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The usual multiple regression model is y = Xβ+ε. If we partition X = (1,X(0)) and β =

(
β0

β(0)

)
we can

write the model as y = β01 + X(0)β(0) + ε. Suppose now we add and subtract 1
n11′X(0)β(0). The model

now is

y = 1

(
β0 +

1

n
1′X(0)β(0)

)
+ (I − 1

n
11′)X(0)β(0) + ε

y = 1
(
β0 + x̄′β(0)

)
+ (I − 1

n
11′)X(0)β(0) + ε

y = γ01 + Zβ(0) + ε

This is called the centered model, where,

1 =


1
1
...
1
1

 , β(0) =


β1

β2

...
βk−1

βk

 , ε =


ε1
ε2
...

εn−1

εn

 , Z =


z11 z12 z13 · · · z1k

z21 z22 z23 · · · z2k

z31 z32 z33 · · · z3k

...
...

...
. . .

...
zn1 zn2 zn3 · · · znk

 .

Another way to express the model above is to look at the regression model equation for each yi.

yi = β0 + β1xi1 + β2xi2 + . . .+ βkxik + εi.

After we add and subtract βj x̄j it becomes the “centered model”:

yi = β0 + β1xi1 ± β1x̄1 + β2xi2 ± β2x̄2 + . . .+ βkxik ± βkx̄k + εi

yi = (β0 + β1x̄1 + β2x̄2 + . . .+ βkx̄k) + β1(xi1 − x̄1) + β2(xi2 − x̄2) + . . .+ βk(xik − x̄k) + εi

yi = γ0 + β1(xi1 − x̄1) + β2(xi2 − x̄2) + . . .+ βk(xik − x̄k) + εi

We can expressed yi as

yi = γ0 + β1(xi1 − x̄1) + β2(xi2 − x̄2) + . . .+ βk(xik − x̄k) + εi (1)

yi = γ0 + β1zi1 + β2zi2 + . . .+ βkzik + εi
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Estimation of the centered model:
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Centering and scaling:
We can now scale the predictors as follows. We multiply and divide each centered predictor in equation (1)
by the quantity

√∑n
i=1(xij − x̄j)2 for j = 1 . . . k to get:

yi = γ0 + β1

√∑n
i=1(xi1 − x̄1)2√∑n
i=1(xi1 − x̄1)2

(xi1 − x̄1) + . . .+ βk

√∑n
i=1(xik − x̄k)2√∑n
i=1(xik − x̄k)2

(xik − x̄k) + εi or

yi = γ0 + δ1
zi1√∑n

i=1(xi1 − x̄1)2
+ . . .+ δk

zik√∑n
i=1(xik − x̄k)2

+ εi or

yi = γ0 + δ1Zsi1 + . . .+ δkZsik + εi,

This is the centered and scaled model, where, δj = βj
√∑n

i=1(xij − x̄j)2 and Zsij =
xij−x̄j√∑n

i=1
(xij−x̄j)2

.

We can also obtain the centered and scaled model in matrix form as follows.

y = γ01 + Zβ(0) + ε

y = γ01 + ZD−1Dβ(0) + ε

y = γ01 + Zsδ(0) + ε

where, Zs = ZD−1 and δ(0) = Dβ(0). The matrix D is defined as

D =



√∑n
i=1(xi1 − x̄1)2 0 0 . . . 0

0 0 0 . . . 0
...

. . .
...

...
...

...
...

...
. . .

...

0 0 0 0
√∑n

i=1(xik − x̄k)2


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Estimation of the centered and scaled model: If we regress y on Zs1, Zs2, . . . , Zsk we will obtain estimates
for γ0 and δ(0). Therefore,(

γ̂0

δ̂(0)

)
=

[(
1′

Zs′

)(
1 Zs

)]−1(
1′

Zs′

)
y =

(
1′1 1′Zs
Zs′1 Zs′Zs

)(
1′

Zs′

)
y

But, 1′Zs = 0 and Zs′1 = 0. Therefore,(
γ̂0

δ̂(0)

)
=

(
n 0
0 Zs′Zs

)−1(
1′

Zs′

)
y =

(
1
n 0
0 (Zs′Zs)−1

)(
nȳ

Zs′y

)
It follows that, γ̂0 = ȳ and δ̂(0) = (Zs′Zs)−1Zs′y. But, Zs′Zs = R (correlation matrix of the k predictors -

see page 3). Finally, δ̂(0) = R−1Zs′y and var(δ̂(0)) = σ2R−1.

