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Elements of an HMM

Example (coin toss): two coins.
Coin 1: unbiased coin, PH = PT = 0.5.
Coin 2: biased coin, PH = 0.9 and PT = 0.1.
Switch between 1 and 2 via a hidden Markov chain with transition
matrix

A =

(
a11 a12
a21 a22

)
Observed Y : H T T T H H H T H H · · ·
Hidden Z : 1 1 1 2 2 2 2 1 1 2 · · ·
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Elements of an HMM

Elements

Hidden states {1, . . . ,N}: state space for Zt .

Observed symbols {1, . . . ,M}: space for Yt .

State transition matrix A = (aij)N×N ,

aij = P(Zt+1 = j | Zt = i).

Emission probabilities B = (bj(k)),

bj(k) = P(Yt = k | Zt = j).

Initial state distribution π = (π1, . . . , πN): P(Z1 = j) = πj .
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Elements of an HMM

Joint probability:

P(Y ,Z ) = P(Z1)P(Y1 | Z1)P(Z2 | Z1)P(Y2 | Z2)

· · ·P(Zn | Zn−1)P(Yn | Zn)

= P(Z1)P(Y1 | Z1)
n∏

t=2

P(Zt | Zt−1)P(Yt | Zt)

:= f1(Z1,Y1)
n∏

t=2

gt(Zt−1,Zt)ft(Zt ,Yt) (1)
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Elements of an HMM

Graphical model for HMM: {(Zt ,Yt) : t = 1, . . . , n}.

Y1

Z1 · · ·

Yt−1

Zt−1

Yt

Zt

Yt+1

Zt+1 · · ·

Yn

Zn

Conditional independence:

Undirected graph with each node representing a random
variable Vi . If node j separates nodes i and k then

Vi ⊥ Vk | Vj .

For HMM, Vt−i , Yt and Vt+j are mutually independent
conditional on Zt , here Vk can be either Yk or Zk .
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Elements of an HMM

Two basic problems to solve:

Given Y , how to estimate model parameters θ = (A,B)?

Given Y and model parameter θ (or θ̂), how to predict hidden
states Z?
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MLE via EM

Problem setup:

Observed data Y , missing data Z .

θ̂ = argmax
θ

P(Y ; θ) = argmax
θ

∑
Z1

· · ·
∑
Zn

P(Y ,Z1, . . . ,Zn; θ)

(Z1, . . . ,Zn) given Y is a Markov chain. Regarding Yt as
constants in (1)

P(Z | Y ) ∝ P(Z1)P(Y1 | Z1)
n∏

t=2

P(Zt | Zt−1)P(Yt | Zt)

:= g1(Z1)
n∏

t=2

gt(Zt−1,Zt).
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MLE via EM

Complete data log-likelihood:

Assume initial distribution π is known.

Use indicators: Ztj = I (Zt = j).

P(Y ,Z ; θ) ∝
N∏
j=1

M∏
k=1

∏
t:Yt=k

{bj(k)}Ztj ×
N∏
i=1

N∏
j=1

n∏
t=2

(aij)
Z(t−1)iZtj .

logP(Y ,Z ; θ) =
∑
j ,k

∑
t:Yt=k

Ztj︸ ︷︷ ︸
Djk

log bj(k) +
∑
i ,j

n∑
t=2

Z(t−1)iZtj︸ ︷︷ ︸
Cij

log aij

=
∑
j

[
M∑
k=1

Djk log bj(k)

]
+
∑
i

 N∑
j=1

Cij log aij
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MLE via EM

Sufficient statistic:
Djk =

∑
t:Yt=k Ztj : # of emissions of symbol k from state j .

Cij =
∑n

t=2 Z(t−1)iZtj : # of state transitions from i to j .

Normalization constraints:
∑

k bj(k) = 1 for each j and∑
j aij = 1 for each i .

Complete data MLE (Z are given):

Let Dj• =
∑

k Djk and Ci• =
∑

j Cij ,

b̂j(k) =
Djk

Dj•
, j = 1, . . . ,N, k = 1, . . . ,M,

âij =
Cij

Ci•
, i , j = 1, . . . ,N.
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MLE via EM

But Z unobserved, use EM:

E-step:

E{logP(Y ,Z ; θ) | Y ; θ(m)}

=
∑
j ,k

E(Djk | Y ; θ(m))︸ ︷︷ ︸
D

(m)
jk

log bj(k) +
∑
i ,j

E(Cij | Y ; θ(m))︸ ︷︷ ︸
C

(m)
ij

log aij .

