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ABSTRACT. In the following we use Adaptive Least Squares to perform one-step-
ahead prediction for daily max one-hour average level of smog (ozone, or O3) in
Lancaster, California (Site 2031). We initially consider a 4-lag model, then turn to
a leaner 2-lag model. We also briefly consider an ARMA treatment. We find that
among these models the small state space model boasts the smallest prediction

error.

1 Introduction

The reader is directed to two other documents, both of which may be downloaded from the web.
The first, titled A Brief Heuristic Primer on Kalman Filtering provides introductory concepts that
underpin the work-ups that follow. The second document provides R source code to reproduce the

analysis presented below. Directions to obtain these are at the end of this paper.

Our data are provided by the California Air Resources Board, Air Quality Data Branch. Our
response of interest is local concentration of ozone in air in parts per million (ppm) as reported
from a monitoring station in Lancaster, California. Specifically, our variable is the average level of
concentration over the worst one-hour period over the course of each day. We indexed our data
fixing Day 1 to the date of the first recorded datum, 01-Jan-1980; our last datum falls on 15-Feb-
1990 — Day 3642. We are missing entries for 57 days. The data histogram, Fig. 1, reveals no
surprises. Our variable is never negative, rarely zero, but commonly very near zero. Much in the

Poisson spirit, we see occasional realizations of values well above the median.

Figure 2 shows Ozone as a function of time (top), where we see a strong seasonal component.
The power spectrum (bottom) jibes nicely with our expectation. Power peaks sharply at the low

frequency corresponding to a period of 364.5 days.
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Figure 1: Univariate view

In preparation for autoregression we filled in missing values with the global mean, and appropriately

re-indexed.

2 State Space Modeling

Our initial model is

Ur = Po + P sin(27t/365.4) + (2 cos(27mt/365.4) + B3yi—1 + Baye—2 + Bsye—3 + Beyr—a (1)

We understand that if it appears the autoregressive component for our largest lag, k = 4, is strong,
we may add more lag terms. If, on the other hand, we find near zero lag coefficient(s), (e.g., 53 ~ 0

or B4 =~ 0), we can lean the model by discarding these terms or regularizing.

When we perform a Fourier Transform, or when we view a spectrogram, we must remove ourselves
from the familiar time domain and move into the frequency domain. The State Space formulation
of a sequence requires a spiritually similar transformation. We are no longer interested in the
evolution of our familiar response, y;, as a function of regressors. Rather, we are interested in the
evolution of the parameter, 3 = (1, 02, ..., 34), over time. That is, we regard y; and x; as fixed, and
the parameter that maps one to the other motile over its supporting space, subject to disturbances.

Since the parameter is ever-changing, it inherits the time subscript, 3,.
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Figure 2: Daily 1Hr Max Ozone versus Days since 01-Jan-1980 & power spectrum




We have that
Yt = Xt + €4
with the LS solution written as
LXXt_l Loy, == E[ngt]il E[XtTyt]
=By
So, for our example,

1 S(t) () Yt—1 Yt—2 Yt—3 Yt—a )
Sty S SHCE) Sty SHyi—2 SEyp—s S(t)yi-a

t)?  Ctyr Cl)y—2 Ct)yrs C(t)yi-a
y?_1 Yt—1Yt—2 Yt—1Yt-3 Yt—1Yt—4
Yt—2Yt—1 yt2—2 Yt—2Yt—3 Yt—2Yt—4
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Yi-3  Yi—3S(t) yi—3C

L\ Yima yaS(t) y—aC(t)  YaYe1 Yi—aVi—2 Ye-aYi-3  Yis

where, to tighten up notation, we say S(t) = sin(27t/365.4) and C(t) = cos(27t/365.4), and we

have

Yt
yeS(t)
yC(1)
lxyt =E YtYt—1
YtYt—2
YtYt—3
YtYt—a

Recall that the state space system is defined:
By =FiBi 1 +e&
ye = XiB + vy
We set F =1, and we have X; be our row vector (a record of data at t), and we get