Summary:

y = Xβ + ε non-centered model

y = β01 + X(0)β(0) + ε

y = γ01 + Zβ(0) + ε centered model

y = γ01 + Zsδ(0) + ε centered and scaled model

These three models have the same
fitted values
residuals
SSR
SSE
R2

F statistic for testing the overall significance of the model
t statistics for testing individual βi coefficients.

Notes:
1′Z = 0′ and Z′1 = 0
1′Zs = 0′ and Z′s1 = 0

4



W
e

ca
n

v
er

if
y

th
at

Z
s′

Z
s

=
R

fr
om

th
e

fo
ll

ow
in

g
:

Z
s′

Z
s

=

                    

x
1
1
−
x̄
1

√ ∑
n i
=

1
(x

i
1
−
x̄
1
)2

x
2
1
−
x̄
1

√ ∑
n i
=

1
(x

i
1
−
x̄
1
)2

..
.
..
.

x
n
1
−
x̄
1

√ ∑
n i
=

1
(x

i
1
−
x̄
1
)2

x
1
2
−
x̄
2

√ ∑
n i
=

1
(x

i
2
−
x̄
2
)2

x
2
2
−
x̄
2

√ ∑
n i
=

1
(x

i
2
−
x̄
2
)2

..
.
..
.

x
n
2
−
x̄
2

√ ∑
n i
=

1
(x

i
2
−
x̄
2
)2

x
1
3
−
x̄
3

√ ∑
n i
=

1
(x

i
3
−
x̄
3
)2

x
2
3
−
x̄
3

√ ∑
n i
=

1
(x

i
3
−
x̄
3
)2

..
.
..
.

x
n
3
−
x̄
3

√ ∑
n i
=

1
(x

i
3
−
x̄
3
)2

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

x
1
k
−
x̄
k

√ ∑
n i
=

1
(x

i
k
−
x̄
k
)2

x
2
k
−
x̄
k

√ ∑
n i
=

1
(x

i
k
−
x̄
k
)2

..
.
..
.

x
n
k
−
x̄
k

√ ∑
n i
=

1
(x

i
k
−
x̄
k
)2

                                        

x
1
1
−
x̄
1

√ ∑
n i
=

1
(x

i
1
−
x̄
1
)2

x
1
2
−
x̄
2

√ ∑
n i
=

1
(x

i
2
−
x̄
2
)2

..
.
..
.

x
1
k
−
x̄
k

√ ∑
n i
=

1
(x

i
k
−
x̄
k
)2

x
2
1
−
x̄
1

√ ∑
n i
=

1
(x

i
1
−
x̄
1
)2

x
2
2
−
x̄
2

√ ∑
n i
=

1
(x

i
2
−
x̄
2
)2

..
.
..
.

x
2
k
−
x̄
k

√ ∑
n i
=

1
(x

i
k
−
x̄
k
)2

x
3
1
−
x̄
1

√ ∑
n i
=

1
(x

i
1
−
x̄
1
)2

x
3
2
−
x̄
2

√ ∑
n i
=

1
(x

i
2
−
x̄
2
)2

..
.
..
.

x
3
k
−
x̄
k

√ ∑
n i
=

1
(x

i
k
−
x̄
k
)2

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

x
n
1
−
x̄
1

√ ∑
n i
=

1
(x

i
1
−
x̄
1
)2

x
n
2
−
x̄
2

√ ∑
n i
=

1
(x

i
2
−
x̄
2
)2

..
.
..
.

x
n
k
−
x̄
k

√ ∑
n i
=

1
(x

i
k
−
x̄
k
)2

                    

T
h

er
ef

or
e,

Z
s′

Z
s

=

                   1
r 1

2
r 1

3
r 1

4
..
.
..
.
r 1
k

r 2
1

1
r 2

3
r 2

4
..
.
..
.
r 2
k

r 3
1

r 3
2

1
r 3

4
..
.
..
.
r 3
k

. . .
. . .

. . .
. . .

..
.
..
.

. . .
. . .

. . .
. . .

. . .
..
.
..
.

. . .
r k

1
r k

2
r k

3
r k

4
..
.
..
.

