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Gauss-Markov theorem

Consider the simple regression model Yi = β0 + β1xi + εi, i = 1, . . . , n. The Gauss-Markov conditions
hold, i.e. E(εi) = 0, var(εi) = σ2, and ε1, . . . , εn are independent.

We have shown in class that the OLS estimators can be expressed as linear combinations of the Y ′
i s.

In particular, β̂1 =
∑n

i=1 kiyi and β̂0 =
∑n

i=1 liyi. The Gauss-Markov theorem states that these OLS
estimates have the smallest variance among all the linear unbiased estimators. We say that the OLS
estimates are BLUE.

Proof:
Let b1 =

∑n
i=1 aiyi be another linear unbiased estimator of β1. Since it is unbiased, we have

Eb1 = β1

E

(
n∑

i=1

aiyi

)
= β1

n∑
i=1

aiEyi = β1

n∑
i=1

ai(β0 + β1xi) = β1

β0
n∑

i=1

ai + β1
n∑

i=1

aixi = β1

This equality holds for ALL β0 and β1 if and only if
∑n

i=1 ai = 0 and
∑n

i=1 aixi = 1.

Now for the variance of b1:

var(b1) = var

(
n∑

i=1

aiyi

)

= σ2
n∑

i=1

a2i (Gauss-Markov condition)

= σ2
n∑

i=1

(ki + di)
2 (let ai = ki + di)

= σ2
n∑

i=1

k2i + σ2
n∑

i=1

d2i + 2σ2
n∑

i=1

kidi

= σ2
n∑

i=1

k2i + σ2
n∑

i=1

d2i (because σ2
n∑

i=1

kidi = 0, see class notes)

= var(β̂1) + σ2
n∑

i=1

d2i ≥ var(β̂1).
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Gauss-Markov theorem for the predicted value of y0 given x0.

Suppose we wish to predict a new y, say y0, for a given x0. The predicted value based on the OLS
estimates will be Ŷ0 = β̂0 + β̂1xi = Ȳ + β̂1(x0 − x̄) =

∑n
j=1

(
1
n

+ (x0 − x̄)kj
)
yj =

∑n
j=1 rjyj. We can

easily show that Eŷ0 = Ey0 = β0 + β1x0. Also the variance of the predicted value can be expressed
as var(ŷ0) = σ2∑n

j=1 r
2
j .

Now consider another unbiased predictor of y0 of the form ỹ0 =
∑n

j=1 cjyj. Since it is unbiased, we
have

Eŷ0 = β0 + β1x0

E

(
n∑

i=1

cjyj

)
= β0 + β1x0

n∑
i=1

ciEyi = β0 + β1x0

n∑
i=1

ci(β0 + β1xi) = β0 + β1x0

β0
n∑

i=1

ci + β1
n∑

i=1

cixi = β0 + β1x0

This equality holds for ALL β0 and β1 if and only if
∑n

i=1 ci = 1 and
∑n

i=1 cixi = x0.

Now show that var(ỹ0) ≥ var(ŷ0).
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