University of California, Los Angeles
Department of Statistics

Statistics 100C Instructor: Nicolas Christou

Simple regression
1. Consider the following: Let Y7,...,Y,, be i.i.d. random variables with Y; ~ N (u, o).

— Confirm that the statement above can be expressed using the following model equation:
Yi=pu+e, t=1,...,n

Write a statement about €4, ..., €,.

— Estimate p and o2 using (a) the method of maximum likelihood and (b) the method of least
squares.

— Construct a 1 — a confidence interval for u.



— Test the hypothesis Hy : 1 = po against Hy : u # fig-

— Perform power analysis when p = .

— Predict a new Y, say Yj.

— Construct a prediction interval for Yj.



2. Now consider the following two models:
Y;' :ﬂ0+ﬂlxi+q,i: 1,...,7’L
Y;' :ﬁlxi-l-q,l': 1,...,n
For both models assume that x4, ...,x, are known and that €1,...,¢, are i.i.d. random variables with
Ele;] = 0 and var[e;] = 0. These are called the Gauss-Markov conditions. Note: Later we will also

assume that €; ~ N(0,0).

We want to answer the same questions as in (1) above when we have used the model ¥; = pu+¢;. The
mean for the models in (2) depends on z, while the model in (1) has constant mean.

— Estimate By, 81, 02

— Construct a 1 — a confidence interval for Sy and f.

Test hypotheses on [y, 1 or a linear combination of By and f;.

Predict a new Y, say Yp.
— Construct a confidence interval for E[Yp] for a given x = xg.

— Construct a prediction interval for Yy for a given z = x.

Use the model Y; = 6y + f1z; +€,i=1,...,n.
Estimate (g, 1.
Method of least squares:

n
min Q= g €2

i=1

n

min Q= Y (yi—Bo—fiz:)’

i=1

Take derivative w.r.t. 8y and (1 set them equal to zero and solve:
9Q
9o
9Q
OB

Rearrange the previous two equations so that (please complete the left side of the next two
equations):

= Z Yi (1)
= Z-szz (2)

These are called the “normal equations”.
Now, divide (1) by n and solve for By to get By = ’jlyi - 3121':1% = § — (17. Finally,
substitute Gy in (2) to get:

B = D i1 TiYi — % iy i) iy vi)
S a2 M

=1L — n

B = Yo (@i — %) (yi — )
Sy (wi — T)?

s @i =Ty Y (i — Dy Why?
h Z;L:l(xi —z)? Z;L:l(l"z —z)? v




Useful results:

Z(mi -z = 0.

n n n N2 n
Nt = Yar s e
n
3 =1

i=1 =1
S -Dw-) = - (e w) =Y wwi - ne.
i=1 i=1 i=1 i=1 i=1
Z((El — a’:)ml = Z(!El — .f')2.
=1 =1

Estimate S, 51, 0°.

Method of maximum likelihood:

Y; = Bo + Bix; + €,i = 1,...,n. Assume that €,...,¢, are ii.d. random variables with
€; ~ JV(O7 O’).

+ What is the distribution of Y;?

x Write the pdf of Y;.

x Write the likelihood function based on Yi,...,Y,.

x Write the log-likelihood function.

* Maximize the log-likelihood function w.r.t. 8y, 81 and o2. We observe that the estimators of
Bo and By are the same with the least squares estimators (why?).

* Fitted regression equation, fitted values, and residuals:

Y; Bo + Biz;
V; = Y +Bi(xi— 1) why?
e = Y=Y, =Y, -Y = Bi(a; — 7)

Properties of least squares for the model Y; = 5y + B1x; +€,i=1,...,n.

n

Zei = 0.
i=1

n
Zeixi = 0.
i=1

n
Zei@i = 0.
=1



Properties of least squares estimators: .
Find the expected value and variance of 8 and (.

It will be helpful if we expressed Bl and /30 as linear combinations of Y7,...,Y,,.

Recall that 3; = M Verify that By = S kiy;. What is k;? Is it random or non random?

