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Point processes, spatial

The general theory of point processes has usually
been focused on temporal developments (see Point
processes, temporal). The special case of events
that occur in space (or, more precisely, on a plane)
has developed some particular approaches, usually
assuming spatial stationarity and isotropy (i.e. the
distribution of the process is invariant under trans-
lations and rotations, respectively). In this entry we
will focus on this type of process. Points, or events,
take place at spatial locations, and we identify each
event with its location.

As an example, Figure 1 shows locations that
experienced damage of modified Mercalli intensity
(MMI) level VI in the 1989 Loma Prieta, CA, earth-
quake. MMI level VI is defined, in part, as

Damage slight in specially designed structures: con-
siderable in ordinary substantial buildings, with par-
tial collapse; great in poorly built structures. Fall of
chimneys, ...

38.5
\J\
( M~ .
380 v Lbo
e i SN
\\’.5\:"\ Zi- :
e R
<& 'k\.\ \\ .
37.5- 4 N
\\1 " .
N
N .
37.0 N
&
36.5- 1
\\
] h
36.0 -
[ T - ) 1
-1230 -1225 -1220 -1215  -121.0

Figure 1 Locations that experienced damage of MMI
level VI in the 1989 Loma Prieta, CA, earthquake. The
large dot denotes the epicenter of the quake

Much of the spatial point process theory orig-
inated with Matérn’s work in forestry [6]. The
book by Diggle [3] is a good summary of the
state of affairs up to that time. Further aspects of
point pattern analysis can be found in [2, Chap-
ter 8] and in [14]. The latest developments have
involved computationally intensive likelihood anal-
ysis [4].

Second-order Parameters

The overall rate of a stationary, isotropic point
process is measured by the parameter A} =
limyj—o |A|7'E [ [, dN(x)], where N(A) denotes the
number of events in the (nice) set A of Lebesgue
measure |A|. A natural second-order parameter is
the similarly defined parameter measure i, (x) =
limys 0 |A| 2E [fyeA dN(y)dN(y + x)} . This mea-
sures the chance of obtaining points simultane-
ously in the set A and the set translated by a dis-
tance x.

A related parameter, proposed by Ripley [12] (see
Ripley’s K function), is K (x) = E(number of points
within x of an arbitrary point). For an orderly process,
K is related to Ay by

Kx) = i—?/{)xukz(u)du (1)

i.e. a smoothed version of A;. An advantage of K
over ), is that from a statistical point of view K is
easier to estimate, since it does not require choosing
a smoothing parameter and is more stable. However,
the intensity estimate has the advantage of making
the fine detail clearer.

Another second-order parameter that can be esti-
mated straightforwardly from data is the nearest
neighbor distribution, i.e. the distribution of the dis-
tance from an arbitrary point to the location of
its nearest neighbor point (see Nearest neighbor
methods).

Some Special Models

The simplest model for point processes is the com-
pletely random, or Poisson process. To define it,
assume that there is a finite measure A, such that
for all finite families of disjoint intervals Ay, ..., A,



2 Point processes, spatial

we have

Pr[N(A~ =nii=1,...,k)]
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In particular, the counts in disjoint sets are inde-
pendent, and hence one cannot improve the prediction
of the number of points in a set from information
about numbers of points in, say, surrounding sets.
This is what constitutes the complete randomness of
the Poisson process. Often the Poisson process is
taken as a null hypothesis to be rejected in favor
of some more scientifically relevant process. Besag
and Diggle [1] discuss how to assess such a pattern
(as well as more complex ones) using Monte Carlo
testing, which enables a researcher to test specific
hypotheses by simulating the assumed process, and
then to check whether the observed statistic of inter-
est is extreme among the simulations (see Simulation
and Monte Carlo methods).

The simplest type of Poisson process is isotropic
with A(A;) = A|A;|, where 1| = A, Aa(x) = A2 and
K(x) = x2.

The most common deviation from complete ran-
domness is clustering, i.e. a larger tendency for hav-
ing points close to each other. A cluster point process
is defined in a conditional two-step fashion. Given a
point process N. of cluster centers, one associates
with each of its events a secondary point process
Ng(-|x), centered at an event at x. The cluster pro-
cess is then the superposition of these secondary
processes, or

N(A) = /Ns(AIX)Nc(dX) 3)

A large class of cluster processes has a Poisson
process of cluster centers. It is easy to see that such a
Poisson cluster process is overdispersed with respect
to a Poisson process with the same mean measure, i.e.
that the cluster process has larger variance than the
completely random process of the number of events
in a set. The most common Poisson cluster process
is the Neyman—Scott process, in which a random
number of points are laid out in an independent
and identically distributed fashion around the cluster
centers. It was first introduced by Neyman [7] to
describe the dispersion of larvae on a field, and
has since found applications in astronomy [8, 10]

and hydrology [5, 11]. The rate of a Neyman—Scott
process is A1 = AcE(S), where A is the rate of the
cluster center process, and S is a random variable
describing the number of points in a cluster. Also,
K (x) = mx? + [ES(S — 1)H»(x)/AcE%S], where H»
is the cdf of the distance between two points in the
same cluster.

A different class of point process models are the
Markov point processes (see Markov process), intro-
duced by Strauss [15] and by Ripley and Kelly [13].
A point process on a finite region A is Markov
with range § if the conditional density of a point
at location x, given the locations of all other points
in A, depends only on the points within radius &
of x. Two points are called neighbors if they are
within distance § of each other. A set of mutual
neighbors is called a cligue. An advantage with the
Markov point processes (shared with other processes
defined through their conditional intensities) is that
it is possible to write down a likelihood function for
them (technically, this is a Radon—Nikodym deriva-
tive with respect to a unit rate Poisson process).
It turns out [13] that a point process is Markov if
and only if its likelihood depends only on the loca-
tions of cliques. A simple example of a Markov
point process is the Strauss process. Let s(x, ..., x;)
count the number of points within distance § of
each other. Then the exponential family with nat-
ural sufficient statistic (n, s) and likelihood L(#) =
exp[nf; + s(xq, ..., xp)01/c(@), where 8 = (01, 6>),
is called the (unconditional) Strauss process. The pro-
cess is defined for 6, < 0, with 6, = 0 corresponding
to a Poisson process. When 6, < O the resulting pro-
cess is underdispersed relative to a Poisson process
of the same rate 6y, so this process is sometimes used
to describe patterns that are more regular than those
from the Poisson process.

Statistical Inference

Ripley [12] suggested estimating K(x) from points
X1, ...,Xp in a set A by

IAI

K@) =

Zl“l}<x 4)

i#]

where u;; = |x; — x;| and w; is the proportion of the
area of a circle centered at x; with radius u;; that is
inside A. This nonparametric estimator can be used
to fit a parametric model by minimizing the distance



Point processes, spatial 3

between the estimate and the parametric form of the
function. A variety of examples can be found in [3].

Since the Strauss process (and other Markov point
process models, as well as models developed using
conditional intensities as in the entry on point pro-
cesses, spatial-temporal) allows for a straightfor-
ward likelihood operation, apart, perhaps, from evalu-
ating the normalizing constant ¢(8), modern inference
techniques, such as Markov chain Monte Carlo
techniques, can be used to compute parameter esti-
mates ([4] contains details and some worked exam-
ples; see also [9]).
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