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Abstract

We introducea methodfor segmentinga shapefroman
image and simultaneouslydeterminingits symmetryaxis.
Thesymmetryis usedto helpthesegmentationand in turn
thesegmentationdeterminesthesymmetry. Theproblemis
formulatedasoneof minimizinga goodnessof �tnessfunc-
tion andDijkstra'salgorithmis usedto �nd theglobalmin-
imumof thecostfunction.Theresultsareillustratedonreal
images.

1. Intr oduction

The importanceof symmetricshapeshaslong beenre-
alizedin thevisioncommunity[2, 3, 4]. Suchsymmetries,
whendetected,containusefulinformationabouttheshape
which canbe usedfor shapedescriptionandfor breaking
shapesup into symmetricparts. In addition,it is clearthat
humanobserversarehighlysensitivetosymmetryandmake
useof it in theirprocessingof images[21].

Mostwork onsymmetryhasassumedthattheshapehas
�rst beensegmentedfrom the background. In practice,
however, imagesegmentationis often very dif�cult to do
correctly. It is thereforeunrealisticto assumethat current
generalpurposesegmentationtechniqueswill beableto de-
terminetheshapes'silhouette.In addition,suchtechniques
will oftenoutputlargenumbersof edgesin theimageanda
groupingprocesswill beneededto determinewhich edges
correspondto theshapeandwhichdonot.

This motivatesus to devise a methodto segment the
shapeanddetermineits symmetryaxissimultaneously. In
this method,thesymmetryhelpsthesegmentationprocess
and,in turn, the segmentationguidesthe symmetrydetec-
tion. Our methodinvolvesde�ning a goodnessof �tness
function,which embodiesour notionof symmetry, andof
usingtheshortestpathalgorithm(i.e.,Dijkstra'salgorithm,
an

���

likealgorithmthatusesthebest-�rstsearchprinciple)
to �nd aglobalminimumof this function.

2. PreviousWork

Therehave beenmany paperson symmetrydetection.
In [2, 3, 4] Blum proposedthesymmetryaxis(or skeleton)
asa shapedescriptionfor objects.A radiusfunctionanda
curvaturefunctionarede�ned for pointson the symmetry
axes.Thesefunctionstogetherwith thesymmetricaxescan
thenbe usedasa shapedescriptor. More recentwork has
includedvariantssuchasSLS [5] andPISA [13]. More-
over, muchprogresshasbeenmadeapplyingmultiresolu-
tion schemesand/orsmoothing[17], ([16], via Voronoidi-
agrams),[18], ([19], via reaction-diffusionequation),[22].
In [14], a variationalframework basedon self-similarityof
shapesis presented.

Thesemethods,however, assumethat the silhouetteof
theshapehas�rst beenextracted.But imagesegmentation
is adif�cult problemand,in addition,edgegroupingwould
be requiredin orderto determinewhich edgescorrespond
to theobject's silhouette.For color imagesit is possibleto
segmentusingregional cues[11], but thesemethodshave
not yet beenextendedto grey-scaleimageswhereregional
propertiesaretypically lessinformative. More relevant is
thework on �nding roadsby dynamicprogramming[1].

On the other hand, therehasbeensuccessusing high
level objectmodelsto performsegmentationof �e xible ob-
jects [12, 10, 8]. Thesemethods,however, are too object
speci�c for our purposes.We requirea methodthat uses
moreknowledgethana typical low level segmentational-
gorithmbut lessthanan objectspeci�c model. Symmetry
axesarea goodintermediatelevel representationandtheir
outputcould be usedasinput to shaperepresentationand
recognitionsystemssuchas[19, 22, 14]. Ad hocapproach
usessymmetryaxiscanbefoundin [7] but hereweaddress
it in a principleway.

Ourapproachwill useDijkstra'salgorithm,wherein ob-
ject recognitionis introducedin [10]. This algorithmis re-
latedto dynamicprogrammingwhichhasbeenusedin sev-
eralvisionapplications,for example[15, 1,9,8]. Dijkstra's
algorithmis guaranteedto �nd the optimalsolutionandis
typically considerablyfasterthandynamicprogramming.



3. The Representationof Symmetry and Shape

Our approachinvolves �rst de�ning a representation
model for the shapeand its symmetryaxis. Next we de-
�ne agoodnessof �tness functionwhichmeasurehow well
themodel�ts thedata.Finally we describehow Dijkstra's
algorithmcanbeusedto minimize thegoodnessof �tness
function.