M-step:

bj(k)
(m+1) =

D
(m)
jk

D
(m)
j•

, a
(m+1)
ij =

C
(m)
ij

C
(m)
i•

.
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MLE via EM

How to calculate D
(m)
jk and C

(m)
ij ?

D
(m)
jk = E(Djk | Y ; θ(m)) =

∑
t:Yt=k E(Ztj | Y ; θ(m)).

C
(m)
ij = E(Cij | Y ; θ(m)) =

∑n
t=2 E(Z(t−1)iZtj | Y ; θ(m)).

Thus, given model parameter θ = θ(m), we need to calculate:

P(Zt = j | Y )

P(Zt−1 = i ,Zt = j | Y )

for each t and all i , j .
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MLE via EM

Use conditional independence:

P(Zt = j | Y ) ∝ P(Y ,Zt = j)

= P(Y1:t ,Zt = j)︸ ︷︷ ︸
αt(j)

·P(Y(t+1):n | Zt = j)︸ ︷︷ ︸
βt(j)

= αt(j)βt(j).

⇒ P(Zt = j | Y ) =
αt(j)βt(j)∑N
i=1 αt(i)βt(i)

:= ut(j), j = 1, . . . ,N (2)

by normalization.
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MLE via EM

P(Zt−1 = i ,Zt = j | Y ) ∝ P(Y ,Zt−1 = i ,Zt = j)

=P(Y1:(t−1),Zt−1 = i)︸ ︷︷ ︸
αt−1(i)

·P(Zt = j | Zt−1 = i)︸ ︷︷ ︸
aij

× P(Yt | Zt = j)︸ ︷︷ ︸
bj (Yt)

·P(Y(t+1):n | Zt = j)︸ ︷︷ ︸
βt(j)

=aijbj(Yt)αt−1(i)βt(j).

By normalization, for all i , j ,

P(Zt−1 = i ,Zt = j | Y ) =
aijbj(Yt)αt−1(i)βt(j)∑

k

∑
ℓ akℓbℓ(Yt)αt−1(k)βt(ℓ)

:= wt(i , j). (3)
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MLE via EM

Recall αt(i) = P(Y1:t ,Zt = i). We have

αt+1(j) = P(Y1:(t+1),Zt+1 = j)

=
N∑
i=1

P(Y1:(t+1),Zt = i ,Zt+1 = j)

= bj(Yt+1)
N∑
i=1

aijαt(i).

Forward summation to calculate αt(j) for all j and t:

1 Initialization: α1(i) = πibi (Y1) for i = 1, . . . ,N.

2 Recursion: For t = 1, . . . , n − 1,

αt+1(j) = bj(Yt+1)
N∑
i=1

aijαt(i), j = 1, . . . ,N.
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MLE via EM

Similarly, backward summation to calculate βt(i) for all i and t:

1 Initialization: βn(i) = 1 for i = 1, . . . ,N.

2 Recursion: For t = n − 1, . . . , 1,

βt(i) =
N∑
j=1

aijbj(Yt+1)βt+1(j), i = 1, . . . ,N.

Note that (i) both αt(i) and βt(i) are calculated given θ(m);
(ii) recursions make use of Z | Y is a Markov chain.
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MLE via EM

EM algorithm for HMMs:

E-step: Given θ(m),

1 forward and backward summations to calculate αt(i) and βt(i);
2 calculate ut(j) and wt(i , j) by (2) and (3);

3 D
(m)
jk =

∑
t:Yt=k ut(j) and C

(m)
ij =

∑n
t=2 wt(i , j).

M-step:

bj(k)
(m+1) =

D
(m)
jk

D
(m)
j•

, a
(m+1)
ij =

C
(m)
ij

C
(m)
i•

.

Iterate between the two steps until convergence. Monitor observed
data likelihood (should be non-decreasing)

P(Y | θ(m)) =
∑
i

αn(i).
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The Viterbi algorithm

Predict hidden states Z given model parameter θ = θ̂.

