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The front cover shows four sample paths X;(wq), Xt(w2), X¢(ws) and Xi(wy)
of a geometric Brownian motion X, (w), i.e. of the solution of a (1-dimensional)
stochastic differential equation of the form

%:(r—i—c)th)Xt t>0; Xo==2
where z, r and « are constants and W; = W, (w) is white noise. This process is
often used to model “exponential growth under uncertainty”. See Chapters 5,
10, 11 and 12.

The figure is a computer simulation for the case z = r = 1, o = 0.6.
The mean value of X;, E[X;] = exp(t), is also drawn. Courtesy of Jan Ubge,
Stord/Haugesund College.



We have not succeeded in answering all our problems.
The answers we have found only serve to raise a whole set
of new questions. In some ways we feel we are as confused
as ever, but we believe we are confused on a higher level
and about more tmportant things.

Posted outside the mathematics reading room,

Tromsg University
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The main corrections and improvements in this corrected printing are from
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Haussmann, Yaozhong Hu, Marianne Huebner, Carl Peter Kirkebg, Niko-
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Preface to the Fifth Edition

The main new feature of the fifth edition is the addition of a new chapter,
Chapter 12, on applications to mathematical finance. I found it natural to
include this material as another major application of stochastic analysis, in
view of the amazing development in this field during the last 10-20 years.
Moreover, the close contact between the theoretical achievements and the
applications in this area is striking. For example, today very few firms (if
any) trade with options without consulting the Black & Scholes formula!
The first 11 chapters of the book are not much changed from the previous
edition, but I have continued my efforts to improve the presentation through-
out and correct errors and misprints. Some new exercises have been added.
Moreover, to facilitate the use of the book each chapter has been divided
into subsections. If one doesn’t want (or doesn’t have time) to cover all the
chapters, then one can compose a course by choosing subsections from the
chapters. The chart below indicates what material depends on which sections.

Chapter 1-5 > Chapter 6
Y
Chapterg | Section Chapter 7 >| | Section | chapter 9
8.6 9.1
Chapter 10 Chapter 11
Y
Section
Chapter 12
per 12.3

For example, to cover the first two sections of the new chapter 12 it is recom-
mended that one (at least) covers Chapters 1-5, Chapter 7 and Section 8.6.
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Chapter 10, and hence Section 9.1, are necessary additional background for
Section 12.3, in particular for the subsection on American options.

In my work on this edition I have benefitted from useful suggestions
from many people, including (in alphabetical order) Knut Aase, Luis Al-
varez, Peter Christensen, Kian Esteghamat, Nils Christian Framstad, Helge
Holden, Christian Irgens, Saul Jacka, Naoto Kunitomo and his group, Sure
Mataramvura, Trond Myhre, Anders @ksendal, Nils @vrelid, Walter Schacher-
mayer, Bjarne Schielderop, Atle Seierstad, Jan Ubge, Gjermund Vage and
Dan Zes. I thank them all for their contributions to the improvement of the
book.

Again Dina Haraldsson demonstrated her impressive skills in typing the
manuscript — and in finding her way in the LATEX jungle! I am very grateful
for her help and for her patience with me and all my revisions, new versions
and revised revisions ...

Blindern, January 1998
Bernt Oksendal



Preface to the Fourth Edition

In this edition I have added some material which is particularly useful for the
applications, namely the martingale representation theorem (Chapter IV),
the variational inequalities associated to optimal stopping problems (Chapter
X) and stochastic control with terminal conditions (Chapter XI). In addition
solutions and extra hints to some of the exercises are now included. Moreover,
the proof and the discussion of the Girsanov theorem have been changed in
order to make it more easy to apply, e.g. in economics. And the presentation
in general has been corrected and revised throughout the text, in order to
make the book better and more useful.

During this work I have benefitted from valuable comments from several
persons, including Knut Aase, Sigmund Berntsen, Mark H. A. Davis, Helge
Holden, Yaozhong Hu, Tom Lindstrgm, Trygve Nilsen, Paulo Ruffino, Isaac
Saias, Clint Scovel, Jan Ubge, Suleyman Ustunel, Qinghua Zhang, Tusheng
Zhang and Victor Daniel Zurkowski. I am grateful to them all for their help.

My special thanks go to Hakon Nyhus, who carefully read large portions
of the manuscript and gave me a long list of improvements, as well as many
other useful suggestions.

Finally I wish to express my gratitude to Tove Mgller and Dina Haralds-
son, who typed the manuscript with impressive proficiency.

Oslo, June 1995 Bernt Oksendal






Preface to the Third Edition

The main new feature of the third edition is that exercises have been included
to each of the chapters II-XI. The purpose of these exercises is to help the
reader to get a better understanding of the text. Some of the exercises are
quite routine, intended to illustrate the results, while other exercises are
harder and more challenging and some serve to extend the theory.

I have also continued the effort to correct misprints and errors and to
improve the presentation. I have benefitted from valuable comments and
suggestions from Mark H. A. Davis, Hakon Gjessing, Torgny Lindvall and
Hékon Nyhus, My best thanks to them all.

A quite noticeable non-mathematical improvement is that the book is
now typed in TpX. Tove Lieberg did a great typing job (as usual) and I am
very grateful to her for her effort and infinite patience.

Oslo, June 1991 Bernt Oksendal



XII



Preface to the Second Edition

In the second edition I have split the chapter on diffusion processes in two, the
new Chapters VII and VIII: Chapter VII treats only those basic properties
of diffusions that are needed for the applications in the last 3 chapters. The
readers that are anxious to get to the applications as soon as possible can
therefore jump directly from Chapter VII to Chapters IX, X and XI.

In Chapter VIII other important properties of diffusions are discussed.
While not strictly necessary for the rest of the book, these properties are
central in today’s theory of stochastic analysis and crucial for many other
applications.

Hopefully this change will make the book more flexible for the different
purposes. I have also made an effort to improve the presentation at some
points and I have corrected the misprints and errors that I knew about,
hopefully without introducing new ones. I am grateful for the responses that
I have received on the book and in particular I wish to thank Henrik Martens
for his helpful comments.

Tove Lieberg has impressed me with her unique combination of typing
accuracy and speed. I wish to thank her for her help and patience, together
with Dina Haraldsson and Tone Rasmussen who sometimes assisted on the

typing.

Oslo, August 1989 Bernt Oksendal
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Preface to the First Edition

These notes are based on a postgraduate course I gave on stochastic dif-
ferential equations at Edinburgh University in the spring 1982. No previous
knowledge about the subject was assumed, but the presentation is based on
some background in measure theory.

There are several reasons why one should learn more about stochastic
differential equations: They have a wide range of applications outside mathe-
matics, there are many fruitful connections to other mathematical disciplines
and the subject has a rapidly developing life of its own as a fascinating re-
search field with many interesting unanswered questions.

Unfortunately most of the literature about stochastic differential equa-
tions seems to place so much emphasis on rigor and completeness that it
scares many nonexperts away. These notes are an attempt to approach the
subject from the nonexpert point of view: Not knowing anything (except ru-
mours, maybe) about a subject to start with, what would I like to know first
of all? My answer would be:

1) In what situations does the subject arise?
2) What are its essential features?
3) What are the applications and the connections to other fields?

I would not be so interested in the proof of the most general case, but rather
in an easier proof of a special case, which may give just as much of the basic
idea in the argument. And I would be willing to believe some basic results
without proof (at first stage, anyway) in order to have time for some more
basic applications.

These notes reflect this point of view. Such an approach enables us to
reach the highlights of the theory quicker and easier. Thus it is hoped that
these notes may contribute to fill a gap in the existing literature. The course
is meant to be an appetizer. If it succeeds in awaking further interest, the
reader will have a large selection of excellent literature available for the study
of the whole story. Some of this literature is listed at the back.

In the introduction we state 6 problems where stochastic differential equa-
tions play an essential role in the solution. In Chapter II we introduce the
basic mathematical notions needed for the mathematical model of some of
these problems, leading to the concept of Ito integrals in Chapter III. In
Chapter IV we develop the stochastic calculus (the Ito formula) and in Chap-
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ter V we use this to solve some stochastic differential equations, including the
first two problems in the introduction. In Chapter VI we present a solution
of the linear filtering problem (of which problem 3 is an example), using
the stochastic calculus. Problem 4 is the Dirichlet problem. Although this is
purely deterministic we outline in Chapters VII and VIII how the introduc-
tion of an associated Ito diffusion (i.e. solution of a stochastic differential
equation) leads to a simple, intuitive and useful stochastic solution, which is
the cornerstone of stochastic potential theory. Problem 5 is an optimal stop-
ping problem. In Chapter IX we represent the state of a game at time ¢ by an
Ito diffusion and solve the corresponding optimal stopping problem. The so-
lution involves potential theoretic notions, such as the generalized harmonic
extension provided by the solution of the Dirichlet problem in Chapter VIII.
Problem 6 is a stochastic version of F.P. Ramsey’s classical control problem
from 1928. In Chapter X we formulate the general stochastic control prob-
lem in terms of stochastic differential equations, and we apply the results of
Chapters VII and VIII to show that the problem can be reduced to solving
the (deterministic) Hamilton-Jacobi-Bellman equation. As an illustration we
solve a problem about optimal portfolio selection.

After the course was first given in Edinburgh in 1982, revised and ex-
panded versions were presented at Agder College, Kristiansand and Univer-
sity of Oslo. Every time about half of the audience have come from the ap-
plied section, the others being so-called “pure” mathematicians. This fruitful
combination has created a broad variety of valuable comments, for which I
am very grateful. I particularly wish to express my gratitude to K.K. Aase,
L. Csink and A.M. Davie for many useful discussions.

I wish to thank the Science and Engineering Research Council, U.K. and
Norges Almenvitenskapelige Forskningsrad (NAVF), Norway for their finan-
cial support. And I am greatly indebted to Ingrid Skram, Agder College and
Inger Prestbakken, University of Oslo for their excellent typing — and their
patience with the innumerable changes in the manuscript during these two
years.

Oslo, June 1985 Bernt Oksendal

Note: Chapters VIII, IX, X of the First Edition have become Chapters IX,
X, XI of the Second Edition.
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1. Introduction

To convince the reader that stochastic differential equations is an important
subject let us mention some situations where such equations appear and can
be used:

1.1 Stochastic Analogs of Classical Differential
Equations

If we allow for some randomness in some of the coefficients of a differential
equation we often obtain a more realistic mathematical model of the situation.

Problem 1. Consider the simple population growth model

% —a)N(t),  N(0)= N, (constant) (1.1.1)

where N(t) is the size of the population at time ¢, and a(t) is the relative
rate of growth at time ¢. It might happen that a(t) is not completely known,
but subject to some random environmental effects, so that we have

a(t) = r(t) + “noise” ,

where we do not know the exact behaviour of the noise term, only its prob-
ability distribution. The function r(t) is assumed to be nonrandom. How do
we solve (1.1.1) in this case?

Problem 2. The charge Q(¢) at time ¢ at a fixed point in an electric circuit
satisfies the differential equation

n 1

C
where L is inductance, R is resistance, C is capacitance and F'(¢) the potential
source at time .

Again we may have a situation where some of the coefficients, say F(t),
are not deterministic but of the form

L-Q"(t)+R-Q'(t) Q) =F(t), Q0)=Qo, Q(0) =1 (1.1.2)

F(t) = G(t) + “noise” . (1.1.3)
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How do we solve (1.1.2) in this case?

More generally, the equation we obtain by allowing randomness in the
coefficients of a differential equation is called a stochastic differential equa-
tion. This will be made more precise later. It is clear that any solution of
a stochastic differential equation must involve some randomness, i.e. we can
only hope to be able to say something about the probability distributions of
the solutions.

1.2 Filtering Problems

Problem 3. Suppose that we, in order to improve our knowledge about
the solution, say of Problem 2, perform observations Z(s) of Q(s) at times
s < t. However, due to inaccuracies in our measurements we do not really
measure Q(s) but a disturbed version of it:

Z(s) = Q(s) + “noise” . (1.2.1)

So in this case there are two sources of noise, the second coming from the
error of measurement.

The filtering problem is: What is the best estimate of Q(t) satisfying
(1.1.2), based on the observations Zs in (1.2.1), where s < ¢ ? Intuitively, the
problem is to “filter” the noise away from the observations in an optimal way.

In 1960 Kalman and in 1961 Kalman and Bucy proved what is now known
as the Kalman-Bucy filter. Basically the filter gives a procedure for estimating
the state of a system which satisfies a “noisy” linear differential equation,
based on a series of “noisy” observations.

Almost immediately the discovery found applications in aerospace en-
gineering (Ranger, Mariner, Apollo etc.) and it now has a broad range of
applications.

Thus the Kalman-Bucy filter is an example of a recent mathematical
discovery which has already proved to be useful — it is not just “potentially”
useful.

It is also a counterexample to the assertion that “applied mathematics
is bad mathematics” and to the assertion that “the only really useful math-
ematics is the elementary mathematics”. For the Kalman-Bucy filter — as
the whole subject of stochastic differential equations — involves advanced,
interesting and first class mathematics.

1.3 Stochastic Approach to Deterministic Boundary
Value Problems

Problem 4. The most celebrated example is the stochastic solution of the
Dirichlet problem:
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Given a (reasonable) domain U in R"™ and a continuous function f on
the boundary of U, 9U. Find a function f continuous on the closure
U of U such that

(i) f=fondU

(ii) f is harmonic in U, i.e.

In 1944 Kakutani proved that the solution could be expressed in terms
of Brownian motion (which will be constructed in Chapter 2): f(z) is the
expected value of f at the first exit point from U of the Brownian motion
starting at x € U.

It turned out that this was just the tip of an iceberg: For a large class
of semielliptic second order partial differential equations the corresponding
Dirichlet boundary value problem can be solved using a stochastic process
which is a solution of an associated stochastic differential equation.

1.4 Optimal Stopping

Problem 5. Suppose a person has an asset or resource (e.g. a house, stocks,
oil...) that she is planning to sell. The price X; at time ¢ of her asset on the
open market varies according to a stochastic differential equation of the same
type as in Problem 1:

% =rX; +aX; - “noise”
dt
where r, a are known constants. The discount rate is a known constant p. At
what time should she decide to sell?

We assume that she knows the behaviour of X up to the present time ¢,
but because of the noise in the system she can of course never be sure at the
time of the sale if her choice of time will turn out to be the best. So what
we are searching for is a stopping strategy that gives the best result in the
long run, i.e. maximizes the ezxpected profit when the inflation is taken into
account.

This is an optimal stopping problem. It turns out that the solution can be
expressed in terms of the solution of a corresponding boundary value problem
(Problem 4), except that the boundary is unknown (free) as well and this is
compensated by a double set of boundary conditions. It can also be expressed
in terms of a set of wariational inequalities.
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1.5 Stochastic Control

Problem 6 (An optimal portfolio problem).
Suppose that a person has two possible investments:

(i) A risky investment (e.g. a stock), where the price p;(¢) per unit at time
t satisfies a stochastic differential equation of the type discussed in Prob-
lem 1:

dp,
dt

where a > 0 and o € R are constants

= (a+ a - “noise”)py (1.5.1)

(ii) A safe investment (e.g. a bond), where the price p2(t) per unit at time ¢
grows exponentially:

dps

dt

where b is a constant, 0 < b < a.

= bp, (1.5.2)

At each instant ¢ the person can choose how large portion (fraction)
uy of his fortune X; he wants to place in the risky investment, thereby
placing (1 —u;)X; in the safe investment. Given a utility function U and
a terminal time T the problem is to find the optimal portfolio u; € [0, 1]
i.e. find the investment distribution u;; 0 < t < T which maximizes the

expected utility of the corresponding terminal fortune X(Tu):

max {E [U(Xg”)} } (1.5.3)

0<u, <1

1.6 Mathematical Finance

Problem 7 (Pricing of options).

Suppose that at time ¢ = 0 the person in Problem 6 is offered the right (but
without obligation) to buy one unit of the risky asset at a specified price
K and at a specified future time ¢ = T. Such a right is called a Furopean
call option. How much should the person be willing to pay for such an op-
tion? This problem was solved when Fischer Black and Myron Scholes (1973)
used stochastic analysis and an equlibrium argument to compute a theo-
retical value for the price, the now famous Black and Scholes option price
formula. This theoretical value agreed well with the prices that had already
been established as an equilibrium price on the free market. Thus it repre-
sented a triumph for mathematical modelling in finance. It has become an
indispensable tool in the trading of options and other financial derivatives.
In 1997 Myron Scholes and Robert Merton were awarded the Nobel Prize
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in Economics for their work related to this formula. (Fischer Black died in
1995.)

We will return to these problems in later chapters, after having developed
the necessary mathematical machinery. We solve Problem 1 and Problem 2
in Chapter 5. Problems involving filtering (Problem 3) are treated in Chap-
ter 6, the generalized Dirichlet problem (Problem 4) in Chapter 9. Problem 5
is solved in Chapter 10 while stochastic control problems (Problem 6) are dis-
cussed in Chapter 11. Finally we discuss applications to mathematical finance
in Chapter 12.
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2. Some Mathematical Preliminaries

2.1 Probability Spaces, Random Variables and
Stochastic Processes

Having stated the problems we would like to solve, we now proceed to find
reasonable mathematical notions corresponding to the quantities mentioned
and mathematical models for the problems. In short, here is a first list of the
notions that need a mathematical interpretation:

1) A random quantity

) Independence

) Parametrized (discrete or continuous) families of random quantities

) What is meant by a “best” estimate in the filtering problem (Problem 3)

5) What is meant by an estimate “based on” some observations (Prob-
lem 3)7

(6) What is the mathematical interpretation of the “noise” terms?

(7) What is the mathematical interpretation of the stochastic differential

equations?

(
2
(3
(4
(

In this chapter we will discuss (1)—(3) briefly. In the next chapter we will
consider (6), which leads to the notion of an It6 stochastic integral (7). In
Chapter 6 we will consider (4)—(5).

The mathematical model for a random quantity is a random wvariable.
Before we define this, we recall some concepts from general probability theory.
The reader is referred to e.g. Williams (1991) for more information.

Definition 2.1.1. If 2 is a given set, then a o-algebra F on (2 is a family
F of subsets of £2 with the following properties:

i 0erF
(ii) FeF = FYcF, where F€ = 2\ F is the complement of F in (2
(111) Al,AQ,GJT:>A: UA1€f

i=1

7

The pair (£2,F) is called a measurable space. A probability measure P
on a measurable space (2, F) is a function P:F — [0,1] such that

(a) P(0)=0, P(2)=1
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(b) if A1, As,... € F and {A;}32, is disjoint (i.e. A;NA; =0 ifi# j) then

(00) -
=1 =1

The triple (£2,F, P) is called a probability space. It is called a complete
probability space if F contains all subsets G of {2 with P-outer measure zero,

i.e. with
PY(G):=inf{P(F);Fe F,GCF}=0.

Any probability space can be made complete simply by adding to F all
sets of outer measure 0 and by extending P accordingly.

The subsets F' of {2 which belong to F are called F-measurable sets. In a
probability context these sets are called events and we use the interpretation

P(F) = “the probability that the event F' occurs” .

In particular, if P(F) = 1 we say that “F occurs with probability 1”7, or
“almost surely (a.s.)”.

Given any family U of subsets of (2 there is a smallest o-algebra Hy,
containing U, namely

Hy = ﬂ{H;H o-algebra of 2, U C H} .

(See Exercise 2.3.)

We call Hy, the o-algebra generated by U.

For example, if U is the collection of all open subsets of a topological
space {2 (e.g. 2 =R"), then B = Hy, is called the Borel o-algebra on 2 and
the elements B € B are called Borel sets. B contains all open sets, all closed
sets, all countable unions of closed sets, all countable intersections of such
countable unions etc.

If (2,F,P) is a given probability space, then a function Y: 2 — R" is
called F-measurable if

YU U):={we2Y(w)eU}eF

for all open sets U € R™ (or, equivalently, for all Borel sets U C R™).
If X:2 — R™ is any function, then the o-algebra Hx generated by X is
the smallest o-algebra on {2 containing all the sets

X HU); UCR" open.
It is not hard to show that
Hx = {X'(B); B€B},

where B is the Borel g-algebra on R™. Clearly, X will then be H x-measurable
and Hx is the smallest o-algebra with this property.

The following result is useful. It is a special case of a result sometimes
called the Doob-Dynkin lemma. See e.g. M. M. Rao (1984), Prop. 3, p. 7.
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Lemma 2.1.2. If X|Y:2 — R"™ are two given functions,then Y is Hx-
measurable if and only if there exists a Borel measurable function g: R™ — R™
such that

Y =g(X).

In the following we let ({2, F, P) denote a given complete probability
space. A random variable X is an F-measurable function X: 2 — R"™. Every
random variable induces a probability measure pux on R"™, defined by

px(B) = P(X~1(B)).

wx is called the distribution of X.
If [|X(w)|dP(w) < oo then the number
0

BIX)i= [ X()aPw) = [ wdus(@
2

R"

is called the expectation of X (w.r.t. P).

More generally, if f:R™ — R is Borel measurable and
J1f(X(w))|dP(w) < co then we have
Q

EWX»:/ﬂmwmmm:/jwmuuy
2 R

The mathematical model for independence is the following:
Definition 2.1.3. Two subsets A, B € F are called independent if
P(ANB)=P(A)-P(B).

A collection A = {H;;i € I} of families H; of measurable sets is independent
if
P(H;,N---NH;,)=P(H;,) --P(H;,)

for all choices of H;, € Hy,,- -, H;, € H,;, with different indices i1, ..., 1.
A collection of random variables {X;;i € I} is independent if the collec-
tion of generated o-algebras Hx, is independent.

If two random variables X,Y: 2 — R are independent then
E[XY] = E[X]E[Y],
provided that F[|X|] < oo and E[|Y|] < oo. (See Exercise 2.5.)

Definition 2.1.4. A stochastic process is a parametrized collection of ran-
dom variables

{Xi}ier
defined on a probability space (2, F, P) and assuming values in R™.
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The parameter space T is usually (as in this book) the halfline [0, o), but
it may also be an interval [a, b], the non-negative integers and even subsets
of R™ for n > 1. Note that for each t € T fixed we have a random variable

w— Xi(w); wen.
On the other hand, fixing w € {2 we can consider the function

which is called a path of X;.

It may be useful for the intuition to think of ¢ as “time” and each w
as an individual “particle” or “experiment”. With this picture X;(w) would
represent the position (or result) at time ¢ of the particle (experiment) w.
Sometimes it is convenient to write X (¢,w) instead of X;(w). Thus we may
also regard the process as a function of two variables

(t,w) — X(t,w)

from T x {2 into R™. This is often a natural point of view in stochastic
analysis, because (as we shall see) there it is crucial to have X (¢,w) jointly
measurable in (¢,w).

Finally we note that we may identify each w with the function t — X;(w)
from T into R™. Thus we may regard {2 as a subset of the space Q2= (R™MT of
all functions from 7" into R™. Then the o-algebra F will contain the o-algebra
B generated by sets of the form

{wyw(ty) € Fy, -+, w(ty) € Fi}, F; C R" Borel sets

(B is the same as the Borel o-algebra on QifT = [0,00) and Q2 is given
the product topology). Therefore one may also adopt the point of view
that a stochastic process is a probability measure P on the measurable space
(R™")T, B).

The (finite-dimensional) distributions of the process X = {X;}ier are
the measures i, ..+, defined on R k= 1,2,..., by

,uth.“,tk-(Fl XF2 X oo XFk) ZP[th EFl,"',th EFk], tz cT.

Here F1,..., Fy denote Borel sets in R"™.

The family of all finite-dimensional distributions determine many (but
not all) important properties of the process X.

Conversely, given a family {v;, . ;k € N,t; € T} of probability mea-
sures on R™ it is important to be able to construct a stochastic process
Y = {Yi}ier having vy, 4, as its finite-dimensional distributions. One
of Kolmogorov’s famous theorems states that this can be done provided
{vi,,...1,, } satisfies two natural consistency conditions: (See Lamperti (1977).)
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Theorem 2.1.5 (Kolmogorov’s extension theorem).
Forallty,...,ty €T, k € N let vy, .. 4, be probability measures on R"* s.t.

Vta(l)v"'ata(k:)(Fl X e X Fk) = Vt1,~--,tk.(Fg*1(1) X e X FU"l(k:)) (K].)

for all permutations o on {1,2,...,k} and
Vt,ots (le' : XFk) = th,~~~,tk,tk+1,m,tk+m(le' - XFy XR™x- - XRn) (K2)

for all m € N, where (of course) the set on the right hand side has a total of
k 4+ m factors.

Then there exists a probability space (£2,F,P) and a stochastic process
{X:i} on 2,X;: 2 — R, s.t.

..... tk(le"'XFk):P[Xh GFl,"',thEFk],

forallt; € T, k € N and all Borel sets F;.

2.2 An Important Example: Brownian Motion

In 1828 the Scottish botanist Robert Brown observed that pollen grains sus-
pended in liquid performed an irregular motion. The motion was later ex-
plained by the random collisions with the molecules of the liquid. To describe
the motion mathematically it is natural to use the concept of a stochastic
process B;(w), interpreted as the position at time ¢ of the pollen grain w. We
will generalize slightly and consider an n-dimensional analog.

To construct {B; }1> it suffices, by the Kolmogorov extension theorem, to
specify a family {v, . ¢ } of probability measures satisfying (K1) and (K2).
These measures will be chosen so that they agree with our observations of
the pollen grain behaviour:

Fix x € R™ and define

2
p(t,x,y) = (2mt) /2 ~exp(f%) for ye R, t>0.
If0<t; <ty <--- <ty define a measure vy, . 4, on R™* by
Vig,t,(F1 X - X Fy) = (2.2.1)

= / p(ti, x,x1)p(ta—t1, 1, 22) - - - Pt —th—1, Th—1, T)dx1 - - - d,
Fy XX Fy,

where we use the notation dy = dy; - - - dy, for Lebesgue measure and the
convention that p(0,z,y)dy = §,(y), the unit point mass at x.

Extend this definition to all finite sequences of t;’s by using (K1). Since
J p(t,z,y)dy = 1 for all ¢ > 0, (K2) holds, so by Kolmogorov’s theorem
Rn,
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there exists a probability space (£2, F, P”) and a stochastic process {B;}i>0
on {2 such that the finite-dimensional distributions of B, are given by (2.2.1),
i.e.

]Dac(Bt1 € P‘l,-“,Bt,c S Fk) =

= / p(t1,z,x1) - pte — th—1, Th—1, Tk )dxy . . . dT) . (2.2.2)
Fy XX Fy

Definition 2.2.1. Such a process is called (a version of) Brownian motion
starting at « (observe that P*(By =z) =1).

The Brownian motion thus defined is not unique, i.e. there exist several
quadruples (B, 2, F, P*) such that (2.2.2) holds. However, for our purposes
this is not important, we may simply choose any version to work with. As we
shall soon see, the paths of a Brownian motion are (or, more correctly, can be
chosen to be) continuous, a.s. Therefore we may identify (a.a.) w € 2 with a
continuous function ¢ — Bi(w) from [0, 00) into R™. Thus we may adopt the
point of view that Brownian motion is just the space C([0, o), R™) equipped
with certain probability measures P* (given by (2.2.1) and (2.2.2) above).
This version is called the canonical Brownian motion. Besides having the
advantage of being intuitive, this point of view is useful for the further anal-
ysis of measures on C(]0,00), R™), since this space is Polish (i.e. a complete
separable metric space). See Stroock and Varadhan (1979).

We state some basic properties of Brownian motion:

(i) By isa Gaussian process, i.e. for all0 < ¢; < --- < t; the random variable
Z = (By,,...,By,) € R™ has a (multi)normal distribution. This means
that there exists a vector M € R™ and a non-negative definite matrix
C = [cjm] € Rk (the set of all nk x nk-matrices with real entries)
such that

nk
E* [exp (z Z uij)] = exp (— 1 Z UjCimUm +1 Zuij> (2.2.3)
Jj=1 Jsm J

for all u = (ug,...,uns) € R, where i = /—1 is the imaginary unit
and E? denotes expectation with respect to P®. Moreover, if (2.2.3)
holds then

M = E®[Z] is the mean value of Z (2.2.4)

and

¢im = E*|[(Z; — M;)(Z,, — M,,)] is the covariance matrix of Z .
(2.2.5)
(See Appendix A).
To see that (2.2.3) holds for Z = (By,, ..., By, ) we calculate its left hand
side explicitly by using (2.2.2) (see Appendix A) and obtain (2.2.3) with
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and
tlfn t1In e tljn
t1l, tol, -+ tol,
= ] ] . (2.2.7)
t1[n tg[n tkIn
Hence
E¥[By| == forall t >0 (2.2.8)
and

E®((B; — x)%] = nt, E*[(B; — z)(Bs — x)] = n min(s,t) . (2.2.9)
Moreover,
E*[(B; — Bs)?] =n(t —s)ift > s, (2.2.10)

since

E((Bt — By)’] = E*[(B — @)* = 2(By — 2)(Bs — ) + (Bs — 2)°]
=n(t—2s+s)=n(t—s),whent >s.

B; has independent increments, i.e.

By,, B, — By, +, By, — By, _, are independent
forall 0 <t <ty-- < ts. (2.2.11)

To prove this we use the fact that normal random variables are inde-
pendent iff they are uncorrelated. (See Appendix A). So it is enough to
prove that

.E"/L[(.Bt1 - Btifl)(Bt]- - Btjfl)} =0 when tl < tj , (2212)
which follows from the form of C:

Em[BtiBtj - Bt'i—lBtj - BtiBtj—l + Bti—lBtj—l}
= n(ti —ti_1 —t; + tifl) =0.

From this we deduce that By — B; is independent of F; if s > t.
Finally we ask: Is ¢ — B;(w) continuous for almost all w? Stated like this
the question does not make sense, because the set H = {w;t — B(w)
is continuous} is not measurable with respect to the Borel o-algebra B
on (R™)[%°) mentioned above (H involves an uncountable number of
t’s). However, if modified slightly the question can be given a positive
answer. To explain this we need the following important concept:
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Definition 2.2.2. Suppose that {X:} and {Y:} are stochastic processes on
(2, F, P). Then we say that {X;} is a version of (or a modification of ) {Y;}
if

PH{w; Xi(w) =Yi(w)}) =1 forall ¢.

Note that if X, is a version of Yy, then X; and Y; have the same finite-
dimensional distributions. Thus from the point of view that a stochastic pro-
cess is a probability law on (R")[O"X’) two such processes are the same, but
nevertheless their path properties may be different. (See Exercise 2.9.)

The continuity question of Brownian motion can be answered by using
another famous theorem of Kolmogorov:

Theorem 2.2.3 (Kolmogorov’s continuity theorem). Suppose that the
process X = {X;}i>0 satisfies the following condition: For all T > 0 there
exist positive constants a, 3, D such that

E[|X: — X.|*] <Dt —s|'™7; 0<s t<T. (2.2.13)
Then there exists a continuous version of X.

For a proof see for example Stroock and Varadhan (1979, p. 51).
For Brownian motion B, it is not hard to prove that (See Exercise 2.8)

E?(|B; — Bs|*] = n(n+2)|t — s|*. (2.2.14)

So Brownian motion satisfies Kolmogorov’s condition (2.2.13) with o = 4,
D =n(n+2) and 8 = 1, and therefore it has a continuous version. From now
on we will assume that B; is such a continuous version.

Finally we note that

If B;= (Bt(l), . Bt(n)) is n-dimensional Brownian motion, then
the 1-dimensional processes {ng )}@07 1<j <n are independent,

1-dimensional Brownian motions . (2.2.15)

Exercises

2.1. Suppose that X: 2 — R is a function which assumes only countably
many values aq,as,... € R.
a) Show that X is a random variable if and only if

X Yap)eF  forall k=1,2,... (2.2.16)
b) Suppose (2.2.16) holds. Show that

BEIX[| = |ar|P[X = ax] . (2.2.17)
k=1
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c¢) If (2.2.16) holds and E[|X|] < oo, show that
E[X] =) axP[X =a.
k=1

d) If (2.2.16) holds and f:R — R is measurable and bounded, show
that

E[f(X)] =) flax)P[X = ay] -

2.2. Let X:{2 — R be a random variable. The distribution function F of
X is defined by

oo

F(z)=P[X <z].

a) Prove that F' has the following properties:
(i) 0<F<1, lim F(z)=0, lim F(z)=1.

(ii) F is increasing (= non-decreasing).

(iii) F is right-continuous, i.e. F(x) =limp_o F(z +h) .

h>0

b) Let g: R — R be measurable such that E[|g(X)|] < co. Prove that

o0

Elg()) = [ g@)iF (@),
—o0
where the integral on the right is interpreted in the Lebesgue-
Stieltjes sense.

c¢) Let p(x) > 0 be a measurable function on R. We say that X has
the density p if

x

F(x) = / p(y)dy for all x .

— 00

Thus from (2.2.1)—(2.2.2) we know that 1-dimensional Brownian
motion B; at time ¢t with By = 0 has the density

1 x?
p(x) = Nors exp(fQ—t); reR.

Find the density of B2.

2.3. Let {H;}ics be a family of o-algebras on 2. Prove that

H=({Hi;icl}

is again a o-algebra.
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2.4.

2.5.

2.6.
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a) Let X: (2 — R"™ be a random variable such that

E[|XP] < o0 for some p, 0 <p < oo.

Prove Chebychev’s inequality:
1
PlIX| >\ < EEHX‘I)] forall A\>0.

Hint: [ |X[PdP > [|X|PdP, where A = {w:|X| > A} .
b) Supponse there exisis k > 0 such that
M = Elexp(k|X|)] < o0 .
Prove that P[|X| > \] < Me % forall A > 0.

Let X,Y: — R be two independent random variables and assume
for simplicity that X and Y are bounded. Prove that

E[XY] = E[X]E[Y].
(Hint: Assume | X| < M, |[Y] < N. Approximate X and Y by sim-
ple functions p(w) = 3 a;XF, (w), Y(w) = > b;jXg, (w), respectively,
i=1 j=1
where F; = X_l([ai,ai+1)), Gj = Y_l([bj,bj+1)), —M =ap < a1 <
o< am=M,—N=0by<b; <...<b,=N.Then

BIX] ~ Elgl = Y a:P(F), EY]~ ElW] = 3_b;P(G))

and
E[XY]~ Elp¢] = Y aibP(F;NGy).. ) .
]
Let (2, F, P) be a probability space and let Aj, As,... be sets in F
such that -
> P(Ay) < 0.
k=1

Prove the Borel-Cantelli lemma:
P(() U 4x =0,
m=1k=m

i.e. the probability that w belongs to infinitely many A} s is zero.
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2.8.

2.9.

a)
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Suppose G1, G, . ..,G, are disjoint subsets of 2 such that

Prove that the family G consisting of () and all unions of some (or
all) of Gy, ..., G, constitutes a o-algebra on (2.

Prove that any finite o-algebra F on (2 is of the type described in
a).

Let F be a finite o-algebra on (2 and let X:{2 — R be F-
measurable. Prove that X assumes only finitely many possible
values. More precisely, there exists a disjoint family of subsets
Fi,..., F, € F and real numbers ¢y, ..., ¢, such that

m

X(w) = ZCiXFi (w) .

Let B; be Brownian motion on R, By = 0. Put £ = E°.

a)

b)

Use (2.2.3) to prove that
: 1
EletP] = exp(—§u2t) forallu e R.

Use the power series expansion of the exponential function on both
sides, compare the terms with the same power of u and deduce that

E[B}] = 3t*
and more generally that
ey _ (2R)! g
E[Bt}_%.k!t, keN.

If you feel uneasy about the lack of rigour in the method in b), you
can proceed as follows: Prove that (2.2.2) implies that

1 _z2
r)e **dx
TTH;R f(x)

E[f(Bt)] =

for all functions f such that the integral on the right converges.
Then apply this to f(z) = 2%* and use integration by parts and
induction on k.

d) Prove (2.2.14), for example by using b) and induction on n.

To illustrate that the (finite-dimensional) distributions alone do not
give all the information regarding the continuity properties of a pro-
cess, consider the following example:
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2.10.

2.11.

2.12.

2.13.

2.14.

2.15.

2.16.
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Let (£2,F, P) = ([0,00), B, 1) where B denotes the Borel o-algebra on
[0,00) and p is a probability measure on [0, 00) with no mass on single
points. Define

1 ft=w
X, (w) = {
«(@) 0 otherwise

and
Yi(w) =0 forall (t,w) € [0,00) x [0,00) .

Prove that {X;} and {Y;} have the same distributions and that X, is
a version of Y;. And yet we have that ¢ — Y;(w) is continuous for all
w, while t — X;(w) is discontinuous for all w.

A stochastic process Xy is called stationary if {X;} has the same dis-
tribution as {X;p} for any h > 0. Prove that Brownian motion B;
has stationary increments, i.e. that the process {B;+r, — B }n>0 has
the same distribution for all ¢.

Prove (2.2.15).

Let B; be Brownian motion and fix tg > 0. Prove that
Byi=Byyt—By; >0
is a Brownian motion.
Let B; be 2-dimensional Brownian motion and put
D, ={r e R?%|z| < p} for p>0.

Compute
P°B, € D,].

Let B; be n-dimensional Brownian motion and let K C R™ have zero
n-dimensional Lebesgue measure. Prove that the expected total length
of time that B; spends in K is zero. (This implies that the Green
measure associated with By is absolutely continuous with respect to
Lebesgue measure. See Chapter 9).

Let B; be n-dimensional Brownian motion starting at 0 and let
UeR™ ™ be a (constant) orthogonal matrix, i.e. UUT =1. Prove that

B;:=UDB;
is also a Brownian motion.

(Brownian scaling). Let B; be a 1-dimensional Brownian motion
and let ¢ > 0 be a constant. Prove that

=~ 1
Bt: = 7BCZt
Cc

is also a Brownian motion.
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2.17. If X;(-): 2 — R is a continuous stochastic process, then for p > 0 the
p’th variation process of Xy, (X, X)gp) is defined by

(X, X)Ep)(w) = lim Z | Xtpsr (w)— Xy, (w)|p (limit in probability)
At —0 tnet

where 0 =t <ty < ... <t, =t and Aty = txy1 — tx. In particular,

if p = 1 this process is called the total variation process and if p = 2

this is called the quadratic variation process. (See Exercise 4.7.) For

Brownian motion B; € R we now show that the quadratic variation

process is simply

(B,B)(w) = (B,B)?(w) =t as.

Proceed as follows:

a) Define
ABy = By, ., — By,
and put
Y(t,w)= > (ABg(w))®,
ty <t
Show that

E[(D_(ABy)* —t’] =2 (Aty)?
tp<t tp<t
and deduce that Y (¢,-) — t in L?(P) as Aty — oo .
b) Use a) to prove that a.a. paths of Brownian motion do not have
a bounded variation on [0,?], i.e. the total variation of Brownian
motion is infinite, a.s.
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3. Ito Integrals

3.1 Construction of the It6 Integral

We now turn to the question of finding a reasonable mathematical interpre-
tation of the “noise” term in the equation of Problem 1 in the Introduction:

dN
E = (T(t) + “nOiSQ”)N(t)

or more generally in equations of the form

dX
— = b(t, Xt) + o(t, X¢) - “noise” (3.1.1)
where b and o are some given functions. Let us first concentrate on the case
when the noise is 1-dimensional. It is reasonable to look for some stochastic
process W, to represent the noise term, so that

dX
E = b(t,Xt) + O'(t,Xt) . Wt . (312)
Based on many situations, for example in engineering, one is led to assume
that W; has, at least approximately, these properties:

(i) t1 # ta = Wi, and Wy, are independent.

(ii) {W:} is stationary, i.e. the (joint) distribution of {Wi 1¢,..., Wi, 41}
does not depend on t.

(iii) E[W;] =0 for all ¢.

However, it turns out there does not exist any “reasonable” stochastic
process satisfying (i) and (ii): Such a W; cannot have continuous paths. (See
Exercise 3.11.) If we require E[W?] = 1 then the function (t,w) — W;(w)
cannot even be measurable, with respect to the o-algebra B x F, where B is
the Borel o-algebra on [0, 00]. (See Kallianpur (1980, p. 10).)

Nevertheless it is possible to represent W; as a generalized stochastic
process called the white noise process.

That the process is generalized means that it can be constructed as a
probability measure on the space S" of tempered distributions on [0, 00),
and not as a probability measure on the much smaller space R[%°) like an
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ordinary process can. See e.g. Hida (1980), Adler (1981), Rozanov (1982),
Hida, Kuo, Potthoff and Streit (1993) or Holden, @ksendal, Ubge and Zhang
(1996).

We will avoid this kind of construction and rather try to rewrite equation
(3.1.2) in a form that suggests a replacement of W; by a proper stochastic

process: Let 0 = to < t; < --- < t,, = t and consider a discrete version of
(3.1.2):

Xk+1 — X = b(tk,Xk)Atk + J(tk,Xk)WkAtk R (313)
where

X; = X(tj), Wi =Wy, Aty =tpr1 —t .

We abandon the Wjy-notation and replace Wi, Aty by AVy = Vi, ., — V4,
where {V;}+>0 is some suitable stochastic process. The assumptions (i), (ii)
and (iii) on Wy suggest that V; should have stationary independent increments
with mean 0. It turns out that the only such process with continuous paths
is the Brownian motion B;. (See Knight (1981)). Thus we put V; = B; and
obtain from (3.1.3):

k—1 k—1
X :Xo-f—Zb(tj,Xj)Atj—l—ZO'(tj,Xj)ABj . (314)
=0 =0

Is it possible to prove that the limit of the right hand side of (3.1.4) exists,
in some sense, when At; — 07 If so, then by applying the usual integration
notation we should obtain

t t
X = Xo+ /b(s,Xs)ds + “/J(S,Xs)st” (3.1.5)
0 0

and we would adopt as a convention that (3.1.2) really means that X, =
X¢(w) is a stochastic process satisfying (3.1.5).

Thus, in the remainder of this chapter we will prove the existence, in a
certain sense, of

: / £(5,0)dB,(w)”

where B(w) is 1-dimensional Brownian motion starting at the origin, for a
wide class of functions f: [0, 00] x 2 — R. Then, in Chapter 5, we will return
to the solution of (3.1.5).

Suppose 0 < S < T and f(t,w) is given. We want to define

T
/f(t, w)dBy(w) - (3.1.6)
S
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It is reasonable to start with a definition for a simple class of functions f
and then extend by some approximation procedure. Thus, let us first assume
that f has the form

P(t,w) = Zej(w) *Xja-n,G+1)2-m) (E) 5 (3.1.7)

i>0

where X' denotes the characteristic (indicator) function and n is a natural
number. For such functions it is reasonable to define

T
[ot.w)dBuw) =3 @B, — Bulw). (3.1.8)
S

Jj=0
where
k-27" if S<Ek-27"<T
=t ={ 8§ if k-2"<S
T if k-27">T
However, without any further assumptions on the functions e;(w) this leads
to difficulties, as the next example shows.
Here — and in the following — E means the same as E°, the expectation

w.r.t. the law P° for Brownian motion starting at 0. And P means the same
as P°.

Example 3.1.1. Choose
d)l(t,&)) = Z Bj.g—n(&)) . X[j.2—¢L7(j+1)2—n)(t)
Jj=0

gf)Q(t,w) = ZB(j+1)2*" (w) ' X[j.Q*TL’(j+1)27’n,)(t) .

j=0
Then
T
E{/qﬁl(t,w)dBt(w)] = E[By,(By,,, — Bi,)] =0,
0 520

since {B;} has independent increments. But

| /T rtdB)| = X ElBss (B - B1)

Jj=0

=Y El(Bi,, —B,)’| =T, by (22.10).
§>0

So, in spite of the fact that both ¢, and ¢, appear to be very reasonable
approximations to
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f(tvw) = Bt(w) ’
their integrals according to (3.1.8) are not close to each other at all, no matter
how large n is chosen.

This only reflects the fact that the variations of the paths of B; are too
big to enable us to define the integral (3.1.6) in the Riemann-Stieltjes sense.
In fact, one can show that the paths ¢ — B; of Brownian motion are nowhere
differentiable, almost surely (a.s.). (See Breiman (1968)). In particular, the
total variation of the path is infinite, a.s.

In general it is natural to approximate a given function f(¢,w) by

Zf(tjvw) ' X[tj,tj+1)(t)
J

where the points ¢ belong to the intervals [tj,tj+1], and then define

T

[ f(t,w)dB;(w) as the limit (in a sense that we will explain) of

s

> [, w)[By;,, — By;](w) as n — oo. However, the example above shows
J

that — unlike the Riemann-Stieltjes integral — it does make a difference here
what points ¢; we choose. The following two choices have turned out to be
the most useful ones:

1) t; =t; (the left end point), which leads to the It6 integral, from now on
denoted by

T
/ f(t,w)dBy(w)
S

and
2) t; = (tj+1tj+1)/2 (the mid point), which leads to the Stratonovich integral,
denoted by

T
/f(t,w) odB(w) .
5

(See Protter (1990, Th. V. 5.30)).

In the end of this chapter we will explain why these choices are the best
and discuss the relations and distinctions between the corresponding inte-
grals.

In any case one must restrict oneself to a special class of functions f(¢,w)
in (3.1.6), also if they have the particular form (3.1.7), in order to obtain
a reasonable definition of the integral. We will here present It6’s choice
t; = tj. The approximation procedure indicated above will work out success-
fully provided that f has the property that each of the functions w — f(¢;,w)
only depends on the behaviour of Bs(w) up to time t;. This leads to the fol-
lowing important concepts:
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Definition 3.1.2. Let Bi(w) be n-dimensional Brownian motion. Then we
define Fy = ft(n) to be the o-algebra generated by the random variables Bg(-);
s <'t. In other words, F; is the smallest o-algebra containing all sets of the
form

{w; By, (w) € Fy,--+, By, (w) € Fy},

where t; <t and F; C R™ are Borel sets, j <k =1,2,... (We assume that
all sets of measure zero are included in F ).

One often thinks of F; as “the history of B, up to time ¢”. A function
h(w) will be Fi-measurable if and only if & can be written as the pointwise
a.e. limit of sums of functions of the form

91(Bi,)g2(By,) -+ gr(By,,)

where g1,..., g, are bounded continuous functions and t; < t for j < k,
k=1,2,.... (See Exercise 3.14.) Intuitively, that h is F;-measurable means
that the value of h(w) can be decided from the values of B,(w) for s < ¢. For
example, hi(w) = By/s(w) is Fi-measurable, while hy(w) = By (w) is not.

Note that Fs C F; for s < t (i.e. {F;} is increasing) and that F; C F for
all ¢.

Definition 3.1.3. Let {N;}i>0 be an increasing family of o-algebras of sub-
sets of £2. A process g(t,w): [0,00) x 2 — R" is called N;-adapted if for each
t > 0 the function

w — g(t,w)

is Ny-measurable.

Thus the process hi(t,w) = By2(w) is Fi-adapted, while hy(t,w) =
By (w) is not.

We now describe our class of functions for which the It6 integral will be
defined:

Definition 3.1.4. Let V = V(S,T) be the class of functions
f(t,w):[0,00) x 2 = R
such that

(i) (t,w) — f(t,w) is B x F-measurable, where B denotes the Borel o-
algebra on [0, 00).
(i) f(t,w) is Fr-adapted.

(iii) E[S[Tf(t7w)2dt} < 00.
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The It6 Integral

For functions f € V we will now show how to define the It6 integral

Tf)(w) = / £t w)dBi(w) |
S

where B; is 1-dimensional Brownian motion.

The idea is natural: First we define Z[¢] for a simple class of functions
¢. Then we show that each f € V can be approximated (in an appropriate
sense) by such ¢’s and we use this to define | fdB as the limit of [ ¢dB as
¢—f.

We now give the details of this construction: A function ¢ € V is called
elementary if it has the form

o(t,w) = Z (W) - Xt a,00) (1) - (3.1.9)

Note that since ¢ € V each function e; must be F; ,-measurable. Thus in
Example 3.1.1 above the function ¢, is elementary while ¢5 is not.

For elementary functions ¢(t,w) we define the integral according to
(3.1.8), i.e.

T
/ ¢(t,w)dBy(w) = Y e;(w)[By,,, — By ](w) . (3.1.10)
S

Jj=20
Now we make the following important observation:

Lemma 3.1.5 (The It6 isometry). If ¢(t,w) is bounded and elementary

then
E[(S/qb(t,w)dBt(w)) ] = E[S/qﬁ(t,w)th} : (3.1.11)

Proof. Put AB; = By, ,, — B;,. Then
0 if i#£j
FEle;e; AB; AB;| = P
[ g ' j] {E[e?] . (tj+1 — tj) if 1= ]

using that e;e; AB; and AB; are independent if ¢ < j. Thus

E Tgde 2 = Y Eleie; ABAB;] =Y E[e3] - (tj41 —t))
S ¢ J

’ T
= 2dt| .
E{S/¢ dt}



3.1 Construction of the Ité Integral 27

The idea is now to use the isometry (3.1.11) to extend the definition from
elementary functions to functions in V. We do this in several steps:

Step 1. Let g € V be bounded and g(-,w) continuous for each w. Then there
exist elementary functions ¢, € V such that

T
[/g qbn }—>0 as n — o0 .
s

Proof. Define ¢, (t,w) = > g(t;,w) X, ¢,,,)(t). Then ¢, is elementary since
J

g €V, and
T
/g bp)?dt — 0 as n — oo, for each w,
5
T
since g(-,w) is continuous for each w. Hence E[[ (g — ¢n)?dt] — 0 as n — oo,
5

by bounded convergence.

Step 2. Let h € V be bounded. Then there exist bounded functions g, € V
such that gy, (-,w) is continuous for all w and n, and

o fi-nra] -0

Proof. Suppose |h(t,w)] < M for all (¢t,w). For each n let 1, be a non-
negative, continuous function on R such that
(i) Yp(z)=0forz<—Landa>0

and

70 Yp(x)de =1

Define

t

gn(t,w) = /wn(s —t)h(s,w)ds .
0
Then g, (-,w) is continuous for each w and |g,(t,w)] < M. Since h € V we
can show that g,(t,-) is Fi-measurable for all ¢. (This is a subtle point; see
e.g. Karatzas and Shreve (1991), p. 133 for details.) Moreover,
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T
/(gn(s,w) — h(s,w))%ds — 0 as m — oo, for each w
S

since {1}, constitutes an approximate identity. (See e.g. Hoffman (1962,
p. 22).) So by bounded convergence

T

E{/(h(t,w) —gn(t,w))th} 0 asn—oo,

as asserted.

Step 3. Let f € V. Then there exists a sequence {h,} C V such that h, is
bounded for each n and

T
E[/(f—hn)2dt} —0asn— o0.
S

Proof. Put
-n if  f(t,w)<-n
ho(t,w) =< flt,w) if —n<f(t,w)<n
n if flt,w) >n.

Then the conclusion follows by dominated convergence.
That completes the approximation procedure.

We are now ready to complete the definition of the It integral

T
/f(f»uJ)dBt(w) for feV.
S

If f € V we choose, by Steps 1-3, elementary functions ¢,, € V such that

T
E[ |f¢n|2dt] —0.
/

Then define
T

T
T(f](w): = / Ftw)dByw):= lim [ 6,(tw)dBy(w)
S 5
T
The limit exists as an element of L?(P), since { [ ¢, (t,w)dB;(w)} forms a
5

Cauchy sequence in L?(P), by (3.1.11).
We summarize this as follows:
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Definition 3.1.6 (The It6 integral). Let f € V(S,T). Then the Itd inte-
gral of f (from S to T) is defined by

/ F(t.0)dBuw) = tim [ 6u(tw)dBi(w)  (limitin L2(P)  (3.1.12)
S S

where {¢n} is a sequence of elementary functions such that

EL/T(f(t,w) - ¢n(t,w))2dt] —0  asn—o0. (3.1.13)

Note that such a sequence {¢,} satisfying (3.1.13) exists by Steps 1-3
above. Moreover, by (3.1.11) the limit in (3.1.12) exists and does not depend
on the actual choice of {¢,}, as long as (3.1.13) holds. Furthermore, from
(3.1.11) and (3.1.12) we get the following important

Corollary 3.1.7 (The It6 isometry).

T 2 T
E{(S/f(t,w)dBt) ] = E{S/fQ(t,w)dt} forall f € V(S,T). (3.1.14)

Corollary 3.1.8. If f(t,w) € V(S,T) and f,,(t,w) € V(S,T) forn=1,2,...
T
and E| [(fu(t,w) — f(t,w))?dt] — 0 as n — oo, then

S

T T

/fn(t,w)dBt(w) — /f(t,w)dBt(w) in L*(P) asn — oo .
5 S

We illustrate this integral with an example:

Example 3.1.9. Assume By = 0. Then
/Bsst =1B7 —1t.
0

Proof. Put ¢, (s,w) =3 Bj(w) - Xy, 1,,,)(8), where Bj = By;. Then
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So by Corollary 3.1.8

t

t
/ B.dB, = lm / dndB, = lim 0;BjABj .
0 0

(See also Exercise 3.13.) Now
A(B}) = Bjyy — Bf = (Bjs1 — Bj)? +2B;(Bjs1 — Bj)
= (AB;)* +2B;AB; ,
and therefore, since By = 0,
B} =) A(B}) =) (AB;)>+2> B;AB,
J J J

or
Y BjAB; =3B} —3) (AB))*.
J J
Since >~ (AB;)? — t in L*(P) as At; — 0 (Exercise 2.17), the result follows.
J

The extra term —%t shows that the It6 stochastic integral does not behave
like ordinary integrals. In the next chapter we will establish the Ito formula,
which explains the result in this example and which makes it easy to calculate
many stochastic integrals.

3.2 Some properties of the It6 integral

First we observe the following;:

Theorem 3.2.1. Let f,g € V(0,T) and let 0 < S <U <T. Then
T U T
(i) [ fdBy= [ fdB;+ [ fdB; for a.a. w
S S U
T T T
(ii) [(cf +9)dBy =c- [ fdB;+ [ gdB; (c constant) for a.a. w
S S S
T
(iii) E[ [ fdB] =0
S
T
(iv) [ fdB; is Fr-measurable.
S

Proof. This clearly holds for all elementary functions, so by taking limits we
obtain this for all f,g € V(0,T).

An important property of the Itd integral is that it is a martingale:
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Definition 3.2.2. A filtration (on (£2,F)) is a family M = {M;}i>0 of
o-algebras My C F such that

0<s<t=M,C M;

(i.e. {M;} is increasing). An n-dimensional stochastic process {M;}i>0 on
(2, F,P) is called a martingale with respect to a filtration {M,;}i>0 (and
with respect to P) if

(1) M; is Mi-measurable for all t,
(ii) E[|M]] < oo for allt

and
(iii) E[Ms|M¢] = My for all s > t.

Here the expectation in (ii) and the conditional expectation in (iii) is
taken with respect to P = PY. (See Appendix B for a survey of conditional
expectation).

Example 3.2.3. Brownian motion B; in R” is a martingale w.r.t. the o-
algebras F; generated by {Bs; s < t}, because

E[|Bi|]? < B[|B:|*] = |Bo|* + nt  and if s >t then
E[B|F;] = E[Bs — B; + By|F]
- E[Bs - Bt‘ft} + E[Bt‘ff} - O + Bt = Bt .

Here we have used that F[(Bs — B;)|F:] = E[Bs — B:] = 0 since By — By is
independent of F; (see (2.2.11) and Theorem B.2.d)) and we have used that
E[B|F:] = By since By is Fi-measurable (see Theorem B.2.c)).

For continuous martingales we have the following important inequality
due to Doob: (See e.g. Stroock and Varadhan (1979), Theorem 1.2.3 or Revuz
and Yor (1991), Theorem I1.1.7)

Theorem 3.2.4 (Doob’s martingale inequality). If M; is a martingale
such that t — Mi(w) is continuous a.s., then for all p > 1,T > 0 and all
A>0

1
P[ sup |M|> A\ < — - E[|[Mr|?] .
0<t<T AP

We now use this inequality to prove that the Ito integral

t
/f(s,w)st
0

can be chosen to depend continuously on ¢ :
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Theorem 3.2.5. Let f € V(0,T). Then there exists a t-continuous version
of

/f(s,w)st(w); 0<t<T,

i.e. there exists a t-continuous stochastic process J; on (2, F, P) such that

t
P[J, = /de] =1 forall LO<t<T. (3.2.1)
0

Proof. Let ¢,, = ¢, (t,w) = Zeg-") (w)X[t(m ) )( ) be elementary functions

7 J ’J+1
such that
T
[/f ¢n }HO when n — oo .
0
Put
t
I,(t,w) = /¢n(s,w)st(w)
0
and
I = I(tw) = /f(s,w)st(w) . 0<t<T.

Then I, (-,w) is continuous, for all n. Moreover, I, (¢,w) is a martingale with

respect to Fy, for all n :
t s
EK/gf)ndBJr/qbndB)‘}}}
0 t

t
— /rbndBJrE{ > e;")ABﬂft]
0

<M<l <s

E[ln(s,w)|Fi]

/qbndB + ZE (") AB; |.7-'<n>]\]-}]
= /¢ndB —+ ZE[e;n)E[ABﬂft(vn)Hft]
j J

_ / $ndB = I (t,0) (3.2.2)
0
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when ¢ < s, using Theorem B.3. and Theorem B.2.d).
Hence I,, — I,,, is also an F;-martingale, so by the martingale inequality
(Theorem 3.2.4) it follows that

P[ sup |I,(t,w) — I, (t,w)| > e} < 612 E[|1,(T,w) — Iy (T, w)|?]

0<t<T
T
[/ ds}ﬂo as m,n — o0 .
0

Hence we may choose a subsequence ny T 0o s.t.

P[ sup |I,,,(t,w) — I, (t,w)] > 27’“} <27k,
0<t<T

By the Borel-Cantelli lemma

P| sup sy (t,w) — I, (t,w)| > 27%  for infinitely many k] =0 .
0<t<

So for a.a. w there exists ki (w) such that

sup |1, (t,w)| <27* for k> ki (w) .

0<t<

k+1 (tv w) - Ink

Therefore I,,, (t,w) is uniformly convergent for ¢ € [0, 7], for a.a. w and so the
limit, denoted by Ji(w), is t-continuous for ¢ € [0,7], a.s. Since I, (¢, ) —
I(t,) in L%[P] for all t, we must have

=J;as., for all ¢t € (0,77 .

That completes the proof. a

t
From now on we shall always assume that [ f(s,w)dBs(w) means a ¢-
0

continuous version of the integral.

Corollary 3.2.6. Let f(t,w) € V(0,T) for all T. Then

= /tf(s, w)dB

is a martingale w.r.t. F; and

P[ sup [M;| > )] < [/fsw } ; AT >0. (3.2.3)
0<t<T

Proof. This follows from (3.2.2), the a.s. t-continuity of M; and the martin-
gale inequality (Theorem 3.2.4), combined with the Itd isometry (3.1.14).
|
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3.3 Extensions of the Itd integral

The It6 integral [ fdB can be defined for a larger class of integrands f than
V. First, the measurability condition (ii) of Definition 3.1.4 can be relaxed to
the following:

(ii)” There exists an increasing family of o-algebras Hy;t > 0 such that
a) By is a martingale with respect to H; and
b) f: is Hi-adapted.

Note that a) implies that F; C H;. The essence of this extension is that we
can allow f; to depend on more than F; as long as B; remains a martingale
with respect to the “history” of fs; s < ¢. If (ii)” holds, then E[Bs;—B;|H;] =0
for all s >t and if we inspect our proofs above, we see that this is sufficient
to carry out the construction of the Itd integral as before.

The most important example of a situation where (ii)’ applies (and (ii)
doesn’t) is the following;:

Suppose By(w) = By (t,w) is the k’th coordinate of n-dimensional Brown-

ian motion (By, ..., By). Let ]—'t(n) be the o-algebra generated by By (s1,-), -,
By, (sn,-); s,k < t. Then By (t,w) is a martingale with respect to ft(n) because
By (s,-) — Bg(t,-) is independent of ft(n) when s > t. Thus we have now de-

¢

fined [ f(s,w)dBy(s,w) for }"t(")—adapted integrands f(¢,w). That includes
0

integrals like

/ BydB,  or / sin(B? + B3) dB,

involving several components of n-dimensional Brownian motion. (Here we
have used the notation dB; = dB (t,w) etc.)
This allows us to define the multi-dimensional It6 integral as follows:

Definition 3.3.1. Let B = (Bi,Bs,...,B,) be n-dimensional Brownian
motion. Then Vi;*"(S,T) denotes the set of m x n matrices v = [v;;(t,w)]
where each entry v;;(t,w) satisfies (i) and (iii) of Definition 3.1.4 and (ii)’
above, with respect to some filtration H = {H; }i>o0.

If v e Vi7*"(S,T) we define, using matriz notation

T T /v 0 Uip dB;
Jea=[| : )
S S Umli *°° Umn dB,,

to be the m x 1 matriz (column vector) whose i’th component is the following
sum of (extended) 1-dimensional Ito integrals:

n
J=

/Tvij(svw)dBj(SM) ~
S

1
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IfH = F = {ft(n)}tzo we write V™S, T) and if m = 1 we write
VIL(S,T) (respectively V"(S,T)) instead of V3, *'(S,T) (respectively
VxS T)). We also put

pymxn _ men(07oo) _ n men(O,T) )

T>0

The next extension of the It6 integral consists of weakening condition (iii)
of Definition 3.1.4 to

T
(iii)’ P[/f(s,w)st < oo} =1.
S

Definition 3.3.2. Wy (S,T) denotes the class of processes f(t,w) € R satis-
fying (i) of Definition 8.1.4 and (ii)’, (#ii)” above. Similarly to the notation for

V we put Wy = (| Wx(0,T) and in the matriz case we write Wi *"(S,T)
T>0

ete. If H = F™) we write W(S,T) instead of Wew) (S, T) etc. If the dimen-
ston is clear from the context we sometimes drop the superscript and write
F for F and so on.

Let B; denote 1-dimensional Brownian motion. If f € Wy one can show
that for all ¢ there exist step functions f,, € Wy such that ff |fn — f?ds — 0
in probability, i.e. in measure with respect to P. For such aosequence one has
that f fn(s,w)dB;s converges in probability to some random variable and the
limit Oonly depends on f, not on the sequence {f,}. Thus we may define

t t
/f(s,w)dBS(w) = lim [ fn(s,w)dBs(w) (limit in probability) for feWy .

n—00
0 0

(3.3.1)
As before there exists a t-continuous version of this integral. See Friedman
(1975, Chap. 4) or McKean (1969, Chap. 2) for details. Note, however, that
this integral is not in general a martingale. See for example Dudley’s Theorem
(Theorem 12.1.5). It is, however, a local martingale. See Karatzas and Shreve
(1991), p. 146. See also Exercise 7.12.

A comparison of Ité and Stratonovich integrals

Let us now return to our original question in this chapter: We have argued
that the mathematical interpretation of the white noise equation

dX

E = b(t7Xt) + O'(t, Xt) . Wt (332)
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is that X; is a solution of the integral equation
t t
X, = X, -|—/b(s,Xs)ds+ “/a(s,xs)st” , (3.3.3)
0 0

for some suitable interpretation of the last integral in (3.3.3). However, as
indicated earlier, the It6 interpretation of an integral of the form

“/f(s,w)st(w)” ()

is just one of several reasonable choices. For example, the Stratonovich in-
tegral is another possibility, leading (in general) to a different result. So the
question still remains: Which interpretation of (x) makes (3.5.3) the “right”
mathematical model for the equation (3.3.2)7 Here is an argument that in-
dicates that the Stratonovich interpretation in some situations may be the
most appropriate: Choose t-continuously differentiable processes B,E") such
that for a.a. w
B™(t,w) — B(t,w) as n — 0o

uniformly (in ¢) in bounded intervals. For each w let Xt(n) (w) be the solution
of the corresponding (deterministic) differential equation

dBy"
dt

ax,
dt

Then Xt(n) (w) converges to some function X;(w) in the same sense: For a.a.
w we have that Xt(n) (w) = X¢(w) as n — oo, uniformly (in ¢) in bounded
intervals.

