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Multivariate normal distribution and distribution theory in multiple regression

We say that a random vector Y = (Y1, Y5,...,Y,) with mean vector g and variance covari-
ance matrix X follows the multivariate normal distribution if its probability density function
is given by
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and we write, Y ~ N, (u,X).
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Moment generating function
IfY ~ N,(p,X) using the transformation Y = X327 + p we find that My (t) = et B3t 2t

Theorem 1
Let Y ~ N,(p,3), and let A be an m x n matrix of rank m and ¢ be an m x 1 vector.
Then AY + ¢ ~ N, (A +c,AZA).

Apply theorem 1 in multiple regression:

Theorem 2
Let Y ~ N,(p, X). Sub-vectors of Y follow the multivariate normal distribution and linear

combinations of Y7,Y5, ..., Y, follow the univariate normal distribution. For example, sup-
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where Qq is p x 1. It follows that Q1 ~ Np(pq, X11) and Q2 ~ N,,—, (o, Xao). For a lin-
ear combination of Y7,Ys,...,Y,, ie. a1Y] + axYo + ... + a,Y, = a'Y, it follows that,

aY ~ N(a'u, /a’Xa).
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Apply theorem 2 in multiple regression:

Theorem 3 - Statistical independence
Suppose Y, p, 3 are partitioned as in theorem 2. We say that Qq, Q2 are statistically inde-
pendent if and only if 35, = 0.

Application:
Suppose Y ~ N,(u,X) and define the following two vectors Q; = AY and Q, = BY.
Then, Q; and Q2 are independent if cov(Qq,Qz2) = AXB’ = 0. We stack the two vec-

tors as follows: Q = 81 = g Y = LY. Therefore using theorem 1 we find that
2
A AYA" AYXPB

Q ~ N(Lu,LXL') or Q ~ N ﬂ, and we conclude that Q,

B |" | BzA’” BZB
and Q2 are independent if and only if AXB’ = 0. Here, we can just simply find the covari-
ance between the vectors Q; and Qg and if it is 0 then we conclude that Q; and Q2 are
independent. In general cov(AY,BY) = AXB’. Why?

Apply theorem 3 in multiple regression:



Conditional distributions from multivariate normal:

Consider the bivariate normal distribution (see page 1). From theorem 1 it follows that
Y1 ~ N(pi1,01). This is also called the marginal probability distribution of Y;. We want to
find the conditional distribution of Y5 given Y;.

From the conditional probability law, fy,v, (y2|y1) = %&;’2)
bivariate density and the marginal density it can be shown that the conditional probability
density function of Y5 given Y7 is given by

, and after substituting the
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We recognize that this is a normal probability density function with mean
fvsy; = po + pZ (Y1 — p1) and variance o3y, = o3(1 — p?).

In general:

Suppose that Y, p, and 3 are partitioned as follows Y = Yu S = M1 , 0= i S ,
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and Y ~ N(u,X). It can be shown that the conditional distribution of Y7 given Y2 is also mul-

tivariate normal, Y1|Y2 ~ N(gty)9, B1j2), where pyp = py + 21935, (Yo — py), and i =

T — 219X55 2.



