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The gamma distribution

Before we discuss the χ2, t, F distributions which are related to the normal distribution,
we need to discuss the so called gamma distribution. The gamma distribution is useful in
modeling skewed distributions for variables that are not negative.

A random variable X is said to have a gamma distribution with parameters α, β if its
probability density function is given by

f(x) =
xα−1e−

x
β

βαΓ(α)
, α, β > 0, x ≥ 0.

E(X) = αβ and σ2 = αβ2.

A brief note on the gamma function:
The quantity Γ(α) is known as the gamma function and it is equal to:

Γ(α) =
∫ ∞
0

xα−1e−xdx.

If α = 1, Γ(1) =
∫∞
0 e−xdx = 1.

With integration by parts we get Γ(α + 1) = αΓ(α) as follows:

Γ(α + 1) =
∫ ∞
0

xαe−xdx =

Let, v = xα ⇒ dv
dx

= αxα−1

du
dx

= e−x ⇒ u = −e−x
Therefore,

Γ(α + 1) =
∫ ∞
0

xαe−xdx = −e−xxα|∞0 −
∫ ∞
0
−e−xαxα−1dx = α

∫ ∞
0

xα−1e−xdx.

Or, Γ(α + 1) = αΓ(a).

Similarly, using integration by parts it can be shown that,
Γ(α + 2) = (α + 1)Γ(α + 1) = (α + 1)αΓ(α), and,
Γ(α + 3) = (α + 2)(α + 1)αΓ(α).
Therefore, using this result, when α is an integer we get Γ(α) = (α− 1)!.

Example:
Γ(5) = Γ(4+1) = 4×Γ(4) = 4×Γ(3+1) = 4×3×Γ(3) = 4×3×Γ(2+1) = 4×3×2×Γ(1+1) =
4× 3× 2××1× Γ(1) = 4!.

Useful result:

Γ(
1

2
) =
√
π.

If we set α = 1 and β = 1
λ

we get f(x) = λe−λx. We see that the exponential distribution is
a special case of the gamma distribution.



The gamma density for α = 1, 2, 3, 4 and β = 1.
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Gamma distribution density

ΓΓ((αα == 1,,  ββ == 1))

ΓΓ((αα == 2,,  ββ == 1))

ΓΓ((αα == 3,,  ββ == 1))

ΓΓ((αα == 4,,  ββ == 1))


