The residuals and their variance-covariance matrix

We have seen that the variance-covariance matrix of the residuals can be expressed as follows:
cov(e) = cov(Y —Y) = cov (Y —HY) = cov(I-H)Y) = (I - H)¢*I(I - H) =
cov(e) = o%(I — H).

Or if we expand this we get:

var(eq) cov(er,ez)  cov(ep,ez) -+ ---  cov(ep,ey)
cov(eg,eq) var(ez) cov(eg,e3) -+ .-+ cov(ez,epn)
cov(en,e1) cov(en,ez) cov(en,es) - ce- var(ey,)
1—hn —haa —hiz e e —hay
—hay 1—ha2  —hog -+ -+ —hyy
cov(e) = o?
—hn1 —hn2 —hpz - T 1 — hnn

Where, 1 — h;; is the ijy, element of the matrix I — H. Therefore the variance of the i, residual
is var(e;) = 0?(1 — hy;). Since the variance is always > 0 we have 1 — hy; > 0 = hy; < 1. If hy;
is close to 1 the variance of the i, residual will be very small which means that the fitted line is
forced to pass near the point that corresponds to this residual (small variance of a residual means
that g; is close to the observed y;). In the extreme case when h;; = 1 the fitted line will definitely
pass through point 7 because var(e;) = 0.