MAP (maximum a posteriori):
ẑ = argmaxz P(Z = z | Y ) = argmaxz P(Y ,Z = z).

Derive recursion to maximize P(Y , z1, . . . , zn), using the
Markovian structure of Z | Y .

δt+1(j) := max
z1,...,zt

P(Y1:(t+1), z1:t ,Zt+1 = j)

= max
1≤i≤N

max
z1,...,zt−1

P(Y1:t , z1:(t−1),Zt = i)︸ ︷︷ ︸
δt(i)

aijbj(Yt+1)

= max
1≤i≤N

{δt(i)aij} bj(Yt+1).

By definition,

max
z1,...,zn

P(Y , z1, . . . , zn) = max
1≤i≤N

δn(i).
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The Viterbi algorithm

The Viterbi algorithm (dynamic programming):

Initialization: δ1(i) = πibi (Y1) for i = 1, . . . ,N.

Forward maximization: For t = 1, . . . , n − 1

δt+1(j) = max
1≤i≤N

{δt(i)aij} bj(Yt+1), j = 1, . . . ,N,

γt+1(j) = argmax
1≤i≤N

{δt(i)aij} .

Backward tracking to find ẑ : Put ẑn = argmaxi δn(i);
for t = n − 1, . . . , 1, ẑt = γt+1(ẑt+1).
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Extensions

Continuous observations: Yt = yt ∈ R.
Emission density: Yt | Zt = j ∼ f (yt ; γj).

Forward summation: αt+1(j) = f (yt+1; γj)
∑N

i=1 αt(i)aij ;
similarly, replace bj(Yt+1) by f (yt+1; γj) in backward
summation.

M-step, estimate of γj depends on the parametric family f .
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Extensions

Kalman filtering:

y1

z1 · · · · · ·

yt yt+1

zt zt+1 · · · · · ·

Continuous observations yt and continuous states zt .

Model:

zt+1 = azt + ϵt , ϵt ∼iid N (0, τ2)

yt = zt + ηt , ηt ∼iid N (0, ξ2).

Goal: Online prediction p(zt | y1, . . . , yt).
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Extensions

Two lemmas about normal distributions:

Lemma 1

If X ∼ N (µ1, σ
2
1) and Y | X ∼ N (aX , σ2

2), then

Y ∼ N (aµ1, a
2σ2

1 + σ2
2).

Lemma 2

If X ∼ N (µ1, σ
2
1) and Y | X ∼ N (X , σ2

2), then X | Y ∼ N (µ, σ2),
where

µ =
σ2
1Y + σ2

2µ1

σ2
1 + σ2

2

,

1/σ2 = 1/σ2
1 + 1/σ2

2.
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Extensions

Induction:

1 For t = 1, z1 | y1 ∼ N (y1, ξ
2) := N (µ1, σ

2
1).

2 Assume
zt | y1, . . . , yt ∼ N (µt , σ

2
t ), (4)

find [zt+1 | y1, . . . , yt+1].

Since zt+1 | zt ∼ N (azt , τ
2) by transition model, with (4),

zt+1 | y1, . . . , yt ∼ N (aµt , τ
2 + a2σ2

t ),

by Lemma 1.

From emission model, yt+1 | zt+1 ∼ N (zt+1, ξ
2).
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Extensions

Thus,

p(zt+1 | y1, . . . , yt , yt+1) ∝ p(zt+1 | y1, . . . , yt)p(yt+1 | zt+1)

= ϕ(zt+1; aµt , τ
2 + a2σ2

t )ϕ(yt+1; zt+1, ξ
2)

= ϕ(zt+1; aµt , τ
2 + a2σ2

t )ϕ(zt+1; yt+1, ξ
2)

Applying Lemma 2,

∴ zt+1 | y1, . . . , yt , yt+1 ∼ N (µt+1, σ
2
t+1),

µt+1 =
w

(t)
1 aµt + w2yt+1

w
(t)
1 + w2

,

1/σ2
t+1 = w

(t)
1 + w2,

w
(t)
1 =

(
τ2 + a2σ2

t

)−1
, w2 = 1/ξ2.
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