novel
viewpoint-lighting ambiguity which we call the KGBR.
(Thenameis obtainedby adding“K” to “GBR” where“K”
standsfor theGermanmathematicianFelix Klein who pio-
neeredthestudyof grouptheoryfor geometry).TheKGBR
actson anobjectby a three-dimensionalaf�ne transforma-
tion on theobject's geometrycombinedwith a transforma-
tion on the object's albedo. If two objectsare relatedby
a KGBR transformthenfor any viewpoint andlighting of
the �rst object thereexists a correspondingviewpoint and
lighting of thesecondobjectsothattheimagesareidentical
up to an af�ne transformation.We prove that the Gener-
alizedBasRelief (GBR) ambiguityis a specialcaseof the
KGBR. It is obtainedby imposingtheadditionalconstraint
thatthereexistsaspecialviewpoint from whichthetwo ob-
jectsappearidentical.

TheKGBR givesa direct link betweenshadow/shading
ambiguities,suchas the GBR, andambiguitiesin surface
geometrywhich arisein structurefrom motion for objects
composedof point-likefeatures[7],[8]. Indeed,for any lin-
earambiguitywhich arisesin multiple view geometry[6]
for point-like features,we canobtainan identicalambigu-
ity for shadingandshadowedsurfacesby usingtheKGBR.

Thesecondgoalof this paperis to investigatetheeffect
of thegenericviewpoint/lightingassumption[5],[3] on the
KGBR ambiguity. The intuition behindthis assumptionis
that humanobservers tend to avoid interpretationsof the
datawhich correspondto “accidental”,or unusual,lighting
and/orviewpointconditions.Thisassumptionis formulated
mathematicallyby treatingviewpointandlight as“nuisance
variables”whichshouldbeintegratedover [5].
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Our resultsprove thatthegenericviewpoint/lightingas-
sumptionscausesa bias towardsplanarobjects. In other
words, an observer would prefer to interpretan imageas
if it werea �at painting. Theseresultsareconsistentwith
earlierresultsby WeinshallandWerman[11] whoanalyzed
the stability of the perceptionof three-dimensionalshapes
(but whodid not considershadingor shadows). Theresults
alsoextendour previous work [10] wherewe appliedthe
genericlighting assumptionto disambiguatetheGBR.

In section(2) wede�ne theKGBR andprovethatit pre-
servestheshadingandshadow propertiesof surfacesasthe
lighting changes.Section(3) provesthattheKGBR givesa
joint viewpoint-lightingambiguity. In section(4) we show
thattheGBRambiguitycanbeobtainedasaspecialcaseof
theKGBR. Section(5) givesanexampleof theKGBR ap-
plied to faces.In section(6) we provethatgenericassump-
tionson lighting andviewpoint resolve theKGBR ambigu-
ity.

Figure1: If the lighting conditionsareunknown, thenit is
impossibleto distinguishbetweentwo objectsrelatedby a
GBR (generalizedbasrelief) ambiguity. For any imageof
the �rst object, underone illumination condition, we can
always �nd a correspondingillumination conditionwhich
makesthesecondobjectappearidentical(i.e., generatean
identical image). We show two objectsunderthreediffer-
ent,but corresponding,lighting conditions.

2 The KGBR

In this section,we de�ne theKGBR transformson thesur-
face,albedo,andlight sourcedirections.We show thatthis
will preserve the shadingandshadows on the surface. In
the following section,we seewhat this implies aboutthe
projectionof theobjectto differentviewpoints.

Supposewe have a surface~r = ~r (u; v) where(u; v) are
coordinateson thesurface. The surfacenormalis denoted
by ~n(u; v). Let a(u; v) be thesurfacealbedoandlet ~s de-
note the lighting. (In this paperwe will assumea single
light sourcefor simplicity, but theresultsgeneralizedirectly
to multiple light sources).