_7)2
i:l(x’ z)

To find E[3;] and var[f3;] it will be useful to find the following:
Z?:l ki =

Z?:] kix; =
Z?:l kzz =

Now let’s find E[3;] and var[3;]. Remember that E[Y;] = 8o + f12;.
E[p] = E[X"i_ kiys] =

and

var[1] = var[y i, kiyi] =
Note: Yi,...,Y, are independent with var[¥;] = 0% and ki, ..., k, are non random quantities.



Now let’s do the same for BO. Recall that Bo = %y — Blz;ﬂ =y — Blz‘:.

n

Verify that 3y = iy liy;. What is ;7 Is it random or non random?

To find E[fB,] and var[fy] it will be useful to find the following:
Vi li =

Z::L:I liz; =
Z?:l ZZ'Z =

Now let’s find E|[fo] and var|f):
E[Bo] = E[}"i_, livil =

and

var[Bo] = var[Y i Liyi] =



Gauss-Markov theorem: R
Show that 31 and 3y are BLUE (Best Linear Unbiased Estimators). We have seen that 51 = >\, k;y;

and that E[Bl] = (1 and Var[Bl] = 5. Now let b; = Z?:l a;1y; be another unbiased estimator

0_2
POMINCES)

of B1. Show that var[3;] < var[b:].

Proof:
For b; to be unbiased for all 5y and 81 we must have the following two conditions:

Dlim i =

Yliny aimi =

It is also true that a; = k; +d;, where d; is the difference between k; and a;. Now let’s find the variance
of bll

var[by] = var[Zaiyi]
i=1

n
= o? Z a? (why?) Replace a; = k; + d; and expand.
i=1

Similarly, by following the same steps as above, we can show that var[8y] < var[by], where by =
Y i, ¢iy; is another linear unbiased estimator of So.



n

. 2 .
Back to the estimation of 2. We have seen that the MLE of o2 is 02 = Z%e Is 02 an unbiased
estimator of o2?

n

B = [E2t) = 130 g
= %En: [Var[ei] + (E[ei])2] Note: Ele;] = 0(why?)
i=1

1 n
= ; var[e;]

Therefore, we need to find var[e;]. Recall that e; =Y; —Y; =Y; =Y — B1(z; — 7).

Aside note: Let Y7, Y5, Y3 be random variables and a1, as, ag be known constants.

varfa, Yy + axYs +azYs] = afvar(Yy) 4 ajvar(Ys) + aivar(Y3)
+  2ajazcov(Y1, Y2) + 2ajazcov(Y1, Y3) + 2azascov(Ya, Y3).

Therefore

varfe;] = wvar|Y; =Y — Gi(z; — T) Please write the 6 terms that we need to consider

Aside:
varly]] =
var[V] =
varlpy] =

cov[V;, Y] =
covlY;, f1] =

COV[Yaﬂl] =

Now back to var[e;] to complete the question.



Distribution theory:
We have estimated the three parameters Sy, f1 and o? of the model Y; = By + Bias +e,i=1,...,n
with ﬁo,ﬁl and o2.

Under the normality assumption and because Bo, Bl are linear combinations of independent Y7,...,Y,
it follows that

~ g
61 ~ N (617 Z;n:l(xl — i’)2>

~ 1 i.Q
o N@V*m)

Theorem:zn ) w

2 . Ci n—2)52 € 9
Let S; = &~=i=,—. Then ( 0_2) e = S5l ~xn o
Proof:

First we discuss the “centered” model.
We obtain the “centered model” from the model y; = By + S1x; + €; if we add and subtract on the
right hand side the quantity 517 as follows:

vi = Bo+prvi+e+ /T — /T

yi = Bo+LZT+ Pz —T)+ ¢

yi = Yo+ bi(r—7)+e

Yvi = 7o+ B12; + €, where, y0 = o + 517 and z; = x; — 7.

