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Statistical MethodsStatistical Methods

Statistical Computing Statistical Computing 

The birthday example The birthday example The birthday paradox The birthday paradox 
is an important example in probability and is an important example in probability and 
statistics. If we write down the birth date of statistics. If we write down the birth date of 
every student in the class, and find that every student in the class, and find that 
even though there is a 1 in 365 chance that even though there is a 1 in 365 chance that 
any given pair of students have the same any given pair of students have the same 
birthday, the odds are good that there is a birthday, the odds are good that there is a 
match in the class at large.match in the class at large.

Statistical Computing Statistical Computing 

1 1 #include #include <<math.hmath.h>>
2 2 #include #include <<stdio.hstdio.h>>
33
4 4 intint main(){main(){
5 5 double double noMatchnoMatch = 1;= 1;
6 6 double double matchesMematchesMe;;
7 7 intint ct;ct;
8 8 CoutCout << << ””PeoplePeople\\t t MatchesMeMatchesMe\\tt Any matchAny match”” << << endlendl;;
9 9 for for (ct=2; ct<=40; ct ++){(ct=2; ct<=40; ct ++){
10 10 matchesMematchesMe = 1= 1−− pow(364/365., ctpow(364/365., ct−−1);1);
11 11 noMatchnoMatch *= (1 *= (1 −− (ct(ct−−1)/365.);1)/365.);
12 12 coutcout << ct << << ct << ““ ““ << << matchesMematchesMe << << ““ ““ << (1<< (1−−noMatch)<< noMatch)<< endlendl;;
13 13 }}
14 14 return return 0;0;
15 }15 }

Print the odds that other students share my birthday, and that aPrint the odds that other students share my birthday, and that any two students in the room ny two students in the room 
share a birthday.share a birthday.

Statistical Computing Statistical Computing 
The exact probability is easier to calculate by using the The exact probability is easier to calculate by using the 
complementcomplement——the odds that nobody shares a birthday. The the odds that nobody shares a birthday. The 
odds that one person does not share the first personodds that one person does not share the first person’’s s 
birthday is 364/365; the odds that two people both do not birthday is 364/365; the odds that two people both do not 
share the first personshare the first person’’s birthday is (364/365)s birthday is (364/365)22, etc. , etc. 
Thus, the odds that among ctThus, the odds that among ct--1 additional people, none 1 additional people, none 
have the same birthday as the first person is (1 have the same birthday as the first person is (1 −−
(364/365)(364/365)ctct−−11). You can see this calculation on line 10.). You can see this calculation on line 10.

Statistical Computing Statistical Computing 

Here is another example of the Birthday problem:Here is another example of the Birthday problem:
We stores each dayWe stores each day’’s data in a s data in a structstruct. Lines 4. Lines 4––7 7 
define the structure: it will hold one variable define the structure: it will hold one variable 
indicating the probability of somebody matching indicating the probability of somebody matching 
the first personthe first person’’s birthday, and one variable giving s birthday, and one variable giving 
the probability that no two people share a the probability that no two people share a 
birthday.birthday.
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Statistical Computing Statistical Computing 
1 1 #include #include <<math.hmath.h>>
2 2 #include #include <<stdio.hstdio.h>>
33
4 4 typedeftypedef structstruct {{
5 5 double double one match;one match;
6 6 double double none match;none match;
7 }7 } bdaybday structstruct;;
88
9 9 intint uptoupto = 40;= 40;
1010
11 11 intint main(){main(){
12 12 bdaybday structstruct days[upto+1];days[upto+1];
13 13 intint ct;ct;
14 14 days[1].none match = 1;days[1].none match = 1;
15 15 for for (ct=2; ct<=(ct=2; ct<=uptoupto; ct ++){; ct ++){
16 16 days[ct].oneMatchdays[ct].oneMatch = 1= 1−− pow(364/365., ctpow(364/365., ct−−1);1);
17 17 days[ct].noneMatchdays[ct].noneMatch = days[ct= days[ct−−1].noneMatch * (1 1].noneMatch * (1 −− (ct(ct−−1)/365.);1)/365.);
18 18 }}
19 19 coutcout <<<<““PeoplePeople\\t Matches met Matches me\\t Any matcht Any match\\nn”” << << endlendl;;
20 20 for for (ct=2; ct<=(ct=2; ct<=uptoupto; ct ++){; ct ++){
21 21 coutcout << ct << << ct << ““ ““ << << days[ctdays[ct] << ] << ““ ““ << << oneMatchoneMatch << << ““ ““ << 1<< 1−−days[ct].noneMatch <<days[ct].noneMatch <<endlendl;;
22 22 }}
23 23 return return 0;0;
24 }24 }

