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Abstract

Additionally to observational uncertainties generated by
randomness of treatment outcomes, observational errors or by
variability between units/subjects that are typical in the traditional
clinical trials we face uncertainties caused by enroliment process
that often can be viewed as a stochastic processes. The latter
makes the amount of information that can be gained during
experimentation uncertain at the design stage. To address the
problem we modify the concept of “optimal design” and develop
methods that guarantee that the information metrics either will be
greater than a predefined levels with the smallest probability or the
average information will be maximized. We illustrate the approach
using proportional hazard models with censored observations and
enrollment described by the Poisson process.



Standard steps in optimal design

 Model: Y ~ p(y|n) n=n(x,0)
. . J
Elemental IM: v(n) = Var L}_” lnp(-ym)]

* |IM of a single observatic

p(x,0) = F(x,Ov(n)FL(z,0)

ont (x,0)
06

F(x,0) =

* |Information matrix;

M@, {z}t) = D p(x:,0)
i=1



Standard steps in optimal design |l

Design and controls: cf — {-u:t-: IE}? r € 2
Normalized IM: M8, ¢) = Z'?-f--’iﬁ--ﬁ(é'f-’i* 0)
i=1

Criteria of optimality: ~ Convex, homogeneous, monotonous functional

W [M(E, )

Optimization problem: . :
" =argmin ¥V [M(&,0)]

° ¢ez

Sample size evaluation:

n (M, 0) <VU*, n! =wn,

Missing: Quantitative analysis of operational costs



Enroliment, randomization and design of clinical
studies with “time-to-event” end points



Setting the clinical trial design problem
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Enrollment Starts Enrollment Stops Study Completion

When a study is completed we know:

* Number of subjectsn assigned to dose x; and all times t; these values are completely defined by
and enrollment process and randomization rule.

+ The outcomes {¥}, ={z.4,};, where &, =1if 7, <T, -, and &; =0 otherwise.
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Enrollment

e\\Ve assume that enrollment follows a Poisson process
with intensity4(t). Total enrollment n(t)is Poisson

distributed with parameter A(t) = [A(t)dt

*On arrival subjects are randomized across
N doses {x ywith probabilities{p. },Zp, =1
*Enrollment stops :
® At the pre-fixed timeT,
® Required number of subjects neare enrolled
® Needed number of events r e have occurred
® Hybrid stopping rules



Distribution function:

Survival function:

Hazard function:

Integrated hazard:

Notations

®(7,1) = /D p(t,n)dt

S(m,m) =1 —=&(7,7)




Observations and Model

 Outcomes at x; - S: {yu} { ”,5-}n’i

1J Jq
6; =11f 7 <T, -1, and
6; =0 otherwise.

 Model:

T ~@(t,n), n=n(x0)

» Log-likelihood:

L = ZZ]MF@’QJ n(xi. 0))0; ZZHT}} n(x;. 0

.
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Fisher Information Matrix

* Elemental FIM:
_ [fdlne(t.n)dIne(t.n) din®(t.n)dInd®(1.1)
v(l—:n)_‘[ﬂ an an‘r (P(fﬂ}df+5(fﬂ} an anT B

TdInh(t,n) dInh(t,n)

* FIM of a single observation:
w(x,7,0)=F(x,0)v(t,n(x,0))F  (x,0)

t=T,—1, F(x,0)=an (x,0)/06

or
@(t,n)dt

* Total FIM:
N n N n;
M({t;;}.T:.0) =Y Y u(x;,7;.0) =Y F'(x;,0) lz V(Tfjs??(-‘ine))] F(x;,0)

—

i=1 j=1 i=1

— | — B . n; ) |
Only known after enroliment completiﬁ”“’(%e)v v(xi,0) =n ;v(r:_;=n(.r,=9))

11



Elemental information matrices

Distribution Density Hazard Function Elemental Information
Quantiles
Exponential (7] e 1 T
I ‘ ( 2 l e n n ) . 1 (l — (3_71)
n >0 " —nIn(1 — P)

—In(1— B
Voo = u3 ﬁ ( WJ 1+ 1In H] e “du,

Weibull(cv, 7)) . o (21 411(1 w) Cw
a > 0, @ (1) ’ 1(3_(7;/":'0“ % (1_3) ) Van = Vﬁga - f( I +1In H]f "du,
' T 3 C

n >0 PAT n(—In(1— P))l/a Vnyn = 7;_;3'1‘-33

w=1—e (T/m"