By =PBi_1+e&

Y = X8y + vy

(10)



The Kalman solution, as detailed in my other paper, comes by way of

—1 —~

Bt—l = Lxx 1 ey gy (11)
f):ct = I/u;tq + K- (XtTXt - fgctfl) (12)
l;;t = l;;'t—l + K- <X%Fyt - l;;'t—1> (13)

P =P+ qQ (14)

K, =P (P{" +R) - (15)

PP = (1-K,)P!" (16)

3 Estimation

To run our filter, we need five things. First, we need initial estimates of our 2 covariance objects.
That is, we need Lxxg and lxy,. We also have three filter tuning parameters, the prediction error
(squared) at time zero, Py, and two sequences, {Q:}, {R:}. Fortunately for our scenario, and
just about any other like it, the amount of adjustment needed for each element of the covariance
objects is already, in a sense, weighted by their own stochasticity. Hence, we may use a scalar gain,

K, (same thing as a uniform diagonal matrix, K), and furthermore, we can set R = Ry, V¢ and

Q = Qt7Vt'

We calculate Lxxg and lxy, from the first 1000 data points. We then found Fy, R, Q by seeking

values that minimized the square prediction error over the remaining 2698 data.

4 Results

For our larger 4-Lag Model, we found optimal controls to be Py = 1, R = 110,Q = 0.00017. Mean
error over the last 2698 points is 0.02268995 ppm; over the last 365 points, 0.02175534 ppm. We
obtained slightly improved results by discarding lag-3 and lag-4. Optimal controls for this leaner
2-Lag Model were found: Py = 1, R = 67, = 0.00017. Mean error over the last 2698 points is
0.02262347 ppm; over the last 365 points, 0.0217529 ppm. We were able to gain slight improvement
by applying regularization, but details will not be provided here.
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Figure 3: 4-Lag Model. Data (black) with 1-step-ahead Prediction (red)

Figures 3 & 4 show the original sequence with the prediction overlaid in red for the large and small
models respectively. The top panel in each shows the full data, the bottom panel zooms us in to

just the last 100 observations.
Figures 5 & 6 show our parameter estimates as they evolve through our filter over time.

Lastly, we consider an ARIMA analysis. In Figure 7 we revisit our ozone data. In the top panel we
overlay an LS sinusoid of period 365.2 days. The residuals from this fit are shown in the bottom
panel. There the points, shown as dots, reveal patterning. The appearance of a complementary
cyclic pattern suggests that the original sequence contains many same or near-valued entries. The
cause of this is not known. Possibly missing data, prior to our handling, was imputed with a con-
stant, or the ozone sensor was biased. In any event, there’s a strong suggestion of non-stationarity.
Despite, we found the best predictive ARIMA model, looking for minimum mean prediction error
over the last 365 points, was ARIMA(2,0,1). (We restricted our space to only the last 365 data be-
cause the prediction function for an ARIMA fit object runs very slowly in R). The mean prediction
error was found to be 0.02190743 — slightly underperforming the 2-Lag State Space Model. Table

1 summarizes model performance.
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Figure 4: 2-Lag Model. Data (black) with 1-step-ahead Prediction (red)
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Figure 5: 4-Lag Model. Parameter values evolving — adapting — over time




2-Lag Model. Adapting Parameters over time: Average (black), Sine (red), Cosine (blue) ...
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Figure 6: 2-Lag Model. Parameter values evolving — adapting — over time
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Figure 7: Our Ozone data fitted with cyclic component in blue (top). Fitted residuals versus Day
(bottom)



Model error
Lag-4 SS 0.0217553
Lag-2 SS 0.0217529

ARIMA(2,0,1) 0.0219074
ARIMA(2,0,2) 0.0219141
ARIMA(3,0,2) 0.0219103

Table 1: 1-step-ahead prediction performance for various models

5 Companion Documents

R code:

http://www.stat.ucla.edu/ davezes/site2031stateSp.R

Introductory material:

http://www.stat.ucla.edu/"davezes/kalmanPrimer.pdf
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