The model y; = 70 + B1(x; — T) + ¢; is the centered model. This model has the same functional form
as the model y; = By + B1x; + €; and therefore the estimates of ¢ and 37 using least squares computed
as follows:

5 o Z;L:1(Zi_z)yi
S N

Continue to show that it is the same estimator using the non-centered model

, but, z =0 (why?)

Also, verify that 49 = Y.

Key result of the centered model: The two estimators are 3; and ¥ and because cov(Y, B1) = 0 under
normality they are independent.

Under normality and using the centered model we obtain the following distributions:

Yi o~
B ~
Jo ~

[y: *70;51 (z;—)]? 2

‘What is the distribution of 2

o



Now begin with 32" [y; — 70 — B1(x; — Z)]* and add/subtract 4o and $;(z; — 7) and expand.

Y lwi—v0—bil@i—B) £A0 £ fi(e — D) = D e+ (0 —70) + (B — Bi)(wi — )]
i=1 i=1
Expand to get 6 terms.

Three of the terms are equal to zero.

Now divide both sides by 02 and using the distributions from page 9 we see that all the previous terms
follow 2 distributions.

10



So far we have:

i{yi—ﬁ’o—&(%—w) ? _ (n—2)5’62+<%—7>2+ B — B

o o
i=1

Q = Q1 + Q2 + Q3
Distributions:
Q ~ Moment generating function Mq(t) =
Q2 ~ Moment generating function Mqgs(t) =
Q3 ~ Moment generating function Mqgs(t) =

It is given that Q1,Q2, Q3 are independent (we will show this next). Find the moment generating
function of @.

MQ(t) = MqQ,4+Q.+Qs (t)
Mo(t) = (Use properties of moment generating functions.)
Solve for Mg1(t)
Mao:(t) =

We mentioned above that QQ1, ()2, @3 are independent. Show that the covariances are zero and therefore
under normality they are independent:

1. We have seen already that cov(Y, Bl) =0.

2. Show that the covariance between Y and each residual is zero, cov(Y, e;) = 0.
Recall that e; =Y; —Y; =Y; — Y — 31(x; — z). Therefore,

cov (Y,Yi -Y —Bl(xi —;z)) =

3. Show that the covariance between Bl and each residual is zero, cov(e;, Bl) = 0. Therefore,

cov (Yi —Y — By (zi — j),31> -

11



Variance and covariance operations in simple regression using summations.

A general result: The covariance operation is additive.

cov iXi’in :iicov(Xi,Y»).
=1 j=1

i=1 j=1

Proof:
Let E(X;) = p; and E(Y;) = v;. Then

n n m

E(ZXl) = Z,ui and E(ZYJ) = Zvj.

Therefore using the definition of covariance,

m

cov iXi’ Y; = F <iXi_i“i> iyj—ivj
i=1 j i=1 i=1 j=1 j=1

)

= B Y (Xi—pu) Y (G—v)| =E YD (Xi =) (¥; —vy)
i=1 j=1 i=1 j=1
= ZZE(XZ_MZ)(Yj —vj) :ZZCOV(Xi’Yj)'

Similarly, find the covariance between Y7 | a;¥; and Y77, b;Yj:

n

cov iaiYi,iijj :Ziaibjcov(Yi,Yj).
i=1 j=1

i=1 j=1

Result
If Yi,...,Y, are independent (e.g. one of the Gauss-Markov conditions in regression) then, when i # j
we have cov(Y;,Y;) = 0 and therefore:

cov Zaﬂ@ Z b;Y; = aiby cov(Y1,Y7) + arbs cov(Y1,Y2) + ... 4+ arb, cov(Yy,Ys,)
i=1 j=1
+ a2b1 COV(YYQ, Yl) + a2b2 COV(Y27 YQ) + ...+ agbn COV(Y27 Yn)
+
+

+  apby cov(Y,, Y1) + anbe cov(Y,,,Ys) + ... 4+ anb, cov(Y,,Y,)

= Z a;b;var(Y;).
i=1

(Because when ¢ =j we have cov(Y;,Y;) = var(Y;)).

