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Centering and scaling
Multicollinearity

The usual multiple regression model is y = X3+ €. If we partition X = (1, Xq)) and 8 = < ,6'6(0) > we can
0

write the model as y = By1 + X(0)B(0) + €. Suppose now we add and subtract %11’X(O)ﬂ(0). The model
now is

1 1
1 <50 + nl’X(g)ﬂ(g)) +(I- ﬁlll)X(o)ﬁ(o) + €

y =

_ 1
y =1 (ﬂo + X/,B(o)) + (I — ﬁlll)X(g)ﬁ(g) + €
y = %1+ZBp) +e

This is called the centered model, where,

1 b1 €1 211 212 213 " 21k

1 B2 €2 291 222 223 -t Zok
1= : , ﬁ(o) = : , €= : , Z = 231 32 %33 " 23k

1 Br—1 €n—1

1 5]@ €n Znl *n2 Zn3 " Znk

Another way to express the model above is to look at the regression model equation for each y;.

Yi = Bo + Prxi1 + Poxio + ...+ BrTik + €.

After we add and subtract 8;z; it becomes the “centered model”:

Yi = Po+ Bizi £ P11 + Poxio £ BoZo + ..+ Brxin £ BTk + €
yi = (Bo+b1Z1+ BaZa+ ...+ BrTk) + Bi(win — T1) + Ba@ie — T2) + ... + Br(win, — T) + €
Yi = o+ Bz — 1) + Pa(wiz — T2) + ... + Br(wik — Tk) + &

We can expressed y; as

Yi = Yo+ Bi(zi — 1)+ Ba(®ie — T2) + ... + BTk — Tk) + € (1)
Yi Yo + Brzin + Baziz + ..+ Brzin + €



Estimation of the centered model:



Centering and scaling:
We can now scale the predictors as follows. We multiply and divide each centered predictor in equation (1)

by the quantity /> ., (z;; — Z;)? for j =1...k to get:
Vi (@i — 71)

\/Z?Zl(xik — Iy)?

vi = Y+5 L —— (251 —Z1) + ... + Bk = —— (Tik — k) + € or
Yic1 (@il — 71)? \/Zi=1(35ik — Tp)?
21 Zik
yi = o+ 01— — . = —s Taor
' Zi:l(l‘il —71)? \/Zi:1(mik - Zy)? Z
Yi = ’yo+(51ZSi1+-~-+6stik+6ia
This is the centered and scaled model, where, 6; = 81/, (zij — 7;)? and Zyij = —ri—t——

We can also obtain the centered and scaled model in matrix form as follows.

y = vY1+ZBw) +e
y = 7vl+ ZDilDB(O) +e€
Yy = 7Y1+Zsb) +€

where, Zs = ZD™" and 6(0) = DB(0). The matrix D is defined as

\/2?21(951'1—51)2 0o 0 ... 0
0 0o 0 ... 0

0 0 0 0 Y (zw—Tr)?



Estimation of the centered and scaled model: If we regress y on Zg1, Zss, ..., Zs, we will obtain estimates
for 7o and d(gy. Therefore,

. -1
Yo _ 1 1 (11 11Zs 1
( 5.0 ) N K Zs' ) (1 Zs )} ( Zs' )y— ( Zs'1 Zs'Zs zs )Y
But, 1’Zs = 0 and Zs'1 = 0. Therefore,
Yo \ _(n O AL (2 0 ny
by )~ \ 0 zs'zs zs' )Y "\ 0 (Zs'Zs)! Zs'y

It follows that, 49 = ¥ and 5(0) = (Zs'Zs)"'Zs'y. But, Zs'Zs = R (correlation matrix of the k predictors -
see page 3). Finally, 5(0) =R !'Zs'y and var(s(o)) =o’R71L.

Summary:
y = X3+ € non-centered model
y = Pol+XBo) te
Yy = 71+ ZBp) + € centered model
Yy = 71+ Zsd() + € centered and scaled model

These three models have the same

fitted values

residuals

SSR

SSE

R2

F statistic for testing the overall significance of the model
t statistics for testing individual 3; coefficients.

