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Preface to the Fourth Edition

The fourth edition follows the general layout of the third edition but includes some
modernization of topics as well as the coverage of additional topics. The preface to
the third edition—which follows—still applies, so we concentrate on the differences
between the two editions here. As in the third edition, R code for each example
is given in the text, even if the code is excruciatingly long. Most of the examples
with seemingly endless coding are in the latter chapters. The R package for the text,
astsa, is still supported and details may be found in Appendix R. A number of data
sets have been updated. For example, the global temperature deviation series have
been updated to 2015 and are included in the newest version of the package; the
corresponding examples and problems have been updated accordingly.

Chapter 1 of this edition is similar to the previous edition, but we have included
the definition of trend stationarity and the the concept of prewhitening when using
cross-correlation. The New York Stock Exchange data set, which focused on an old
financial crisis, was replaced with a more current series of the Dow Jones Indus-
trial Average, which focuses on a newer financial crisis. In Chapter 2, we rewrote
some of the regression review, changed the smoothing examples from the mortality
data example to the Southern Oscillation Index and finding El Nifio. We also ex-
panded the discussion of lagged regression to Chapter 3 to include the possibility of
autocorrelated errors.

In Chapter 3, we removed normality from definition of ARMA models; while the
assumption is not necessary for the definition, it is essential for inference and pre-
diction. We added a section on regression with ARMA errors and the corresponding
problems; this section was previously in Chapter 5. Some of the examples have been
modified and we added some examples in the seasonal ARMA section.

In Chapter 4, we improved and added some examples. The idea of modulated
series is discussed using the classic star magnitude data set. We moved some of the
filtering section forward for easier access to information when needed. We removed
the reliance on spec.pgram (from the stats package) to mvspec (from the astsa
package) so we can avoid having to spend pages explaining the quirks of spec.pgram,
which tended to take over the narrative. The section on wavelets was removed because
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there are so many accessible texts available. The spectral representation theorems are
discussed in a little more detail using examples based on simple harmonic processes.

The general layout of Chapter 5 and of Chapter 7 is the same, although we have
revised some of the examples. As previously mentioned, we moved regression with
ARMA errors to Chapter 3.

Chapter 6 sees the biggest change in this edition. We have added a section on
smoothing splines, and a section on hidden Markov models and switching autore-
gressions. The Bayesian section is completely rewritten and is on linear Gaussian
state space models only. The nonlinear material in the previous edition is removed
because it was old, and the newer material is in Douc, Moulines, and Stoffer (2014).
Many of the examples have been rewritten to make the chapter more accessible. Our
goal was to be able to have a course on state space models based primarily on the
material in Chapter 6.

The Appendices are similar, with some minor changes to Appendix A and Ap-
pendix B. We added material to Appendix C, including a discussion of Riemann—
Stieltjes and stochastic integration, a proof of the fact that the spectra of autoregressive
processes are dense in the space of spectral densities, and a proof of the fact that spec-
tra are approximately the eigenvalues of the covariance matrix of a stationary process.

We tweaked, rewrote, improved, or revised some of the exercises, but the overall
ordering and coverage is roughly the same. And, of course, we moved regression with
ARMA errors problems to Chapter 3 and removed the Chapter 4 wavelet problems.
The exercises for Chapter 6 have been updated accordingly to reflect the new and
improved version of the chapter.

Davis, CA Robert H. Shumway
Pittsburgh, PA David S. Stoffer
September 2016



Preface to the Third Edition

The goals of this book are to develop an appreciation for the richness and versatility
of modern time series analysis as a tool for analyzing data, and still maintain a
commitment to theoretical integrity, as exemplified by the seminal works of Brillinger
(1975) and Hannan (1970) and the texts by Brockwell and Davis (1991) and Fuller
(1995). The advent of inexpensive powerful computing has provided both real data
and new software that can take one considerably beyond the fitting of simple time
domain models, such as have been elegantly described in the landmark work of Box
and Jenkins (1970). This book is designed to be useful as a text for courses in time
series on several different levels and as a reference work for practitioners facing the
analysis of time-correlated data in the physical, biological, and social sciences.

We have used earlier versions of the text at both the undergraduate and gradu-
ate levels over the past decade. Our experience is that an undergraduate course can
be accessible to students with a background in regression analysis and may include
Section 1.1-Section 1.5, Section 2.1-Section 2.3, the results and numerical parts of
Section 3.1-Section 3.9, and briefly the results and numerical parts of Section 4.1—
Section 4.4. At the advanced undergraduate or master’s level, where the students
have some mathematical statistics background, more detailed coverage of the same
sections, with the inclusion of extra topics from Chapter 5 or Chapter 6 can be used
as a one-semester course. Often, the extra topics are chosen by the students according
to their interests. Finally, a two-semester upper-level graduate course for mathemat-
ics, statistics, and engineering graduate students can be crafted by adding selected
theoretical appendices. For the upper-level graduate course, we should mention that
we are striving for a broader but less rigorous level of coverage than that which is
attained by Brockwell and Davis (1991), the classic entry at this level.

