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Multivariate normal distribution

One of the most important distributions in statistical inference is the multivariate normal
distribution. The probability density function of the multivariate normal distribution, its
moment generating function, and its properties are discussed here.

Probability density function
We say that a random vector Y = (Y1, Y5, ..., Y,) with mean vector g and variance covari-
ance matrix X follows the multivariate normal distribution if its probability density function
is given by

1

f<Y> = (27]_)%

and we write, Y ~ N, (u,3). If Y = (Y3,Y5) then we have a bivariate normal distribution
and its probability density function can be expressed as
1

f(y1,y2) - 2#0102\/1—7p2

X exp [_2(1ip2) Kyl ;1u1)2+ (‘W(;“?)Q —2p (yl;u1> (y2;2“2>H

S| e s BT ), (1)

2
Here, we have ¥ = ( 51 3122 ) The previous expression can be obtained by finding the
21 2

inverse of ¥ and substituting it into (1). Here is the bivariate normal pdf.
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Moment generating function
A useful tool in statistical theory is the moment generating function. The joint moment
generating function is defined as

MY(t> = E@tlY = E@Z?:l yiti7

where Y = (Y1,Ys,...,Y,) and t = (¢1,%2,...,t,)". Suppose Z ~ N, (0,1). Since 7y, Zs, ..., Z,
are independent the joint moment generating function of Z is Mz(t) = e3t't, Why? To

find the joint moment generating function of Y ~ N,(u,X) we use the transformation
Y = X327 + p to get My(t) = et/ H+3t' 2,

Theorem 1

Let Y ~ N,(p,3), and let A be an m X n matrix of rank m and ¢ be an m x 1 vector.
Then AY + ¢~ N,,(Ap+c, AXA’).

Proof

Theorem 2
Let Y ~ N,(p, X¥). Sub-vectors of Y follow the multivariate normal distribution and linear
combinations of Y7, Y5, ...,Y,, follow the univariate normal distribution.

Proof
.. Q: H Y X
Suppose Y, p, and X are partitioned as follows Y = S = , N = ,
pp K p W < Q, /' T o1 Mo
where Y7 is px 1. We will show that Q1 ~ N,(pq, £11) and Qg ~ N,,_, (o, X2o). The result
follows directly by using the previous theorem with A = (I,,0). For a linear combination
of 1,5, ... Y, ie. a1Y1 + Yo + ...+ a,Y, = a’Y, the matrix A of theorem 1 is a vector

and therefore, a'Y ~ N(a'p,a’Xa).

Example
Y: M1 U% 012 | 013 014 O15
ﬁ _H2 021 U% 023 024 O35 \%
LetY: Y:v, 7[,l,: J2%] ,Z: 031 0392 0'32) 034 O35 ,then lf Ql = ( Yl ),
Yy i Ou1 Osn| 043 0F Ous ?
Ys Hs 051 052 | 053 054 U?

. 0'2 o
it follows that Qq ~ N [( . ) : ( o 02 )]



Statistical independence

Suppose Y, p, 3 are partitioned as in theorem 2. We say that Qq, Q2 are statistically inde-
pendent if and only if 315 = 0. This can easily be shown using the joint moment generating
function of Y. Recall that the exponent of the joint moment generating function of the
multivariate normal distribution is t'p + %t’ 3t which after partitioning t conformably (ac-
cording to the partitioning of Y, u,¥) can be expressed as t1'p, + t2'p, + %tl’Entl +
%t2’222t2 + t1'32t2. When X5 = 0, the joint moment generating function can be ex-
pressed as the product of the two marginal moment generating functions of Q; and Qa, i.e.
My (t) = Mg, (t1)Mq,(t2), therefore, Qq and Q2 are independent.

Theorem 3

Using theorem 1 and the statement about statistical independence above, we prove the fol-
lowing theorem. Suppose Y ~ N, (u, ¥) and define the following two vectors Q; = AY and
Q2 = BY. Then, Q; and Q3 are independent if cov(Q1,Qz) = AXB’ = 0.

Proof

We stack the two vectors as follows: Q = ( 81 ) = ( g )Y = LY. Therefore using
2

theorem 1 we find that Q ~ N(Lu, LXL') or

A ASA’ AXB
Q¥N\'B ’(BEA’ BEB’
if and only if AXB’ = 0.

)], and we conclude that Q; and Qs are independent

Example
Consider the bivariate normal distribution (see page 1). From theorem 1 it follows that
Y1 ~ N(u1,01). This is also called the marginal probability distribution of Y;. We want to
find the conditional distribution of Y5 given Y;.

_ fvive (y1,92)

From the conditional probability law, fy,yv, (y2|y1) = By et and after substituting the
1

bivariate density and the marginal density it can be shown that the conditional probability
density function of Y5 given Y) is given by

Fooys (alin) = 1 o l_l(E—Mz—ng(Yl—#l)ﬂ
Y2|Y1\Y2|Y1 \/m\/% 14 9 a%(l—p2) .

We recognize that this is a normal probability density function with mean
Pyayy = p2 + p2 (Y1 — 1) and variance ‘712/2\1/1 =o3(1—p?).



Example 1
Suppose the prices (in $), Y7, Y3, Y3, Yy of objects A, B, C, and D are jointly normally distributed as

Y 1 3 2 3 3

| n N 1255 4

Y ~ Ny(p, X), where, Y = v, | =16 | and X = 35 09 5
Y, 4 34 5 6

Answer the following questions:

a. Suppose a person wants to buy three of product A, four of product B, and one of product C.
Find the probability that the person will spend more than $30.

b. Find the moment generating function of Y.
c. Find the joint moment generating function of (Y7,Y3).

d. Find the correlation coefficient between Y3 and Yj.

Example 2
Yi 2 2 11

Suppose Y ~ N3(p,X), where Y =| Yy |, u=| 1 |,andX = 1 3 0 |. Find the joint
Ys 2 1 0 1

distribution of Q1 =Y; + Y2 + Y3 and Q2 = Y7 — V5.

Example 3
Answer the following questions:
1
1
a. Let X ~ N,(u1,3), where 1 = . |, and X is the variance covariance matrix of X. Let
1
1 0 0 0 11 1 1
01 0 O 11 1 1
S=(01-pI+pl, withp>-—L T=1|_ | .| and J =
00 0 1 11 1 1

Therefore, when p = 0 we have X ~ N, (u1,I), and in this case we showed in class that X
and 31" | (X; — X)? are independent. Are they independent when p # 0?

b. Suppose € ~ N3(0,0%I3) and that Yy ~ N(0,02), independently of the ¢;’s. Therefore
Yo
€1
€2
€3
Y1, Y5, Y3 in terms of p, Yy, and the ¢;’s.

the vector , is multivariate normal. Define Y; = pY;_1 +¢; for i = 1,2,3. Express

Yy
c. Refer to part (b). Find the covariance matrix of Y = | Y5 |,
Y3

d. What is the distribution of Y?