De�nition 1 A KGBR transform takes
~r (u; v); ~n(u; v); a(u; v);~s to ~̂r (u; v); ~̂n(u; v); â(u; v);~̂s

where:

~̂r (u; v) = K ~r (u; v); â(u; v) = a(u; v)detK jK � 1;T ~n(u; v)j
(1)

~̂n(u; v) =
K � 1;T ~n(u; v)
jK � 1;T ~n(u; v)j

; ~̂s =
1

detK
K ~s: (2)

Thematrix K of theKGBR cantake any form. It gives
an af�ne transformationon the three-dimensionalsurface
which caninvolve squashing,skewing, or rotatingthesur-
face(or any combinationof theseoperations).Theform of
~̂n(u; v) in equation(2) is deriveddirectly from thetransfor-
mationon thesurfaceshape~r (u; v). (To seethis, recallthat
~̂n(u; v) mustbe orthogonalto the surfacetangentvectors
~̂r u (u; v) and~̂r u (u; v) which transformby theKGBR.)

ThefactordetK in thetransformationof thealbedoen-
suresthatthealbedoremains�nite in thelimit thatthema-
trix K becomesnon-invertible.

Theorem 1 If two objectsand their lighting are related
by a KGBRthentheir shadingandshadowsare preserved
in thesurfacecoordinates(u; v).

Proof. It followsdirectlyfromequation(2) that theshad-
owson thesurfaceare preservedby KGBRtransforms(i.e.
if point (u; v) is in shadowon surface~r (u; v) with light
source~s, thenit is alsoin shadowonsurface~̂r (u; v) under
light source~̂s). Fromequation(2), weobtain:

maxf â(u; v)~̂n(u; v) � ~̂s; 0g = maxf a(u; v)~n(u; v) � ~s;0g;
(3)

andsotheshadingis alsopreserved.

3 Viewpoint Projections

The previous section has establishedthat shading and
shadow propertiesatpoints(u; v) onasurfacearepreserved
by a KGBR transformation.We now determinewhathap-
pensasweprojectthesurfaceontoanimageplane.

De�nition 2 A projection is speci�ed by two vectors
~c1;~c2. For orthographicprojectionthesevectors are con-
strainedto beorthogonalunit vectors. For theaf�ne cam-
era there are no constraints. The viewpoint direction for
orthographic projectionis de�ned to be~v1 = ~c1 � ~c2. A
point (u; v) on the surface~r (u; v) is projectedto points
p1(u; v); p2(u; v) in theimageplaneby

p1(u; v) = ~c1 � ~r (u; v); p2(u; v) = ~c2 � ~r (u; v): (4)

We now show thatthereis a viewpoint-lightingambigu-
ity, see�gure (2). Ourresultsaregivenin Theorems2,3 for
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Figure2: The joint viewpoint-lighting ambiguity. If two
objectsare relatedby a KGBR then for any view of one
thereis acorrespondingview of theotherwhich is identical
(for theaf�ne camera)or identicalup to anaf�ne warp(for
orthographicprojection). The lighting is alsotransformed
by thecoorespondingKGBR.

the af�ne cameraand for orthographicprojectionrespec-
tively. Weemphasizethatourresultsonly applyto the“vis-
ible” portionsof theobjectsbecauseastheobserver'sview-
point changestherewill be pointson the objectwhich are
no longervisible (our resultdoesnotapplyto suchpoints).

Theorem 2. If two objects' geometryand albedoare
relatedby a KGBR transformK , then for any viewpoint
andilluminationconditionof oneobjectthereexistsa view-
point andilluminationconditionfor thesecondobjectsuch
that the images(of thevisibleportions)of bothobjectsare
identical. Theviewpointprojectionsare givenby theaf�ne
camera with~̂c1 = K � 1;T ~c1 and~̂c2 = K � 1;T ~c2.

Proof.For theaf�ne camera,weusetheprojectionequa-
tion (4) to compare the projection of ~r (u; v) and ~̂r (u; v).
Bycombiningequations(2,4)wecanexpresstheprojection
of ~r (u; v) by p1(u; v) = ~c1 � K � 1~̂r (u; v) and p2(u; v) =
~c2 �K � 1~̂r (u; v). Thisis identicalto theprojectionof~̂r (u; v)
using~̂c1 = K � 1;T ~c1 and~̂c2 = K � 1;T ~c2.

Wenow extendourresultto themorepracticalcaseof or-
thographicprojection(it is alsostraightforwardto dealwith
scaledorthographic). In this case,the projectionsvectors
~c1;~c2 arerequiredto beorthogonalunit vectors.We cannot
applyTheorem2 andset~̂c1 = K � 1;T ~c1 and~̂c2 = K � 1;T ~c2

becausethis transformationdoesnotensurethatthevectors
~̂c1;~̂c2 areorthogonalunit vectors(exceptfor theuninterest-
ing specialcasewhereK is a rotationmatrix).