The major difference between this third edition of the text and the second edition
is that we provide R code for almost all of the numerical examples. An R package
called astsa is provided for use with the text; see Section R.2 for details. R code
is provided simply to enhance the exposition by making the numerical examples
reproducible.

We have tried, where possible, to keep the problem sets in order so that an
instructor may have an easy time moving from the second edition to the third edition.
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However, some of the old problems have been revised and there are some new
problems. Also, some of the data sets have been updated. We added one section
in Chapter 5 on unit roots and enhanced some of the presentations throughout the
text. The exposition on state-space modeling, ARMAX models, and (multivariate)
regression with autocorrelated errors in Chapter 6 have been expanded. In this edition,
we use standard R functions as much as possible, but we use our own scripts (included
in astsa) when we feel it is necessary to avoid problems with a particular R function;
these problems are discussed in detail on the website for the text under R Issues.

We thank John Kimmel, Executive Editor, Springer Statistics, for his guidance
in the preparation and production of this edition of the text. We are grateful to Don
Percival, University of Washington, for numerous suggestions that led to substantial
improvement to the presentation in the second edition, and consequently in this
edition. We thank Doug Wiens, University of Alberta, for help with some of the R
code in Chapter 4 and Chapter 7, and for his many suggestions for improvement of
the exposition. We are grateful for the continued help and advice of Pierre Duchesne,
University of Montreal, and Alexander Aue, University of California, Davis. We also
thank the many students and other readers who took the time to mention typographical
errors and other corrections to the first and second editions. Finally, work on the this
edition was supported by the National Science Foundation while one of us (D.S.S.)
was working at the Foundation under the Intergovernmental Personnel Act.

Davis, CA Robert H. Shumway
Pittsburgh, PA David S. Stoffer
September 2010
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Chapter 1

Characteristics of Time Series

The analysis of experimental data that have been observed at different points in time
leads to new and unique problems in statistical modeling and inference. The obvi-
ous correlation introduced by the sampling of adjacent points in time can severely
restrict the applicability of the many conventional statistical methods traditionally
dependent on the assumption that these adjacent observations are independent and
identically distributed. The systematic approach by which one goes about answer-
ing the mathematical and statistical questions posed by these time correlations is
commonly referred to as time series analysis.

The impact of time series analysis on scientific applications can be partially doc-
umented by producing an abbreviated listing of the diverse fields in which important
time series problems may arise. For example, many familiar time series occur in the
field of economics, where we are continually exposed to daily stock market quota-
tions or monthly unemployment figures. Social scientists follow population series,
such as birthrates or school enrollments. An epidemiologist might be interested in
the number of influenza cases observed over some time period. In medicine, blood
pressure measurements traced over time could be useful for evaluating drugs used
in treating hypertension. Functional magnetic resonance imaging of brain-wave time
series patterns might be used to study how the brain reacts to certain stimuli under
various experimental conditions.

In our view, the first step in any time series investigation always involves careful
examination of the recorded data plotted over time. This scrutiny often suggests
the method of analysis as well as statistics that will be of use in summarizing the
information in the data. Before looking more closely at the particular statistical
methods, it is appropriate to mention that two separate, but not necessarily mutually
exclusive, approaches to time series analysis exist, commonly identified as the time
domain approach and the frequency domain approach. The time domain approach
views the investigation of lagged relationships as most important (e.g., how does
what happened today affect what will happen tomorrow), whereas the frequency
domain approach views the investigation of cycles as most important (e.g., what is
the economic cycle through periods of expansion and recession). We will explore
both types of approaches in the following sections.
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Fig. 1.1. Johnson & Johnson quarterly earnings per share, 84 quarters, 1960-1 to 1980-1V.

1.1 The Nature of Time Series Data

Some of the problems and questions of interest to the prospective time series analyst
can best be exposed by considering real experimental data taken from different subject
areas. The following cases illustrate some of the common kinds of experimental time
series data as well as some of the statistical questions that might be asked about such
data.

Example 1.1 Johnson & Johnson Quarterly Earnings
Figure 1.1 shows quarterly earnings per share for the U.S. company Johnson &
Johnson, furnished by Professor Paul Griffin (personal communication) of the
Graduate School of Management, University of California, Davis. There are 84
quarters (21 years) measured from the first quarter of 1960 to the last quarter of
1980. Modeling such series begins by observing the primary patterns in the time

Methods for analyzing data such as these are explored in Chapter 2 and Chapter 6.
To plot the data using the R statistical package, type the following:'!