We representthe shapevia a symmetryaxisasfollows.
For eachpoint
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��� in thesymmetryaxiswe de�ne a pair of
correspondingpoints
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ariesof theshape,see�gure (1). Moreover, � �����

�

�

�

���

���

�

��


�

� sothatthesymmetryaxisis de�nedby thecorrespond-
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Wecanchoosetodescribetheshapein termsof eitherthe

left andright boundariesor the symmetryaxisandthe rib
vectors.In thispaperweusetheleft andright boundariesas
thefundamentalrepresentationof theshape.Thesymmetry
axisandtherib vectorsarethentreatedasderivedquantities
whichcanbetreatedasfunctionsof theboundaries.

Anotherderivedquantitywhich we will alsouseis the
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Finally, we de�ne thecurvature angles �*3

�
� . Thesean-

gles are a measureof straightnessof the symmetryaxis.
They arede�ned by � �4!53
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Figure 1. The representation of the shape
and the symmetr y axis. The left and right
boundar y points, �
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4. The Goodnessof FitnessFunction

We now de�ne a goodnessof �tness function to deter-
mine how well the shapemodel �ts the data. The �tness
functionmustsatisfyseveraldesirableproperties.The�rst
propertyis that it must ensurethat the boundariesof the
shapeshouldgenerallybeat placesof high intensitygradi-
ent pointedacrossthe boundary. For the secondproperty,
the symmetryaxis shouldbe fairly smoothso that large
changesin directionare discouraged.The third property
requiresthat the lengthof neighboringrib vectorsshould
besimilar. This will ensurethat theboundaryof theshape
doesnot �uctuate rapidly. The fourth propertystatesthat
the vectorjoining pairsof symmetricboundarypoints,

�
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and
�
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� , shouldbe roughly perpendicularto the symmetry
axis.

After someexperimentation,we have settledon thefol-
lowing �tness function
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Recallthat, in theprevioussection,the
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havebeende�ned asfunctionsof the
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� .
The �rst two termsof the right handsideof the equa-

tion enforcesthe �rst property. The third, fourth and�fth
termsenforcethesecondproperty(smoothnessof thesym-
metryaxis),thethird property(smoothnessof rib vectors),
and the fourth property(perpendicularityof axis and rib)
respectively.

This goodnessof �tness function canbe given a prob-
abilistic interpretationusing the Gibbs distribution and
Bayes' theorem. In this interpretation,the �rst two terms
of the energy function will correspondto the likelihood
function for generatingthe image. Observe that the terms
only constrainthe imageintensityat theboundariesof the
shapes.In theprobabilisticinterpretationthis is equivalent
to assumingthattherestof theimageis generatedby auni-
form intensitydistribution pointwise. Theremainingthree
termsin the energy function will correspondto the prior
probabilityof theshape.
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Symmetry axis and articulation: When applying the
symmetric-axisprinciple to designa segmentationalgo-
rithm,oneneedsto considerthefollowingscenariowhichis
encounteredveryoften.Supposetheimagetobesegmented
containsobjectswith articulations. Then,we would pre-
fer that a symmetricaxiscango alongthoseplaceswhere
articulationsoccurredwithout losing the desiredsymmet-
ric property. More precisely, in Figure2, we see,for the
symmetryaxistomaintainagoodcorrespondencesbetween
pointsonthetwo boundaries,it is necessaryfor thosepoints
on the outer boundarymoving in a fasterpacealong the
cornercomparedto thoseon the innerboundary(Onecan
imagineasif therewereaninnertangentcircle rolling and
passingaroundthe curved part of Figure 2). The �tness
functionin (1) hassuchpropertyaswehaveaddedtheper-
pendicularityterm ( the last term in (1) ) in its de�nition.
Laterwe will show someexperimentalresultsregardingto
thisaspect.

Symmetry Axis

q
l
i

q
r
i

Figure 2. A symmetr y axis generated by
the left and right boundar y moving along
corner . This is often encountered for
shapes/objects with articulations.

5. Dijkstra' s Algorithm with Hashing

We considerthesearchfor the bestsequenceof pair of
points
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graphis constructed.Eachnodein the graphrepresentsa
pairof points
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�>� from theimageplane(seeFigure3).
Thus,eachnoderepresentsa point in a four dimensional
space(sincea pair of pointsfrom two dimensionallattice
have four coordinates).Eachgraph-edgecontainsthecost
computedfrom the �tness function (1) to selecta pair of
nodesaspartof thesegmentationsolution.