GSLGSL
#include #include <<gsl/gslgsl/gsl matrix.hmatrix.h>>
#include #include <<stdio.hstdio.h>>
•• intint main(main(voidvoid){){
•• gsl_matrixgsl_matrix_*m = gsl_matrix_alloc(10,10);_*m = gsl_matrix_alloc(10,10);
•• gslgsl vector *v = vector *v = gslgsl vector calloc(10);vector calloc(10);
•• intint i;i;
•• for for (i=0;i< m(i=0;i< m−−>size1; i++){>size1; i++){

gsl_matrix_set(mgsl_matrix_set(m, i, 0, i) ;, i, 0, i) ;
•• }}
•• printf(printf(””HereHere is point (3,0): %is point (3,0): %gg\\nn””, , gsl_matrix_get(mgsl_matrix_get(m, 3,0));, 3,0));
•• gsl_matrix_setgsl_matrix_set row(mrow(m, 3, v);, 3, v);
•• printf(printf(””HereHere is point (3,0) again: %gis point (3,0) again: %g””, , gsl_matrix_get(mgsl_matrix_get(m, 3,0));, 3,0));
•• gsl_matrix_free(mgsl_matrix_free(m););
•• gslgsl vector vector free(vfree(v););

return return 0;0;

http://http://www.gnu.org/software/gsl/manual/html_nodewww.gnu.org/software/gsl/manual/html_node//
http://gnuwin32.sourceforge.net/packages/gsl.htmhttp://gnuwin32.sourceforge.net/packages/gsl.htm

gsl_matrix_Manipulationsgsl_matrix_Manipulations
gsl_matrix_addgsl_matrix_add ((a,ba,b); ); // // aijaij = = aijaij + + bijbij , 8 i, j, 8 i, j
gsl_matrix_subgsl_matrix_sub ((a,ba,b); ); // // aijaij = = aijaij −− bijbij , 8 i, j, 8 i, j
gsl_matrix_mulgsl_matrix_mul elements (elements (a,ba,b); ); // // aijaij = = aijaij ·· bijbij , 8 i, j, 8 i, j
gsl_matrix_divgsl_matrix_div elements (elements (a,ba,b););// // aijaij = = aij/bijaij/bij , 8 i, j, 8 i, j
gslgsl vector add (vector add (a,ba,b); ); // // aiai = = aiai + bi, 8 i+ bi, 8 i
gslgsl vector sub (vector sub (a,ba,b); ); // // aiai = = aiai −− bijbij , 8 i, 8 i
gslgsl vector vector mulmul ((a,ba,b); ); // // aiai = = aiai ·· bi, 8 ibi, 8 i
gslgsl vector div (vector div (a,ba,b); ); // // aiai = = aiai/bi, 8 i/bi, 8 i
gsl_matrix_scalegsl_matrix_scale ((a,xa,x); ); // // aijaij = = aijaij ·· x, 8 i, jx, 8 i, j, , x 2 Rx 2 R
gsl_matrix_add_constantgsl_matrix_add_constant ((a,xa,x); ); // // aijaij = = aijaij + x, 8 i, j+ x, 8 i, j, , x 2 Rx 2 R
gsl_vector_scale_(a,xgsl_vector_scale_(a,x); ); // // aiai = = aiai ·· x, 8 ix, 8 i, , x 2 Rx 2 R
gsl_vector_add_constantgsl_vector_add_constant ((a,xa,x); ); // // aiai = = aiai + x, 8 i+ x, 8 i, , x 2 Rx 2 R

gsl_matrix_Manipulationsgsl_matrix_Manipulations
gsl_matrix_addgsl_matrix_add ((a,ba,b); ); // // aijaij = = aijaij + + bijbij , 8 i, j, 8 i, j
gsl_matrix_subgsl_matrix_sub ((a,ba,b); ); // // aijaij = = aijaij −− bijbij , 8 i, j, 8 i, j
gsl_matrix_mulgsl_matrix_mul elements (elements (a,ba,b); ); // // aijaij = = aijaij ·· bijbij , 8 i, j, 8 i, j
gsl_matrix_divgsl_matrix_div elements (elements (a,ba,b););// // aijaij = = aij/bijaij/bij , 8 i, j, 8 i, j
gslgsl vector add (vector add (a,ba,b); ); // // aiai = = aiai + bi, 8 i+ bi, 8 i
gslgsl vector sub (vector sub (a,ba,b); ); // // aiai = = aiai −− bijbij , 8 i, 8 i
gslgsl vector vector mulmul ((a,ba,b); ); // // aiai = = aiai ·· bi, 8 ibi, 8 i
gslgsl vector div (vector div (a,ba,b); ); // // aiai = = aiai/bi, 8 i/bi, 8 i
gsl_matrix_scalegsl_matrix_scale ((a,xa,x); ); // // aijaij = = aijaij ·· x, 8 i, jx, 8 i, j, , x 2 Rx 2 R
gsl_matrix_add_constantgsl_matrix_add_constant ((a,xa,x); ); // // aijaij = = aijaij + x, 8 i, j+ x, 8 i, j, , x 2 Rx 2 R
gsl_vector_scale_(a,xgsl_vector_scale_(a,x); ); // // aiai = = aiai ·· x, 8 ix, 8 i, , x 2 Rx 2 R
gsl_vector_add_constantgsl_vector_add_constant ((a,xa,x); ); // // aiai = = aiai + x, 8 i+ x, 8 i, , x 2 Rx 2 R