It turns out (see Wong and Zakai (1969) and Sussman (1978)) that this so-
lution X; coincides with the solution of (3.3.3) obtained by using Stratonovich
integrals, i.e.

t ¢
X =Xo+ /b(s,Xs)ds + /o(s,Xs) odB; . (3.3.5)
0 0
This implies that X; is the solution of the following modified Ité equation:

¢ ¢ ¢
X, = Xo —|—/b(s7XS)ds + %/0”(87XS)U(S,X5)dS +/U(S,XS)dBS , (3.3.6)
0 0 0

where o/ denotes the derivative of o (t, ) with respect to z. (See Stratonovich
(1966)).
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Therefore, from this point of view it seems reasonable to use (3.3.6) (i.e.
the Stratonovich interpretation) — and not the It6 interpretation

t t
X, :XO+/b(s,Xs)ds+/a(s,Xs)st (3.3.7)
0 0

as the model for the original white noise equation (3.3.2).

On the other hand, the specific feature of the It6 model of “not looking
into the future” (as explained after Example 3.1.1) seems to be a reason for
choosing the It6 interpretation in many cases, for example in biology (see the
discussion in Turelli (1977)). The difference between the two interpretations
is illustrated in Example 5.1.1. Note that (3.3.6) and (3.3.7) coincide if o(¢, x)
does not depend on z. For example, this is the situation in the linear case
handled in the filtering problem in Chapter 6.

In any case, because of the explicit connection (3.3.6) between the two
models (and a similar connection in higher dimensions — see (6.1.3)), it will
for many purposes suffice to do the general mathematical treatment for one
of the two types of integrals. In general one can say that the Stratonovich
integral has the advantage of leading to ordinary chain rule formulas under a
transformation (change of variable), i.e. there are no second order terms in the
Stratonovich analogue of the It6 transformation formula (see Theorems 4.1.2
and 4.2.1). This property makes the Stratonovich integral natural to use for
example in connection with stochastic differential equations on manifolds (see
Elworthy (1982) or Tkeda and Watanabe (1989)).

However, Stratonovich integrals are not martingales, as we have seen that
Ito integrals are. This gives the Itd integral an important computational
advantage, even though it does not behave so nicely under transformations
(as Example 3.1.9 shows). For our purposes the Ito integral will be most
convenient, so we will base our discussion on that from now on.

Exercises

Unless otherwise stated B; denotes Brownian motion in R, By = 0.

3.1. Prove directly from the definition of It6 integrals (Definition 3.1.6)

that
t t

/sdBS =tB; — /Bsds .

0 0
(Hint: Note that

Z A(Sij) = Z SjABj + ZBj-i-lASj )
J J J
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3.2.

3.3.

3.4.

3.5.

3.6.
3.7.

3. Ito Integrals

Prove directly from the definition of It6 integrals that

t

t
/Bgst =1iB} - /Bsds.
0

0

If X;:2 — R"™ is a stochastic process, let H; = HEX) denote the o-

algebra generated by {X;(-); s <t} (i.e. {ng)}tzo is the filtration of

the process {Xi}i>0)-

a) Show that if X, is a martingale w.r.t. some filtration {N;};>0, then
X is also a martingale w.r.t. its own filtration {HEX)}@O .

b) Show that if X; is a martingale w.r.t ng), then

E[X,] = E[Xo] forall t>0. (%)

c¢) Give an example of a stochastic process X; satisfying (%) and which
is not a martingale w.r.t. its own filtration.

Check whether the following processes X, are martingales w.r.t. {F;}:
(i) Xt By + 4t
i) X, =B}

(i
(iii) Xy =t?B; — 2fsB ds
(

iv) Xy = By(t )BQ( ), where (B (t), B2(t)) is 2-dimensional Brownian
motlon

Prove directly (without using Example 3.1.9) that
M; =B} —t

is an Fy-martingale.

Prove that N; = Bf’ — 3tB; is a martingale.

A famous result of It6 (1951) gives the following formula for n times
iterated Ito integrals:

n!/-~-(/(/ dBy,)dBy,) - dB.,, :tghn<\B/%) (3.3.8)

0<ur < <up <t
where h,, is the Hermite polynomial of degree n, defined by
2 d'fL _ﬁ
dx”(e 2); n=20,1,2,...

(Thus ho(x) = 1, hi(z) =z, ha(z) = 22 — 1, hz(z) = 2® — 3x.)
a) Verify that in each of these n It6 integrals the integrand satisfies
the requirements in Definition 3.1.4.
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b) Verify formula (3.3.8) for n = 1,2,3 by combining Example 3.1.9
and Exercise 3.2.
c¢) Use b) to give a new proof of the statement in Exercise 3.6.

3.8. a) Let Y be a real valued random variable on ({2, F, P) such that
E[lY]] < 0.

Define

Show that M, is an F;-martingale.
b) Conversely, let M;; t > 0 be a real valued F;-martingale such that

sup F[|M;|P] < oo for some p > 1.
>0

Show that there exists Y € L(P) such that
M, = E[Y|F,] .

(Hint: Use Corollary C.7.)

3.9. Suppose f € V(0,T) and that t — f(¢,w) is continuous for a.a. w.
Then we have shown that

T
/f(t,w)dBt = hm Zf ; in L2(P) .
0

Similarly we define the Stratonovich integral of f by

T

/f(t w)odB(w)= lim Zf , where ti=21(t; +t;41),

At;—0
0

whenever the limit exists in L?(P). In general these integrals are dif-
ferent. For example, compute

T
/Bt o dBt
0

and compare with Example 3.1.9.

3.10. If the function f in Exercise 3.9 varies “smoothly” with ¢ then in fact
the It6 and Stratonovich integrals of f coincide. More precisely, assume
that there exists K < oo and € > 0 such that

Ellf(s,) = f(t, )P < Kls—t]'t*;  0<s, t<T.
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3.11.

3.12.

3.13.

3. Ito Integrals

Prove that then we have
T
_ . 12 ) . o, . 1
/f(t,w)dBt = Altljrgozf(tj’w)ABj (limit in L' (P))
0 j

for any choice of t; € [t;,t;41]. In particular,

T T
/f(tvw)dBt = /f(t,w) o dBt .
0 0

(Hint: Consider E[| Z f(tj,w)AB; — Zf(tng)ABjH )
J j

Let W; be a stochastic process satisfying (i), (ii) and (iii) (below
(3.1.2)). Prove that W, cannot have continuous paths. (Hint: Consider
E[(W™ — w2 where

W = (=N)V(NAW,), N=1,2,3,...).
As in Exercise 3.9 we let odB; denote Stratonovich differentials.
(i) Use (3.3.6) to transform the following Stratonovich differential
equations into Ito differential equations:
(a) dXt = ’YXtdt+CkXt OdBt
(b) dX; = sin X; cos Xydt + (1% + cos X;) 0 dBy
(if) Transform the following It6 differential equations into Stratonovich
differential equations:
(a) dXt = TXtdt+OéXtdBt
(b) dX; =2e Xtdt + X2dB,

A stochastic process Xi(-): 2 — R is continuous in mean square if
E[X?] < oo for all t and

lim B[(Xs — X;)?] =0 forall t>0.

s—t

a) Prove that Brownian motion B; is continuous in mean square.
b) Let f:R — R be a Lipschitz continuous function, i.e. there exists
C < oo such that

[f(z) = fl <Cle—y[  forall z,y eR.

Prove that
Yii= f(B:)

is continuous in mean square.
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¢) Let X; be a stochastic process which is continuous in mean square
and assume that X; € V(S,T), T < co. Show that

T T
/XtdBt = lim /¢n(t,w)dBt(w) (limit in L?(P))
S S

where
On(t,w) = ZXt_E")(w)X[t_E”)’tﬁi)l)(t) , T <o0.
J

(Hint: Consider

T 7

E{/(Xt — ¢n(t))2dt} = E[Z / (X, — Xtm)?dt]) .
. J
s )
J

3.14. Show that a function h(w) is F;-measurable if and only if 4 is a point-
wise limit (for a.a. w) of sums of functions of the form

91(Bt,) - 92(Bt,) - - - gr(By,.)
where g1, ..., gi are bounded continuous functions and ¢t; < ¢ for j < k,
k=1,2,...
Hint: Complete the following steps:
a) We may assume that h is bounded.
b) Forn = 1,2,... and j = 1,2,... put t; = t") = j. 27" For
fixed n let H,, be the o-algebra generated by { By, (-)}¢,<¢. Then by
Corollary C.9

h = E[h|F] = lim E[h|H,] (pointwise a.e. limit)

c¢) Define h,:= E[h|H,]. Then by the Doob-Dynkin lemma (Lemma
2.1.2) we have

hn(w) = Gy (B, (w), ..., By, (w))

for some Borel function G,;R* — R, where k=max{j;j-2""<t}.
Now use that any Borel function G: R*¥ — R can be approximated
pointwise a.e. by a continuous function F:R* — R and complete
the proof by applying the Stone-Weierstrass theorem.

3.15. Suppose f,g € V(S,T) and that there exist constants C, D such that
T T

C —i—/f(t,w)dBt(w) =D+ /g(t,w)dBt(w) for a.a. w € 2.
S 5
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3.16.

3.17.

3. Ito Integrals

Show that
C=D

and
ft,w) =g(t,w) for a.a. (t,w) € [S,T] x £2.

Let X:2 — R be a random variable such that E[X?] < co and let
H C F be a o-algebra. Show that

E[(E[X|H])?] < E[X?].

(See Lemma 6.1.1. See also the Jensen inequality for conditional ex-
pectation (Appendix B).)

Let (£2,F, P) be a probability space and let X: {2 — R be a random

variable with E[|X]|] < oo. If § C F is a finite o-algebra, then by

Exercise 2.7 there exists a partition 2 = |J G; such that G consists
i=1

of () and unions of some (or all) of Gy,...,G,.

a) Explain why F[X|G](w) is constant on each G;. (See Exercise 2.7 ¢).)

b) Assume that P[G;] > 0. Show that

E[X|G Jo XdP f G
[(X[G](w) = PGy) or wegaG,;.
¢) Suppose X assumes only finitely many values ay, . .., @, Then from

elementary probability theory we know that (see Exercise 2.1)
EIX|Gi] =Y arP[X = ax|Gi] .
k=1

Compare with b) and verify that
E[X|G;] = E[X|G](w) for we G .

Thus we may regard the conditional expectation as defined in Ap-
pendix B as a (substantial) generalization of the conditional expec-
tation in elementary probability theory.



4. The Ito Formula and the Martingale
Representation Theorem

4.1 The 1-dimensional Ito6 formula

Example 3.1.9 illustrates that the basic definition of It6 integrals is not very
useful when we try to evaluate a given integral. This is similar to the situation
for ordinary Riemann integrals, where we do not use the basic definition but
rather the fundamental theorem of calculus plus the chain rule in the explicit
calculations.

In this context, however, we have no differentiation theory, only integra-
tion theory. Nevertheless it turns out that it is possible to establish an Ito
integral version of the chain rule, called the It6 formula. The It6 formula is,
as we will show by examples, very useful for evaluating It6 integrals.

From the example

t t
/BSdBS =iB}-1t o IB}= %t+/BSdBS : (4.1.1)
0 0
¢
we see that the image of the Ito integral B; = [ dB by the map g(z) = 3a?
0

is not again an It6 integral of the form

0/ f(s,w)dB,(w)

but a combination of a dBs-and a ds-integral:

t
Bf:/
0

It turns out that if we introduce Ité processes (also called stochastic integrals)
as sums of a dBs-and a ds-integral then this family of integrals is stable under
smooth maps. Thus we define

[ NI
N[—=

t
ds—l—/Bsst. (4.1.2)
0

Definition 4.1.1 (1-dimensional Ité6 processes).
Let By, be 1-dimensional Brownian motion on (2,F,P). A (1-dimensional)
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Itd process (or stochastic integral) is a stochastic process Xy on (£2,F, P) of
the form

¢ ¢
X =Xo Jr/u(s,w)ds + /v(s,w)st , (4.1.3)
0 0
where v € Wy, so that
P[/v(s,w)st < oo forallt > O} =1 (4.1.4)

(see Definition 3.53.2). We also assume that u is Hy-adapted (where Hy is as
in (ii)’, Section 3.3) and

¢
P{/ |u(s,w)|ds < oo for all t > 0] =1. (4.1.5)
0

If X, is an It6 process of the form (4.1.3) the equation (4.1.3) is sometimes
written in the shorter differential form

For example, (4.1.1) (or (4.1.2)) may be represented by

d(%Bf) = 1dt + B,dB, .
We are now ready to state the first main result in this chapter:

Theorem 4.1.2 (The 1-dimensional Ité formula).
Let X be an Ito process given by

dXt = udt + ’UdBt .

Let g(t,x) € C%([0,00) x R) (i.e. g is twice continuously differentiable on
[0,00) x R). Then

}/t = g(taXt)
s again an Ito process, and
g dg 1 9% 2

where (dX;)? = (dX;) - (dX;) is computed according to the rules
dt -dt =dt -dBy =dB;-dt =0, dB;-dB,=dt. (4.1.8)

Before we prove It0’s formula let us look at some examples.
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Example 4.1.3. Let us return to the integral
t
1= /Bsst from Chapter 3 .
0

Choose X; = B, and g(t,z) = 1z%. Then
1
Y, =g(t, Bi) = 5 B7 .

Then by It6’s formula,

2
% 41 + @dBt + @(dBt)Q = BydB; + 3(dB;)* = BydB; + 3dt .

dy, = 1
Lot ox 2 9g2

Hence
d(3B}) = B;dB; + %dt .

In other words,
t
%BE = /BSdBS + %t, as in Chapter 3 .
0

Example 4.1.4. What is
t

/sst ?

0
From classical calculus it seems reasonable that a term of the form ¢B; should
appear, so we put
g(t,x) =ta
and
Y =g(t, By) = tB; .

Then by Ito’s formula,
dY; = Bidt +tdB; 4+ 0

ie.
or
t t
tBy :/Bsds—F/Sst
0 0
or

t t
/sdBS =tB; — /Bsds ,
0

0
which is reasonable from an integration-by-parts point of view.
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More generally, the same method gives

Theorem 4.1.5 (Integration by parts). Suppose f(s,w) = f(s) only de-
pends on s and that f is continuous and of bounded variation in [0,t]. Then

t

/ f(s)dB, = f(t)B, - / Budf.

0

Note that it is crucial for the result to hold that f does not depend on w.
(See Exercise 4.3.)

Sketch of proof of the Ité formula. First observe that if we substitute
dXt = udt + UdBt

in (4.1.7) and use (4.1.8) we get the equivalent expression

t
0 0
9(t. X1) = 9(0, Xo) + / (a§<s,xs> s (5, X) + 503 g(s,xs>)ds

t
/ s)dBs where us; = u(s,w), vs = v(s,w) . (4.1.9)
0

Note that (4.1.9) is an It6 process in the sense of Definition 4. 1.1.

We may assume that g, g’g , gg and 3 o 5.3 are bounded, for if (4.1.9) is proved

in this case we obtain the general case by approximating by C? functions

gn such that g,, ag; , %LG and 3695” are bounded for each n and converge

uniformly on compact subsets of [0,00) X R to g, %, %, %, respectively.

(See Exercise 4.9.) Moreover, from (3.3.1) we see that we may assume that
u(t,w) and v(t,w) are elementary functions. Using Taylor’s theorem we get

)
g(t, X1) = g(0, Xo) + Y Ag(t;, X;) = g(0, Xo) +Z %I At +Z gAX

J
%Za—gm +Zata (At;)(AX;) 2282AX +ZRJ,
J

dg Og

where 37, 52 etc. are evaluated at the points (t;, X;,),

Atj = thrl —tj, AXJ = th+1 —Xt]., Ag(tj,Xj) = g(tj+1aXt_j+1) —g(tj,Xj)

and R; = o(|At;]? + |AX;|?) for all j.
If At; — 0 then



4.1 The 1-dimensional It6 formula 47

i
99 pr =N 9 a9
5,4t = ZJ: o, (i X;) At /at (s, X,)ds (4.1.10)
ZagAX Z DAX; _>/ (s, X,)dX, . (4.1.11)
oz oz

Moreover, since u and v are elementary we get

d%g

ox 972

02 979 0%g
(AX;)? = 5oz ud(At;)? +2) 5205 (A1) (AB))
J

52
9
+ E @vf : (ABJ»)Q7 where u; = u(tj,w), v; = v(tj,w) . (4.1.12)
J

The first two terms here tend to 0 as At; — 0. For example,

EK g S0 (At )(ABj)ﬂ _

2
—ZE[( ujv]) }(Atj)?’HO as At; — 0.
We claim that the last term tends to

829 v2d in L?(P), as At; — 0
(9932 S m , as j .
0

To prove this, put a(t) = %(t,Xt)iﬂ(t,w), a; = a(t;) and consider

B|(X aj<ABj>22_ajAtj)2] =3 Blau (4B A1) (B4t

If i < j then a;a;((AB;)* — At;) and (AB;)? — At; are independent so the
terms vanish in this case, and similarly if ¢ > j. So we are left with

> Ela((AB))* — At;)’] = ZE[G?] - E[(AB))* = 2(AB;)*At; + (At;)?]
= ZE - 2(At )24 (At)?) = QZE[af]

HO as At; — 0.

In other words, we have established that



48 4. The It6 Formula and the Martingale ...

t
Zaj(ABj)Q — /a(s)ds in L?(P) as At; —0
J 0

and this is often expressed shortly by the striking formula
(dB;)? = dt . (4.1.13)

The argument above also proves that ) R; — 0 as At; — 0. That completes
the proof of the It6 formula. a

Remark. Note that it is enough that g(t,z) is C? on [0,00) x U, if U C R
is an open set such that X;(w) € U for all t > 0,w € 2. Moreover, it is
sufficient that g(¢,z) is C* w.r.t. t and C? w.r.t. x.

4.2 The Multi-dimensional Ito6 Formula

We now turn to the situation in higher dimensions: Let B(t,w)= (B (t,w),. ..,
B, (t,w)) denote m-dimensional Brownian motion. If each of the processes
u;(t,w) and v;; (¢, w) satisfies the conditions given in Definition 4.1.1 (1 <i<n,
1 < j <m) then we can form the following n It6 processes

Xm = ’U,ldt + ’UlldBl + -+ ’UlmdBm

: : : (4.2.1)
dX,, = u,dt + v,1dB1 + - - + U d B,
Or, in matrix notation simply
dX (t) = udt + vdB(t) , (4.2.2)
where
X1 (1) U1 V11 = Uim dBi(t)
XO)= |, w= | v=) Cos dB@O =
X’ﬂ(t) Un Un1 **° Unm dBm(t)
(4.2.3)
Such a process X (¢) is called an n-dimensional Itd process (or just an It6
process).

We now ask: What is the result of applying a smooth function to X? The
answer is given by

Theorem 4.2.1 (The general It6 formula).
Let
dX (t) = udt + vdB(t)

be an n-dimensional Ité process as above. Let g(t,x) = (g1(t,x),...,9p(t,2))
be a C? map from [0,00) x R™ into RP. Then the process



4.3 The Martingale Representation Theorem 49

Y(t,w) = g(t, X (1))

is again an Ité process, whose component number k,Y}, is given by

dYy = 89’“ (t, X)dt + Z ag’“ 1 Z 83 g’“ (t, X)dX:dX;
.7

The proof is similar to the 1-dimensional version (Theorem 4.1.2) and is
omitted.

Example 4.2.2. Let B = (By,...,B,) be Brownian motion in R", n > 2,
and consider

R(t,w) = |B(t,w)| = (B} (t,w) + -~ + B} (t,w))? ,

i.e. the distance to the origin of B(t,w). The function g(¢,z) = |z| is not C?
at the origin, but since By never hits the origin, a.s. when n > 2 (see Exercise
9.7) Ito’s formula still works and we get

" B;dB; n-1

R +72R dt .

dR =
i=1
The process R is called the n-dimensional Bessel process because its generator
(Chapter 7) is the Bessel differential operator Af(z) = 3 f”(z) + %2 f'(z).
See Example 8.4.1.

4.3 The Martingale Representation Theorem

Let B(t) = (Bi(t),...,Bn(t)) be n-dimensional Brownian motion. In Chap-
ter 3 (Corollary 3.2.6) we proved that if v € V™ then the Itd integral

t
X =Xo+ /v(s,w)dB(s) ; t>0
0

is always a martingale w.r.t. filtration ]—'t(n) (and w.r.t. the probability mea-
sure P). In this section we will prove that the converse is also true: Any
ffn)-martingale (w.r.t. P) can be represented as an Itd integral. This result,
called the martingale representation theorem, is important for many applica-
tions, for example in mathematical finance. See Chapter 12. For simplicity
we prove the result only when n = 1, but the reader can easily verify that
essentially the same proof works for arbitrary n.

We first establish some auxiliary results.
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Lemma 4.3.1. Fiz T > 0. The set of random variables
{¢(Bs,,...,B:,); t; €[0,T], p € CC(R"), n=1,2,...}
is dense in L?(Fr, P).

Proof. Let {t;}32, be a dense subset of [0,T] and for each n =1,2,... let H,
be the o-algebra generated by By, (-),..., By, (+). Then clearly

H,, C Hn+1

and Fr is the smallest o-algebra containing all the H,,’s. Choose
g € L?(Fr, P). Then by the martingale convergence theorem Corollary C.9
(Appendix C) we have that

9= Elg|Fr] = lim Elg|H,] .

The limit is pointwise a.e. (P) and in L?(Fr, P). By the Doob-Dynkin Lemma
(Lemma 2.1.2) we can write, for each n,

E[g‘Hn] = gn(Bt17 .- '7Bt )

n

for some Borel measurable function g,: R™ — R. Each such g, (B¢, ..., Bt,)
can be approximated in L?(Fr, P) by functions ¢, (By,, ..., B, ) where
¢n € C§°(R™) and the result follows. O

Lemma 4.3.2. The linear span of random variables of the type
T T

exp { /h(t)dBt(w) - %/hZ(t)dt}; he L?0,T) (deterministic) (4.3.1)
0 0

is dense in L*(Fr, P).

Proof. Suppose g € L?(Fr, P) is orthogonal (in L?(Fr, P)) to all functions
of the form (4.3.1). Then in particular

G(\):= /exp{)\lBt1 (W) + -+ ABy, (w)}g(w)dP(w) =0 (4.3.2)
2

forall A= (A1,...,\n) € R" and all ¢1,...,t, € [0,T]. The function G()) is
real analytic in A € R™ and hence G has an analytic extension to the complex
space C™ given by

G(z) = / exp{z1By, (W) + - -+ + 2, By, (w) }g(w)dP(w) (4.3.3)
2
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for all z=(z1,...,2,) €C™. (See the estimates in Exercise 2.8 b).) Since G=0
on R™ and G is analytic, G = 0 on C". In particular, G(iy1, iy2,...,iy,) =0
for all y = (y1,-..,yn) € R™. But then we get, for ¢ € C5°(R"),

/ 6(Bor.... By )g(w)dP(w)
2

:/(27r)—"/2</$(y)ei(y13t1+“‘+y”Bt")dy>g(w)dP(w)

2 R"

= en [ $<y>( / e“wBtl*'“*%Btn)gw)dP(w))dy
R” 0

— (2m) "2 / S(y)Gliy)dy = 0. (4.3.4)
J

where

By) = (2m) /2 / b(w)e= i Vdz
Rn

is the Fourier transform of ¢ and we have used the inverse Fourier transform
theorem

o) = 202 [ Gg)et vy
R
(see e.g. Folland (1984)).
By (4.3.4) and Lemma 4.3.1 g is orthogonal to a dense subset of L?(Fr, P)

and we conclude that ¢ = 0. Therefore the linear span of the functions in
(4.3.1) must be dense in L?(Fr, P) as claimed. O

Suppose B(t) = (Bi(t), ..., Bn(t)) is n-dimensional. If v(s,w) € V*(0,T)
then the random variable

T
V(W)= / o(t,w)dB(1) (4.3.5)
0
is 7\ _measurable and by the Ito isometry
T
E[V?] = /E[vﬂ(t, Ndt <o,  so VeLXFM,P).
0
The next result states that any F € L? (.7-'7(“"), P) can be represented this way:

Theorem 4.3.3 (The It6 representation theorem).

Let F € L? (}"}"), P). Then there exists a unique stochastic process f(t,w) €
V"™(0,T) such that
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F(w) = E[F] + / F(t,w)dB(1) . (4.3.6)

Proof. Again we consider only the case n = 1. (The proof in the general case
is similar.) First assume that F has the form (4.3.1), i.e.

F(w) :eXp{/Th(t)dBt(w) - ;/ThQ(t)dt}

for some h(t) € L2[0,T].
Define

t t

Y;(w) = exp { /h(s)dBS(w) - ;/iﬁ(s)ds} ; 0<t<T.

0 0

Then by It6’s formula

dY; = Yy(h(t)dB; — h*(t)dt) + 3Yi(h(t)dB:)* = Y:h(t)dB,

so that
t
v, =1 +/1@h(s)st . tefo,T).
0
Therefore
T
F=Yr=1+ /Ysh(s)st
0

and hence E[F] = 1. So (4.3.6) holds in this case. By linearity (4.3.6)
also holds for linear combinations of functions of the form (4.3.1). So if
F € L*(Fr, P) is arbitrary, we approximate F' in L?(Fr, P) by linear com-
binations F), of functions of the form (4.3.1). Then for each n we have

T
Fuw) = E[F] + [ fuls.w)dBuw),  where [, € V(0.1).
0

By the It6 isometry
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so {f.} is a Cauchy sequence in L?([0,7T] x §2) and hence converges to some
f € L*([0,T] x £2). Since f, € V(0,T) we have f € V(0,T). (A subsequence
of {fn(t,w)} converges to f(t,w) for a.a. (t,w) € [0,T] x £2. Therefore f(t,-)
is Fi-measurable for a.a. t. So by modifying f(¢,w) on a t-set of measure 0
we can obtain that f(t,w) is Fi-adapted.) Again using the It6 isometry we
see that

n—oo n—oo

T T
F= lim F, = lim (E[Fn]+/fndB> :E[F]+/de,
0 0

the limit being taken in L?(Fr, P). Hence the representation (4.3.6) holds
for all F' € L*(Fr, P).
The uniqueness follows from the It6 isometry: Suppose

T T
F(w) = E[F] +/f1(t7w)dBt(w) = E[F] +/f2(t,w)dBt(w)
0 0

with f1, fo € V(0,T). Then

T

T
0= B / ((t,) — falt,))dB, ()] = / El(f1(t,w) — folt,w))?]de
0 0

and therefore f;(t,w) = fo(t,w) for a.a. (t,w) € [0,T] x £2. O

Remark. The process f(t,w) can be expressed in terms of the Frechet
derivative and also in terms of the Malliavin derivative of F(w). See Clark
(1970/71) and Ocone (1984).

Theorem 4.3.4 (The martingale representation theorem).

Let B(t) = (Bi(t),...,Bn(t)) be n-dimensional. Suppose My is an .7-',5(”)-
martingale (w.r.t. P) and that My € L?(P) for all t > 0. Then there ezists a
unique stochastic process g(s,w) such that g € V™ (0,t) for all t > 0 and

t
M(w) = E[Mp] + /g(s,w)dB(s) a.s., for all t > 0.
0

Proof (n =1). By Theorem 4.3.3 applied to T' = ¢, F' = M;, we have that
for all ¢ there exists a unique f®(s,w) € L?(F;, P) such that

My(w) = B[M;] + / O (s,0)dB(w) = E[Mo] + / FO(s,w)dBy(w) .
0 0

Now assume 0 < t; < ty. Then
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My, = ElMi|Fo] = E[Mo] + E[ [ 1.0 )17,

— E[M] + /0 ") (5, 0)dBy (w) (4.3.7)

But we also have
t1
My, = E[Mo] + / £ (s, 0)dBy(w) (4.3.8)
0

Hence, comparing (4.3.7) and (4.3.8) we get that

t1

ool -] s

0

and therefore
FA(s,w) = F¢2)(s,w) for a.a. (s,w) € [0,t1] x £2.
So we can define f(s,w) for a.a. s € [0,00) x §2 by setting
f(s,w) = fMN(s,w) if s €[0,N]

and then we get

t t
M, = E[My)+ / FO(s,w)dBs(w) = E[Mo]+ / f(s,w)dBs(w) forallt>0.
0 0 0O

Exercises

4.1. Use Itd’s formula to write the following stochastic processes X; on the
standard form
dXy = u(t,w)dt + v(t,w)dB;

for suitable choices of uw € R™, v € R"*™ and dimensions n, m:

a) X; = B?, where B, is 1-dimensional

b) Xt =2 —|— t + Pt (B; is 1-dimensional)

¢) X; = B}(t) + B3(t) where (Bj, Bs) is 2-dimensional

d) X (to +t,B;) (By is 1-dimensional)

) X, = (By(t)+ Bo(t)+ Bs(t), B3(t) — Ba (1) Bs(1)), where (By, By, By)
is 3 dimensional.

e



4.2.

4.3.

4.4.
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Use It6’s formula to prove that

t t
/Bf,st =1B} - /Bsds.
0 0

Let X;,Y; be Ito processes in R. Prove that
d(X:Y:) = X4dY: 4+ Yid Xy + d Xy - dYy .

Deduce the following general integration by parts formula

t

t t
/Xsd}/s = XY; — XoYp — /stXs - /dXs . dYe .
0 0 0

(Exponential martingales)
Suppose 0(t,w) = (01(t,w),...,0,(t,w)) € R™ with 0, (¢t,w) € V[0, T
for k=1,...,n, where T' < co. Define

t

Z = exp{/te(s,w)dB(s) - ;/92(s,w)ds}; 0<t<T
0

0

where B(s) € R" and 6% = 6 - 0 (dot product).
a) Use It6’s formula to prove that

dZt = Zte(t,w)dB(t) .
b) Deduce that Z; is a martingale for ¢ < T, provided that

Z40y(t,w) € V[0, T for 1<k<n.

Remark. A sufficient condition that Z; be a martingale is the Kazamaki
condition

¢
E[exp (% /H(S,w)dB(s))] < oo forall t<T. (4.3.9)
0
This is implied by the following (stronger) Novikov condition

E[exp (;/TQQ(s,w)ds)] < 0. (4.3.10)

See e.g. Tkeda & Watanabe (1989), Section II1.5, and the references
therein.
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4.5. Let B; € R, By = 0. Define
Be(t) = E[Bf];  k=0,1,2,...; t>0.

Use It6’s formula to prove that

By(t) = Lk(k — 1) / Boa(s)ds: k=2
0

Deduce that
E[B}] =3t>  (see (2.2.14))

and find
E[B].

4.6. a) For ¢, a constants, B; € R define

Xf — ect+aBt

Prove that
dX; = (c+ %aQ)Xtdt 4+ aXdB; .

b) For ¢,aq,...,a, constants, By = (Bi(t),..., B,(t)) € R™ define
X, =exp (ct + Z aij(t)> .
j=1
Prove that
dXt = <C+ % a?)Xtdt—l—Xt(ZaJdB]) .
j=1 j=1
4.7. Let X; be an It6 integral
dX; =v(t,w)dBi(w) wherev e R, veV(0,T), B;eR", 0<t<T.

a) Give an example to show that X? is not in general a martingale.
b) Prove that if v is bounded then

t
M= X7 — / |vg|?ds is a martingale .
0

t
The process (X, X);:= [ |vs|?ds is called the quadratic variation
0

process of the martingale X;. For general processes X; it is defined
by
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(X, X) = lim Z | Xtpoi—Xe|?  (limit in probability) (4.3.11)

tk <t

where 0 =t; < ty--- < t, =t and Aty = tgy1 — tx. The limit can
be shown to exist for continuous square integrable martingales Xj.
See e.g. Karatzas and Shreve (1991).

4.8. a) Let B; denote n-dimensional Brownian motion and let f:R" —R
be C2. Use Ito’s formula to prove that

t

£(B) = 1(B0) + [ Vi(BJaB.+ 1 [ A5
0

0

where A = Z

927 is the Laplace operator.

b) Assume that g R — R is C! everywhere and C? outside finitely
many points zi,...,zy with |¢”(z)| < M for = ¢ {z1,...,2n}.
Let B; be 1-dimensional Brownian motion. Prove that the 1-
dimensional version of a) still holds, i.e.

t

9(By) = 9(Bo) + / ¢/(B)dB, + + / o (B.)ds
0

0

[\

(Hint: Choose fi, € C%(R) st fr — ¢ uniformly, f;, — ¢ uni-
formly and |f]/| < M, f{/ — ¢’ outside z1,...,2n. Apply a) to fi
and let k — 00).

4.9. Prove that we may assume that ¢ and its first two derivatives are
bounded in the proof of the It6 formula (Theorem 4.1.2) by proceeding
as follows: For fixedt > 0 andn = 1,2, ... choose g, as in the statement
such that g,(s,z) = g(s,z) for all s <t and all |z| < n. Suppose we
have proved that (4.1.9) holds for each g,,. Define the stochastic time

Tn = To(w) = inf{s > 0; | X (w)| > n}

(1, is called a stopping time (See Chapter 7)) and prove that

t
9gn
X)Xy dBy: =
( v ax (S’ é) < nd )
0

tATh a tATh 8
9n g
— (s, X5)dBs = — (s, Xs)dB;
U0z (5, X5) / 0z (5, Xs)
0 0

for each n. This gives that
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9t ATy Xins,) = 9(0, Xo)

tATH tATH
dg g | ,0% / dyg
- — +sv°=—=|d —~dB,
+ / (8s+u3$+2v 922) " " e
0 0
and since
Plr, >t] — 1 as n — oo

we can conclude that (4.1.9) holds (a.s.) for g.

4.10. (Tanaka’s formula and local time).
What happens if we try to apply the It6 formula to g(B;) when B; is
1-dimensional and g(z) = |z| ? In this case g is not C? at = = 0, so we
modify g(z) near = 0 to g.(z) as follows:

(2) || if |x|>e¢
e\T) = .

g Let+ ) if |af<e
where € > 0.

a) Apply Exercise 4.8 b) to show that

t

0e(Br) = ge(Bo) + / 6.(B.)dB, +

1
% {s € [0,t]; Bs € (—¢€,€)}]
where |F'| denotes the Lebesgue measure of the set F.
b) Prove that
t t
/ B
ge(Bs) : XBSG(fge)st = ? . XBSE(fe,e)st — 0
0 0

in L2(P) as € — 0.
(Hint: Apply the It isometry to

t
B, 2
e|(f % e ) |
€

0
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¢) By letting € — 0 prove that
t
| B:| = | Bo| +/ sign(Bs)dBs + L¢(w) , (4.3.12)
0

where
1
Ly = lim % |{s € [0,t]; Bs € (—¢,€)}  (limit in L*(P))
€— €

and
-1 for <0

sign(z) = { 1 for >0 °

L; is called the local time for Brownian motion at 0 and (4.3.12) is
the Tanaka formula (for Brownian motion). (See e.g. Rogers and
Williams (1987)).

4.11. Use Itd’s formula (for example in the form of Exercise 4.3) to prove
that the following stochastic processes are {F; }-martingales:

a) X, = et cos By (B € R)
b) X, =ez'sinB; (B, €R)
¢) Xy = (B;+t)exp(—B; — 3t)  (B; €R).

4.12. Let dX; = u(t,w)dt + v(t,w)dB; be an Itd process in R™ such that
t t

E[/ |u(r,w)|dr} + E[/ lovT (7, w)|dr} < 0o forallt > 0.
0 0

Suppose X is an {ft(n)}—martingale. Prove that
u(s,w) =0 for a.a. (s,w) € [0,00) x £2. (4.3.13)
Remarks:

0) 1) This result may be regarded as a special case of the Martingale
Representation Theorem.

2) The conclusion (4.3.13) does not hold if the filtration ft(n) is re-
placed by the o-algebras M; generated by X;(-); s < t, i.e. if we
only assume that X; is a martingale w.r.t. its own filtration. See
e.g. the Brownian motion characterization in Chapter 8.

Hint for the solution:
If X, is an ]-"t(”)—martingale, then deduce that

s
E{/u(r, w)drft(n)} =0 forall s >¢.
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Differentiate w.r.t. s to deduce that
E[u(s,w)|F™] =0  as., for a.a. s>t.
Then let ¢ T s and apply Corollary C.9.

4.13. Let dX; = u(t,w)dt +dB; (u € R, By € R) be an Ité process
and assume for simplicity that u is bounded. Then from Exercise 4.12
we know that unless v = 0 the process X; is not an F;-martingale.
However, it turns out that we can construct an F;-martingale from X;
by multiplying by a suitable exponential martingale. More precisely,
define

Y: = Xe My

where
t

¢
M, = exp < - /u(r,w)dBT - é/u%r,w)dr) .
0 0

Use It6’s formula to prove that
Y: is an Fi-martingale .
Remarks:

a) a) Compare with Exercise 4.11 c).
b) This result is a special case of the important Girsanov Theorem.
It can be interpreted as follows: {X;};<r is a martingale w.r.t the
measure () defined on Fr by

dQ = MydP (T < 0) .
See Section 8.6.

4.14. In each of the cases below find the process f(t,w) € V[0, T] such that
(4.3.6) holds, i.e.

F(w) = E[F] + / F(t,w)dBy(w) .

a) F(w) = Br(w) b) F(w) = th(w)dt
) Fw)=B}w)  4) Flw)= B}
e) F(w)= P f) F(w) = sin Bp(w)
4.15. Let z > 0 be a constant and define
Xt:(xl/?’Jr%Bt)?’; t>0.
Show that

dX; = X Pat + X}PaB, ;. Xo=1=.



5. Stochastic Differential Equations

5.1 Examples and Some Solution Methods

We now return to the possible solutions X;(w) of the stochastic differential
equation
dX;
dt
where W; is 1-dimensional “white noise”. As discussed in Chapter 3 the It
interpretation of (5.1.1) is that X, satisfies the stochastic integral equation

=0b(t, X¢) +o(t, X)Wy, b(t,x) e R,o(t,x) e R (5.1.1)

t t
X, = Xo+/b(s,X5)ds+/U(s,Xs)st
0 0

or in differential form

Therefore, to get from (5.1.1) to (5.1.2) we formally just replace the white

noise W; by dgf in (5.1.1) and multiply by dt. It is natural to ask:

(A) Can one obtain existence and uniqueness theorems for such equations?
What are the properties of the solutions?
(B) How can one solve a given such equation?

We will first consider question (B) by looking at some simple examples,
and then in Section 5.2 we will discuss (A).

It is the It6 formula that is the key to the solution of many stochastic
differential equations. The method is illustrated in the following examples.

Example 5.1.1. Let us return to the population growth model in Chapter 1:

dN;
— = a; N Ny given
dt tivVe 08
where a; = ry + oWy, W, = white noise, o = constant.
Let us assume that r; = r = constant. By the It6 interpretation (5.1.2)

this equation is equivalent to (here o(t, z) = ax)
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dNt = TNtdt + OéNtdBt (513)
or AN
T: =rdt + adB, .
Hence .
dN,
/ =rt+aB; (By=0). (5.1.4)
N,
0

To evaluate the integral on the left hand side we use the It6 formula for the
function
g(t,z) =lnzx; x>0

and obtain

1 1
d(InNy) = — - dN; + é(_ N2>(dNt)2
t

Ny
dN; 1 9 x79 dNy | o
= — — NZdt = — — dt
N, 2N? t N, 2
Hence
dNy

2

so from (5.1.4) we conclude

N, 1
In F(t) =(r— §a2)t + aBy
or
Ny = Noexp((r — 2a®)t + aB,) . (5.1.5)

For comparison, referring to the discussion at the end of Chapter 3, the
Stratonovich interpretation of (5.1.3),

dN; =rN.dt + aN; o dB; ,
would have given the solution
N; = Nyexp(rt + aBy) . (5.1.6)
The solutions Ny, N, are both processes of the type
X; = Xoexp(pt + aBy) (i, ¢ constants) .

Such processes are called geometric Brownian motions. They are important
also as models for stochastic prices in economics. See Chapters 10, 11, 12.
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Remark. It seems reasonable that if B; is independent of Ny we should
have
E[N;] = E[Nole™, (*)

i.e. the same as when there is no noise in a;. To see if this is indeed the case,
we let
Y;g _ eaBt

and apply It6’s formula:
dY; = ae*PtdB,; + 1aePrdt

or
t t

Y, = YO—&-a/eaB"’st—i— %az/e"Bsds.

0 0
t

Since E[[ e*B:dB,] = 0 (Theorem 3.2.1 (iii)), we get
0

BV = EYi] + ha? [ EIY.Jas

i.e.
d
ﬁE[Yt] = 3a’E[Y,], E[Yo] = 1.

So L
E[Y;] — e§a t )

and therefore — as anticipated — we obtain
E[Ny] = E[Nole™ .
For the Stratonovich solution, however, the same calculation gives
E[N,] = E[Noe(r+3t

Now that we have found the explicit solutions Ny and N, in (5.1.5), (5.1.6)
we can use our knowledge about the behaviour of B, to gain information on
these solutions. For example, for the It6 solution N; we get the following:

(i) Ifr> 1a? then N, — 0o as t — oo, a.s.
(i) Ifr < 1a? then N; — 0 as t — oo, a.s.
(iii) If r = %oﬂ then N; will fluctuate between arbitrary large and arbitrary

small values as t — o0, a.s.

These conclusions are direct consequences of the formula (5.1.5) for IV
together with the following basic result about 1-dimensional Brownian motion
Btl
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Theorem 5.1.2 (The law of iterated logarithm).

B
lim sup i 1 a.s.

t—oo v/ 2tloglogt B

For a proof we refer to Lamperti (1977), §22.

For the Stratonovich solution N; we get by the same argument that N; —
0 as. ifr <0and Ny — oo as. if r > 0.

Thus the two solutions have fundamentally different properties and it is an
interesting question what solution gives the best description of the situation.

Example 5.1.3. Let us return to the equation in Problem 2 of Chapter 1:
1
We introduce the vector

X =X(t,w) = [Xl] = [gz] and obtain

Xo
X =X,
{Lxg =—RXy — £X1 + G +aW, (51.8)
or, in matrix notation,
dX =dX(t) = AX(t)dt + H(t)dt + KdB; (5.1.9)

where

o= (g) (G )= () e (). oo

and By is a 1-dimensional Brownian motion.
Thus we are led to a 2-dimensional stochastic differential equation. We
rewrite (5.1.9) as

exp(—At)dX (t) — exp(—At)AX (t)dt = exp(—At)[H(t)dt + KdBy] , (5.1.11)

where for a general n x n matrix F we define exp(F') to be the n x n matrix
o0

given by exp(F) = > %F" Here it is tempting to relate the left hand side
n=0

to
d(exp(—At) X (t)) .

To do this we use a 2-dimensional version of the It6 formula (Theorem 4.2.1).
Applying this result to the two coordinate functions g1, go of

g:[0,00) x R? — R? given by g(t,z1,22) = exp(—At) (il) ,
2
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we obtain that
d(exp(—At) X (t)) = (—A) exp(—At) X (t)dt + exp(—At)dX (¢) .

Substituted in (5.1.11) this gives
t t
exp(—At) X () — X (0) = /exp(—As)H(s)ds + /exp(—As)Kst
0 0
or

X(t) = exp(At)[X(0) + exp(—At) K B;

+/exp(fA5)[H(s) + AKB,|ds] , (5.1.12)
0

by integration by parts (Theorem 4.1.5).
Example 5.1.4. Choose X = B, 1-dimensional Brownian motion, and
g(t,x) = " = (cos =,sin r) € R? for zeR.
Then ‘
Y =g(t,X) = e'® = (cos B,sin B)
is by Ito’s formula again an It6 process.
Its coordinates Y7, Y5 satisfy
dY1(t) = —sin(B)dB — § cos(B)dt
dY,(t) = cos(B)dB — § sin(B)dt .

Thus the process Y = (Y7,Y5), which we could call Brownian motion on the
unit circle, is the solution of the stochastic differential equations

dY, = —1vidt — YadB
(5.1.13)

dYs = —3Yadt + Y1dB .

Or, in matrix notation,

dY = —%Ydt—i—KYdB, where K = (? _01) .

Other examples and solution methods can be found in the exercises of
this chapter.

For a comprehensive description of reduction methods for 1-dimensional
stochastic differential equations see Gard (1988), Chapter 4.
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5.2 An Existence and Uniqueness Result

We now turn to the existence and uniqueness question (A) above.

Theorem 5.2.1. (Existence and uniqueness theorem for stochastic

differential equations).
Let T > 0 and b(-,-):[0,T] x R®™ — R",0(-,-):[0,T] x R® — R™™™ be
measurable functions satisfying

b(t,z)| + |ot,2)| <C(1+|z]);  zeR", t€[0,T] (5.2.1)
for some constant C, (where |o|?> =3 |0j|*) and such that
[b(t,x) —b(t,y)| + |o(t,x) —o(t,y)| < Dlx—y|; =z,yeR", t€]0,T] (5.2.2)

for some constant D. Let Z be a random variable which is independent of the
o-algebra Fim generated by Bs(-), s > 0 and such that

E||Z] < o0.
Then the stochastic differential equation
dX; =b(t, Xy)dt + o(t, X;)dBy , 0<t<T, Xo=2 (5.2.3)
has a unique t-continuous solution X;(w) with the property that

Xi(w) is adapted to the filtration FZ generated by Z and Bs(-); s <t
(5.2.4)
and

E[/T|Xt2dt} <00, (5.2.5)
0

Remarks. Conditions (5.2.1) and (5.2.2) are natural in view of the following
two simple examples from deterministic differential equations (i.e. o = 0):

a) The equation
dX
th =X2 Xo=1 (5.2.6)
corresponding to b(z) = x? (which does not satisfy (5.2.1)) has the

(unique) solution
1

Tt
Thus it is impossible to find a global solution (defined for all ¢) in this
case.

More generally, condition (5.2.1) ensures that the solution X;(w) of (5.2.3)
does not explode, i.e. that | X;(w)| does not tend to oo in a finite time.

X 0<t<1.
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b) The equation
ax,

dt
has more than one solution. In fact, for any a > 0 the function

=3X%.  Xo=0 (5.2.7)

X, — 0 for t<a
P\ (t—a)® for t>a
solves (5.2.7). In this case b(z) = 3z%/% does not satisfy the Lipschitz
condition (5.2.2) at « = 0.
Thus condition (5.2.2) guarantees that equation (5.2.3) has a unique so-

lution. Here uniqueness means that if X;(¢,w) and Xs(t,w) are two t-
continuous processes satisfying (5.2.3), (5.2.4) and (5.2.5) then

X1(t,w) = Xo(t,w) forall t<T, as. (5.2.8)

Proof of Theorem 5.2.1. The uniqueness follows from the It0 isometry
(Corollary 3.1.7) and the Lipschitz property (5.2.2): Let X;(t,w) = X¢(w)
and X (t,w) = X;(w) be solutions with initial values Z, Z respectively, i.e.
X1(0,w) = Z(w), X2(0,w) = Z(w),w € £2. For our purposes here we only
need the case Z = Z , but the following more general estimate will be useful
for us later, in connection with Feller continuity (Chapter 8).

Put a(s,w) = b(s, X,) — b(s, X,) and v(s,w) = o(s, X;) — o(s, X). Then

t t 2
E[|X; — X|?] :E[(Z—2+/ads —|—/’yst> }
0 0

t

§3E[|Z_2|2]+3E[(0/tads>2] +3EK/7st>2]

0
t
<3E[Z-Z)? +3tE[/a2ds] +3E{/72ds]
0 0

t
<3E[|Z - ZP|+3(1 + t)DQ/EHXS — X, [Hds .
0

So the function
o(t) = B[ X; — Xi?];  0<t<T
satisfies
t
v(t) < F+ A/v(s)ds , (5.2.9)
0
where F =3E[|Z — Z|*] and A=3(1+T)D?.
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By the Gronwall inequality (Exercise 5.17) we conclude that
v(t) < Fexp(At) . (5.2.10)
Now assume that Z = Z. Then F = 0 and so v(t) = 0 for all ¢ > 0. Hence
P[IX;,— X;|=0 forall teQnI0,T)] =1,

where Q denotes the rational numbers.
By continuity of ¢t — |X; — X¢| it follows that

Pl X1 (t,w) — Xo(t,w)| =0 forall t€[0,T]] =1, (5.2.11)

and the uniqueness is proved.
The proof of the existence is similar to the familiar existence proof for

ordinary differential equations: Define Y;(O) = Xy and Yt(k) = Yt(k)(w) induc-
tively as follows

t t
v = X, +/b(s,Ys(k))ds—i—/a(s7YS(k))st : (5.2.12)
0 0

Then, similar computation as for the uniqueness above gives
t
EH}/;(ICJFU _ Y't(k)|2] < (1 + T)3D2/E[|Y;(k) _ Y'S(k—l)‘Z]ds ,
0

for k>1,t<T and

BV, = Y01 < 20221+ B[ Xo )
+2C%t(1 + E[| X0|?)) < Ast
where the constant A; only depends on C,T and E[|Xo|?]. So by induction
on k we obtain
Aftgktt

(k+1) (k)2
B[y, —y®p L2 b

k>0,te[0,T] (5.2.13)

for some suitable constant Ap depending only on C, D, T and E[|X;|?]. Now

T
sup [ Y] [ (s, ¥9) — b(s, YD) s
0

0<t<T

+ sup
0<t<T

t
/ (0(5,Y M) — o (s, YF))dB,| .
0
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By the martingale inequality (Theorem 3.2.4) we obtain

P[ sup [V — v )| >2’“]
0<t<T

T
2
P[(/ Ib(s, Y.#)) — b(&Ys(kl))|ds) S 2%2]
0

t

+P{ sup /(a(s,xf;k)) J(S,Y;(kl)))st‘ > 2’“}
0<t<T
0
T

< g?kt2r / E(b(s, Y ) — bs, YD) 2)ds
0

+2252 [ Bllo(s, YY) = o(s, Y* V) Plds

Ot~

T
kik k41
S 22k+2D2(T 4 1) A2t dt < (4A2T)

S if Ay > D2(T+1).

Therefore, by the Borel-Cantelli lemma,
P[ sup |Yt(k+l) — Y;(k)| > 27" for infinitely many &
0<t<T

Thus, for a.a. w there exists kg = ko(w) such that

sup |V, v P <ok for k> k.
0<t<T

Therefore the sequence
Y;(")( Y(O) + Z Y(’H‘l) Y't(k) (w))

is uniformly convergent in [0, 7], for a.a. w.
Denote the limit by X; = X;(w). Then X; is ¢-continuous for a.a. w since

Yt(n) is t-continuous for all n. Moreover, X;(-) is FZ-measurable for all ¢,

since Yt(n)(-) has this property for all n.
Next, note that for m > n > 0 we have by (5.2.13)

m—1
m n m n k+1 k
By YR = Y e = | 38 x )|
k=n

(Aot k4171/2
< Z IV | L py < Z { 2t) } —0 as n—oo. (5.2.14)

L2(P)

kE+ 1)
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So {Y,™} converges in L2(P) to a limit Y}, say. A subsequence of Y™ (w)
will then converge w-pointwise to Y;(w) and therefore we must have Y; = X,
a.s. In particular, X, satisfies (5.2.4) and (5.2.5).

It remains to show that X} satisfies (5.2.3). For all n we have

¢ ¢
Y;(TLH) =Xy —l—/b(s,YS(") )ds + /O‘ 5, Y{")dB, . (5.2.15)

0
Now Y;(n'H) — X as n — oo, uniformly in ¢ € [0, 7] for a.a. w. By (5.2.14)

and the Fatou lemma we have

m—00

T T
EU|Xt —Yt("”dt} SlimsupE[/m(m) — v 2dt| — 0
0 0

as n — o0o. It follows by the It6 isometry that

t

t
/a(s,Ys(”))st — /J(s,XS)dBS
0

0

and by the Holder inequality that

t t
/b(s,YS("))ds — /b(s,XS)ds
0 0

in L?(P). Therefore, taking the limit of (5.2.15) as n — oo we obtain (5.2.3)
for Xt' O

5.3 Weak and Strong Solutions

The solution X; found above is called a strong solution, because the version
B; of Brownian motion is given in advance and the solution X; constructed
from it is FZ-adapted. If we are only given the functions b(t,x) and o(t, )
and ask for a pair of processes (()?t, ét), 'H:) on a probability space ({2, H, P)
such that (5.2.3) holds, then the solution X, (or more precisely ()?t, Et)) is
called a weak solution. Here H; is an increasing family of o-algebras such that
Xt is ‘Hs-adapted and Bt is an H;-Brownian motion, i.e. B; is a Brownian
motion, and B, is a martingale w.r.t. H; (and so E[Bt+h Bt|Ht] =0 for all
t,h > 0). Recall from Chapter 3 that this allows us to define the It6 integral
on the right hand side of (5.2.3) exactly as before, even though X’t need not
be FZ-adapted.
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A strong solution is of course also a weak solution, but the converse is not
true in general. See Example 5.3.2 below.

The uniqueness (5.2.8) that we obtain above is called strong or path-
wise uniqueness, while weak uniqueness simply means that any two solutions
(weak or strong) are identical in law, i.e. have the same finite-dimensional
distributions. See Stroock and Varadhan (1979) for results about existence
and uniqueness of weak solutions. A general discussion about strong and weak
solutions can be found in Krylov and Zvonkin (1981).

Lemma 5.3.1. If b and o satisfy the conditions of Theorem 5.2.1 then we
have
A solution (weak or strong) of (5.2.3) is weakly unique .

Sketch of proof. Let (X, By), Hy) and ((Xy, By), Hy) be two weak solutions.
Let X; and Y; be the strong solutions constructed from Et and Et, respec-
tively, as above. Then the same uniqueness argument as above applies to show
that X; = X; and Y; = X, for all ¢, a.s. Therefore it suffices to show that X;
and Y; must be identical in law. We show this by proving by induction that if
Xt(k)7 Yt(k) are the processes in the Picard iteration defined by (5.2.12) with
Brownian motions Et and Et, then

~

(X", By) and (vV,By)
have the same law for all k. O

This observation will be useful for us in Chapter 7 and later, where we
will investigate further the properties of processes which are solutions of
stochastic differential equations (It6 diffusions).

From a modelling point of view the weak solution concept is often natural,
because it does not specify beforehand the explicit representation of the white
noise. Moreover, the concept is convenient for mathematical reasons, because
there are stochastic differential equations which have no strong solutions but
still a (weakly) unique weak solution. Here is a simple example:

Example 5.3.2 (The Tanaka equation). Consider the 1-dimensional sto-
chastic differential equation

where
. +1if >0
sign(@) =91 i y <0,

Note that here o(t,z) = o(z) = sign(x) does not satisfy the Lipschitz con-
dition (5.2.2), so Theorem 5.2.1 does not apply. Indeed, the equation (5.5.1)
has no strong solution. To see this, let ]§t be a Brownian motion generating
the filtration F; and define
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t

Y; = /sign(és)dés .
0

By the Tanaka formula (4.3.12) (Exercise 4.10) we have
Yi = |Bi| - | Bo| - Li(w) ,

where L (w) is the local time for B, (w) at 0. It follows that Y; is measurable
w.r.t. the o-algebra G; generated by |§S()|7 s < t, which is clearly strictly
contained in ft. Hence the o-algebra A generated by Y;(+); s < ¢ is also
strictly contained in ft.

Now suppose X; is a strong solution of (5.3.1). Then by Theorem 8.4.2
it follows that X, is a Brownian motion w.r.t. the measure P. (In case the
reader is worried about the possibility of a circular argument, we point out
that the proof of Theorem 8.4.2 is independent of this example!) Let M; be
the o-algebra generated by X,(-); s < t. Since (sign(z))? = 1 we can rewrite
(5.3.1) as

dBt = sign(Xt)dXt .

By the above argument applied to Et = Xy, Y; = B; we conclude that F; is
strictly contained in Mj.

But this contradicts that X; is a strong solution. Hence strong solutions
of (5.3.1) do not exist.

To find a weak solution of (5.3.1) we simply choose X; to be any Brownian
motion §t. Then we define ﬁt by

. ¢
B, = / sign(B,)dB, = / sign(X)d X
b 0
ie. ~
dB; = sign(Xy)dX; .
Then

dX, = sign(X,;)dB; ,

so X; is a weak solution.

Finally, weak uniqueness follows from Theorem 8.4.2, which — as noted
above — implies that any weak solution X; must be a Brownian motion w.r.t.
P.

Exercises

5.1. Verify that the given processes solve the given corresponding stochastic
differential equations: (B; denotes 1-dimensional Brownian motion)
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5.3.

5.4.

Exercises 73

(1) Xt = eBt solves dXt = %Xtdt + XtdBt

(i) X; = %; By = 0 solves

1 1
dX; = ———Xydt + ——dB; ; Xo=0
t T +1+t t; 0

(i) X = sin B; with By = a € (=%, §) solves
dX;=—1X,dt +\/1-X?dB, for t <inf{s >0;B,¢[—2,%]}
(iv) (X1(t), Xa(t)) = (t,e'B;) solves
dx;] _[1 0 ]
[de - {XJ dt + [eXl_ i,
(v) (X1(t),X2(t)) = (cosh(By),sinh(By)) solves

dX, _1 X3 XQ_
{dXQ] -1 [Xz}dw [Xl_ 0B, .

A natural candidate for what we could call Brownian motion on the

ellipse
2 2

{(may);%+%:1} where a > 0,0 >0

is the process X; = (X (¢), X2(¢)) defined by
X1(t) =acos By, Xs(t)=bsinB;

where By is 1-dimensional Brownian motion. Show that X; is a solution
of the stochastic differential equation

dX, = —1X;dt + MX,dB,

_%'
0

Let (By,...,B,) be Brownian motion in R", aq,...,qa, constants.
Solve the stochastic differential equation

where M = [

el O©

dX, = rX,dt + Xt(zn: akdBk(t)>; Xo>0.
k=1

(This is a model for exponential growth with several independent white
noise sources in the relative growth rate).

Solve the following stochastic differential equations:
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5.5.

5.6.

5.7.

5.8.

5.9.

5. Stochastic Differential Equations

. dx;| |1 1 0 dBs
0 o] = o]0 ) [i5)
(Hint: Multiply both sides with “the integrating factor” e~ and

compare with d(e”*X,))
(lll) dXt = *Xtdt + EitdBt.

a) Solve the Ornstein-Uhlenbeck equation (or Langevin equation)
dXt = /JXtdt + O'dBt

where pu, o are real constants, B; € R.
The solution is called the Ornstein-Uhlenbeck process. (Hint: See
Exercise 5.4 (ii).)

b) Find E[X;] and Var[X;]: = E[(X; — E[X{])?].

Solve the stochastic differential equation
dY; = rdt + aYdB;

where r, a are real constants, B; € R.
(Hint: Multiply the equation by the ’integrating factor’

F,=exp(—aB, + %aQt) )

The mean-reverting Ornstein-Uhlenbeck process is the solution X; of
the stochastic differential equation

dXt = (m — Xt)dt + O'dBt

where m, o are real constants, B; € R.

a) Solve this equation by proceeding as in Exercise 5.5 a).
b) Find E[Xt} and Var[Xt]: = E[(Xt — E[Xt])Q]

Solve the (2-dimensional) stochastic differential equation

Xm (t) = X2 (t)dt + OédBl (t)
dXo(t) = — X1 (t)dt + BdBa(t)

where (Bj(t), Ba(t)) is 2-dimensional Brownian motion and «, 3 are
constants.

This is a model for a vibrating string subject to a stochastic force. See
Example 5.1.3.

Show that there is a unique strong solution X; of the 1-dimensional
stochastic differential equation

dX; =In(1+ X})dt + X

{X¢>0}

XtdBt7 XOZGER.
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Let b, o satisty (5.2.1), (5.2.2) and let X; be the unique strong solution
of (5.2.3). Show that

E[|X;*] < K, -exp(Kyt)  for t<T (5.3.2)

where K1 = 3E[|Z]?] + 6C*T(T + 1) and K, = 6(1 +T)C?.
(Hint: Use the argument in the proof of (5.2.10)).

Remark. With global estimates of the growth of b and o in (5.2.1) it is
possible to improve (5.3.2) to a global estimate of E[|X;|?]. See Exercise 7.5.

5.11.

5.12.

5.13.

(The Brownian bridge).
For fixed a,b € R consider the following 1-dimensional equation

b_
dY; = 3

Y,
ttdt—s—dBt; 0<t<1l, Yo=a. (5.3.3)

Verify that

t

dB,

Y;:a(lft)ertJr(lft)/l_s; 0<t<l1 (5.3.4)
0

solves the equation and prove that thrq Y; = b a.s. The process Y; is

called the Brownian bridge (from a to b). For other characterizations
of Y; see Rogers and Williams (1987, pp. 86-89).

To describe the motion of a pendulum with small, random perturba-
tions in its environment we try an equation of the form

y'(t)+ (14 W)y =0; y(0),4'(0) given ,

where W; = dﬁt is 1-dimensional white noise, € > 0 is constant.

a) Discuss this equation, for example by proceeding as in Exam-
ple 5.1.3.
b) Show that y(t) solves a stochastic Volterra equation of the form

t t

y(t) = y(0) +4/(0) - £ + / alt, ryy(r)dr + / A(t, P)y(r)dB,

0 0
where a(t,r) =r —t, y(t,r) = e(r — t).

As a model for the horizontal slow drift motions of a moored floating
platform or ship responding to incoming irregular waves John Grue
(1989) introduced the equation

z) + apz} + wiry = (Ty — apxl)nWy (5.3.5)

where W; is 1-dimensional white noise, ag,w,Ty,ay and 7 are con-
stants.
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(i) Put X, = [if] and rewrite the equation in the form
t

dX; = AX,dt + KXdBy + MdB; ,

where

0 1 0 O 0
A—|:_w2 —ao]’ K—a(m[o _1] and M—T(m[l}.

(ii) Show that X satisfies the integral equation
t t
X, = / A=K X dB, + / AINMIB,  if Xo=0.
0 0

(iii) Verify that

_—
e = 65 t {(§cos&t + Asin&t)I + Asint}

2
where A = %, & = (w? — 20)3 and use this to prove that

4
¢
Ty = U/(To — aoYs)gi—sdBs (5.3.6)
0
and
¢
Yt = U/(To — apys)hi—sdBs | with y: =z}, (5.3.7)
0
where
gt = %Im(ect)
h = %Im((egt) L (=—A+iE (i=+=1).
So we can solve for y; first in (5.3.7) and then substitute in (5.3.6)
to find x;.

5.14. If (B, B2) denotes 2-dimensional Brownian motion we may introduce
complex notation and put

B(t):= Bi(t) +iBa(t) (i=+v-1).

B(t) is called complex Brownian motion.
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(i) If F(2z) = u(z) + iv(z) is an analytic function i.e. F satisfies the
Cauchy-Riemann equations

ou Ov ou ov

%za—y, a—y:—%; z=x+1y
and we define
Zy = F(B(1))
prove that
dZ; = F'(B(t))dB(t) , (5.3.8)

where F’ is the (complex) derivative of F. (Note that the usual
second order terms in the (real) Itd formula are not present in
(5.3.8)!)

(ii) Solve the complex stochastic differential equation

dZ, = aZ;dB(t) « constant) .

For more information about complex stochastic calculus involving
analytic functions see e.g. Ubge (1987).