Example 1.2 Global Warming

In particular, the data are deviations, measured in degrees centigrade,
from the 1951-1980 average, and are an update of Hansen et al. (2006). We note an
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Fig. 1.2. Yearly average global temperature deviations (1880-2015) in degrees centigrade.

speech
1000 2000 3000 4000

|
—

0
|

| | | | | |
0 200 400 600 800 1000
Time
Fig. 1.3. Speech recording of the syllable aaa - - - hhh sampled at 10,000 points per second
with n = 1020 points.

Again, the question of
trend is of more interest than particular periodicities. The R code for this example
is similar to the code in Example 1.1:

plot(globtemp, type="o0", ylab="Global Temperature Deviations")

Example 1.3 Speech Data

and we note the repetitive nature of the signal and the
ties. One current problem of great interest is computer
recognition of speech, which would require converting this particular signal into
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Fig. 1.4. The daily returns of the Dow Jones Industrial Average (DJIA) from April 20, 2006 to
April 20, 2016.

_The separation between the packets is known as the

pitch period and represents the response of the vocal tract filter to a periodic
sequence of pulses stimulated by the opening and closing of the glottis. In R, you
can reproduce Figure 1.3 using plot(speech).

Example 1.4 Dow Jones Industrial Average

The data shown in Figure 1.4 are typical of return data. The mean of the series
appears to be stable with an average return of approximate ero, howeve

The data were obtained using the Technical Trading Rules
(TTR) package to download the data from Yahoo™ and then plot it. We then used
the fact that if x; is the actual value of the DJIA and r; = (x; —x;_1)/x;— is the return,

then 1 + 7, = x,/x,—1 and log(1 + r;) = log(x;/x;—1) = log(x;) — log(x;_1) ~ r;.!?
The data set is also available in astsa, but xts must be loaded.
# library(TTR)
# djia = getYahooData("ADJI", start=20060420, end=20160420, freq="daily")
library(xts)
djiar = diff(log(djia$Close))[-1] # approximate returns
plot(djiar, main="DJIA Returns", type="n")
lines(djiar)
2 3
1290g(1+p) =p - pT + pT — -+ for -1 < p < 1. If p is near zero, the higher-order terms in the

expansion are negligible.
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Fig. 1.5. Monthly SOI and Recruitment (estimated new fish), 1950-1987.

Example 1.5 El Nifio and Fish Population

(personal communica-
tion). Both series are for a period of 453 months ranging over the years 1950-1987.

The two series are also related; it is easy to imagine the fish population is
dependent on the ocean temperature. This possibility suggests trying some version
of regression analysis as a procedure for relating the two series. Transfer function
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Fig. 1.6. fMRI data from various locations in the cortex, thalamus, and cerebellum; n = 128
points, one observation taken every 2 seconds.

modeling, as considered in Chapter 5, can also be applied in this case. The following
R code will reproduce Figure 1.5:

par(mfrow = c(2,1)) # set up the graphics
plot(soi, ylab="", xlab="", main="Southern Oscillation Index")
plot(rec, ylab="", xlab="", main="Recruitment")

Example 1.6 fMRI Imaging
A fundamental problem in classical statistics occurs when we are given a collection
of independent series or vectors of series, generated under varying experimental




1.1 The Nature of Time Series Data 7

Earthquake
<
h
(aV]
pe
Te)
g e
w o
<
o‘ —
[
T T T T T
0 500 1000 1500 2000
Explosion
<
h
(aV]
N
o
X O
L
<
OI‘ —

T T T T T
0 500 1000 1500 2000
Time

Fig. 1.7. Arrival phases from an earthquake (top) and explosion (bottom) at 40 points per
second.

Analysis of variance techniques accomplish this in
classical statistics, and we show in Chapter 7 how these classical techniques extend
to the time series case, leading to a spectral analysis of variance. The following R
commands can be used to plot the data:
par (mfrow=c(2,1))
ts.plot(fmril[,2:5], col=1:4, ylab="BOLD", main="Cortex")
ts.plot(fmril[,6:9], col=1:4, ylab="BOLD", main="Thalamus & Cerebellum")

Example 1.7 Earthquakes and Explosions
As a final example, the series in Figure 1.7 represent two phases or arrivals along
the surface, denoted by P ...,1024)and S 1025, .. .,2048), at a seismic




We
can again think about spectral analysis of variance for testing the equality of the
periodic components of earthquakes and explosions. We would also like to be able
to classify future P and S components from events of unknown origin, leading to
the time series discriminant analysis developed in Chapter 7.

To plot the data as in this example, use the following commands in R:

par (mfrow=c(2,1))
plot(EQ5, main="Earthquake")
plot (EXP6, main="Explosion")

1.2 Time Series Statistical Models

The primary objective of time series analysis is to develop mathematical models that
provide plausible descriptions for sample data, like that encountered in the previous
section. In order to provide a statistical setting for describing the character of data
that seemingly fluctuate in a random fashion over time, we assume a time series can
be defined as a collection of random variables indexed according to the order they are
obtained in time. For example, we may consider a time series as a sequence of random
variables, xi, x2, X3, ... , where the random variable x; denotes the value taken by
the series at the first time point, the variable x, denotes the value for the second

Because it will be clear from the context
of our discussions, we use the term time series whether we are referring generically to
the process or to a particular realization and make no notational distinction between
the two concepts.