Vaa = == {E + %(1115)2}

T T o — (a3 El ) 1 l o
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o> 0. ‘; — (1 e 71}) 17(178_%—})“ ) |:l+ ln(l u)  afl (1;) ln(l) ”u) o 1”;”}
u uwe
n>0 —nln (l — Pl/“) —J./n:
¢ W In(l—u a(l—u)In(l—u /<
vm = 3 Jo [1 + =G o 1;(11) EKJ : )} T ldu,
= (_]_ — ‘c_j_(T/"?J)Q
2

Voo = = | —

Log-Logistic(a, n) eyt (n/a)(r /o)™~ AN (1+(Z)")°
' iz 14(7 /) )
a > 0. '”(rx.,_) — +( /1)1/‘9,? Vap = Upa = _ 1 1 — % .
1> 0 () o () (TN N e
B _ 1

Y A ]
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@ > x, [ 22 4 o . 1 _1
0 -0 2T )\Ruq;—l(pj L/.,‘-,.,}. = 7{[32 = [(;) ((_.]_) u.z )]

o InT—Inn
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Standard steps in optimal design
 Derivation of normalized FIM:

N
M(6.) =) pin(x,6)
=1

 Selection of criteria of optimality (convex, homogeneous, monotonous
functional):

Y [M(S.0)]

 Solution of the optimization problem:

E* = argn%in‘f’ M(E,0)]

where & = {;Ji,.x;-}‘?! arx e 2
« Sample size evaluation:

nWIME*,0) <C* nf=pin

Q) QuintilesIMS



Two useful results

» Coloring Theorem

Let the probability that a point of a Poisson process of intensity A(7) receives the i-
th color being p; and colors of different points being independent. Then the colored
processes are independent Poisson processes with intensities A4;(T) = p;A(T).

« Campbell’'s Theorem (sums over Poisson processes)

n T n
E [): f(f_;)] =A(T)fﬂ f()l(t)dt  and Var L): f(rj)] =A(T)/ﬂTf2(*r)£(r)dr
= =1

T
1(t) = A(7)/A(T), A(T}:/D A(t)dt

Kingman, J.F.C. (1993). Poisson Processes, Oxford Science Publications, New York.
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Expected FIM of a single observation

Let &= ): v(T; —1;5,1(x;,0)) = ): v(T.+T;—1;,n(x;,0)) and p; be randomization
j=1 j=1

rates , then E {i V(Tj_j;ﬂ(.’fi;e))] = piA(T,)V (T, Ty, (xi,60))

j=l1
and Var [i Véﬁ (7ij,N(xi.0))| = f-"iA(Te)E(Te:Tf:n (xi,0))
j=1
T,
where  V(T..Tjn) = ]G V(T,+T;—t.)I(t)dt =E [v(T,+T; —1.1)] and
(1) = A(1)/A(T,) l

‘ﬁ(ﬂfm(.r,e)) =F(x,0)V(Te, Ty, n(x,0)) F ' (x,8)
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Design optimization

Expected FIM: on(¢,7.,77.6) = E[M({;},T.. T;,6)] =A(T,) ):m I..T;. (xi,6))
Normalized expected FIM: M(&,T,,T;,0 ):pI (T,.Tr.n(x;,0))

Design problem given 7, 1, ¢ (almost nothing new):

Tp.T¢,0) = aremin¥ |A(T,)M(E.,T,.T¢,0)| = aremin¥ | M(E.T,.T¢, 6
f S f Sl f

Next step (challenging even for homogeneous enrollment, A(t)=const):

> 7;)=argmin¥ M(S*(T,,T,0),T,,T¢,0)|, C(A.T,,Tf) <C*
f ET{,TJ f f f
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Proportional hazard family

* Model: T
h(t.n) =nhe(1), H(r}:nHﬂ(r):n.ﬂ ho(t)dr,

S(t,n) =e M g(z,n) = nho(t)e M)

* Elemental FIM:

1 f 1
vit,n)=—[1—e ™ = —_p(r,n)
(T.m 1,}E[ ] - (T.m

* For homogeneous Poisson enrollment process:
1

1 fTe 1 =
VLT =— | —®(T,+T;—t,n)dt = —D(T,+T;.
(TeTpm) = o5 | @ T4 Ty —tm)ds = (T +Tp.)

e If n(x,0)=¢® 'Y je. F(x,0)=n(x,0)f (x)., then
N
M(&) =M(E,T..T;.0) = Y pio(x)f(xi)f (xi)  o(x)=S(T,+Tr,n(x,0))

i=1

Q) QuintilesIMS
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Most of cases are similar to classical Optimal Design

« Elemental FIM for a constant hazard /exponential model

V(T Tym) = 1

e

1 (e_Tf/n — e—Ts/??)]

