Bonferroni confidence intervals

Suppose we want to find confidence intervals Iy, Io, ..., I, for parameters 601,65, ...,0,,. In the analysis of
variance problem 61 = 1 — o, 02 = 1 — 3, ..., 0m = pr—1 — . We want

PO;el,j=12,....,m)>1—aq,

i.e. we want a simultaneous confidence level 1 — «.

Aside note:
De Morgan’s law states that:

P(AiNAsN...NA,)=1—-PAjUALU...UA)

Bonferroni inequality:
P(AJUALU...UAL) <> P(A)
i=1

Therefore,

P(AlmAQrw...mAm)zl—iP(A;) (1)

i=1

Suppose P(0; € I;) =1 — «;. Let’s denote with A; the event that 6; € I;. Then from Bonferroni inequality
(see expression (1) above) we get:

P, el,bcly,...0ncl,) > 1 —ZP(ej ¢ L)
i=1

m
Z 1—204]'.
i=1

If all aj,j = 1,2,...,m are chosen equal to o we observe that the simultaneous confidence level is only
> 1 — ma which is smaller than 1 — « because m > 1. In order to have a simultaneous confidence interval
1 —a we will need to use confidence level 1 — 2 for each confidence interval for pq — pa, 1 —p3, -+ 5 pe—1 — -

Bonferroni confidence interval for p; — p1;:

o [1 1
mi—xjitﬁ;]vfksp ;+;,
v J

where s, is the estimate of the common but unknown standard deviation:

= 1)si 4 (ng —1)s3+ ...+ (g — 1)s;
e Nk

Example (see ANOVA handout):

Construct a Bonferroni confidence interval for p; — py using 95% simultaneous confidence level. The data
are 1 = 4.062,24 = 3.920,n7 = 10,n2 = 10, s, = 0.06061. We also need t%&;ﬁz; = t%;% = 10.00119;63 =
3.1663.

/1 1
1 — pg € 4.062 — 3.920 £+ 3.1663(0.06061) 10 + 10’

11 — pa € 0.142 £ 0.086,

or

or

0.056 < 1y — pa < 0.228.