It is conventional to display a sample time series graphically by plotting the values
of the random variables on the vertical axis, or ordinate, with the time scale as the
abscissa. It is usually convenient to connect the values at adjacent time periods to
reconstruct visually some original hypothetical continuous time series that might
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e have all seen wheels in movies appear to be turning
backwards because of the insufficient number of frames sampled by the camera. This

phenomenon leads to a distortion called aliasing (see Section 4.1).

his model expresses a
realistic-looking time
series. To begin to develop an approach to using collections of random variables to
model time series, consider Example 1.8.

Example 1.8 White Noise (3 flavors)

ection of
The time series generated from
uncorrelated variables is used as a model for noise in engineering applications,

white e, W W are
ndom variables, with mean 0 and variance o,; or more suc-

independent normal ra

The plot tends to show visually a mixture of many different kinds of
oscillations in the white noise series.

If the stochastic behavior of all time series could be explained in terms of the
white noise model, classical statistical methods would suffice. Two ways of intro-
ducing serial correlation and more smoothness into time series models are given in
Example 1.9 and Example 1.10.

Example 1.9 Moving Averages and Filterin
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Fig. 1.8. Gaussian white noise series (top) and three-point moving average of the Gaussian
white noise series (bottom).

oscillations are more apparent and some of the faster oscillations are taken out. We

begin to notice a similarity to the SOI in Figure 1.5, or perhaps, to some of the
fMRI series in Figure 1.6.

A linear combination of values in a time series such as in (1.1) is referred to,
generically, as a filtered series; hence the command filter in the following code
for Figure 1.8.

w = rnorm(500,0,1) # 500 N(0,1) variates

par (mfrow=c(2,1))
plot.ts(w, main="white noise")
plot.ts(v, ylim=c(-3,3), main="moving average')

The speech series in Figure 1.3 and the Recruitment series in Figure 1.5, as
well as some of the MRI series in Figure 1.6, differ from the moving average series
because one particular kind of oscillatory behavior seems to predominate, producing
a sinusoidal type of behavior. A number of methods exist for generating series with
this quasi-periodic behavior; we illustrate a popular one based on the autoregressive
model considered in Chapter 3.
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Fig. 1.9. Autoregressive series generated from model (1.2).

Example 1.10 Autoregressions

he autoregressive model above and its generalizations
can be used as an underlying model for many observed series and will be studied
in detail in Chapter 3.

As in the previous example, the data are obtained by a filter of white noise.
The function filter uses zeros for the initial values. In this case, x; = w;, and
Xy = X1 + w2 = wy + w», and so on, so that the values do not satisfy (1.2). An easy
fix is to run the filter for longer than needed and remove the initial values.

w = rnorm(550,0,1) # 50 extra to avoid startup problems
x = filter(w, filter=c(1,-.9), method="recursive")[-(1:50)] # remove first 50
plot.ts(x, main="autoregression")

Example 1.11 Random Walk with Drift

A model for analyzing trend such as seen in the global temperature data in Figure 1.2,
is *
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random walk
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Fig. 1.10. Random walk, o, = 1, with drift 6 = .2 (upper jagged line), without drift, 6 = 0
(lower jagged line), and straight (dashed) lines with slope 6.

RIS > v, (14

=1

.. .; either use induction, or plug (1.4) into (1.3) to verify this statement.

For comparison, we also superimposed the straight line .27 on
the graph. To reproduce Figure 1.10 in R use the following code (notice the use of
multiple commands per line using a semicolon).
set.seed(154) ~ # so you can reproduce the results

w = rnorm(200); x = cumsum(w) # two commands in one line

wd = w +.2; xd = cumsum(wd)

plot.ts(xd, ylim=c(-5,55), main="random walk", ylab='")

lines(x, col=4); abline(h=0, col=4, 1lty=2); abline(a=0, b=.2, 1lty=2)

Example 1.12 Signal in Noise
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Fig. 1.11. Cosine wave with period 50 points (top panel) compared with the cosine wave
contaminated with additive white Gaussian noise, o, = 1 (middle panel) and o, = 5 (bottom
panel); see (1.5).

Note that the signal is easily discernible
in the middle panel of Figure 1.11, whereas the signal is obscured in the bottom
panel. Typically, we will not observe the signal but the signal obscured by noise.