1

                   =
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Multicollinearity - theory

Using the centered and scaled model we showed that the variance covariance matrix of δ̂(0) is equal to

var(δ̂(0)) = σ2R−1. We want to find an expression for var(δ̂1). This is equal to σ2×(position (1,1) of R−1).
First we will partition R as follows:

R =



1 r12 r13 r14 . . . . . . r1k

r21 1 r23 r24 . . . . . . r2k

r31 r32 1 r34 . . . . . . r3k

...
...

...
... . . . . . .

...
...

...
...

... . . . . . .
...

rk1 rk2 rk3 rk4 . . . . . . 1



=

(
1 r′

r R22

)
.

To find the inverse of the partitioned matrix we will use the following result from linear algebra:(
A11 A12

A21 A22

)−1

=

(
C11

−1 −C11
−1C12

−C21C11
−1 A22

−1 + C21C11
−1C12

)
.

where,

C11 = A11 − A12A22
−1A21

C12 = A12A22
−1

C21 = A22
−1A21

Using this result we can find the inverse of the partitioned R matrix. In particular, we are interested in
finding the element at position (1,1) of R−1. It will correspond to C11

−1 and it is equal to (1−r′R22
−1r)−1.

Therefore, var(δ̂1) = σ2

1−r′R22
−1r

. We will show now that var(δ̂1) = σ2

1−R2
1
, where R2

1 is the R2 of the regres-

sion of x1 on x2, x3, . . . , xk.

Find R2
1 using the centered and scaled model:

Zsi1 = α0 + α2Zsi2 + α3Zsi3 + . . .+ αkZsik + εi

As always, R2
1 = SSR

SST . But here, SST =
∑n
i=1(Zsi1 − Z̄s1)2 =

∑n
i=1 Zs

2
1 = Zs1

′Zs1 = 1. This is true
because

Zs1 =



x11−x̄1√∑n

i=1
(xi1−x̄1)2

x21−x̄1√∑n

i=1
(xi1−x̄1)2

...

...
xn1−x̄1√∑n

i=1
(xi1−x̄1)2


.

So far we showed that R2
1 = SSR.

Now let’s find SSR. We know that SSR =
∑n
i=1(ŷi− ȳ)2 =

∑n
i=1 ŷ

2
i −nȳ2 = ŷ′ŷ−nȳ2. In the model we are

using here, the response variable is Zs1, and because Z̄s1 = 0 it follows that SSR = Ẑs1
′
Ẑs1 = Zs1

′HZs1,
where H is the hat matrix constructed using the centered and scaled variables Zs2, Zs3, . . . , Zsk. Therefore,
SSR = Zs1′Zs∗(Zs∗′Zs∗)−1Zs∗′Zs1 = r′R22

−1r, where Zs∗ is Zs without Zs1. So R2
1 = r′R22

−1r.
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We just showed that var(δ̂1) = σ2

1−r′R22
−1r

= σ2

1−R2
1
. Since δj = βj

√∑n
i=1(xij − x̄j)2, it follows that

var(β̂1) = σ2

(1−R2
1)
∑n

i=1
(xi1−x1)2

. We see that if the R2 of the regression of predictor j on the other k − 1

predictors is large (close to 1) the variance of the predictor of β̂j will be inflated, and therefore the corre-
sponding t statistic will be small.

Variance inflation factor (VIF)

The variance inflation factor is given by V IFj = 1
1−R2

j

, and because var(β̂j) = σ2

(1−R2
1)
∑n

i=1
(xij−xj)2

it can be

expressed as V IFj =

∑n

i=1
(xij−x̄j)2

σ2 var(β̂j) =

∑n

i=1
(xij−x̄j)2

σ2 σ2Vjj = (n− 1)S2
xjVjj , where, Vjj is the (j, j)th

element of (X′X)−1.

Geometric interpretation
Since R2

1 = SSR = SST − SSE = 1 − SSE it follows that SSE = 1 −R2
1. But SSE = e′e which represent

the squared length of the residual vector of the model Zsi1 = α0 + α2Zsi2 + α3Zsi3 + . . . + αkZsik + εi.
Therefore, if R2

1 ≈ 1 it follows that the squared length of the residual vector is close to zero, which means the
fitted vector (in this case Ẑs1) will be “close” to the subspace spanned by the columns of Zs2,Zs3, . . . ,Zsk.
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