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Gauss-Markov theorem

Consider the simple regression model Y; = By + B1x; +€;,¢ = 1,...,n. The Gauss-Markov conditions
hold, i.e. E(¢;) = 0,var(e;) = 02, and €, ..., ¢, are independent.

We have shown in class that the OLS estimators can be expressed as linear combinations of the Y;'s.
In particular, Bl = >, kiy; and Bo = >, liy;. The Gauss-Markov theorem states that these OLS
estimates have the smallest variance among all the linear unbiased estimators. We say that the OLS
estimates are BLUE.

Proof:
Let by = > | a;y; be another linear unbiased estimator of ;. Since it is unbiased, we have
Eby = B
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This equality holds for ALL 5y and (3, if and only if >°7' ; a; = 0 and > a;x; = 1.
Now for the variance of by:
var(by) = war (Z al-yi>
i=1
= oY a; (Gauss-Markov condition)

= 02 Z(kl + dZ)Q (let a; = k’z + dl)
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= 0*Y klI+0°> d; (because 0> k;d; = 0, see class notes)
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= var(f) + o° zn:df > var(f).
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Gauss-Markov theorem for the predicted value of yy given xy.

Suppose we wish to predict a new y, say yo, for a given xo. The predicted value based on the OLS
estimates will be YO Bg + lez Y + Bl(azo —I) = Z] 1 (f + (o — T)k; ) Y = 23_1 r;y;. We can

easily show that Eyy = Eyg = By + P1xg. Also the variance of the predicted value can be expressed

as var(jo) = o> ), 73,

Now consider another unbiased predictor of yo of the form go = >°7_; ¢;y;. Since it is unbiased, we
have

Egy = po+ Bixo
E (Z ijj> = o+ Bizo
-

ZCiE%‘ = Bo+ Bizo
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This equality holds for ALL £y and f; if and only if >°7' ; ¢; = 1 and }-1'; ¢;x; = xo.

Now show that var(go) > var(go).