To segmenta region in an image,all possiblepathsare
generatedstartingfrom theinitial node
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� . Eachpath
correspondsto acandidatesegmentation.Noticethat,with-
outconsideringocclusion,everypathis a continuouscurve
in a four dimensionalspaceas seenin Figure 3. A seg-
mentationis derivedwhenever a pathhasits left andright
boundary, thus their symmetryaxis, all reachinga same
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Figure 3. The diagram for the Dijkstra' s algo­
rithm with hashing scheme. Notice that in
the image plane , the

�

­connected neighbor
structure is adopted.

nodein thegraph. Thesolutionwe look for is an optimal
path/segmentationwith minimalcost.

The Dijkstra's algorithm is implementedwith a Fi-
bonacciheap,so it leadsto a very ef�cient optimization
computation.To resolvethemassiveamountof memoryre-
quiredfor a globaloptimizationprocessover a graphwith
four-dimensionnodalstructure,the hashingwith chaining
schemeis adopted.Every four dimensionalnodein theDi-
jkstradiagramis mappedby afunction � toakey, say � , as
theinputof awell-de�nedhashfunction � . In thisway, the
programis not limited by thesizeof RAM andcanhandle
imagesof almostall sizes.
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The hashfunction usedin our programis basedon the
division method. An alternative choiceis to derive a hash
functionusingtheuniversalhashingapproach.To construct
a goodhashfunctionis a pivotal issue,we will not go into
detailsandreferthereadersto, e.g.,[6].

WehavetestedoursoftwareonboththeSiliconGraphics
challengeGRandPentiumII PCs.Theexperimentalresults
areshown in next section.

(a) (b) (c)

Figure 4. Examples of segmentation.
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6. Experimental Results

A varietyof experimentshavebeencarriedoutto testthe
segmentationalgorithm.Dueto thelimited space,weshow
two setsof experimentalresultshere.

Theresultsin Figure4 areto illustratethebasicideaof
how seekingthesymmetryaxiscanhelpto segmentanim-
age.It canbeseenthatthealgorithmsucceedsbothat seg-
mentationandat symmetryaxis detectionandrepresenta-
tion. If werelaxthestraightness(orsmoothness)restriction,
wederiveasegmentationsuchastheonein Figure4(b). On
theotherhand,if thestraightnessconditionis emphasized,
the algorithm may override the local edgeinformation in
orderto �nd agoodsymmetryaxis.In Figure4(c) thealgo-
rithm createsanarti�cial “secondthumb”on theright hand
sidesoasto besymmetricwith therealthumb(on theleft).

Thesecondsetof experimentsis to segmentimagescon-
taininghumanobjects.ThetestimagesareFigure5(a),5(b)
and5(c). Let us �rst look at their gray-level gradientim-
ages,shown in Figure5(d),5(e)and5(f), respectively (The
imagesaregeneratedfrom a gradientoperatorprovided in
KHOROS 2.1). Thoughthe humanobject in eachimage
appearsto be perceptible,it is dif�cult to groupedgesor
segmenttheimagescorrectly. Theproblemis that , for ex-
ample,in Figure5(a)and5(b), to segmentthe legs shown
in either image,thereare other signi�cant edgesat junc-
tion pointsstrongerthanthedesiredones.Also, theedges
alongthe legs breakwherecanbe seenfrom the gradient
images.With symmetryaxis,ouralgorithmis ableto locate
andsegmentsymmetricpartsof thehumanshapecorrectly
asdisplayedin Figure6.

Figure6(f) showsthatthesymmetryaxisisdetectedeven
whentheaxis is bent,sometimesquiteseverely. This sup-
portstheobservationwe make to utilize theperpendicular-
ity propertyto helptheaxismoving aroundthecurvedparts
of anarticulatedshape.

7. Discussion

This paperdescribesa methodfor simultaneouslyseg-
mentingshapesand detectingtheir symmetryaxes. Our
currentwork involvesgeneralizingthiswork in threedirec-
tions. Firstly, the modelshouldbe generalizedto include
regionalpropertieswhich canbeusedto help thesegmen-
tation. Secondly, themodelmustbeextendedto allow for
bifurcationsin thesymmetryaxis.Thirdly, wemustdevelop
techniquesfor automaticallyinitializing thealgorithm.The
�rst two of theseproblemscanbesolvedby modifying the
goodnessof �tness functionandincreasingthestatespace.
Thethird problemcanbesolvedby usingcornerdetectors
asinitial guessesanddynamicallyselectingthe right ones
using the proceduredescribedin [10]. Alternatively we
could usedynamicprogrammingto searchfor symmetry

(a) (d)

(b) (e)

(c) (f)

Figure 5. (a), (b) and (c) are testing images.
(d), (e) and (f) are their respective (gray­
level) gradient images.

axeseverywherein the imageby adaptingthe work of [9]
and/or[8].
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