(Population growth in a stochastic, crowded environment)
The nonlinear stochastic differential equation

dX, = rX, (K — X;)dt + 6X,dB,;  Xo=x>0 (5.3.9)

is often used as a model for the growth of a population of size X; in
a stochastic, crowded environment. The constant K > 0 is called the
carrying capacity of the environment, the constant r € R is a measure
of the quality of the environment and the constant 3 € R is a measure
of the size of the noise in the system.

Verify that

exp{(rK — 33°)t + 3B}

X, = :
et +r [exp{(rK — £?)s + BB, }ds
0

t>0 (5.3.10)

3

is the unique (strong) solution of (5.3.9). (This solution can be found by
performing a substitution (change of variables) which reduces (5.3.9)
to a linear equation. See Gard (1988), Chapter 4 for details.)

The technique used in Exercise 5.6 can be applied to more general
nonlinear stochastic differential equations of the form

dXt = f(t, Xt)dt + C(t)XtdBt s XO =T (5311)

where f: R xR — R and ¢: R — R are given continuous (determinis-
tic) functions. Proceed as follows:
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Define the ’integrating factor’

F, = F,(w) = exp (- /tc(s)st +1 /tcz(s)ds> . (5.3.12)
0 0

Show that (5.3.11) can be written

d(Fy X)) = Fy - f(t, Xy)dt . (5.3.13)
Now define
Yi(w) = Fi(w) X (w) (5.3.14)
so that
X, =F'Y; . (5.3.15)

Deduce that equation (5.3.13) gets the form

dYy(w)

T Fi(w) - f(t, T (w)Yi(w)) ; Yo==x. (5.3.16)

Note that this is just a deterministic differential equation in the
function ¢t — Y;(w), for each w € 2. We can therefore solve (5.3.16)
with w as a parameter to find Yi(w) and then obtain Xi(w) from
(5.5.15).

Apply this method to solve the stochastic differential equation

1
t

where « is constant.
Apply the method to study the solutions of the stochastic differen-
tial equation

dX, = X)dt + aX,dB;;  Xo=x>0 (5.3.18)

where o and  are constants.
For what values of v do we get explosion?

5.17. (The Gronwall inequality)
Let v(t) be a nonnegative function such that

¢
v(t)§C+A/v(s)ds for 0<t<T
0

for some constants C, A. Prove that

v(t) < Cexp(At) for0<¢t<T. (5.3.19)
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t
(Hint: We may assume A # 0. Define w(t) = [v(s)ds . Then w'(t) <
0
C + Aw(t). Deduce that

w(t) < %(exp(At) -1) (5.3.20)
by considering f(t): = w(t) exp(—At).
Use (5.3.20) to deduce (5.3.19.)
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6. The Filtering Problem

6.1 Introduction

Problem 3 in the introduction is a special case of the following general filtering
problem:

Suppose the state X; € R™ at time ¢ of a system is given by a stochastic
differential equation

ax,

dt = b(t,Xt) + O'(t,Xt)Wt s t Z 0 s (611)

where b: R"*1 — R", o: R"T1 — R™*? satisfy conditions (5.2.1), (5.2.2) and
W; is p-dimensional white noise. As discussed earlier the It6 interpretation
of this equation is

(system) dXt = b(t, Xt)dt + O'(t, Xt)dUt 5 (612)

where U; is p-dimensional Brownian motion. We also assume that the distri-
bution of Xy is known and independent of U;. Similarly to the 1-dimensional
situation (3.3.6) there is an explicit several-dimensional formula which ex-
presses the Stratonovich interpretation of (6.1.1):

dXt = b(t, Xt)dt + O'(t, Xt) @) dUt

in terms of It6 integrals as follows:

dX, = b(t, X,)dt + o(t, X;)dU, ,  where
p n
~ 9o
— b 1 LY R 1
bi(t, ) = bi(t,x) + 5 jgzl ,;:1 e Okj 1<i<n. (6.1.3)

(See Stratonovich (1966)). From now on we will use the Itdé interpretation
(6.1.2).

In the continuous version of the filtering problem we assume that the
observations H; € R™ are performed continuously and are of the form

Hy = c(t, X)) +7(t, Xy) - W (6.1.4)
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where c: R — R™, y: Rt — R™*" are functions satisfying (5.2.1) and
W, denotes r-dimensional white noise, independent of U; and Xj.
To obtain a tractable mathematical interpretation of (6.1.4) we introduce

t
7, = /Hsds (6.1.5)
0

and thereby we obtain the stochastic integral representation
(observations) dZy = e(t, X3)dt +v(t, X¢)dVy , Zog =0 (6.1.6)

where V; is r-dimensional Brownian motion, independent of U; and Xj.

Note that if Hy is known for 0 <s<t, then Z, is also known for 0 <s<t
and conversely. So no information is lost or gained by considering Z; as our
“observations” instead of H;. But this allows us to obtain a well-defined
mathematical model of the situation.

The filtering problem is the following:

Given the observations Z; satisfying (6.1.6) for 0 < s < ¢, what is the best
estimate X; of the state X of the system (6.1.2) based on these observations?

As we have pointed out earlier, it is necessary to find a precise mathe-
matical formulation of this problem: By saying that the estimate X; is based
on the observations {Zs; s < t} we mean that

X,(-) is Gi-measurable,
where G, is the o-algebra generated by {Zs(-),s <t} . (6.1.7)

By saying that )/(\'t is the best such estimate we mean that

/|Xt — X,?dP = E[|X; — X,*) = nf{E[| X, - Y|]?]; Y €K} . (6.1.8)
2

Here — and in the rest of this chapter — (£2,F, P) is the probability space
corresponding to the (p + r)-dimensional Brownian motion (Uy, ;) starting
at 0, F¥ denotes expectation w.r.t. P and

K:=Kiy=K(Z,t):={Y:2—R"; YEL*(P)and Y is Gi-measurable} ,
(6.1.9)
where L?(P) = L?(92, P).
Having found the mathematical formulation of our problem, we now start
to study the properties of the solution X;.
We first establish the following useful connection between conditional ex-
pectation and projection:

Lemma 6.1.1. Let H C F be a o-algebra and let X € L*(P) be F-
measurable. Put N = {Y € L*(P);Y is H-measurable} and let Py denote
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the (orthogonal) projection from the Hilbert space L?(P) into the subspace
N. Then
Pn(X) = E[X[H] .

Proof. Recall (see Appendix B) that E[X|H] is by definition the P-unique
function from {2 to R such that

(i) E[X|H] is H-measurable

(i) [E[X|H]dP = [ XdP for all A € H.
A A
Now Ppr(X) is H-measurable and

/Y(X CP(X)AP =0 forall Y €A
2

In particular,

/(X CPu(X))dP =0 forall A€ H
A

ie.
/PN(X)dP _ /XdP for all A€ .
A A

Hence, by uniqueness, Py (X) = E[X|H]. 0

From the general theory of Hilbert spaces we know that the solution )A(t
of the problem (6.1.8) is given by the projection Py, (X:). Therefore Lemma
6.1.1 leads to the following useful result:

Theorem 6.1.2. R
X = Pr,(Xe) = E[X4]Gy] .

This is the basis for the general Fujisaki-Kallianpur-Kunita equation of fil-
tering theory. See for example Bensoussan (1992), Davis (1984) or Kallianpur
(1980).

6.2 The 1-Dimensional Linear Filtering Problem

From now on we will concentrate on the linear case, which allows an explicit
solution in terms of a stochastic differential equation for X, (the Kalman-
Bucy filter):

In the linear filtering problem the system and observation equations have
the form:
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(linear system) dX,=F(t) X dt+C(t)dUy;
F(t)eR™ ", C(t) eR"¥P (6.2.1)
(linear observations) dZ;=G(t) X dt+D(t)dVy;
G(t)eR™ ", D(t)eR™*" (6.2.2)

To be able to focus on the main ideas in the solution of the filtering
problem, we will first consider only the 1-dimensional case:

(linear system) dX, = F(t)X,dt + C(t)dUy; F(t), C(t) e R (6.2.3)
(linear observations) dZ; = G(t)Xdt + D(t)dVy; G(t), D(t) € R (6.2.4)

We assume (see (5.2.1)) that F, G, C, D are bounded on bounded intervals.
Based on our interpretation (6.1.5) of Z; we assume Zy = 0. We also assume
that Xo is normally distributed (and independent of {U:},{V:}). Finally we
assume that D(t) is bounded away from 0 on bounded intervals.

The (important) extension to the several-dimensional case (6.2.1), (6.2.2)
is technical, but does not require any essentially new ideas. Therefore we shall
only state the result for this case (in the next section) after we have discussed
the 1-dimensional situation. The reader is encouraged to work out the nec-
essary modifications for the general case for himself or consult Bensoussan
(1992), Davis (1977) or Kallianpur (1980) for a full treatment.

From now on we let Xy, Z; be processes satisfying (6.2.3), (6.2.4). Here is
an outline of the solution of the filtering problem in this case.

Step 1. Let £ = L(Z,t) be the closure in L?(P) of functions which are
linear combinations of the form

co+c1Zs, (W) + -+ s, (W) , with s; <t¢,¢; € R.
Let
P denote the projection from L?(P) onto L .
Then, with £ as in (6.1.9),
Xy = P(X0) = B[Xi|G/] = Pe(X,)
Thus, the best Z-measurable estimate of X; coincides with the best Z-linear

estimate of X;.

Step 2. Replace Z; by the innovation process Ny:
t
Ny = Z; — /(GX)st , where (GX)} =Pz, (G(5)Xs) = G(s)X, .
0

Then

(i) N; has orthogonal increments, i.e.
E[(Nt, —Ns, )(Ni,—Ns, )] = 0 for non-overlapping intervals [s1, t1], [s2, t2].
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(11) ‘C(N7 t) = ‘C(Zv t)7 50 )?t = PE(N,t)(Xt)'

Step 3. If we put
1

D(t)

then R; is a 1-dimensional Brownian motion. Moreover,

dR, AN, ,

L(N,t) = L(R,t) and

t

~ 0
Xt =Prve(Xe) = Prray(Xe) = E[X] + / %E[XtRs}dRs .

0

Step 4. Find an expression for X; by solving the (linear) stochastic differ-
ential equation

Step 5. Substitute the formula for X; from Step 4 into EF[X;R;] and use
Step 3 to obtain a stochastic differential equation for X;:

> 0 0?
dXt = %E[XtRs]s:tht + (/%E[Xth]ng>dt etc.

0

Before we proceed to establish Steps 1-5, let us consider a simple, but moti-
vating example:

Example 6.2.1. Suppose X, Wi, W, ... are independent real random vari-
ables, E[X] = E[W;] = 0 for all j, E[X?] = a?, E[W?] = m? for all j. Put
Z; =X +W;.

What is the best linear estimate X of X based on {Z;;j < k}? More
precisely, let

L=L(Zk)={c1Z1+ -+ crZk;c1,...,cx €ER}.
Then we want to find R
X =Pr(X),

where P}, denotes the projection into L(Z, k).
We use the Gram-Schmidt procedure to obtain random variables Ay, Ao, . ..
such that

(i) E[A;A;]=0for i#j
(ii) L(A, k) = L(Z,k) for all k.
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Then
k

- E[X 4]
=N 2SN for k=1,2,.... 2.
Xp=) B A k=12, (6.2.5)

j=1

We obtain a recursive relation between X , and X k—1 from this by observing
that R
Aj=72;— X1, (6.2.6)

which follows from
Aj = Zj — Pj_l(Zj) = Zj — Pj_l(X) 5 since Pj_1(Wj) =0.
By (6.2.6)

E[XA;] = E[X(Z; — X;1)] = E[X(X = X;4)] = E[(X — X;1)*]

and
EIA) = E[(X + W; = X;1)°) = B[(X - X;20)% +m?
Hence
PN E[(X — X1_1)? .
pro k1)) (Zy — Xp1) - (6.2.7)

E[(X — X5_1)?] + m?
If we introduce

7 =

T =

k.
> %
j=1

then this can be simplified to

~ a —
Xy = ——F——74. 6.2.8
Py % m2F ( )

(This can be seen as follows:

Put

a2

- U, = akik .
a? + %mQ ’

o =

Then

Q) Uy € L(Z,k)
(ii) X — U LL(Z, k), since

E[(X —Uy)Z] = E[XZ] — ayE[Z1.Zi]
= BIX(X + W] - axy 3 BlZ,7]

=@~ Lo 3 BIX W) (X +W)] = a® — Faglka® +m?] =0.)
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The result can be interpreted as follows:

For large k we put X, ~ Zj, while for small k the relation between a
and m? becomes more important. IfAm2 > a?, the observations are to a large
extent neglected (for small k) and X} is put equal to its mean value, 0. See
also Exercise 6.11.

2

This example gives the motivation for our approach:

We replace the process Z; by an orthogonal increment process N; (Step 2)
in order to obtain a representation for )A(t analogous to (6.2.5). Such a rep-
resentation is obtained in Step 3, after we have identified the best linear
estimate with the best measurable estimate (Step 1) and established the con-
nection between N; and Brownian motion.

Step 1. Z-Linear and Z-Measurable Estimates

Lemma 6.2.2. Let X, Z,; s < t be random variables in L?(P) and assume
that
(X,Zs,, Zs,,...,2Z,) € R

b Sn

has a normal distribution for all s1,82,...,8, <t, n>1. Then
Pe(X) = E[X|G] = Px(X) .

In other words, the best Z-linear estimate for X coincides with the best Z-
measurable estimate in this case.

Proof. Put X = P,(X), X = X — X. Then we claim that X is independent
of G: Recall that a random variable (Y7,...,Yy) € R” is normal iff ;Y7 +
-+ + ¢,Y} is normal, for all choices of ci,...,c; € R. And an L2-limit of
normal variables is again normal (Appendix A). Therefore

()?,Zsl,...,an) is normal for all sq,...,s, <t.

Since E[)N(Zsj] =0, X and Zs,; are uncorrelated, for 1 < j < n. It follows
(Appendix A) that

X and (Z,,,.. ., Zs, ) are independent .
So X is independent from G as claimed. But then
E[Xa(X — X)] = E[XsX] = E[Xg] - E[X] =0 forall GeG
i.e. [ XdP = [ XdP. Since X is G-measurable, we conclude that
X :G E[X|G]. ¢ 0
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There is a curious interpretation of this result: Suppose X, {Z;}:cr are
L?(P)-functions with given covariances. Among all possible distributions of

(X, Z4, .. Zy,)

with these covariances, the normal distribution will be the “worst” w.r.t.
estimation, in the following sense: For any distribution we have

E[(X - E[X|6))*] < B[(X - P£(X))?],

with equality for the normal distribution, by Lemma 6.2.2. (Note that the
quantity on the right hand side only depends on the covariances, not on
the distribution we might choose to obtain these covariances). For a broad
discussion of similar conclusions, based on an information theoretical game
between nature and the observer, see Topsoe (1978).

Finally, to be able to apply Lemma 6.2.2 to our filtering problem, we need
the following result:

Lemma 6.2.3.

Xy

o=y

} e R? is a Gaussian process .

Proof. We may regard M, as the solution of a 2-dimensional linear stochastic
differential equation of the form

dM; = H(t)Mdt + K(t)dB;, My = {)éo} ; (6.2.9)

where H(t) € R**?) K(t) € R**? and B, is 2-dimensional Brownian motion.
Use Picard iteration to solve (6.2.9), i.e. put

t t
Mt(n+1) :M0+/H(5)M§")ds+/K(8)st7 n=0,1,2,... (6.2.10)
0 0

Then Mt(n) is Gaussian for all n and Mt(n) — M, in L?(P) (see the proof of
Theorem 5.2.1) and therefore M; is Gaussian (Theorem A.7). O
Step 2. The Innovation Process

Before we introduce the innovation process we will establish a useful repre-
sentation of the functions in the space

L(Z,T) = the closure in L?(P) of all linear combinations
cotcrdy +---+edy; 05t <T, c;eR.

If f € L?[0,T], note that
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o (] roaa)'| = o[ | o) |« £]( [ o)’
s o) o)}

Since

[( / f@) Xtdt) ] <A / f(t)2dt by the Cauchy-Schwartz inequality,

T
[(/f th> ] /f t)dt by the It6 isometry
0

and {X;},{V;} are independent, we conclude that

AO/TfQ(t)dtgE[(/Tf(t)dZt>2] SAg]fg(t)dt, (6.2.11)

for some constants Ag, A1, A2 not depending on f. We can now show
T

Lemma 6.2.4. £L(Z,T) = {co+ [ f(t)dZs; f € L*[0,T],¢co € R}.
0

Proof. Denote the right hand side by A (Z,T). It is enough to show that

a) N(Z,T)C L(Z,T)
b) N(Z,T) contains all linear combinations of the form

o+ 1y oty 0<t;<T
c) N(Z,T) is closed in L?(P)

a): This follows from the fact that if f is continuous then
/f (t)dZ; = lim Z FG 27" (Zjpry2—n — Zjan) .

b): Suppose 0 <1 <ty < --- <t <T. We can write

k k—1 k—1 Lt k—1
ZCiZti = Z(%AZ] = Z / C;dZt / (ZC th,tj+1) )dZt 5
i=1 Jj=0 Jj=0 ;. j=0

where AZ; = Z;, ., — Zy;.
¢): This follows from (6.2. 11) and the fact that L?[0, T is complete. O
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Now we define the innovation process N, as follows:

t
Ny =2y — /(GX);\ds, where (GX), = Prz,5(G(s)Xs) = G(s) X, .
0

i.e.
AN, = G(t)(Xy — Xy )dt + D(t)dV . (6.2.13)

Lemma 6.2.5. (i) N, has orthogonal increments
t

(ii) E[N?] = [ D?*(s)ds
0

(iil) L(N,t) = L(Z,t) for allt >0
(iv) Ny is a Gaussian process

Proof. (i): If s<tandY € L(Z,s) we have

E[(N;, — N,)Y] =E K/tc(r)(x,, - X) dr + /tD(r)dVT)Y]

- /tG(r)E[(XT —)?T)Y]dr—kE[(/thV) Y} =0,

since X, —X, LL(Z,7) D L(Z,s) forr > s and V has independent increments.

(ii): By It6’s formula, with g(t, z) = 22

, we have
d(N?) = 2N, dN, + 12(dN;)? = 2N, dN, + D?dt .
t 2

So
t t

E[N?] = E{O/QNSdNS} +O/D2(s)ds.
Now

t
NydNg = i N [N, — Ny,
/ sd s AtleEOZ tj[ tit1 tj]7
0

so since N has orthogonal increments we have
t
E{/NstS} =0, and (ii) follows .
0

(iil): It is clear that L(N,t) C L£(Z,t) for all ¢ > 0. To establish the opposite
inclusion we use Lemma 6.2.4. So choose f € L?[0,t] and let us see what
functions can be obtained in the form
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-
-~

/f )AZ, — /tf [/g r s)dZs}dr—/f(r)c(r)dr
/[ /f rsdr]dZ /f

where we have used Lemma 6.2.2 and Lemma 6.2.4 to write, for each r,

O

T

(GX)) =c(r) + /g(r,s)dZS for some g(r,-) € L2[0,7], c(r) € R .
0

From the theory of Volterra integral equations (see e.g. Davis (1977), p. 125)
there exists for all h € L?[0,t] an f € L?[0,¢] such that

— /f(r)g(r,s)dr = h(s).

So by choosing h = Xy ;,) where 0 <t; < ¢, we obtain

/f d?‘—i—/f dN /XOtl] Z—Ztl,

which shows that £(N,t) D L(Z,t).

(iv): X, is a limit (in L2(P)) of linear combinations of the form

M=c+c1Zs +-+cp2s, , where s, <t.
Therefore R R
(Xtyy -y Xt,)
is a limit of m-dimensional random variables (M® ..., M (™)) whose com-
ponents M) are linear combinations of this form. (M(l), . ,M(m)) has a

nq}"mal distribution since {Z; } is Gaussian, and therefore the limit has. Hence
{X.} is Gaussian. It follows that
¢
/ G(s X ds
0

is Gaussian, by a similar argument. a
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Step 3. The Innovation Process and Brownian Motion

t A~
Let N; = Z; — [ G(s)Xsds be the innovation process defined in Step 2.
0

Recall that we have assumed that D(t) is bounded away from 0 on bounded
intervals. Define the process R;(w) by

1

ARt = 5

dNy(w) ; t>0, Rp=0. (6.2.14)

Lemma 6.2.6. R; is a 1-dimensional Brownian motion.
Proof. Observe that

(i) Ry has continuous paths

(ii) Ry has orthogonal increments (since N; has)
(iii) R: is Gaussian (since Ny is)

(iv) E[R] =0 and E[R;R;] = min(s,t).

To prove the last assertion in (iv), note that by It6’s formula
d(R?) = 2RydR; + (dR;)? = 2RdR; + dt

so, since R; has orthogonal increments,

t

E[R}] = E[/ds] =t.

0

Therefore, if s < t,
E[RR,] = E[(R; — Rs)R,] + E[R = E[R}] = 5 .

Properties (i), (iii) and (iv) constitute one of the many characterizations of a
1-dimensional Brownian motion (see Simon (1979), Theorem 4.3). (Alterna-
tively, we could easily deduce that R; has stationary, independent increments
and therefore — by continuity — must be Brownian motion, by the result previ-
ously referred to in the beginning of Chapter 3. For a general characterization
of Brownian motion see Corollary 8.4.5.) O

Since

L(N,t) = L(R,1)

we conclude that R
Xt =Priry(Xt) -

It turns out that the projection down to the space L(R,t) can be described
very nicely: (compare with formula (6.2.5) in Example 6.2.1)



6.2 The 1-Dimensional Linear Filtering Problem 93
Lemma 6.2.7.
t
X, = E[X] +/%E[XtRS]dRS : (6.2.15)
0
Proof. From Lemma 6.2.4 we know that
¢
X; = co(t) + /g(s)clRS for some g € L?[0,t], co(t) € R.
0
Taking expectations we see that cy(t) = E[)?t] = E[X;]. We have
¢
(X, — )A(t)L/f(s)dRs for all f € L2[0,1] .
0

Therefore

E[Xt / f(s)dRs} - E[)? / f(s)dRs} - E[ / g(s)dR, / f(s)dRS]

- E[ / g(s)f(s)ds} _ / o) f(s)ds,  forall f € L?0,1],

where we have used the It6 isometry. In particular, if we choose f = X,
for some r < ¢, we obtain

T

E[X:R,] :/g(s)ds
0

g(r) = %E[Xth} ) as asserted .

This completes Step 3. a

Step 4. An Explicit Formula for X;

This is easily obtained using It&’s formula, as in the examples in Chapter 5.

The result is
) 5o+ o (- [ Pt
i) 30+ o ([ Flapas) o

S

X :eXp(

:exp(

S O —
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t
In particular, we note that E[X,] = E[Xo|exp([ F(s)ds).
0

More generally, if 0 < r < ¢, (see Exercise 6.12)

o= esp( [ rnas)x,+ fomn ([ Foaas)ctoar,. w2

Step 5. The Stochastic Differential Equation for )/(\t

We now combine the previous steps to obtain the solution of the filtering
problem, i.e. a stochastic differential equation for X;. Starting with the for-
mula from Lemma 6.2.7

t
f(t:E[XtH/f(s,t)dRs,
0

where 9
f(Svt) = %E[XtRs] , (6217)

we use that

[GO) o o

R, = D )(XT — X,)dr+V,  from (6.2.13) and (6.2.14))
T

0

and obtain .
_ [ G([)
E[XtRS] - / D(T)E[XtXT}dr )
0

where

X, =X, -X,. (6.2.18)
Using formula (6.2.16) for X;, we obtain

E[X,X,] = exp ( j F(v)dv)E[X,)?T] = exp ( j F(v)dv) S(r),

T

where

S(r) = E[(X,)], (6.2.19)

i.e. the mean square error of the estimate at time r > 0. Thus

E[X\R,] = /

t

gg; exp ( / F(v)dv) S(r)dr

s
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so that

F(s,t) = gig exp ( /t F(v)dv)S(s) . (6.2.20)

We claim that S(t) satisfies the (deterministic) differential equation

ds G?(t

i 2F(t)S(t) — DQEt; S%(t) + C*(t) (The Riccati equation) . (6.2.21)
To prove (6.2.21) note that by the Pythagorean theorem, (6.2.15) and the

It6 isometry

S(t) = E[(X; — X;)?] = B[X}] - 2B[X,X,] + E[X?] = E[X}] - B[X}]

/f )2ds — E[X4)?, (6.2.22)

where
T(t) = B[X}] . (6.2.23)

Now by (6.2.16) and the It6 isometry we have

T(t) = exp (2 /t F(s)ds)E[Xg] + /t exp (2 /t F(u)du)C’Q(s)ds,
0 0 p

using that Xy is independent of {Us}s>0. So

.
%—2F exp<2/F >X0+C’2()
0
t

t) exp (2/F > s)ds
dT

i 2F ()T (t) + C(¢) . (6.2.24)

Substituting in (6.2.22) we obtain, using Step 4,

+
o\

i.e.

t
= 10— [26(s.0) 515,05 2P BN
0

G2(t)S*(t) 2/f2(5’t)F(t)ds — 2F(t)E[X,)?
0

=2F()T(t) + C*(t) — D

=2F(t)S(t) + C*(t) — W ,  which is (6.2.21) .
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We are now ready for the stochastic differential equation for )?t:
From the formula

t
X, =colt) + / f(s,t)dR where ¢o(t) = E[X{]
0
it follows that
t
dX, = dj(t )dt+fttht+(/aa sth>d (6.2.25)
0

since

il - ) :0/(/& sty

S

(f(s,u) — f(s,5))dRs = Xy — colu) — /f(s,s)dRs :

0

/
: u

So

t

or

= F(t)X,dt + G0l ip, (6.2.26)

since ¢ (t) = F(t)co(t) (Step 4).
If we substitute
dRy = ——

we obtain
t). = G(t)S(t
)X dt + %dzt . (6.2.27)

So the conclusion is:

Theorem 6.2.8 (The 1-dimensional Kalman-Bucy filter).

The solution Xy = E[X:|G:] of the 1-dimensional linear filtering problem
(linear system) dX; = F(t)Xdt + C(t)dUy; F(t), C(t) e R (6.2.3)
(linear observations) dZ; = G(t)Xdt + D(t)dVi; G(t), D(t) € R (6.2.4)
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(with conditions as stated earlier) satisfies the stochastic differential equation

G2(t)S(t)
D2(t)

))?tdt + Mdzt . Xo=E[Xo] (6.2.28)

dX, = (F(t) - 0]

where
S(t)=E[(X: — )@)2] satisfies the (deterministic) Riccati equation

% — 2F(t)S(t) — gzg S*(t) + C*(t), S(0) = E[(Xo — E[X0])?] . (6.2.29)

Example 6.2.9 (Noisy observations of a constant process).
Consider the simple case

(system) dX; =0, ie X; = Xo; E[Xo] =0, E[X?] =a?
(observations) dZy = Xydt +mdVy; Zg =0

(corresponding to

dz
H, = o= X +mW,, W, = white noise) .

First we solve the corresponding Riccati equation for

B 8 s0=a
ie. o
S(t)—m2+a2t; t>0
This gives the following equation for )?t:
~ a? ~ a? ~
dX; = R aQtXtdt + o aQtdZt ; Xo=E[Xo]=0

or

~ a? a2 a?
d(Xt exp (/ Mdt)) = exp </ m2 n a2tdt) m2 n a2tdZt

which gives

Xi=——5%Z; t>0. 6.2.30
CTm2 a2t = ( )

This is the continuous analogue of Example 6.2.1.
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Example 6.2.10 (Noisy observations of a Brownian motion).
If we modify the preceding example slightly, so that

(system) dX; = cdUy; E[Xo] =0, E[XZ] = a?, c constant
(observations) dZy = Xidt + mdVy,

the Riccati equation becomes

as 1 9 o
i m2S +c%,50)=a
or 245
m
This gives
2
mc+8’:Kexp<26t); K= mc—i—az‘.
mec— S m me—a

K-exp(%)fl .
K-exp(2£)+1

S(t) = ¢ mec (constant) if S(0) = mc

oxp(2¢t )
% if S(0) > me.

m

it S(0) < me

Thus in all cases the mean square error S(¢) tends to mc as t — oo .
For simplicity let us put a =0, m = ¢ = 1. Then

exp(2t) — 1
t) = ———— = tanh(¢) .
S exp(2t) + 1 anh(t)
The equation for )/(:t is
dX, = — tanh(t)X,dt + tanh(t)dZ, ,  Xo=0
or R
d(cosh(t)X;) = sinh(t)dZ; .
So
. ¢
X, = inh(s)dZ, .
cosh(t) /sm (s)dZ,

0
If we return to the interpretation of Z; :

t
Zt:/HSdS,
0

where H; are the “original” observations (see (6.1.4)), we can write



6.2 The 1-Dimensional Linear Filtering Problem 99

oo (D) (6.2.31)

)
I

—_

o _

2.
=
=
—
Vo)
S~—
5
QU
Vo)

SO )?t is approximately (for large t) a weighted average of the observations
H, with increasing emphasis on observations as time increases.

Remark. It is interesting to compare formula (6.2.31) with established for-
mulas in forecasting. For example, the ezponentially weighted moving average
X, suggested by C.C. Holt in 1958 is given by

n
Xo=(1-a)"Zy+ad (1-a)"Fz,
k=1

where « is some constant; 0 < o < 1. See The Open University (1981), p. 16.
This may be written

Xp=p"Z0+B-1)8"" > 82,
k=1

where 3 = 1 (assuming a < 1), which is a discrete version of (6.2.31), or —

more precisely — of the formula corresponding to (6.2.31) in the general case
when a # 0 and m, ¢ are not necessarily equal to 1.

Example 6.2.11 (Estimation of a parameter).
Suppose we want to estimate the value of a (constant) parameter 6, based
on observations Z; satisfying the model

where M (t), N(t) are known functions. In this case the stochastic differential
equation for @ is of course
dd =0,

so the Riccati equation for S(t) = E[(6 — @)2] is

% _ (M(t)S(t))2

which gives
A —1
S(t) = (So_l + /M(s)2N(8)_2d3)
0
and the Kalman-Bucy filter is

o, =
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This can be written
t
(sol + / M(s)2N(s)_2ds) dby + M(£)2N(t)"26,dt = M(t)N(t)~2dZ, .
0
We recoqnize the left hand side as
t
d((sol +/M(s)2N(s)_2ds>6A’t)
0
so we obtain

R t
00Sy ' + [ M(s)N(s)~2dZs
é\t _ 0

St + jM(s)2N(s)—2ds

This estimate coincides with the maximum likelihood estimate in classical
estimation theory if Sy ! = 0. See Liptser and Shiryaev (1978).

For more information about estimates of drift parameters in diffusions
and generalizations, see for example Aase (1982), Brown and Hewitt (1975)
and Taraskin (1974).

Example 6.2.12 (Noisy observations of a population growth).
Consider a simple growth model (r constant)

dX; = rX.dt,E[Xo] =b> 0, E[(Xo —b)?] = d?,
with observations
dZ; = Xydt + mdV m constant .

The corresponding Riccati equation

ds 1 5 9

E:2TS—WS, S(O):a,
gives the logistic curve

2rm? 9rm?2
S(t):m, where K = ZZL —1.
So the equation for )?t becomes
—~ S\ & S S
dXt: 7“—72 Xtdt—Fidet, XOZE[X()]:[)
m m

For simplicity let us assume that a® = 2rm?2, so that
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S(t) = 2rm? for all ¢ .

(In the general case S(t) — 2rm? as t — oo, so this is not an unreasonable
approximation for large ¢). Then we get

d(exp(rt)X;) = exp(rt)2rdZ, , Xo=b
or

t
Xt = exp(— [/QTeXp rs)dZs + b}
0

As in Example 6.2.10 this may be written

¢
N ¢
X = exp(—1t) [/27" exp(rs)Hgds + b] ) if Z,=[Hyds. (62.32)
J 0
For example, assume that Hs = (3 (constant) for 0 < s < ¢, i.e. that our
observations (for some reason) give the same value  for all times s < ¢.

Then R
X =20 — (268 —b)exp(—rt) — 20 as t — 00.

If H; = 3 -exp(as), s > 0 (« constant), we get

p (exp(r+a)t—1)+b

)?t = exp(—rt) Tt

2r(

r4+ o

exp at for large ¢t .

Thus, only if a = r, i.e. H; = fexp(rs); s > 0, does the filter “believe” the
observations in the long run. And only if « = r and 3 = b, i.e. Hy = bexp(rs);
s > 0, does the filter “believe” the observations at all times.

Example 6.2.13 (Constant coefficients — general discussion).
Now consider the system

dX; = FXdt + CdU; F,C constants # 0
with observations
dZ; = GXydt + DAV ; G, D constants # 0 .
The corresponding Riccati equation
G* o 2 2
!

has the solution
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— Kas exp(i(‘12 )G b

S(t) =

9

1— Kexp(i(o62 gé)G t)

where

oy = GT2(FD? — D\ F2D2 + G2C?)
= G %(FD? 4+ D\ F2D? + G2C?2)

and

a2—a1

2

K =

a” — Qg

This gives the solution for )?t of the form

Xt—exp</H ds)Xo—i— /exp(/H du) s)dZ,

2
H(s)= F — %5(5) .

For large s we have S(s) =~ ag. This gives

where

PPN G?*a Gas G«
Xt%XoeXp(<F— D22)t)+D2/eXp(<F— D22>(t—s))dZs
0

t
— Ry exp(—pt) + % exp(— A1) / exp(8s)dZ. (6.2.33)
0

where 8 = D~ 'v/F2D2 4+ G2C? . So we get approximately the same be-
haviour as in the previous example.

6.3 The Multidimensional Linear Filtering Problem

Finally we formulate the solution of the n-dimensional linear filtering problem
(6.2.1), (6.2.2):

Theorem 6.3.1 (The Multi-Dimensional Kalman-Bucy Filter).
The solution Xy = E[X{|G:] of the multi-dimensional linear filtering problem

(linear system) dX;=F(t) X dt+C(t)dUy;
F(t)eR"™", C(t)eR"*P (6.3.1)
(linear observations) dZ;=G(t)Xdt+D(t)dVy;
G(t)eR™ " D(t)eR™*" (6.3.2)
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satisfies the stochastic differential equation

dX, = (F — SGT(DDT)'@) X, dt + SGT(DDT)~'dZ, ; Xy = E[X,)
(6.3.3)
where S(t):= E[(X; — X;)(X; — X;)T] € R™ " satisfies the matriz Riccati
equation

d
ch =FS+SFT - sGT(DD")"'GS+cct

5(0) = E[(Xo — E[X0])(Xo — E[Xo])"] . (6.3.4)

The condition on D(t) € R™ " is now that D(t)D(t)T is invertible for all t
and that (D(t)D(t)T)~! is bounded on every bounded t-interval.

A similar solution can be found for the more general situation

(system) dX; = [Fo(t) + F1(t) X + Fo(t) Zy)dt + C(t)dUy (6.3.5)
(observations)  dZ; = [Go(t) + G1(t) Xt + Ga(t) Zi]dt + D(t)dV; , (6.3.6)

where X; € R", Z; € R™ and B; = (U, V4) is n + m-dimensional Brownian
motion, with appropriate dimensions on the matrix coefficients. See Ben-
soussan (1992) and Kallianpur (1980), who also treat the non-linear case.
An account of non-linear filtering theory is also given in Pardoux (1979) and
Davis (1984).

For the solution of linear filtering problems governed by more general
processes than Brownian motion (processes with orthogonal increments) see
Davis (1977).

For various applications of filtering theory see Bucy and Joseph (1968),
Jazwinski (1970), Gelb (1974), Maybeck (1979) and the references in these
books.

Exercises

6.1. (Time-varying observations of a constant)
Prove that if the (1-dimensional) system is

dX; =0, E[X,] =0, E[X3] = a®
and the observation process is
dZ; = G(t) Xdt + dVs Zy=0
then S(t) = E[(X; — X;)?] is given by

1
- .
% + [, G*(s)ds

S(t) = (6.3.7)
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6.2.

6.3.

6. The Filtering Problem

We say that we have exact asymptotic estimation if S(t) — 0 ast — oo,
ie. if

/GQ(s)ds =00.
0
Thus for 1
G(S) = m (p > 0 COHStaHt)

we have exact asymptotic estimation iff p < % .

Consider the linear 1-dimensional filtering problem with no noise in
the system:

(system) dXy = F(t)X.dt (6.3.8)
(observations) dZy = G(t) Xdt + D(t)dV; (6.3.9)

Put 5(t) = E[(X; — X;)?] as usual and assume S(0) > 0 .
a) Show that

1
R(t):= —=
(t) S0
satisfies the linear differential equation
G?(t) 1
R'(t) = —2F(t)R(t ; R(0) = — 6.3.10
()= 2FORO+ Fzt RO =555 (63.10)
b) Use (6.3.10) to prove that for the filtering problem (6.3.8), (6.3.9)
we have
) . t t t e(s)
S
—_— = = -2 F -2 F ——~ds .
s = st (2 Fos)+ [ow (=2 Fo) e
0 0 s

(6.3.11)

In Example 6.2.12 we found that
S(t) — 2rm? as t — oo,

so exact asymptotic estimation (Exercise 6.1) of X; is not possible.
However, prove that we can obtain exact asymptotic estimation of Xy,
in the sense that

E[(Xo — E[X0|G:])?] =0 ast—oco.

(Hint: Note that Xy = e~ "X, and therefore E[X(|G;] = et X,, so
that
E[(Xo — E[X0|Gi])?] = e 2" S(t)) .
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Consider the multi-dimensional linear filtering problem with no noise
in the system:

(system) dX; = F(t)Xdt ;
X: e R", F(t) e R™*" (6.3.12)

(observations) dZy = G(t)Xedt + D(t)dVy
G(t) e R™*™ | D(t) € Rm™*" (6.3.13)

Assume that S(t) is nonsingular and define R(t) = S(t)~!. Prove that
R(t) satisfies the Lyapunov equation (compare with Exercise 6.2)

R(t)=-RH)Ft)-FOTRH)+G)T (D)D) IG(t) .  (6.3.14)

(Hint: Note that since S(t)S~!(t) = I we have
S'(t)S~L(t) + S(t)(S71)(t) = 0, which gives

(S™'(H) =-S5 (ST (1) )

(Prediction)

In the prediction problem one seeks to estimate the value of the system
X at a future time T based on the observations G; up to the present
time t < T.

Prove that in the linear setup (6.2.3), (6.2.4) the predicted value

E[XT|G], T>t

is given by
T
E[X7|Gi] = exp (/F(s)ds> X, (6.3.15)
t

(Hint: Use formula (6.2.16).)

(Interpolation/smoothing)
The interpolation or smoothing problem consists of estimating the
value of the system X at a time s < t, given the observations up
to time t, G;.

With notation as in (6.2.1), (6.2.2) one can show that M,: = E[X;|Gy]
satisfies the differential equation

LM, = F(s)M, + C(s)CT(s)S 7 (s)(M, — Xo) ;s <t (6.3.16)
M, = X, . o

(See Davis (1977, Theorem 4.4.4).)
Use this result to find E[X,|G,] in Example 6.2.9.
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6.7.

6.8.

6.9.

6. The Filtering Problem

Consider the system

=[] = o] - eoer= 3

with observations

) = [ e [2d6]

Apply (6.3.14) from Exercise 6.4 to prove that
S(t) = E[(Xt - Xt)(Xt - Xt)T] is given by

el 2 1
Sty =58 (0)4—{1 l]t
if S(0) is invertible. Then show that

2 1
1 1

1 1

})?tdt—kS(t) {0 .

}dZt.

Transform the following Stratonovich equation
dX; =b(t, Xy)dt + o(t, X¢) o dBy
into the corresponding It6 equation
dX, = b(t, X,)dt + o(t, X;)dB,

using (6.1.3):
a)

[gl] = {X2 :62){1} dt + L?ﬁ] odB; (B;€R)
[gj = K;] dt + Kﬁ] odB; (B;€R)
Transform the following It6 equation
dX; =b(t, X¢)dt + o(t, X¢)dB;
into the corresponding Stratonovich equation
dX, = b(t, X,)dt + o(t, X;) o dB, ,

using (the converse of) (6.1.3):
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a) dXt = —%Xtdt + KXtdBt, where

_ |0 -1 P10 >
KL 0}’ Xt[XQ(t)]eR and B, € R

(i.e. X} is Brownian motion on the unit circle (Example 5.1.4)).
b) dXi| _ | X1 —Xp| |dBy

dXs Xo Xy dBs |-
(On the support of an It6 diffusion)

The support of an It6 diffusion X in R”™ starting at x € R"™ is the
smallest closed set F' with the property that

Xi(w) e F for all ¢ >0, for a.a. w .

In Example 5.1.4 we found that Brownian motion on the unit circle,
X, satisfies the (Itd) stochastic differential equation

] = e[ S [ ee oo

From this equation it is not at all apparent that its solution is situ-
ated on the same circle as the starting point. However, this can be
detected by proceeding as follows: First transform the equation into
its Stratonovich form, which in Exercise 6.9 is found to be

Bﬁ;gg] - [(1) _01} {28” odB; . (6.3.18)

Then (formally) replace odB; by ¢'(t)dt, where ¢ is some smooth (de-
terministic) function, ¢(0) = 0. This gives the deterministic equation

ot ) ECC

1f (X9 (0), X{?(0)) = (1,0) the solution of (6.3.19) is

[Xid’)(t)} _ [cosw)]

x$9@) sing(t) |

So for any smooth ¢ the corresponding solution X (®)(t) of (6.3.19)
has its support on this unit circle. We can conclude that the original
solution X (¢,w) is supported on the unit circle also, in virtue of the
Stroock-Varadhan support theorem. This theorem says that, quite gen-
erally, the support of an It6 diffusion X;(w) coincides with the closure
(in C([0,00); R™)) of {X(®)(.); ¢ smooth}, where X (?)(t) is obtained
by replacing odB; by ¢'(t)dt in the same way as above. See e.g. Tkeda
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6.11.

6.12.

6.13.

6.14.

6. The Filtering Problem

and Watanabe (1989, Th. VI. 8.1). (In this special case above the
support could also have been found directly from (6.3.18)).

Use the procedure above to find the support of the process X; € R?2
given by

0 1

dX, = 1 X,dt + [1 0

} X,dB; .

Consider Example 6.2.1, but now without the assumption that
E[X] = 0. Show that

~ m2 a2 —

Xy = ———=FEX|+ ——F—F71; k=1,2,...
k ka2+m2 []+a2+%m2 ks s 4y

(Compare with (6.2.8).)
(Hint: Put £ = X — E[X], {x = Zr — E[X]. Then apply (6.2.8) with
X replaced by ¢ and Zj, replaced by (.)

Prove formula (6.2.16).
(Hint: exp ( — [ F(u)du) is an integrating factor for the stochastic

differential equation (6.2.3).)
Consider the 1-dimensional linear filtering problem (6.2.3), (6.2.4).
Find R N
E[X;] and E[(X:)?].
(Hint: Use Theorem 6.1.2 and use the definition of the mean square

error S(t).)

Let B; be 1-dimensional Brownian motion.
a) Give an example of a process Z; of the form

dZt = U(t, (U)dt + dBt

such that Z; is a Brownian motion w.r.t. P and u(t,w) € V is not
identically 0.
(Hint: Choose Z; to be the innovation process (6.2.13) in a linear
filtering problem with D(t) = 1.)

b) Show that the filtration {Z;},;>¢ generated by a process Z; as in a)
must be strictly smaller than {F;}:>0, i.e. show that

Z CFy for all ¢ and Z; # F; for some ¢ .

(Hint: Use Exercise 4.12.)
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7.1 The Markov Property

Suppose we want to describe the motion of a small particle suspended in a
moving liquid, subject to random molecular bombardments. If b(t,z) € R?
is the velocity of the fluid at the point x at time ¢, then a reasonable math-
ematical model for the position X; of the particle at time ¢ would be a
stochastic differential equation of the form

ax,

dt = b(t,Xt) + O'(t,Xt)Wt y (711)

where W; € R? denotes “white noise” and o(t,z) € R3*3. The Ito interpre-
tation of this equation is

dXt = b(t,Xt)dt + O'(t,Xt)dBt 5 (712)

where B; is 3-dimensional Brownian motion, and similarly (with a correction
term added to b) for the Stratonovich interpretation (see (6.1.3)).
In a stochastic differential equation of the form

dXt = b(t7Xt)dt + O'(t,Xt)dBt , (713)

where X; € R", b(t,z) € R", o(t,x) € R"™™ and B; is m-dimensional
Brownian motion, we will call b the drift coefficient and o — or sometimes
%O’O’T — the diffusion coefficient (see Theorem 7.3.3).

Thus the solution of a stochastic differential equation may be thought of
as the mathematical description of the motion of a small particle in a moving
fluid: Therefore such stochastic processes are called (It6) diffusions.

In this chapter we establish some of the most basic properties and results
about It6 diffusions:

7.1 The Markov property.

7.2 The strong Markov property.

7.3 The generator A of X; expressed in terms of b and o.
7.4 The Dynkin formula.

7.5 The characteristic operator.
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This will give us the necessary background for the applications in the
remaining chapters.

Definition 7.1.1. A (time-homogeneous) It6 diffusion is a stochastic process
Xi(w) = X(t,w): [0,00) x 2 — R™ satisfying a stochastic differential equation
of the form

dX, = b(X;)dt + o(X)dBy,  t>s; X,=ua (7.1.4)

where By is m-dimensional Brownian motion and b:R" — R™, o:R" —
R™ ™ satisfy the conditions in Theorem 5.2.1, which in this case simplify to:

b(z) = b(y)| +|o(z) —o(y)| < Dl —yl[;  zyeR", (7.1.5)
where |o|*> =Y |oi;]?.

We will denote the (unique) solution of (7.1.4) by X; = X;""; t > s. If
s = 0 we write X7 for X"". Note that we have assumed in (7.1.4) that b and
o do not depend on ¢ but on 2 only. We shall see later (Chapters 10, 11) that
the general case can be reduced to this situation. The resulting process X;(w)
will have the property of being time-homogeneous, in the following sense:
Note that

s+h s+h
X =a+ / (X" )du + / o (X2")dBy
h h
= m+/b(Xjfv)dv+/a(Xjfv)d§U, (u=s+v) (7.1.6)
0 0

where EU = Bsiy — Bs; v > 0. (See Exercise 2.12). On the other hand of
course

h h
X =x+ /b(Xg’x)dv + /U(Xg’”’)dBv .
0 0

Since {év}uzo and {B,},>0 have the same P-distributions, it follows by
weak uniqueness (Lemma 5.3.1) of the solution of the stochastic differential
equation
dXt = b(Xt)dt + O'(Xt)dBt ; X() =T
that
(X35 =0 and  {X}"}hizo

have the same PP-distributions, i.e. {Xi}i>0 is time-homogeneous.

We now introduce the probability laws Q% of {X;}1>0, for x € R™. Intu-
itively, @* gives the distribution of { X, };>0 assuming that X, = x. To express
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this mathematically, we let M, be the o-algebra (of subsets of 2) generated
by the random variables w — X;(w) = X/ (w), where t > 0, y € R™.
Define Q* on the members of M by

Q%[Xy, € Er,--, Xy, € Ey) =P[X} € By, X[ € E] (7.1.7)

where F; C R™ are Borel sets; 1 <17 < k.

As before we let ]-"tm) be the o-algebra generated by { B,;r < t}. Similarly
we let M; be the o-algebra generated by {X,;r < ¢}. We have established
earlier (see Theorem 5.2.1) that X is measurable with respect to ft(m), SO
M, € F™.

We now prove that X; satisfies the important Markov property: The fu-
ture behaviour of the process given what has happened up to time ¢ is the
same as the behaviour obtained when starting the process at X;. The precise
mathematical formulation of this is the following;:

Theorem 7.1.2 (The Markov property for Itd diffusions).
Let f be a bounded Borel function from R™ to R. Then, fort,h >0

E[f(Xesn)lF™ )y = EX (X)) . (7.1.8)

(See Appendix B for definition and basic properties of conditional ex-
pectation). Here and in the following E* denotes the expectation w.r.t. the
probability measure Q. Thus EY[f(X},)] means E[f(X})], where E denotes
the expectation w.r.t. the measure P°. The right hand side means the func-
tion EY[f(X})] evaluated at y = Xi(w).

Proof. Since, for r > t,

we have by uniqueness
X, (w) = X% (w) .

In other words, if we define
F(z,t,r,w) = X" (w) for r>1t,

we have

X, (w) = F(Xy, t,r,w); r>t. (7.1.9)

Note that w — F(z,t,r,w) is independent of ]—'t(m). Using (7.1.9) we may
rewrite (7.1.8) as

E[f(F(Xe,t,t+ h,w)|F™] = E[f(F(2,0,h,0))le=x, . (7.1.10)
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Put g(z,w) = fo F(x,t,t + h,w). Then (z,w) — g(z,w) is measurable. (See
Exercise 7.6). Hence we can approximate g pointwise boundedly by functions
on the form

> k(@) r(w) -
k=1

Using the properties of conditional expectation (see Appendix B) we get

Elg(Xe,w)| F™) = E[hmzmxt)wk(w)ff’")
= 1im Y ¢(X) - Elgn(w)|F™)]
im Y Elon () vr (@) 7™ ]y=x,
= Elg(y, )| F™yex, = Elg(y, 0)]y=x, -

Therefore, since {X;} is time-homogeneous,

Elf(F(Xe,t,t+ h,w)|F™] = BIf(F(y,t,t + h,w))],—x,
= E[f(F(y707h7w))]y:Xt

which is (7.1.10). 0

Remark. Theorem 7.1.2 states that X; is a Markov process w.r.t. the family
of o-algebras {ft(m)}tzo. Note that since M; C ft(m) this implies that X
is also a Markov process w.r.t. the o-algebras {M,;};>o. This follows from
Theorem B.3 and Theorem B.2 c¢)( Appendix B):

E*[f(Xesn)Mi] = E*[B2[f(Xewn)|F ™) M)
= E*[EX[f(X0)][M] = EX[f(X)]

since EX¢[f(X},)] is My-measurable.

7.2 The Strong Markov Property

Roughly, the strong Markov property states that a relation of the form (7.1.8)
continues to hold if the time ¢ is replaced by a random time 7(w) of a more
general type called stopping time (or Markov time):

Definition 7.2.1. Let {N;} be an increasing family of o-algebras (of subsets
of 2). A function 7: 2 — [0, 00] is called a (strict) stopping time w.r.t. {N;}
if

{w;T(w) <t} €N, forall t>0.

In other words, it should be possible to decide whether or not 7 < ¢ has
occurred on the basis of the knowledge of V.
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Example 7.2.2. Let U C R™ be open. Then the first exit time
Ty:=1inf{t > 0; X; ¢ U}

is a stopping time w.r.t. {M;}, since

{w; Ty St}:ﬂ U{w;XT¢Km}€Mt

m reEQ
r<t

where {K,,} is an increasing sequence of closed sets such that U = |J K, .

More generally, if H C R" is any set we define the first exit time from H,
Ty, as follows
T =inf{t >0; X, ¢ H} .

If we include the sets of measure 0 in M; (which we do) then the family
{M;} is right-continuous i.e. M; = M;, where My = [ My (see Chung

s>t
(1982, Theorem 2.3.4., p. 61)) and therefore 7y is a stopping time for any

Borel set H (see Dynkin (1965 II, 4.5.C.e.), p. 111)).

Definition 7.2.3. Let 7 be a stopping time w.r.t. {N;} and let Ny be the
smallest o-algebra containing N; for allt > 0. Then the o-algebra N consists
of all sets N € N such that

Nﬂ{fgt}ej\/t forall t>0.

In the case when NV; = M, an alternative and more intuitive description
is:
M = the o-algebra generated by { Xiin(s,r); 8 > 0} . (7.2.1)

(See Rao (1977, p. 2.15) or Stroock and Varadhan (1979, Lemma 1.3.3,
p. 33).) Similarly, if N} = F™, we get
fﬁm) = the o-algebra generated by {Bsar;s > 0} .

Theorem 7.2.4 (The strong Markov property for Ité diffusions).

Let f be a bounded Borel function on R™, T a stopping time w.r.t. ft(m),
T <00 a.8. Then

E*[f(Xyyn)|FU™) = EX-[f(X1)]  forallh>0. (7.2.2)

Proof. We try to imitate the proof of the Markov property (Theorem 7.1.2).
For a.a. w we have that X% (w) satisfies

T+h T+h
X0 =a+ / (X" )du + / o(X7*)dBy, .

T
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By the strong Markov property for Brownian motion (Gihman and Skorohod
(1974a, p. 30)) the process

év:BT-i-v_BT; v>0

is again a Brownian motion and independent of fﬁm). Therefore
h h
X7 =0t / B(XTE,)do + / o (X7 )dB, .
0 0

Hence {X[; }n>0 must coincide a.e. with the strongly unique (see (5.2.8))
solution Y}, of the equation

h h
Y, = x—i—/b(Yv)dv—i—/a(Yv)dév.
0 0

Since {Y3}n>0 is independent of Fm), {X72f,} must be independent also.
Moreover, by weak uniqueness (Lemma 5.3.1) we conclude that
{Yh}n>o , and hence {X°7) }r>0, has the same law as (X" hso . (7:2.3)

Put
F(z,t,r,w) = X" (w) forr>t.

Then (7.2.2) can be written
E[f(F(2,0,7 + h,w))|FI™] = E[f(F(2,0,h,w))],_xo. -

Now, with X; = X",

T+h T+h
F(z,0,7+ h,w) = X, p(w) =2 + / b(Xs)ds + / o(Xs)dBs
0 0

T T T4+h T+h

:x+/b(Xs)ds+/a(Xs)st+ / b(X,)ds + / o(X,)dB,
0 0 T T
T+h T+h
— X, 4 / b(X4)ds + / o(X,)dB,

=F(X,, 7,7+ h,w).
Hence (7.2.2) gets the form

E[f(F(XT7T7T + h,w))‘f_l(_m)} = E[f(F(:E,O, h, w))]I:XT .
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Put g(z,t,r,w) = f(F(x,t,r,w)). As in the proof of Theorem 7.1.2 we may
assume that g has the form

gz, t,r,w) Z¢k V(t, r,w) .

(m)

Then, since X, is independent of 7™ we get, using (7.2.3)

Elg(X,, 7,7+ h,w)|FM™] = ZE¢1< (T, T+ hyw) | F)

:Z¢k( ) Elr(r, 7+h,w) |]:(m ZE¢k Vo (7, T+ Py W) | FI™ o x.

k
:E[g(.’E T, T+h7w)|f7 ]I:XT :E[g($7777+h7w)]ﬂ3ixr

= Blf(X] 5=, = ELF (X emx, = B (F(@,0,hw)la=x, -

We now extend (7.2.2) to the following:

If f1,- - -, fr are bounded Borel functions on R™, 7 an Ffm)—stopping time,
T < 0 a.s. then

E*[A(Xrin) fo(Xriny) -+ fo(Xrgn )| FI] = EX [f1(Xn,) - fr(Xn,)]
(7.2.4)
for all 0 < hy < hy < .-+ < hyg. This follows by induction: To illustrate the
argument we prove it in the case k = 2:

E* (A (Xrin) fo(Xriny )| F] = B (B [f1(Xrpny) f2(Xrino) | Frn, || FE™)]
= E*[f1(Xrin) B [f2(Xr i) | Frin, )| FE™)
= E"[fy(Xriny ) BN+ [ fo(Xng—y )] FE™)]
= B [f1(Xn ) EX" [fo(Xny—ny)]]
= B [f1(Xn ) B[ fo (X, | FYN) = BX[f1(Xn, ) f2(Xny)] 5 as claimed .

Next we proceed to formulate the general version we need: Let H be the
set of all real M ,.-measurable functions. For ¢ > 0 we define the shift operator

Gt:'H—>'H

as follows:
If n=g1(Xe,) - 9x(Xt,) (g; Borel measurable, ¢; > 0) we put

0m = g1( Xty 1) - ge(Xey1t) -

Now extend in the natural way to all functions in H by taking limits of sums
of such functions. Then it follows from (7.2.4) that

E*[0,9|F™] = EX[n] (7.2.5)
for all stopping times 7 and all bounded n € H, where

(Orn)(w) = (Om)(w)  if 7(w)=t.
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Hitting distribution, harmonic measure and
the mean value property

We will apply this to the following situation: Let H C R" be measurable and
let 7 be the first exit time from H for an It6 diffusion X;. Let a be another
stopping time, g a bounded continuous function on R™ and put

N=9Xry)X(ry<ooy, T =inf{t>a; X ¢ H}.

Then we have
an - X{oe<oc} = g(XTIC_})X{T;’I<o<>} : (726)

To prove (7.2.6) we approximate n by functions n®); k=1,2,..., of the form

W(k) = Zg(th)X[tj,tﬁ-l)(TH) ’ tj :,7 : 2_kv j: 011a27"'
J

Now

HtX[t]»,th)(TH) = QtX{vTe(U,tj)XreH&ase[tj,tj+1)XS¢H}

= X(¥re(0,t;) X, €H&s€El ) 41) X o £ HY

_ _ t

= X{vue(t,t;+4) X €H&IEL 41t 1+0) X0 g HY = X[t +t,t;414+6) (TH) -

So we see that
9t77 = 11’?’1 gt']’](’f) = 11]131 Z g(th+t)X[tj+t,tj+1+t) (Tf'{)
J

= g(X,1) Xt ooy, which is (7.2.6) .

In particular, if @« = 7¢ with G CC H measurable, 7y < 0o a.s. Q%, then
we have 7§y = 7y and so

Orc9(Xey) = 9(Xoy) - (7.2.7)
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So if f is any bounded measurable function we obtain from (7.2.5) and
(7.2.7):

B{f(Xny)] = BB [ (Xry )| = [ EV(F(X0)] Q71K € ] (7289
oG

for z € G.

(Define p%(F) = Q%(X,, € F) and approximate f in L!(u%) by con-
tinuous functions g satisfying (7.2.7)). In other words, the expected value of
f at X, when starting at x € G can be obtained by integrating the ex-
pected value when starting at y € dG with respect to the hitting distribution
(“harmonic measure”) of X on 0G. This can be restated as follows:

Define the harmonic measure of X on 0G, ug, by
ue(F) = Q% X, € F] for F C 0G, z € G.

Then the function
o(x) = E*[f(Xr,)]

satisfies the mean value property:

o(x) = /(ﬁ(y)dﬂ%(y) , forallz € G (7.2.9)
oG

for all Borel sets G CC H.

This is an important ingredient in our solution of the generalized Dirichlet
problem in Chapter 9.

7.3 The Generator of an Ito Diffusion

It is fundamental for many applications that we can associate a second order
partial differential operator A to an It0 diffusion X;. The basic connection
between A and X is that A is the generator of the process X;:

Definition 7.3.1. Let {X;} be a (time-homogeneous) Ité diffusion in R™.
The (infinitesimal) generator A of X; is defined by

Af (o) — tim EV 0= 1)

i " ; reR".

The set of functions f: R™ — R such that the limit exists at x is denoted by
Da(z), while Da denotes the set of functions for which the limit exists for
allz € R™.
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To find the relation between A and the coefficients b, o in the stochastic
differential equation (7.1.4) defining X; we need the following result, which
is useful in many connections:

Lemma 7.3.2. Let Y; =Y;* be an Ité process in R™ of the form
t t
Yi w)=z+ /u(s,w)ds + /v(s,w)st(w)
0 0
where B is m-dimensional. Let f € CZ(R"), i.e. f € C*(R") and f has
compact support, and let 7 be a stopping time with respect to {f,f(m)}, and

assume that E*[1] < co. Assume that u(t,w) and v(t,w) are bounded on the
set of (t,w) such that Y (t,w) belongs to the support of f. Then

ET[f(Y7)] =
s+ [(S g0 Sty 0)a]

where E* is the expectation w.r.t. the natural probability law R* for Yy start-
g at x:

R*Y;, € Fy,....Y;, € Fi] = PO[th ch,....Y7 € F, F; Borel sets.

Proof. Put Z = f(Y) and apply Ito’s formula (To simplify the notation we
suppress the index t and let Y7,...,Y,, and By, ..., B,, denote the coordinates
of Y and B, respectively)

af
7 = Y; Y;dY;
d B, Y)dY; + QZ o axj Y)dY;d
= Zu dt+ Z vdB )i(vdB); + > of (vdB); .
' 2 8 f 830,- !
Since
(UdB)i . (UdB)j = (ZvikdBk) (Z'andBn)
k n
= (Z'Uikvjk>dt = (UUT)ijdt ,
k
this gives

f(Y't):f(%)Jr/t(Zuigf 22 ag)d
0

t
+ / vt dBk (7.3.1)
0
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(V) + 3 Z(UUT)i,jC%aj;%(Y)) dS]

6 N i
+ ZE“C[/ of (Y)dBk} : (7.3.2)

If g is a bounded Borel function, |g| < M say, then for all integers k we have

TNk

E”[ / g(Ys)st} ZE”‘[/kX{sq}g(l@)st] =0

since g(Y) and X,y are both F{™ _measurable. Moreover

TAk

E[( / a(vis. - | g(Y;)stﬂ =E${ / gZ(mds}

TNk

< M2E*[r — T ANEK] — 0.

Therefore

0= Jim £*| T/Akgmst] ([ avgam)
0 0

Combining this with (7.3.2) we get Lemma 7.3.2.
O

This gives immediately the formula for the generator A of an Itd diffusion:

Theorem 7.3.3. Let X; be the Ité diffusion
dXt = b(Xt)dt + O'(Xt>dBt .

If f € C3(R™) then f € Da and

OPf
Zb +1 Z ool i( ) 55— o (7.3.3)

Proof. This follows from Lemma 7.3.2 (with 7 = ¢) and the definition of A.
O
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Example 7.3.4. The n-dimensional Brownian motion is of course the solu-
tion of the stochastic differential equation

dXt == dBt B

i.e. we have b = 0 and o = I, the n-dimensional identity matrix. So the
generator of By is

Af:lzaz—f~ f=flx,...,z,) € C3(R™)
2 63322’ ’ s n 0

i.e. A= A, where A is the Laplace operator.

Example 7.3.5 (The graph of Brownian motion). Let B denote 1-di-

mensional Brownian motion and let X = <§1> be the solution of the
2

stochastic differential equation

Xm =dt N Xl(O) == to
dX2 :dB, XQ(O) = X0
i.e.

dX =bdt +0dB:  X(0) = (;(0) 7
0

with b = (é) and o = (?) In other words, X may be regarded as the

graph of Brownian motion. The generator A of X is given by

Af:—+77- f=f(t,z) € CZ(R™).

From now on we will, unless otherwise stated, let A = Ax denote the
generator of the It6 diffusion X;. We let L = Lx denote the differential
operator given by the right hand side of (7.3.3). From Theorem 7.3.3 we
know that Ax and Ly coincide on CZ(R™).

7.4 The Dynkin Formula

If we combine (7.3.2) and (7.3.3) we get:

Theorem 7.4.1 (Dynkin’s formula).
Let f € C3(R™). Suppose T is a stopping time, E*[t] < co. Then

T

E*[f(X.)] = f(=) —s—E’”[/Af(XS)ds} . (7.4.1)

0
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Remarks.

(i) Note that if 7 is the first exit time of a bounded set, E*[r] < oo, then
(7.4.1) holds for any function f € C2.
(ii) For a more general version of Theorem 7.4.1 see Dynkin (1965 I), p. 133.

Example 7.4.2. Consider n-dimensional Brownian motion B = (By, ..., By,)
starting at a = (a1,...,a,) € R"(n > 1) and assume |a| < R. What is the
expected value of the first exit time 7 of B from the ball

K=Kr={zeR"|z| <R} ?