To reproduce Figure 1.11 in R, use the following commands:
cs = 2*¥cos(2*%pi*1:500/50 + .6%pi); w = rnorm(500,0,1)
par (mfrow=c(3,1), mar=c(3,2,2,1), cex.main=1.5)
plot.ts(cs, main=expression(2*cos(2*pi*t/50+.6%pi)))
plot.ts(cs+w, main=expression(2*cos(2*pi*t/50+.6%pi) + N(0,1)))
plot.ts(cs+5*w, main=expression(2*cos(2*pi*t/50+.6%pi) + N(0,25)))
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In Chapter 4, we will study the use of spectral analysis as a possible technique

for detecting regular or periodic signals, such as the one described in Example 1.12.

In general, we would emphasize the importance of simple additive models such as
given above in the form

X; = 8 + Vs, (1.7)

where s; denotes some unknown signal and v; denotes a time series that may be white
or correlated over time. The problems of detecting a signal and then in estimating or
extracting the waveform of s; are of great interest in many areas of engineering and
the physical and biological sciences. In economics, the underlying signal may be a
trend or it may be a seasonal component of a series. Models such as (1.7), where the
signal has an autoregressive structure, form the motivation for the state-space model
of Chapter 6.

In the above examples, we have tried to motivate the use of various combinations
of random variables emulating real time series data. Smoothness characteristics of
observed time series were introduced by combining the random variables in vari-
ous ways. Averaging independent random variables over adjacent time points, as in
Example 1.9, or looking at the output of difference equations that respond to white
noise inputs, as in Example 1.10, are common ways of generating correlated data.
In the next section, we introduce various theoretical measures used for describing
how time series behave. As is usual in statistics, the complete description involves
the multivariate distribution function of the jointly sampled values xi, xp, ..., X,
whereas more economical descriptions can be had in terms of the mean and autocor-
relation functions. Because correlation is an essential feature of time series analysis,
the most useful descriptive measures are those expressed in terms of covariance and
correlation functions.

1.3 Measures of Dependence

A complete description of a time series, observed as a collection of n random variables
at arbitrary time points #1, 1, . . ., t,,, for any positive integer n, is provided by the joint
distribution function, evaluated as the probability that the values of the series are
jointly less than the n constants, ¢y, ¢, . . ., ¢y i.e.,

Ftl,l‘g,...,l‘n(clv C2yevny Cn) = Pr(xl‘l < 1, -xtz < C2yevvy xtn < CI’L)' (18)

Unfortunately, these multidimensional distribution functions cannot usually be writ-
ten easily unless the random variables are jointly normal, in which case the joint
density has the well-known form displayed in (1.33).

Although the joint distribution function describes the data completely, it is an
unwieldy tool for displaying and analyzing time series data. The distribution func-
tion (1.8) must be evaluated as a function of n arguments, so any plotting of the
corresponding multivariate density functions is virtually impossible. The marginal
distribution functions

Fy(x) = P{x; < x}



1.3 Measures of Dependence 15

or the corresponding marginal density functions

OF;(x)

filx) = 6—x’

when they exist, are often informative for examining the marginal behavior of a
series.! Another informative marginal descriptive measure is the mean function.

(1.9

provided it exists, where E denotes the usual expected value operator. When no
coniusion exists about which time series we are referring to, we will drop a subscript

Example 1.13 Mean Function of a Moving Average Series
If w; denotes a white noise series, then u,,,;, = E(w;) = 0 for all 7. The top series in
Figure 1.8 reflects this, as the series clearly fluctuates around a mean value of zero.
Smoothing the series as in Example 1.9 does not change the mean because we can

write

Example 1.14 Mean Function of a Random Walk with Drift
Consider the random walk with drift model given in (1.4),

3
xt:6t+2wj, tr=1,2,....
j=1
Because E(w;) = 0 for all ¢, and ¢ is a constant, we have
t
e =B(x) =61+ ZE(wj) =5t

J=1

which is a straight line with slope ¢. A realization of a random walk with drift can
be compared to its mean function in Figure 1.10.

-3 If x; is Gaussian with mean g, and variance o-tz, abbreviated as x; ~ N(u;, O'tz), the marginal density

1 1 2
exp{——=(x — ) },x eR.
o V21 { 207 !

is given by f; (x) =
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Example 1.15 Mean Function of Signal Plus Noise
A great many practical applications depend on assuming the observed data have
been generated by a fixed signal waveform superimposed on a zero-mean noise
process, leading to an additive signal model of the form (1.5). It is clear, because
the signal in (1.5) is a fixed function of time, we will have
Ux: = E(xy) = E[2 cos(27rt+15) + wt]
= 2cos(2n ) + E(w;)

= 2cos(27r“r15 \
and the mean function is just the cosine wave.

