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In a celebrated result Linial et al. [3] gave an algorithm which learns size-s depth-d AND/OR/NOT circuits in
d
time n(log s) from uniformly distributed random examples
on the Boolean cube {0, 1}n . Kharitonov [2] subsequently
gave compelling evidence that the Linial et al. algorithm
o(d)
is essentially optimal, by showing that an n(log s) -time
algorithm for learning size-s depth-d circuits under uniform would contradict a plausible cryptographic assumption about the hardness of integer factorization.
We give the first algorithm for learning a more expressive
circuit class than the class AC0 considered by Linial et al.
and Kharitonov. The new algorithm learns constant-depth
AND/OR/NOT circuits augmented with (a limited number
of) majority gates. Our main positive result for these circuits can be stated informally as follows (a precise statement is given in [1]):
Theorem 1 Quasipolynomial (npolylog n ) size constantdepth circuits which contain a polylogarithmic number of
majority gates can be learned under the uniform distribution in quasipolynomial time from random examples only.
As we allow constant depth circuits to contain more and
more majority gates we move toward the circuit complexity
class TC0 which can be viewed as AC0 augmented with a
polynomial number of majority gates. TC0 is a highly expressive class which is not likely to be efficiently learnable.
We establish the following lower bound for learning augmented AC0 circuits which holds under Kharitonov’s plausible cryptographic assumption (a precise statement is given
in [1]):
Theorem 2 Any algorithm that even weakly learns depth5 circuits containing more than a polylogarithmic number
of majority gates under the uniform distribution must run
in more than quasipolynomial time, even if membership
queries are allowed.
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Thus our new algorithm is essentially optimal with respect to both running time and expressiveness (number of
majority gates) of the circuits being learned.
Our new algorithm uses hypothesis boosting, a well
known technique in computational learning theory which
can be used to transform a weak learning algorithm (which
constructs an approximator to the function being learned
which has error only slightly less than 1/2) into a strong
learning algorithm which generates a high accuracy hypothesis. We show that for any function f in our class and any
near-uniform distribution D, there exists a low-order parity
function which is weakly correlated with f. Since this parity
depends on only a small number of variables it can be found
using exhaustive search. We show that the size bound for
this parity – and hence the running time of our algorithm –
depends directly on the extent of D’s deviation from the uniform distribution. Fortunately, there exist known boosting
algorithms with the property that if the initial distribution is
uniform, then all distributions constructed by the boosting
algorithm will remain close to uniform. Using such a boosting algorithm we obtain from our weak learning algorithm a
strong learning algorithm which generates a highly accurate
approximator to the unknown target function.
We also provide evidence that other augmentations of
AC0 using expressive gates such as PARITY, MODp and arbitrary threshold gates may be difficult to learn using known
techniques.
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