Choose an integer k£ and apply Dynkin’s formula with X = B, 7 = o0, =
min(k, 7k ), and f € C2 such that f(z) = |z|? for |z| < R:

Blf(B,y)] = fla)+ B [7;Af<Bs>ds]
0

Ok

= |a|2+Ea[/n-ds] = la* + n - E%o] .

Hence E%[o;] < 1(R? — |af?) for all k. So letting k — oo we conclude that

Tk = limo, < 00 a.s. and
“ 1
Elrk] = E(Rz — |al?) . (7.4.2)

Next we assume that n > 2 and |b|] > R. What is the probability that B
starting at b ever hits K7
Let ay, be the first exit time from the annulus

Ap={x;R<|z|<2"R}; k=1,2,...
and put
Tk =inf{t >0;B; € K} .

Let f = fur be a C? function with compact support such that, if R < |z|
< 2*R,

[ —log|x| whenn=2
flo) = { |z|>”™  whenn > 2.

Then, since Af = 0 in Ay, we have by Dynkin’s formula
E’[f(Ba,)] = f(b) forall k. (7.4.3)

Put
pr = P'[|Bay| = R, qx = P’[|Ba,| = 2"R] .
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Let us now consider the two cases n = 2 and n > 2 separately:
n = 2. Then we get from (7.4.3)
—logR-pr — (log R+ k -log2)g, = — log |b] for all k . (7.4.4)
This implies that ¢ — 0 as k — oo, so that
P[Tx <o) =1, (7.4.5)
i.e. Brownian motion is recurrent in R2. (See Port and Stone (1979)).
n > 2. In this case (7.4.3) gives
pr- RBP4 g - (2R = o7
Since 0 < gx < 1 we get by letting k — oo
lim pp = P°[Tx < oo] = (|b>2_n ,
k—o0 R

i.e. Brownian motion is transient in R™ for n > 2.

7.5 The Characteristic Operator

We now introduce an operator which is closely related to the generator A,
but is more suitable in many situations, for example in the solution of the
Dirichlet problem.

Definition 7.5.1. Let {X;} be an Ité diffusion. The characteristic operator
A= Ax of {X;} is defined by

E2[f(X, )] - flz
Aste) = EIEN S

(7.5.1)

where the U's are open sets Uy decreasing to the point x, in the sense that

Ukt1 C U and (U = {z}, and 7, = inf{t > 0; X; ¢ U} is the first exit
k

time from U for X;. The set of functions f such that the limit (7.5.1) exists
for all x € R™ (and all {Uy}) is denoted by D . If E*[1,] = oo for all open
U > z, we define Af(x) = 0.

It turns out that Dy C D4 always and that
Af = Af forall feDy .

(See Dynkin (1965 I, p. 143).)
We will only need that Ax and Lx coincide on C?. To obtain this we
first clarify a property of exit times.
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Definition 7.5.2. A point © € R™ is called o trap for {X:} if

Q"{Xiy =z fordlt})=1.
In other words, x is trap if and only if T(zy = 0o a.s. Q. For example, if
b(xo) = o(xg) =0, then xg is a trap for X; (by strong uniqueness of X ).

Lemma 7.5.3. If x is not a trap for Xy, then there exists an open set U > x
such that
E*r,] < oo

Proof. See Lemma 5.5 p. 139 in Dynkin (1965 I).
Theorem 7.5.4. Let f € C?. Then f € D4 and

Af = Zb—+2200 5 ng (7.5.2)

Proof. As before we let L denote the operator defined by the right hand side
of (7.5.2). If x is a trap for {X,} then Af(z) = 0. Choose a bounded open set
V such that x € V. Modify f to fy outside V such that f, € C3(R™). Then
fo € Da(z) and 0 = Afo(z) = Lfo(z) = Lf(x). Hence Af(x) = Lf(z) =
in this case. If = is not a trap, choose a bounded open set U > x such that
E*[1,] < oco. Then by Dynkin’s formula (Theorem 7.4.1) (and the following
Remark (1)), writing 7, =7

|Ew[j{<Lf><Xs> — Lf(x)}ds]

Be{r] Lite)| = 5]
< sup|Lf(@) — L) —0 asUle.
yeU

since Lf is a continuous function.

Remark. We have now obtained that an It6 diffusion is a continuous, strong
Markov process such that the domain of definition of its characteristic oper-
ator includes C2. Thus an Ito diffusion is a diffusion in the sense of Dynkin
(1965 I).

Example 7.5.5 (Brownian motion on the unit circle). The character-
istic operator of the process Y = <§ ) from Example 5.1.4 satisfying the
2

stochastic differential equations (5.1.13), i.e
dYy = —1Yidt — Y»dB

dYs = —1Yodt + Y1dB
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is

o*f o*f 20 f of of

Af(yr,y0) = L2 2L — 2999 ——2— AR Y
f(y1,92) g[yz ay? N g +v1 By2 Y g Y25y,

This is because dY = f%Ydt + KYdB, where

k=)

so that
dY =b(Y)dt + o(Y)dB

with

—35Y1 —

b(yhy?) = ( ? ) ) U(yl7y2) = < y2>

—3Y2 Y

and )
a=1toot =1 ( Y2 —y1y2> .
2 2\ —n1y2 y%

Example 7.5.6. Let D be an open subset of R™ such that 7p < oo a.s. Q*
for all z. Let ¢ be a bounded, measurable function on 0D and define

g(x) =FE" [¢(XTD )]

((Eis called the X-harmonic extension of ¢). Then if U is open, x € U CC D,
we have by (7.2.8) that

E*[$(Xr,)] = E*[E¥70 [p(Xop)]] = E*[9(Xr)] = (a) -

SO%EDAaHd ~
Ap=0 in D,

in spite of the fact that in general (E need not even be continuous in D (See
Example 9.2.1).

Exercises

7.1. Find the generator of the following It6 diffusions:
a) dX; = uXidt + odB; (The Orunstein-Uhlenbeck process) (B; € R;
1, 0 constants).
b) dX; = rXidt + aXdB; (The geometric Brownian motion)
(B; € R; r,« constants).
¢) dYy = rdt + aY:dB; (B: € R; r,a constants)



7.2.

7.3.

7.4.

7.5.
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dt : .
d) dY; = {dXJ where X is as in a)

o) {gj - [;Jdm L?ﬁ]d& (B, €R)

0 [ax] = o]+ o w] |an)
g) X(t) = (X1, Xz, X,,), where

n

dXp(t) = i Xpdt + X - > _apgdBj;  1<k<n
j=1
((Bu,- -, By) is Brownian motion in R™, 7 and ay; are constants).

Find an It6 diffusion (i.e. write down the stochastic differential equa-
tion for it) whose generator is the following:

a) Af(x) = f'(z) + ["(z); f€CG(R)

b) Af(t,x) = % +cxdl + La?2? 5L 5 f e C3(R?),
where ¢, @ are constants.

c) Af(z1,x2) = 2o of In(1 + 22 + z3) of

8:81 %

9 o 92
+5(L+a) Gh +aigidn + 3 5k f € CRR).

Let B; be Brownian motion on R, By = 0 and define
X, = X¥ =g ettab

where ¢, a are constants. Prove directly from the definition that X; is
a Markov process.

Let Bf be 1-dimensional Brownian motion starting at z € R*. Put
T =inf{t > 0; Bf =0} .

a) Prove that 7 < oo a.s. P* for all x > 0. (Hint: See Example 7.4.2,
second part).

b) Prove that E*[r] = oo for all > 0. (Hint: See Example 7.4.2, first
part).

Let the functions b, o satisfy condition (5.2.1) of Theorem 5.2.1, with
a constant C independent of ¢, i.e.

|b(t, )| + |o(t, )] < C(1+|z|) forall ze R" and all ¢t > 0.
Let X; be a solution of

dX, = b(t, X )dt + o(t, X,)dB, .
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7.6.

7.7.
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Show that
E[1 X, ] < (14 E[|Xo[])e™" -1

for some constant K independent of ¢.
(Hint: Use Dynkin’s formula with f(z) = |z|*> and 7 = t A T, where
Tr = inf {t > 0; | X:| > R}, and let R — oo to achieve the inequality

IN&WSHMWHJV/H+MWﬁW&
0

which is of the form (5.2.9).)

Let g(z,w) = f o F(z,t,t + h,w) be as in the proof of Theorem 7.1.2.

Assume that f is continuous.

a) Prove that the map z — g(z,-) is continuous from R" into L?(P)
by using (5.2.9).

For simplicity assume that n = 1 in the following.

b) Use a) to prove that (z,w) — g(z,w) is measurable. (Hint: For each
m=1,2,...put & = ,(Cm) =k-27™ k=1,2,... Then

g(m) (:,U, '): == Zg(£k7 .> . X{5k§x<5k+1}
k

converges to g(z,-) in L?(P) for each z. Deduce that ¢(™ — g
in L?(dmpg x dP) for all R, where dmp is Lebesgue measure on
{]z| < R}. So a subsequence of g™ (x,w) converges to g(z,w) for
a.a. (r,w).)

Let B; be Brownian motion on R"™ starting at t € R™ and let D CR"™
be an open ball centered at z.

a) Use Exercise 2.15 to prove that the harmonic measure uf, of By is
rotation invariant (about z) on the sphere dD. Conclude that p%,
coincides with normalized surface measure o on 9D.

b) Let ¢ be a bounded measurable function on a bounded open set
W C R™ and define

u(z) = E*[¢p(Bry, )] for x e W .
Prove that u satisfies the classical mean value property:
u(w) = [ uly)do)
oD

for all balls D centered at z with D C W.
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7.8. Let {N;} be a right-continuous family of o-algebras of subsets of 2,

containing all sets of measure zero.

a) Let 7, 72 be stopping times (w.r.t. ;). Prove that 7y Ao and 7 V7
are stopping times.

b) If {r,} is a decreasing family of stopping times prove that 7:=
lim 7, is a stopping time.

n

¢) If X is an Ito diffusion in R™ and F' C R"™ is closed, prove that 7p
is a stopping time w.r.t. M;. (Hint: Consider open sets decreasing
to F).

7.9. Let X; be a geometric Brownian motion, i.e.
dXt = ’I"Xtdt + OZXtdBt s XQ =z>0

where B; € R; r, a are constants.

a) Find the generator A of X; and compute Af(z) when f(x) = 27;
x > 0, v constant.

b) If r < 3a? then X; — 0 as t — oo, a.s. Q” (Example 5.1.1).

But what is the probability p that X;, when starting from x < R,

ever hits the value R ? Use Dynkin’s formula with f(z) = a™,

v =1-— %, to prove that

2\
()
¢) If r > 2a? then X; — oo as t — oo, a.s. Q7. Put
7 =inf{t > 0; X; > R} .
Use Dynkin’s formula with f(z) =Inxz, > 0 to prove that

InZ
T

E [T]:ir—%az.

(Hint: First consider exit times from (p, R), p > 0 and then let
p — 0. You need estimates for

(1 =p(p))Inp,
where
p(p) = Q[ X reaches the value R before p],

which you can get from the calculations in a), b).)
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7.10.

7.11.

7.12.
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Let X; be the geometric Brownian motion
dXt = ’I"Xtdt + aXtdBt .

Find E*[ X1 |F] for t <T by
a) using the Markov property
and

b) writing X; = x e"* My, where

M, = exp(aB; — %aQt) is a martingale .

Let X; be an Ito diffusion in R™ and let f: R™ — R be a function such
that

EI[/|f(Xt)|dt} < 0o for all z € R™.
0

Let 7 be a stopping time. Use the strong Markov property to prove
that

E” [7f(Xt)dt] = E*[g(X7)]

where

o(y) = B [7f<xt>dt} .

(Local martingales)

An N;-adapted stochastic process Z(t) € R™ is called a local martin-
gale with respect to the given filtration {N;} if there exists an increas-
ing sequence of N;-stopping times 74, such that

T, — 00 a.s.as k— oo

and
Z(t A\ Tg) is an Mg-martingale for all & .

a) Show that if Z(t) is a local martingale and there exists a constant
T < oo such that the family {Z(7)},<r is uniformly integrable
(Appendix C) then {Z(t)},<r is a martingale.

b) In particular, if Z(t) is a local martingale and there exists a constant
K < oo such that

B[Z*(r)) < K

for all stopping times 7 < T, then {Z(t) };<r is a martingale.
c¢) Show that if Z(t) is a lower bounded local martingale, then Z(¢) is
a supermartingale (Appendix C).
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7.13. a) Let B; € R?, By =2 # 0. Fix 0 < ¢ < R < 0o and define
Xt =In|Biar|; t>0

where

T=inf{t >0; |B| <e or |B]>R}.

Prove that X; is an Fia,-martingale. (Hint: Use Exercise 4.8.)
Deduce that In|By| is a local martingale (Exercise 7.12).
b) Let B; € R™ for n > 3, By =z # 0. Fix € > 0, R < oo and define

}/t - |Bt/\'r|2_n ) t Z 0

where
T=inf{t >0; |By| <e or |B:>R}.

Prove that Y; is an Fya,-martingale.
Deduce that |B;|?>~" is a local martingale.

7.14. (Doob’s h-transform)
Let B; be n-dimensional Brownian motion, D C R™ a bounded open
set and h > 0 a harmonic function on D (i.e. Ah = 0in D). Let X;
be the solution of the stochastic differential equation

More precisely, choose an increasing sequence { Dy} of open subsets of
. 00
D such that Dy, C D and |J Dy = D. Then for each k the equation
k=1
above can be solved (strongly) for ¢ < 7p, . This gives in a natural way
a solution for ¢t < 7: = klim TDy -
— 00

a) Show that the generator A of X, satisfies

Af = A(;;Lf) for f e CE(D).

In particular, if f = % then Af = 0.
b) Use a) to show that if there exists xg € D such that

lim h(z) = {0 if y # o

(i.e. h is a kernel function), then
tlim X; =x¢ a.s.

(Hint: Consider E*[f(X7)] for suitable stopping times T" and with
F=b
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7.15.

7.16.

7.17.
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In other words, we have imposed a drift on B; which causes the
process to exit from D at the point xg only. This can also be for-
mulated as follows: X; is obtained by conditioning By to exit from
D at zg. See Doob (1984).

Let B; be 1-dimensional and define
F(w) = (Br(w) - K)*

where K > 0, T > 0 are constants.
By the Ité representation theorem (Theorem 4.3.3) we know that there
exists ¢ € V(0,T) such that

T
F(w) = E[F]+ /qb(t,w)dBt :
0

How do we find ¢ explicitly? This problem is of interest in mathe-
matical finance, where ¢ may be regarded as the replicating portfolio
for the contingent claim F (see Chapter 12). Using the Clark-Ocone
formula (see Karatzas and Ocone (1991) or Oksendal (1996)) one can
deduce that

P(t,w) = E[Xk 00)(Br)|Fi] 5 t<T. (7.5.3)

Use (7.5.3) and the Markov property of Brownian motion to prove that
for t < T we have

IR SR DU AR Iy 1) W
¢(t7W)\/m;[ p( ST —1) >d. (7.5.4)

Let B; be 1-dimensional and let f: R — R be a bounded function.
Prove that if ¢ < T then

E*[f(Br)|F) = (Q”Bt(“’”)dx .

1
m!m exp (- 5
(7.5.5)
(Compare with (7.5.4).)

Let B; be 1-dimensional and put
X, =@Y3+1B)%;  t>0.

Then we have seen in Exercise 4.15 that X; is a solution of the stochas-
tic differential equation

Xy =3X,%dt+ XPPdB, s Xo=x.  (156)



Exercises 131

Define
T =1inf{t > 0; X; = 0}

and put
Y_{Xt for t <7
=
0 for t > 7.

Prove that Y; is also a (strong) solution of (7.5.6). Why does not this
contradict the uniqueness assertion of Theorem 5.2.17
(Hint: Verify that

t t
m:x+/§w3@+/&?%&
0 0

for all ¢ by splitting the integrals as follows:

t tAT t

7.18. a) Let
dXt = b(Xt)dt + O'(Xt)dBt ; XO =X

be a 1-dimensional It6 diffusion with characteristic operator A. Let
f € C%(R) be a solution of the differential equation

Af(z) =b(z)f'(z) + 30*(x) f"(z) = 0; reR. (7.5.7)
Let (a,b) C R be an open interval such that = € (a,b) and put
T =1inf{t > 0; X; & (a,b)} .
Assume that 7 < 0o a.s. Q% and define
p=P°[X;=b].

Use Dynkin’s formula to prove that if f(b) # f(a) then

f(z) = f(a)
76)~ (0 (7o
In other words, the harmonic measure yif, ) of X on d(a,b) = {a, b}

is given by

e oy d@—fa L f0) - f(x)
Han®) = 0 = Fa + Hen @ = T - (759
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b) Now specialize to the process

Xy =x+ By ; t>0.
Prove that
T—a
= . 7.5.10
= ( )
¢) Find p if
Xi=x+4+ut+ 0By ; t>0

where u, 0 € R are nonzero constants.

7.19. Let BY be 1-dimensional Brownian motion starting at z > 0. Define
7 =7(z,w) = inf{t > 0; Bf (w) =0} .
From Exercise 7.4 we know that

T<oo as. P¥and E*[r] =00.

What is the distribution of the random variable 7(w) ?
a) To answer this, first find the Laplace transform

g(\):= E%[e™7] for A>0.
(Hint: Let M; = exp(—v/2\ By — At). Then

{Min+}i>0 is a bounded martingale .

[Solution: g(A) = exp(—v2A z) .]
b) To find the density f(t) of 7 it suffices to find f(t) = f(¢,z) such
that -
/e”\tf(t)dt =exp(—V2\z) forall A>0
0
i.e. to find the inverse Laplace transform of g(\). Verify that

flt,x) T e ( ;52) t>0
) = X T a1 ; .
V273 P 2t




8. Other Topics in Diffusion Theory

In this chapter we study some other important topics in diffusion theory and
related areas. Some of these topics are not strictly necessary for the remaining
chapters, but they are all central in the theory of stochastic analysis and
essential for further applications. The following topics will be treated:

8.1 Kolmogorov’s backward equation. The resolvent.
8.2 The Feynman-Kac formula. Killing.

8.3 The martingale problem.

8.4 When is an Ito6 process a diffusion?

8.5 Random time change.

8.6 The Girsanov formula.

8.1 Kolmogorov’s Backward Equation. The Resolvent

In the following we let X; be an Itd diffusion in R™ with generator A. If we
choose f € CZ(R"™) and 7 =t in Dynkin’s formula (7.4.1) we see that

u(t,x) = E*[f(X3)]
is differentiable with respect to t and
ou
y i E¥[Af(Xy)] . (8.1.1)

It turns out that the right hand side of (8.1.1) can be expressed in terms of
u also:

Theorem 8.1.1 (Kolmogorov’s backward equation).
Let f € CZ(R™).

a) Define
u(t,z) = E*[f(Xy)] . (8.1.2)
Then u(t,-) € Da for each t and
% = Au, t>0, xeR" (8.1.3)

u(0,2) = f(z) ; zeR" (8.1.4)
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where the right hand side is to be interpreted as A applied to the function
x — u(t, ).

b) Moreover, if w(t,r) € CY?(R x R") is a bounded function satisfying
(8.1.8), (8.1.4) then w(t,z) = u(t,x), given by (8.1.2).

Proof. a) Let g(z) = u(t, x). Then since t — u(t, x) is differentiable we have

BN Z06) _ L peip ) - (0]
_ % CEFEC[f (Xeyr)|Fr] — B[ (X0)|F]]
= LB (Xue) — FX]
_ U(H’%l’i*“(m) . %1; as 1 0.
Hence
A — i &) = 9(@) g 9u — Au, as asserted .

rl0 T

Conversely, to prove the uniqueness statement in b) assume that a function
w(t,x) € CL2(R x R") satisfies (8.1.3)—(8.1.4). Then

/Tw::f%:JrAw:O for t >0,z € R" (8.1.5)
and
w(0,z) = f(z), reR". (8.1.6)

Fix (s,2) € R x R™. Define the process Y; in R"*! by V; = (s — t, X",
t > 0. Then Y; has generator A and so by (8.1.5) and Dynkin’s formula we
have, for all ¢t > 0,

tATR

E*"[w(Yiprg)] = w(s, x) + ES’I[ / ﬁw(Y,.)dr} =w(s,z),
0
where 7p = inf{t > 0;|X;| > R}.
Letting R — oo we get
w(s,z) = E5%[w(Y})] ; Vt>0.

In particular, choosing t = s we get

w(s, ) = B> [w(Yy)] = Blw(0, XJ*)] = B[f (X)) = E*[f(X,)] -
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Remark. If we introduce the operator Q;: f — E°*[f(X:)] then we have
u(t,z) = (Qcf)(z) and we may rewrite (8.1.1) and (8.1.3) as follows:

S@n=QuAan;  TeG®Y (811

L@ =AQ:  TeC®Y. (8.1.3)

Thus the equivalence of (8.1.1) and (8.1.3) amounts to saying that the oper-
ators @; and A commute, in some sense. Arguing formally, it is tempting to
say that the solution of (8.1.1)" and (8.1.3)" is

Qi = et4

and therefore QA = AQ;. However, this argument would require a further
explanation, because in general A is an unbounded operator.

It is an important fact that the operator A always has an inverse, at least
if a positive multiple of the identity is subtracted from A. This inverse can
be expressed explicitly in terms of the diffusion X:

Definition 8.1.2. For a > 0 and g € Cy(R™) we define the resolvent oper-
ator R, by

R.g(z) = E* [/Ooe_o‘tg(Xt)dt] . (8.1.7)
0

Lemma 8.1.3. R,g is a bounded continuous function.

oo

Proof. Since Rog(z) = [e *E®[g(X,)]dt, we see that Lemma 8.1.3 is a

(=)

direct consequence of the next result:

Lemma 8.1.4. Let g be a lower bounded, measurable function on R™ and
define, for fized t > 0
u(z) = E¥[g(Xy)] .

a) If g is lower semicontinuous, then u is lower semicontinuous.
b) If g is bounded and continuous, then u is continuous. In other words, any
1t6 diffusion X; is Feller-continuous.

Proof. By (5.2.10) we have
BlIXY - XY <y —2|*C(1)

where C(t) does not depend on x and y. Let {y,} be a sequence of points
converging to x. Then

X{" — X7 in L*(2,P)as n— o0o.
So, by taking a subsequence {z,} of {y,} we obtain that
X (w) = X (w) for a.a. w e 2.
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a) If g is lower bounded and lower semicontinuous, then by the Fatou lemma

u(z) = Blg(X{)] < B[ lim_g(X;")] < lim Elg(X;™)] = lm u(z,) .

Therefore every sequence {y,} converging to = has a subsequence {z,}

such that u(z) < lim wu(z,). That proves that u is lower semicontinuous.
n—oo

b) If g is bounded and continuous, the result in a) can be applied both to g
and —g. Hence both v and —u are lower semicontinuous and we conclude
that v is continuous. m]

We now prove that R, and o — A are inverse operators:

Theorem 8.1.5. a) If f € CZ(R"™) then Ry(a— A)f = f for all a > 0.
b) If g € C,(R"™) then Rog € Da and (o — A)Rng = g for all o > 0.

Proof. a) If f € C2(R") then by Dynkin’s formula
Ro(a—A)f(z) = (aRof — RaAf)(x)

—a [ B~ [ e ETAfCx) i
0 0

= | el )] + / ot D e p(X) )t / e~ BT [Af(X,))dt
0 0 0

= E*[f(Xo)] = f(=) .
b) If g € Cp(R"™) then by the strong Markov property

B Rag(X0] = B[ | 7 egl(X.)ds

:E/"T[Ez [Ht( Eias dS)ft EI |:/6 Xt+q)ds|ft ]
0

:Ew|:/ Xt+5 :| :/e_asz Xt+5)]d .
0 0

Integration by parts gives

t+s

E*[Rag(Xy)] = / /E Vidods .

This identity implies that R,g € D4 and
A(Rng) = aRng — g -
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8.2 The Feynman-Kac Formula. Killing

With a little harder work we can obtain the following useful generalization
of Kolmogorov’s backward equation:

Theorem 8.2.1 (The Feynman-Kac formula).
Let f € C3(R™) and q € C(R™). Assume that q is lower bounded.

a) Put

v(t,x) = E¥|exp | — [ ¢(Xs)ds | f(Xy)] - (8.2.1)
oo (= faere) )
Then
@—AU— v ; t>0, zeR" (8.2.2)
ot s ’ o
v(0,2) = f(x); zeR"” (8.2.3)

b) Moreover, if w(t,z) € CH2(R x R") is bounded on K x R™ for each
compact K C R and w solves (8.2.2), (8.2.8), then w(t,z) = v(t,x),
given by (8.2.1).

t
Proof. a) Let Y; = f(X,),Z = exp(— [ q(Xs)ds). Then dY; is given by
0
(7.3.1) and
dZt = —th(Xt)dt .
So
A(YsZy) = YsdZ, + Z,dYs,  since dZ,-dY, = 0.

Note that since Y;Z; is an Itd process it follows from Lemma 7.3.2 that
v(t,x) = E*[Y; Z] is differentiable w.r.t. .
Therefore, with v(¢,z) as in (8.2.1) we get

LBl X)) - oft. ) =SB BN [Z(X0)] - B2 (X))
— LB e~ [a(Xands )] - BASCOIA]

0

L5 e e ([ a(Xds ) 1(Xii) - 225060
0
= %E$[f(Xt+7’)Zt+’f‘ — f(X1)Z4]

LB Zesr - (e (/q(Xs)ds) 1)
0

— %v(t,x) + q(x)v(t, x) as r— 0,
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because

L F(Xer) Zegr (0 ( / q(Xs>ds) ~1) = f(X) Zig(Xo)

0

pointwise boundedly. That completes the proof of a).

b) Assume that w(t,z) € CH?(R x R") satisfies (8.2.2) and (8.2.3) and that
w(t, z) is bounded on K x R™ for each compact K C R. Then

~ 0
Aw(t, x):= _871: +Aw—quw=0 for t >0,z € R" (8.2.4)
and
w(0,z) = f(z) ; zeR". (8.2.5)

¢
Fix (s,2,2) € R x R" x R" and define Z; = z + [ ¢(X,)ds and H; = (s — t,
0
Xto’””7 Z;). Then H; is an It6 diffusion with generator

AH¢(s7w,z):—%+A¢+q(x)%; »€CZ(RxR™xR").

Hence by (8.2.4) and Dynkin’s formula we have, for all ¢ > 0, R > 0 and with
(;5(8, z, Z) = eXp(_Z)w(Sa LL')Z
tATR
B 0(Hunry)| = 6(0,2,2) + B | [ Auo(H ]
0

where T = inf{t > 0; |H;| > R}.
Note that with this choice of ¢ we have by (8.2.4)

A ¢(s,x, z) = exp(—2) [ — 68—1;) + Aw — q(a:)w} =0.
Hence
w(s,x) = ¢(s,2,0) = B>*°[$(Hipry)]

tATR

_ Em[exp(_ / q(X,.)dr)w(s—tArR,XWR)}

. Eﬂﬂ[exp (— O/q(Xr)dr>w(s - t,Xt)] as R — oo,

since w(r, ) is bounded for (r,z) € K x R™. In particular, choosing t = s we
get
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w(s,x) = E* [exp (— /q(Xﬁdr)w(O,Xg’m)} =wv(s,xz), as claimed .
0
Remark. (About killing a diffusion)

In Theorem 7.3.3 we have seen that the generator of an It6 diffusion X; given
by

O

is a partial differential operator L of the form
>*f of
Lf= ij b — 2.
f Z @i 6351895] + Z 8901» (8 7)

where [a;;] = 2007, b= [b;]. It is natural to ask if one can also find processes

whose generator has the form

o*f of

where ¢(x) is a bounded and continuous function.

If ¢(z) > 0 the answer is yes and a process X; with generator (8.2.8) is
obtained by killing X; at a certain (killing) time (. By this we mean that
there exists a random time ¢ such that if we put

X, =X, ift<c (8.2.9)
and leave )N(t undefined if ¢ > ¢ (alternatively, put )?t = 0 if t > (, where

0 ¢ R™ is some “coffin” state), then X is also a strong Markov process and

- ~ - - - tc(Xs)ds
Ef(R)] = E1f(X), t < () = B [f(x) - Jo o]
for all bounded continuous functions f on R™.
Let v(t, ) denote the right hand side of (8.2.10) with f € C3(R"). Then
. E* X)) = f(x 0
lim X = f) = —v(t,x)i=0 = (Av — cv)i—0 = Af(z) — c(z) f(x) ,
t—0 t ot
by the Feynman-Kac formula.

So the generator of X; is (8.2.8), as required. The function ¢(x) can be
interpreted as the killing rate:

(8.2.10)

1
c(z) = ltif{)l ;Q‘T [Xo is killed in the time interval (0,¢]] .

Thus by applying such a killing procedure we can come from the special case
¢ =01in (8.2.7) to the general case (8.2.8) with c(x) > 0. Therefore, for many
purposes it is enough to consider the equation (8.2.7).

If the function ¢(z) > 0 is given, an explicit construction of the killing
time ¢ such that (8.2.10) holds can be found in Karlin and Taylor (1975),
p. 314. For a more general discussion see Blumenthal and Getoor (1968),
Chap. III.
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8.3 The Martingale Problem

If dX; = b(X:)dt + o(X:)dB; is an It6 diffusion in R™ with generator A and
if f € C3(R™) then by (7.3.1)

f(Xe) = f(x) +/Af(Xs)dS-l—/VfT(XS)U(XS)dBS . (8.3.1)
0 0

Define

t

M, = f(X,) — / Af(X,)dr (= f(z) + / VIT(X)o(X,)dB,) . (83.2)
0

0

Then, since Itd integrals are martingales (w.r.t. the o-algebras {ft(m)}) we
have for s > ¢
E*[M,|F™) = M, .

It follows that
E*[M|My] = E"[E*[M|F{"™ ]| M] = E*[M,| M] = M ,
since M; is M;-measurable. We have proved:

Theorem 8.3.1. If X; is an Ito diffusion in R™ with generator A, then for
all f € C3(R™) the process

t

M, = f(X)) — / AF(X,)dr

0
is a martingale w.r.t. {M,}.
If we identify each w € {2 with the function
wp = w(t) = X7 (w)
we see that the probability space (2, M, Q%) is identified with
(R, 8,Q")

where B is the Borel o-algebra on (R™)[%°) (see Chapter 2). Thus, regarding

the law of X as a probability measure Q% on B we can formulate Theo-
rem 8.3.1 as follows:

Theorem 8.3.1°. If @"’” is the probability measure on B induced by the law
Q" of an Ité diffusion Xy, then for all f € C3(R™) the process
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t

M, = f(X,) - / AF(X)dr (= (@) — / Af(wn)dr); w e (R0
’ ’ (8.3.3)

is a @”-martingale w.r.t. the Borel o-algebras By of (R")[O’t], t > 0. In other
words, the measure Q% solves the martingale problem for the differential
operator A, in the following sense:

Definition 8.3.2. Let L be a semi-elliptic differential operator of the form
0 0?
L= bi— I e
D bigy Z]:“ I 9,0z,
where the coefficients b;, a;; are locally bounded Borel measurable functions
on R™. Then we say that a probability measure P* on ((R™)[0°°), B) solves
the martingale problem for L (starting at x) if the process

t

My = f(wy) — /Lf(wr)dr My = f(z) as. P"

0

is a P* martingale w.r.t. By, for all f € C2(R™). The martingale problem

is called well posed if there is a unique measure pe solving the martingale
problem.

The argument of Theorem 8.3.1 actually proves that é‘” solves the mar-
tingale problem for A whenever X; is a weak solution of the stochastic dif-
ferential equation

Conversely, it can be proved that if P? golves the martingale problem for

B 02
L= Zbi% + %Z(UUT)UM (8.3.5)

starting at x, for all z € R", then there exists a weak solution X; of the
stochastic differential equation (8.3.4). Moreover, this weak solution X; is a
Markov process if and only if the martingale problem for L is well posed.
(See Stroock and Varadhan (1979) or Rogers and Williams (1987)). There-
fore, if the coefficients b, o of (8.3.4) satisfy the conditions (5.2.1), (5.2.2) of
Theorem 5.2.1, we conclude that

va is the unique solution of the martingale problem
for the operator L given by (8.3.5) . (8.3.6)
Lipschitz-continuity of the coefficients of L is not necessary for the uniqueness

of the martingale problem. For example, one of the spectacular results of
Stroock and Varadhan (1979) is that
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%

L=% 52 P
_Z 167—*—2&”317,;8%

has a unique solution of the martingale problem if [a;;] is everywhere positive
definite, a;;(x) is continuous, b(x) is measurable and there exists a constant
D such that

b(z)| + |a(z)]? < D1+ |z|)  forall z € R".

8.4 When is an Itd6 Process a Diffusion?

The It6 formula gives that if we apply a C? function ¢: U ¢ R® — R" to an
It6 process X; the result ¢(X;) is another Itd process. A natural question is:
If X; is an It6 diffusion will ¢(X;) be an It6 diffusion too? The answer is no
in general, but it may be yes in some cases:

Example 8.4.1 (The Bessel process). Let n > 2. In Example 4.2.2 we
found that the process

=

Ry(w) = |B(t,w)| = (Bi(t,w)* + -+ + Ba(t,w)?)

satisfies the equation

n

dR; = —dt . 8.4.1
¢ ; R ' 2R, (84.1)

However, as it stands this is not a stochastic differential equation of the form
(5.2.3), so it is not apparent from (8.4.1) that R is an Itd diffusion. But this
will follow if we can show that

t
Yt::/zlwd&
0 =

coincides in law with (i.e. has the same finite-dimensional distributions as)
1-dimensional Brownian motion By. For then (8.4.1) can be written

n—

1 ~
dR, = dt + dB
Y7 oR, +

which is of the form (5.2.3), thus showing by weak uniqueness (Lemma 5.3.1)
that R; is an Ito diffusion with generator

n—1

(@)

as claimed in Example 4.2.2. One way of seeing that the process Y; coincides
in law with 1-dimensional Brownian motion B; is to apply the following
result:

Af(z) = 3f"(z) +
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Theorem 8.4.2. An Ité process
dY; = vdBy ; Yo =0 with v(t,w) € V3™
coincides (in law) with n-dimensional Brownian motion if and only if
w? (t,w) =1, for a.a. (t,w) w.r.t. dt x dP (8.4.2)
where I, is the n-dimensional identity matriz.

Note that in the example above we have

t

Yt:/vdB

0

with
By

B B
v:{l,...,”}, B=| :
|B| | B|

B,
and since vv” = 1, we get that Y; is a 1-dimensional Brownian motion, as
required.

Theorem 8.4.2 is a special case of the following result, which gives a
necessary and sufficient condition for an It6 process to coincide in law with
a given diffusion: (We use the symbol ~ for “coincides in law with”).

Theorem 8.4.3. Let X; be an Ito diffusion given by

dX; =b(Xy)dt + o(X)dBy, beR", oceR™™, Xy=u,
and let Yy be an Ito process given by

dY; = u(t,w)dt +v(t,w)dB;y, weR", veR™™ Yy==x.
Then X; ~Y; if and only if

E*[u(t,)|Ne] = b(Y)) and vl (t,w) = oo (V) (8.4.3)

for a.a. (t,w) w.r.t. dt X dP, where N} is the o-algebra generated by Yy; s < t.
Proof. Assume that (8.4.3) holds. Let

B 0 1 T 0?
A = Z bl 3:1:1 + 2 ;(O’U )2] a$za$]

be the generator of X; and define, for f € C2(R"),

?f
8wi6mj

HI(0) = 3 wlt) g (1) + 3 (00 )yt w) 5ol
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Then by Ito’s formula (see (7.3.1)) we have, for s > t,

EC[f(Y)IM] = f(Ve) + B :/st(T,w)drth] +Em|:/SVfTUdBT-/\[t:|

— v+ B / B Jar A

S

= f(Y;) + E” / Af(Y, )dr|N’t} by (8.4.3),  (8.4.4)

where E® denotes expectation w.r.t. the law R* of V; (see Lemma 7.3.2).
Therefore, if we define

t
M= 1(v) ~ [ A7) (8.4.5)
0
then, for s > ¢,

S S

LN = 1)+ 57| [ Ay - 52| [agonan

= f(V) - [/tAf )dr|/\/t] -

Hence M, is a martingale w.r.t. the o-algebras A; and the law R*. By unique-
ness of the solution of the martingale problem (see (8.3.6)) we conclude that
X ~Y;.

Conversely, assume that X; ~ Y;. Choose f € C3. By It6’s formula (7.3.1)
we have, for a.a. (t,w) w.r.t. dt X dP,

tim = (B (Vi) |G = £()

. t+h
Z%f%h(/EI[;“i(
82
22 (vvT)i;(s,w) 5 aij( S)|./\/’t}ds) (8.4.6)

f QZE@’ owT)i(t, w)|/\/;]aaaf (Yy) . (8.4.7)

! v,)

—ZE?C wi(t w)|./\/t]

On the other hand, since X; ~ Y,; we know that Y; is a Markov process.
Therefore (8.4.6) coincides with



8.4 When is an Itd Process a Diffusion? 145

A LBV ()] - BV (Y))

2
=3 [0y <Yo>] 5B [0 0.0) 5 00)

T P
]

62
_ZEYt u; (0 QZEYf ool ( )]8x'gx»(n)' (8.4.8)
iULj

Comparing (8.4.7) and (8.4.8) we conclude that
Bofu(t, )] = E¥[u(0,w)] and  E7[uu” (t,w)|AG] = B [uuT (0,w)]

for a.a. (t,w).
On the other hand, since the generator of Y; coincides with the generator
A of X; we get from (8.4.8) that

EY[u(0,w)] =b(Y;) and EY[vo?(0,w)] = oo (Y;) for a.a. (t,w).
(8.4.10)
Combining (8.4.9) and (8.4.10) we conclude that
E[ulN;] =b(Y:) and E*[wol |N] = 00T (Y;) for a.a. (t,w). (8.4.11)

From this we obtain (8.4.3) by using that in fact voT(¢,-) is always N;-
measurable, in the following sense:

Lemma 8.4.4. Let dY; = u(t,w)dt + v(t,w)dB;, Yy = x be as in Theo-
rem 8.4.3. Then there exists an Ni-adapted process W (t,w) such that

o1 (t,w) = W(t,w) for a.a. (t,w) .

Proof. By Ito’s formula we have (if Y;(¢,w) denotes component number 4 of
Y (t,w))

YY;(t,w) = zx; + /YdY /YdY /( )ii(s,w)ds .
Therefore, if we put

t t
H;j(t,w) =YY;(t,w) — zix; —/Yide —/deYi , 1<4,j<n
0 0

then H;; is Ni-adapted and

t
Utw / ds .
0
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Therefore

. H(t,w)—H(t—rw)

T ) )

i t7 =1

(vv7 )i (¢, w) = lim .

for a.a. t. This shows Lemma 8.4.4 and the proof of Theorem 8.4.3 is complete.
O

Remarks. 1) One may ask if also u(t,-) must be AM;-measurable. However,
the following example shows that this fails even in the case when v =n = 1:
Let Bi, By be two independent 1-dimensional Brownian motions and de-

fine
dY; = Bi(t)dt + dBs(t) .

Then we may regard Y; as noisy observations of the process Bj(t). So by
Example 6.2.10 we have that

E[(Bi(t,w) — Bi(t,w))?] = tanh(t) ,

where By(t,w) = E[Bi(t)|\] is the Kalman-Bucy filter. In particular,
B (t,w) cannot be Ny-measurable.

2) The process v(t,w) need not be N;-adapted either: Let B; be 1-
dimensional Brownian motion and define

dY, = sign(B;)dB, (8.4.12)
where
. 1 if2>0
sign(z) =1 _; .<o0.

Tanaka’s formula says that
t
|B:| = | Bo| + /sign(BS)dBS + Ly (8.4.13)
0

where Ly = Li(w) is local time of B; at 0, a non-decreasing process which
only increases when B; = 0 (see Exercise 4.10). Therefore the o-algebra
N; generated by {Ys;s < t} is contained in the o-algebra H,; generated by
{|Bs|; s < t}. It follows that v(t,w) = sign(B;) cannot be N;-adapted.

Corollary 8.4.5 (How to recognize a Brownian motion).
Let
dY; = u(t,w)dt + v(t,w)d By

be an Ité process in R™. Then Y; is a Brownian motion if and only if
Elu(t, )\N;] =0 and v’ (t,w) =1, (8.4.14)

for a.a. (t,w).
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Remark. Using Theorem 8.4.3 one may now proceed to investigate when
the image Y; = ¢(X;) of an Ito diffusion X; by a C?-function ¢ coincides in
law with an It diffusion Z;. Applying the criterion (8.4.3) one obtains the
following result:

d(X¢) ~ Z; if and only if

Alfog] = Alf]og (8.4.15)

for all second order polynomials f(z1,...,2,) = > a;x; + Y ¢j;xx; (and
hence for all f € C2) where A and A are the generators of X; and Z; re-
spectively. (Here o denotes function composition: (f o ¢)(z) = f(¢(z)).) For
generalizations of this result, see Csink and Oksendal (1983), and Csink,
Fitzsimmons and @ksendal (1990).

8.5 Random Time Change

Let ¢(t,w) > 0 be an Fy-adapted process. Define

By = B(t,w) = /c(s,w)ds . (8.5.1)
0

We will say that (; is a (random) time change with time change rate c(t,w).
Note that 5(t,w) is also F-adapted and for each w the map ¢t — [G;(w) is
non-decreasing. Define oy = a(t,w) by

ay = inf{s; Bs >t} . (8.5.2)
Then «4 is a right-inverse of 3, for each w :
Bla(t,w),w) =t forall t>0. (8.5.3)

Moreover, t — a;(w) is right-continuous.
If ¢(s,w) > 0 for a.a. (s,w) then t — B;(w) is strictly increasing, t — a(w)
is continuous and «; is also a left-inverse of (;:

a(f(t,w),w) =t forall t>0. (8.5.4)
In general w — a(t,w) is an {Fs}-stopping time for each ¢, since
{wyal(t,w) < s} ={w;t < B(s,w)} € Fs . (8.5.5)

We now ask the question: Suppose X; is an It6 diffusion and Y; an It6 process

as in Theorem 8.4.3. When does there exist a time change (; such that

Y,, ~ X; 7 (Note that oy is only defined up to time Bo. If oo < 00 we

interpret Y, ~ X; to mean that Y, has the same law as X; up to time f,).
Here is a partial answer (see QOksendal (1990)):
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Theorem 8.5.1. Let X;,Y; be as in Theorem 8.4.3 and let B; be a time
change with right inverse oy as in (8.5.1), (8.5.2) above. Assume that

u(t,w) = c(t,w)b(Y;) and vl (t,w) = c(t,w)- oo’ (V;) (8.5.6)

for a.a. t,w. Then
Yat ~ Xt .

This result allows us to recognize time changes of Brownian motion:

Theorem 8.5.2. Let dY; = v(t,w)dB, v € R™™™, By € R™ be an Ito
integral in R™, Yy = 0 and assume that

vl (t,w) = c(t,w) I, (8.5.7)
for some process c(t,w) > 0. Let oy, Bt be as in (8.5.1), (8.5.2). Then

Y,, s an n-dimensional Brownian motion .

Corollary 8.5.3. Let dY; = Y v;(t,w)dB;(t,w), Yo = 0, where B =
i=1
(B1,...,By) is a Brownian motion in R™. Then

By:=Y,, s a I-dimensional Brownian motion ,

where o is defined by (8.5.2) and

s :/S{Zn;vf(r,w)}dr. (8.5.8)
) Uiz

Corollary 8.5.4. Let Yy, Bs be as in Corollary 8.5.3. Assume that

n

va(r, w) >0 fora.a (rw). (8.5.9)

i=1
Then there exists a Brownian motion Et such that
Y; = By, . (8.5.10)

Proof. Let R
B =Y,, (8.5.11)

be the Brownian motion from Corollary 8.5.3. By (8.5.9) 3 is strictly increas-
ing and hence (8.5.4) holds, So choosing t = , in (8.5.11) we get (8.5.10).
O
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Corollary 8.5.5. Let ¢(t,w) > 0 be given and define

t
dY; = / Ve(s,w) dBs ,
0

where By is an n-dimensional Brownian motion. Then
Y,, 4s also an n-dimensional Brownian motion .

We now use this to prove that a time change of an Ito integral is again an
It6 integral, but driven by a different Brownian motion B;. First we construct
Bti

Lemma 8.5.6. Suppose s — a(s,w) is continuous, a(0,w) = 0 for a.a. w.
Fizt > 0 such that By < oo a.s. and assume that Eloy] < co. Fork=1,2,...
put

g a2t df g2 <
J t if j-27F>a

and choose r;j such that o, = t;. Suppose f(s,w) > 0 is Fy-adapted, bounded
and s-continuous for a.a. w. Then

lerr;OZf(aj,w)ABaj = /f(s,w)st a.s. , (8.5.12)
J 0

— Ba, and the limit is in L?(12, P).

where aj = ., AB,; = Ba,,,

Proof. For all k we have

at

E{(z Flag,w)ABa, — / f(sdesﬂ
_ E[(Z :J:H(f(aj,w - f<S7W>st)2]
-5 jf(f(aja@ ~stswnan,) |

where fi(s,w) = > f(tj,w)X, tv“)(s) is the elementary approximation to
- 273

j
f- (See Corollary 3.1.8). This implies (8.5.12). O
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We now use this to establish a general time change formula for It6 inte-
grals. An alternative proof in the case n = m = 1 can be found in McKean
(1969, §2.8).

Theorem 8.5.7 (Time change formula for It6 integrals).

Suppose c(s,w) and as,w) are s-continuous, a(0,w) = 0 for a.a. w and that
Efoy] < c0. Let By be an m-dimensional Brownian motion and let v(s,w) €
V5™ be bounded and s-continuous. Define

B, = klln;oz \/elaj,w) AB,, z/\/c(s,w) dB, . (8.5.13)
J 0

Then By is an (m dimensional) fét ™) _Brownian motion (i.e. By is a Brown-
ian motion and Bt s a martingale w.r.t. ]-"a:" ) and

[e 1) t

/v(s,w)stz/ v(ap,w)V/aol(w) dB,  a.s. P, (8.5.14)

0 0
where al.(w) is the derivative of a(r,w) w.r.t. v, so that

1
(w) = .a. 7 >0, a.a. 2. 5.1
a,. (w) or @) fora.a.r>0, aa we (8.5.15)

Proof. The existence of the limit in (8.5.13) and the second identity in (8.5.13)
follow by applying Lemma 8.5.6 to the function

fls,w) = e(s,w) .

Then by Corollary 8.5.5 we have that Et is an fc(ftn)—Brownian motion. It
remains to prove (8.5.14):

g

/v(s,w)st = lim v(aj, JAB,,

k—oo
0
= lim (o 1/ o
k—>oo j7 O[j7 j’
= lim vla:,w)y | ———— AB;
i D (oo [y A8,

J
t

/v(ar,w) c(o:,w) dB,

0

and the proof is complete. a
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Example 8.5.8 (Brownian motion on the unit sphere in R"; n>2).

In Examples 5.1.4 and 7.5.5 we constructed Brownian motion on the unit
circle. It is not obvious how to extend the method used there to obtain Brow-
nian motion on the unit sphere S of R™; n > 3. However, we may proceed as
follows: Apply the function ¢: R™ \ {0} — S defined by

o(x)=a-|z|7; x € R"\ {0}

to n-dimensional Brownian motion B = (B, ..., By,). The result is a stochas-
tic integral Y = (Y1,...,Y,) = ¢(B) which by It6’s formula is given by

|B|* - -1 B .
dy; = ZclB 7-—dt; =1,2,...,
BP § |B|3 2 BPT !
(8.5.16)
Hence 1
dY = — -o(Y )dB—l——b( )dt ,
[B] |B?
where
g = [O'ij} S Rnxn 5 with O‘ij(Y) = (Sij — }/Z}/j, 1 < i, ] <n
and
n—1 n
bly) = — 5 : eR"™, (y1,...,yn are the coordinates of y € R") .
Yn

Now perform the following time change: Define

Zt (w) = Ya(t,w) (w)

t
_ 1
=6, ﬂ(t,w)/|B|2d5
0

Then Z is again an It6 process and by Theorem 8.5.7

where

dZ = o(Z)dB + b(Z)dt .
Hence Z is a diffusion with characteristic operator

f —1 of
Af(y) = (Af Zyzyjayay )_n2 Zya—% lyl=1.
(8.5.17)
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Thus, ¢(B) = % is — after a suitable change of time scale — equal to a
diffusion Z living on the unit sphere S of R™. Note that Z is invariant under
orthogonal transformations in R™ (since B is). It is reasonable to call Z
Brownian motion on the unit sphere S. For other constructions see It6 and
McKean (1965, p. 269 (§7.15)) and Stroock (1971).

More generally, given a Riemannian manifold M with metric tensor g =
[9i;] one may define a Brownian motion on M as a diffusion on M whose
characteristic operator A in local coordinates z; is given by % times the
Laplace-Beltrami operator (here [g7] = [g;;]7")

1 d 4 0
Ay = m.;(%i(\/det(g) zj:g axj> : (8.5.18)

See for example Meyer (1966, p. 256-270), McKean (1969, §4.3). The subject
of stochastic differential equations on manifolds is also treated in Ikeda and
Watanabe (1989), Emery (1989) and Elworthy (1982).

Example 8.5.9 (Harmonic and analytic functions).
Let B = (B1, B2) be 2-dimensional Brownian motion. Let us investigate what
happens if we apply a C? function

(1, 22) = (w(1, 72), v(T1,T2))

to B:
Put Y = (Y1,Y2) = ¢(Bi1, Ba) and apply Itd’s formula:

dYy =} (By, B)dB, + u(By, By)dBy + L [u}y(By, Bs) + uly(By, By))dt
and

dYy = v},(By, B2)dBy + vh(By, Ba)dBy + 3[v}, (B, Ba) + vis(By, Ba)ldt ,
where v} = g—;‘l etc. So

dY = b(Bl, BQ)dt + O'(Bl, Bg)dB s

! !/
with b = 1 (21;), o= <Zi Z;) = Dy (the derivative of ¢).

So Y = ¢(Bi1, By) is a martingale if (and, in fact, only if) ¢ is harmonic,
i.e. Ap = 0. If ¢ is harmonic, we get by Corollary 8.5.3 that

(1 (2
¢(B1,Bs) = (B, BY)

where BD and B® are two (not necessarily independent) versions of 1-
dimensional Brownian motion, and
t t
ﬁl(t,w):/|Vu|2(Bl,Bg)ds, ﬁg(t,w):/|VU|2(B1,Bg)ds.

0 0
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Since

|Vul>  Vu-Vu
JUT =
Vu-Vv  |Vo|?

we see that if (in addition to Au = Av = 0)
|Vul? = |[Vv|? and Vu- Vo =0 (8.5.19)

then
t

Yi=Y, + /odB
0
with
ool = |Vul|?(By,By)Io, Yy = ¢(B1(0), B2(0)) .

Therefore, if we let
t
5= Bltw) = [ IVuP(BrBa)ds,  an= 5"
0

we obtain by Theorem 8.5.2 that Y, is a 2-dimensional Brownian motion.
Conditions (8.5.19) — in addition to Au = Av = 0 — are easily seen to be
equivalent to requiring that the function ¢(x + iy) = ¢(z,y) regarded as a
complex function is either analytic or conjugate analytic.

Thus we have proved a theorem of P. Lévy that ¢(By, B2) is — after a
change of time scale — again Brownian motion in the plane if and only if
¢ is either analytic or conjugate analytic. For extensions of this result see
Bernard, Campbell and Davie (1979), Csink and @Qksendal (1983) and Csink,
Fitzsimmons and @ksendal (1990).

8.6 The Girsanov Theorem

We end this chapter by discussing a result, the Girsanov theorem, which
is fundamental in the general theory of stochastic analysis. It is also very
important in many applications, for example in economics (see Chapter 12).

Basically the Girsanov theorem says that if we change the drift coefficient
of a given Itd process (with a nondegenerate diffusion coefficient), then the
law of the process will not change dramatically. In fact, the law of the new
process will be absolutely continuous w.r.t. the law of the original process
and we can compute explicitly the Radon-Nikodym derivative.

We now make this precise. First we state (without proof) the useful Lévy
characterization of Brownian motion. A proof can be found in e.g. Tkeda &
Watanabe (1989), Theorem I1.6.1, or in Karatzas & Shreve (1991), Theo-
rem 3.3.16.
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Theorem 8.6.1 (The Lévy characterization of Brownian motion).
Let X(t) = (X1(t),...,Xn(t)) be a continuous stochastic process on a proba-
bility space (2, H,Q) with values in R™. Then the following, a) and b), are
equivalent

a) X(t) is a Brownian motion w.r.t. Q, i.e. the law of X (t) w.r.t. Q is the
same as the law of an n-dimensional Brownian motion.
b) (i) X(t) = (X1(t),...,X,(t)) is a martingale w.r.t. Q (and w.r.t. its
own filtration) and
(i) X;(t)X;(t)—0di;t is a martingale w.r.t. Q (and w.r.t. its own filtration)
foralli,j€{1,2,...,n}.

Remark. In this Theorem one may replace condition (ii) by the condition
(ii)’ The cross-variation processes (X;, X;)+ satisfy the identity
(Xi, Xj)e(w) = 045t a.s.,1<i,j<n (8.6.1)
where
(Xi, Xj)e = X + X5, X + Xj)e — (Xi = X5, Xs = X)), (86.2)

(Y,Y): being the quadratic variation process. (See Exercise 4.7.)

Next we need an auxiliary result about conditional expectation:

Lemma 8.6.2. Let u and v be two probability measures on a measurable
space (2,G) such that dv(w) = f(w)du(w) for some f € L'(u). Let X be a
random variable on (£2,G) such that

B, (X[ = / X (@) f(@)dpu(w) < 00 .
0

Let 'H be a o-algebra, H C G. Then
E,[X|H]- E,[fIH] = E,[fX|H] a.s. (8.6.3)

Proof. By the definition of conditional expectation (Appendix B) we have
that if H € H then

/EV[X|H]fdu _ /EV[X|H]dV:/Xdz/

H H

H
_ /deu:/EH[fXW]du (8.6.4)
H

H

On the other hand, by Theorem B.3 (Appendix B) we have
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/ B [X M) fdp = B [E[XIHf - Xn] = By [BulEy [X[H]f - X H]]

— B,[XuB,[X|H] - B,[f|H]] = / B, [XIH] - Bu[f[Hldu . (86.5)

Combining (8.6.4) and (8.6.5) we get

[ BAXIH) - B (f1H0dn = [ X

N H
Since this holds for all H € H, (8.6.3) follows. O
We can now prove the first version of the Girsanov formula:

Theorem 8.6.3 (The Girsanov theorem I).
Let Y (t) € R™ be an Ito process of the form

dY (t) = a(t,w)dt + dB(t) ; t<T, Yp=0.

where T < oo is a given constant and B(t) is n-dimensional Brownian mo-
tion. Put

t t
M, = exp (— /a(syw)dBS - é/aQ(s,w)ds) ; t<T. (8.6.6)
0 0

Assume that a(s,w) satisfies Novikov’s condition

T
E[exp (;()/az(s,w)dsﬂ < (8.6.7)

where E = Ep is the expectation w.r.t. P. Define the measure Q on ({2, f;n))
by

dQ(w) = Mp(w)dP(w) . (8.6.8)
Then Y (t) is an n-dimensional Brownian motion w.r.t. the probability law
Q, fort <T.

Remarks.

(1) The transformation P — @ given by (8.6.9) is called the Girsanov trans-
formation of measures.
(2) As pointed out in Exercise 4.4 the Novikov condition (8.6.7) is sufficient to

guarantee that {M;}<r is a martingale (w.r.t. ft(") and P). Actually,
the result holds if we only assume that {M;},<7 is a martingale. See
Karatzas and Shreve (1991).
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(3) Note that since M; is a martingale we actually have that
MrpdP = M,dP  on F™; t<T. (8.6.9)

To see this, let f be a bounded ft(")—measurable function. Then by The-
orem B.3 we have

/ F(@)Mr(w)dP(w) = E[fMy] = E[E[fMr|F]]
(9]
_ E[fE[M7|F]] = EIfM] = / F(@)My(w)dP(w) -
(9]

Proof of Theorem 8.6.3. For simplicity we assume that a(s,w) is bounded.
In view of Theorem 8.6.1 we have to verify that

(1) Y(t) = (Yi(t),...,Yn(t)) is a martingale w.r.t. @ (8.6.10)
and
(i) Yi(¢)Y;(t) — d;;t is a martingale w.r.t. Q,

for all i,5 € {1,2,...,n}. (8.6.11)

To verify (i) we put K(t) = M;Y (¢t) and use Itd’s formula to get (see
Exercises 4.3, 4.4)

dK;(t) = MdY;(t) + Yi(t)dM; + dY;(t)dM;

= My(a;(t)dt + dB;(t)) + Yi(t)Mt(Z ak(t)dBk(t))
k

HABO)( - MY an(0)dBu (1)

k=1

n

=

= M,(dB;(t) — Y;(t) zn:ak(t)dBk(t)) = M~ (t)dB(t) (8.6.12)
k=1

where 7O () = (1 (1),..., 7 (t)), with

’y(-i)(t) _ —Yi(t)a;(t) for j # i
J 1-Y;(t)a;(t) forj=i.
Hence K;(t) is a martingale w.r.t. P, so by Lemma 8.6.2 we get, for t > s,

Bolvi(t)|F) = ERLYOIZ] _ B

E[M|F] M
_ Kils)
- Ms - Y;(S) )

which shows that Y;(t) is a martingale w.r.t. ). This proves (i). The proof of
(ii) is similar and is left to the reader. O
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Remark. Theorem 8.6.3 states that for all Borel sets Fy,..., Fr C R™ and
all t1,to,...,tx <T, k=1,2,... we have

Q[Y(h) € fy,....Y(tg) € Fk] = P[B(tl) e Fy,.. .,B(tk) S Fk] (8.6.13)

An equivalent way of expressing (8.6.8) is to say that Q@ < P (Q is absolutely
continuous w.r.t. P) with Radon-Nikodym derivative

dQ n
T5=Mr oo Fm (8.6.14)

Note that Mp(w) > 0 a.s., so we also have that P < Q. Hence the two
measures @ and P are equivalent. Therefore we get from (8.6.13)

P[Y(tl) € Fy,... ,Y(tk) € Fk] >0
<~ QY (t1) € Fy,...,Y(tx) € Fx] >0
< P[B(t1) € FA,...,B(ty) € Fy] >0; t1,...,t, €[0,7] (8.6.15)

Theorem 8.6.4 (The Girsanov theorem II).
Let Y(t) € R™ be an It6 process of the form

dY (t) = B(t,w)dt + 0(t,w)dB(t);  t<T (8.6.16)

where B(t) € R™, B(t,w) € R™ and 6(t,w) € R" ™. Suppose there exist
processes u(t,w) € Wi and a(t,w) € Wy, such that

O(t,w)u(t,w) = B(t,w) — a(t,w) (8.6.17)

and assume that u(t,w) satisfies Novikov’s condition

T
E{exp (é 0/u2(s,w)ds>} <00, (8.6.18)
Put
M; = exp ( - O/tu(s,w)dBS - ;O/tuZ(s,w)ds) ; t<T (8.6.19)
e dQ(w) = Mp(w)dP(w) on f;m) . (8.6.20)
Then ,
B(t): = O/u(s,w)ds+B(t); L<T (8.6.21)

is a Brownian motion w.r.t. Q and in terms of B(t) the process Y (t) has the
stochastic integral representation

dY (t) = a(t,w)dt + 0(t,w)dB(t) . (8.6.22)
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Proof. 1t follows from Theorem 8.6.3 that B(t) is a Brownian motion w.r.t.
Q. So, substituting (8.6.21) in (8.6.16) we get, by (8.6.17),
t) — u(t, w)dt)

dY (t) = B(t,w)dt + 6(t,w)(dB
w)]dt + 6(t,w)dB(t)

(
= [B(t,w) = 0(t, w)u(t,w)

]
= a(t,w)dt + 0(t,w)dB(t) . .

Note that if n = m and 0 € R™*" is invertible, then the process u(t,w)
satisfying (8.6.17) is given uniquely by

u(t,w) = 071t w)[B(t,w) — alt,w)] . (8.6.23)
Finally we formulate a diffusion version:

Theorem 8.6.5 (The Girsanov theorem III).
Let X(t) = X*(t) € R" and Y (t) = Y*(t) € R™ be an Ité diffusion and an
It6 process, respectively, of the forms
dX(t) =b(X(t))dt + o(X(t))dB(t) ; t<T, X(0)= (8.6.24)
dY (t) = [v(t,w) + b(Y (¢))]dt + (Y (¢))dB(t ) t<T, Y(O) =z (8.6.25)
where the functions b: R™ — R™ and o: R™ — R™ ™ satisfy the conditions

of Theorem 5.2.1 and y(t,w) € W, x € R". Suppose there exists a process
u(t,w) € Wi} such that

o(Y(t)u(t,w) = y(t,w) (8.6.26)

and assume that u(t,w) satisfies Novikov’s condition

T
E[exp (% 0/u2(s,w)ds>} <00 (8.6.27)

Define My, Q and B(t) as in (8.6.19), (8.6.20) and (8.6.21). Then

~

dY (t) = b(Y (¢))dt + o(Y (¢))dB(t) . (8.6.28)
Therefore,

the Q-law of Y*(t) is the same as
the P-law of X*(t); t<T. (8.6.29)

Proof. The representation (8.6.28) follows by applying Theorem 8.6.4 to the
case 0(t,w) = o (Y (t)), B(t,w) = y(t,w)+b(Y (¢)), a(t,w) = b(Y (t)). Then the
conclusion (8.6.29) follows from the weak uniqueness of solutions of stochastic
differential equations (Lemma 5.3.1). a
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The Girsanov theorem III can be used to produce weak solutions of
stochastic differential equations. To illustrate this, suppose Y; is a known
weak or strong solution to the equation

dYy = b(Yr)dt + o(Y;)dB(t)

where b:R" — R”, 0: R" — R™*™ and B(t) € R™. We wish to find a weak
solution X (¢) of a related equation

dX; = a(X;)dt + o(X,)dB(t) (8.6.30)

where the drift function is changed to a: R™ — R"™. Suppose we can find a
function ug: R™ — R™ such that

o(y)uo(y) = bly) —aly);  ycR".
(If n = m and o is invertible we choose
up=01-(b—a).)

Then if u(t,w) = up(Yi(w)) satisfies Novikov’s conditions, we have, with Q
and B; = B(t) as in (8.6.20) and (8.6.21), that

dY; = a(Y;)dt + o(V;)dB, . (8.6.31)

Thus we have found a Brownian motion (B;, Q) such that Y; satisfies (8.6.31).
Therefore (Y;, By) is a weak solution of (8.6.30).

Example 8.6.6. Let a: R — R be a bounded, measurable function. Then
we can construct a weak solution X; = X7 of the stochastic differential
equation

dXy = a(X;)dt + dBy Xo=z€R". (8.6.32)

We proceed according to the procedure above, with 0 = I, b =0 and

dY, =dB,; Yo==.

Choose
up=0'-(b—a)=—a
and define
t t
M, = exp{— /uo(Ys)st - ;/ug(n)ds}
0 0
i.e.
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Fix T < oo and put
dQ = MydP  on Fi™ .

Then

t
By:= —/a(BS)ds—i—Bt
0

is a Brownian motion w.r.t. Q) for t < 7T and
dB; = dY; = a(Y;)dt + dB; .