Insteadwe loosenour notion of imagesimilarity. Fol-
lowing WermanandWeinshall[12] we consideran af�ne
invariantmeasureon thesetof images.

De�nition 3 Two imagesI and Î are identicalup to an
af�ne transformationA providedwecan�nd matrixcoef�-
cientsA11; A12; A21; A22 such that thefollowing condition
is satis�ed:

�
A11 A12

A21 A22

� �
p1

p2

�
=

�
p̂1

p̂2

�
; (5)

sothat I (p1; p2) = Î (p̂1; p̂2) for all (p1; p2).
Theorem 3 If two objectsare relatedby a KGBRtrans-

form K , then for any viewpoint and illumination condi-
tion of one object there exists a viewpoint and illumina-
tion conditionfor thesecondobjectsuch that theimages(of
the visible portions)of both objectsare identical up to an
af�ne transformation.Theprojection is orthographic and
theviewpointsare relatedby~̂v = K ~v=jK ~vj.

Proof. To ensure that projections~c1;~c2 and ~̂c1; ~̂c2 of
~r (u; v) and~̂r (u; v) are identical up to an af�ne transfor-
mation,seeequation(5), requires �nding orthogonal unit
vectors~̂c1;~̂c2 andcoef�cients A11; A12; A21; A22 such that:

~̂c1 = A11K � 1;T ~c1 + A12K � 1;T ~c2;
~̂c2 = A21K � 1;T ~c1 + A22K � 1;T ~c2; (6)

where~c1;~c2 are orthogonalunit vectors. Theseconditions
canalwaysbesatis�edprovidedK is invertiblebecausethe
vectors K � 1;T ~c1 K � 1;T ~c2 spana two-dimensionalspace
andwe can selectA11; A12; A21; A22 to ensure that~̂c1;~̂c2

are orthogonal (by the Gram-Schmidt orthogonalization
process).

To get more geometricalunderstandingof equation(6),
recall that anyorthographicprojectioncorrespondsto lin-
ear projection onto a plane. The normals to this plane
is the viewpoint direction, seeDe�nition 2, and is given
by ~v = ~c1 � ~c2 and ~̂v = ~̂c1 � ~̂c2 respectively. Hence
~̂v / K � 1;T ~c1 � K � 1;T ~c2. It followsdirectly(using~c1 �~v1 =
~c2 � ~v2 = 0) that~̂v = K ~v

jK ~vj .
Wecanalsodeterminetheform of theaf�ne transforma-

tion A . Theresultsaregivenby thetheorem.
Theorem 4 Theaf�ne transformationA is preservedby

thetransformationsA 7! 	A� T , where 	 and� are ro-
tation matricescorrespondingto the choiceof coordinate
systemsin the viewing planes. Theremainingportionsof
A are speci�edby the relationsdet A = detK =jK ~vj and
Tracef AA T g = Tracef KK T g � jK T ~̂vj2.

Proof.Let theaf�ne transformbeA . Thenwecandeter-
mineit in termsof K bythefollowingprocedure. Firstly, the
requirementthat ~c1;~c2 and~̂c1;~̂c2 are pairs of orthogonal
unit vectors meansthat detA = detK =jK ~vj. Secondly, we
havethefreedomto rotatetheaxes~c1;~c2 bya rotation� in
the �r st viewing planeandsimilarly rotate~̂c1;~̂c2 by a sim-
ilar rotation 	 in thesecondviewing plane. Therefore we
havethefreedomto sendA 7! 	A� T . Finally weseethat
thisimpliesthatTracef AA T g is constant.Bysubstitution,
weobtainthatTracef AA T g = Tracef KK T g� jK T ~̂vj2.
Thustwoof thefourdegreesof freedomof A aredetermined
uniquelyby K andtheothertwo degreesof freedomcorre-
spondto thearbitrary choiceof coordinateaxesin thetwo
viewingplanes.
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We have avoidedthespecialcasewhereK is not invert-
ible. In this degeneratecase,equation(2) implies thatone
object is planar. If the secondobject is also planar then
theresultsabove areeasyto prove. If thesecondobjectis
non-planar, however, thenthe resultsno longerhold. This
is becauseall views of the planarobjectareequivalent to
within an af�ne transformationand thereforeonly corre-
spondsto a singleview of thenon-planarobject(thefront-
onview). Thusfor almostall viewsof thenon-planarobject
thereis nocorrespondingview of theplanarobject.Thisap-
pliesbothfor theaf�ne cameraandfor orthographic/scaled-
orthographicprojections.