12



Application in simple regression: o
Let Y; = Bo + B1zi + €;. The Gauss-Markov conditions hold. Use the previous result to find cov(Y, 51),
cov(Bo, 81). and cov(Y;, Y;). Hint: Express Y, o, 41, Y; as linear combinations of Y3, ..., Y.

v 1 n _ n 1
-Y =2 Z¢:1 Y = Zi:l a;Y;, where a; = Py

- B =3 kiY;. What is k;?

- fo =", LY;. What is ;7

- Y=Y, Y and Y; = 3" d,Y,. What are ¢, d,.?

Therefore,

1. cov(Y, B3y) = cov(3r, a;Ys, Z;;l k;Y;)=

2. COV(B(), ,31) = COV(Z:‘L:I llyrz, Z;L:1 kj}/j):

3. cov(V;,Y)) = cov(3im, ey, Yio, dpYy)=

13



Variance of a linear combination of random variables:
Using the result above find var(Y; + ... + Y,):

cov Zn: Y, z": Y;
i=1  j=1
= zi:ji:COV(YQ,YE)

i=1 j=1

= ivar(Yi) + i iCOV(Yiij)
i=1 =1 j#i

n—1 n

= Zvar(Yi) +2 Z ZCOV(YMYJ’)

i=1 j>i

The previous result can be extended to the more general case:

Let Y1,Y5,...,Y,, be random variables, and ai,as,...,a, be constants. Find the variance of the linear
combination Q = a1Y; +a2Ys + ...+ a,Yn.

n n n
var (Z aiYZ) = cov ZaiYi,Zanj
i=1 i=1 =1
n n

— Z Z a;ajcov(Y;, Y;)

i=1 j=1

n n n
= Z aZvar(Y;) + Z Z a;ajcov(Y;, Y;)
i=1 i=1 ji
n—1 n

= z”: aZvar(Y;) + 2 Z Z a;ajcov(Y;, Y;)
i=1

i=1 j>i

Application in simple regression:
When the Gauss-Markov condition of independence holds, the previous expression is simplified considerably,
because cov(Y;,Y;) = 0. Let Y; = By + Sz, + €.

Use the previous result to find var(Y;). First, express Yl as a linear combination of Y7,...,Y,,.

Find the variance of var(e;) by expressing e; = 27:1 a1y]

14



Show that 37" (i — )% = 331 (i — 9:)* + 22021 (9 — 9)*.

Note:

Z(yl —7)? Total sum of squares (SST)
n
z:(yZ —9;)>  Error sum of squares (SSE)

=1
Z(Qz —7)? Regression sum of squares (SSR)

Proof:
Begin with >, (y; — 7)?. What do you need to add/subtract to get e;? And then expand.

Distribution of S?

2
Use (n;% ~ X2 _, to find the distribution of SZ2.

Aside notes:
IfY ~ I'(a, B) then the moment generating function of Y is My (t) = (1 — $t)~* and one of the properties
of moment generating functions is M.y = My (ct) (c is a constant).

2
Let Q = (n;# ~ x2_5. Solve for S? and find the moment generating function of S? using the notes above.

15



Construct a 1 — a Confidence interval for 5y, 8y and for a linear combination of 1 and By, for example,
Bo — 2B1. We want a statement like this P[L <0 < U] =1 - «.

Confidence interval for .
We have seen that 81 ~ N(fi,

¢

Suppose o is known. Standardized Bl to get a “pivotal”

\% ::1(:”’575?)2).

expression and then use it to construct a 1 — « confidence interval for ;.

Repeat for a 1 — a confidence interval for 8y assuming o is known.

16



~ 2
However o is not known. Therefore, use 8; ~ N(f1, NoN ‘7( 7)2) and (n—a22)Se ~ X2 _, to construct a t
=1 Ti—T

ratio (o now is eliminated.) What are the degrees of freedom?

Use the previous t ratio as a pivotal expression to construct a 1 — « confidence interval for ;.

Repeat for a 1 — a confidence interval for f.