Hence if we set Yy = z the pair (Yt,ﬁt) is a weak solution of (8.6.32) for
t <T. By weak uniqueness the Q-law of Y; = B; coincides with the P-law of
XY, so that

Ef1(X5) - fe(XE)] = EQlfi(Yey) - fu(Ye,)]
= E[Mrfi(By,)... fu(B)]  (8.6.33)

for all fq,..., fr € C()(Rn), t1,...,t <T.

Exercises

8.1. Let A denote the Laplace operator on R".
a) Write down (in terms of Brownian motion) a bounded solution g
of the Cauchy problem

Og(t
{ ggt’x)—%Awg(t,x) =0 for t>0,z€R"”
9(0,2) = ¢(x)

where ¢ € CZ is given. (From general theory it is known that the
solution is unique.)
b) Let ¢ € Cp(R™) and o > 0. Find a bounded solution u of the

equation
(a—3A)u=1 in R™.

Prove that the solution is unique.

8.2. Show that the solution u(¢,z) of the initial value problem

at—zﬁxamz—i—aasax, t>0,zeR
u(0,z) = f(z)  (f € C§3(R) given)

can be expressed as follows:



8.3.

8.4.

8.5.
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u(t,z) = E[f(x - exp{8B: + (o — %ﬂ2)t}]
2

\/%/f(xﬁxp{ﬂer(a;/Bz)t}exp ( Zt)dy; t>0.
R

(Kolmogorov’s forward equation)
Let X; be an It6 diffusion in R™ with generator

o 0
A1) = Y oug -+ S rec

i,J

and assume that the transition measure of X, has a density p;(x,y),
i.e. that

Bf0) = [ fwmedys 1 eG (8.6.34)
R?L
Assume that y — p¢(z,y) is smooth for each ¢,z. Prove that p:(z,y)

satisfies the Kolmogorov forward equation

d
%pt(x,y) = Aypi(,y) for all z,vy , (8.6.35)

where A7 operates on the variable y and is given by
Arpy) = 872(‘11 )= > i(biqb) . ¢eC? (8.6.36)
Y — Oyidy; — dyi ’

(i.e. A is the adjoint of A,.)
(Hint: By (8.6.34) and Dynkin’s formula we have

/f(y)pt(m,y)dy = f(z) +//Ayf(y)ps(x,y)dyd8; fecs.

R 0 R"

Now differentiate w.r.t. ¢ and use that

(Ap,¢) = (¢, A™) for p € C2, % € C?,

where (-, -) denotes inner product in L?(dy).)

Let B; be n-dimensional Brownian motion (n > 1) and let F' be a
Borel set in R™. Prove that the expected total length of time ¢ that
B; stays in F is zero if and only if the Lebesgue measure of F is zero.
Hint: Consider the resolvent R, for a > 0 and then let o« — 0.

Show that the solution u(¢, ) of the initial value problem



162 8. Other Topics in Diffusion Theory

ot

a—ufpu+%Au t>0; xe€R"
u(0,z) = f(x) (f € C§(R™) given)

(where p € R is a constant) can be expressed by

T — )2
u(t, z) = (27rt)*"/2 exp(pt) / f(y)exp ( — %)dy .

R'n.

8.6. In connection with the deduction of the Black & Scholes formula for
the price of an option (see Chapter 12) the following partial differential
equation appears:

ot

@:_pu+ax%+%ﬁzx2%;t>0, reR
u(0,2) = (z — K)T ; reR,

where p > 0, a, 3 and K > 0 are constants and
(r — K)* = max(z — K,0) .
Use the Feynman-Kac formula to prove that the solution w of this
equation is given by
()= = [(w-expf(a— 358+ 0y — K)*e oy >0
u(t,x) = — | (z-exp{(a— 35 — e ; .
ot P 2 Y Y
R

(This expression can be simplified further. See Exercise 12.13.)

8.7. Let X; be a sum of Itd integrals of the form

X, = Z/Uk(s,w)dBk(s) ,

k=17

where (By, ..., B,) is n-dimensional Brownian motion. Assume that

t
n
By:= /Zv%(s,w)ds — 00 as t — 00, a.s.
o k=1

Prove that
. X
limsup ————=—-" =1 a.s.
t—oo V20 loglog B

(Hint: Use the law of iterated logarithm.)
8.8. Let Z; be a 1-dimensional Itd process of the form
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Let G; be the o-algebra generated by {Zs(-); s < ¢} and define
ANy = (u(t,w) — Elul|G¢))dt + dB; .

Use Corollary 8.4.5 to prove that IV; is a Brownian motion. (If we inter-
pret Z; as the observation process, then N; is the innovation process.
See Lemma 6.2.6.)

-2
there exists another Brownian motion B, such that

8.9. Define a(t) = $In(1 + 5¢%). If B, is a Brownian motion, prove that

o' t

/ e*dB, = / rdB, .

0 0

8.10. Let B; be a Brownian motion in R. Show that
X;:= B?
is a weak solution of the stochastic differential equation
dX, = dt +2/|X|dB; . (8.6.37)

(Hint: Use It6’s formula to express X; as a stochastic integral and
compare with (8.6.37) by using Corollary 8.4.5.)

8.11. a) Let Y(¢t) = t+ B(t); ¢ > 0. For each T > 0 find a probability
measure Qr on Fr such that Qr ~ P and {Y (¢)}+<7 is Brownian
motion w.r.t. Q7. Use (8.6.9) to prove that there exists a probability
measure () on F,, such that

Q|Fr =Qr forall T >0.

b) Show that
P(lim Y(t):oo) =1

while -
Q (tlirgloY(t) = oo) =0.

Why does not this contradict the Girsanov theorem?

8.12. Let
dy (t) = [ﬂdH {_11 _32} {Zglgg] ; t<T.

Find a probability measure ) on f}g) such that ¢ ~ P and such that

dy (t) = {_11 _32} {Zg;g”
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8.13.

8.14.
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where

is a Brownian motion w.r.t. Q.
Let b: R — R be a Lipschitz-continuous function and define
X: =X €eRby

dX; =b(X;)dt+dB, Xo =z € R.

a) Use the Girsanov theorem to prove that for all M < oo, € R and
t > 0 we have
PXy>M]>0.

b) Choose b(x) = —r where r > 0 is constant. Prove that for all x
X! — —o0 as t — oo a.s.

Compare this with the result in a).

(Polar sets for the graph of Brownian motion)
Let B; be 1-dimensional Brownian motion starting at € R.

a) Prove that for every fixed time ¢y > 0 we have
P?[By, =0]=0.
b) Prove that for every (non-trivial) closed interval J C R we have
P®[3t € J such that By =0]>0.

(Hint: If J = [t1,t2] consider P*[By, < 0 & By, > 0] and then use
the intermediate value theorem.)

¢) In view of a) and b) it is natural to ask what closed sets F C R
have the property that

P*[3t e F such that B, =0]=0. (8.6.38)

To investigate this question more closely we introduce the graph
X; of Brownian motion, given by

|1 0 ] o
axi= o] at+ Q] ames xi=| )

ie.
to+1
By

Then F satisfies (8.6.38) iff K:= F x {0} polar for X;, in the sense
that

¢
Xy = X" = [ } where BJ° =z a.s.
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Plom (3t >0; X, € K] =0 forall t,0. (8.6.39)

The key to finding polar sets for a diffusion is to consider its Green
operator R, which is simply the resolvent R, with a =0

Rf(tg, ) = B0 {/f(Xs)ds} for f e Co(R?).

Show that

Ri(to, 70) = / Glto, 20 t,2)f (t, 2)dt de
R2

where
|z — xo?

G(to, zost,x)= X, - (2m(t — 1))~ 2 exp (— 20—ty

) (8.6.40)
(G is the Green function of X;.)
d) The capacity of K,C(K) = Cg(K), is defined by
C(K) = sup{u(K); p € Ma(K)}
where M¢(K)={u; p measure on K s.t. [G(to,xo;t,z)du(t,x)<1
K
for all tg,zo}.
A general result from stochastic potential theory states that
P X, hits K] = 0 < C(K) =0 . (8.6.41)
See e.g. Blumenthal and Getoor (1968, Prop. VI.4.3). Use this to
prove that
A (F)=0= P™[3t€ F suchthat B, =0]=0,

where A1 denotes I /2-dimensional Hausdorff measure (Folland
(1984, §10.2)).

8.15. Let f € CZ(R™) and a(z) = (a1(x),...,a,(7)) with o; € C3(R") be
given functions and consider the partial differential equation
%7;: Zai(x)%+%2%3 t>0, zeR"
i i=1 7

=1

w(0,2) = f(z) ; reR™.
a) Use the Girsanov theorem to show that the unique bounded solution
u(t, z) of this equation can be expressed by
¢ t
u(t,r) = El‘[exp (/a(Bs)st - ;/aQ(BS)ds> f(Bt)} :
0 0

where E® is the expectation w.r.t. P”.
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b) Now assume that « is a gradient, i.e. that there exists v € C1(R"™)
such that
Vy=o.
Assume for simplicity that v € C3(R"). Use Itd’s formula to prove
that (see Exercise 4.8)

utt) = exp (~2@)E[exp{~ 4 [(v7()
0

+ () )ds explr (BN (B0)]

c) Put v(t,z) = exp(y(x))u(t,z). Use the Feynman-Kac formula to
show that v(t, z) satisfies the partial differential equation

%ﬁz—%(sz—l—Aw)m—}—%Av; t>0; reR"
v(0,z) = exp(y(x)) f(z) ; reR™.
(See also Exercise 8.16.)
8.16. (A connection between B.m. with drift and killed B.m.)
Let B; denote Brownian motion in R"™ and consider the diffusion X;
in R™ defined by
dX, = Vh(X)dt +dB,; Xo=z€R". (8.6.42)

where h € C3(R™).

a) There is an important connection between this process and the
process Y; obtained by killing B; at a certain rate V. More precisely,
first prove that for f € Co(R™) we have

t
B0 = B [oxp (- [ V(BIds) expln(B) ~h(w) - 5]
0
(8.6.43)
where
V(z) = 3|Vh(z)|* + L Ah(z) . (8.6.44)
(Hint: Use the Girsanov theorem to express the left hand side of
(8.6.43) in terms of B;. Then use the It6 formula on Z; = h(By) to
achieve (8.6.44).)
b) Then use the Feynman-Kac formula to restate (8.6.43) as follows
(assuming V' > 0):

/TtX(fv x) = eXp(_h(x)) ' TtY(f - €xXp h,{E) P

where T;X, TY denote the transition operators of the processes X
and Y, respectively, i.e.

TX(f, ) = E°[f(X,)] and similarly for V .



9. Applications to Boundary Value Problems

9.1 The Combined Dirichlet-Poisson Problem.
Uniqueness

We now use results from the preceding chapters to solve the following gener-
alization of the Dirichlet problem stated in the introduction:

Let D be a domain (open connected set) in R™ and let L denote a semi-
elliptic partial differential operator on C?(R") of the form

- 0 ” 02
i=1 tg=1 v

B

where b;(z) and a;;(z) = a;;(z) are continuous functions (see below). (By
saying that L is semi-elliptic (resp. elliptic) we mean that all the eigenvalues
of the symmetric matrix a(z) = [a;;(2)]} ;= are non-negative (resp. positive)
for all x.)

The Combined Dirichlet-Poisson Problem

Let ¢ € C(0D) and g € C(D) be given functions. Find w € C?(D) such that

(i) Lw=—g in D (9.1.2)
and
(i) lim w(z) = ¢(y) for all y € 9D . (9.1.3)

The idea of the solution is the following: First we find an It6 diffusion {X;}
whose generator A coincides with L on C3(R™). To achieve this we simply
choose o(z) € R™"*™ such that

30(x)oT (2) = lai;(«)] - (9.1.4)

We assume that o(z) and b(z) = [b;(z)] satisfy conditions (5.2.1) and (5.2.2)
of Theorem 5.2.1. (For example, if each a;; € C%(D) is bounded and has
bounded first and second partial derivatives, then such a square root o can
be found. See Fleming and Rishel (1975).) Next we let X; be the solution of
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where B; is n-dimensional Brownian motion. As usual we let E® denote
expectation with respect to the probability law Q7 of X; starting at x € R™.
Then our candidate for the solution w of (9.1.2), (9.1.3) is

0
provided that ¢ is bounded and
D
E* {/ g(Xt)dt} < 00 for allx . (9.1.7)
0

The Dirichlet-Poisson problem consists of two parts:

(i) Existence of solution.
(ii) Uniqueness of solution.

The uniqueness problem turns out to be simpler and therefore we handle
this first. In this section we prove two easy and useful uniqueness results.
Then in the next sections we discuss the existence of solution and other
uniqueness questions.

Theorem 9.1.1 (Uniqueness theorem (1)).
Suppose ¢ is bounded and g satisfies (9.1.7). Suppose w € C?(D) is bounded
and satisfies

(i) Lw=—g in D (9.1.8)
and

(ii)’ limyyr w(Xy) = ¢(Xr)) - X7 <00} a.s. QF forall x.  (9.1.9)
Then

w(z) = B [$(X, ) - Xpr <o) +Ew[/g X, dt] (9.1.10)
0

Proof. Let {Dy}72, be an increasing sequence of open sets Dy such that

Dy cC D and D = |J Dyg. Define
k=1

ap=kNTD, ; k=1,2,...

Then by the Dynkin formula and (9.1.8)
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ag

E®[w(Xa,)] - E® { / Lw(Xt)dt}
0

g
g
[

Qg

E””[w(Xak)]+E””{/g(Xt)dt} . (9.1.11)
0

By (9.1.9) w(Xa,) — ¢(X7) - X{r <oco} pointwise boundedly a.s. Q*. Hence

Efw(Xa,)] = E[¢(Xr,) - X7 <co}] as k — o0. (9.1.12)
Moreover,
g D
E“[/g(Xt)dt} . E”[/g(Xt)dt] as k- 00 | (9.1.13)
0 0
since
o, D
/g(Xt)dtﬁ/g(Xt)dt a.s.
0 0
and
(3% D
’/g(Xt)dt‘ < /|g(Xt)|dt, which is Q®-integrable by (9.1.7).
0 0
Combining (9.1.12) and (9.1.13) with (9.1.11) we get (9.1.10). 0

An immediate consequence is:

Corollary 9.1.2 (Uniqueness theorem (2)).
Suppose ¢ is bounded and g satisfies (9.1.7). Suppose

T, < 00 a.s. Q% for all x . (9.1.14)

Then if w € C*(D) is a bounded solution of the combined Dirichlet-Poisson
problem (9.1.2), (9.1.3) we have

D

w(z) = E°[6(X, )] + B Ug (X,) dt] (9.1.15)

0

9.2 The Dirichlet Problem. Regular Points

We now consider the more complicated question of existence of solution. It
is convenient to split the combined Dirichlet-Poisson problem in two parts:
The Dirichlet problem and the Poisson problem:
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The Dirichlet Problem

Let ¢ € C(OD) be a given function. Find u € C?(D) such that

Q8] Lu=0 in D (9.2.1)
and
(II) lim u(z) = ¢(y) for all y € 9D . (9.2.2)

The Poisson Problem

Let g € C(D) be a given function. Find v € C?(D) such that

(a) Lv=—g in D (9.2.3)

and

(b) lim v(z) =0 for all y € 0D . (9.2.4)
z€D

Note that if © and v solve the Dirichlet and the Poisson problem, respectively,
then w: = u + v solves the combined Dirichlet-Poisson problem.

We first consider the Dirichlet problem and proceed to study the Poisson
problem in the next section.

For simplicity we assume in this section that (9.1.14) holds.

In view of Corollary 9.1.2 the question of existence of a solution of the
Dirichlet problem (9.2.1), (9.2.2) can be restated as follows: When is

u(@): = E*[¢(X; )] (9.2.5)

D

a solution?

Unfortunately, in general this function u need not be in C?(U). In fact,
it need not even be continuous. Moreover, it need not satisfy (9.2.2), either.
Consider the following example:

Example 9.2.1. Let X(t) = (X1(t), X2(t)) be the solution of the equations

dX, (t) = dt
dXa(t) =0

so that X (¢) = X(0) +¢(1,0) € R? ¢ > 0. Let
D = ((0,1) x (0,1)) U ((0,2) x (0, 3))
and let ¢ be a continuous function on 0D such that

¢ =1 on {1} x[5,1] and
¢ =0 on {2} x[0, 4]
¢ =0 on {0} x[0,1].
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__...--.>)<t

Then

1 ifze(d,1)
u(t,@) = B [0(X,)1 =9 g i a e (0,1)
YR

so 1 is not even continuous. Moreover,

lim u(t,z) =1 # ¢(0,2) if 1<z<1
t—0

50 (9.2.2) does not hold.

However, the function u(x) defined by (9.2.5) will solve the Dirichlet prob-
lem in a weaker, stochastic sense: The boundary condition (9.2.2) is replaced
by the stochastic (pathwise) boundary condition (9.1.9) and the condition
(9.2.1) (Lu = 0) is replaced by a condition related to the condition

Au=0
where A is the characteristic operator of X; (Section 7.5).

We now explain this in more detail:

Definition 9.2.2. Let f be a locally bounded, measurable function on D.
Then f is called X -harmonic in D if

for all x € D and all bounded open sets U with U C D.
We make two important observations:

Lemma 9.2.3.
a) Let f be X-harmonic in D. Then Af =0 in D.
b) Conversely, suppose f € C*(D) and Af =0 in D. Then f is X -harmonic.

Proof.
a) follows directly from the formula for A.
b) follows from the Dynkin formula: Choose U as in Definition 9.2.2. Then
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E (X)) =l E(f (X, )]
TU Nk

)+ Jim 2| [ @nexs| = s,

since Lf = Af =0in U. a

The most important examples of X-harmonic functions are given in the
next result:

Lemma 9.2.4. Let ¢ be a bounded measurable function on 0D and put
u(z) = E*[¢(X))] zeD.
Then u is X -harmonic. Thus, in particular, Au = 0.
Proof. From the mean value property (7.2.9) we have, if V .C D
u(w) = [ W@ Xey € dy] = E7lu(X ).

ov O

We are now ready to formulate the weak, stochastic version:

The Stochastic Dirichlet Problem

Given a bounded measurable function ¢ on 9D, find a function u on D such
that

(i)s u is X-harmonic (9.2.6)
(ii)s tl%m u(Xe) = ¢(X)) as. Q*,z€D. (9.2.7)
D

We first solve the stochastic Dirichlet problem (9.2.6), (9.2.7) and then
relate it to the original problem (9.2.1), (9.2.2).

Theorem 9.2.5 (Solution of the stochastic Dirichlet problem).
Let ¢ be a bounded measurable function on 0D.

a) (Euxistence) Define
ulw) = BP[H(X,)] (9.2.8)

D

Then u solves the stochastic Dirichlet problem (9.2.6), (9.2.7).
b) (Uniqueness) Suppose g is a bounded function on D such that

(1) g is X-harmonic
(2) Jm g(X0) = 6(Xy,) 0.5, @7, v € D.
D

Then g(z) = E*[¢(X, )], z € D.

D
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Proof. a) It follows from Lemma 9.2.4 that (¢)s holds. Fix € D. Let {Dy}
be an increasing sequence of open sets such that Dy CC D and D = | Dy.
k

Put 7, = 7p,, 7 = 7,,. Then by the strong Markov property

u(Xr,) = EXn [0(X:)] = E[07, (6(X7))| Fr ]
— B (X (929

Now My = E*[¢p(X,)|F-,] is a bounded (discrete time) martingale so by the
martingale convergence theorem Corollary C.9 (Appendix C) we get that

lim u(Xr,) = lim E*[6(X,)|F,] = 6(X,) (9.2.10)

k—o0
both pointwise for a.a. w and in LP(Q"), for all p < co. Moreover, by (9.2.9)
it follows that for each k the process

Ny = u(XTkV(t/\Tk+1)) - U(XTk) ; t>0

is a martingale w.r.t. Gy = F, v (tarp 1)
So by the martingale inequality

@[ s u(x) - u(Xn)| > ] < SE(X,) - u(Xn) P

T <r<Tk41

—0 as k— oo, forall e>0. (9.2.11)
From (9.2.10) and (9.2.11) we conclude that (ii), holds.

b) Let Dy, 7 be as in a). Then since g is X-harmonic we have

g(x) = E*[g(X7,)]
for all k. So by (2) and bounded convergence

g(w) = Jim B*[g(X,)] = B[6(X,,)] , s asserted
O

Finally we return to the original Dirichlet problem (9.2.1), (9.2.2). We
have already seen that a solution need not exist. However, it turns out that
for a large class of processes X; we do get a solution (for all D) if we reduce
the requirement in (9.2.2) to hold only for a subset of the boundary points
y € 0D called the regular boundary points. Before we define regular points
and state the result precisely, we need the following auxiliary lemmas:

(As before we let M; and M, denote the o-algebras generated by Xg;
s <t and by X; s > 0 respectively).

Lemma 9.2.6 (The 0-1 law). Let H € (| M. Then either Q*(H) = 0
>0
or Q*(H)=1.
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Proof. From the strong Markov property (7.2.5) we have
E*[0n|M,] = E*[n]
for all bounded, M ,-measurable 7: 2 — R. This implies that
/ 0, - dQ* = / EXt[n]dQ* , for all ¢ .
H H

First assume that n = n, = ¢1(X,) -+ - gr(Xt, ), where each g; is bounded
and continuous. Then letting ¢ — 0 we obtain

/ ndQ" = finy / OindQ® = lim / EX[)dQ" = Q" (H)E"[n]
H H ¥

by Feller continuity (Lemma 8.1.4) and bounded convergence. Approximating
the general n by functions 7y as above we conclude that

/ ndQ* = Q" (H)E”[]
H

for all bounded M -measurable 7. If we put n = X,, we obtain Q*(H) =
(Q*(H))?, which completes the proof. |

Corollary 9.2.7. Lety € R™. Then

either QY[r,

00=0 or QY[r,=0=1.

Proof. H={w;7, =0} € (| M;. O
>0
In other words, either a.a. paths X; starting from y stay within D for a
positive period of time or a.a. paths X; starting from y leave D immediately.
In the last case we call the point y regular, i.e.

Definition 9.2.8. A point y € 0D is called regular for D (w.r.t. X;) if

Otherwise the point y is called irregular.

Example 9.2.9. Corollary 9.2.7 may seem hard to believe at first glance. For
example, if X, is a 2-dimensional Brownian motion B; and D is the square
[0,1] x [0, 1] one might think that, starting from (3,0), say, half of the paths
will stay in the upper half plane and half in the lower, for a positive period of
time. However, Corollary 9.2.7 says that this is not the case: Either they all

stay in D initially or they all leave D immediately. Symmetry considerations
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1

imply that the first alternative is impossible. Thus (3,

the other points of 0D, are regular for D w.r.t. By.

0), and similarly all

EY

B,

Example 9.2.10. Let D = [0,1]%[0, 1] and let L be the parabolic differential
operator
0
Litha) =9

1
ot 2
(See Example 7.3.5)

Here )
1 0 0
b(O) and a[aij]2<0 1> .

So, for example, if we choose o =

2
-%; (t,x) € R%.

1 8 , we have %O’O‘T = a. This gives the
following stochastic differential equation for the It diffusion X; associated

with L: )
(1 0 0\ [dB!
X = (0>dt+(1 0> (d3§2>> '

_[t+to (1o
= (5) s x=(Y)

where By is 1-dimensional Brownian motion. So we end up with the graph
of Brownian motion, which we started with in Example 7.3.5. In the case it
is not hard to see that the irregular points of 9D consist of the open line
{0} x (0,1), the rest of the boundary points being regular.

In other words,

r
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Example 9.2.11. Let A = {(x,y); 2> + y?> <1} C R? and let {A,} be
a sequence of disjoint open discs in A centered at (27", 0), respectively,
n=12,....Put

oo

D:A\(UAn).

n=1

o0

Then it is easy to see that all the points of 0A U |J 904, are regular for
n=1

D w.r.t. 2-dimensional Brownian motion By, using a similar argument as in

Example 9.2.9. But what about the point 07 The answer depends on the sizes
of the discs A,,. More precisely, if 7, is the radius of A, then 0 is a regular
point for D if and only if

oo

Y =, (9.2.12)

log L
n=1 08 Tn

This is a consequence of the famous Wiener criterion. See Port and Stone
(1979), p. 225.

Having defined regular points we now formulate the announced general-
ized version of the Dirichlet problem:

The Generalized Dirichlet Problem

Given a domain D C R™ and L and ¢ as before, find a function u € C?(D)
such that

() Lu=0 in D (9.2.13)
and
(ii) lim u(z) = é(y) for all reqular y € 0D . (9.2.14)

ze€D
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First we establish that if a solution of this problem exists, it must be the
solution of the stochastic Dirichlet problem found in Theorem 9.2.5, provided
that X, satisfies Hunt’s condition (H):

(H): Every semipolar set for X is polar for X, . (9.2.15)

A semipolar set is a countable union of thin sets and a measurable set G C R"™
is called thin (for X3) if Q*[T¢ = 0] = 0 for all z, where T = inf{t > 0; X; €
G} is the first hitting time of G. (Intuitively: For all starting points the
process does not hit G immediately, a.s). A measurable set F' C R" is called
polar (for X) if Q*[Tr < oo] = 0 for all z. (Intuitively: For all starting
points the process never hits F', a.s.). Clearly every polar set is semipolar,
but the converse need not to be true (consider the process in Example 9.2.1).
However, condition (H) does hold for Brownian motion (See Blumenthal and
Getoor (1968)). It follows from the Girsanov theorem that condition (H) holds
for all It6 diffusions whose diffusion coefficient matrix has a bounded inverse
and whose drift coefficient satisfies the Novikov condition for all T' < co.

We also need the following result, the proof of which can be found in
Blumenthal and Getoor (1968, Prop. I1.3.3):

Lemma 9.2.12. Let U C D be open and let I denote the set of irreqular
points of U. Then I is a semipolar set.

Theorem 9.2.13. Suppose X, satisfies Hunt’s condition (H). Let ¢ be a
bounded continuous function on 0D. Suppose there exists a bounded u €
C?(D) such that

(i) Lu=0inD
(ii)s lim u(zx) = ¢(y) for all regular y € OD

xz€D

Then u(x) = E*[p(X; )].

D

Proof. Let {Dy} be as in the proof Theorem 9.1.1. By Lemma 9.2.3 b) u is
X-harmonic and therefore

u(z) = E®u(X,,)] for all z € Dy, and all k.

If K — oo then X, — X, and so w(X,,) — (b(XTD) if X, is regular.
From the Lemma 9.2.12 we know that the set I of irregular points of 9D is
semipolar. So by condition (H) the set I is polar and therefore X, ¢ I a.s.
Q*. Hence
u(z) = lim E°u(X,,)] = EX [¢(XTD)] , as claimed . .
Under what conditions is the solution u of the stochastic Dirichlet problem
(9.2.6), (9.2.7) also a solution of the generalized Dirichlet problem (9.2.13),
(9.2.14)7 This is a difficult question and we will content ourselves with the
following partial answer:
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Theorem 9.2.14. Suppose L is uniformly elliptic in D, i.e. the eigenvalues
of [a;j] are bounded away from 0 in D. Let ¢ be a bounded continuous function
on 0D. Put

u(z) = E*[¢(X) )] -

D

Then u € C*t%(D) for all & < 1 and u solves the Dirichlet problem (9.2.183),
(9.2.14), i.e.

(i) Lu=0inD.
(i), glrllr%l u(z) = ¢(y) for all reqular y € 9D .

r€D

Remark. If k is an integer, « > 0 and G is an open set C*+(G) denotes the
set of functions on G whose partial derivatives up to k’th order is Lipschitz
(Holder) continuous with exponent a.

Proof. Choose an open ball A with A C D and let f € C(0A). Then, from
the general theory of partial differential equations, for all a < 1 there exists
a continuous function u on A such that u|A € C?*%(A) and

Lu=0 in A (9.2.16)
u=f on 0A (9.2.17)

(see e.g. Dynkin (1965 II, p. 226)). Since u|A € C?2(A) we have: If K is
any compact subset of A there exists a constant C' only depending on K and
the C*-norms of the coefficients of L such that

[ulloztexy < C(|Lullgaay + lullecay) - (9.2.18)

(See Bers, John and Schechter (1964, Theorem 3, p. 232).) Combining
(9.2.16), (9.2.17) and (9.2.18) we obtain

[ull c2+e () < Clifllciaay - (9.2.19)
By uniqueness (Theorem 9.2.13) we know that
u(z) Z/f(y)dum(y), (9.2.20)

where dp, = Q[X,, € dy] is the first exit distribution of X; from A. From
(9.2.19) it follows that

’/fduzl —/fdum

By approximating a given continuous function on A uniformly by functions
in C*°(0A) we see that (9.2.21) holds for all functions f € C(9A). Therefore

< C||f||C(dA)|x1 — £L’2|a ; T1,%2 € K. (9221)

ey — oo || < Clay — 29| ; r1,20 € K (9.2.22)
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where || || denotes the operator norm on measures on 9A. So if ¢ is any
bounded measurable function on OA we know that the function

3(z) = / 90 dpa(y) = Elg(X,,)]

belongs to the class C*(K). Since u(z) = E®[u(X,,)] for all open sets U
with U C D and x € U (Lemma 9.2.4) this applies to g = u and we conclude
that u € C*(M) for any compact subset M of D.

We may therefore apply the solution to the problem (9.2.16), (9.2.17) once
more, this time with f = u and this way we obtain that

u(r) = E*[u(X-, )] belongs to C*T*(M)

for any compact M C D. Therefore (i) holds by Lemma 9.2.3 a).
To obtain (ii), we apply a theorem from the theory of parabolic differential
equations: The Kolmogorov backward equation

_Ov

Ly = 2=
U o

has a fundamental solution v = p(t, x, y) jointly continuous in ¢, z,y for t > 0
and bounded in z,y for each fixed ¢ > 0 (See Dynkin (1965 II), Theorem 0.4
p. 227). It follows (by bounded convergence) that the process X; is a strong
Feller process, in the sense that the function

 — E*[f(X,)] = / F@p(t, ., y)dy
J

is continuous, for all ¢ > 0 and all bounded, measurable functions f. In general
we have:

If X, is a strong Feller 1t6 diffusion and D C R™ is open then
lim E*[6(X,,)] = 6(y)

x€D

for all regular y € 9D and bounded ¢ € C(9D) . (9.2.23)

(See Theorem 13.3 p. 32-33 in Dynkin (1965 II)).
Therefore u satisfies property (ii), and the proof is complete. a

Example 9.2.15. We have already seen (Example 9.2.1) that condition
(9.1.3) does not hold in general. This example shows that it need not hold
even when L is elliptic: Consider Example 9.2.11 again, in the case when the
point 0 is not regular. Choose ¢ € C(9D) such that

$(0)=1,0<¢(y) <1 for y € 0D\ {0} .

Since {0} is polar for B; (see Exercise 9.7 a) we have BED # 0 a.s and therefore
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u(0) = Ep(B,, )] < 1.

By a slight extension of the mean value property (7.2.9) (see Exercise 9.4)
we get

E°lu(X,,)] = E°[¢(X5 )] = u(0) < 1 (9.2.24)
where
Uk:inf{t>O;Bt¢Dﬂ{|x<]1€}}, k=1,2,...

This implies that it is impossible that u(z) — 1 as & — 0. Therefore (9.1.3)
does not hold in this case.

In general one can show that the regular points for Brownian motion
are exactly the regular points in the classical potential theoretic sense, i.e.
the points y on 0D where the limit of the generalized Perron-Wiener-Brelot
solution coincide with ¢(y), for all ¢ € C(9D). See Doob (1984), Port and
Stone (1979) or Rao (1977).

Example 9.2.16. Let D denote the infinite strip
D ={(t,z) e R* 2 < R}, where R e R

and let L be the differential operator
Lf(tﬂl’):f“r‘*T fGCQ(D)

An Tt6 diffusion whose generator coincides with L on C2(R?) is (see Exam-
ple 9.2.10)
Xt:(8+tht); tZOa

and all the points of D are regular for this process. It is not hard to see that
in this case (9.1.14) holds, i.e.

T, < 00 a.s.
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(see Exercise 7.4).
Assume that ¢ is a bounded continuous function on 9D = {(¢, R);t € R}.
Then by Theorem 9.2.5 the function

u(s, z) = E¥*[p(Xr,))]
is the solution of the stochastic Dirichlet problem (9.2.6), (9.2.7), where E*®
denotes expectation w.r.t. the probability law Q%% for X starting at (s,x).
Does u also solve the problem (9.2.13), (9.2.14)? Using the Laplace transform
it is possible to find the distribution of the first exit point on 0D for X, i.e.
to find the distribution of the first time ¢ = 7 that B; reaches the value R.
(See Karlin and Taylor (1975), p. 363. See also Exercise 7.19.) The result is
P*[T e dt] = g(z,t)dt ,
where
g(z,t) = { (R —z)(2rt)) " exp(—575) s 1> 0 (9.2.25)
0; t<0.

Thus the solution u may be written
(oo} oo
u(s,z) = [ ols -+t Rigla. it = [ o0, Rigla,r— s)dr
0 s

From the explicit formula for w it is clear that % and % are continuous
and we conclude that Lu = 0 in D by Lemma 9.2.3. So u satisfies (9.2.13).
What about property (9.2.14)7 It is not hard to see that for ¢ > 0

2
E"[f(Xy)] = (27t) %/f (to +t, y)exp( |2 2ty| )dy

for all bounded, (¢, z)-measurable functions f. (See (2.2.2)). Therefore X; is
not a strong Feller process, so we cannot appeal to (9.2.23) to obtain (9.2.14).
However, it is easy to verify directly that if |y| = R, ¢; > 0 then for all € > 0
there exists § > 0 such that [z —y| <4, [t—t:| <J = Q"*[X, € N]>1—¢,
where N = [t; — ¢,t1 + €] x {y}. And this is easily seen to 1mply (9.2.14).

Remark. As the above example (and Example 9.2.1) shows, an It6 diffusion
need not be a strong Feller process. However, we have seen that it is always
a Feller process (Lemma 8.1.4).

9.3 The Poisson Problem

Let L =) a;j 52— 61, o +> by -2 5, be a semi-elliptic partial differential operator
on a domain D C R" as before and let X; be an associated It6 diffusion,
described by (9.1.4) and (9.1.5). In this section we study the Poisson problem
(9.2.3), (9.2.4). For the same reasons as in Section 9.2 we generalize the
problem to the following:
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The Generalized Poisson Problem

Given a continuous function g on D find a C? function v in D such that

a) Lv=—g in D (9.3.1)
b) lim v(z) =0 for all reqular y € 0D (9.3.2)
xeD

Again we will first study a stochastic version of the problem and then in-
vestigate the relation between the corresponding stochastic solution and the
solution (if it exists) of (9.3.1), (9.3.2):

Theorem 9.3.1 (Solution of the stochastic Poisson problem).
Assume that

s

E* {/ g(X5)|ds} < o0 forall xe D . (9.3.3)
0

(This occurs, for example, if g is bounded and E®[r,] < oo for all x € D).
Define
D
v(z) = E* [/g(Xs)ds} . (9.3.4)
0
Then
Av=—g in D, (9.3.5)
and

limov(X;) =0 a.s QF, forall z€ D. (9.3.6)

tT7,

D
Proof. Choose U open, z € U CC D. Put n= [ g(X,)ds, 7 = 1.
0
Then by the strong Markov property (7.2.5)
Eo(X0)] —v(z) 1

(E<[EX" [n)] — B*[n))

Ee[r] ~ B[]

Approximate n by sums of the form

n® = Zg(xti)x{th}Ati .

Since

f,n*) = Zg(Xti+t)X{ti+t<rB}Ati for all k

(see the argument for (7.2.6)) we see that
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D

0.m= /g(Xs)ds. (9.3.7)

Therefore

E*v(X:)] — v(z) _ _[17] E® [O/Tg(Xs)ds} ——g(z) asUluz,

E=[1] Ex

since g is continuous. This proves (9.3.5).
)
Put H(z) = E*[[ |9(X,)|ds]. Let Dy, 7 be as in the proof of Theo-
0

rem 9.2.5. Then by the same argument as above we get

B H(Xop0)] = BB [ 19(X.)[dsl o)

s

—EI[/ |g(Xs)|ds}—>O as t — 7,, k — 00

TN\t

by dominated convergence. This implies (9.3.6). a

Remark. For functions g satisfying (9.3.3) define the operator R by

(Ro)() = §(a) = B [7g<xs>ds} .

Then (9.3.5) can be written
A(Rg) = —g (9.3.8)

i.e. the operator —R is a right inverse of the operator A. Similarly, if we
define

T

Raog(z) = E* [/g(XS)easds} for >0 (9.3.9)
0
then the same method of proof as in Theorem 8.1.5 gives that

(A-a)Rag=-g; a=>0. (9.3.10)

(If & > 0 then the assumption (9.3.3) can be replaced by the assumption that
g is bounded (and continuous as before)).

Thus we may regard the operator R, as a generalization of the resolvent
operator R, discussed in Chapter 8, and formula (9.3.10) as the analogue of
Theorem 8.1.5 b).
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Next we establish that if a solution v of the generalized problem (9.3.1),
(9.3.2) exists, then v is the solution (9.3.4) of the stochastic problem (9.3.5),
(9.3.6):

Theorem 9.3.2 (Uniqueness theorem for the Poisson equation).
Assume that Xy satisfies Hunt’s condition (H) ((9.2.15)). Assume that (9.3.3)
holds and that there exists a function v € C%(D) and a constant C such that

D

[v(x)] < C(l +E° {/ |g(Xs)dSD forall x € D (9.3.11)
0

and with the properties

Lv=—g in D, (9.3.12)
lim v(z) =0 for all regular points y € 0D . (9.3.13)
x€D

Then v(z) = E*[ [ g(X)ds].

OSU\‘

Proof. Let Dy, be as in the proof of Theorem 9.2.5. Then by Dynkin’s
formula

Tk Tk

Box)] — (o) = 5| [(eoceas| = -2 [axas].

By dominated convergence we obtain
Tk

v(z) = lim (Ex[v(XTk)]+E””{/g(Xs)dsD :E””{]Dg(Xs)ds} ,
0 0

k—oo

since X is a regular point a.s. by condition (H) and Lemma 9.2.12. a

Finally we combine the Dirichlet and Poisson problem and obtain the
following result:

Theorem 9.3.3. (Solution of the combined stochastic Dirichlet and
Poisson problem).

Assume that (9.1.14) holds. Let ¢ € C(0D) be bounded and let g € C(D)
satisfy

D
B {/ g(xs)|ds} <oo  forallzeD. (9.3.14)
0

Define
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D

w(z) = B*[p(X, )] + E” {/g(Xs)ds] ,  wzeD. (9.3.15)
0
a) Then
Aw = —g in D (9.3.16)
and
tl%m w(Xt) =¢(X7)) as QF, forall z€D. (9.3.17)

b) Moreover, if there exists a function wy € C*(D) and a constant C' such
that

wy (2)| <C(1+E‘”[79(X5)|dsb, zeD, (9.3.18)

and wy satisfies (9.3.16) and (9.3.17), then wi = w.

Remark. With an approach similar to the one used in Theorem 9.2.14 one
can prove that if L is uniformly elliptic in D and g € C%(D) (for some a > 0)
is bounded, then the function w given by (9.3.15) solves the Dirichlet-Poisson
problem, i.e.

Lw=—g in D (9.3.19)

and

lim w(z) = ¢(y) for all regular y € 9D . (9.3.20)

TSy
zeD

The Green Measure

The solution v given by the formula (9.3.4) may be rewritten as follows:

Definition 9.3.4. The Green measure (of X; w.r.t. D at z), G(z,-) is de-
fined by

D

G(z,H) = E* [/XH(XS)CZS] ) H CR"™ Borel set (9.3.21)
0

or

T

/f(y)G(a:,dy) zEm{/f(Xs)ds] , f bounded, continuous. (9.3.22)
0
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In other words, G(z, H) is the expected length of time the process stays
in H before it exits from D. If X; is Brownian motion, then

G(;E,H) = G(I,y)dy )
/

where G(z,y) is the classical Green function w.r.t. D and dy denotes Lebesque
measure. See Doob (1984), Port and Stone (1979) or Rao (1977). See also
Example 9.3.6 below.

Note that using the Fubini theorem we obtain the following relation
between the Green measure G and the transition measure for X; in D,
QP (x,H) =Q%[X; € H, t < 1,]:

G(z,H)=E" UOXH(XS) : X[07TD)(s)ds] = 7@?@,1{)@#. (9.3.23)
0 0

From (9.3.22) we get

o(z) = Ewﬁg(Xs)ds} - [ s, (9.3.24)
0 D

which is the familiar formula for the solution of the Poisson equation in the
classical case.

Also note that by using the Green function, we may regard the Dynkin
formula as a generalization of the classical Green formula:

Corollary 9.3.5 (The Green formula). Let E*[1,] < oo for all x € D
and assume that f € CZ(R™). Then

f(2) = B*[f(X,, )] - / (Lx /) ()G, dy) (9.3.25)

D

In particular, if f € C3(D) we have

fa) = - / (Lx))W)Gla, dy) - (9.3.26)

D
2
(As before Lx = Zbi% +1 Z(UUT)”#% when
dXt = b(Xt)dt + O'(Xt)dBt . )
Proof. By Dynkin’s formula and (9.3.24) we have

Eo[f(X, )] = f(z) + B* [ / <fo><xs>ds] — f@)+ / (Lx ) W)Glz. dy) -
0 D
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Remark. Combining (9.3.8) with (9.3.26) we see that if E*[1x] < oo for all
compacts K C D and all x € D, then —R is the inverse of the operator A
on C3(D) :

ARSf)=R(Af)=—f, for all f e CZ(D) . (9.3.27)
More generally, for all a« > 0 we get the following analogue of Theorem 8.1.5:
(A=) (Raf) =Ra(A—a)f =—f  forall feC3(D). (9.3.28)

The first part of this is already established in (9.3.10) and the second part
follows from the following useful extension of the Dynkin formula

E¥le™ " f(X,)] = f(z) + E* {/ e" (A —a)f(Xs)ds| . (9.3.29)

0

If o > 0 this is valid for all stopping times 7 < oo and all f € CZ(R"). (See
Exercise 9.6.)

Example 9.3.6. If X; = B, is 1-dimensional Brownian motion in a bounded
interval (a,b) C R then we can compute the Green function G(z, y) explicitly.
To this end, choose a bounded continuous function g: (a,b) — R and let us

compute
-

u(z): = Ez{/g(Bt)dt} .
0

By Corollary 9.1.2 we know that v is the solution of the differential equation
30" (x) = —g(z) ; z € (a,b)
v(a) =v(b)=0.

Integrating twice and using the boundary conditions we get

1= 2= ([ a2 [ ( [ o)

a a a a

Changing the order of integration we can rewrite this as

b
o(z) = / 9(4)G(z, y)dy

where

2(x —a)(b—y)

G(z,y) = T a
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We conclude that the Green function of Brownian motion in the interval
(a,b) is given by (9.3.30).

In higher dimension n the Green function y — G(x,y) of Brownian mo-

tion starting at z will not be continuous at x. It will have a logarithmic
singularity (i.e. a singularity of order In = ‘) for n = 2 and a singularity of

the order |x — y|?>~™ for n > 2.

2{x-a)(b-x
b-a

"<

»
x
O -

Exercises

9.1.

9.2.

In each of the cases below find an It6 diffusion whose generator coin-
cides with L on Cg:

a) Lf(t,x) = a%{ 252 3962 ; «, B constants

b) Lf xl,xg)—aamf —|—b + (af—i— ); a, b constants

r) = axf'(z) + 562f”(x) NG constants

z) =af'(x) + 36%22f"(x) ; a, constants

e) Lf(z1,22) = In(1427)52 of +J:26f +a:28 2+2x1x261 353 +2xfgi§ )

Use Theorem 9.3.3 to find the bounded solutions of the following
boundary value problems:

Q) {%+§%E=www;o<t<ﬂxeR
u(T,) = b(x) ; reR

where ¢, are given bounded, continuous functions.

(i) {aaju() s0%%u"(r) =0; 0<x<wo

u(wg) = 23

; 1 32
where o, 3 are given constants, o > 5.
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9.4.

9.5.

Exercises 189

(iii) If & < 1% there are infinitely many bounded solutions of (i),
and an additional boundary condition e.g. at = 0 is needed to
provide uniqueness. Explain this in view of Theorem 9.3.3.

Write down (using Brownian motion) and compare the solutions u(t, x)
of the following two boundary value problems:

) 9u 4 LAu=0 for 0<t<T, zeR"
u(T,z) = ¢p(z) for x € R™.

ot 2

: du_LAy=0 for 0<t<T, zeR"
u(0,2) = ¢(x) for z € R™.

Let G and H be bounded open subsets of R",G C H, and let B; be
n-dimensional Brownian motion. Use the property (H) for B; to prove
that

inf{t >0;B; ¢ H} = inf{t > 7;B: ¢ H}

i.e., with the terminology of (7.2.6),
TH=Tq where o =74 .

Use this to prove that if X; = B; then the mean value property (7.2.9)
holds for all bounded open G C H, i.e. it is not necessary to require
G CC H in this case. This verifies the statement (9.2.24).

(The eigenvalues of the Laplacian)
Let D C R™ be open, bounded and let A € R.
a) Suppose there exists a solution u € C?(D)NC(D), u not identically
zero, such that
1 .
—sAu=XM in D
2
{ u=0 on 0D . (9.3.31)

Show that we must have A > 0. (Hint: If 1Ay = —Au in D then
(2 Au,u) = (=, u)

where

Now use integration by parts.)

b) It can be shown that if D is smooth then there exist 0 < Ag < A1 <
<o < Ap < -+ where A, — oo such that (9.3.31) holds for A = A\,
n=0,1,2,..., and for no other values of A. The numbers {),} are
called the eigenvalues of the operator —%A in the domain D and
the corresponding (nontrivial) solutions u,, of (9.3.31) are called the
eigenfunctions. There is an interesting probabilistic interpretation
of the lowest eigenvalue \g. The following result indicates this:
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Put 7 =7, = inf{t > 0; B; ¢ D}, choose p > 0 and define
wy(x) = E%lexp(p1)] ; zeD.

Prove that if w,(z) < oo for all x € D then p is not an eigenvalue
for —1A. (Hint: Let u be a solution of (9.3.31) with A = p. Apply
Dynkin’s formula to the process dY; = (dt,dB;) and the function
f(t,x) = ePtu(x) to deduce that u(x) = 0 for z € D).

c¢) Conclude that

Ao > sup{p; E“lexp(p7)] < 0o for all z € D} .
(We have in fact equality here. See for example Durrett (1984),
Chap. 8B).
9.6. Prove formula (9.3.29), for example by applying the Dynkin formula
to the process
dt
dY, =
= L)
and the function g(y) = g(t,z) = e~ f(z).

9.7. a) Let B; be Brownian motion in R?. Prove that
PP[3t>0;B;=y|=0 for all z,y € R?.

(Hint: First assume z # y. We may choose y = 0. One possible
approach would be to apply Dynkin’s formula with f(u) = In|u]
and 7 = inf{t > 0;|B¢| < p or |B;| > R}, where 0 < p < R. Let
p — 0 and then R — oco. If z = y consider P*[3t > ¢; B, = z] and
use the Markov property.)

b) Let B; = (Bél), B,Ez)) be Brownian motion in R?. Prove that
B, = (—B,fl), Bt(2)) is also a Brownian motion.

c¢) Prove that 0 € R? is a regular boundary point (for Brownian mo-
tion) of the plane region

D = {(x1,22) € R%: 22 + 22 < 1} \ {(z1,0); 2, > 0} .

d) Prove that 0 € R? is an irregular boundary point (for Brownian
motion) of the 3-dimensional region

U= {(z1,22,23) € R37x% —&—33% +x§ < 1}\{(21,0,0);z, > 0} .
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9.10.

a)

b)

b)
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Find an It6 diffusion X; and a measurable set G which is semipolar
but not polar for X;.
Find an It6 diffusion X; and a countable family of thin sets Hy;
o0
k=1,2,...such that |J Hy is not thin.
k=1
Let X; be an Ito diffusion in R™ and assume that ¢ is a non-constant
locally bounded real X;-harmonic function on a connected open
set G C R™. Prove that g satisfies the following weak form of the
maximum principle: g does not have a (local or global) maximum
at any point of G. (Similarly g satisfies the minimum principle).
Give an example to show that a non-constant bounded X;-harmonic
function g can have a (non-strict) global maximum. (Hint: Consider
uniform motion to the right.)

Find the (stochastic) solution f(¢,z) of the boundary value problem

K(z)e Pt + %—&-ax%—&—%ﬁ%ﬁ% =0 for >0, 0<t<T
f(T,x) = e P p(x) for >0

where K, ¢ are given functions and 7', p, i, B are constants, p>0, 7' > 0.
(Hint: Consider dY; = (dt,dX;) where X, is a geometric Brownian
motion).

9.11. a) The Poisson kernel is defined by

1— 72 1—z2

T 1-—2rcosf+1r2 |1 — 2|2

where r > 0, 0 € [0,27], z=re?? € C (i = +/—1).
The Poisson formula states that if D denotes the open unit disk in
the plane R? = C and h € C( D) satisfies Ah =0 in D then

27

h(re?) = %/Pr(t — O)h(e)dt .

P.(6)

Y
0



192

9.12.

9. Applications to Boundary Value Problems

Prove that the probability that Brownian motion, starting from
z € D, first exits from D at a set F' C 9D is given by

1 )
— [ P.(t—6)dt, where z=re
2

F

b) The function

1+=z
i

1-=2
maps the disc D = {|z| < 1} conformally onto the half plane H =
{w = u+iv;v > 0}, $(0D) = R and ¢(0) = i. Use Example 8.5.9 to
prove that if ;1 denotes the harmonic measure for Brownian motion
at the point ¢ = (0, 1) for the half plane H then

w=o(z) =

2m
[ 1@ = - [ reeta= - [ 10D,
R 0 oD

c) Substitute w = ¢(z) (ie. z = P(w):= ¢~ (w) = 5;2) in the inte-
gral above to show that

F[f(&)du /f e /f el

d) Show that the harmonic measure p%; for Brownian motion in H at
the point w = u + fv € H is given by

1 v

W) =T e

(A Feynman-Kac formula for boundary value problems)

Let X; be an It6 diffusion on R™ whose generator coincides with a
given partial differential operator L on CZ(R"). Let D, ¢ and g be as
in Theorem 9.3.3 and let g(z) > 0 be a continuous function on R™.
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Consider the boundary value problem: Find h € C?(D)N C(D) such

that
{Lh(x) —q(z)h(z) = —g(z) on D

lim h(z) = ¢(y) ; yeoD.
a—y

Show that if a bounded solution h exists, then

— [P a(x)ds

W) = B [ / ¢ Tt e s(X,,)
0

(Compare with the Feynman-Kac formula.)
Hint: Proceed as in the proof of Theorem 8.2.1 b).

For more information on stochastic solutions of boundary value problems
see Freidlin (1985).

9.13. Let D = (a,b) be a bounded interval.
a) For z € R define

where u, o are constants, o % 0. Use Corollary 9.1.2 to compute

T

wlo)= B0, ) + 7| [ g(x)al
0

when ¢:{a,b} — R and g:(a,b) — R are given functions, g
bounded and continuous.

b) Use the results in a) to compute the Green function G(z,y) of the
process X;.
(Hint: Choose ¢ = 0 and proceed as in Example 9.3.6.)

9.14. Let D = (a,b) C (0,00) be a bounded interval and let
dXt = T’Xtdt + OéXtdBt X XO =xc (a, b)

be a geometric Brownian motion.
a) Use Corollary 9.1.2 to find

QUIX, =1].

(Hint: Choose g = 0 and ¢(a) =0, ¢(b) =1.)
b) Use Corollary 9.1.2 to compute

w(z) = B[6(X, )] + B [7g<xt>dt}
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9.15. a)

Applications to Boundary Value Problems

for given functions ¢: {a,b} — R and g: (a,b) — R, g bounded and
continuous.

(Hint: The substitution ¢ = Inz, w(z) = h(lnz) transforms the
differential equation

La?z?w’ (z) + raw'(z) = —g(z) ; x>0

into the differential equation
%agh”(t) +(r— %aQ)h’(t) = —g(e'); teR.)

Let D = (a,b) C R be a bounded interval and let X; = B; be
1-dimensional Brownian motion. Use Corollary 9.1.2 to compute

T

h(z) = E®[e "Py(B, )] + B [ / epthdt}
0

for a given function : {a,b} — R, when p > 0 is constant.
(Hint: Consider the It6 diffusion

ay dt 1 0

Then
h(z) = w(0,x)

where

w(s,x) = wly) = EV(g(Y, )] + BY [7g<mdt}
0

with  ¢(y) = ¢(s, ) = e”"¢(x)
and g(y) = g(s,x) = e P22 .

Note that

7. = inf{t > 0; B, & (a,b)} = inf{t > 0; V,* & (a,b)}
= inf{t >0;YV; ¢ R x (a,b)} .

To find w(s, z) solve the boundary value problem

8w ow _ _ —ps.2 .
5 T g =—e Pt a<z<b

N[ =

w(s,a) = e PP(a), w(s,b) =e PP(b) .

To this end, try w(s,x) = e ?*h(x).)

b) Use the method in a) to find E*[e "P].

(Compare with Exercise 7.19.)



10. Application to Optimal Stopping

10.1 The Time-Homogeneous Case

Problem 5 in the introduction is a special case of a problem of the following
type:

Problem 10.1.1 (The optimal stopping problem).
Let X; be an It6 diffusion on R™ and let g (the reward function) be a given
function on R, satisfying

a) g(§) >0 forall £ € R™ (10.1.1)
b) g is continuous.

Find a stopping time 7* = 7*(z,w) (called an optimal stopping time) for
{X:} such that

E®g(X+)] = sup E®[g(X;)] for all z € R™, (10.1.2)

the sup being taken over all stopping times 7 for {X;}. We also want to find
the corresponding optimal expected reward

g (@) = E*[g(X,-)] . (10.1.3)

Here g(X;) is to be interpreted as 0 at the points w € 2 where 7(w) = o0
and as usual E* denotes the expectation with respect to the probability law
Q" of the process X;; t > 0 starting at Xg = x € R"™.

We may regard X; as the state of a game at time ¢, each w corresponds
to one sample of the game. For each time ¢ we have the option of stopping
the game, thereby obtaining the reward g(X;), or continue the game in the
hope that stopping it at a later time will give a bigger reward. The problem
is of course that we do not know what state the game is in at future times,
only the probability distribution of the “future”. Mathematically, this means
that the possible “stopping” times we consider really are stopping times in
the sense of Definition 7.2.1: The decision whether 7 < t or not should only
depend on the behaviour of the Brownian motion B, (driving the process X)
up to time ¢, or perhaps only on the behaviour of X, up to time ¢. So, among
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all possible stopping times 7 we are asking for the optimal one, 7%, which
gives the best result “in the long run”, i.e. the biggest expected reward in
the sense of (10.1.2).

In the following we will outline how a solution to this problem can be
obtained using the material from the preceding chapter. Later in this chapter
we shall see that our discussion of problem (10.1.2)—(10.1.3) also covers the
apparently more general problems

g*(s,x) = sup E(®) [9(T, X;)] = E®®) [g(7™, X )] (10.1.4)

and
GW&@~—$mE“@[/jUwﬂﬂt+ﬂﬂXﬁ}
" 0

— Elsa) {/f(t,Xt)dt +g(7-*,XT*)] (10.1.5)
0

where f is a given reward rate function (satisfying certain conditions).

We shall also discuss possible extensions of problem (10.1.2)-(10.1.3) to
cases where ¢ is not necessarily continuous or where g may assume negative
values.

A basic concept in the solution of (10.1.2)—(10.1.3) is the following:

Definition 10.1.2. A measurable function f:R™ — [0,00] is called super-
meanvalued (w.r.t. X;) if

f(@) = E*[f(X,) (10.1.6)

for all stopping times 7 and all x € R™.
If, in addition, f is also lower semicontinuous, then f is called l.s.c. su-
perharmonic or just superharmonic (w.r.t. X;).

Note that if f:R™ — [0, 00] is lower semicontinuous then by the Fatou
lemma

f) < B[ dim_f(X.,)] < Jim E°[f(X,,)], (10.1.7)

k—oo k—oo

for any sequence {71} of stopping times such that 7, — 0 a.s. P. Combining
this with (10.1.6) we see that if f is (L.s.c.) superharmonic, then

f(z) = kli_{n E*[f(X:.)] for all =, (10.1.8)

for all such sequences 7.
Remarks. 1) In the literature (see e.g. Dynkin (1965 II)) one often finds
a weaker concept of X;-superharmonicity, defined by the supermeanvalued
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property (10.1.6) plus the stochastic continuity requirement (10.1.8). This
weaker concept corresponds to the X;-harmonicity defined in Chapter 9.

2) If f € C?(R") it follows from Dynkin’s formula that f is superhar-
monic w.r.t. Xy if and only if

Af <0

where A is the characteristic operator of X;. This is often a useful criterion
(See e.g. Example 10.2.1).

3) If X; = B; is Brownian motion in R™ then the superharmonic func-
tions for X coincide with the (nonnegative) superharmonic functions in clas-
sical potential theory. See Doob (1984) or Port and Stone (1979).

We state some useful properties of superharmonic and supermeanvalued
functions.

Lemma 10.1.3. a) If f is superharmonic (supermeanvalued) and o > 0,
then af is superharmonic (supermeanvalued).

b) If f1, fo are superharmonic (supermeanvalued), then fi + fo is superhar-
monic (supermeanvalued).

c) If{f;}jes is a family of supermeanvalued functions, then f(z): = jnelg{f] ()}

is supermeanvalued if it is measurable (J is any set).

d) If f1, fa, - are superharmonic (supermeanvalued) functions and fi 1 f
pointwise, then f is superharmonic (supermeanvalued).

e) If f is supermeanvalued and o < T are stopping times, then E*[f(X,)] >
ET[f(X7)]. ~

f) If f is supermeanvalued and H is a Borel set, then f(x): = E*[f(X.,)] is
supermeanvalued.

Proof of Lemma 10.1.3.

a) and b) are straightforward.
c) Suppose f; is supermeanvalued for all j € J. Then

fi(@) = E*[f;(X7)] = E*[f(X7)]  forall j.
So f(x) = inf fj(x) > E*[f(X;)], as required.
d) Suppose f; is supermeanvalued, f; T f. Then
f(x) > fi(z) > E*[f;(X;)] for all j, so
f(z) = lim EF[f(X0)] = E*[f(X:)]

by monotone convergence. Hence f is supermeanvalued. If each f; is also
lower semicontinuous then if yr — x as k — oo we have

fi(@) < Jim fi(y) < lim f(y)  for each j .

k—oo k—oo

Hence, by letting j — oo,
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flx) < lim f(yx) -
k—o0

e) If f is supermeanvalued we have by the Markov property when ¢ > s
BT [f(X0)|Fs] = BX[f(Xi-s)] < f(Xs), (10.1.9)

i.e. the process
G = f(Xy)

is a supermartingale w.r.t. the o-algebras F; generated by {B,;r < t}.
(Appendix C). Therefore, by Doob’s optional sampling theorem (see Gih-
man and Skorohod (1975, Theorem 6 p. 11)) we have

E*[f(Xo)] = E*[f(X7)]

for all stopping times o, 7 with o < 7 a.s. Q*.
f) Suppose f is supermeanvalued. By the strong Markov property (7.2.2)
and formula (7.2.6) we have, for any stopping time a,

E[J(Xa)] = E*[EX[f(X0)]] = B [E” 0o f (Xr,)|Ful]
— E*[0af(Xo)] = E*[f(Xop )] (10.1.10)

where 78 = inf{¢t > o; X; ¢ H}. Since 7% > 7 we have by e)

E°[f(Xa)] < E*[f(Xo)] = flz)

SO fis supermeanvalued. a
The following concepts are fundamental:

Definition 10.1.4. Let h be a real measurable function on R™. If f is a
superharmonic (supermeanvalued) function and f > h we say that f is a
superharmonic (supermeanvalued) majorant of h (w.r.t. X;). The function

h(z) = ir}ff(x); reR", (10.1.11)
the inf being taken over all supermeanvalued majorants f of h, is called the
least supermeanvalued majorant of h.

Similarly, suppose there exists a function % such that

(i) his a superharmonic majorant of A and
(ii) if f is any other superharmonic majorant of h then h < f.

Then £ is called the least superharmonic majorant of h.
Note that by Lemma 10.1.3 ¢) the function h is supermeanvalued if it is
measurable. Moreover, if & is lower semicontinuous, then h exists and h = h.
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Later we will prove that if g is nonnegative (or lower bounded) and lower
semicontinuous, then g exists and g = g (Theorem 10.1.7).
Let g > 0 and let f be a supermeanvalued majorant of g. Then if 7 is a
stopping time
f(x) = E*[f(X;)] = E*[g(X:)] -
So
f(z) = sup B¥[g(X-)] = g7 (x)

Therefore we always have
g(x) > g*(x) for all z € R™. (10.1.12)

What is not so easy to see is that the converse inequality also holds, i.e. that
in fact
g=gqg". (10.1.13)

We will prove this after we have established a useful iterative procedure for
calculating g. Before we give such a procedure let us introduce a concept
which is related to superharmonic functions:

Definition 10.1.5. A lower semicontinuous function f:R"™ — [0,00] is
called excessive (w.r.t. X¢) if

f(z) > E*[f(Xs)] forall s >0, z€ R™. (10.1.14)

It is clear that a superharmonic function must be excessive. What is not
so obvious, is that the converse also holds:

Theorem 10.1.6. Let f:R™ — [0,00]. Then f is excessive w.r.t. X if and
only if f is superharmonic w.r.t. X;.

Proof in a special case. Let L be the differential operator associated to
X (given by the right hand side of (7.3.3)), so that L coincides with the
generator A of X on C2. We only prove the theorem in the special case when
f € C?(R"™) and Lf is bounded: Then by Dynkin’s formula we have

E*[f(X,)] = f(z) +E"c[/th(XT)dr} for all t >0,

0

so if f is excessive then Lf < 0. Therefore, if 7 is a stopping time we get
E*[f(Xinr)] < f(2) forall ¢t >0.
Letting t — oo we see that f is superharmonic. a

A proof in the general case can be found in Dynkin (1965 II, p. 5).
The first iterative procedure for the least superharmonic majorant g of g
is the following:



200 10. Application to Optimal Stopping

Theorem 10.1.7. (Construction of the least superharmonic majo-
rant).

Let g = go be a nonnegative, lower semicontinuous function on R™ and define
inductively

gn(x) = sup E*[gn—1(Xy)] (10.1.15)
tes,
where Sp, = {k-27"0 <k < 4"}, n=1,2,.... Then g, 1 g and g is the

least superharmonic majorant of g. Moreover, g = 3.

Proof. Note that {g,} is increasing. Define g(z) = lim g,(x). Then

g(x) > gn(x) > E®[gn—1(X})] forall nandallte S, .

Hence
g(x) > lim E®[gn-1(X:)] = E¥[9(Xy)] (10.1.16)

n—oo

o0
forallte S=|J Sy .
n=1
Since ¢ is an increasing limit of lower semicontinuous functions (Lemma 8.1.4)
g is lower semicontinuous. Fix t € R and choose t; € S such that t; — t.
Then by (10.1.16), the Fatou lemma and lower semicontinuity

9(x) = lim E*[g(Xy,)] = Em[ljiTmQ(th)} > E*[g(X0)] -

— 00

So ¢ is an excessive function. Therefore ¢ is superharmonic by Theorem 10.1.6
and hence ¢ is a superharmonic majorant of g. On the other hand, if f is any
supermeanvalued majorant of g, then clearly by induction

f(x) > gn(x) for all n

and so f(z) > g(«). This proves that § is the least supermeanvalued majorant
gofg.Sog=3. ad

It is a consequence of Theorem 10.1.7 that we may replace the finite sets
Sy, by the whole interval [0, oo]:

Corollary 10.1.8. Define hg = g and inductively
hin(z) = sup E*[hn-1(Xt)] ; n=12...
>0

Then hy, 1.