The lack of independence between two adjacent values x; and x; can be assessed
numerically, as in classical statistics, using the notions of covariance and correlation.
Assuming the variance of x; is finite, we have the following definition.

for all s and t. When no possible confusion exists about which time series we are
referring to, we will drop the subscript and write y(s, t) as - Note that y, (s, t) =

v« (t, 5) for all time points s and t.
The autocovariance measures the linear dependence between two points on the

from classical statistics that if y, (s, r) = 0, x; and x; are not linearly related, but there

still may be some dependence structure between them. If‘ howeveri xi and xi are

Example 1.16 Autocovariance of White Noise

w 1.12
S FI1. ( )

A realization of white noise with -2, = 1 is shown in the top panel of Figure 1.8.

We often have to calculate the autocovariance between filtered series. A useful
result is given in the following proposition.
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Property 1.1 Covariance of Linear Combinations
If the random variables

U= i anj and V = Zrl kak
j=1 k=1

are linear combinations of (finite variance) random variables {X;} and {Yy }, respec-
tively, then

cov(U,V) = ZZajbkcov(Xj, Yi). (1.13)
j=1 k=1
Furthermore, var(U) = cov(U, U).

Example 1.17 Autocovariance of a Moving Average
Consider applying a three-point moving average to the white noise series w; of the
previous example as in Example 1.9. In this case,

Yo(s,1) = cov(vs, vr) = cov {3 (Wy_1 + Wy + wys1), 3 (Weet + Wy + wern)}
When s = ¢ we have

Yot 1) = eov{(Wimt + Wy + weet), Wiy + e + Wip1)}

= %[COV(Wt—l, Wi—1) + cov(wy, W) + cov(wyi1, Wei1)]
3 2
§O'W.

Whens =t+1,

it +1,1) = éCOV{(Wt + Wigl +Wei2), (Weog + W + Wipg)}
= %[COV(W“ Wy) + cov(Wri1, Wre1)]

=50,

using (1.12). Similar computations give y, (t — 1,1) = 202,/9, y,(t + 2,t) = y,(t -
2,t) = 02,/9, and 0 when |t — s| > 2. We summarize the values for all s and ¢ as

(1.14)
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Examile 1.18 Autocovariance of a Random Walk

v+ (s, 1) = cov(xg, x;) = cov = min{s, ¢} o;zv,

because the w; are uncorrelated random variables. Note that, as opposed to the

Asin classical statistics, it is more convenient to deal with a measure of association
between —1 and 1, and this leads to the following definition.

Definition 1.3 Tle autocorrelation function (ACF) i defined as

(1.15)

The ACF measures the line ries at time ¢, say x;, using only

the value x;. We can show easily that —1 < p(s,7) < 1 using the Cauchy—Schwarz
. o 14

Often, we would like to measure the predictability of another series y; from the
series xg. Assuming both series have finite variances, we have the following definition.

Definition 1.4 The cross-covariance function between two series, xi and y,, is

There is also a scaled version of the cross-covariance function.

1-4 The Cauchy—Schwarz inequality implies |y(s, £)|> < y(s, s)y(t, 1).

Definition 1.5
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We may easily extend the above ideas to the case of more than two series, say,
Xt1, Xp25 - - -, Xgp; that is, multivariate time series with r components. For example, the
extension of (1.10) in this case is

’y‘fk(s’ t) = E[(xsj - MS])(xtk - l‘ttk)] ]’k = 1, 2, el (1'18)

in allowing us to analyze sample time series data when only a single
series is available.

1.4 Stationary Time Series

The preceding definitions of the mean and autocovariance functions are completely
general. Although we have not made any special assumptions about the behavior of
the time series, many of the preceding examples have hinted that a sort of regularity
may exist over time in the behavior of a time series. We introduce the notion of
regularity using a concept called stationarity.

shifts h = 0,1, 2, ....

This statement implies, for example, that the probability
the value of a time series sampled hourly is negative at 1 am is the same as at 10 am.
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In addition, if the mean function, w,, of the series exists, (1.20) implies that

see Example 1.14.
When k = 2, we can write (1.19) as

Pr{xs < c1, % < 2} = Pr{xsen < €1, %40 < 2} (1.21)

for any time points s and ¢ and shift /4. Thus, if the variance function of the process
exists, (1.20)—(1.21) imply that the autocovariance function of the series x; satisfies

v(s,t) =y(s + h,t + h)

for all s and ¢ and 4. We may interpret this result by saying the autocovariance function
of the process depends only on the time difference between s and ¢, and not on the
actual times.

The version of stationarity in Definition 1.6 is too strong for most applications.
Moreover, it is difficult to assess strict stationarity from a single data set. Rather than
imposing conditions on all possible distributions of a time series, we will use a milder
version that imposes conditions only on the first two moments of the series. We now
have the following definition.