« Stopping by ng (constant cumulative enrollment rate):

£ (ne.T¢,0) = argn“}fin‘P neM(E,ng /A, T7,0)] = al’gn'%in‘P IM(&.ne/2,T5.6)]

e
o

1.8

1.6

14

1.2

1.0

o(x E) for 8,=0,8, = -0.33
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right: 6, =0,6, =-2.15,
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HR=0.1
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Case Studies: distributions vs expectations

Histogram of SD (8;) for D-Optimal Design
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(| Leftscenario Right Scenario
Enrollment 240 subjects in 6 months 300 subjects in 6 months
Minimum Follow-up 10 months 6 months

1:1, and patient enrollment follows Poisson Process

CA(UELIEURV A Rt nR{sJgl O (8.3 months)
Placebo

-1/3 (0.7165)
StD required to reject 6, = 0 [EOMKsLs]

fO)' Qui Probability to have Std< >97.5% <50%
ulr

19



Case studies (Cost)

Isoline plot for SD (85) Histogram of cost for the D-Optimal Design
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» = Initiation cost

C
c, = cost of enrolling a single subject
) : il 7 ¢, =general trial maintanance
" Z[ X‘ 7 c, = daily expense for a patient in trial
- | £ oo ]Z X& c, = potential loss of revenue due to delay
F ) _ ]l ,+ | C; = penalty not able to meet
2 . fgx + the criteria to reject H,

25
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C(A(T). T Ty )=co+e 2 n+CT +6 D" > Ay +¢,T, +Cl (var( 2) > )
| | RED Scenario GREEN Scenario

Enrollment (Expected 540 subjects in 18 months 432 subjects in 14.5 months

Minimum Follow-up 12 months 31 months
1:1, and patient enrollment follows Poisson Process

A (UELIEURVAVE R n-R{oJ@l -0.367 (12 months)
Placebo

S (04(0.732)
Q) auintilesIMS 20



Censoring Time Distribution  Density

Average Elemental Information

v(n, T,¢)

Uniform(0, 73) 1

Tr: g T Te

RT Exponential(\,T,) Le—t/A
TE: < T l—trx})(——;):? )

. . o — 1 )
RT Gamma(t; «v, 3,0, T,)* i (i) e t/B
o = U, . ¥
: k= Te
g>0 BU(1+4a,0)—Bl(14a,Le)pe B ot

Beta(t; ar, 5,0,T,)
o > U, B((x? ﬁ)t“_l (1 _ t)_,.'g_l
g =0

L
e

|
e

[1 — - (e=(T=Ted/n — f’-_'f_’h”)}

1 —® (5, a+ 3, _Tf:”)]T

*Note: RT Gamma=Right Truncated Gamma Distribution, f ~ Gamma («, 8) ,t, € (0,T,)

*xNote : 7 (a, 2) = ”Z e~'t'~1dtis an incomplete gamma function;

fNote : @ (v, w;z) =14 25 alotl)z2 4 alodl) a2 20 4 s called a confluent

w1l T w(wtrl) 20 T W (wtl) (wt2) 3!
hypergeometric function.See Gradshteyn and Ryzhik (2007).

Q) QuintilesIMS
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Standard steps in optimal design Il

+ N&S condition for  £* be optimal is that min ;b(x, f*) > ()
| reZ | o
() (@, €)
log|D|, [D|Y™, TI', Aa(D) trv(x)F (2)DF(x) —m
log |[AT DA, trv(x)F1 () DA(AT DAY YA DF (v) — k
dimA=Fk xm, rankA=FEk <m
trD, > Aa(D) trv(x)FY (2)D?*F(z) —tr D
tr ATDA, A>0 trv(z) (FT(x)DA) — tr ATDA
trDY, > AL(D) trv(x)FH ()DL E(2) — tr DY
Amin — Amin (ﬂ[) Zle WtPETF(Z‘)U(I‘)F(ZE‘)P@ — )\min
— )\I:h}t,x(D) )\minPi — A[P?a

a is the multiplicity of Ain,

a




Thanks you.

@ QuintilesIMS
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