Proof. Let h =lim h,,. Then clearly h > g = g. On the other hand, since g is
excessive we have

So by induction
qg>hy, for all n .

Thus g = h and the proof is complete.
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We are now ready for our first main result on the optimal stopping prob-
lem. The following result is basically due to Dynkin (1963) (and, in a mar-
tingale context, Snell (1952)):

Theorem 10.1.9 (Existence theorem for optimal stopping).
Let g* denote the optimal reward and g the least superharmonic majorant of
a continuous reward function g > 0.

a) Then
g () =9g(z) . (10.1.17)
b) Fore> 0 let
D, ={z;9(x) <g(z) — €} . (10.1.18)

Suppose g is bounded. Then stopping at the first time 7. of exit from D,
is close to being optimal, in the sense that

9% (x) — B”[g(X.,)]| < 2¢ (10.1.19)

for all .
c) For arbitrary continuous g > 0 let

D = {x;9(z) < ¢"(z)} (the continuation region) . (10.1.20)

For N = 1,2,... define g, = g AN, Dy = {z;9,(z) < gy(z)} and

ON = TDy - Then Dy C Dni1, Dy € DNg7Y([0,N)), D = JDy. If
oN < 0 a.s. QF for all N then N

g*(z) = ngnooE [9(Xopn)] - (10.1.21)

d) In particular, if Tp < 00 a.s. Q% and the family {g(Xo )}~ s uniformly
integrable w.r.t. Q% (Appendiz C), then

9" (x) = E*[9(X7p)]
and T = Tp is an optimal stopping time.
Proof. First assume that g is bounded and define
ge(z) = E*[g(X,.)] fore > 0. (10.1.22)
Then g, is supermeanvalued by Lemma 10.1.3 f). We claim that
g(x) < ge(z) + € for all x . (10.1.23)

To see this suppose
B:=sup{g(z) — ge(z)} > €. (10.1.24)

Then for all n > 0 we can find zy such that
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g(w0) — Ge(wo) > B—1 . (10.1.25)
On the other hand, since g. + (8 is a supermeanvalued majorant of g, we have
9(w0) < ge(wo) + 8. (10.1.26)
Combining (10.1.25) and (10.1.26) we get
9(wo) < g(x0) + 1. (10.1.27)
Consider the two possible cases:

Case 1: 7. > 0 a.s. @*°. Then by (10.1.27) and the definition of D,

g(zo) +n > g(xo) > E*[g(Xinr. )] = E*[(9(X¢) + €)X ] forallt>0.

{t<7e}

Hence by the Fatou lemma and lower semicontinuity of ¢

g(xo) +n > lim E*°[(g(X;) + €)X (1<)

t—0
> E””O[tliirr(l)(g(Xt) + €)Xpery] > g(xo) + €.

This is a contradiction if n < e.

Case 2: 7. =0 a.s. @%. Then g.(zo) = g(z0), so g(xo) < ge(xp), contra-
dicting (10.1.25) for n < 3.

Therefore (10.1.24) leads to a contradiction. Thus (10.1.23) is proved and
we conclude that g. + € is a supermeanvalued majorant of g. Therefore

G< o+ e= B +e < Ellg+(X,)] +e<g"+2  (10.1.28)

and since € was arbitrary we have by (10.1.12)

*

9=9".
If g is not bounded, let
gy = min(N,g) , N=1,2,...
and as before let g, be the least superharmonic majorant of gy. Then
g >g. =gy 1h as N—oo, where h >3

since h is a superharmonic majorant of g. Thus h = g = ¢g* and this proves
(10.1.17) for general g. From (10.1.28) and (10.1.17) we obtain (10.1.19).
Finally, to obtain c¢) and d) let us again first assume that g is bounded.
Then, since
T T Tp as €| 0
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and 7p < 0o a.s we have

B*(g(X,.)] » E*lg(Xrp)]  as €10, (10.1.29)
and hence by (10.1.28) and (10.1.17)
g (z) = E®[g(X+,)] if g is bounded . (10.1.30)
Finally, if g is not bounded define
= Jim 7

Then h is superharmonic by Lemma 10.1.3 d) and since g, < g for all N we
have h < g. On the other hand g, < g, < h for all N and therefore g < h.
Since g is the least superharmonic majorant of g we conclude that

h=3. (10.1.31)
Hence by (10.1.30), (10.1.31) we obtain (10.1.21):
o(@)= Jim G (@) = Jim Bl (X,,)] < Jim B*lg(X,,)] < g"(2)

Note that g, <N everywhere, so if g, (z) <g, (z) then g, (z) <N and there-
fore g(z) = g5 (2) < gy (x) < g(x) and g, () = g5 (7) < gy (x) < gy, (@)
Hence Dy € DN {x;g(x) < N} and Dy C D41 for all N. So by (10.1.31)
we conclude that D is the increasing union of the sets Dy; N = 1,2,...
Therefore
p = lim opn .
N—o0
So by (10.1.21) and uniform integrability we have
§) = Jim gy(x)= lm B[y, (X,,)
— 00 N—oo
= Em[]\;iinng(XgN)] = E"[g(X7p)]
and the proof of Theorem 10.1.9 is complete. a
Remarks.

1) Note that the sets D, D, and Dy are open, since § = ¢g* is lower semicon-
tinuous and g is continuous.

2) By inspecting the proof of a) we see that (10.1.17) holds under the weaker
assumption that g > 0 is lower semicontinuous.

The following consequence of Theorem 10.1.9 is often useful:
Corollary 10.1.10. Suppose there exists a Borel set H such that
G (@) = B*[g(Xr,)
s a supermeanvalued magjorant of g. Then

9" (x) =g, (x), so 7" =Ty is optimal .
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Proof. 1f g,, is a supermeanvalued majorant of g then clearly

g(r) < g, (z) .

On the other hand we of course have
gy (z) <sup E*[g(X;)] = g"(2) ,

so g* =g, by Theorem 10.1.7 and Theorem 10.1.9 a). O
Corollary 10.1.11. Let

D ={z;9(x) <g(z)}

and put
9(x) =g, (z) = E*[9(X7,)] -
If g > g then g = g*.

Proof. Since X, ¢ D we have g(X,,) > g(X,,) and therefore g(X,,) =
9(X:5), a.s. Q%. So g(x) = E*[g(X,,)] is supermeanvalued since g is, and
the result follows from Corollary 10.1.10. a

Theorem 10.1.9 gives a sufficient condition for the existence of an optimal
stopping time 7*. Unfortunately, 7* need not exist in general. For example,
if

X; =t for t >0 (deterministic)

and
§2
9(§) = T e

then g*(z) = 1, but there is no stopping time 7 such that

£eR

E[g(X7)]=1.

However, we can prove that if an optimal stopping time 7* exists, then the
stopping time given in Theorem 10.1.9 is optimal:

Theorem 10.1.12 (Uniqueness theorem for optimal stopping).
Define as before
D ={w;g(z) <g"(x)} CR".

Suppose there exists an optimal stopping time 7 = 7*(x,w) for the problem

(10.1.2) for all x. Then

T >17p forall x € D (10.1.32)

and
9" (z) = E*[9(X:,)] for all x € R™. (10.1.33)

Hence tp is an optimal stopping time for the problem (10.1.2).
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Proof. Choose = € D. Let 7 be an Fi-stopping time and assume
Q*[r < p] > 0. Since g(X;) < ¢*(X;) if 7 < 7p and g < g* always, we have

Bl = [ o+ [ oo
T7<TD T>TD
< [ st [ gxder -l () < 6@
T7<TD T>TD
since ¢g* is superharmonic. This proves (10.1.32).

To obtain (10.1.33) we first choose x € D. Since g is superharmonic we
have by (10.1.32) and Lemma 10.1.3 €)

g (x) = E¥[g(X7%)] < E*[g(Xr%)] < E*[g(X7,)]
= E*[g(X:p)] < g*(x), which proves (10.1.33) for x € D .
Next, choose x € 9D to be an irregular boundary point of D. Then 7p > 0
a.s. Q*. Let {ay} be a sequence of stopping times such that 0 < ap < 7p

and ar — 0 a.s. @7, as k — oo. Then X, € D so by (10.1.32), (7.2.6) and
the strong Markov property (7.2.2)

B [9(X7,)|= B[00, 9( X7, )| = B [EXx [g(X,)|| = B [9"(Xa, )] for all k.
Hence by lower semicontinuity and the Fatou lemma

9" () < B¥[lim ¢*(Xo,)] < lim E¥[g"(Xa,)] = E*[9(X7,)] -

Finally, if x € 0D is a regular boundary point of D or if & D we have
7p = 0 a.s. Q% and hence g*(z) = E*[g(X;,)]- O

Remark. The following observation is sometimes useful:
Let A be the characteristic operator of X. Assume g € C?(R™). Define

U = {x; Ag(z) > 0} . (10.1.34)
Then, with D as before, (10.1.20),
UcD. (10.1.35)

Consequently, from (10.1.32) we conclude that it is never optimal to stop the
process before it exits from U. But there may be cases when U # D, so that
it is optimal to proceed beyond U before stopping. (This is in fact the typical
situation.) See e.g. Example 10.2.2.

To prove (10.1.35) choose x € U and let 7 be the first exit time from a
bounded open set W = z, W C U. Then by Dynkin’s formula, for v > 0

Bl =ate) + 57| [ Ag(xas] > g0
0
so g(z) < ¢g*(z) and therefore x € D.
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Example 10.1.13. Let X; = B, be a Brownian motion in R2. Using that B,
is recurrent in R? (Example 7.4.2) one can show that the only (nonnegative)
superharmonic functions in R? are the constants (Exercise 10.2).

Therefore

9" () = ||glloc: = sup{g(y);y € R*}  forall z.

So if g is unbounded then g* = oo and no optimal stopping time exists.
Assume therefore that g is bounded. The continuation region is

D ={z;9(x) < |gll<} ,

so if dD is a polar set i.e. cap (0D) = 0, where cap denotes the logarithmic
capacity (see Port and Stone (1979)), then 7p = oo a.s. and no optimal
stopping exists. On the other hand, if cap(9D) > 0 then 7p < oo a.s. and

E*[g(B:p)] = llgllec = g7 (2) ,
so 7" = 7p is optimal.
Example 10.1.14. The situation is different in R™ for n > 3.

a) To illustrate this let X; = B; be Brownian motion in R? and let the
reward function be

_{lE orjg 21
s = {7 =l cer,

Then g is superharmonic (in the classical sense) in R3, so g* = g every-
where and the best policy is to stop immediately, no matter where the
starting point is.

b) Let us change g to

| x|m™ for |z| >1
hiw) = {1 for |z| < 1

for some oo > 1. Let H = {x;|x| > 1} and define
h(z) = E°[M(Byry)] = P*[ry < o0] .
Then by Example 7.4.2

~ (1 iffa] <1
h(x)—{m—l if 2] > 1,

ie. h= g (defined in a)), which is a superharmonic majorant of h. There-
fore by Corollary 10.1.10 _
h=h=g,

H = D and 7" = 7 is an optimal stopping time.
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Reward Functions Assuming Negative Values

The results we have obtained so far regarding the problem (10.1.2)—(10.1.3)
are based on the assumptions (10.1.1). To some extent these assumptions
can be relaxed, although neither can be removed completely. For example,
we have noted that Theorem 10.1.9 a) still holds if g > 0 is only assumed to
be lower semicontinuous.

The nonnegativity assumption on g can also be relaxed. First of all, note
that if g is bounded below, say g > —M where M > 0 is a constant, then we
can put

g1=9g+M2>0

and apply the theory to g;. Since
E"lg(X,)] = E°lgi(X,)] - M if 7 < oo as.,

we have g*(x) = g7 (x) — M, so the problem can be reduced to the optimal
stopping problem for the nonnegative function g;. (See Exercise 10.4.)
If g is not bounded below, then problem (10.1.2)—(10.1.3) is not well-
defined unless
E*lg~(X;)] < > for all 7 (10.1.36)

where
g~ (z) = —min(g(z),0) .

If we assume that g satisfies the stronger condition that
the family {¢~ (X;); 7 stopping time} is uniformly integrable  (10.1.37)

then basically all the theory from the nonnegative case carries over. We re-
fer to the reader to Shiryaev (1978) for more information. See also Theo-
rem 10.4.1.

10.2 The Time-Inhomogeneous Case

Let us now consider the case when the reward function g depends on both
time and space, i.e.

g=g(t,z):RxR" —[0,00), g is continuous . (10.2.1)
Then the problem is to find go(x) and 7* such that

go(x) = sup E%lg(r, X;)] = E¥[g(7™, X+)] . (10.2.2)

To reduce this case to the original case (10.1.2)—(10.1.3) we proceed as follows:
Suppose the It6 diffusion X; = X} has the form
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dX; = b(X)dt + o(X)dB; ;.  t>0, Xo==

where b: R® — R™ and o: R™ — R™*™ are given functions satisfying the con-
ditions of Theorem 5.2.1 and B; is m-dimensional Brownian motion. Define
the Ito diffusion V; = ;") in R"+! by

Y= [S)th} ;o t>0. (10.2.3)
Then
aY, = [b(;l(t)} dt + [U&)] dB, = b(Y;)dt + 5 (Y;)dB, (10.2.4)
where
- 1 0---0
b(n) = b(t,€) = { b(g)} eR™ | G(n) =5(t¢) = _g_(é)_ € R(v+Dxm

with 7 = (,€) € R x R™.

So Y; is an It6 diffusion starting at y = (s, z). Let RY = R(*) denote the
probability law of {Y;} and let EY = E(5:%) denote the expectation w.r.t. RY.
In terms of Y; the problem (10.2.2) can be written

90(x) = g"(0,2) = sup B g(Vy)] = EC[g(Yr-)] (10.2.5)

which is a special case of the problem

g (s.2) = sup EC[g(1;)] = ECD[g(¥y-)] | (10.2.6)

T

which is of the form (10.1.2)—(10.1.3) with X; replaced by Y;.
Note that the characteristic operator A of Y; is given by

Ap(s,z) = %(M) +Ad(s,z); e CHRxRY) (10.2.7)

where A is the characteristic operator of X; (working on the z-variables).

Example 10.2.1. Let X; = B; be 1-dimensional Brownian motion and let
the reward function be

g(t,§) =e P ceR
where «, 3 > 0 are constants. The characteristic operator A of Y, = [S];;t}
t
is given by
~ of 1 0°f 9
=4+ - —=; c-.
‘Af(s)x> a$+2 ax ) fe
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Thus
Ag = (—a+56%g,
so if 32 < 2a then ¢g* = g and the best policy is to stop immediately. If

32 > 2a we have R
U:={(s,2); Ag(s,z) > 0} = R?

and therefore by (10.1.35) D = R? and hence 7* does not exist. If 3% > 2«
we can use Theorem 10.1.7 to prove that g* = oo:

sup E[g(Y,)] = sup Ele” T

teSy teSh
132
= sup e *(H). PRl Y (see the remark following (5.1.6))
tes,
—a+182)t n
= sup g(s,) - e~ = g(s,2) - exp((—a+ 36)27)
€Sn

SO gn(s,2) — 00 as n — oo.
Hence no optimal stopping exists in this case.

Example 10.2.2. (When is the right time to sell the stocks?)

We now return to a specified version of Problem 5 in the introduction:
Suppose the price X; at time ¢ of a person’s assets (e.g. a house, stocks,

oil ...) varies according to a stochastic differential equation of the form

dXt = T'Xtdt + ClXtchXO =xz>0 5

where B; is 1-dimensional Brownian motion and r, « are known constants.
(The problem of estimating « and r from a series of observations can be
approached using the quadratic variation (X, X); of the process {X;} (Ex-
ercise 4.7) and filtering theory (Example 6.2.11), respectively. Suppose that
connected to the sale of the assets there is a fixed fee/tax or transaction cost
a > 0. Then if the person decides to sell at time ¢ the discounted net of the
sale is
e " (X —a),

where p > 0 is given discounting factor. The problem is to find a stopping
time 7 that maximizes

ECDe (X, —a)] = B g(r, X,)]
where
g(t,&) =e (€~ a).
The characteristic operator A of the process Y; = (s +t, X;) is given by

N 2
Af(s,x) = of +rwg + %agng ;

2R2
Os Oz feCRY.
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Hence Ag(s,z) = —pe™*(z — a) + rze** = e*((r — p)z + pa). So

- R xRy ifr>p
U:={(s,2); Ag(s, z) > 0} = { {(s,z);2 < 2£ ifr<p.

p—r

So if r > p we have U = D = R x Ry so 7 does not exist. If r > p then
g* = oo while if r = p then

g (s,x) =xe P°.
(The proofs of these statements are left as Exercise 10.5.)

It remains to examine the case r < p. (If we regard p as the sum of
interest rate, inflation and tax etc., this is not an unreasonable assumption
in applications.) First we establish that the region D must be invariant w.r.t.
t, in the sense that

D + (t(), 0) =D for all t() . (1028)
To prove (10.2.8) consider

D + (t9,0) = {(t + to,x); (t,z) € D} = {(s,x); (s — to,x) € D}
= {(5,2);9(s — to, ) < g*(s — to,2)} = {(5,2); ¢ g(s,x) < e”0g"(s,x)}
={(s,2);9(s,2) < g"(s,2)} =D,

where we have used that

g (s —to,z) = sup BECT0D e PT(X, — a)] = sup Ele PTHE—t)) (XT _ ¢)]

= e sup E[e_”(ﬂ's)(Xf_c —a)] = e’og*(s,x) .

T

Therefore the connected component of D that contains U must have the form

D(zg) ={(t,2);0 <z < zo} for some o > ¥ .

r

Note that D cannot have any other components, for if V' is a component of
D disjoint from U then Ag < 0in V and so, if y € V,

EY[g(Y7)] = g(y) + EY [/Tﬁg(Yt)dt} <g(y)
0

for all exit times 7 bounded by the exit time from an z-bounded strip in V.
From this we conclude by Theorem 10.1.9 ¢) that ¢*(y) = g(y), which implies
V=40.

Put 7(x) = Tp(s,) and let us compute

E(s, ‘r) = gxo(sa '7;) = E) [g(Y-r(wo))] : (1029)
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From Chapter 9 we know that f =g is the (bounded) solution of the bound-
ary value problem

of Of 1 2 20%f
a—‘—m"a—x—kﬁa T @20 for 0 <z <z (10.2.10)
f(s,m0) = e P%(x0 —a) .

(Note that R x {0} does not contain any regular boundary points of D w.r.t.
Yi=(s+1t,X:).)
If we try a solution of (10.2.10) of the form

f(s,2) = e7P¢(x)

we get the following 1-dimensional problem

—p¢ + ¢’ (z) + 1?2?29 (x) = 0 for 0 <z <z } (10.2.11)
d(xg) = z0—a.
The general solution ¢ of (10.2.11) is
o(x) = Cra™ + Cox? |
where C1, Cy are arbitrary constants and
Vi :a_Q[%oﬂ —r:l:\/(r— 102)2 + 2pa? (1=1,2), 12 <0< .

Since ¢(z) is bounded as * — 0 we must have C; = 0 and the boundary
requirement ¢(zg) = o — a gives C; = x, ' (x¢ — a). We conclude that the
bounded solution f of (10.2.10) is

7
Guo(8,2) = f(s,2) = e 7°(x9 — a) (m) . (10.2.12)
zo
If we fix (s,z) then the value of xy which maximizes g,, (s, z) is easily seen

to be given by
am

v —1

L) = Tmax — (10213)
(note that 77 > 1 if and only if r < p).

Thus we have arrived at the candidate g, . (s,z) for g*(s,z) =
sup E®)[e=P7(X, — a)]. To verify that we indeed have g, . = g* it would

suffice to prove that g, .. is a supermeanvalued majorant of g (see Corol-
lary 10.1.10). This can be done, but we do not give the details here, since this
problem can be solved more easily by Theorem 10.4.1 (see Example 10.4.2).

The conclusion is therefore that one should sell the assets the first time
the price of them reaches the value z.x = 7‘?"’_11. The expected discounted
profit obtained from this strategy is
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v1i—1 71
~ _ ’}/1—1 €T

* = = [ R — — .
7 50) = () = e (2 ) (2

Remark. The reader is invited to check that the value xg = xmax is the
only value of xy which makes the function

T = Juo (8, ) (given by (10.2.9))

continuously differentiable at xg. This is not a coincidence. In fact, it illus-
trates a general phenomenon which is known as the high contact (or smooth
fit) principle. See Samuelson (1965), McKean (1965), Bather (1970) and
Shiryaev (1978). This principle is the basis of the fundamental connection
between optimal stopping and wvariational inequalities. Later in this chapter
we will discuss some aspects of this connection. More information can be
found in Bensoussan and Lions (1978) and Friedman (1976). See also Brekke
and Oksendal (1991).

10.3 Optimal Stopping Problems Involving an Integral

Let

dY; = b(Y,)dt + o(Y,)dB,, Yo=y (10.3.1)
be an Ito diffusion in R*. Let g: R¥ — [0, 00) be continuous and let f: R* —
[0,00) be Lipschits continuous with at most linear growth. (These conditions

can be relaxed. See (10.1.37) and Theorem 10.4.1.) Consider the optimal
stopping problem: Find G*(y) and 7* such that

G*(y) = sup EY [/Tf(Yt)dt + g(YT)] =FEY {]f(Y})dt +g(Y)| . (10.3.2)
0 0

This problem can be reduced to our original problem (10.1.2)—(10.1.3) by
proceeding as follows: Define the It6 diffusion Z, in R x R = R**! by

b(Yy) oY)

:—[f(yt)}dt+[ 0 }dBt; Zo=z=(y,w). (10.3.3)

dy,
Z, = [tht]

Then we see that

G*(y) = sup EVO[W, + g(¥;)] = sup BV [G(Z,)] (10.3.4)

with
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This is again a problem of the type (10.1.2)—(10.1.3) with X} replaced by Z;
and g replaced by G. Note that the connection between the characteristic
operators Ay of Y; and Az of Z; is given by

Azo(2) = Azo(y, w) = Ay ¢(y, w) + f(y):;)—q5 , o€ C*RMY . (10.3.6)

w
In particular, if G(y,w) = g(y) +w € C2(R**1) then

AzG(y,w) = Ayg(y) + f(y) - (10.3.7)
Example 10.3.1. Consider the optimal stopping problem

~v(x) = sup E* {/Qe_thtdt +e TX, |,
! 0
where

dXt = CkXtdt + ,BXtdBt N XO =x>0

is geometric Brownian motion (a, 3,6 constants, 6 > 0). We put

dt 1 0 |
dY; = [dXJ = {aXt] dt + {ﬂXt_ dBy; Yo =(s,x)
and
Y, 1 0 ]
dZ; = {dVVt} =| aX; |dt+ | BX: | dBy; Zy = (s,z,w) .
¢ eftht 0 i
Then with
fly) =f(s,x) =0z,  gly)=e "z
and
Gs,,w) = gls,2) +w = Pz +w
we have
_0G 0G | 5 20°G —ps oG —ps
AzG = 55 T + 55 92 + fe e =(—p+a+0)e Px.
Hence

R? ifp<a+0

From this we conclude (see Exercise 10.6):

Ifp>a+60then =0

and G*(s,z,w) = G(s,z,w) =e Pr+w. (10.3.8)
If « < p < o+ 60 then 7* does not exist
and G* (s,x,w):p‘g_—:”ae*PSer . (10.3.9)

If p < a then 7* does not exist and G* = oo . (10.3.10)
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10.4 Connection with Variational Inequalities

The ‘high contact principle’ says, roughly, that — under certain conditions —
the solution g* of (10.1.2)-(10.1.3) is a C* function on R™ if g € C?(R™).
This is a useful information which can help us to determine g*. Indeed, this
principle is so useful that it is frequently applied in the literature also in cases
where its validity has not been rigorously proved.

Fortunately it turns out to be easy to prove a sufficiency condition of
high contact type, i.e. a kind of verification theorem for optimal stopping,
which makes is easy to verify that a given candidate for g*(that we may have
found by guessing or intuition) is actually equal to ¢g*. The result below is a
simplified variant of a result in Brekke and (ksendal (1991):

In the following we fix a domain V' in R* and we let

dY; = b(Y})dt + o(Y;)dB ; YYo=y (10.4.1)
be an It6 diffusion in R*. Define
T=T(y,w) =inf{t > 0; Yy (w) ¢ V}. (10.4.2)
Let f:R* — R, g:R¥ — R be continuous functions satisfying
T

(a) Ey[/|f(Yt)\dt] <oo forallye R (10.4.3)

0
and

(b) the family {¢g~ (Y7 ); 7 stopping time, 7 < T'} is uniformly integrable
w.r.t. RY (the probability law of Y;), for all y € R¥. (10.4.4)

Consider the following problem: Find &#(y) and 7* < T such that
Py) = sup J7(y) = J7 () (10.4.5)

where

J7(y) = EY [/Tf(yt)dwrg(n)} for 7<T.
0

Note that since J°(y) = g(y) we have
D(y) > gly) forall ye V. (10.4.6)

We can now formulate the variational inequalities. As usual we let

k 0 1 k T 82
L=Ly =3 bily)g-+3 > (005, 5
(] ’ v J

i=1 ij=1

be the partial differential operator which coincides with the generator Ay of
Y; on C2(RF).
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Theorem 10.4.1 (Variational inequalities for optimal stopping).
Suppose we can find a function ¢:V — R such that

i) e¢eCH(V)NnC(V)
(i) ¢>gonV and =g on dV.
Define
D= {zeVid() > gla)) .

Suppose Yy spends 0 time on 0D a.s., i.e.
T
(iii) Ey[/ Xop(Yy)dt] =0 for ally e V

0
and suppose that
(iv) 9D is a Lipschitz surface, i.e. OD is locally the graph of a function
h:R*=1 — R such that there exists K < oo with

|h(z) — h(y)| < K|z — y| for all z,y .

Moreover, suppose the following:

(v) ¢ € C*)V \ dD) and the second order derivatives of ¢ are locally
bounded near 0D

(vi) Lo+ f<0onV\D

(vii) Lo+ f=0o0nD

(viii) 7p:=1inf{t > 0;Y; ¢ D} < o0 a.s. RY forally eV

and
(ix) the family {¢p(Y7);7 < 7p} is uniformly integrable w.r.t. RY, for all

yevV.

Then
s =o)=sw e ] [s00a+g00] s vev o4
<<T 0
and
™ =1p (10.4.8)

is an optimal stopping time for this problem.

Proof. By (i), (iv) and (v) we can find a sequence of functions
¢; €C*(V)NC(V), j=1,2,..., such that

(a) ¢; — ¢ uniformly on compact subsets of V, as j — oo
(b) L¢; — L¢ uniformly on compact subsets of V'\ 9D, as j — oo
(¢) {L¢;}32, is locally bounded on V.

(See Appendix D).

For R > 0 put Tg = min(R,inf {¢ > 0;|Y;| > R}) and let 7 < T be a
stopping time. Let y € V. Then by Dynkin’s formula
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TATR

Ey[¢j(YTATR)}¢j(y)+Ey{ / L@(Yt)dt} (10.4.9)
0

Hence by (a), (b), (c¢) and (iii) and the Fatou lemma

TATR
#y) = Jim Ey[ / —L¢j(Yt)dt+¢j(YTATR)]
TATR ’
>Ey[ / —L¢(Yg)dt+¢(YMTR)}. (10.4.10)

0
Therefore, by (ii), (iii), (vi) and (vii),

TATR

s =] [ oo

Hence by the Fatou lemma and (10.4.3), (10.4.4)

TATR

o(y) = lelooEy[ / f(Y;i)dt“!‘g(YT/\TR):| > Ey|:/‘rf(}/t)dt+g(yr):| :
0 0

Since 7 < T was arbitrary, we conclude that
o(y) > P(y) forall ye V. (10.4.11)
If y ¢ D then ¢(y) = g(y) < P(y) so by (10.4.11) we have
d(y) =P(y) and T=T(y,w):=0 is optimal for y ¢ D . (10.4.12)

Next, suppose y € D. Let {Dj}$2; be an increasing sequence of open sets Dy,
. . o0

such that Dy, C D, Dy, is compact and D= J Dy. Put 7, =inf{¢>0;Y; € Dy },
k=1

k=1,2,... By Dynkin’s formula we have for y € Dy,

T ATR

lim ,(y) = lim E[ / —L¢1(Yt)dt+¢j(YmATR)]

Jj—oo Jj—oo
0
T ANTR T ANTR

:Ey[ 0/ —Lgf)(}/t)dt—FQb(Yq—k/\TR):l:Ey[ O/ f(Yt)dt+¢(YmATR)]

o(y)

So by uniform integrability and (ii), (vii), (viii) we get
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TeNANTR

o) = Jim 7| [ it o)
0

= 27| [ #0070 < 0. (10413
0

Combining (10.4.11) and (10.4.13) we get
¢y) = P(y) = J™(y) = 6(y)

SO
o(y) =P(y) and 7T(y,w):=7p is optimal when y € D.  (10.4.14)
From (10.4.12) and (10.4.14) we conclude that
o(y) =P(y) forall ye V.

Moreover, the stopping time T defined by
~ 0 for D
T(y,w) = { e

p forye D
is optimal. By Theorem 10.1.12 we conclude that 7p is optimal also. a

Example 10.4.2. To illustrate Theorem 10.4.1 let us apply it to reconsider
Example 10.2.2:

Rather than proving (10.2.8) and the following properties of D, we now
simply guess/assume that D has the form

D ={(s,2);0 <z <x0}

for some x > 0, which is intuitively reasonable. Then we solve (10.2.11) for
arbitrary x¢ and we arrive at the following candidate ¢ for g*:

pe — L7
¢(S,{E): 6_ S(xO a)(zo) f0r0<x<$0
ep(w_a) for x > x¢ .

The requirement that ¢ € C! (Theorem 10.4.1 (i)) gives the value (10.2.13)
for zo. It is clear that ¢ € C? outside D and by construction L¢ = 0 on
D. Moreover, conditions (iii), (iv), (viii) and (ix) clearly hold. It remains to
verify that

(ii)  P(s,x)>g(s,x) for 0<x <z, i.e. P(s,2)>e P (x — a) for 0<x <x(
and
(v) L¢(s,xz) <0 for x > xg, i.e. Lg(s,z) <0 for x > xo.

This is easily done by direct calculation (assuming r < p).
We conclude that ¢ = ¢* and 7 = 7p is optimal (with the value (10.2.13)
for xg).
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Exercises

10.1.

10.2.

10.3.

In each of the optimal stopping problems below find the supremum
g* and — if it exists — an optimal stopping time 7*. (Here B; denotes
1-dimensional Brownian motion)
a) ¢*(x) = sup B*[B2]
b) g*(z) = sup E*[| B[],
T
where p > 0. )
c) g*(x) =sup E7[e” 7]
T
d) g*(s,z) = sup B [e=P+ ) cosh B,
T
where p > 0 and cosh x = % (e* 4+ e ).
a) Prove that the only nonnegative (B,-) superharmonic functions in
R? are the constants.

(Hint: Suppose u is a nonnegative superharmonic function and that
there exist z,y € R? such that

Consider
E*[u(B;)],

where 7 is the first hitting time for B; of a small disc centered at

y)-
b) Prove that the only nonnegative superharmonic functions in R are
the constants and use this to find g*(z) when

g(z) = ze ™ forx >0
0 for z <0.

c) Let v € R, n > 3 and define, for x € R",

|z for|z|>1
() = {1 for x| < 1.

For what values of v is f,(-) (B;)-) harmonic for |z| > 1 ? Prove
that f, is superharmonic in R™ iff v € [2 —n,0] .

Find g*, 7* such that
g*(s’ 1;) = sup E(Svfb) [S*P(5+T)BE] — E(s,a:) [e*P(SJFT*)B?_*] ,
T
where B; is 1-dimensional Brownian motion, p > 0 is constant.
Hint: First assume that the continuation region has the form
D ={(s,z); —xo <z < o}

for some zy and then try to determine zy. Then apply Theorem 10.4.1.



10.4.

10.5.

10.6.
10.7.

10.8.

10.9.
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Let X; be an Ito diffusion on R™ and g: R™® — R a continuous reward
function. Define

g°(x) = sup{E*[g(X,)]; T stopping time, E¥[r] < oo} .

Show that ¢® = g*.
(Hint: If 7 is a stopping time put 7, = 7 Ak for k = 1,2,... and
consider

Bolg(X,) - X

7'<oc]

< E*[ lim g(X7,)]) -

k—o0

With g, 7, p as in Example 10.2.2 prove that
a) if r > p then ¢g* = oo,
b) if r = p then g*(s,z) = xe™+%.

Prove statements (10.3.8), (10.3.9), (10.3.10) in Example 10.3.1.
As a supplement to Exercise 10.4 it is worth noting that if g is not
bounded below then the two problems
g" () = sup{E”[g(X,)]; T stopping time}
and
g°(z) = sup{E*[g(X;)]; T stopping time, E*[r] < oo}

need not have the same solution. For example, if g(z)=z, X; =B, €R
prove that
g"(z) =00 for all z € R

while
°(z) ==z forall ze R.

(See Exercise 7.4.)

Give an example with g not bounded below where Theorem 10.1.9 a)
fails. (Hint: See Exercise 10.7.)

Solve the optimal stopping problem

v(z) = sup E* [/ e P'BXdt + e PTB?| .
0

10.10. Prove the following simple, but useful, observation, which can be

regarded as an extension of (10.1.35):
Let W = {(s,z); 37 with g(s,z) < EC®)[g(s + 7, X,)]}.
Then W C D.
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10.11. Consider the optimal stopping problem

9" (s,2) = sup ECD[e~r(+7) B

where B; € R and " = max{z, 0}.
a) Use the argument for (10.2.8) and Exercise 10.10 to prove that the
continuation region D has the form

D ={(s,z);z < zp}

for some xg > 0.
b) Determine z( and find g*.
c¢) Verify the high contact principle:

99" _ g
or Oz

when (s,z) = (s,x0) ,

where g(t,z) = e Plat.

10.12. The first time the high contact principle was formulated seems to
be in a paper by Samuelson (1965), who studied the optimal time for
selling an asset, if the reward obtained by selling at the time ¢ and
when price is £ is given by

g(t, &) =e (€ —-1)" .

The price process is assumed to be a geometric Brownian motion X;
given by
dXt:’/‘Xtdt—FOéXtdBt, Xo=ax>0,

where r < p.
In other words, the problem is to find g*, 7" such that

g*(s,2) = sup B [e PG+ (X —1)F] = E&®) [P+ (X . —1)F] .
a) Use the argument for (10.2.8) and Exercise 10.10 to prove that the
continuation region D has the form

D ={(s,2);0 <z <z}

b)

—l—m‘aw—i— anzng—O for 0<x <z

f(s,0) =

f(s, xo)fe P (g — 1)T

by trying f(s,z) = e "*¢(x).
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¢) Determine zg by using the high contact principle, i.e. by using that

of _ 9y _
% = % when x = Zo -
d) With f,z¢ as in b), ¢) define
_Jf(sm); x < xg
(s, z) = {e"“(x—l)*‘ ;T >x0 -

Use Theorem 10.4.1 to verify that v = ¢* and that 7" = 7p is
optimal.

10.13. (A resource extraction problem)
Suppose the price P, of one unit of a resource (e.g. gas, oil) at time ¢
is varying like a geometric Brownian motion

dPt:aPtdt—i-ﬁPtdBt, P():p

where By is 1-dimensional Brownian motion and «, 8 are constants.
Let @ denote the amount of remaining resources at time t. Assume
that the rate of extraction is proportional to the remaining amount,
so that

dQy = —AQqdt ; Qo =q
where \ > 0 is a constant.

If the running cost rate is K > 0 and we stop the extraction at the
time 7 = 7(w) then the expected total discounted profit is given by

T

J7(s,p,q) = B&PD [ / (APQ; — K)e Pt at + =P+ (P Q) |

where p > 0 is the discounting exponent and ¢(p, q) is a given bequest
function giving the value of the remaining resource amount g when the
price is p.

a) Write down the characteristic operator 4 of the diffusion process

dt
dXt = dPt 3 XO = (S,p, q)
dQy

and formulate the variational inequalities of Theorem 10.4.1 corre-
sponding to the optimal stopping problem

G*(s,p,q) = sup J"(s,p,q) = 7 (5,p,9) -
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b) Assume that g(p,¢) = pg and find the domain U corresponding to
(10.1.34), (10.3.7), i.e.

U={(s,p,q); Ale "*g(p,q)) + f(s,p,q) >0},

where
f(s,p,q) = e P (A\pg — K) .
Conclude that
(i) if p > « then 7* = 0 and G*(s,p,q) = pge*
(ii) if p < o then D D {(s,p,q);pq > ai_p}
¢) As a candidate for G* when p < a we try a function of the form

e "%pq ; 0 <pg<yo
$,p,q) =19 _
o ) {e P5(pq) 5 pg > yo

for a suitable ¥: R — R, and a suitable yy. Use Theorem 10.4.1 to
determine 1, yo and to verify that with this choice of ¢, yo we have
¢=G*"and 7 =inf{t > 0; P,Q: <y}, fp<a<p+ A

d) What happensif p+ A < a?

10.14. (Finding the optimal investment time (I))
Solve the optimal stopping problem

G*(s,p) = sup EP) [/ e PPt — Ce P+ |
where

dP; = aP,dt + BP,dB; ; Ph=p,

B; is 1-dimensional Brownian motion and «, 3, p, C' are constants,

0 < a < pand C > 0. (We may interprete this as the problem of
finding the optimal time 7 for investment in a project. The profit rate
after investment is P; and the cost of the investment is C. Thus G*
gives the maximal expected discounted net profit.)

Hint: Write [ e P+ Pdt = e=7%[ [ e P*Pydt — [ e~P* Pdt]. Compute
T 0 0

E[[e*'P,dt] by using the solution formula for P, (see Chapter 5) and

0
then apply Theorem 10.4.1 to the problem
&(s,p) = sup E(5:p) [ _ /e_”(s+t)Ptdt — Ce=Ps+7)| |

10.15. Let B; be 1-dimensional Brownian motion and let p > 0 be constant.
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a) Show that the family
{e7?"B,; T stopping time}

is uniformly integrable w.r.t. P*.
b) Solve the optimal stopping problem

g (s,2) = sup B e+ (B, — a)]

T

when a > 0 is constant. This may be regarded as a variation of
Example 10.2.2/10.4.2 with the price process represented by B;
rather than X;.

10.16. (Finding the optimal investment time (II))
Solve the optimal stopping problem

o)
G*(S7p) = sup E'(S,P) l:/ e*p(s+t)Ptdt _ C«efp(er'r)

T

where
dPt:Mdt+UdBt, P():p

with u, o # 0 constants. (Compare with Exercise 10.14.)
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11. Application to Stochastic Control

11.1 Statement of the Problem

Suppose that the state of a system at time ¢ is described by an It6 process
X; of the form

dXt = dXtu = b(t,Xt,Ut)dt + O'(t,Xt,Ut)dBt 5 (1111)

where X; e R", b RxR" xU — R", 0c: RxR" xU — R"*™ and B; is m-
dimensional Brownian motion. Here u; € U C R” is a parameter whose value
we can choose in the given Borel set U at any instant ¢ in order to control
the process X;. Thus u; = u(f,w) is a stochastic process. Since our decision
at time ¢ must be based upon what has happened up to time ¢, the function

w — u(t,w) must (at least) be measurable w.r.t. }"t(m), i.e. the process u;

must be ft(m)—adapted. Thus the right hand side of (11.1.1) is well-defined as
a stochastic integral, under suitable assumptions on the functions b and o. At
the moment we will not specify the conditions on b and ¢ further, but simply
assume that the process X; satisfying (11.1.1) exists. See further comments
on this in the end of this chapter.

Let {X;“}n>s be the solution of (11.1.1) such that X5* = z, i.e.

h h
Xt =a+ /b(r, X% up)dr + /a(r, X% up)dBy ; h>s
and let the probability law of X; starting at x for ¢t = s be denoted by Q*7,
so that
Q%% Xy, € Fy,..., Xy, € Fi] = PO[X;"T €eF,.... X eF] (11.1.2)

fors<t;, ;CR"1<:i:<k k=12...

Let F:RxR"xU — R (the “utility rate” function) and K: RxR"™ — R
(the “bequest” function) be given continuous functions, let G be a fixed
domain in R x R™ and let T' be the first exit time after s from G for the
process {X "}, >, i.e.

T = T5%(w) = inf{r > s; (r, X>*(w)) ¢ G} < 00 . (11.1.3)
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Suppose

~

T
E”[/|F“”(T,XT)dr+|K(1A“,Xf)|X <oo forall s,z,u (11.1.4)

{f<oo}:|

where F%(r, z) = F(r, z,u). Then we define the performance function J*(s, x)
by

~

T

JU(s,z) = BT [/Fu (r, X, )dr + K(T, X2)X

{?@O}} : (11.1.5)

S

To obtain an easier notation we introduce
Y, = (s+t,X)%) for t >0, Yy = (s,2)
and we observe that if we substitute this in (11.1.1) we get the equation
dYy = dY* = b(Yy, up)dt + o(Ye, ue)dBy . (11.1.6)

(Strictly speaking, the u,b and o in (11.1.6) are slightly different from the
u,b and o in (11.1.1).) The probability law of Y; starting at y = (s, x) for
t = 0 is (with slight abuse of notation) also denoted by Q%% = QY.

Note that

T T—s T
/ FUe (r, X, )dr = / FUov(s 41, Xopo)dt = / Fues (Yy)dt |
s 0 0
where R
T:=inf{t>0;Y; ¢ G} =T — 5. (11.1.7)
Moreover,

K(T,X5)=K(Y;_ )= K(Yr) .
Therefore the performance function may be written in terms of Y as follows,
with y = (s, ),

T
J(y) = Ey[/F“t(Ks)dtJrK(YT)X{T@O} : (11.1.8)
0

(Strictly speaking this u; is a time shift of the u; in (11.1.6).)
The problem is — for each y € G — to find the number &(y) and a control
u* = u*(t,w) = u*(y,t,w) such that

P(y):= sup J*(y) =J" (y) (11.1.9)
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where the supremum is taken over all .Ft(m)—adapted processes {u;} with
values in U. Such a control u* — if it exists — is called an optimal control and
@ is called the optimal performance or the value function. Examples of types
of control functions that may be considered are:

(1) Functions of the form u(t,w) = wu(t) i.e. not depending on w. These
controls are sometimes called deterministic or open loop controls.

(2) Processes {u;} which are M;-adapted, i.e. for each ¢ the function w —
u(t,w) is My-measurable, where M; is the o-algebra generated by
{X¥;r < t}. These controls are called closed loop or feedback controls.

(3) The controller has only partial knowledge of the state of the system. More
precisely, to the controller’s disposal are only (noisy) observations R; of
X, given by an It6 process of the form

dRy = a(t, X;)dt +~(t, X,)dB; ,

where B is a Brownian motion (not necessarily related to B). Hence the
control process {u;} must be adapted w.r.t. the o-algebra N; generated
by {Rs; s < t}. In this situation the stochastic control problem is linked
to the filtering problem (Chapter 6). In fact, if the equation (11.1.1)
is linear and the performance function is integral quadratic (i.e. F' and
K are quadratic) then the stochastic control problem splits into a linear
filtering problem and a corresponding deterministic control problem. This
is called the Separation Principle. See Example 11.2.4.

(4) Functions u(t,w) of the form u(t,w) = ug(t, X¢(w)) for some function
up: R™! — U c RF. In this case we assume that u does not depend
on the starting point y = (s,z): The value we choose at time ¢ only
depends on the state of the system at this time. These are called Markov
controls, because with such u the corresponding process X; becomes an
Ito diffusion, in particular a Markov process. In the following we will not
distinguish between u and wug. Thus we will identify a function
u: R" — U with the Markov control u(Y) = u(t, X;) and simply call
such functions Markov controls.

11.2 The Hamilton-Jacobi-Bellman Equation

Let us first consider only Markov controls
u=u(t, X¢(w)) .

Introducing Y; = (s + ¢, Xs++) (as explained earlier) the system equation
becomes
dYy = b(Yy, u(Yy))dt + o(Yy, u(Yy))dBy . (11.2.1)

For v € U and f € C3(R x R") define
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of - of | 0% f
L = E i — E 11.2.2
( f)(y) (98 (y) + P bl(y7 U) a ax axj ( )
where a;; = 2(00T);;, y = (s,x) and © = (z1,...,,). Then for each choice

of the function u the solution Y; = Y,* is an Ito diffusion with generator A
given by

(Af)(y) = (LD f)(y)  for f € CZ(R x R™) (see Theorem 7.3.3) .

For v € U define F"(y) = F(y,v). The first fundamental result in stochastic
control theory is the following:

Theorem 11.2.1 (The Hamilton-Jacobi-Bellman (HJB) equation (I)).
Define
&(y) = sup{J"(y);u = u(Y) Markov control} .

Suppose that ® € C*(G) N C(G) satisfies
EY {@(Ya) + / |L“§Z5(Yt)dt} < oo

for all bounded stopping times a < T, all y € G and all v € U. Moreover,
suppose that T < oo a.s. QY for ally € G and that an optimal Markov control
u* ezists. Suppose 0G is regular for Yt“* (Definition 9.2.8). Then

sgg{F”(y) + (L) (y)} =0 forall ye G (11.2.3)

and
d(y) = K(y) for all y € 0G . (11.2.4)

The supremum in (11.2.8) is obtained if v = u*(y) where u*(y) is optimal.
In other words,

Fly,u*(y)) + (L* W) (y) =0  forall ye G . (11.2.5)

Proof. The last two statements are easy to prove: Since u* = u*(y) is optimal
we have

d(y) = [/TF (Y, u"(Ys))ds + K(Yr)
0

If y € OG then T = 0 a.s. QY (since OG is regular) and (11.2.4) follows. By
the solution of the Dirichlet-Poisson problem (Theorem 9.3.3)

(Lu*(y)qs)(y) = —F(y,u*(y)) for all y € G,
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which is (11.2.5). We proceed to prove (11.2.3). Fix y = (s,z) € G and choose
a Markov control u. Let a < T be a stopping time.
Since

7w =2 /T FUY )+ K ()]
0

we get by the strong Markov property (7.2.5), combined with (7.2.6) and
(9.3.7)

EY[J"(Ya)] = EY EY { /T F“(m)dr+K(YT)M
0

7ol

- v Ey [9a <O/F“(YT)dr + K(YT)>

- EY :Ey[/TF“(K«)dT+K(YT)|faH

- BV _/TF“(YT)dr—i-K(YT) —]Fu(mdr]

0 0

[

s - 8| [Pl

0

So

T (y) = Ey[/F“(Yr)dr} + BY[J(Y,)] . (11.2.6)
0
Now let W C G be of the form W = {(r,z) € G; r < t1} where s < t;. Put
a = inf{t > 0;Y; € W}. Suppose an optimal control v*(y) = u*(r, 2) exists
and choose
u(r, ) = v if (r,z)ew
S wr(rz) i (r2) e G\ W

where v € U is arbitrary. Then

B(Y,) = J* (Yy) = J*(Yy) (11.2.7)
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and therefore, combining (11.2.6) and (11.2.7) we obtain
d(y) > J"(y) = EY [/F”(Yr)dr} + EBY[D(Y,)] . (11.2.8)

Since @ € C?(G) we get by Dynkin’s formula

EY(8(Y,)] = 8(y) + B { / (LU@)(YT)dT} |
which substituted in (11.2.8) gives

#() > B / P+ o)+ 27| / (L))
2| / (7 (%) + (L) | <0.
0

So

EBY[ [(F*(Yy) + (LY®)(Y;))dr]

C—p

Bl <0 for all such W .

Letting t1 | s we obtain, since F(-) and (L"®)(-) are continuous at y, that
F¥(y) + (L"®)(y) < 0, which combined with (11.2.5) gives (11.2.3). That
completes the proof. a

Remark. The HJB (I) equation states that if an optimal control u* exists,
then we know that its value v at the point y is a point v where the function

v— F'(y) +(L"®)(y); wveU
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attains its maximum (and this maximum is 0). Thus the original stochastic
control problem is associated to the easier problem of finding the maximum
of a real function in U C R*. However, the HJB (I) equation only states that
it is necessary that v = u*(y) is the maximum of this function. It is just as
important to know if this is also sufficient: If at each point y we have found
v = up(y) such that F¥(y) + (LY®)(y) is maximal and this maximum is 0,
will ug(Y") be an optimal control? The next result states that (under some
conditions) this is actually the case:

Theorem 11.2.2 (The HJB (II) equation — a converse of HIB (I)).
Let ¢ be a function in C*(G) N C(G) such that, for allv € U,

Fy) +(L"¢)(y) <05 yeG (11.2.9)
with boundary values

lim ¢(Y;) = K(Yr) - Xpeoy a5 QY (11.2.10)

t—T

and such that

{¢(Y:)}r<r  is uniformly QY-integrable for all Markov
controls u and all y € G . (11.2.11)

Then
d(y) > J(y) for all Markov controls u and all y € G . (11.2.12)
Moreover, if for each y € G we have found ug(y) such that
Fuo) (y) 1 (L0 g) () = 0 (11.2.13)
then ug = uo(y) is a Markov control such that

o(y) = J*(y)

and hence ug must be an optimal control and ¢(y) = P(y).

Proof. Assume that ¢ satisfies (11.2.9) and (11.2.10) above. Let u be a
Markov control. Since L*%¢ < —F* in G we have by Dynkin’s formula

Tr

BYo(via)] = o(0) + B | [ o)v)ar]

< 6(y) - BV [?F“(mdr}
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where
Tr = min{R, T,inf{t > 0;|Y;| > R}} (11.2.14)

for all R < co. This gives, by (11.1.4), (11.2.10) and (11.2.11)

#(y) > EY {7Fu(}/r)dr + ¢(YTR):|

0
— EY {/TF“(YT)dT + K(YT)X{T<OO}} =J"(y)
0

as R — oo, which proves (11.2.12). If ug is such that (11.2.13) holds, then
the calculations above give equality and the proof is complete. a

The HIB equations (I), (IT) provide a very nice solution to the stochastic
control problem in the case where only Markov controls are considered. One
might feel that considering only Markov controls is too restrictive, but for-
tunately one can always obtain as good performance with a Markov control

as with an arbitrary F,fm)—adapted control, at least if some extra conditions
are satisfied:

Theorem 11.2.3. Let
D (y) = sup{J“(y);u = uw(Y) Markov control}

and
Do(y) = sup{J“(y);u = u(t,w) ftm)—adapted control} .

Suppose there exists an optimal Markov control uy = ug(Y) for the Markov
control problem (i.e. Dpr(y) = J* (y) for ally € G) such that all the boundary
points of G are reqular w.r.t. Y,"° and that ®; is a function in C*(G)NC(G)
satisfying

EY [@M(Ya) +/|L"Q5M(Yt)|dt} < 00 (11.2.15)
0
for all bounded stopping times o < T, all adapted controls u and all y € G.

Then
Pry(y) =Paly)  forall yeG.

Proof. Let ¢ be a function in C?(G) N C(G) satisfying (11.2.15) and
F'(y)+ (Ld)(y) <0  forall ye G,velU (11.2.16)

and
o(y) = K(y) for all y € 0G . (11.2.17)
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Let us(w) = u(t,w) be an ft(m)—adapted control. Then Y; is an Itd process
given by
dYy = b(Yy, ue)dt + o (Y, ur)dBy

so by Lemma 7.3.2, with T as in (11.2.14),

Tr

EY[$(Yry)] = ély) + BY| [ (L*9)(Yr)dt|
/ |
where
(L) g)(y) =
n 2
= %(y) + ; bi(yvu(ta g:lazj Yy, u t w 65 ;;] ( )

with a;; = 3(c0T);;. Thus by (11.2.16) and (11.2.17) this gives

Tr

EYo(vr)] < olo) B | [ i utt.w)ar]. (11.2.18)
0
Letting R — oo we obtain
o(y) = J*(y) - (11.2.19)

But by Theorem 11.2.1 the function ¢(y) = @ps(y) satisfies (11.2.16) and
(11.2.17). So by (11.2.19) we have &ps(y) > P,(y) and Theorem 11.2.3 fol-
lows. O

Remark. The theory above also applies to the corresponding minimum
problem
¥(y) =inf J*(y) = J* (y) . (11.2.20)

To see the connection we note that

V(y) = —sgp{—J“(y)} = —sup Ey{/T FU(Y:)dt — (Y;f):|}

so —¥ coincides with the solution @ of the problem (11.1.9), but with F'
replaced by —F and K replaced by —K. Using this, we see that the HJB
equations apply to ¥ also but with reverse inequalities. For example, equation
(11.2.3) for @ gets for ¥ the form

vlglf]{F”( y)+ (L) (y)} =0 forall y e G. (11.2.21)

We now illustrate the results by some examples:
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Example 11.2.4 (The linear stochastic regulator problem).
Suppose that the state X; of the system at time ¢ is given by a linear stochastic
differential equation:

dXt = (HtXt + Mtut)dt + O'tdBt 3 t Z S 3 Xs = (11222)

and the cost is of the form
t1
Ju(s’x) = [5:% |:/{XtTCtXt + U?Dtut}dt + Xg;Rth s S S tl (11223)

where all the coefficients H, € R"*", M; € R"**, g, € R"*™, C; € R"*",
D, € R**F and R € R™™ "™ are t-continuous and deterministic. We assume
that C; and R are symmetric, nonnegative definite and D; is symmetric,
positive definite, for all ¢. We also assume that ¢; is a deterministic time.
The problem is then to choose the control u = u(t, X;) € R* such that
it minimizes J*(s,x). We may interpret this as follows: The aim is to find a
control u which makes |X;| small fast and such that the energy used
(~ uT'Du) is small. The sizes of C; and R reflect the cost of having large
values of | X¢|, while the size of D, reflects the cost (energy) of applying large
values of |uy|.
In this case the HIB-equation for ¥(s,z) = igf J"(s,x) becomes

0= irl}f{F”(s,m) + (L*¥)(s,2)}

AN Y ow
s TR {xTC’s:c + T Dyv + ;(st + M)z
n
0w
1 T
+3 ijzzjl(asas )um} for s <ty (11.2.24)
and

#te) =o' Re (11.2.25)

Let us try to find a solution % of (11.2.24)—(11.2.25) of the form
Y(t,z) = 27 Sx + a (11.2.26)

where S(t) = S; € R™™ "™ is symmetric, nonnegative definite, a; € R and
both a; and S; are continuously differentiable w.r.t. ¢ (and deterministic). In
order to use Theorem 11.2.2 we need to determine S; and a; such that

irgf{F”(t,x) + (L) (t,z)} =0 for t <ty (11.2.27)

and
Y(ty,r) =" Ra . (11.2.28)
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To obtain (11.2.28) we put

S, =R (11.2.29)
(11.2.30)

I
o

atl
Using (11.2.26) we get

FU(t,x) + (L") (t, ) = 27 Sjx + a} + 27 Cyx +vT Dy +

—|—(Htx + Mt’l}>T(StI + StTCC) + Z(UtUtT)ijSij y (11231)
4]

where S} = %St, a, = %at. The minimum of this expression is obtained
when 5

—(F°(t,x) + (L°Y)(t,2)) =0 i=1,...,k

6’Ui
i.e. when

2D 4+ 2M' S,z =0

i.e. when

v=—D;'MI'Sx . (11.2.32)
We substitute this value of v in (11.2.31) and obtain

FU(t,z)+ (L) (t,x) =
="' Slx +a, + 27 Cyx + 27 S, M, D;* D, D; * M Sz
+(Hyx — MtDt_lMtTStx)TQStx +tr(cot'S),
=a7(S] + Cy — S;MyD; ' MES, + 2H Sy)x + a) + tr(oo” S); ,

where tr denotes the (matrix) trace. We obtain that this is 0 if we choose S;
such that

S; = —2HI'S, + S;M,D;*MTS, —C,; t<t (11.2.33)

and a; such that
a, = —tr(oo’S); ; t<ty. (11.2.34)

We recognize (11.2.33) as a Riccati type equation from linear filtering the-
ory (see (6.3.4)). Equation (11.2.33) with boundary condition (11.2.29) de-
termines S; uniquely. Combining (11.2.34) with the boundary condition
(11.2.30) we obtain

ty

a; = /tr(JUTS)sds. (11.2.35)

t
With such a choice of Sy and a; we see that (11.2.27) and (11.2.28) hold, so
by Theorem 11.2.2 we conclude that

u*(t,x) = —D; ' M Six,  t<ty (11.2.36)
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is an optimal control and the minimum cost is

t1
(s, x) =x’ Sex + /tr(JUTS)tdt , s<t. (11.2.37)

S

This formula shows that the extra cost due to the noise in the system is given
by

ty

as = /tT’(O’(TTS)tdt.

S

The Separation Principle (see Davis (1977), Davis and Vinter (1985) or Flem-
ing and Rishel (1975)) states that if we had only partial knowledge of the
state X; of the system, i.e. if we only had noisy observations

dZ; = g X,dt + vdBy (11.2.38)

to our disposal, then the optimal control u*(¢,w) (required to be Gi-adapted,
where G; is the o-algebra generated by {Z,.;r < t}), would be given by

u*(t,w) = —D; "M S X, (w) (11.2.39)

where )?t is the filtered estimate of X; based on the observations {Z,;r < t},
given by the Kalman-Bucy filter (6.3.3). Comparing with (11.2.36) we see
that the stochastic control problem in this case splits into a linear filtering
problem and a deterministic control problem.

An important field of applications of the stochastic control theory is eco-
nomics and finance. Therefore we illustrate the results above by applying
them to a simple case of optimal portfolio diversification. This problem has
been considered in more general settings by many authors, see for example
Markowitz (1976), Merton (1971), Harrison and Pliska (1981), Aase (1984),
Karatzas, Lehoczky and Shreve (1987) and the survey article Duffie (1994)
and the references therein.

Example 11.2.5 (An optimal portfolio selection problem).

Let X; denote the wealth of a person at time ¢. Suppose that the person has
the choice of two different investments. The price p;(t) at time ¢ of one of
the assets is assumed to satisfy the equation

dpy

where W, denotes white noise and a,a > 0 are constants measuring the
average relative rate of change of p and the size of the noise, respectively.
As we have discussed earlier we interpret (11.2.40) as the (Itd) stochastic
differential equation
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dpy = pradt + pyadB; . (11.2.41)
This investment is called risky, since o > 0. We assume that the price ps of
the other asset satisfies a similar equation, but with no noise:

This investment is called safe. So it is natural to assume b < a. At each
instant the person can choose how big fraction w of his wealth he will invest
in the risky asset, thereby investing the fraction 1 — u in the safe one. This
gives the following stochastic differential equation for the wealth X; = X} :

dXt = uXtadt + UXtOédBt + (1 — ’U,)thdt
Xi(au + b(1 — u))dt + auX,dB, . (11.2.43)

Suppose that, starting with the wealth X; = x > 0 at time ¢, the person
wants to maximize the expected utility of the wealth at some future time
to > t. If we allow no borrowing (i.e. require X > 0) and are given a utility
function N: [0, 00) — [0,00), N(0) = 0 (usually assumed to be increasing and
concave) the problem is to find @(s, z) and a (Markov) control u* = u* (¢, X;),
0 < wu* <1, such that

&(s,x) = sup{J%(s,x); u Markov control, 0 < u <1} = J* (s,z) ,
where J%(s,x) = E>*[N(X})] (11.2.44)
and T is the first exit time from the region G = {(r, z); r < to,z > 0}. This is

a performance criterion of the form (11.1.6)/(11.1.8) with F =0 and K = N.
The differential operator LV has the form (see (11.2.2))

: _of 0 | 142,220
(L")t x) = ot + x(av + b(1 — U))ax + 57 v T (11.2.45)
The HJB equation becomes
sup{(L*P)(t,x)} =0, for (¢t,z) € G ; (11.2.46)
and
&(t,x) = N(z) for t =tg, &(t,0)=N(0) for t <tg. (11.2.47)

Therefore, for each (¢, z) we try to find the value v = u(t, ) which maximizes
the function

g 0D 0D | 4 5 0%
n(v) =L"® = n +x(b—|—(a—b)v)% +aatviat o (11.2.48)

If$,:.= g—f >0and @,,:= ‘327?3 < 0, the solution is
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(a—b)D,

v=u(t,x) =— Y
T

(11.2.49)

If we substitute this into the HIJB equation (11.2.48) we get the following
nonlinear boundary value problem for @ :

(a—1)°®
&(t,x) = N(x) for t=tgor 2 =0. (11.2.51)

The problem (11.2.50), (11.2.51) is hard to solve for general N. Important
examples of increasing and concave functions are the power functions

N(z)=2za" where 0 <7 < 1. (11.2.52)

If we choose such a utility function N, we try to find a solution of (11.2.50),
(11.2.51) of the form

ot ) = f(t)a" .
Substituting we obtain
P(t,x) = Moty (11.2.53)

Where)\:brqtz(;l;(i?_g:).

Using (11.2.49) we obtain the optimal control

a—2>b

u*(t,x) = FEER

(11.2.54)
If #__br) € (0,1) this is the solution to the problem, in virtue of Theo-
rem 11.2.2. Note that «* is in fact constant.

Another interesting choice of the utility function is N(x) = logz, called
the Kelly criterion. As noted by Aase (1984) (in a more general setting)
we may in this case obtain the optimal control directly by evaluating
E**[log(X7)] using Dynkin’s formula:

B> flog(Xr)] =
T
=logx + E7 [/{au(t, Xp) +b(1 —u(t, Xy)) — Lau?(t, Xy) }dt
since LV(logz) = av + b(1 — v) — Fa%v?.

So it is clear that J“(s,z) = E**[log(Xr)] is maximal if we for all r, z

choose u(s, z) to have the value of v which maximizes

av+b(1 —v) — 2a*v?

i.e. we choose
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a —

v=u(t,X;) = — for all t,w . (11.2.55)

So this is the optimal control if the Kelly criterion is used. Similarly, this
direct method also gives the optimal control when N(x) = 2" (See Exer-
cise 11.8).

Example 11.2.6. Finally we include an example which shows that even
quite simple — and apparently innocent — stochastic control problems can
lead us beyond the reach of the theory developed in this chapter:

Suppose the system is a 1-dimensional It integral

dX; =dX} = u(t,w)dBy , t>s Xs=2>0 (11.2.56)
and consider the stochastic control problem

®(t,x) = sup B [K(XY)] (11.2.57)

where 7 is the first exit time from G = {(r,z);r < ¢1,2 > 0} for ¥} =
(s+t,X.7) and K is a given bounded continuous function.

u=0
l

{tx) /

Intuitively, we can think of the system as the state of a game which
behaves like an “excited” Brownian motion, where we can control the size u
of the excitation at every instant. The purpose of the control is to maximize
the expected payoff K (X, ) of the game at a fixed future time ¢;.

Assuming that ¢ € C? and that u* exists we get by the HIB (I) equation

o | 0%
18)1611[:){ {at + v @ =0 for t < tq, @(tl,l‘) = K(.T) . (11.2.58)

From this we see that we necessarily have
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L0%d oP

w S 0 s v @ =0 and E =0 fort< tl , (11259)
where v* is the value of v € R which gives the supremum in (11.2.58). But
if %—‘f = 0, then @(t,2) = @(t1,z) = K(x). However, this caglnot possibly be
the solution in general, because we have not assumed that %;2( < 0 - in fact,
K was not even assumed to be differentiable.