—

Stationarity requires regularity in the mean and autocorrelation functions so that
ntiti | m im. ragin

We will make this concept more precise at the end of this section.
Because the mean function, E(x;) = y;, of a stationary time series is independent
of time ¢, we will write

Hi = M. (1.22)
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(1.23)

be written using (1.15) as

- .
The Cauchy-Schw p(h) < 1 for all h,

enabling one to assess the relative importance of a given autocorrelation value by
comparing with the extreme values —1 and 1.

Example 1.19 Stationarity of White Noise
The mean and autocovariance functions of the white noise series discussed in
Example 1.8 and Example 1.16 are easily evaluated as u,,,; = 0 and

a2 h=0,
Yw(h) = cov(Wiip, wp) = {O h+0.
Thus, white noise satisfies the conditions of Definition 1.7 and is weakly stationary
or stationary. If the white noise variates are also normally distributed or Gaussian,
the series is also strictly stationary, as can be seen by evaluating (1.19) using the fact
that the noise would also be iid. The autocorrelation function is given by p,,(0) = 1
and p(h) = 0 for h # 0.

Example 1.20 Stationarity of a Moving Average
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Fig. 1.12. Autocorrelation function of a three-point moving average.

1 h=0,
2
£ h=+1
vh: 3 ’
pv(h) L hos
0 |k >2.

Figure 1.12 shows a plot of the autocorrelations as a function of lag /. Note that
the ACF is symmetric about lag zero.

Example 1.21 A Random Walk is Not Stationary
A random walk is not stationary because its autocovariance function, y(s,t) =
min{s, t}UVZV, depends on time; see Example 1.18 and Problem 1.8. Also, the random
walk with drift violates both conditions of Definition 1.7 because, as shown in
Example 1.14, the mean function, u,, = dt, is also a function of time ¢.

Example 1.22 Trend Stationarity
For example, if x, = a + Bt + y;, where y, is stationary, then the mean function
is ux; = E(x;) = @ + Bt + uy, which is not independent of time. Therefore, the
process is not stationary. The autocovariance function, however, is independent of
time, because yx(h) = cov(xrin, X) = E[(xXr+n = o, r+n)(Xr — pxe)] = E[(Vr4n —
Hy)(Y: = py)] = yy(h). Thus, the model may be considered as having stationary
behavior around a linear trend; this behavior is sometimes called trend stationarity.
An example of such a process is the price of chicken series displayed in Figure 2.1.

The autocovariance function of a stationary process has several special properties.
First, y(h) is non-negative definite (see Problem 1.25) ensuring that variances of linear
combinations of the variates x; will never be negative. That is, for any n > 1, and
constants ay, . . ., dy,

n

0 <var(ajx; + -+ apxy) = Z Z ajary(j — k), (1.25)
j=1 k=1

using Property 1.1. Also, the value at 4 = 0, namely
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(1.26)

A final useful property, noted in a previous example, is that the autocovariance
function of a stationary series is symmetric around the origin; that is,

for all h. This property follows because

Y((t + h) = 1) = cov(Xr4pn, X¢) = COV(Xy, Xp1p) = Y(t = (1 + D)),

which shows how to use the notation as well as proving the result.
When several series are available, a notion of stationarity still applies with addi-
tional conditions.

Yx\V)Yy

Again, we have the result —1 < p,,(h) < 1 which enables comparison with
the extreme values —1 and 1 when looking at the relation between x;., and y;.
The cross-correlation function is not generally symmetric about zero, i.e., typically
Pxy(h) # pxy(=h). This is an important concept; it should be clear that cov(xy, y;)
and cov(xy, y2) need not be the same. It is the case, however, that

pxy(h) = pyx(_h)’ (1.30)
which can be shown by manipulations similar to those used to show (1.27).

Example 1.23 Joint Stationarity
Consider the two series, x; and y,, formed from the sum and difference of two
successive values of a white noise process, say,

X =wr+wer and Y = wp — wiy,
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Fig. 1.13. Demonstration of the results of Example 1.24 when £ = 5. The title shows which
side leads.

where w; are independent random variables with zero means and variance 2. It
is easy to show that y,(0) = ¥,(0) = 202 and yx(1) = yx(=1) = 02, 7,(1) =
yy(=1) = =02 . Also,

'}’xy(l) = COV(Xr41, Y1) = COV(Wri1 + Wr, Wp — Wy_) = 0}2‘;

because only one term is nonzero. Similarly, yxy(0) = 0,yxy(-1) = —02. We
obtain, using (1.29),
0 h=0,
1/2 h=1,
xy(h) =
Po)=3 1 =L,
0 |h| > 2.

Clearly, the autocovariance and cross-covariance functions depend only on the lag
separation, A, so the series are jointly stationary.

Example 1.24 Prediction Using Cross-Correlation

Assuming that the noise w; is uncorrelated with the x; series,
the cross-covariance function can be computed as

7yx(h) = COV(YVr4hs X1) = COV(AXs4p—p + Witn , X1)
= coV(AXin—e, Xt) = Ayx(h = £).