17



Construct a confidence interval for Sy — 20;.
What is the estimator of By — 23,7

Find E[By — 261).

Find Var[BO — 231].

What is the distribution of BO - 231?

~ ~ 2
Construct a t ratio using the distribution of 8y — 23; and (”;# ~x2_,.

Finally, use the previous ¢ distribution to construct a 1 — a confidence interval for 5y — 2.

18



Suppose now we want to predict Yy (a new value of y) when & = ¢ and construct a prediction interval.

What is the expression for the error of prediction?

Find the expected value of the error of prediction.

Find the variance of the error of prediction.

What is the distribution of the error of prediction?

n—9)52
d ( 022)56

Construct a ¢ ratio using the distribution of the error of prediction an ~ X2 .

Finally, use the previous ¢ distribution to construct a 1 — « prediction interval for Yj.

19



Hypothesis testing
Consider the following tests.

1. H()ZBl:O
Ha:ﬁl#o

2. H()ZB():O
HQZBO#O

3. H0161—260:0
Hy:p1—280#0

4. Ho : p1 = p1,Po =55

H
H, : Not true.

Test for linear association between Y and x:

HQ : 61 =0

H,:B1#0

Construct a t ratio with n — 2 degrees of freedom. This is the same ¢ ratio we used for a 1 — « confidence
~ 2 n _=\2

interval for 8;. Here, under Hy : B; = 0. Therefore, ¢ — by _ o Zigel(”“ D%t . Reject

Hyif t > tl_%m_Q ort < *t%m_g.

Can we test this hypothesis using the F' statistic?
To form a ratio that follows the F' distribution we need two independent x? random variables. Here they
are:

From f; ~ N (1, ﬁ) find a x3.
=1\ T

2
And together with (n;% ~ X%_z find a test statistic that follows F} ,_s.

Is there a connection between the ¢ and the F' statistics?

20



Likelihood ratio test

A general note: Reject Hy is A = (g; < k, where L(®) is the maximized likelihood function under Hy and

L(Q) is the maximized likelihood function under no restrictions.

We are testing Hy : 81 = 0. Therefore under Hy the model is:

Find the MLEs of the parameters of the model under H.

~ ~ ~ n 2
Under no restriction we have the MLEs 3y and 8; and 02 = %el

Begin the likelihood ratio test A = < k and show that it is equivalent to the F statistic above.

L(Q)

21



This class activity will demonstrate step-by-step the procedure for finding a test statistic using the ¢, F', and
likelihood ratio test.

Consider the simple regression model y; = By + S12; +¢€;. The Gauss-Markov conditions hold and in addition
€; ~ N(0,0). We wish to test the hypothesis Hy : 81 = 1 against H, : 81 # 1. This test can be performed
using the following methods:

A. t statistic.
B. F statistic.

C. Likelihood ratio test.

Let’s begin. ..

A. t statistic:

1. What is the distribution of 31 under Hy.
ﬁl ~ N( ) )

2. What is the practical difficult in using (1) for inference on 3,7

3. Now obtain a N(0,1) distribution using (1).

4. Which other distribution do we need to use in order to obtain a t statistic?

5. Construct a t ratio using (3) and (4). What are the degrees of freedom for this ¢ statistic?

B. F statistic:

1. What is the distribution of the square of A-37

2. Use B-1 and A-4 to construct the F' statistic. What are the degrees of freedom?

22



C. Likelihood ratio test: A
A general note: Reject Hy is A = % < k, where L(®w) is the maximized likelihood function
under Hy and L(2) is the maximized likelihood function under no restrictions.

1. Estimate the parameters of the model under Hy.

2. Estimate the parameters of the model under no restrictions.

3. Begin the likelihood ratio test A = % < k and show that it is equivalent to the F' statistic

(same as in B).

23



Power analysis

Consider the simple regression model y; = By + f1x; + €;,7 = 1,...,n. The Gauss-Markov conditions hold
and also €; ~ N(0,0). We want to test the hypothesis Hy : 51 = 0 against the alternative H, : 51 # 0. The
test can be performed either using the ¢ statistic or the F' statistic. Under Hy these two statistics follow the
central t,_o and the central F ,_s.