4 Relationship to the Generalized
BasRelief (GBR) transformation

TheKGBR is ageneralizationof theGeneralizedBasRelief
(GBR) transformationto the casewherewe alter both the
lightingandtheviewpoint. Wenow show thatwecanobtain
theGBRasa specialcaseof theKGBR.

Theorem5. If twoobjectsarerelatedbya KGBRK and
there existsa specialviewpoint~v� such that the imagesof
thetwoobjectsareidentical,thenK mustbeof formG � 1;T

whereG is a GBR.
Proof. Let the two objectsbe ~r (u; v) and ~̂r (u; v) =

K ~r (u; v). If there existsa specialviewpoint (eitherortho-
graphicor with an af�ne camera) such that theimagesare
identicalthenwecan�nd vectors~c�

1;~c�
2 such that:

~c�
1 � ~r (u; v) = ~c�

1 � K ~r (u; v); 8u; v

~c�
2 � ~r (u; v) = ~c�

2 � K ~r (u; v) 8u; v: (7)

ThisimpliesthatK � 1;T hastwounit eigenvectors~c�
1;~c�

2
(unlessthe surfaceis degenerate). Henceby a suitable
choiceof coordinatesystemwecanexpressK � 1;T as:

K � 1;T =

0

@
1 0 0
0 1 0
� � �

1

A ; (8)

which is of GBRform [1]. Conversely, if K � 1;T hastwo
unit eigenvaluesthen we can de�ne the projectionsto be
their correspondingeigenvectors.

5 A FaceExample

Wenow considerasimpleexampleof anobject,in thiscase
a face,see�gure (3), viewedfrom approximatelyfront-on.

Weusetheimagecoordinates(x; y) from thefront-onview-
pointasthelabelsfor pointsonthesurface.(I.e. wereplace
(u; v) by (x; y)).

Figure3: Two Facesrelatedby a KGBR. Top Panel: the
facesseenfrom side-on. Middle Panel: the facesviewed
from front-on,so they appearidentical. BottomPanel: the
facesviewed from differentbut correspondingviewpoints
(rotating the �rst object by 15 degreesabout the vertical
axis)sothattheimagesaresimilar up to anaf�ne transfor-
mation(ascalingin theverticaldirection).

Supposewe have oneobjectwith ~r (x; y) = x~i + y~j +
f (x; y)~k which is transformedby a GBRto~̂r (x; y) = x~i +
y~j + (�f (x; y) + �x + � y)~k. Now supposewe rotatethe
viewpoint aboutthe~i axis. This givesprojectionvectors
~c1 = ~i and~c2 = cos ~j + sin ~k for the�rst object.Weget
correspondingprojectionvectors~̂c1 = ~i and~̂c2 = cos ̂ ~j +
sin  ̂ ~k for thetransformedobject.

With theseprojections,we seethat points(x; y) on the
surfaceswill project to points(x; y cos + f (x; y) sin  )
and(x; y cos ̂ + �f (x; y) sin  ̂ + �x sin  ̂ + � y sin  ̂ ) re-
spectively.

We relatethesecoordinatesby an af�ne transformA .
This givesA11 = 1; A12 = 0, A21 = � sin =f sin2  +
(� cos � � sin  )2g1=2, A22 = �= f sin2  + (� cos �
� sin  )2g1=2. Wherecot  ̂ = � cot  � � .
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Theimagesarethesameup to theaf�ne transformation
A . We observe that for small rotations we get A21 �
� =� andA22 � 1 + 2�  =� .