Since (Cauchy—Schwarz) the largest absolute value of y,(h — €) is y,(0), i.e., when
h = {, the cross-covariance function will look like the autocovariance of the input
series x;, and it will have a peak on the positive side if x; leads y; and a peak on
the negative side if x; lags y;. Below is the R code of an example where x; is white
noise, £ = 5, and with 9y, (h) shown in Figure 1.13.
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x = rnorm(100)
y = lag(x, -5) + rnorm(100)
ccf(y, x, ylab='CCovF', type='covariance')

The concept of weak stationarity forms the basis for much of the analysis per-
formed with time series. The fundamental properties of the mean and autocovariance
functions (1.22) and (1.23) are satisfied by many theoretical models that appear to
generate plausible sample realizations. In Example 1.9 and Example 1.10, two series
were generated that produced stationary looking realizations, and in Example 1.20, we
showed that the series in Example 1.9 was, in fact, weakly stationary. Both examples
are special cases of the so-called linear process.

(see Problem 1.11), we may show that the autocovariance

function is given by

- i — (1.32)

==

for i > 0; recall that y,(—h) = vyy(h). This method exhibits the autocovariance
function of the process in terms of the lagged products of the coeflicients. We only
need Z;‘;_m w? < oo for the process to have finite variance, but we will discuss this
further in Chapter 5. Note that, for Example 1.9, we have ¢y = ¢y = ¢y = 1/3
and the result in Example 1.20 comes out immediately. The autoregressive series in
Example 1.10 can also be put in this form, as can the general autoregressive moving
average processes considered in Chapter 3.

Notice that the linear process (1.31) is dependent on the future (j < 0), the present
(j = 0), and the past (j > 0). For the purpose of forecasting, a future dependent model
will be useless. Consequently, we will focus on processes that do not depend on the
future. Such models are called causal, and a causal linear process has ¢; = 0 for
J < 0; we will discuss this further in Chapter 3.

Finally, as previously mentioned, an important case in which a weakly stationary
series is also strictly stationary is the normal or Gaussian series.

Definition 1.13 A process, {x;}, is said to be a Gaussian process if the n-dimensional
vectors x = (X, Xt,, . . ., X1,,)", for every collection of distinct time points ty, ta, . . ., tp,
and every positive integer n, have a multivariate normal distribution.

Defining the n X 1 mean vector E(x) = u = (us, s - - -, ts,)” and the n X n
covariance matrix as var(x) = I' = {y(#;, t;); i,j = 1,...,n}, which is assumed to be
positive definite, the multivariate normal density function can be written as

f(x) = @) "2|r| " exp {—%(x )T (x - u)} : (1.33)
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for x € R", where | - | denotes the determinant.
We list some important items regarding linear and Gaussian processes.

e If a Gaussian time series, {x;}, is weakly stationary, then y, is constant and
y(ti,t;) = y(|t; — t;]), so that the vector y and the matrix /" are independent of
time. These facts imply that all the finite distributions, (1.33), of the series {x;}
depend only on time lag and not on the actual times, and hence the series must be
strictly stationary. In a sense, weak stationarity and normality go hand-in-hand
in that we will base our analyses on the idea that it is enough for the first two
moments to behave nicely. We use the multivariate normal density in the form
given above as well as in a modified version, applicable to complex random
variables throughout the text.

* A result called the Wold Decomposition (Theorem B.5) states that a stationary
non-deterministic time series is a causal linear process (but with w} < ).
A linear process need not be Gaussian, but if a time series is Gaussian, then it
is a causal linear process with w; ~ iid N(0, 0'&,). Hence, stationary Gaussian
processes form the basis of modeling many time series.

e Itis not enough for the marginal distributions to be Gaussian for the process to be
Gaussian. It is easy to construct a situation where X and Y are normal, but (X, Y)
is not bivariate normal; e.g., let X and Z be independent normals and let Y = Z
if XZ>0andY =-Zif XZ <0.

1.5 Estimation of Correlation

Although the theoretical autocorrelation and cross-correlation functions are useful
for describing the properties of certain hypothesized models, most of the analyses
must be performed using sampled data. This limitation means the sampled points
X1, X2, ..., X, only are available for estimating the mean, autocovariance, and au-
tocorrelation functions. From the point of view of classical statistics, this poses a
problem because we will typically not have iid copies of x; that are available for
estimating the covariance and correlation functions. In the usual situation with only
one realization, however, the assumption of stationarity becomes critical. Somehow,
we must use averages over this single realization to estimate the population means
and covariance functions.

Accordingly, if a time series is stationary, the mean function (1.22) u, = u is
constant so that we can estimate it by the sample mean,

X = lzn:xt. (1.34)

n
t=1

In our case, E(X¥) = u, and the standard error of the estimate is the square root of
var(x), which can be computed using first principles (recall Property 1.1), and is
given by