F— B% Z:’l:l(xi - f)Q.

t:
52

or

A
Se

S o

If Hy is not true then these two statistics follow the non-central ¢ distribution with non-centrality parame-
B1 E:;l(mi—jV B3 Z;L:lz(li—i)z . Why?
o

g

ter and the non-central F' distribution with non-centrality parameter

Let’s explore...

Power analysis using the noncentral ¢ distribution.
A note on the noncentral ¢ distribution:
Let Z ~ N(6,1) and independently of Z let U ~ x2 then % ~ t,(NCP = ¢). Therefore the idea is that

we need to transform the normal random variable so it has standard deviation 1. Apply this to the test
H() : Bl =0.

Under Hy the numerator follows If Hy is not true the numerator follows

Z?:l(miﬂi)2

(n—2)52

n—2

The ratio under Hy follows If Hy is not true the ratio follows

Recall that the power of a test is the following:
1 — 8 = PJrejecting Hy when Hj is false]. Therefore,
1 — B = Plthn-a,Ncp > tan—2]+ Plta—2.nop < —ta.n-2]

Note: To compute the noncentrality parameter we need values for 8, and o.

24



Power analysis using the noncentral F' distribution.
A note on the noncentral x? distribution:
Let Y ~ N(p,1). Then Y2 ~ x3(NCP = p?). Therefore, if Y ~ N(p,0) then ¥ ~ N(£,1) and

y?2 2 (N2 . n Y} 2 12
L ~xi(NCP = (;) ). IfYq,...,Y, are iid. N(u,0) then > | ~x.(NCP = n(;) ).

o2 o2

A note on the noncentral I’ distribution: .
Let U ~ x2(NCP = 0) and independently of U let V ~ x2,. Then % ~ F,,,(NCP = 6). Apply this to

the test Hy : 81 = 0.

Bi~N (81, ——==Z——). Find a noncentral x? random variable. What is the noncentrality parameter 67

@0

Now the I statistic:

Under Hy the numerator follows If Hy is not true the numerator follows

o Zn )2
A1 7‘,:1( im®)
22

(n—2)52

fod
n—2

The ratio under Hy follows If Hy is not true the ratio follows

25



Example
We will use the following data:

#Read the data:

a <- read.table("http://www.stat.ucla.edu/ "nchristo/statistics100C/soil.txt",
header=TRUE)

#Use only n=7:

al <- a[3:9,]

We run the regression lead on zinc

#Run simple regression of lead on zinc:
q <- 1lm(al$lead ~ al$zinc)

#Summary of the regression:
summary (q)
Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 65.12581 8.31592 7.831 0.000545
al$zinc 0.20743 0.02166 9.577 0.000210

#Using alpha=0.05 and degrees of freedom 5 we obtain
the critical t value= 2.570582:
qt(0.975, 5)

We see that t = 9.577. The critical value using o = 0.05 is tg.975,5 = 2.570582, therefore Hj is rejected. We
can also use the p-value=0.000210. Since the p-value < a = 0.05 we reject Hy.

Now suppose we want to compute the power of the test if 5, = 0.3 and 02 = 625. We will use either the
non-central ¢ or the non-central F' distributions.

A. Using the non-central ¢ distribution. The R calculations follow:
#We need to compute the non-centrality parameter:
betal <- 0.3
sigma <- 25
ncpl <- betalxsqrt(6*var(al$zinc)) / sigma

#Compute the power:
pt(2.570582, 5, ncp=ncpl, lower.tail=FALSE) + pt(-2.570582, 5, ncp=ncparl)

#It is equal to 0.8729043.

