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In [1, 4, 5], under a suitable condition, it is shown that asymptotic code-
lengths of sequences generated by a parametric model Pθ is given as follows;

− log Pθ̂ +
k

2
log n + o(log n), Pθ − a.e., (1)

where θ̂ is the maximum-likelihood estimator, k is the dimension of parameter
space, n is the sample size, and the base of log is 2.

In view of the proof of Rissanen [4], the second term of (1) is the description
of the maximum likelihood estimator θ̂ with (log n)/2 bit accuracy, therefore, it
is natural to study a universal coding obtained by compressing the description of
the maximum likelihood estimator. In fact, Vovk [6] studied a universal coding
for Bernoulli model with code-length

inf
θ
− log Pθ + K(θ|n), (2)

where θ ranges over computable real, and K is the prefix Kolmogorov complexity
[2, 3].

In order to study the code (2), we study asymptotic expansion of Bayes
mixture

∫
Pθdm(θ) with two kind of priors. One is a prior that is singular with

respect to Lebesgue measure, and another is a priori probability on Euclidean
space.

By considering prior of Bayes mixture to be a priori probability on Euclidean
space, we extend the universal coding (2) to multidimensional parameter space,
and show a universal coding whose code-length is

− log Pθ̂+
k∑

j=1

K(description of θj up-to (log n)/2 bit |n)+O(log log n), Pθ−a.e.,

(3)
where θ = (θ1, · · · , θk). On the other hand Rissanen [5] showed that the code-
length (1) is optimal up to O(log n) term except for parameters in a set of
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Lebesgue measure 0. Therefore we characterize the parameter set such that∑k
j=1 K(description of θj up-to (log n)/2 bit |n)

k
2 log n

< 1

(n → ∞) with Hausdorff dimension. Consequently we show a universal coding
having the following property: For each real numbers hj , 0 ≤ hj ≤ 1, 1 ≤ j ≤ k,
there are subsets of parameter space, H1 × · · · ×Hk such that if θj ∈ Hj , the
code-length is

− log Pθ̂ +
(
∑k

j=1 dim Hj)
2

log n + o(log n), Pθ − a.e., (4)

where dim H is the Hausdorff dimension of H. Also, we show that the code-
length optimal up-to O(log n) term when the parameter space is unit interval.

Since the code-length of the universal coding (2) and (3) involves Kolmogorov
complexity, we can not construct such the code effectively. To avoid this dif-
ficulty, we approximate Kolmogorov complexity in (2) and (3), by considering
Bayes mixture with singular prior with respect to Lebesgue measure. Then we
show a universal coding, which is constructive, such that the code-length is

− log Pθ̂ +
h

2
log n + o(log n), Pθ − a.e., (5)

where h = −p log p− (1−p) log(1−p), and p is the relative frequency of 1 in the
dyadic expansion of θ̂. Note that h < 1 ⇔ p 6= 1/2, i.e. the relative frequency of
1 in the dyadic expansion of θ̂ is biased then code-length (5) is asymptotically
less than that of MDL coding. Also we show that the code (5) is optimal up-to
O(log n) term for almost every θ with respect to the prior.

Finally we remark that the code-lengths shown in this paper give a non-
trivial upper and lower bound of Kolmogorov complexity when the source is not
a computable measure.
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