DistributionsDistributions

http://www.socr.ucla.edu/docs/edu/ucla/stat/SOhttp://www.socr.ucla.edu/docs/edu/ucla/stat/SO
CR/core/Distribution.htmlCR/core/Distribution.html

MGFsMGFs and and PGFsPGFs
The The momentmoment--generating functiongenerating function generates the generates the momentsmoments of the of the 
probability distributionprobability distribution. . 
•• http://en.wikipedia.org/wiki/Moment_generating_functionhttp://en.wikipedia.org/wiki/Moment_generating_function

Provided the momentProvided the moment--generating function exists in an interval around generating function exists in an interval around 
tt=0, the =0, the nnth moment is given byth moment is given by

For For IndependentIndependent (not necessarily IID) variables, (not necessarily IID) variables, XXii,    ,    
the MGF (the MGF (SSnn) is:) is:
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MGFsMGFs and and PGFsPGFs
ProbabilityProbability--generating functiongenerating function of a of a discrete random variablediscrete random variable is a is a 
power seriespower series representation (the representation (the generating functiongenerating function) of the ) of the probability probability 
mass functionmass function of the random variable. Probabilityof the random variable. Probability--generating functions generating functions 
are often employed for their succinct description of the sequencare often employed for their succinct description of the sequence of e of 
probabilities probabilities Pr(Pr(XX = = ii), and to make available the well), and to make available the well--developed theory developed theory 
of power series with nonof power series with non--negative coefficients. negative coefficients. 

If If NN is a discrete random variable taking values on some subset of tis a discrete random variable taking values on some subset of the he 
nonnon--negative negative integersintegers, {, {0,1, ...0,1, ...}, then the }, then the probabilityprobability--generating generating 
functionfunction of of NN is defined as:is defined as:

•• where where ff is the probability mass function of is the probability mass function of NN..
The probability mass function of The probability mass function of XX is recovered by differentiating is recovered by differentiating GG

http://en.wikipedia.org/wiki/Probabilityhttp://en.wikipedia.org/wiki/Probability--generating_functiongenerating_function

MGFsMGFs and and PGFsPGFs
MGF and PGF are important because:MGF and PGF are important because:
•• If If XX11, , XX22, ..., , ..., XXnn is a sequence of independent (and not is a sequence of independent (and not 

necessarily IID) variables and necessarily IID) variables and 
we may compute the distribution of we may compute the distribution of SSnn

•• Completely describing the (nice) distributions?Completely describing the (nice) distributions?
There are distributions for which knowing all moments does There are distributions for which knowing all moments does 
not determine the distribution (e.g., Lognot determine the distribution (e.g., Log--Normal). Normal). 
For distributions with finite range, the moments always For distributions with finite range, the moments always 
uniquely determine the distributions. uniquely determine the distributions. 
For infiniteFor infinite--range distributions, the moments uniquely range distributions, the moments uniquely 
determine the distribution if these series Diverge:determine the distribution if these series Diverge:
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SimulationSimulation
How do we sample (simulate) data from an arbitrary How do we sample (simulate) data from an arbitrary 
distribution?distribution?
If If X~fX~f and and F(xF(x) is invertible, then Y=F) is invertible, then Y=F--11(U) ~ f, where (U) ~ f, where 
U~Uniform(0,1)U~Uniform(0,1)
OtherwiseOtherwise

/* /* This method computes a default simulation of a value from the diThis method computes a default simulation of a value from the distributionstribution */*/
publicpublic doubledouble simulatesimulate() {  () {  returnreturn getQuantile(Math.getQuantile(Math.randomrandom());   }());   }
publicpublic doubledouble getQuantilegetQuantile((doubledouble p) {p) {

doubledouble sum = 0, x, w;sum = 0, x, w;
intint n = n = domain.getSizedomain.getSize(), i = 0;(), i = 0;

x = x = domain.getValue(idomain.getValue(i);    sum = );    sum = getDensity(xgetDensity(x) * w;) * w;
whilewhile ((sum < p) & (i < n)) {   i++;  x = ((sum < p) & (i < n)) {   i++;  x = domain.getValue(idomain.getValue(i););

sum = sum = sumsum + + getDensity(xgetDensity(x) * w; }) * w; }
returnreturn x;    x;    

}}
/* This method return the midpoint of the interval corresponding/* This method return the midpoint of the interval corresponding to a given index */to a given index */
publicpublic doubledouble getValuegetValue ((intint i) {  i) {  returnreturn lowerValuelowerValue + i * width;    }+ i * width;    }

Monte Carlo IntegrationMonte Carlo Integration
MonteCarlo_Integration.pdfMonteCarlo_Integration.pdf (slides 12(slides 12--14)14)
Rejection SamplingRejection Sampling