26



Power analysis

f(t)

Central t

’ Non-central t

B. Using the non-central F' distribution. The R calculations follow:
#Critical value using the F distribution is equal to 6.607891
obtained as follows:

qf (0.95, 1,5)

#We need the non-centrality parameter for the chi-squared distribution:
ncp2 <- betal”2x*6xvar(al$zinc)/sigma2

#Compute the power:
1-pf(6.607891, 1,5, ncp=ncp2)

#It is equal to 0.8729043

Power analysis

(x)
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Hypothesis testing using the extra sum of squares principle

Under the null hypothesis we have a constrained (restricted) least squares problem. We estimate
the parameters of the model under Hy and we compute the error sum of squares. For example,
suppose we are testing Hy : f1 = 0, then under this hypothesis the model is y; = Sy + ¢;. What
is the error sum of squares under this hypothesis? It is SSE. =

We then compute the error sum of squares under the full model (no restrictions). The error sum
of squares is SSFE; =

The F statistic using the extra sum of squares method is defined as

SSE.—SSEj
df.—dfy
SSE; )
df

where df. and df; denote the degrees of freedom under the restricted model and under no restric-
tions respectively.

What is df.?

What is df?

Therefore,

SSE.—SSE;
“df—dfy _ SSE.—SSEy
SSEj - S2 :

df ¢ €

Now substitute SSE. and SSE; to show that this is exactly the I statistic that we found earlier,
on page 20.

Another example:

Suppose we are testing the hypothesis that the arm span is approximately equal to height, so
we are testing 51 = 1. Under the null hypothesis we have a restriction which makes the model
Yi =Bo+xi+e€ ory; —x; = Po+e€ ory’ = By + €. The estimate of By using this model is
BOC = §* = § — &. Therefore the error sum of squares of this model is SSE. = > | (yf — y*)%
Show that it is equal to 1", €2 + (f1 — 1)2 20 (z; — 7)2.

What is df.?
What is df¢?

Finally apply the extra sum of squares F' statistic

SSE.—SSEy
df.—df ¢
SSE;
df

to show that this is exactly the F statistic that we found earlier, on page 22.
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Constrained least squares - Lagrange multiplier method

In the previous section we have seen the F' test using the extra sum of squares principle. In doing
so we solve for the constraint to obtain the restricted model and from there after estimation we
computed the constrained error sum of squares. Another method for computing the constrained
error sum of squares is to minimize the error sum of squares subject to the constraint which
involves the use of the Lagrange multiplier method. Suppose we are testing Hy : 5o + 1 = 1.
The set up of the problem is the following.

n

min Q = Z(yz — Bo — ﬁlxi)Q

i=1
subjet to Bo + 61 = 1 And using a Lagrange multiplier we minimize
min Q@ = Y (yi — Bo — i)’ — 2M(B1 + Bo — 1)
i=1

This is a minimization problem that involves three unknowns, By, 51, and A. After taking partial
derivatives we get

0Q n

B _2;(%‘ —Bo— Bizi) =22 =0
0 n

37;21 - *2;(%‘ — Bo — Brxi)r; =21 =0
% = Bo+p1—-1=0

The solution is left as an exercise and it is equal to

D (i =y — 1)

S e )
BOC - ]-_Blc

The error sum of squares in this case is equal to SSFE,. = 21;1(% — Bgc — Blcxi)z. This error sum
of squares can also be obtained using the extra sum of squares principle of the previous section.
How? We will have to substitute in the modes By = 1 — 51 to get

¥vi = 1=01+pbix;+¢
yi—1 Bi(z: — 1) + &

And therefore, the estimate of 5y is Blc = %

multiplier method. We should also emphasize that the error sum of squares is given by SSE. =
St (yi — 1= Bie(x; —1))?, which is exactly the same as the error sum of squares obtained using
the method of Lagrange multiplier. Again, once the error sum of squares for the constrained
model is computed we can compute the F' statistic using the extra sum of squares principle as
was presented in the previous section.

, the one obtained using the Lagrange
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The F' statistic for testing more than one restrictions is simple regression.

So far we have discussed tests that involve on parameter (either 81 or 5y) or a linear combination
for 81 or By. In this section we discuss the case when testing for more than one parameter.
Suppose we are testing the following hypothesis:

Hy : o = 5§ and B1 = B, (where 5§, 57 are given values)

H, : Not true.