What went wrong? Since the conclusion of the HIB (I) equation was
wrong, the assumptions cannot hold. So either @ is not C? or u* does not
exist, or both.

To simplify the problem assume that

xz; 0<x<1
K(x)_{l; >1.

Then considering the figure above and using some intuition we see that it
is optimal to excite as much as possible if X; is in the strip 0 < z < 1 to
avoid exiting from G in the interval {¢1} x (0, 1). Using that X, is just a time
change of Brownian motion (see Chapter 8) we conclude that this optimal
control leads to a process X* which jumps immediately to the value 1 with
probability = and to the value 0 with probability 1 — x, if the starting point
is € (0,1). If the starting point is = € [1,00) we simply choose our control
to be zero. In other words, heuristically we should have

u*(t,x)—{ooo i 566[(1(?’010)) (11.2.60)

with corresponding expected payoff

z if 0<zx<1

¢* (s, ) = B> [K(X})] = { Ly oo (11.2.61)

Thus we see that our candidate u* for optimal control is not continuous
(not even finite!) and the corresponding optimal process X, is not an Itd
diffusion (it is not even continuous). So to handle this case mathematically
it is necessary to enlarge the family of admissible controls (and the family of
corresponding processes). For example, one can prove an extended version of
Theorem 11.2.2 which allows us to conclude that our choice of u* above does
indeed give at least as good performance as any other Markov control u and

that ¢* given by (11.2.61) does coincide with the maximal expected payoff @
defined by (11.2.57).

This last example illustrates the importance of the question of existence
in general, both of the optimal control «* and of the corresponding solution
X of the stochastic differential equation (11.1.1). We briefly outline some
results in this direction:



11.3 Stochastic control problems with terminal conditions 241

With certain conditions on b, o, F, G and assuming that the set of control
values is compact, one can show, using general results from nonlinear partial
differential equations, that a smooth function ¢ exists such that

sgp{F”(y) +(L9)(y)} =0  for yeG

and
o(y) = K(y) for y € 0G .

Then by a measurable selection theorem one can find a (measurable) function
u*(y) such that ) )
F* (y) + (L ¢)(y) =0, (11.2.62)

for a.a. y € G w.r.t. Lebesgue measure in R"*!. Even if u* is only known
to be measurable, one can show that the corresponding solution X; = Xt”*
of (11.1.1) exists (see Stroock and Varadhan (1979) for general results in
this direction). Then by inspecting the proof of Theorem 11.2.2 one can
see that it suffices to have (11.2.62) satisfied outside a subset of G with
Green measure 0 (see Definition 9.3.4). Under suitable conditions on b and o
one can in fact show that the Green measure is absolutely continuous w.r.t.
Lebesgue measure. Thus by (11.2.62) (and a strengthened Theorem 11.2.2)
u* is an optimal control. We refer the reader to Fleming and Rishel (1975),
Bensoussan and Lions (1978), Dynkin and Yushkevich (1979) and Krylov
(1980) for details and further studies.

11.3 Stochastic control problems with terminal
conditions

In many applications there are constraints on the types of Markov controls u
to be considered, for example in terms of the probabilistic behaviour of Y;*
at the terminal time ¢ = T'. Such problems can often be handled by applying
a kind of “Lagrange multiplier” method, which we now describe:

Consider the problem of finding ¢(y) and u*(y) such that

(y) = sup J*(y) = T (y) (11.3.1)
where .
TU(y) = BY [/F“(Yt“)dtJr K| (11.3.2)
0

and where the supremum is taken over the space K of all Markov controls
w: R — U c R” such that

EY[My(Y#)] =0, i=12,...,1, (11.3.3)
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where M = (M, ..., M;): R"*! — R! is a given continuous function,
EY[IM(Y})|] < o0 for all y,u . (11.3.4)

Now we introduce a related, but unconstrained problem as follows:

For each ) € R! and each Markov control u define
T
J¥(y) = E-”[/F“(Yt“)dt—FK(YT“)+)\-M(Yr}‘) (11.3.5)
0

where - denotes the inner product in R!. Find &, (y) and u}(y) such
that )
Dy (y) =sup Jy(y) = J\* (y) , (11.3.6)

without terminal conditions.

Theorem 11.3.1. Suppose that we for all A € A C R! can find ®5(y) and
u} solving the (unconstrained) stochastic control problem (11.3.5)-(11.3.6).
Moreover, suppose that there exists \g € A such that

Ey[M(Y;;“)] =0. (11.3.7)

Then ®(y): = Py, (y) and u*:= u}_ solves the constrained stochastic control
problem (11.8.1)-(11.3.3).

Proof. Let u be a Markov control, A € A. Then by the definition of u} we
have

T
B | [Py k) | = 75)
0

> J\(y) = EY [/F“(Yt“)dt—k K(YF) + \- M(Y#)} . (11.3.8)

In particular, if A = A\g and u € K then
EY[M(Y, )] =0 = EY[M(Y})]
and hence by (11.3.8)

J%0(y) > J4y)  forall ue k.

Since u} € K the proof is complete. a

For an application of this result, see Exercise 11.11.
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Exercises

11.1. Write down the HJB equation for the problem

(s, z) = inf E>" [/e_"‘t(g(Xt) +ul)dt

S

where
dXt :Utdt+dBt X Xt,utaBt ER;

243

a > 0 is a constant and g: R — R is a given bounded, continuous
function. Show that if ¥ satisfies the conditions of Theorem 11.2.1

and u* exists then
1,09

¢ 5
11.2.  Consider the stochastic control problem

u*(t,x) =

o
q/o(S,.I) = inf E%7 [/eptf(ut,Xt)dt] s

S
where

dXt = dXZL = b(ut,Xt)dt + O'(’U,t,Xt)dBt
X, eR" u, e R* B,e R™,

f is a given bounded continuous real function, p > 0 and the inf is
taken over all time-homogeneous Markov controls u, i.e. controls «

of the form u = u(X;). Prove that
Uy(s,x) = e P¢(x) where £(z) =¥(0,z) .

(Hint: By definition of E** we have

oo

B> {/ e f(u(Xy), Xi)dt] = B / e P f(u(X ), X2 )dt

S

where E denotes expectation w.r.t. P.)

11.3. Define
dX; = ru Xedt + au X d By ; Xi,ue, B € R

and
o0

@(s,z) = sup E¥* {/e”tf(Xt)dt} ,

S
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where 7, o, p are constants, p > 0 and f is a bounded continuous real
function.

Assume that & satisfies the conditions of Theorem 11.2.1 and that
an optimal Markov control u* exists.

a) Show that

2
sup{eptf( )Jra—@Jrr xa—qurl 2 2x26@}0.

veER ot ox Ox?
Deduce that
0x2 —
b) Assume that g%f < 0. Prove that
2%
rg2
u(t,r) = ——22
R 2
and that
PRy oD\ >
—pt 2 YT _
< 5 )5 (a) =0
Assume that 45 = 0. Prove that d‘p =0 and
c) e
oD
e P f(z) + i 0.

d) Assume that uf = v*(X;) and that b) holds. Prove that &(¢, z) =
e Pi¢(x) and
a?(f = p€)€" —r*(€)*=0.
(See Exercise 11.2)

11.4. The assumptions in Theorem 11.2.1 often fail (see e.g. Exercise 11.10),
so it is useful to have results in such cases also. For example, if we
define @, as in Theorem 11.2.3 then, without assuming that u* ex-
ists and without smoothness conditions on @, we have the Bellman
principle (compare with (11.2.6)—(11.2.7))

2a(y) = sup B [ / FUY0)dr + B (Y2)

for all y € G and all stopping times o« < T, the sup being taken over
all ft(m)—adapted controls u. (See Krylov (1980, Th. 6, p. 150).)
Deduce that if &, € C*(G) then

F(y)+ L'®,(y) <0 forall ye G,veU.
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11.6.

11.7.
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Assume that F =0 in (11.1.8) and that an optimal Markov control
u* exists. Prove that the function @ is superharmonic in G w.r.t. the
process Y;*, for any Markov control w. (Hint: See (11.2.6)—(11.2.7).)

Let X; denote your wealth at time ¢t. Suppose that at any time ¢ you
have a choice between two investments:

1)

2)

d)

A risky investment where the unit price p; = p1 (¢, w) satisfies the
equation

dp1 = a1p1dt + o1p1dBy .
A safer (less risky) investment where the unit price ps = pa(t,w)
satisfies _

dpa = azp2dt + o2p2d By

where a;, 0; are constants such that
ay >as, 01> 09

and By, gt are independent 1-dimensional Brownian motions.
Let u(t,w) denote the fraction of the fortune X;(w) which is
placed in the riskier investment at time ¢. Show that

dX, = dX™ = X,(ayutas(1—u))dt+X, (o1ud By+os(1—u)dB,) .
Assuming that u is a Markov control, u = u(t, X;), find the gen-

erator A" of (¢, X}").
Write down the HJB equation for the stochastic control problem

&(s,x) = sup E* [(X}u))w}

where T' = min(¢1, 1), 7o = inf{¢t > s; Xy = 0} and ¢; is a given
future time (constant), v € (0, 1) is a constant.
Find the optimal control u* for the problem in c).

Consider the stochastic control problem

(system) dX; = audt + udB; ; Xo=z>0

where B; € R, u € R and a € R is a given constant, and

(performance) &(s,x) =sup EX*[(X7)"],
u

where 0 < r < 1 is constant and

T=inf{t > s;X; =0} Aty,

t1 being a given future time (constant).
Show that this problem has the optimal control
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axr

u*(t,x) = T

with corresponding optimal performance

a’(ty — s)r> _

e = ey (0=

11.8. Use Dynkin’s formula to prove directly that

w*(t,z) = min (oﬂa(l_—br) , 1)

is the optimal control for the problem in Example 11.2.5, with utility
function N(x) = z". (Hint: See the argument leading to (11.2.55).)

11.9. In Benes (1974) the following stochastic control problem is consid-
ered:

U(s,x) = inf B5 {/e_ththt} ,
u
where
dX, = dX™ = auwdt +dB,; X, B,€R
and a, p are (known) constants, p > 0. Here the controls u are re-
stricted to take values in U = [—1,1].
a) Show that the HJB equation for this problem is
ov o*w

ov
inf —psp2 4 T — 41" L _9.
velo11] {e T s Ty T2 63:2} 0

b) If ¥ € C? and u* exists, show that
u*(x) = —sign(ax) ,

where

siom » — 1 ifz>0
2= 1 ifz<o0.

(Hint: Explain why 2 > 0= 22 > 0and 2 < 0= 2£ < 0.)

11.10. Let
flz) = 2 for0<z<1
S lVz forz>1

and put

J(s,2) :E[ /T e rt f(Xt“)dt} . B(s,z) = sup JU(s, z)

u
S
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where
dX} = wdBy ; t>s

with control values u; € R, By € R and

T =inf{t > s; X;* <0} .

a) Define
1 ~
o(s,x) = ;e*psf(m) for x >0,s€eR
where
]?()— T for0<z <1
= vz forx>1.
Prove that

J(s,x) < P(s,x)

for all s,z and all (finite) Markov controls w.
(Hint: Put ¢1(s,z) = %efpsx for all s,z and ¢o(s,z) = %67"5\/5
for all s,z. Then

J(s,z) < ¢i(s, x) for i=1,2

by Theorem 11.2.2.)
b) Show that

D(s,x) = ¢(s,x) .
(Hint: Consider J"* (s, z), where

() = k for0<z<l1
k 10 forx>1

and let k — 00).
Thus u* does not exist and @ is not a C? function. Hence both
conditions for the HIB (I) equation fail in this case.

11.11. Consider a 1-dimensional version of the stochastic linear regulator
problem of Example 11.2.4:

ty

V(s x) = inf B [/((Xff)Q + Guf)dr} (11.3.9)
where
dX} =wdt + odB; ; for t>s, Xg=1x,

ut, By € R, 0,0 constants, § > 0, the infinum being over the space
IC of all Markov controls u satisfying

ESP[(X{)?]) =m?, where m is a constant . (11.3.10)
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11.12.

11.13.
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Solve this problem by using Theorem 11.3.1.
(Hint: Solve for each A € R the unconstrained problem

ty
Uy (s,z) = inf E*7 [/((Xf)2 + Oul)dr + N\(X}")?

S

with optimal control 3. Then try to find A\g such that
S,x ’LL* 2
EST[(X,0) ] =m? )
Solve the stochastic control problem
W (s, x) = inf J%(s,x) = J* (s,z)

where
o0

JU(s,x) = E*" {/e’”(X,Q. + Ou?)dr

S

and
dXt = ’U/tdt + O'dBt 5

with u;, By € R and ¢ € R, p > 0, 8 > 0 are constants. (Hint:
Try 1(s,x) = e ?*(ax? + b) for suitable constants a,b and apply
Theorem 11.2.2.)

Consider the stochastic control problem

T

P(s,x) = sup E® {/e_ptut dt}

u
S

where the (1-dimensional) system X; is given by
dX; =dX;' = (1 — us)dt + dB; .
The control u; = u:(w) can assume any value in U = [0, 1] and
T =inf{t > s; X;* <0} (the time of bankruptcy) .
Show that if p > 2 then the optimal control is
u; =1 for all ¢

and the corresponding value function is

1 T
@(s,x)ze‘p‘gf(l—e_ 2”'”) ; x>0.
p



12. Application to Mathematical Finance

12.1 Market, portfolio and arbitrage

In this chapter we describe how the concepts, methods and results in the
previous chapters can be applied to give a rigorous mathematical model of
finance. We will concentrate on the most fundamental issues and those topics
which are most closely related to the theory in this book. We emphasize
that this chapter only intends to give a brief introduction to this exciting
subject, which has developed very fast during the last years and shows no
signs of slowing down. For a more comprehensive treatment see for example
Bingham and Kiesel (1998), Elliott and Kopp (1999), Duffie (1996), Karatzas
(1997), Karatzas and Shreve (1998), Lamberton and Lapeyre (1996), Musiela
and Rutkowski (1997), Kallianpur and Karandikar (2000), Merton (1990),
Shiryaev (1999) and the references therein.

First we give the mathematical definitions of some fundamental finance
concepts. We point out that other mathematical models are also possible
and in fact actively investigated. Other models include more general (possibly
discontinuous) semimartingale models (see e.g. Barndorfl-Nielsen (1998)) and
even models based on stochastic processes which are not semimartingales,
such as fractional Brownian motion. See e.g. Cutland, Kopp and Willinger
(1995), Lin (1995), Hu and Oksendal (1999).

Definition 12.1.1. a) A market is an ]—'t(m)—adapted (n + 1)-dimensional
Ité process X (t) = (Xo(t), X1(t),..., Xn(t)); 0 < t < T which we will
assume has the form

dXo(t) = p(t,w)Xo(t)dt ; Xo(0)=1 (12.1.1)
and
dXi(t) = m(t,w)dt + iaij(t,w)dBj(t) (12.1.2)
= pi(t,w)dt + a;(t,w)dB(t) ; Xi(0) =z, ,

where o; is row number i of the n x m matriz [0;;]; 1 <i<n e N.
b) The market {X (t)}ep0,1 is called normalized if Xo(t) = 1.
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c) A portfolio in the market {X (t)}epo,) is an (n + 1)-dimensional (t,w)-

measurable and ft(m)-adapted stochastic process
0(t,w) = (0p(t,w),01(t,w),...,0,(t,w)); 0<t<T. (12.1.3)

d) The value at time t of a portfolio 0(t) is defined by
V(t,w) =V (t,w) =0t Za (12.1.4)

where - denotes inner product in R 1.
e) The portfolio 6(t) is called self-financing if

/|90 (3)4‘2”: i{z": s)oij( S)r}ds<oo a.s.
0 i=1

- - (12.1.5)
and
V() = 0(t) - dX (2) (12.1.6)
V() = V(0) + / 0(s)-dX(s)  for te0,T]. (12.1.7)
0

Comments to Definition 12.1.1.

a) We think of X;(t) = X;(¢,w) as the price of security/asset number i at
time ¢. The assets number 1,...,n are called risky because of the presence
of their diffusion terms. They can for example represent stock investments.
The asset number 0 is called safe because of the absence of a diffusion term
(although p(t,w) may depend on w). This asset can for example represent a
bank investment. For simplicity we will assume that p(t,w) is bounded.

b) Note that we can always make the market normalized by defining

Xi(t) = Xo(t) 1 X4 (t); 1<i<n. (12.1.8)
The market o o o
X(t) = (1,X1(1), ..., Xu(t))

is called the normalization of X (t).

Thus normalization corresponds to regarding the price X(t) of the safe
investment as the wunit of price (the numeraire) and computing the other
prices in terms of this unit. Since

(/ )
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we have

t

E(t):= X' (t) = exp (— /p(s,w)ds) >0 foralltel0,T] (12.1.9)
0

AX,(5) =€) X (1) =€(0) (i —pX)di+0,dBE); 1<i<n  (12.1.10)

dX (t)=£(t)[dX (t) —p(t) X (t)dt] . (12.1.11)

¢) The components 0y(t,w), ..., 0,(t,w) represent the number of units of the
securities number 0, ..., n, respectively, which an investor holds at time t.
d) This is simply the total value of all investments held at time ¢.

e) Note that condition (12.1.5) is required to make (12.1.7) well-defined. See
Definition 3.3.2.

This part e) of Definition 12.1.1 represents a subtle point in the mathe-
matical model. According to It6’s formula the equation (12.1.4) would lead
to

AV (t) = 0(t) - dX (t) + X (¢) - dO(t) + dO(t) - dX (1)

if 6(t) was also an Itd process. However, the requirement (12.1.6) stems
from the corresponding discrete time model: If investments 6(¢x) are made
at discrete times t = tj, then the increase in the wealth AV (t;) = V(tr11) —
V (k) should be given by

AV (1) = 0(ts,) - AX (1) (12.1.12)

where AX (t;) = X (tx41)— X (t) is the change in prices, provided that no
money is brought in or taken out from the system i.e. provided the portfolio
is self-financing. If we consider our continuous time model as a limit of the
discrete time case as Aty = txy1 — tx goes to 0, then (12.1.6) (with the It6
interpretation of the integral) follows from (12.1.12).
f) Note that if 6 is self-financing for X (¢) and

V) = 0(t) - X(¢) = £V (t) (12.1.13)

is the value process of the mormalized market, then by It6’s formula and
(12.1.11) we have

HdX(t) . (12.1.14)



252 12. Application to Mathematical Finance

Hence 6 is also self-financing for the normalized market.

Remark. Note that by combining (12.1.4) and (12.1.6) we get

n t n

Bo(t) Xo(t) + 3 0:(1) Xi(t) = V(0) + / o(5)dXo(s) + 3 / 0:(5)dXi(s) .

=1 0 =17

Hence, if we put
Yo(t) = 6o(t) Xo(?) ,

then
dYo(t) = p(t)Yo(t)dt + dA(t) ,
where
n t
A(t) = Z (/Oi(s)dXi(s) — Qi(t)Xi(t)) . (12.1.15)
i=1 N9
This equation has the solution
t
E0Yo(t) = 60(0) + [ £(s)A(s)
0
or
t
bu(t) = 60(0) + [ €(s)dA(s)
0
Using integration by parts we may rewrite this as
t
bu(t) = 60(0) + E(DA(H) ~ A©) ~ [ As)de(s)
0
or
t
Bo(t) = V(0) + £ A(t) + / p(5)A(5)€(s)ds - (12.1.16)
0
In particular, if p = 0 this gives
0o(t) = V(0) + A(t). (12.1.17)
Therefore, if 6(t),...,0,(t) are chosen, we can always make the portfolio

0(t) = (00(t),01(t),...,0,(t)) self-financing by choosing 0y(t) according to

(12.1.16).
We now make the following definition
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Definition 12.1.2. A portfolio 6(t) which satisfies (12.1.5) and which is
self-financing is called admissible if the corresponding value process VO (t) is
(t,w) a.s. lower bounded, i. e. there ezists K = K(6) < oo such that

VOt,w) > -K  foraa. (t,w) €[0,T] x 2. (12.1.18)

This is the analogue of a tame portfolio in the context of Karatzas (1996).
The restriction (12.1.18) reflects a natural condition in real life finance: There
must be a limit to how much debt the creditors can tolerate. See Exam-
ple 12.1.4.

Definition 12.1.3. An admissible portfolio 0(t) is called an arbitrage (in
the market {X;}icp0,1)) if the corresponding value process VO(t) satisfies
V?(0) =0 and

V(T)>0 as.and P[VY(T)>0>0.

In other words, 6(t) is an arbitrage if it gives an increase in the value from
time t = 0 to time ¢ = T a.s., and a strictly positive increase with positive
probability. So 0(t) generates a profit without any risk of losing money.

Intuitively, the existence of an arbitrage is a sign of lack of equilibrium in
the market: No real market equilibrium can exist in the long run if there are
arbitrages there. Therefore it is important to be able to determine if a given
market allows an arbitrage or not. Not surprisingly, this question turns out to
be closely related to what conditions we pose on the portfolios that should be
allowed to use. We have defined our admissible portfolios in Definition 12.1.2
above, where condition (12.1.18) was motivated from a modelling point of
view. One could also obtain a mathematically sensible theory with other
conditions instead, for example with L?-conditions which imply that

E[V3(t)] <oo  forall t€[0,T]. (12.1.19)

In any case, some additional conditions are required on the self-financial
portfolios: If we only require the portfolio to be self-financing (and satisfying
(12.1.5)) we can generate virtually any final value V(T'), as the next example
illustrates:

Example 12.1.4. Consider the following market
dXo(t) =0, dX;(t)=dB(t), 0<t<T=1.

Let

Y(t):/jf(_i)s for 0<t<1.
0

By Corollary 8.5.5 there exists a Brownian motion B(t) such that
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Y(t)=B(3),

ds 1
0O /1_8 n<1_t> or 0<t<
0

Let a € R be a given constant and define

where

Ti= 7o = inf{t > 0; B(t) = a}

and

=g =1inf{t > 0;Y(t) =a} .
Then

T <oo as. (Exercise 7.4a))
and

1
T:1n<1>, so a <1 as.

-«
Let 0(t) = (0o(t), 01(t)) be a self-financing portfolio with
A for 0<t<a
91 (t) — V1-t -
0 for a<t<1.

Then the corresponding value process is given by

V(t) = df (_S)S

=Y({tAa) for 0<t<1,

if we assume that V(0) = 0. In particular,
V1)=Y(a)=a as.

In this case condition (12.1.5) reduces to

0?(s)ds < 0o a.s.

o—_ _

Now
«

1
d 1
/9% ds—/ 5 —ln< )—T<OO a.s. ,
l1-a
0

0
so (12.1.5) holds. But 6(t) is not admissible, because V(t) = Y(t A o) =
B(In(5 %/\ )) is not (t,w)-a.s. lower bounded for (t,w) € [0,T] x §2. Note
that 0( ) does not satisfy (12.1.19) either, because
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tAa

E[V2(6)] = E[Y2(tAa)] :E[/ ldss] :E[ln (1;0{)] — B[] =

as t — T (Exercise 7.4Db).

This example illustrates that with portfolios only required to be self-
financing and satisfy (12.1.5) one can virtually generate any terminal value
V(T,w) from Vi = 0, even when the risky price process X;(t) is Brownian
motion. This clearly contradicts the real life situation in finance, so a re-
alistic mathematical model must put stronger restrictions than (12.1.5) on
the portfolios allowed. One such natural restriction is (12.1.18), as we have
adopted.

To emphasize the phenomenon illustrated by this example, we state the
following striking result, which is due to Dudley (1977):

Theorem 12.1.5. Let F' be an f;m)—measumble random wvariable and let
B(t) be m-dimensional Brownian motion. Then there exists ¢ € W™ such
that

T
/qs (t,w)dB(t (12.1.20)
0

Note that ¢ is not unique. See Exercise 3.4.22 in Karatzas and Shreve
(1991). See also Exercise 12.4.
This implies that for any constant z there exists ¢ € W™ such that

T
z+/q§tde
0

Thus, if we let m = n and interprete By(t) = X1(t),...,Bn(t) = X, (t) as
prices, and put Xo(¢) = 1, this means that we can, with any initial fortune
z, generate any f:(pm)—measurable final value F' = V(T), as long as we are
allowed to choose the portfolio ¢ freely from W™. This again underlines the

need for some extra restriction on the family of portfolios allowed, like con-
dition (12.1.18).

How can we decide if a given market {X (¢) };c[o,r] allows an arbitrage or
not? The following simple result is useful:

Lemma 12.1.6. Suppose there exists a measure () on fém) such that P ~ @
and such that the normalized price process { X (t)}iejo,1) is a local martingale
w.r.t. Q. Then the market {X (t)}icj0,7) has no arbitrage.
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Proof. Suppose 0(t) is an arbitrage for {X(t)}:e(0,7]- Let Ve(t) be the cor-
responding value process for the normalized market with Va (0) = 0. Then
Ve(t) is a lower bounded local martingale w.r.t. @, by (12.1.14). Therefore
v’ (t) is a supermartingale w.r.t. @, by Exercise 7.12. Hence

Eq[V(T)] <Vv%0)=0. (12.1.21)

But since V?(T,w) > 0 a.s. P we have VO (T,w) > 0 a.s. Q (because Q < P)
and since P[V(T) > 0] > 0 we have Q[V?(T) > 0] > 0 (because P < Q).
This implies that
Eq[V(T)] >0,
which contradicts (12.1.21). Hence arbitrages do not exist for the normalized
price process {X (¢)}. It follows that { X (¢)} has no arbitrage. (Exercise 12.1).
O

Definition 12.1.7. A measure Q ~ P such that the normalized process
{X(t) }eepo,m is a (local) martingale w.r.t. Q is called an equivalent (local)
martingale measure.

Thus Lemma 12.1.6 states that if there exists an equivalent local martin-
gale measure then the market has no arbitrage. In fact, then the market also
satisfies the stronger condition “no free lunch with vanishing risk” (NFLVR).
Conversely, if the market satisfies the NFLVR condition, then there exists
an equivalent martingale measure. See Delbaen and Schachermayer (1994),
(1995), (1997), Levental and Skorohod (1995) and the references therein.
Here we will settle with a weaker result, which nevertheless is good enough
for many applications:

Theorem 12.1.8. a) Suppose there exists a process u(t,w) € V"™(0,T) such
that, with X (t,w) = (X1(t,w), ..., X, (t,w)),

o(t,w)u(t,w) = p(t,w) — p(t,w) X (t,w) for a.a. (t,w)  (12.1.22)

and such that
T
E{exp <§ /u2(t,w)dt>} < 00 . (12.1.23)
0

Then the market { X (t)}+cjo,r) has no arbitrage.

b) (Karatzas (1996), Th. 0.2.4)
Conversely, if the market {X (t) }1c(0.7] has no arbitrage, then there exists

an ]—'t(m)—adapted, (t,w)-measurable process u(t,w) such that
U(ta w)u(t’ w) = M(tv w) - p(tv w))?(tv (U)

for a.a. (t,w).
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Proof. a) We may assume that {X (¢)} is normalized, i.e. that p = 0 (Exercise
12.1). Define the measure Q = Q,, on fém) by

dQ(w) = exp < - /Tu(t,w)dB(t) - ;/TUQ(t,w)dt> dP(w) . (12.1.24)
0 0

Then @ ~ P and by the Girsanov theorem II (Theorem 8.6.4) the process

t

B(t):= /u(s,w)derB(t) (12.1.25)
0

is a Q-Brownian motion and in terms of B(t) we have
dX;(t) = pidt + 0;dB(t) = 0:dB(t); 1<i<n.

Hence X (¢) is a local Q-martingale and the conclusion follows from Lemma
12.1.6.

b) Conversely, assume that the market has no arbitrage and is normalized.
For t € [0,T], w € 2 let

F; = {w; the equation (12.1.22) has no solution}
= {w; p(t,w) does not belong to the linear span of the columns
of o(t,w)}
= {w; v =0(t,w) with o7 (t,w)v(t,w) = 0 and
o(t,w) - plt,w) £ 0}

Define

0i(t,w) = sign(v(t,w) - u(t,w))v;(t,w) for w e Fy
A 0 for w¢ Fy

for 1 < i < n and 6y(t,w) according to (12.1.17). Since o(t,w), u(t,w) are
ffm)-adapted and (¢,w)-measurable, it follows that we can choose 6(t,w)

to be flt(m)—adapted and (t,w)-measurable also. Moreover, 0(t,w) is self-
financing and it generates the following gain in the value function

VOt,w) —VP(0) = /Zﬂi(s,w)dXi(s)
o =1

- / X, (@)[o(s,w) - (s, w)|ds + / i (éexs,w)aij(s,w))d&(s)
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- /XFS (W)[v(s,w) - u(s, w)lds
0

+/sign(v(s,w) (5, W)X, (W)t (5,w)v(s,w)dB(s)

0
t

= /XFS (W)|v(s,w) - u(s,w)lds >0 for all ¢t €1[0,77].
0

Since the market has no arbitrage we must (by Exercise 12.1 b) have that
Xp,(w) =0 for a.a. (t,w)

i.e. that (12.1.22) has a solution for a.a. (¢,w). O

Example 12.1.9. a) Consider the price process X (t) given by

dXo(t) =0, dXy(t)=2dt+dBy(t), dXa(t) = —dt+ dBy(t)+ dBs(t) .

S EIRN

and the system ou = p has the unique solution

=Lal=15])

From Theorem 12.1.8a) we conclude that X (¢) has no arbitrage.

In this case we have

b) Next, consider the price process Y (t) given by

dYo(t) =0, dYy(t) = 2dt+ dBy(t) + dBs(t) ,
dYa(t) = —dt — dBy(t) — dBay(t) .

Here the system of equations cu = u gets the form
1 1 u | | 2
-1 =1]|u| |-1

which has no solutions. So the market has an arbitrage, according to Theo-
rem 12.1.8 b). Indeed, if we choose

9(t) = (907 17 1)

we get
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T
vT) = v9(0) + / 2dt + dB (t) + dBy(t) — dt — dBy(t) — dBs(t)
0
=V +T.

In particular, if we choose 6y constant such that
VG(O) = 905/0(0) +Y] (0) + YQ(O) =0,

then # will be an arbitrage (see Exercise 12.2).

12.2 Attainability and Completeness

We start this section by stating without proof the following useful result,
which is a special case of Proposition 17.1 in Yor (1997):

Lemma 12.2.1. Suppose a process u(t,w) € V™(0,T)satisfies the condition

T
E{exp (;O/UQ(s,w)dsﬂ <. (12.2.1)

Define the measure Q = @, on F;m) by

dQ(w) = exp ( — /Tu(t,w)dB(t) — ;/TuQ(t,w)dt) dP(w) . (12.2.2)

0

Then

B(t):= / u(s,w)ds + B(t) (12.2.3)
0

s an ft(m) -martingale (and hence an .E(m)-Brownian motion) w.r.t. Q and
any F € Lz(f;m), Q) has a unique representation

F(w) = Eg|F] + / o(t,w)dB(t) , (12.2.4)

where ¢(t,w) is an ffm)—adapted, (t,w)-measurable R™-valued process such
that

EQ[/T¢2(t,w)dt] <00 (12.2.5)
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Remark. a) Note that the filtration {ft(m)} generated by {B(t)} is con-

tained in {ft(m)} (by (12.2.3)), but not necessarily equal to {ft(m)}. Therefore
the representation (12.2.4) is not a consequence of the It6 representation the-
orem (Theorem 4.2.3) or the Dudley theorem (Theorem 12.1.5), which in this

setting would require that F' be fi(pm)—measurable.

b) To prove that E(t) is an .E(m)-martingale w.r.t @, we apply Itd’s formula
to the process

where .
Z(t) = exp < /u(s,w)dB(s) - é/u%s,w)ds) ,
0 0
and use the Bayes formula, Lemma 8.6.2. The details are left to the reader.
(Exercise 12.5.)
Next we make the following simple, but useful observation:

Lemma 12.2.2. Let X(t) = £(t)X(t) be the normalized price process, as
in (12.1.8)-(12.1.11). Suppose 0(t) is an admissible portfolio for the market
{X(t)} with value process

VOt =0(t)- X(¢) . (12.2.6)

Then 6(t) is also an admissible portfolio for the normalized market {X (t)}
with value process

V()= 0(t) - X(t) = £O)VO(t) (12.2.7)
and vice versa.
In other words,
VOt) =Vv90)+ f"e(s)dX(s) ;o 0<t<T (12.2.8)
0
EVOt)=V9(0) + f‘e(s)dY(s) ; 0<t<T (12.2.9)
0

Proof. Note that Ve(t) is lower bounded if and only if V?(¢) is lower bounded
(since p(t) is bounded). Consider first the market consisting of the price
process X (t). Let 6(t) be an admissible portfolio for this market with value
process VO(t). Then

V() = 0(t) - X(t) = (VO (1) (12.2.10)
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and since 6(¢) is self-financing for the market {X (¢)} we have, by (12.1.14),

dV°(t) = 0(t)dX (t) . (12.2.11)

t
Hence 6(t) is also admissible for {X(¢)} and Ve(t) = V%0) + [0(s)dX (s),
0

which shows that (12.2.8) implies (12.2.9).
The argument goes both ways, so the lemma is proved. ad

Before we proceed we note the following useful result:
Lemma 12.2.3. Suppose there exists an m-dimensional process u(t,w) €
V™(0,T) such that, with X (t,w) = (X1(t,w), ..., X, (t,w)),
o(t,w)u(t,w) = u(t,w) — p(t,w))?(t,w) for a.a. (t,w) (12.2.12)

and

T
E[exp (;O/UQ(s,w)dsN <o0. (12.2.13)

Define the measure Q = Q. and the process B(t) as in (12.2.2), (12.2.3),
respectively. Then B is a Brownian motion w.r.t. Q and in terms of B we
have the following representation of the normalized market X (t) = £(¢) X (t) :
dXo(t) = 0 (12.2.14)
dX(t) = £(t)os(H)dB(t) ; 1<i<n. (12.2.15)

T

In particular, if [ Eql¢3(t)o?(t)]dt < oo, then Q is an equivalent martingale
0

measure (Definition 12.1.7).

. —0 .. .
In any case the normalized value process V' (t) of an admissible portfolio
0 is a local @-martingale given by

t) Zn: 0:(t)o;(t)dB(t) (12.2.16)

Proof. The first statement follows from the Girsanov theorem. To prove the
representation (12.2.15) we compute

d(&(8)Xi(1)) = E(1)dXy(t) + Xi(t)dE(t)

EO)[(wi(t) = p(1) Xi(1))dt + o3 (t)dB(t)]

@) (mit) = p(t) Xi(8))dt + 03 (£) (dB(t) — wi(t)dt)]
£(t)oi(t)dB() -

dX(t)
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T J—
In particular, if [ Eg[¢%(t)o?(t)]dt < oo, then X;(t) is a martingale w.r.t. Q

0
by Corollary 3.2.6.
Finally, the representation (12.2.16) follows from (12.2.11) and (12.2.15).
O

Note. From now on we assume that there exists a process u(t,w) €
V™(0,T) satisfying (12.2.12) and (12.2.13) and we let ) and B be
as in (12.2.2), (12.2.3), as described in Lemma 12.2.3.

Definition 12.2.4. a) A (European) contingent T-claim (or just a T-claim

or claim) is a lower bounded fq(jn)—measumble random variable F(w).

b) We say that the claim F(w) is attainable (in the market { X (t)}+ejo,17) if
there exists an admissible portfolio 0(t) and a real number z such that

Fw) = VO(T): = z+/6(t)dX(t) 0s.
0

and such that

¢ n

(t)==z2 —I—/f(s) ZOi(s)oi(s)dé(s) ; 0<t<T is a@-martingale .

5 i=1
If such a 0(t) exists, we call it a replicating or hedging portfolio for F.

c) The market {X(t)}+cjo,r) i called complete if every bounded T-claim is
attainable.

In other words, a claim F'(w) is attainable if there exists a real number z
such that if we start with z as our initial fortune we can find an admissible
portfolio () which generates a value V/(T) at time 7" which a.s. equals F:

VAT, w) = F(w) for a.a. w .
In addition we require tht the corresponding normalized value process Ve(t),
which has the representation (12.2.16), is a martingale and not just a local
martingale w.r.t. Q.

Remark. a) The boundedness condition in part ¢) of Definition 12.2.1 is
technically convenient, but other, related definitions are also possible. Note
that if the market is complete in the sense of ¢), then it often follows that
many unbounded claims are attainable as well. See Exercise 12.3.

b) If we drop the martingale condition in Definition 12.2.4b) then the repli-
cating portfolio # need not be unique. See Exercise 12.4.
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What claims are attainable? Which markets are complete? These are im-
portant, but difficult questions in general. We will give some partial answers.
We are now ready for the main result of this section:

Theorem 12.2.5. The market {X (t)} is complete if and only if o(t,w) has

a left inverse A(t,w) for a.a. (t,w), i.e. there exists an ]—'t(m)—adapted matric
valued process A(t,w) € R™*™ such that

Alt,w)o(t,w) = I, for a.a. (t,w) . (12.2.17)
Remark. Note that the property (12.2.17) is equivalent to the property
rank o(t,w) =m for a.a. (t,w) . (12.2.18)

Proof of Theorem 12.2.5. (i) Assume that (12.2.17) hold. Let Q and B be
as in (12.2.2), (12.2.3). Let F' be a bounded T-claim. We want to prove that
there exists an admissible portfolio 0(¢) = (0y(t), . ..,0,(t)) and a real number
z such that if we put

Vf(t)zz—k/ﬁ(s)dX(s); 0<t<T
0

then V' (t) is a Q-martingale and

By Lemma 12.2.1 we have a unique representation

T

T
§(T)F(w) = Eqlé(T)F] +/¢(t,w)d§(t) = EQl¢(T)F] +/
0

0

> ¢;(t,w)dB;(t)
j=1

for some ¢(t,w) = (41(t,w), ..., dm(t,w)) € R™. Hence we put

z = EQl{(T)F]

~

and we choose 0(t) = (01(t),...,0,(t)) such that

n

)Y 0:(t)oii(t) = ¢;(t);  1<j<m

i=1
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i.e. such that

o~

£(6)0(t)a(t) = o(t) -
)

By (12.2.17) this equation in 9( has the solution

B(t,w) = Xo(t)o(t,w)A(t,w) .
By choosing 6y according to (12. 1 16) the portfolio becomes self-financing.
Moreover, since &(t)VI(t) = z + f@ =z+ f ¢(s)dB(s), we get the
useful formula ’
EBVI (1) = Bql€(T)VX(T)|F:] = El&(T)F|F] - (12.2.19)
In particular, V?(¢) is lower bounded. Hence the market { X (¢)} is complete.

(i) Conversely, assume that {X(¢)} is complete. Then {X(t)} is com-
plete, so we may assume that p = 0. The calculation in part a) shows
that the value process V?(t) generated by an admissible portfolio 6(¢) =

(QO(t)vel(t)7 R an(t)) is

m t
=2+ /Z (Zamj)déj =2+ /ﬁa dB, (12.2.20)
0 0

j=1 “Ni=1

where 8(t) = (01(t), ... ,0,(1)).
Since {X(¢)} is complete we can hedge any bounded T-claim. Choose

T
an .E(m)—adapted process ¢(t,w) € R™ such that Eq[[ ¢?(t,w)dt] < oo and
0

define F'(w f é(t,w)dB(t). Then Eg|F?] < 0o so we can find a sequence
of bounded T- clalms F(w) such that

F, - F in L*Q) and Eg[Fy]=0.

By completeness there exists for all k an admissible portfolio §*) = (Hék), a(k))

such that V‘g( : f 0% odB is a @-martingale and
T
Fi(w) = v (1) = / iWodB
0

Then by the It isometry the sequence {5(’“)0},;“;1 is a Cauchy sequence in
L?3(X\ x Q), where A denotes Lebesgue measure on [0,7]. Hence there exists
P(t,w) = (Y1(t,w), ..., om(t,w)) € L2(A x Q) such that
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Mo~ in L2Ax Q).

But then
t t i
/wdé = lim 0" odB = Jim E[F, | Fm™ = EIF | 7™ = /qsdé
0 0 0

a.s. for all ¢ € [0, 7], where ft(m) is the o-algebra generated by B(s); s < t.

Hence by uniqueness we have ¢(t,w) = 9(t,w) for a.a. (t,w). By taking a
subsequence we obtain that for a.a. (t,w) there exists a sequence z(¥) (¢, w) =
(xik)(t,w), e ,xq(ylf)(t,w)) € R™ such that

2 ®) (t,w)o(t,w) — d(t,w) as k—oo.

This implies that ¢(t,w) belongs to the linear span of the rows {o;(t,w)}7
of o(t,w). Since ¢ € L*(\ x Q) was arbitrary, we conclude that the linear
span of {o;(¢t,w)}? , is the whole of R™ for a.a. (t,w). So ranko(t,w) =m
and there exists A(t,w) € R™*™ such that

Alt,w)o(t,w) = I, . q

Corollary 12.2.6. (a) If n = m then the market is complete if and only if
o(t,w) is invertible for a.a. (t,w).

(b) If the market is complete, then
rank o(t,w) =m for a.a. (t,w) .

In particular, n > m.
Moreover, the process u(t,w) satisfying (12.2.12) is unique.

Proof. (a) is a direct consequence of Theorem 12.2.5, since the existence of a
left inverse implies invertibility when n = m. The existence of a left inverse
of an m X m matrix is only possible if the rank is equal to m, which again
implies that n > m. Moreover, the only solution u(¢,w) of (12.2.12) is given
by R

u(t,w) = At w)[u(t,w) — p(t,w) X (t,w)] .

This shows (b). O
Example 12.2.7. Define X((¢) =1 and

dX,(t) 1 L 07 g )
dXo(t) | = |2 |dt+ |0 1 ! .
dXs(t) 3 11 {dBZ(t)]

Then p = 0 and the equation (12.2.12) gets the form
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1 0 u 1
cu= |0 1 {ul} =12
11 2 3
which has the unique solution u; = 1, us = 2. Since u is constant, it is

clear that (12.2.12) and (12.2.13) hold. It is immediate that ranko = 2, so
(12.2.18) holds and the market is complete by Theorem 12.2.5.

Since
{1 0 0} - _[1 0}_1
- — 412,
01 0 11 0 1

we see that in this case

—

[an}
o O
[ I

A_{o 1

is a left inverse of o =

—_ O =

0
1
1
Example 12.2.8. Let X(¢t) =1 and

dX,(t) = 2dt + dBy (t) + dBs(t) .

Then g =2, 0 = (1,1) € R'*2,s0 n = 1 < 2 = m. Hence this market cannot
be complete, by Corollary 12.2.6. So there exist bounded T-claims which
cannot be hedged. Can we find such a T-claim? Let 6(t) = (6y(t), 01(t)) be
an admissible portfolio. Then the corresponding value process V?(t) is given
by (see (12.2.20))

t

VO(t) = z+/91(s)(d§1(s) +dB(s)) .
0

So if 8 hedges a T-claim F(w) we have

Flw) =2+ /91(3)(6@1(3) + dB(s)) . (12.2.21)
0

Choose F(w) = g(Bi(T)), where g:R — R is bounded. Then by the Ito
representation theorem applied to the 2-dimensional Brownian motion B(t) =
(B1(t), B2(t)) there is a unique ¢(t,w) = (¢1(¢,w), p2(t,w)) such that

T

9(BA(T)) = Eqlg(By(T))] + / 61(5)dB1 () + 6 (5)dBa(s)
0
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and by the It representation theorem applied to El(t), we must have ¢, =0,

i.e.
T

9(BA(T)) = Eqlg(By(T))] + / 61 (5)d B (s)
0

Comparing this with (12.2.21) we see that no such 6, exists. So F(w) =
g(B1(T)) cannot be hedged.

Remark. There is a striking characterization of completeness in terms of
equivalent martingale measures, due to Harrison and Pliska (1983) and Jacod
(1979):

A market {X(t)} is complete if and only if there is one and only one
equivalent martingale measure for the normalized market {X (¢)}.

(Compare this result with the equivalent martingale measure characteri-
zation of markets with no arbitrage/NFLVR, stated after Definition 12.1.7!)

12.3 Option Pricing

European Options

Let F(w) be a T-claim. A European option on the claim F is a guarantee
to be paid the amount F(w) at time ¢ = T > 0. How much would you be
willing to pay at time ¢t = 0 for such a guarantee? You could argue as follows:
If I — the buyer of the option — pay the price y for this guarantee, then I
have an initial fortune —y in my investment strategy. With this initial fortune
(debt) it must be possible to hedge to time T" a value ny(T, w) which, if the
guaranteed payoff F(w) is added, gives me a nonnegative result:

ny(T7w) + F(w) >0 as.

Thus the maximal price p = p(F') the buyer is willing to pay is

(Buyer’s price of the (European) contingent claim F) (12.3.1)
p(F) = sup{y; There exists an admissible portfolio 6
T
such that V_ey(T,w): =-—y+ /O(S)dX(s) > —F(w) a.s.}

0

On the other hand, the seller of this guarantee could argue as follows:

If I — the seller — receive the price z for this guarantee, then I can use
this as the initial value in an investment strategy. With this initial fortune it
must be possible to hedge to time T" a value V. (T,w) which is not less than
the amount F'(w) that I have promised to pay to the buyer:
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VIT,w) > Flw) as.
Thus the minimal price ¢ = ¢(F’) the seller is willing to accept is

(Seller’s price of the (European) contingent claim F) (12.3.2)
g(F) = inf{z; There exists an admissible portfolio ¢

such that V?(T,w): = z + /Q(S)dX(s) > F(w) a.s.}
0

Definition 12.3.1. If p(F) = q(F) we call this common value the price (at
t = 0) of the (European) T-contingent claim F(w).

Two important examples of European contingent claims are

a) the European call, where

for some i € {1,2,...,n} and some K > 0. This option gives the owner
the right (but not the obligation) to buy one unit of security number ¢ at
the specified price K (the exercise price) at time T. So if X;(T,w) > K
then the owner of the option will obtain the payoff X;(T,w) — K at time
T, while if X;(T.w) < K then the owner will not exercise his option and
the payoff is 0.

b) Similarly, the European put option gives the owner the right (but not
the obligation) to sell one unit of security number ¢ at a specified price
K at time T. This option gives the owner the payoff

F(w) = (K - Xi(T,w))* .

Theorem 12.3.2. a) Suppose (12.2.12) and (12.2.13) hold and let Q be as
in (12.2.2). Let F be a (European) T-claim such that Eql{(T)F] < co.
Then

essinf F(w) < p(F) < Eg[¢(T)F) < ¢(F) < 0. (12.3.3)

b) Suppose, in addition to the conditions in a), that the market {X(t)} is
complete. Then the price of the (European) T-claim F is

p(F) = EQé(T)F] = q(F) . (12.3.4)

Proof. a) Suppose y € R and there exists an admissible portfolio 6 such that

VO (T,w) = —y + / 0(s)dX(s) > —F(w) as.
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i.e., using (12.2.7) and Lemma 12.2.4,

T n
—y+/291 (s)dB(s) > —¢(T)F(w)  as. (12.3.5)
o =1
where B is defined in (12.2.3).
t n ~
Since f Z 0;(s)é(s)oi(s)dB(s) is a lower bounded local @-martingale, it is
a supermartingale, by Exercise 7.12. Hence Eg f Z 0:(s)€(s)oi(s)dB(s)] <0

=

for all t € [0,T]. Therefore, taking the expectatlon of (12.3.5) with respect
to ) we get
y < EQl¢(T)F].
Hence
p(F) < Eq[§(T)F],

provided such a portfolio 6 exists for some y € R. This proves the second
inequality in (12.3.3). Clearly, if y < F(w) for a.a. w, we can choose § = 0.
Hence the first inequality in (12.3.3) holds.

Similarly, if there exists z € R and an admissible portfolio 6 such that

T
z+ [ 0(s)dX(s) > F(w) as.
/

then, as in (12.3.5)
T n
z—|—/291 (s)dB(s) > £(T)F(w) aus.
0 =1
Taking @Q-expectations we get
z > Eql§(T)F],

provided such z and 6 exist.
If no such z, 0 exist, then ¢(F) = oo > Eq[&(T)F).

b) Next, assume in addition that the market is complete. Define

k if F(w)>k
Fi(w) = {F(w) if Flw)<k.

Then Fy is a bounded T-claim, so by completeness we can find (unique)
yr € R and ) such that
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T

-y + Q(k) (S)dX(S) = —Fk(w) a.s.
/

i.e. (by (12.2.7) and Lemma 12.2.4)

T n
~yi + / Z@ﬁ’” (s)dB(s) = —&(T)Fy(w) as.
0
which gives, since ftzn: 6, k) €(s)oi(s)dB(s) is a Q-martingale (Definition
i=1
12.2.4¢)), ’
yr = EQ[&(T) Fy] -
Hence
P(F) > p(F) > EQIE(T)Fy] — EQIE(T)F]  as k— oo,

by monotone convergence .

Combined with a) this gives

p(F) = Eq[¢(T)F] .

A similar argument gives that

q9(F) = Eq[¢(T)F] .

How to Hedge an Attainable Claim

We have seen that if V? () is the value process of an admissible portfolio ()

for the market {X(¢)}, thelLVZ(t): = £(t)V2(t) is the value process of ()
for the normalized market {X (¢)} (Lemma 12.2.3). Hence we have

EQVIt) =2+ /e(s)dY(s) . (12.3.6)

If (12.2.12) and (12.2.13) hold, then — if Q, B are defined as before ((12.2.2)
and (12.2.3)) — we can rewrite this as (see Lemma 12.2.4)

ERVIEt) =2+ / D 0:(5)6(s) Y 0 (s)dB (s) - (12.3.7)
o =1 j=1

Therefore, the portfolio 8(t) = (6o(t),...,0,(t)) needed to hedge a given
T-claim F' is given by
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E(t,w)(01(t),...,0,(t)o(t,w) = ¢(t,w) , (12.3.8)

where ¢(t,w) € R™ is such that
T
&(T) =z Jr/gb (t,w)dB(t (12.3.9)
0

(and 6y (t) is given by (12.1.14)).

In view of this it is of interest to find explicitly the integrand ¢(t,w)
when F' is given. One way of doing this is by using a generalized version
of the Clark-Ocone theorem from the Malliavin calculus. See Karatzas and
Ocone (1991). A survey containing their result is in @ksendal (1996)). In the
Markovian case, however, there is a simpler method, which we now describe.
It is a modification of a method used by Hu (1995).

Let Y (t) be an It6 diffusion in R™ of the form

dY (t) = b(Y (£))dt + (Y (£))dB(t), Y (0) =y (12.3.10)

where b: R" — R™ and o: R"™ — R™*™ are given Lipschitz continuous func-
tions. Assume that Y (¢) is uniformly elliptic, i.e. that there exists a constant
¢ > 0 such that

o(x)ol (z)€ > cl¢)? (12.3.11)

for all £ € R™, z € R".
Suppose p: R™ — R is a bounded Lipschitz continuous function. Let Z(t)
be the It6 diffusion in R™ given by

dZ(t) = p(Z(1)Z(t)dt + o (Z(t))dB(t) ;  Z(0) =z . (12.3.12)

Let h: R™ — R be a continuous function such that E*[|h(Z(t))|] < oo for all
z and all t € [0,T] and define

w(t, z) = E*[W(Z(t))] (12.3.13)
and
g(t,2) =w(T —t,2) .

Then by uniform ellipticity it is known that w(t,z) € C*?((0,00) x R"™)
(see Dynkin 1965 II, Theorem 13.18 p. 53 and Dynkin 1965 I, Theorem 5.11
p. 162) and hence Kolmogorov’s backward equation (Theorem 8.1.1) gives

n

ow ow | 0w
o L g, T 2 0o g

l

Hence, if we apply It6’s formula to the process

n(t):= g(t, Y (t)) = w(T — t,Y (t)) (12.3.14)
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we get
dn(t) = %(t,Y(t))

vy )41 Y S (1Y (1) - (00T )iV (1)

P 0z i 22 . 0207, oo’ )i
+ %g(t Y ()Y oy (Y (t)dB;(t)
=1 ? j=1

=D gf, (t,Y(t)) [(bz-(Y(t)) — p(Y ()Yi(t))dt

=1 g

Suppose that for all y € R™ there exists u(y) € R™ such that

o)uls) = o) ~ plo)y and B exp (4 /T 2(r(eis) | <oc.
0

If we as usual define the measure Q = @,, on Fr by

dQ(w) = exp (— /T w(Y (0)dB(t) - 4 /T u?(Y(t))dt) dP(w) .
0 0

then
t

B(t) = /u(Y(s))ds+B(t) .

0

is a Brownian motion with respect to ) and (12.3.15) gives

822-

(1) =3 20,y (1) Y oy (v (0)aB, (1)
Now by (12.3.14) we have

n(T) = w(0,Y(T)) = E*[M(Z(0))] .=y (1) = "(2) .=y (1) = R(Y(T))

and
n(0) = w(T,Y(0)) = EY[h(Z(T))] .

Hence by (12.3.19)—(12.3.21)

(12.3.15)

(12.3.16)

(12.3.17)

(12.3.18)

(12.3.19)

(12.3.20)

(12.3.21)
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MY (1) = BIZ(D)) + [(Vo)" (Y 0)ov (0)dB) . (12322

By (12.3.10) and (12.3.18) Y'(¢) is a weak solution of
dY (t) = p(Y (£))Y (t)dt + o(Y ())dB(t) .
Hence, by weak uniqueness (Lemma 5.3.1) we have
w(t,y) = EY[MZ(1)] = EH[R(Y (t))] for all ¢ . (12.3.23)
Substituting this in (12.3.22) we get:

Theorem 12.3.3. Let Y(t) and Z(t) be as in (12.3.10) and (12.3.12), re-
spectively, and assume that h:R™ — R is as in (12.3.13). Assume that

(12.3.11) and (12.8.16) hold and define Q and B(t) by (12.3.17) and (12.3.18).
Then

T
hY(T)) = )]+ /QS (t,w) dB
0
where ¢ = (¢1,...,0m), with
9=

In particular, if p=b=0and o =1, thenu =0, P=Q and Y (t) = Z(t) =
B(t). Hence we get the representation

Z(T—t)])y=yyoi (Y (1)) ; 1<j<m. (12.3.24)

J

T m
R(BT) = BB + [ 3 o BB — )].podBy(0) (12:325)
0

Jj=1

We summarize our results about pricing and hedging of European T-
claims as follows:

Theorem 12.3.4. Let {X(t)}ic(0,1) be a complete market. Suppose (12.2.12)
and (12.2.13) hold and let Q, B be as in (12.2.2), (12.2.3). Let F be a Eu-
ropean T'-claim such that Eq({(T)F] < oco. Then the price of the claim F
18

p(F) = Eql¢(T)F] . (12.3.26)
Moreover, to find a replicating (hedging) portfolio 0(t) = (0o(t), - ..,0,(t)) for
the claim F we first find (for example by using Theorem 12.3.3 if possible)
o € W™ such that
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E(T)F = Eql¢(T)F] + /¢(t,w)d§(t) . (12.3.27)

Then we choose é\(t) = (01(¢),...,0,(t)) such that
B(t,w)E(t,w)o(t,w) = ¢(t, w) (12.3.28)
and we choose 0y(t) as in (12.1.14).

Proof. (12.3.26) is just part b) of Theorem 12.3.2. The relation (12.3.28)
follows from (12.3.8). Note that the equation (12.3.28) has the solution

B(t,w) = Xo(t)o(t,w)A(t,w) (12.3.29)
where A(t,w) is the left inverse of o(¢,w) (Theorem 12.2.5). O

Example 12.3.5. Suppose the market is X, () = e, X;(t) = Y (t), where
p > 0 is constant and Y'(¢) is an Ornstein-Uhlenbeck process

dY (t) = oY (t)dt + odB(t); Y(0)=y
where «, o are constants, o # 0. How do we hedge the claim
F(w) = exp(Y(T)) ?
The portfolio 6(t) = (6o(t), 01(t)) that we seek is given by (12.3.29), i.e
01(t,w) = e’'o L p(t,w)

where ¢(t,w) and V(0) are uniquely given by (12.3.9), i.e

T
aﬂFwo:z+/@wwm§@.
0

To find ¢(t,w) explicitly we apply Theorem 12.3.3: In this case we choose
h(y) = exp(y)e " and dZ(t) = pZ(t)dt + dB(t). Then (see Exercise 5.5)

Z(t) = Z(0)ef + o / e”=9dB(s) .
0

Hence

" TEGIh(Y (T — 1)) = e EY[W(Z(T — 1))]

— EVexp(ye” T 4 o / PT343 (5))]
0

:exp(ep(T t)+Z(2p(T t) )) lfp#o.
14
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This gives

0 o?
t - 2 p(T—t) L 7 (o20(T—t) _ 1 —pT
tw) = (e (40 + e D)) yrio”
2
_ pt p(T—t) | 9 ( 2p(T—t) _
oe Pt exp {Y(t)e + 4p(6 1)}
and hence, if p # 0,
2
— p(T—t) o 9 2p(T—t) _
61(t) = exp {Y(t)e + 5, 1)} .

If p= 0 then 6, () = exp {Y(t) + S (T — 1) }.

The Generalized Black & Scholes Model

Let us now specialize to a situation where the market has just two securities
Xo(t), X1(t) where X, X7 are Ito processes of the form

dXo(t) = p(t,w)Xo(t)dt (as before) (12.3.30)
dX;(t) = a(t,w) X (t)dt + B(t,w) X1 (t)dB(t) , (12.3.31)
where B(t) is 1-dimensional and «(t,w), 8(¢,w) are 1-dimensional processes

inW.
Note that the solution of (12.3.31) is

X4 (t) = X1 (0) exp ( / B(s. w)dB(s)+ / <a<s,w>—;ﬁ2<s,w>>ds) - (123.32)

The equation (12.2.12) gets the form
X1(6)B@t, wu(t,w) = X1 (t)a(t,w) — X1(t)p(t,w)
which has the solution
u(t,w) = 671t w)lalt,w) = p(t,w)] if Blt,w) #0. (12.3.33)

So (12.2.13) holds iff

E{exp (;/T(O‘(S’w) —p(s7w))2ds>} <. (12.3.34)
0

B(s,w)

In this case we have an equivalent martingale measure @Q given by (12.2.2)
and the market has no arbitrage, by Theorem 12.1.8. Moreover, the market
is complete by Corollary 12.2.5. Therefore we get by Theorem 12.3.2 that
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the price at t = 0 of a European option with payoff given by a contingent
T-claim F' is
p(F) = q(F) = Eq[§(T)F], (12.3.35)

provided this quantity is finite.
Now suppose that p(t,w) = p(t) and B(t,w) = [(t) are deterministic and
that the payoff F'(w) has the form

F(w) = f(X1(T,w))
for some lower bounded function f: R — R such that
Eq[f(X1(T))] < o0

Then by (12.3.35) the price p = p(F) = ¢(F) is, with 21 = X;(0),
T T
p =) g ox / B(s)dB(s) + / (o)~ 3 es) ) |

T ~
Under the measure @ the random variable Y = [ (3(s)dB(s) is normally
0

T
distributed with mean 0 and variance §%:= [ 32?(t)dt and therefore we can
0
write down a more explicit formula for p. The result is the following:

Theorem 12.3.6 (The generalized Black & Scholes formula).
Suppose X (t) = (Xo(t), X1(t)) is given by

dXo(t) = p(t)Xo(t)dt ;  Xo(0) =1 (12.3.36)
Xm(t) = Oé(t,w)Xl(t>dt + 6(t)X1(t)dB(t) ; X1(0) =x1>0 (12337)

where p(t), B(t) are deterministic and

el (| 2220 ) <

a) Then the market {X(t)} is complete and the price at time t = 0 of the
European T-claim F(w) = f(X1(T,w)) where Eq[f(X1(T,w))] < oo is

2

=0 Zf (v i+ /T ()= 36| oo (- 2 Yy (12339

where £(T) = exp(— [ p(s)ds) and §* = jﬁ%s)ds.
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b) If p,a,3 # 0 are constants and f € C*(R), then the self-financing
portfolio 0(t) = (6o(t),01(t)) needed to replicate the T-claim F(w) =
f(X1(T,w)) is given by

b (t,w) = \/74 [ratwes(on+ (o~ 15210}
. exp (ﬁa: - 2(;2_]5) —1pX(T - t))dx (12.3.39)

and Oy (t,w) is given by (12.1.14).

Proof. Part a) is already proved and part b) follows from Theorem 12.3.3
and Theorem 12.3.4: (Strictly speaking condition (12.3.11) is not satisfied for
the process X; (unless x is bounded away from 0), but in this case it can be
verified directly that u(t,z) given by (12.3.13) belongs to C12((0,00) x R),
so Theorem 12.3.3 is still valid.) The portfolio we seek is by (12.3.28) given
by

01(t,w) = Xo(t)(ﬁXl (t, w))_1¢(t7w)

where ¢(t,w) is given by (12.3.24) with h(y) = e=*T f(y) and
Y(t) = X1(t) = z1 exp{BB(t) + (a — :3%)t}

and
20(t) = yexp {BB(®) + (p - 36°)t} .

Hence
Ou(t,) = e (362 (0,0) 5[V FZT = )],y BXa (1)

_ ep(t—T)(%E[f(y exp{BB(T = t) + (p = 5°)(T = )})],_y ()
= PCDE[f(yexp{BB(T — t) + (p — 18°)(T — 1)})
cexp{BB(T — 1) + (p = 384T = )}],_y (o)

p(t—T)
\/ﬁ/f (t,) exp{ Bz + (o — $6°)(T ~ 1)})

-exp{ﬁx + ( — §ﬁ2)(T — t)}e BEan) Y dx ,

which is (12.3.39). O

American options

The difference between European and American options is that in the latter
case the buyer of the option is free to choose any exercise time 7 before or at
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the given expiration time 7' (and the guaranteed payoff may depend on both
7 and w.) This exercise time 7 may be stochastic (depend on w), but only in
such a way that the decision to exercise before or at a time ¢ only depends
on the history up to time ¢. More precisely, we require that for all ¢ we have

{w; 7(w) <t} € }'t(m) .
In other words, 7 must be an ft(m)—stopping time (Definition 7.2.1).

Definition 12.3.7. An American contingent T-claim is an ffm)—adapted,
(t,w)-measurable and a.s. lower bounded continuous stochastic process F(t) =
F(t,w); t € [0,T], w € 2. An American option on such a claim F(t,w)
gives the owner of the option the right (but not the obligation) to choose
any stopping time 7(w) < T as exercise time for the option, resulting in a
payment F(1(w),w) to the owner.

Let F(t) = F(t,w) be an American contingent claim. Suppose you were
offered a guarantee to be paid the amount F(7(w),w) at the (stopping) time
7(w) < T that you are free to choose. How much would you be willing to pay
for such a guarantee? We repeat the argument preceding Definition 12.3.1:

If I — the buyer — pay the price y for this guarantee, then I will have an
initial fortune (debt) —y in my investment strategy. With this initial fortune
—y it must be possible to find a stopping time 7 < T and an admissible
portfolio # such that

0 .
VZ,(T(w),w) + F(1(w),w) >0 as.
Thus the maximal price p = pa(F') the buyer is willing to pay is
(Buyer’s price of the American contingent claim F') (12.3.40)
pa(F) = sup{y; There exists a stopping time 7 < T

and an admissible portfolio 6 such that

7(w)

ny(T(wLw): =—y+ / 0(s)dX(s) > —F(1(w),w) a.s.}
0

On the other hand, the seller could argue as follows: If I — the seller — receive
the price z for such a guarantee, then with this initial fortune z it must be
possible to find an admissible portfolio # which generates a value process
which at any time is not less than the amount promised to pay to the buyer:

VO(t,w) > F(t,w) as. forall t e [0,7T].

