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Comparing regression equations

Using two different data sets on the same variables we build the following two regression models

y1 = X1β1 + ε1

y2 = X2β2 + ε2

where,
y1 is n1 × 1, y2 is n2 × 1,
X1 is n1 × (k + 1), X2 is n2 × (k + 1)
β1 is (k + 1)× 1, β2 is (k + 1)× 1.

Suppose the first p elements of the vectors β1 and β2 are the same. Then, we can write the two vectors as

β1 =

(
β1

β2
1

)
and β2 =

(
β1

β2
2

)
where,
β1 is p× 1, β2

1 is (k + 1− p)× 1, and β2
2 is (k + 1− p)× 1.

We wish to test the hypothesis
H0 : β2

1 − β2
2 = 0

Ha : β2
1 − β2

2 6= 0.

The test will be performed through the general F test discussed in previous lectures. But first, let’s partition
the matrices X1 and X2 as follows:

X1 =
(
X1

1 X2
1

)
and X2 =

(
X1

2 X2
2

)
Note: The columns of X1

1 correspond to β1 and the columns of X2
1 correspond to β2

1 . Similarly, the columns
of X1

2 correspond also to β1 and the columns of X2
2 correspond to β2

2 .

The two models can be combined into one regression model:(
y1

y2

)
=

(
X1

1 X2
1 0

X1
2 0 X2

2

) β1

β2
1

β2
2

+

(
ε1
ε2

)
.

This model that combines all the information is of the form

y = Xβ + ε

and the hypothesis β2
1 − β2

2 = 0 can be tested using
H0 : Cβ = 0
Ha : Cβ 6= 0
with the general F test

Fm,n−k−1 =
(Cβ̂ − γ)′

[
C(X′X)−1C′

]−1
(Cβ̂ − γ)

ms2e
,

where the matrix C is defines as

C =
(
0k+1−p,p Ik+1−p −Ik+1−p

)
Therefore the dimensions of C are (k + 1− p)× [2(k + 1)− p].



Example:
Suppose k = 5 and we we want to test
H0 : β1

4 = β2
4 , β

1
5 = β2

5

Ha : Not true

Note:
Subscript ij refers to observation i for variable j.
Superscript 1 or 2 refer to dataset 1 or 2.

This is the formulation:



y11

y21

y31

...

yn11

y12

y22

y32

...

yn22



=



1 x111 x112 x113 x114 x115 0 0

1 x121 x122 x123 x124 x125 0 0

1 x131 x132 x133 x134 x135 0 0

...
...

...
...

...
...

...
...

1 x1n11 x1n12 x1n13 x1n14 x1n15 0 0

1 x211 x212 x213 0 0 x214 x215

1 x221 x222 x223 0 0 x224 x225

1 x231 x232 x233 0 0 x234 x235
...

...
...

...
...

...
...

...

1 x2n21 x2n22 x2n23 0 0 x2n24 x2n25





β0
β1
β2
β3

β1
4

β1
5

β2
4

β2
5


+



ε11

ε21

ε31

...

εn11

ε11

ε22

ε32

...

εn21



In this example we have k = 4, p = 4 and C is given by C =

(
0 0 0 0 1 0 −1 0
0 0 0 0 0 1 0 −1

)
.