We will test this hypothesis using the likelihood ratio test. We will find first the MLEs under
restrictions imposed by the null hypothesis and under no restrictions.

a. Find the maximum likelihood estimate of ¢ under Hy.
Since [y and [y are specified under the null hypothesis the only parameter that needs

" (yi—By—Brwi)?
estimation is o2. Therefore, 08 2 — )

b. Find the maximum likelihood estimate of o2 under no restrictions.
The MLEs of Sy, 1, and o2 are the same as the ones that were previously computed:

Bla 607 02 L
c. We construct now the likelihood ratio test and show that the test statistic follows the F5,,_2
distribution.
L(w
A = (A) <k
L)
n L __R*__Q* i 2
(263 % eap(— gl im0 P
= o ST < k after simplification we get
(2762) Eea?p(—ﬁ =1 )
D)
= ZLcgn
6
5 5 2
_ > (i — Bo — Prxi) <2

Z?:l(yi — B5 — Bizi)?
The denominator, after :I:BO + lei and divide by o2 can be expressed as

Sici €, o G5 | (BB S wd | 200 = 68) (B — B iy o

o2 o2 o2 02 ’

which algebraically is also is equal to

T, (Bi-Bi? , (C— (B +Bia)?
0'2 Var(Bl) Var(C) ’

where, C = B+ /17 = . Each one of the last two terms is x? and because of independence
it follows that

(=B, (C= (Gt Bim)?
var(f;) var(C) 2
The likelihood ratio test, after dividing by >

ie1 e?, can be now expressed as

([51 ﬁ1)2 + (C— (50"‘51@)
var(s:) var(cC)
(n—2)52
0.2

1=k

The expression on the left follows Fj ,_5. Finally, to find k¥’ we will choose a significance
level o so that

P(FQ,n_Q > k‘l|Ho) = Q.
Therefore, the null hypothesis Hy : By = 55, f1 = 57 is rejected when

(B1 — B)2 o (2 — )2 + (§ — (B + Bi1))?
252

Flfa;Z,n72~
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Efficiency of least squares estimators .
In the one parameter case we say that an estimator 6 is an efficient estimator for 6 if

1. E[f] = 0.

2. The variance of 6 is equal to the Cramér-Rao lower bound for the variance of an unbiased
estimator of 6: var[f] = %@, where I,,(0) is the information in the sample.

The information in the sample can be computed using I,,() = — [821(;?] , where InL is the log

likelihood function.

Example: -
Let Y3,...,Y, beii.d. random variables with Y; ~ N(u, o). Show that Y is an efficient estimator
of u.

Multi parameter case
Let 6 be the estimator of 8 (p x 1 vector). For example, in the model y; = By + B12; + €; we have

0= . We say that 6 is an efficient estimator of @ if

1. E[f] = 6.

2. var[f] = I"1(@), where I(0) is the information matrix computed as follows:

[ o2lnL.  82InL o2InL ]
962 00,00, "' 00,00,
o2Inl.  s2InL a%InL
— o%nL | _ 00200, 002 Tt 90200,
1(0)_-E{8989'} =-F ’
o’InlL.  82InL a*InL
| 90,00, 90,00, °° 962 |

Write I(0) for the model y; = 8o + S1z; + €;-
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Write the likelihood function based on the normality assumption

InL =

Find the following

OlnL
9Bo

8%InL
o3

8%InL
B0

9%InL
85080’2

OlnL
b

0%InL
op7

9%lnL
0B1002

OlnL
Oo?

0%InL
302(2)
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9%InL }

Find the information matrix: —F [6089,

Note the information matrix is block diagonal. Therefore, find the inverse of the upper left
2 x 2 matrix of the information matrix I(0) and compare the elements of the 2 x 2 matrix with

var[B) = g~ varlfo) = 0[5+ s and covlfo, Bi] = — 5~

n .
. 7)2
i l(xz z)

zo?
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