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Exercise 1

Suppose that we want to test the following two hypotheses:

Hy:pp—p2=0

Hy:pp —p2>0

To perform this test a sample of n observations from each population is to be selected. Assume that the
populations are normally distributed with known variances o2 and o3 respectively.

a. If we require 1 — 3 power of the test and we are willing to accept Type I error «, find an expression
for the sample size needed to detect a shift in the difference between the two population means from
ul—ugzotoul—u2:6(5>0).

b. Use the result from part (a) to find n when o1 = 12,09 = 15,6 = 3, = 0.01, and 1 — § = 0.99.

Exercise 2
Let X1, Xo, -+, X9 and Y7, Y5, -+, Y75 represent two independent random samples from the respective nor-

mal distributions N(u1,01) and N(ug,02). It is given that o = 302, but 03 is unknown. Define a random
variable which has a ¢ distribution and use it to find a 95% confidence interval for p; — ps.

Exercise 3
Let X, Xs,..., X, be a random sample from N(0,0).
a. Show that > 7" | X2 > k' is the best critical region for testing
Hy:02=4
H,:0?>=16
using the Neyman-Pearson lemma.
b. If n = 15, find the value of k¥’ so that o = 0.05.

c. If n =15 and k' is the value found in part (b), compute the value of

B=P()_ X} <k when o =16).
i=1
Exercise 4
Suppose that X, X5, -+, X, form a random sample from a normal distribution for which both the mean

p and the variance o2 are unknown. A confidence interval for p is to be constructed with confidence level

90%. Determine the smallest value of n such that the expected squared length of this interval will be less
2

than Z-.
2

Exercise 5
Let X1, Xo,-++, X, be a random sample from N (u,0?), with known mean p. Describe how you would con-
struct a confidence interval for the unknown variance o2 with confidence level 1 — a.

Exercise 6
We noted that if we sample from a normal population

6'2 — Z?:l(Xi _ X)2
n

is a biased estimator of o2 and that

S2 —_ Z?:l(X’L — X)2

n—1
is an unbiased estimator of o2
a. Find Var(6?).
b. Show that Var(S?) > Var(5?).



Exercise 7
Suppose Y; = Bx; + ¢;. In this equation X is non-random, [ is a parameter (unknown), and € ~ N(0, o).

a. Find the mean of Y.

b. Find the variance of Y.

c. What distribution does Y follow?

d. Write down the likelihood function based on n observations of Y and z.
e. Find the maximum likelihood estimate of 3. Denote it with ,@

f. Show that the estimate of part (e) is unbiased estimator of 3.

g. Find the variance of this estimate.

Exercise 8
Consider the model of exercise 7. Find the covariance between e; and e;. Also find the variance of e;.