6 Generic Viewpoint and Lighting
Constraints

The genericlighting andviewpoint assumptionswerefor-
mulatedin Bayesiantermsby Freeman[5], [3]. It involves
treating lighting or viewpoint as a “nuisance” parameter
whichshouldbeintegratedout,see�gure (4).
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Figure4: (Top Panel). We plot the probabilitiesP(I jb;s)
(solid line) and P(I jb̂;s) (dashedline) as functionsof s.
(For simplicity I ands arescalars.)The imagemeasure-
ment I is equally likely for object b and b̂ assumingthat
s = 1, i.e., P(I jb;s = 1) = P(I jb̂;s = 1). However, if
weintegrateovers we�nd thatP(I jb) > P(I jb̂), i.e.,there
is moreevidencefor objectO if we assumeonly a uniform
prior on s. In other words, the imagemeasurementI is
morestablefor objectbthanb̂. (BottomPanel)Brainardand
Freemananalyzedtheuseof thegenericassumptionfor the
probabilitydistribution P(I js; b) = 1p

2� � 2
e� ( I � sb)2 =(2 � 2 ) .

We plot this asa function of s;b, shown for I = 10:0. If
thevariables is integratedout thentherebecomesaunique
bestestimatefor b.

In previous work [10], we analyzedthe effect of the
genericlighting constraint,asformulatedby Freeman[5],

on the GBR andshowed that it resolved the ambiguityby
biasingtowardsthefronto-parallelplane.

In thissection,wegeneralizethisresultto theKGBR for
viewpoint andlighting. We alsodemonstratethat thereis a
biastowardsplanarobjectsevenif wekeeptheillumination
�x ed. This veri�es a resultby WeinshallandWerman[11]
obtainedfor point/featuresets(i.e. not dealingwith shad-
ing andshadows)andusingadifferentmathematicalframe-
work. Indeed,our resultcon�rms WeinshallandWerman's
intuition thatananalysisof thegenericviewpoint assump-
tion basedonFreeman'sBayesianformulationwould yield
resultssimilar to theirs.

To formulate the genericviewpoint and lighting con-
straints,we assumethat:

P(I j~s;a;~r ;~v) = F (~s;a;~r ;~v; I ); (9)

whereF (~s;a;~r ;~v; I ) is a function which is invariant to a
KGBR.This invarianceis guaranteedif theimagehasLam-
bertianshadingandshadowing, seeTheorem1, modi�ed
by any noiseprocessto take careof the imaging. For ex-
ample,we could set F (~s;a;~r ;~v; I ) = N (I � a~n � ~s; �)
whereN is a multivariateGaussiandistribution with mean
I � a~n � ~s andcovariance� . Alternatively, we could set
F (~s;a;~r ;~v; I ) = � (I � a~n � ~s) where � (:) is the multi-
variateDiracdeltafunction.

We now assumethat all lighting ~s is equallylikely and
all viewpoints ~v are equally likely. This meansthat the
probabilitythat theimageI is generatedby theobjectwith
a(u; v);~r (u; v) is obtainedby integrating P(I j~s;a;~r ;~v)
with respectto ~s andthesolidangle� 
 . In otherwords:

P(I ja;~r ) =
Z

d~sd
 F (~s;a;~r ;~v; I ): (10)

To determinehow the generic constraintsaffects the
KGBR we must�rst obtainanexpressionfor how thesolid
angled
 transformsundera KGBR. Theresultis statedin
thefollowing lemma.

Lemma 1 If theviewpoint is relatedby ~̂v = K ~v=jK ~vj,
thenthesolidanglesare relatedbyd
̂ = detK d
 =jK ~vj3.

Proof. This is a standard result in af�ne geometry. To
obtain it, set~v(�; � ) to bea unit vectorrepresentingview-
point where �; � are coordinateson theunit sphere. Then
thesolidangleis d
 = j~v� � ~v� jd�d� . Thesolidangleon
thetransformedsurfaceis d
̂ = j~̂v� � ~̂v� jd�d� . Bysetting
~̂v = K ~v=jK ~vj weobtainj~̂v� � ~̂v� j = detK =jK ~vj3.

Wenow obtainourmainresultongenericviewpointand
lighting.

Theorem 6. If two objectsa;~r andâ;~̂r are relatedby a
KGBRK (whoseeigenvaluesare required to all be �nite),
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thentheir likelihoodfunctions,marginalizedoverviewpoint
andlighting, aregivenby

P(I ja;~r ) =
Z

d~sd
 F (~s;a;~r ;~v; I );

P(I jâ;~̂r ) =
Z

d~sd

1

jK ~vj3detK
F (~s;a;~r ;~v; I ); (11)

andtheintegrandof P(I jâ;~̂r ) becomeslargestasdet K 7!
0 correspondingto a planar surface. Therefore the most
probableinterpretationof an image is of a planarsurface.