Thus the minimal price ¢ = ga (F) the seller is willing to accept is
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(Seller’s price of the American contingent claim F') (12.3.41)
ga(F) = inf{z; There exists an admissible portfolio 8

such that for all ¢ € [0,7] we have
t

VOt W)= = + / 0(s)dX () > F(t,w) a5.}

0

We can now prove a result analogous to Theorem 12.3.2. The result is basi-
cally due to Bensoussan (1984) and Karatzas (1988).



280 12. Application to Mathematical Finance

Theorem 12.3.8 (Pricing formula for American options).

a) Suppose (12.2.12) and (12.2.18) and let Q be as in (12.2.2). Let F(t) =
F(t,w); t € [0,T] be an American contingent T-claim such that

SEIT) Eglé(T)F (1)) < o0 (12.3.42)
Then
pa(F) < sup Eqglé(T)F(7)] < ga(F) < . (12.3.43)

T<T

b) Suppose, in addition to the conditions in a), that the market {X(t)} is
complete. Then

pa(F) = sup EQ[E(m)F(7)] = qa(F) . (12.3.44)

Proof. a) We proceed as in the proof of Theorem 12.3.2: Suppose y € R and
there exists a stopping time 7 < T and an admissible portfolio # such that

ny(r,w) =—y+ /Q(S)dX(s) > —F(1) as.
0
Then as before we get
—y+ / > 0:(5)(s)0s(s)dB(s) > —&(1)F(7)  as.
5 i=1

Taking expectations with respect to @) we get

y < EQl&(m)F ()] < sup Eq[¢()F(7)] -

T<T
Since this holds for all such y we conclude that

PA(F) < sup Eqle(r)F(r)]. (12.3.45)

Similarly, suppose z € R and there exists an admissible portfolio 6 such that

VO(t,w) =2+ /O(S)dX(s) > F(t) as. forall te[0,T].
0

Then, as above, if 7 < T is a stopping time we get

z+ /Zei(s)g(s)ai(s)dé(s) >&(r)F(r) as.
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Again, taking expectations with respect to @ and then supremum over 7 < T’
we get

z > fg}%EQ[f(T)F(T)] -

Since this holds for all such z, we get

qa(F) = sup Eqlé(r)F(T)] - (12.3.46)

b) Next, assume in addition that the market is complete. Choose a stopping
time 7 < T'. Define

i if Ft,w) >k
Fi(t) = Fy(t,w) = {F(t,w) it F(t,w) <k

and put
Gr(w) = Xo(T)E(T) Fi(T) -

Then G is a bounded T-claim, so by completeness we can find y; € R and
a portfolio 8) such that

T
—yp + [ 0P (5)dX (s) = —Gr(w) aus.
/

and such that .

—yr + / o) (5)dX (s)
0
is a Q-martingale. Then, by (12.2.8)—(12.2.9),

“yit [ 69 (5)dX(s) = ~6(1)Guw) = ~E(A ()

and hence

T

T
—yr + / 0 (s)dX (s) = EQ[—yk + / 0" (s)dX (s) | F™
0

[}

= Eq[~£(r)Fy(r) | FI™] = —£(T) Fy(7) -
From this we get, again by (12.2.8)-(12.2.9),

T

—yp + [ 07 (s)dX(s) = —Fi(7) as.
/
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and
yr = EQl&§(T) Fi(7)] -

This shows that any price of the form Eq[£(7)F(7)] for some stopping time
7 < T would be acceptable for the buyer of an American option on the claim
Fy(t,w). Hence

Pa(F) 2 pa(Fi) = sup Eq[§(m) Fi(7)] -

Letting k — oo we obtain by monotone convergence

pa(F) > sup EqQlé(m)F(7)] .

It remains to show that if we put

z= OEHET Eqlé(T)F ()] (12.3.47)

then there exists an admissible portfolio 8(s,w) which superreplicates F(t,w),
in the sense that

o+ / 0(s,w)dX (s) > F(t,w)  foraa. (t,w) € [0,T] x 2. (12.3.48)

The details of the proof of this can be found in Karatzas (1997), Theo-
rem 1.4.3. Here we only sketch the proof:
Define the Snell envelope

S(t)= sup Eglé(n)F(r)|F™]; 0<t<T.
t<7<T

Then S(t) is a supermartingale w.r.t. Q and {ft(m)}, so by the Doob-Meyer
decomposition we can write

S(t)=M(t)—At); 0<t<T

where M(t) is a @, {ft(m)}—martingale with M(0) = S(0) = z and A(t) is a
nondecreasing process with A(0) = 0. It is a consequence of Lemma 12.2.1
that we can represent the martingale M as an It6 integral w.r.t B. Hence

z+ / P(s,w)dB(s) = M(t) = S(t)+ A(t) > S(t);  0<t<T (12.3.49)
0

for some ft(m)—adapted process ¢(s,w). Since the market is complete, we
know by Theorem 12.2.5 that o(¢,w) has a left inverse A(t,w). So if we define
0= (61,...,6,) by
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0(t,w) = Xo(D)(t, w) A(t, )
then by (12.3.49) and Lemma 12.2.4 we get

t
0/ /25901d3—2+/¢d3>5() 0<t<T.

Hence, by Lemma 12.2.3,

z4 / O(s,w)dX(s) > Xo(t)S(t) > Xo()E()F(t) = F(t); 0<t<T.
0 O

The It6 Diffusion Case: Connection to Optimal Stopping

Theorem 12.3.8 shows that pricing an American option is an optimal stopping
problem. In the general case the solution to this problem can be expressed
in terms of the Snell envelope. See e.g. El Karoui (1981) and Fakeev (1970).
In the It6 diffusion case we get an optimal stopping problem of the type
discussed in Chapter 10. We now consider this case in more detail:

Assume the market is an (n + 1)-dimensional Ité diffusion X(t) =
(Xo(t), X1(t),...,Xn(t)); t > 0 of the form (see (12.1.1)—(12.1.2))

dXo(t) = p(t, X (t))Xo(t)dt ; Xo(0)=1 (12.3.50)
and
dX;(t) = pi(t, X(t))dt + i 0 (t, X (t))dB;(t) (12.3.51)

= wi(t, X(t))dt +oi(t, X(t))dB(t) ;  X;(0) == ,

where p, p; and o;; are given functions satisfying the conditions of Theo-
rem 5.2.1.

Further, assume that the conditions corresponding to (12.2.12)—(12.2.13)
are satisfied, i.e. there exists u(t,x) € R™*! such that, for all ¢, x =

($0,$1, . ,mn),

oi(t, x)u(t,x) = i (t, ) — p(t, x)z; fori=1,...,n. (12.3.52)
and
T
Ez{exp <§ /u%t,X(t))dt)} < 00 for all z (12.3.53)
0

where as usual E”® denotes the expectation w.r.t. the law of X; when starting
at x = (1,21,...,2,). For 0 <t < T put
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M(t) = M(t,w) = exp (—/tu(s,X(s))dB(s)—;/tu2(57X(s))ds> (12.3.54)

and define, as in (12.2.2), the probability measure @) on ]-"q(qm) by
dQ(w) = M(T,w)dP(w) . (12.3.55)

Now assume that F(t,w) is an American contingent 7T-claim of Markovian
type, i.e.
F(t,w) = g(t, X (t,w)) (12.3.56)

for some continuous, lower bounded function g: R x R"*! — R. Then if
the market {X(t)}+c[o,r] is complete, the price pa(F') of this claim is by
Theorem 12.3.8 given by

pa(F) = sup Eq[¢(r)g(r, X (7))] = sup E[M(T)&()g(r, X(7))]

T<T T<T
= sup BIEM(T)¢(7)g(r, X(7))| 7]
= sup BIE(r)g(r, X (7)) E[M(T)| 7]
= sup E[M(r)¢(r)g(r. X (7))] (12.3.57)

where we have used that M(¢) is a P-martingale and Doob’s optional sam-
pling theorem (see Gihman and Skorohod (1975, Theorem 6, p. 11)). Define

t

K(0) = M50 = exp (- [ s, X(5)a8)
0

t

—/ [%uz(s,X(S))+p(s,X(s))]ds> . (12.3.58)

0

Then
dK(t) = —p(t, X (¢)) K (t)dt — u(t, X (t)) K (t)dB(t) .

Hence if we define the (n + 3) — dimensional It6 diffusion Y (¢) by

dt 1 0
dK(t) —pK —uK
dt dXo(t) pXo 0
dY (t)=| dK(t) | = axit) | =| m dt+ | o dB(t); Y(0)=y
dX(t)
L dXn(t) ] | pn | | on |
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we see that

pa(F) = sggE[G(Y(T))] , (12.3.60)

where
G(y):G(S,k,{E):]{g(S,.’E), yz(s,k,x)ERxRxR"‘H .
We have proved:

Theorem 12.3.9. The price pa(F) of an American contingent T-claim F of
the Markovian form (12.3.56) is the solution of the optimal stopping problem
(12.3.60), with Ité diffusion Y (t) given by (12.5.59).

We recognize (12.3.60) as a special case of the optimal stopping problem
considered in Theorem 10.4.1. We can therefore use the method there to
evaluate pa (F) in special cases.

Example 12.3.10. Consider the Black and Scholes market

dXo(t) = pXo(t)dt ] X()(O) =1

where p, «, 8 are constants, 3 # 0. Then equation (12.3.52) becomes
Briu(z) = axy — px;

ie.

Hence

Suppose the American claim is given by
F(t,w) = g(t, Xa1(t))

for some continuous lower bounded function g(t,z1). Then the price of the
American option is

pa(F) = fggE[K(T)g(ﬂ Xi(7))] -

If we regard this price pa (F) as a function @(s, k, x) of the starting point y =
(s, k,x) of the process dY (t) = (dt,dK(t),dX(t)), then to find @ it suffices
to find a function ¢(s, k, ) which satisfies the conditions of Theorem 10.4.1.
In this case f =0 and
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06 _ 0 P 9
qu(s,k,x):a—f ai—i—p Oai—’_axlai

(e=p\ 2P0 9%¢ j

+2< B ) W kg -+ 20 :

If T < oo then we cannot factor out the dependence on time s as we often
did in Chapter 10. Therefore the problem of finding ¢ is much harder in this
case. To illustrate the difficulty let us simplify even further by assuming that

a=p (so that P = Q)

and that

+

g(t,z1) = (a — x1) where a > 0 is a constant .

Then the problem becomes to find the American put option price

pa(F) = sggE[e_pT(a - Xy ()], (12.3.61)

which is related to the finite horizon version of Example 10.2.2 (and Exam-
ple 10.4.2). A description of the American put option is as follows: The owner
of this option has the right (but not the obligation) to sell one stock at a
specified price a at any time 7 he chooses before or at the terminal time 7. If
he sells at a time 7 < T when the market price is X;(7) < a, he increases his
fortune with the difference a — X1 (7). Thus (12.3.61) represents the maximal
expected discounted payoff to the owner of the option.

In this case we can disregard the variables k& and x(, so we search for a
function ¢(s,z1) € C*(R?) satisfying the variational inequalities (see Theo-
rem 10.4.1)

b(s,x1) > e P (a—x1)" for all s,z (12.3.62)
? + pxlﬁ + 15% 8 (5 <0 outside D (12.3.63)
zy
and 5 5 82
9¢ +px1—¢ + 368%7 ¢ =0 on D, (12.3.64)
Os O z?
where
D = {(s,z1);(s,71) > e "*(a —x1)"} (12.3.65)

is the continuation region.
If such a ¢ is found, and the additional assumptions of Theorem 10.4.1
hold, then we can conclude that

o(s,21) = D(s,x1)

and hence pa (F') = ¢(0, 1) is the option price at time ¢t = 0. Moreover,
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T =7p =inf{t > 0;(s+t,X1(t)) € D}

is the corresponding optimal stopping time, i.e. the optimal time to exercise
the American option. Unfortunately, even in this case it seems that an explicit
analytic solution is very hard (possibly impossible) to find. However, there
are interesting partial results and good approximation procedures. See e.g.
Barles et al. (1995), Bather (1997), Jacka (1991), Karatzas (1997), Musiela
and Rutkowski (1997) and the references therein. For example, it is known
(see Jacka (1991)) that the continuation region D has the form

D ={(t,z1) € (0,T) xR, x> f(t)},

i.e. D is the region above the graph of f, for some continuous, increasing
function f:(0,7) — R. Thus the problem is to find the function f. In Barles
et al. (1995) it is shown that

f(t) ~a—Bar/(T —t)|In(T —t)] as t— T,
in the sense that
f(t)—a
—Ba\/(T — )] In(T — )]

This indicates that the continuation region has the shape shown in the figure.
But its exact form is still unknown.

— 1 as t— T~ .

For the corresponding American call option the situation is much simpler.
See Exercise 12.14.
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Exercises

12.1.

12.2.

12.3.

a) Prove that the price process { X (t)}:c0,r) has an arbitrage iff the

normalized price process {X (t)}+epo,7] has an arbitrage.
b) Suppose {X(t)}+cjo,7] is normalized. Prove that {X(t)}¢cjo, 7] has
an arbitrage iff there exists an admissible portfolio 6 such that

VP(0) <VYT) as.and PVYT)>V?0)]>0. (12.3.66)

In other words, in normalized markets it is not essential that we
require V?(0) = 0 for an arbitrage 6, only that the gains V(T —
V?(0) is nonnegative a.s. and positive with positive probability.

(Hint: If 0 is as in (12.3.66) define 6(t) = (Bo(t), ... ,0,(t)) as fol-
lows:_ _

Let 0;(t) = 0(t) for i = 1,...,n; ¢t € [0,T]. Then choose 6,(0) such
that V?(0) = 0 and define y(¢) according to (12.1.15) to make 6
self-financing. Then

Vo) =6 / 0(s)dX (s / 8(s)dX (s)=V°(t) — VO(0) .)

Let 0(t) = (6o, -..,0,) be a constant portfolio.
Prove that 6 is self-financing.

Suppose {X (t)} is a complete normalized market and that (12.2.12)
and (12.2.13) hold. Suppose n = m and that o is invertible with a
bounded inverse. Then any lower bounded claim F' such that

Eg[F? < >

is attainable.
(Hint: Use the argument in the proof of Theorem 12.2.5: Choose
bounded T-claims Fj, such that

F, —F in L*(Q) and E[F] = E[F].

By completeness there exist admissible portfolios (%) = (Hék), ceey GSLk))
and constants Vi (0) such that

Fi( / 0% (s)dX (s /T dB(s)

where %) = (8" (). 1t follows that Vi (0) = Eg[Fx] — EglF)

as k — oo.
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12.5.

12.6.
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By the It6 isometry the sequence {é\(k)a}k is a Cauchy sequence in
L?(\ x Q) and hence converges in this space. Conclude that there
exists an admissible 6 such that

F(w) = EQlF] + /O(S)dX(s) )
0

Let B(t) be 1-dimensional Brownian motion. Show that there exist
01(t,w), 02(t,w) € W such that if we define

t t

Vi(t) =1+ [ 01(s,w)dB(s), Va(t) =2+ [ O2(s,w)dB(s); te€[0,1]
/ /
then
Vi(1) =Va(1) =0
and

for a.a. (t,w).

Therefore both 6 (t,w) and 02(t,w) are admissible portfolios for the
claim F(w) = 0 in the normalized market with n = 1 and X (t) = B(t).
In particular, if we drop the martingale condition in Definition 12.2.4b)
we have no uniqueness of replicating portfolios, even if we require the
portfolio to be admissible. (Note, however, that we have uniqueness if
we require that 6§ € V(0,1), by Theorem 4.3.3).

(Hint: Use Example 12.1.4 with a = —1 and with @ = —2. Then define,
for:=1,2,

1
o8 — d i for 0<t<a_;
i(t)
0 for a_; <t<1

and

Vi(t):i—|—/9i(s)dB(s)=i—|—Y(t/\oz_i); 0<t<1.)
0

Prove the first part of Lemma 12.2.2, i.e. that B(t) given by (12.2.3)
is an Ft(m)—martingale (see the Remark b) following this lemma).
Determine if the following normalized markets { X (t)}+c[o,7] allow an
arbitrage. If so, find one.
a) (n=m=2)

dX:(t) = 3dt + dBi(t) + dBs(t),

dXs(t) = —dt + dB(t) — dBa(t).
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b) (n=2,m=3)

X\ () = dt + B (1) + dBs(t) — dBs(t)

dXs(t) = 5dt — dB1(t) + dBa(t) + dBs(t)
c) (n=2,m=3)

dX, (t) =dt+ dbB; (t) + dBQ(t) — dB3(t)

dXQ(t) = 5dt — dB; (t) — ng(t) + ng(t)
d) (n=2,m=3)

X\ () = dt + B (t) + dBa(t) — dBs(t)

dXs(t) = —3dt — 3dB1(t) — 3dBs(t) + 3dBs(t)
e) (n=3,m=2)

dX, (t) =dt +dB; (t) + dBo (t)

dX5(1) = 2dt + B (1) — dBs(t)

dX3(t) = 3dt — dB1(t) + dBs(t)
f) (n=3, m=2)

dX,(t) = dt + dBy(t) + dBa(t)

dXo (t) = 2dt + dB; (t) — dBy (t)

dX5(t) = —2dt — dBy (t) + dBs(#)

Determine which of the nonarbitrage markets { X (t)}+cjo,7] of Exer-

cise 12.6 a)-f) are complete. For those which are not complete, find a
T-claim which is not attainable.

Let B; be 1-dimensional Brownian motion. Use Theorem 12.3.3 to find
z € R and ¢(t,w) € V(0,T) such that

T
z—i—/d)tde
0

in the following cases:
() Flw)=BT,w)
(i) F(w)= B3(T,w)
(i) F(w) =exp B(T,w).
(Compare with the methods you used in Exercise 4.14.)

Let B; be n-dimensional Brownian motion. Use Theorem 12.3.3 to find
z € R and ¢(t,w) € V*(0,T') such that

T
z—i—/gbtde
0

in the following cases
(i) F(w)=B*T,w) (= B}(T,w) + -+ B;(T,w))
(11) F(w) = eXp(Bl(T7w) +eee Bn(va))
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12.10. Let X (¢) be a geometric Brownian motion given by
dX(t) = aX(t)dt + BX (¢)dB(t) ,

where o and ( are constants. Use Theorem 12.3.3 to find z € R and
#(t,w) € V(0,T) such that

X(T,w)=2z+ /¢(t,w)dB(t) .
0

12.11. Suppose the market is given by
dXo(t) = pXo(t)dt ; Xo(O) =1
Xm(t):(m—Xl(t))dt-l-O'dB(t) ) Xl(O):CEl >0.

(the mean-reverting Ornstein-Uhlenbeck process) where p > 0, m > 0
and o # 0 are constants.

a) Find the price Eg[¢(T)F] of the European T-claim
Fw)=X1(T,w) .

b) Find the replicating portfolio 8(t) = (6o(¢),61(¢)) for this claim.
(Hint: Use Theorem 12.3.4, as in Example 12.3.5.)

12.12. Consider a market (Xo(t), X1(t)) € R? where
dXo(t) = pXo(t)dt ; Xop(0) =1 p> 0 constant) .
Find the price Eg[¢(T)F] of the European T-claim
F(w) = B(T,w)

and find the corresponding replicating portfolio 8(t) = (6o (t),01(t)) in
the following cases

a) dX1(t) = aX;(t)dt + fX1(t)dB(t); «, constants, 5 # 0

b) dX;(t) =cdB(t); c¢# 0 constant

c) dX1(t) = aXi(t)dt + 0dB(t); «, 0 constants, o # 0.

12.13. (The classical Black & Scholes formula).
Suppose X (t) = (Xo(t), X1(t)) is given by

dX()(t) = pX()(t)dt ; X()(O) =1
Xm(t):O[Xl(t)dt-l-ﬁXl(t)dB(t) ; Xl(O):Z'l >0

where p, «, 8 are constants, 3 # 0. Moreover, suppose that the Euro-
pean T-claim is the Furopean call, defined by
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Xi(T,w) - K if X\(T,w)>K

F(w)—(Xl(Taw)_K)Jr_{o it X;(T,w) <K

where K > 0 is a given constant (the exercise price). Prove that in
this case the option pricing formula (12.3.38) of Theorem 12.3.6 can
be written

p=a19u) — e PTKD(u— BVT) (12.3.67)

where

B(u) = V% /e_%dx (12.3.68)

is the distribution function of the standard normal density and

= 0GR+ (ot 30T 12.3.69
_ T . (12.3.69)

This is the celebrated Black & Scholes formula (Black and Scholes
(1973)), which is of fundamental importance in today’s finance.

12.14. (The American call)
Let X(t) = (Xo(t), X1(t)) be as in Exercise 12.13. If the American
T-claim is given by

F(t,w)=(Xi(t,w)-K)", 0<t<T,

then the corresponding option is called the American call.
According to Theorem 12.3.8 the price of an American call is given by

pa(F) = sup Eqle™(Xy(r) — K)7].

Prove that
pa(F) = e T Eq[(X1(T) — K)*],

i.e. that it is always optimal to exercise the American call at the ter-
minal time 7', if at all. Hence the price of an American call option
coincides with that of a European call option.
(Hint: Define

Y(t)=e P(X1(t) - K) .

a) Prove that Y(t) is a Q-submartingale (Appendix C), i.e.
Y (t) < EqlY (s)|Fi] for s > ¢.
b) Then use the Jensen inequality (Appendix B) to prove that
Z(t):=e " (X1 (t) — K)*"

is also a @-submartingale.
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¢) Complete the proof by using Doob’s optional sampling theorem (see
the proof of Lemma 10.1.3 ¢)).

12.15. (The perpetual American put)
Solve the optimal stopping problem

P(s,x) = ili]g E* [e_p(‘“'ﬂ (a— X(7))"]

where
dX(t) = aX(t)dt + X (t)dB(t) ; X(0)=z>0.

Here p > 0, a > 0, @ and 3 # 0 are constants.
If o = p then @(s,x) gives the price of the American put option with
infinite horizon (T' = o). (Hint: Proceed as in Example 10.4.2.)
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Appendix A: Normal Random Variables

Here we recall some basic facts which are used in the text.

Definition A.11. Let (2, F,P) be a probability space. A random variable
X: 2 — R is normal if the distribution of X has a density of the form

px(@) = — -emo<-($"””2>, (A1)

oV2r 202

where 0 > 0 and m are constants. In other words,

PX €G] = /px(x)dx , for all Borel sets G C R .
G

If this is the case, then

mm/xwzwﬂ@mm (A.2)

and
var[X] = E[(X —m)?] = /(:17 —m)*px(z)dx = o . (A.3)
R

More generally, a random variable X: 2 — R" is called (multi-) normal
N (m, C) if the distribution of X has a density of the form

px(z1, - ) = \/@2 Fexp ( — 3> (& —my)ai(er — mk)) (A.4)

@y >

where m = (my,---,m,) € R" and C~! = A = [a;;;] € R™™" is a symmetric
positive definite matrix.
If this is the case then
EX]=m (A.5)

and

A™! = C =[cjx] is the covariance matrix of X, i.e.
¢k = Bl(X; —m;)(Xy —my)] . (A.6)
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Definition A.12. The characteristic function of a random variable
X:02 — R"™ is the function ¢x:R™ — C (where C denotes the complex
numbers) defined by

bx(u1, - up)=Elexp(i(u1 X1+ 4 u, X)) = /e““m'P[Xedx] , (A7)
Rn

where (u, T) = u1T1 + - - +Unxy (and i € C is the imaginary unit). In other
words, ¢px is the Fourier transform of X (or, more precisely, of the measure
P[X € dx]). Therefore we have

Theorem A.13. The characteristic function of X determines the distribu-
tion of X uniquely.

It is not hard to verify the following:
Theorem A.14. If X: 2 — R"™ is normal N'(m,C), then

Gx (g, un) :exp<—§2ujcjkuk+i2ujmj> . (A.8)
gk J

Theorem A.4 is often used as a basis for an extended concept of a normal
random variable: We define X: {2 — R™ to be normal (in the extended sense)
if ¢px satisfies (A.8) for some symmetric non-negative definite matrix C' =
[cjrx] € R™*™ and some m € R". So by this definition it is not required that C
be invertible. From now on we will use this extended definition of normality.
In the text we often use the following result:

Theorem A.15. Let X;:{2 — R be random variables; 1 < j <n. Then
X =(Xy,---,X,) isnormal
if and only if
Y=MX1+ -+ X, isnormal for all \y,..., )\, ER.

Proof. If X is normal, then

Elexp(iu(M X1+ -+ A X)) = exp ( - %Z U CjRUNE + 1 Z u/\jmj)
Jik J

= exp ( — %UQ Z A]Cjk)\k + ’LUZ )\jmj) 5
gk J

so Y is normal with E[Y] = > A\jm;, var[Y] = AjcjrA.

Conversely, if Y = M X; 4+ --- + A\, X, is normal with E[Y] = m and
var[Y] = o2, then
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Elexp(iu(\ X1 + -+ + A X,,))] = exp(—3u’o® +ium)

where
m = Z)\jE[XjLoz = E[(Z)\ij — ZAjE[Xj}>2]
= E[(Z)\j(Xj - mj))T =D NME[(X; = my) (X —my)]
J Jik

where m; = E[X;]. Hence X is normal.

Theorem A.16. Let Yy, Y1,...,Y, be real, random variables on §2. Assume
that X = (Yo, Y1,...,Y,) is normal and that Yy and Y; are uncorrelated for
each j > 1, i.e

E[(Yo - EYo)(Y; — E[Y;)]=0;  1<j<n.
Then Yy is independent of {Y1,---,Y,}.
Proof. We have to prove that

P[YO GGo,Yl €G1,...,Yn GGn] :P[Yb GGo]‘P[Yl EGl,...,Yn EGn] ,
(A.9)
for all Borel sets Go, G1,...,G, C R.

We know that in the first line (and the first column) of the covariance
matrix c; = E[(Y; — E[Y;])(Yx — E[Y)])] only the first entry coo = var[Yp],
is non-zero. Therefore the characteristic function of X satisfies

Gx (uo, U1, .-y Un) = Oy, (Uo) - Py, vy (ULy - ooy Un)
and this is equivalent to (A.9).
Finally we establish the following:

Theorem A.17. Suppose Xi: 2 — R™ is normal for all k and that X, — X
in L2(£2), i.e.
E[|X, - X[*] =0 as k — oo .

Then X is normal.
Proof. Since |e¥"®) — eiw¥)| < |u| - |z — y|, we have
E[{exp(i{u, X3)) — exp(i(u, X))}?] < |ul* - E[| X — X*] = 0 as k — oo
Therefore
Elexp(i{u, X))] — Elexp(i{u, X))] as k — oo .

So X is normal, with mean E[X] = lim E[X}] and covariance matrix
C = lim C}, where C} is the covariance matrix of Xj.
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Appendix B: Conditional Expectation

Let (£2,F, P) be a probability space and let X: 2 — R"™ be a random vari-
able such that E[|X|] < co. If H C F is a o-algebra, then the conditional
expectation of X given H, denoted by FE[X|H], is defined as follows:

Definition B.1. E[X|H] is the (a.s. unique) function from 2 to R™ satis-
fying:
(1) E[X[|H] is H-measurable
2) [ EIX|M]dP = [ XdP, for all H € M.
H H

The existence and uniqueness of E[X|H] comes from the Radon-Nikodym
theorem: Let 1 be the measure on H defined by

,u(H)z/XdP; HeH.
H

Then p is absolutely continuous w.r.t. P|H, so there exists a P|H-unique
‘H-measurable function F' on {2 such that

w(H) :/FdP forall HeH .
H

Thus E[X|H]:= F does the job and this function is unique a.s. w.r.t. the
measure P|H.
Note that (2) is equivalent to

(2) /Z - E[X|H]dP = /Z - XdP for all H-measurable Z .

Q Q
We list some of the basic properties of the conditional expectation:

Theorem B.2. Suppose Y: (2 — R is another random variable with
E[lY]] < oo and let a,b € R. Then

a) FlaX 4+ bY|H| = aE[X|H] + bE[Y|H]
b) E[E[X|H]] = E[X]
c) E[X|H] =X if X is H-measurable
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d) E[X|H] = E[X] if X is independent of H
e) ElY -X|H] =Y -E[X|H] if Y is H-measurable, where - denotes the usual
inner product in R".

Proof. d): If X is independent of H we have for H € H

/XdP /X XydP = /XdP /XHdP E[X]-P(H) ,

so the constant E[X] satisfies (1) and (2).

e): We first establish the result in the case when Y = Xy (where X denotes
the indicator function), for some H € H.
Then for all G € H

!YEWWW%:/EWHW%i/XM:!YMW,

GNH GNH

so Y - E[X|H] satisfies both (1) and (2). Similarly we obtain that the
result is true if Y is a simple function

Y:chXHj , where H; € H .

The result in the general case then follows by approximating Y by such
simple functions. a

Theorem B.3. Let G, H be o-algebras such that G C H. Then
E[X|G] = E[E[X[H]|F] .
Proof. If G € G then G € 'H and therefore

G/E[X|H]dP:G[XdP.

Hence E[E[X|H]|G] = E[X]|G] by uniqueness. O
The following useful result can be found in Chung (1974), Theorem 9.1.4:

Theorem B.4 (The Jensen inequality).
If 9: R — R is convez and E[|¢(X)|] < oo then

P(E[X|H]) < E[¢(X)[H] .

Corollary B.5. (i) |E[X[|H]| < E[|X] | H]
(i) [EX|H][> < E[|X]* | H] .

Corollary B.6. If X,, — X in L? then E[X,, | H] — E[X | H] in L.



Appendix C: Uniform Integrability and
Martingale Convergence

We give a brief summary of the definitions and results which are the back-
ground for the applications in this book. For proofs and more information we
refer to Doob (1984), Liptser and Shiryaev (1977), Meyer (1966) or Williams
(1979).

Definition C.1. Let (£2,F,P) be a probability space. A family {f;}jes of
real, measurable functions f; on {2 is called uniformly integrable if

lim (sup{ / fj|dP}) =0.
M—oo \ jeg
{If;1>M}

One of the most useful tests for uniform integrability is obtained by using
the following concept:

Definition C.2. A function :[0,00) — [0,00) is called a ui. (uniform in-
tegrability) test function if ¥ is increasing, convex (i.e. YAz + (1 — N)y) <
Ap(x) + (1= N(y) for all z,y € [0,00), A € [0,1]) and

lim M

r—oo I

So for example (x) = xP is a w.i. test function if p > 1, but not if p=1.
The justification for the name in Definition C.2 is the following:

Theorem C.3. The family {f;}jes is uniformly integrable if and only if
there is a u.i. test function v such that

3213{ [etshar} <.

One major reason for the usefulness of uniform integrability is the fol-
lowing result, which may be regarded as the ultimate generalization of the
various convergence theorems in integration theory:

Theorem C.4. Suppose {fr}32, is a sequence of real measurable functions
on {2 such that
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klingo frlw) = f(w) for a.a. w .

Then the following are equivalent:
1) {fx} is uniformly integrable
2) feLY(P) and fr, — [ in L'(P), i.e. [|fix — fldP — 0 as k — .

An important application of uniform integrability is within the conver-
gence theorems for martingales:

Let (£2,N,P) be a probability space and let {N;};>0 be an increasing
family of o-algebras, Ny C A for all . A stochastic process N;: 2 — R is
called a supermartingale (w.r.t. {N¢}) if Ny is Mi-adapted, E[|N¢|] < oo for
all ¢ and

N; > E[N|NV] for all s >1¢. (C.1)

Similarly, if (C.1) holds with the inequality reversed for all s > ¢, then Ny is
called a submartingale. And if (C.1) holds with equality then IV is called a
martingale.

As in customary we will assume that each N; contains all the null sets
of N, that ¢ — Ny(w) is right continuous for a.a.w and that {N;} is right

continuous, in the sense that Ny = (| N for all ¢ > 0.
s>t

Theorem C.5 (Doob’s martingale convergence theorem I).
Let Ny be a right continuous supermartingale with the property that

sup E[N; | < o0,
>0

where N, = max(—Ny,0). Then the pointwise limit

N(w) = lim Ny(w)

exists for a.a. w and E[N~] < 0.

Note, however, that the convergence need not be in L!(P). In order to
obtain this we need uniform integrability:

Theorem C.6 (Doob’s martingale convergence theorem II).
Let N; be a right-continuous supermartingale. Then the following are equiv-
alent:

1) {Ni}i>o is uniformly integrable
2) There exists N € L*(P) such that N, — N a.e. (P) and N; — N in
LY(P), ie. [INy—N|dP — 0 ast— oo .

Combining Theorems C.6 and C.3 (with ¢ (z) = zP) we get
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Corollary C.7. Let M; be a continuous martingale such that

sup F[|M:|P] < o0 for some p>1.
>0

Then there exists M € L*(P) such that My — M a.e. (P) and
/|Mt—M|dP—>O as t — 00 .

Finally, we mention that similar results can be obtained for the analogous
discrete time super/sub-martingales { Ny, Ny}, k¥ = 1,2,.... Of course, no
continuity assumptions are needed in this case. For example, we have the
following result, which is used in Chapter 9:

Corollary C.8. Let My; k =1,2,... be a discrete time martingale and as-
sume that
sup E[|Mg|P] < o0 for some p>1.
k

Then there exists M € L'(P) such that My — M a.e. (P) and
/|Mk—M|dP—>O as k — oo .

Corollary C.9. Let X € L'(P), let {N}32, be an increasing family of o-
algebras, Ny, C F and define N to be the o-algebra generated by {Ny}32 .
Then

E[X|Ny] — E[X|N] as k — oo,

a.e. P and in L'(P).
Proof. My:= E[X|N}] is a w.i. martingale, so there exists M € L'(P) such
that M, — M a.e. P and in L'(P), as k — oo. It remains to prove that
M = E[X|N]: Note that
My, — E[M|NllLr(py = | E[Mi|Ni] = E[MIN] [l 11(p)
SHMk—MHLl(p)—>0 as k— .

Hence if F € Ny, and k > ko we have

/(X—M)dP:/E[X—M|Nk]dP:/(Mk—E[M\Nk])dP —0 as k— .
F F F
Therefore
/(X—M)dP:O for all F' € GNk
k=1
F

and hence
E[X|Nx]| = E[M|Nx]| = M . 0
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Appendix D: An Approximation Result

In this Appendix we prove an approximation result which was used in The-
orem 10.4.1. We use the notation from that Theorem.

Theorem C.1. Let D CV C R" be open sets such that
0D is a Lipschitz surface (C.1)

and let ¢:V — R be a function with the following properties

peCct(Vync(V) (C.2)

¢ € C*(V\OD) and the second order derivatives (C.3)
of ¢ are locally bounded near 0D |,

Then there exists a sequence {¢;}52, of functions ¢; € C*(V) N C(V) such
that

¢; — ¢ uniformly on compact subsets of V, as j — 0o (C.4)
Lo; — Lo uniformly on compact subsets of V\ 0D, as j — oo (C.5)
{Lo;}52, s locally bounded on V' . (C.6)

Proof. We may assume that ¢ is extended to a continuous function on the
whole of R™. Choose a C*° function n: R™ — [0, 00) with compact support
such that

/n(y)dy =1 (C.7)
Rn

and put
Ne(z) = e_"n() fore >0, x € R". (C.8)

Fix a sequence ¢; | 0 and define

6i(@) = (61, (z /¢> e, (2 dz—/¢ Ve, (& — y)dy , (C.9)
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i.e. ¢; is the convolution of ¢ and ;. Then it is well-known that ¢;(z) — ¢(x)
uniformly on compact subsets of any set in V' where ¢ is continuous. See e.g.
Folland (1984), Theorem 8.14 (c¢). Note that since n has compact support
we need not assume that ¢ is globally bounded, just locally bounded (which
follows from continuity).

We proceed to verify (D.4)-(D.6): Let W C V' be open with a Lipschitz
boundary. Put Vi = W N D, Vo =W\ D.

Then Vi, V5 are Lipschitz domains and integration by parts gives, for ¢ = 1,2
and x € W\ 9D

82
/¢(y)m7k,- (x —y)dy =

Vi
9 N _ [ 9%
/ ¢(y)@n6j (z — y)nidv(y)  ou.

oV, Vi

(y)a%énej (x —y)dy, (C.10)

where n;, is component number k£ of the outer unit normal n,; from V; at
OV;. (This outer normal exists a.e. with respect to the surface measure v on
OV since 9V} is a Lipschitz surface.)

Another integration by parts yields

o6 0
() =—ne. (x — y)dy =
oo (y) aygnj(x y)dy

8%¢
O0yrOye

| %(y)mj (x — y)niedv(y) —

i Vi

Combining (D.10) and (D.11) we get

82
———Ne. — d =
V/ o(y) aykayﬂ’(x y)dy

(Y)ne; (x —y)dy . (C.11)
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X {gb(y)(fwnej (o — )i — j—j;@)nej (& = y)mue | dv(y)
¢ o
| Bydue (W)ne; (x —y)dy ;. i=1,2. (C.12)

i

Adding (D.12) for ¢ = 1,2 and keeping in mind that the outer unit normal
for V; is the inner unit normal for V;_; on 0V N OVs, we get

62
Vldﬁ(y)aykayenej (x —y)dy =

/ {qs(y)(;;ncj (&= )N = o o y)Ne}dv(y)
oW

0%¢
O0yrOye
W

(Y)ne; (x — y)dy , (C.13)

where Ni, Ny are components number k, £ of the outer unit normal IN from
W at OW.

If we fix 2 € W\ 0D then for j large enough we have 7, (z —y) = 0 for
all y outside W and for such j we get from (D.13)

[ o5ty = [ 500 vy, (€11
R R~
In other words, we have proved that
02 0%
) - .. D . 1
90,02, ¢j(z) <3yk8yz * 1) ]> (z) for x e V\0 (C.15)

Similarly, integration by parts applied to W gives, if j is large enough

0 B 09
[ gt =y == [ 5% e o~ )y
w W
from which we conclude that
0 0¢
— s = —= ) fi . 1
2,1 oj(x) (3yk * 776]) (x) or x €V (C.16)

From (D.15) and (D.16), combined with Theorem 8.14 (¢) in Folland (1984),
we get that
99; _, 99

— — uniformly on compact subsets of V as j — oo (C.17)

8$k ox
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and
0%, 0?
83:;:2;@ — 3xk§xg uniformly on compact subsets of V'\ 0D as j — oo .
(C.18)
0¢; | ™ 9%¢; ™
Moreover, § 72 ¢ . and { 550 ¢ | are locally bounded on V', by (D.15),
j= j=

(D.16) combined with the assumptions (D.2), (D.3).
We conclude that (D.4)—(D.6) hold. O



Solutions and Additional Hints to Some of the
Exercises

2.13.
2.14.

2.15.

2.17.

2

P[B € D] =1-e¢ 7.
Ew[fXK By)dt] = wa (B, € K]dt= [ (2nt) (e S 4y)dt =0

0
for all zeR"™, if K C R" has n-dimensional Legesgue measure equal
to 0.

P[By, € F\,...,By, € F]| = P[B;, € U"'Fy,..., B, € U'F}]

= I p(t1,0,21)p(tat1, 21, 22) - - p(ti—th_1, Tp—1, Tk )dz1 - - - dy,
U71F1><-~-><U’1F;C

= [ pt1,0,y0)p(ta—t1,y1,92) - Ptk —th—1, Yr—1, Y )dy1 - - - dyp,
F1><-'~><Fk

:P[Btl EFly"-7Btk eFk] ;
by (2.2.1), using the substitutions y; = Uxz; and the fact that
Uz = Uzja|* = |aj — 2

a) E[(yn(t7.)_t)2]:E[( 2 HABR)? — iiolz—nt)z}

=E ’71((AB )2 —27) i
[ wanr—2aj
= E[ > ((ABy)? - 2”t)((ABk)2—2”t)]
4,k=0
= z_: E[((ABy)? — 27™)?]
k=0
= z_: E[(ABy)* — 22722 — 272747
k=0
_y 2.272M2 =2.27"2 (0  as n—o00.
k=0

b) This follows from the following general result: If the quadratic vari-
ation of a real function over an interval is positive, then the total
variation of the function over that interval is infinite.
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3.1. By =120 Als; By) = X5 5;AB; + Y120 B As;
¢ ¢
— [ sdBs + [ Byds as n — 0o .
0 0

3.4. The processes in (iii) and (iv) are martingales, but those in (i) and
(ii) are not.

T
3.9. [BiodB,=3B3 if By=0.
0

3.12. (1) a) dXt = (’Y + %a2)Xtdt + O[XtdBt .
b) dX; = %sinXt[cos X — t2])dt + (t* + cos X;)dB; .
(ll) a) dXt = (’I‘ — %OL2)Xtdt + O[Xt o] dBt .

) dX, = (2¢ ' — X3)dt + X2 o0 dB, .
4.1. a) dX, = 2B,dB, +dt .

b) dX; = (1+ 1eBy)dt + ePdB; .

¢) dX, = 2dt + 2B1dBy (t) + 2B2dBs(t) .

d) day — [dgt] _ m dt + m dB, .

e) dX, (t) =dB; (t) + dB> (t) + dBs (t)
dX5(t) = dt — Bs(t)dBy (t) + 2Bs(t)dBa(t) — By(t)dBs(t)

=

=[x | =2+ [ s s %% |

4.5. E[Bf]=15t3 if By=0.
5.3. X, =Xo-oxp ((r S ai)H S aBi(t))  (if B(0) = 0).
5.4. (i) X1(¢) = X1(0) +t+ Bi(t),
Xo(t) = X2(0) + X1(0)Ba(t) + fsng(s) + fBl(s)ng(s), as-
suming (as usual) that B(0) = (()). ’
(i) X, = e'Xo +ftet‘5dBt .
(iii) Xy =e X, er’tBt (assuming By = 0).
5.6. Y, =exp(aB; — 1a’t)[Yy + rgéexp(—ozBs +1a2s)ds]  (By =0).

¢
5.7. a) Xy =m+ (Xo—m)e " +o [e'dB, .
0

b) E[Xi]=m + (Xo —m)e .
Var[X;] = &-[1 —e 2] .

5.8. X(t)= [;;Eiﬂ = exp(tJ)X(O)—!—eXp(tJ)jexp(—sJ)MdB(s), where



5.11.

5.16.

7.1.

7.2.
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J_[o 1]’ M_[a 0} dB(s)_[dBl(s)]

10 0 g dBs(s)
and )
t tm
exp(t.J) :I+tJ+§J2+--~+ EJ”JF--- € R**2.
Using that J2 = —I this can be rewritten as

X1(£) = X1(0) cos(t) + X2(0) sin(t) + Oftacos(t — 8)dB (s)
+ g‘ Bsin(t — s)dBa(s) ,

Xy (t) = —X1(0) sin(t) + X2(0) cos(t) — Oftasin(t — 8)dB(s)
0 [ cos(t = 5)Bas)

t
dB, __ _ (dB
=2 =0 as., put My = J = for

S

t
Hint: To prove that tlinri(l — 1)
- 0
0 <t < 1 and apply the martingale inequality to prove that
Plsup{(1 —=t)|My|;t € [1 =271 =27} > ] <2 2-27".

Hence by the Borel-Cantelli lemma we obtain that for a.a. w there
exists n(w) < oo such that

n>nw)=>w¢A,,
where

A = {wisup{(1 — | Mfst € [1—27" 127" ]} > 271}

c) X; = exp(aB; — fa2t [x + 2fteXp —2aB; + ags)ds} 2
0

a) Af(z) = paf'(z) + 1O'Qf”( ); feCi(R).

b) Af(z) =rz ( )+ g2 f(x); f e CF(R).

c) Af(y) =rf"(y) + 1042y2f”( ); feCiR).

d) Af(t,z) = +uxaf +152%L e CR(RY).

& Af(rm) = 2+ m Bl e L [ e GHRY)

0) Af(er,wo) = g5+ 354 + 523 54s [ e CHRY).

§) Af(rr-om) = 3 madl +3 3 (3 awon) sl
=1 1,7 =

f e C3RM).
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7.4.

7.18.

8.1.

8.12.

9.1.

9.3.

Solutions and Additional Hints to Some of the Exercises

9 250 = [130] = ||+ [axn | 2

¢) dX(t) = [ﬁﬁiﬁtﬂ = {ln(l—i-)?;;%f)(QX%(t))} di+ {Xﬁ(t) (1)} [Zgiﬁﬁﬂ

(Several other diffusion coefficients are possible.)
a), b). Let 7, = inf{t > 0; Bf =0 or Bf =k}; k> x> 0 and put

Pk = Pm[BTk = k] .
Then by Dynkin’s formula applied to f(y) = y? for 0 <y < k we get
EI[Tk] = kzpk - {,EZ . (S].)

On the other hand, Dynkin’s formula applied to f(y) = yfor0 <y <k
gives
kpr =x . (52)

Combining these two identities we get that

E®[r] = lim E*[rg]) = khi& z(k—x)) =00. (S3)

k—o0

Moreover, from (S2) we get

P?[3t < 0o with By =0] = klim P?[B,, =0] = klim (1—pr)=1,
(S4)
so T < 00 a.s. P¥.
exp(— 258 ) —exp(—

)
)P = ) ep i)

) olt,2) = E[o(B)]
b) u(z) = EZ[{ e~ *)(By)dt] .

dQ(w) = exp(3B1(T) — B2(T) — 5T)dP(w) .

a) dX; = [ﬂ dt + {g] dB, .

b) dX m dt + B g]dBt.

c) dX; = aX,dt + BdB; .

VX _Oézcét(;z ?Xtdfffl(uxl( 1) () 0 [dBi()
¢) dX {d}@( ] { X, (t) }d”f{ Xu(t) Xl(t)} [dem]'
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9.10.

10.1.

10.3.

10.9.
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a) Let X; € R? be uniform motion to the right, as described in Ex-
ample 9.2.1. Then each one-point set {(x1,z2)} is thin (and hence
semipolar) but not polar.

b) With X; as in a) let Hy = {(ax,1)}; k = 1,2,... where {ar}32,
is the set of rational numbers. Then each H}, is thin but
QD[ Ty =0]=1forallz; €R.

Let Y, = Y" = (s + ¢, X}) for t > 0, where X; = X satisfies
dX; = aXidt + X dB; ; t>0, Xo=2>0.
Then the generator A of Y; is given by

~ 9] 0
Af(s,z) = 87{: + axa—i + 13%2?

Moreover, with D = {(t,z);x > 0 and t < T'} we have

>*f 2R 2
922 feCi(R7).
mp:=inf[t > 0;Y: ¢ D} =inf{t >0;s+t>T} =T —s.

Hence
YTD = (T7 XT—S) .

Therefore, by Theorem 9.3.3 the solution is

~

—S

f(s,2)=E|le PTo(X5_)+ [ e PtTOR(X])dt]| .

o

a) g*(z) = 0o, 7* does not exist.
b) g*(z) = 00, 7* does not exist.
g*(x) =1, 7" =inf{t>0;B;, =0}.
d) If p < § then g*(s,z) = co and 7* does not exist.
If p > % then g*(s,2) = g(s,x) = e " coshz and 7* =0 .
xo > 0 is given implicitly by the equation

o 2 . e2 2px( +1
0= p 62 w0 1 ’
and g*(s,z) = e‘”sx%% for —z¢ <z < o, where
coshé = (e +e7%) .
If 0 < p <1 then vy(z) = %:172 + p% but 7* does not exist. If p > 1 then
() = { %xQ + p% + Ccosh(y/2pz) for |z| < z*

x for |x| > x*

where C' > 0, * > 0 are the unique solutions of the equations
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10.12.

10.13.

11.6.

Solutions and Additional Hints to Some of the Exercises

Ccosh(y/2pa*) = <1 - 1)@*)2 _ iz

p p
C+/2p sinh(y/2pz*) = 2(1 - l)x* .
p

If p>r then g*(s,x) = e " (zo — 1)*(55)” and
7*=1inf{t > 0; X; > 20}, where

1
v=a"2 {éoﬂ —r4 \/(2a2 —r)2+2a2p]

and -
= — >1<p> .
Zo S -1 (v p>r)

Ifa<pthen7*=0.
If p<a<p+ Athen
G ) e " pq ; if 0<pg<uyo

S = s .

i e P (Cilpg)" + sa=s pa— o) if pa>yo

where

7152{562+Aa\/(;62+Aa)2+2p52 <0,

(—11)K(p+ A —a)

A-mpla—p) "

Yo =

and
1—~1

(=Y
@ = (—7)(p+A—a)

The continuation region is

D ={(s,p,q);rq > yo} -

If p+ A< athen G* =00 .

W = “e2=o3(1-7)
(0f+03)(1—7)

(constant),
P(s,x) = M) gy for t <ty, x>0

where

= /(1 =)o) + 03(1 — u)?) — Aoy +az(l - )]
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11.11. Additional hints:

12.6.

12.7.

For the solution of the unconstrained problem try a function ¢ (s, )
of the form

da(s, ) = ax(s)x?® + ba(s) ,

for suitable functions ay(s),bx(s) with A € R fixed. By substituting
this into the HJB equation we arrive at the equations

1
a\(s) = aai(s) -1 for s<t

ax(t1) =

and
V\(s) = —o2ax(s)  for s <t
ba(t1) =0,

with optimal control u*(s,z) = —%fax(s)z .

Now substitute this into the equation for X} and use the terminal
condition to determine g .

If we put s = 0 for simplicity, then A = Ay can be chosen as any
solution of the equation

AN+ BN +C A+ D=0,

where
A= m2(et1 _e—t1)2 ,
B = m?(e* 42— 3e7211) — g2 (eft —e711)2
C = m?(—e*™ 424 3e72") — 42? — 202(1 — e7211)

D = —m?(e" + e )% 4 42”4 o2 (e*r — 7).

a) no arbitrage

b) no arbitrage

c) 6(t) =(0,1,1) is an arbitrage
d) no arbitrage

) arbitrages exist

) mno arbitrage.

) complete
b) not complete. For example, the claim

Flw) = / By(t)dBs(t) = SBA(T) — 4T
0

cannot be hedged.
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¢) (arbitrages exist)

d) not complete

e) (arbitrages exist)
f) complete.

12.12. ¢) Egl¢(T)F) = o oy (1 — %)(1 —e~*T). The replicating portfolio is
0(t) = (6o(t),01(t)), where

01(t) =0~ [1 — %(1 - ep(t—T))}

and 6y (t) is determined by (12.1.14).

12.15. - )
P(s,2) = {ZZEZ - iz)(%)v e a
where
y=072 42— a3 - @) 22| <0
and o 0.0
y—1 "7

*

Hence it is optimal to stop the first time X (¢) < x*.
If a = p this simplifies to

. a2p

2
p T = .
B +2p

v = and

o
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List of Frequently Used Notation and Symbols

R"
Rt

Zt =N

Rn><m

n-dimensional Euclidean space

the non-negative real numbers

the rational numbers

the integers

the natural numbers

the complex plane

the n x m matrices (real entries)

the transposed of the matrix A

the determinant of the n x n matrix C'
i.e. vectors in R™ are regarded as n x 1-matrices
the n-dimensional complex space

n
2 if
xf iz = (z1,...,2,) € R”
=1

7
n

the dot product > a;y; if © = (z1,...,2,),
i=1

Y= (y17"'7y’n)

max(z,0) if z € R

max(—z,0) if z € R

1 ifxz>0

{—1 if x <0

the continuous functions from U into V'

the same as C(U,R)

the functions in C(U) with compact support

the functions in C(U,R) with continuous deriva-

tives up to order k

the functions in C*(U) with compact support in U

the functions in C* whose k’th derivatives are Lip-

schitz continuous with exponent «

the functions f(¢,z):R x R" — R which are C*

w.r.t. t € Rand C? wrt. 2 € R?

the bounded continuous functions on U

the restriction of the function f to the set K

the generator of an Itd diffusion X

the characteristic operator of an Ito diffusion X



326 List of Frequently Used Notation and Symbols

L=Lx

Bt (OI‘ (Bt,f, Q,PI))

Dy
\%

A
L

R

iff

a.a., a.e., a.s.
w.r.t.

s.t.

~

E[Y] = B*[Y] = [ Ydp

E[Y|N]
Foo

B
ftrFt(m)

7,

1
My

M,

oG
G
GccH

d(y, K)
TG

V(S,T),V"(S,T)
AR 4%E

(H)

HJB

I,

Xa

the second order partial differential operator which
coincides with Ax on C? and with Ay on C?
Brownian motion

the domain of definition of the operator A

the gradient: Vf = (%, e %’;)

the Laplace operator: Af = > %
7 i

a semielliptic second order partial differential oper-
_ 0 92
ator of the form L = ;bZTZi + %a”m

the resolvent operator
if and only if
almost all, almost everywhere, almost surely
with respect to
such that
coincides in law with (see Section 8.5)
the expectation of the random variable Y w.r.t. the
measure [
the conditional expectation of Y w.r.t. A/
the o-algebra generated by |J F;
>0
the Borel o-algebra
the o-algebra generated by {Bs;s < t}, By is m-
dimensional
the o-algebra generated by {Bsnr;s > 0} (7 is a
stopping time)
orthogonal to (in a Hilbert space)
the o-algebra generated by {X ;s < ¢} (X; is an
1t6 diffusion)
the o-algebra generated by {Xar;s > 0} (7 is a
stopping time)
the boundary of the set G
the closure of the set G
G is compact and G C H
the distance from the point y € R™ to the set K C
Rn
the first exit time from the set G of a process
Xi:1q = inf{t > 0; X; ¢ G}
Definition 3.3.1
Definition 3.3.2
Hunt’s condition (Chapter 9)
the Hamilton-Jacobi-Bellman equation (Chapter 11)
the n x n identity matrix
the indicator function of the set G Xg(z) = 1 if
r€G, Xo(z)=0ifx ¢ G



PI
p=p°
Qw
R()

Qs,r
P<@

P~Q
E®, E'(s,ac)7 Es®

X(t)
()

lim , lim
essinf f

esssup f
O
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the probability law of B; starting at x

the probability law of B, starting at 0

the probability law of X, starting at  (Xo = x)
the probability law of Y; = (s + t), X7 )i<o with
Yo = (s,2) (Chapter 10)

the probability law of Y; = (s + ¢, X.7,)i>0 with
Yo = (s,z) (Chapter 11)

the measure P is absolutely continuous w.r.t. the
measure

P is equivalent to @, i.e. P < Q and Q < P

the expectation operator w.r.t. the measures Q7,
R and Q%7 respectively

the expectation w.r.t. the measure ()

the expectation w.r.t. a measure which is clear from
the context (usually P°)

the minimum of s and ¢ (= min(s,t))

the maximum of s and ¢ (= max(s,t))

the transposed of the matrix o

the unit point mass at x

0 =1ifi=7,0;5 =0if i # j

the shift operator: 6,(f(X;)) = f(Xi+s) (Chap-
ter 7)

portfolio (see (12.1.3))

= 0(t) - X(t), the value process (see (12.1.4))

t
=2+ [ 0(s)dX (s), the value generated at time ¢ by
0

the self-financing portfolio # if the initial value is z
(see (12.1.7))

the normalized price vector (see (12.1.8)—(12.1.11))
the discounting factor (see (12.1.9))

equal to by definition

the same as lim inf, lim sup

sup{M e R; f>M as.}

inf{N eR; f<N as}

end of proof

“increasing” is used with the same meaning as “nondecreasing”, “decreas-
ing” with the same meaning as “nonincreasing”. In the strict cases “strictly
increasing/strictly decreasing” are used.
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Index

adapted process 25

admissible portfolio 251

American call option 284, 289

American contingent T-claim 276

American options 275284

American put option 283-284

American put option, perpetual

analytic functions (and Brownian
motion) 76,150

arbitrage 251

attainable claim 260

289

Bayes’ rule 152 (8.6.3)

Bellman principle 241

Bessel process 49, 140

bequest function 223

Black and Scholes formula 4, 160, 274
288

Borel sets, Borel o-algebra 8

Borel-Cantelli lemma 16

Brownian bridge 75

Brownian motion, in R" 3,11-14

Brownian motion, complex 76

Brownian motion, on the ellipse 73

Brownian motion, on the unit circle
65,121

Brownian motion, on the unit sphere
149

Brownian motion, on a Riemannian
manifold 150

Brownian motion, the graph of 118

Brownian motion, w.r.t. an increasing

family H; of o-algebras 70
capacity 163
carrying capacity 77
characteristic function 292
characteristic operator 120

change of time 145
change of variable in an It6 integral
148

,  control, optimal

Chebychev’s inequality 16
coincide in law 140, 141
combined Dirichlet-Poisson problem

165-167, 182

complete market 260
complete probability space 8
complex Brownian motion 76

conditional expectation 295

conditioned Brownian motion 127
contingent T-claim (American) 276
contingent T-claim (European) 259

continuation region 201
continuous in mean square 40
control, deterministic (open loop)
control, feedback (closed loop) 225
control, Markov 225

224
convolution 302
covariance matrix 12,291
cross-variation processes
crowded environment 77

152

density (of a random variable) 15

diffusion, It6 107

diffusion, Dynkin 121

diffusion coefficient 107

Dirichlet problem 2,167

Dirichlet problem (generalized) 174

Dirichlet problem (stochastic version)
170

Dirichlet-Poisson problem
182

distribution (of a random variable)

distribution (of a process) 10

distribution function (of a random
variable) 15

Doob-Dynkin lemma 8-9

Doob-Meyer decomposition 279

drift coefficient 107

Dudley’s theorem 253

Dynkin’s formula 118

165167,

329

225
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eigenvalues (of the Laplacian) 187

elementary function/process 26

elliptic partial differential operator
165, 176

equivalent martingale measure
264

estimate (linear/measurable) 85

254,

estimation of a parameter 97
estimation, exact asymptotic 101, 102
European call option 4, 265, 288—289
European contingent T-claim 259
European option 265

European put option 266

events 8

excessive function 197

expectation 9

explosion (of a diffusion) 66, 78
exponential martingale 55

Feller-continuity 133

Feynman-Kac formula

filtering problem, general

filtering problem, linear

filtration 31, 38

finite-dimensional distributions (of a
stochastic process) 10

first exit distribution 130, 192

first exit time 111

135,190
2,79-81
81-101

Gaussian process 12

generalized (distribution valued)
process 21

generator (of an Itd diffusion)
117

geometric Brownian motion 62

Girsanov’s theorem 60, 153-158

Girsanov transformation 153

Green formula 184

Green function 163, 183,191

Green function (classical) 183,185

Green measure 18,183, 238

Green operator 164

Gronwall inequality 68,78

115,

Hamilton-Jacobi-Bellman (HJB)

equation 226-230

harmonic extension (w.r.t. an It
diffusion) 122

harmonic function (and Brownian
motion) 150

harmonic function (w.r.t. a diffusion)
169

harmonic measure (of Brownian
motion) 124

harmonic measure (of a diffusion)
114,115, 129

hedging portfolio 260

Hermite polynomials 38

high contact (smooth fit) principle
210, 212, 218

hitting distribution 114,115

H:-Brownian motion 70

h-transform (of Brownian motion)
127

Hunt’s condition (H) 175

independent 9

independent increments 13,22

innovation process 82,86, 87, 90

integration by parts (stochastic) 46,
55

interpolation (smoothing) 103

irregular point 172,188

iterated It6 integrals 38

iterated logarithm (law of) 64

It6 diffusion 107

It6 integral 24-37

It6 integral; multidimensional 34, 35

1t interpretation (of a stochastic
differential equation) 36,61, 79

It6 isometry 26,29

Ito6 process 44,48

It representation theorem 51

Ito’s formula 44,48

Jensen inequality 296

Kalman-Bucy filter 2,95, 100
Kazamaki condition 55

kernel function 127

killing (a diffusion) 137

killing rate 138,164

Kolmogorov’s backward equation 131
Kolmogorov’s continuity theorem 14
Kolmogorov’s extension theorem 11
Kolmogorov’s forward equation 159

Langevin equation 74

Laplace operator A 3,57

Laplace-Beltrami operator 150

law of iterated logarithm 64

least superharmonic majorant 196

least supermeanvalued majorant 196

Levy’s characterization of Brownian
motion 152

Levy’s theorem 151



linear regulator problem 231

Lipschitz surface 213,301

local martingale 126

local time 58,59, 72

Lyapunov equation 103

Malliavin derivative 53

market 247

market, complete 260

market, normalized 247, 248

Markov control 225

Markov process 110

Markov property 109

martingale 31, 33,298

martingale, local 126

martingale convergence theorem 298

martingale inequality 31

martingale problem 138

martingale representation theorem
49,53

maximum likelihood 98

maximum principle 189

mean-reverting Ornstein-Uhlenbeck
process 74

mean square error 92

mean value property, classical 124

mean value property (for a diffusion)
114,115

measurable function (w.r.t. a o-algebra)
8

measurable sets (w.r.t. a o-algebra) 8

measurable space 7

moving average, exponentially weighted
97

noise 1-4,21-22 61

normal distribution 12,291

normalization (of a market process)
248

Novikov condition 55

numeraire 248

observation process 80

optimal control 224

optimal performance 224

optimal portfolio selection 4,234

optimal stopping 3,193-215

optimal stopping time 193,199, 202,
213

optimal stopping existence theorem
199

optimal stopping uniqueness theorem
202

option pricing 4, 265284

Index 331

Ornstein-Uhlenbeck equation/process
74
orthogonal increments 82

path (of a stochastic process) 10

performance function 224

Perron-Wiener-Brelot solution 178

Poisson formula 189

Poisson kernel 189

Poisson problem 168

Poisson problem (generalized) 180

Poisson problem (stochastic version)
180

polar set 162,175
population growth 1,61,77
portfolio 4,236, 248-251

prediction 103
probability measure 7
probability space 8
p’th variation process 19

quadratic variation process 19, 56

random time change 145
random variable 9

recurrent 120

regular point 172-174, 188
replicating portfolio 260
resolvent operator 133

reward function 193

reward rate function 194
Riccati equation 93, 95,101, 233

scaling (Brownian) 19

self-financing portfolio 248
semi-elliptic partial differential operator

165

semi-polar set 175
separation principle
shift operator 113
Snell envelope 279

225,233

smoothing (interpolation) 103
stationary process 21,22
stochastic control 4, 223-240

stochastic differential equation;
definition 61

stochastic differential equation;
existence and uniqueness of solution
66

stochastic differential equation; weak
and strong solution 70

stochastic Dirichlet problem 170

stochastic integral 44

stochastic Poisson problem 180
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stochastic process 9

stopping time 57,110

Stratonovich integral 24, 35-37, 39, 40

Stratonovich interpretation (of a
stochastic differential equation) 36,
62,63, 64,79

strong Feller process 177

strong Markov property 110-113

strong solution (of a stochastic
differential equation) 70

strong uniqueness (of a stochastic
differential equation) 67,71

submartingale 298

superharmonic function 194

superharmonic majorant 196

supermartingale (126), 196, 253, 266,
279, 298

supermeanvalued function 194

supermeanvalued majorant 196

superreplicate 279

support (of a diffusion) 105

Tanaka’s equation 71

Tanaka’s formula 58,59, 72

terminal conditions (in stochastic
control)  239-240, 245

thin set 175

time-homogeneous 108

time change formula It6 integrals 148

total variation process 19

transient 120

transition measure 184

transition operator 164

trap 121

uniformly elliptic partial differential
operator 176,269

uniformly integrable 297-298

utility function 4,234

value function 224

value process 248

value process, normalized 249

variational inequalities (and optimal
stopping) 3,212-215

version (of a process) (12), 14, 32

Volterra equation, deterministic 89

Volterra equation, stochastic 75

weak solution (of a stochastic
differential equation) 70

weak uniqueness 71

well posed (martingale problem) 139

white noise 21,61

Wiener criterion 174
X-harmonic 169
zero-one law 171

o-algebra 7

o-algebra, generated by a family of sets
8

o-algebra, generated by a random
variable 8