Notes:
1'Z=0 and Z’1=0
1'Zs =0 and Z,1 =0



Ar—Aty

NANNIN.&&VHH“MW\/

(Tz— THVHHQHMW\/

o(ta—wa) I

H .
4Ey

4Ty .
Ty

mﬁ@lfsﬂnﬁww\/

12

2y

Ay TAy Ty

1 cey 1€y
€2y 1 1Ty

€Ty ¢Cly 1

(rz—wa) TN

cxr—cuy

NAN&IN@QVHHMN\/

Tx_18g

(Tz— THVHHMN\/

Hmw\ﬁm&
cxr—cex
i :HVHH@N\/
N P
Nﬁ - = ﬁN|ﬁNH
cxr—<cox
i :HVHH@N\/
NSQVHH@N\/ NAH@\ ? “
z(fz—2 w e
cx—cly

Ax—Auy

Cr—_cug

=2
(rz—va) Y

Nz — 0T

o(sa—sra) TN

ey

o(sz—or) TN

€x—¢€Tx

€xr—¢€Cx

) NeHVHH,sN\/
NsHvHH@N\/ NAN@| & “

g(sz—2 u —
TL_cex
. ?HVHH@N\/
:svﬁugw\/ (Tz—1! N

(T2 — u —
Tx—TCx

=7 57

‘910Jo19Y T,

= SZ,57

A TUED M\
:SUIMO[[0} oYy WOy Y = S7Z SZ ey} AJuio



Multicollinearity - theory

Using the centered and scaled model we showed that the variance covariance matrix of 5(0) is equal to
var(8(g)) = o>R~". We want to find an expression for var(d;). This is equal to o2 x (position (1,1) of R™1).
First we will partition R as follows:

1 T12 13 T14 N A
T21 1 23 T24 ... ... T2
31 Tz 1 rsa ... ... T3 L
R = _ .
r R22
Tkl Tk2 Tk3 Tkd «-v .. 1

To find the inverse of the partitioned matrix we will use the following result from linear algebra:

A1 Age _1: Cui ! —Ci11 'Cra
Az As —C21C11 ' Az '+ C21C1y 'Crz )

where,
Cii = A1 —ApAs Ay
Ciz = AppAx!
Caoi = A 'Apy

Using this result we can find the inverse of the partitioned R matrix. In particular, we are interested in

finding the element at position (1,1) of R~!. It will correspond to Cy1 ' and it is equal to (1 —r’Rzz_lr)_l.

~ 2 A 2

_ o 3 . _ 2 2 .
Therefore, var(d1) = ;%=1 We will show now that var(dy) = R where R7 is the R* of the regres-
sion of x1 on xs,3,...,Tk.

Find R? using the centered and scaled model:
Zsi1 =g+ aalSio+ a3lsiz+ ...+ apZs; + €
As always, R? = 328 But here, SST = Y1 |(Zsi1 — Zs1)? = Y1, Zs? = Zs1'Zs; = 1. This is true

SST -
because

T11—T1

ORNCIEAE

To1—T1

Z;;l(l’il*fl)Q
Z51 = .

1n1._i1
22
So far we showed that R? = SSR.

Now let’s find SSR. We know that SSR = """ (9: —9)* = >, 92 —ny? = §'§ —ny?. In the model we are

using here, the response variable is Zs;, and because Zs; = 0 it follows that SSR = Zs1/Zsl = Zs'HZsq,
where H is the hat matrix constructed using the centered and scaled variables Zso, Zs3, ..., Zsi. Therefore,
SSR = 7Zs1'Zs*(Zs*'Zs*) "' Zs*'Zs, = r'Raos ~'r, where Zs* is Zs without Zs;. So R? = r'Ros 'r.



2

We just showed that var(d;) = TR — 1:’;2. Since §; = Bjv/ >y (xij — Z;)?, it follows that
var(Bl) = a 1?2)252 ( ER We see that if the R? of the regression of predictor j on the other k — 1
—R7y ioq (Ti1— 21

predictors is large (close to 1) the variance of the predictor of Bj will be inflated, and therefore the corre-
sponding t statistic will be small.

Variance inflation factor (VIF)

The variance inflation factor is given by VIF; = L

db 3j) = g
and because var(3;) By

1 .
— it can be
1—Rj ) 7,’:1(‘701-]-79:]')2

B ZZL:I(IM—@')Z AN _ Z:;l(l’w—ij)z 2 . 21/ . ..
expressed as VIF; = &=r——var(f;) = ==t 5——0°Vj; = (n — 1)57,Vj;, where, Vj; is the (4, j)th
element of (X/X)~!.

Geometric interpretation

Since R} = SSR = SST — SSE =1 — SSE it follows that SSE =1 — R?. But SSE = e’e which represent
the squared length of the residual vector of the model Zs;1 = ag + aaZs;0 + @323 + ... + apZsii + €;.
Therefore, if R? ~ 1 it follows that the squared length of the residual vector is close to zero, which means the
fitted vector (in this case Zsl) will be “close” to the subspace spanned by the columns of Zss, Zss, . .. ,Zsy.