Proof.Supposewehavetwo objectsa(u; v);~r (u; v) and
â(u; v);~̂r (u; v) relatedby a KGBRK . Thenwe can write
thelikelihoodsfor thetwo objectsas:

P(I ja;~r ) =
Z

d~sd
 F (~s;a;~r ;~v; I );

P(I jâ;~̂r ) =
Z

d~̂sd
̂ F (~̂s; â;~̂r ; ~̂v; I ): (12)

Wenowperforma changeof variablesin theintegral for
P(I jâ;~̂r ) correspondingto the KGBR.Recallingthat the
integrand F (~s;a;~r ;~v; I ) is invariant to a KGBR the only
change is theJacobianfactors. By equation(2) weseethat
d~̂s = (1=detK )2d~s. Andby thepreviousLemmawe have
d
̂ = detK d
 =jK ~vj3. Thisyields:

P(I jâ;~̂r ) =
Z

d~sd

1

jK ~vj3detK
F (~s;a;~r ;~v; I ): (13)

The differencebetweenP(I ja;~r ) and P(I jâ;~̂r ) is the
factor 1

jK ~vj 3 det K in the integrand of the later. This factor
becomesin�nite in the limit as det K 7! 0 which corre-
spondsto~̂r becomingplanar.

For any imageI and object a;~r therewill be a dom-
inant light source~s� and viewpoint ~v� which maximize
F (~s;a;~r ;~v; I ). ThetransformationK whozeroeigenvalue
lies in the directionof ~v� is the bestone– so the surface
getsmadefronto-parallel.

We alsoget a similar result if we keepthe illumination
�x ed and just integrateover viewpoint. This is similar to
a result obtainedby Weinshall and Wermanby different
methods.

Theorem 7. If two objectsa;~r andâ; ~̂r are relatedby a
KGBRK (whoseeigenvaluesare requiredto all be �nite),
thenmarginalizingtheir likelihoodfunctionsoverviewpoint
givesa biasto a planar surface, providedF (~s;a;~r ;~e; I ) 6=
0 where~e is theeigenvectorof K with zero eigenvalue.

Proof. We compare P(I ja;~r ;~s) with P(I jâ;~̂r ;~̂s). This
requires integrating over viewpoint only. The difference
betweenthe two integrandsis simply the Jacobianfactor

detK =jK ~vj3 for viewpoint. Now let det K 7! 0 and let ~e
be theeigenvectorcorrespondingto thezero eigenvalueof
K . Thenthe integral for P(I jâ;~̂r ;~̂s) will havea contribu-
tion fromviewpoint~v = ~e which becomesin�nitely largeas
detK 7! 0. Hencewebiastowardsa KGBRwith detK = 0
andthepreferredinterpretationis a planarsurface.

7 Conclusion

The �rst goal of this paperwasto describea joint lighting
andviewpoint ambiguitywhich we calledthe KGBR. We
showed that the GeneralizedBasRelief (GBR) ambiguity
[1] is a specialcaseof the KGBR. Our resultsassumea
Lambertianre�ectancemodelwith castandattachedshad-
owsandallows for multiple light sources.Theviewpoint is
modeledeitherby anaf�ne cameraor by orthographicpro-
jection. If orthographicprojectionis usedthenthe KGBR
ambiguityis with respectto anaf�ne invariantimagemea-
sure[12].

Oursecondgoalwasto analyzehow thegenericlighting
andviewpoint assumptions[5] interactedwith the KGBR
ambiguity. We showed, subjectto certaintechnicalcon-
straints, that either or both of theseassumptionsdisam-
biguatedtheKGBR ambiguityby biasingtowardsa planar
surface.Theseresultsareconsistentwith earlierresultsby
WeinshallandWerman[11] who analyzedthe stability of
theperceptionof three-dimensionalshapes(but whodid not
considershadingor shadows). Theresultsalsoextendour
previous work [10] wherewe appliedthe genericlighting
assumptionto disambiguatetheGBR.
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