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Problem 1 (25 points)
Answer the following questions:

8. Suppose the lifetime of an electronic component follows the exponential distribution with parameter
A. Show that P(X > s+ £X > 1) = P(X > s), for s > 0,t > 0.
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b. Suppose we want to estimate the proportion of persons in a large population who have a certain
disease. A random sample of 100 persons is selected from the population and the sumple proportion
of persons in the sample who have the disease is observed. Show that, no matter how large the pop-
ulation is, the standard deviation of the sample proportion is at most 0.05.
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c. Suppose that evidence concerning the guilt or innocence of a defendant in a criminal investigation
can be summarized by the value of an exponential random variable X whose g depends on whether
the defendant is guilty. If innocent, x = 1; if guilty g = 2. The deciding judge will rule the defendant
guilty if X > ¢ for some suitable chosen value of . If the judge wants to be 95% certain that an
innocent man will not be convicted, what should be the value of ¢?
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d. Refer to question (c). Using the value of ¢ found in question (c), what is the probability that o guilty

defendant will be convicted? /
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Problem 2 (25 poiuts)
Answer the following questions:

i Suppose the nmber of particles in a saple of water follows the Poisson distribution with A 100
particles per cubic inch. Find the probability that there are at least 125 porticles in a volnne of 1
cubic inch. Use normal approximation.
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b. Au environmental engineer believes that there are two contaminants in a water supply, arsenic and
lead. The actual concentrations of the two contmuninants sre independent random variables X and
1" weasured in the same units. The engineer is interested in what proportion of the contuminants
is lead on average. That is, the engincer wants to know the mean of R \—‘,— A common way
to approximate the mean of R is to generate using shoulations » paits (X, 37), .., (X, V) and
compute R, Tﬁ'\_, fori - 1,2,...,1n. Then R will be a good estimator of the mean of K. Suppose
var(R;) = 4. Determine the sinmlation size needed if we want 1t to be within 0.005 from the true
mean of B with probability 98%.
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. Ina large forest the number of pine trees per acre follows the Poisson distribution with A = 5. I[ we
randomly select 10 acres from this forest. what is the probability that at least one acre will have al

most one pine tree? - -5
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. The lifetime of a certain clectronic component [ollows the exponential distribution with parameter
A -l% Suppose that 2 such components operate independently and in series ina certain system
(that is, the system fails when either component fails). (o). Find the probability that the system
operates after 60 hours. (D). Find the probability the system operates after 60 hours il the components
are connected in parallel (that is, the system does not fail nntil hoth components fail).
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Problem 3 (25 points)
Answer the following questions:

a [0 was elaimed that 75% of all dentists reconnnend a wrtain bramd of gum for their patients. A
constuner group doubted this claim and decided to test Hy - 0.75 against the alternative hypothesis
that H, : p = 0.75 by contacting a survey of 390 clonllsts l“—un;., the sinmlation-based approach for
inference on tho pwpmtum p we constructed the following two histogramms (the first one is wder the
hypothesis that p — 0.75 and the second one wder the hypothesis that p = 0.68). We will reject Hy
if fewer thai( 22 dentists reconnmend this brand of gum. Find the Type I error «r and the Type 11

error 3 and show them on the histograms.
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I. Refer to question (a). Write the expressions that compute the exact probability of the Type [ error
o and the Type 1 error 3. =y 3Gy,
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. Refer to quvs( lun (I)) Appm\mmto the probabilities using the normal distribution.
2 0
L= (F< 5390 (0.7 ) ) P(2< -234)= 0.c076

V390 0 350 1) 23 ]og(o.ea)) ?(gww) 0. 2145
g l l\h;qo geq (v

d. For developing countries i Alrica 1 Américas, lv! 1 and pa be the respective proportions of
babies with low birth weight (bc]ow 2500 grams). We will test Hy : g po against the alternative

hypothesis H, 1 = .
1. Define a critical region that has o - 0.05. % >16 L"S

1 random samples of sizes 1y = 900 and ny 700 gave @y - 135 and e - T8 babies with low
2 b

birth weight, what is mm mmluslun" 9
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Problemn 4 (25 points)
Answer the following questions:

. Consider the regression model g, Jy + D e with o, ~ N (O o), and e, 0,006, independent,
Suppuose Jy is known, and thercfore there IH only one ]m.mwtm to estimate, 7). I can be shown that

; s
using the method of least squares, 3, &= ol z‘ . Find E() and var (3;). What is the
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b. A health insurance policy costs $1000, and will pay policyholders $5000 if they suffer an injury (re-
sulting in hospitalization). The company estimates that each year 1 in every 10 policyholders may
lave this kind of injury. Use the central limit theorem to compuie the probability that the jnsurance

company will make more than $28000 if they sell 61 such policies. (
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. Refer to question (b). Fimd the expression that computes the exact probability that the insurance
company will make wore than $28000 if they sell 6.1 such policies. Approximaie this probability using
the normal distribution.
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d. Suppose that Xy,..., X, and Y7,..., Y, are two independent random samples, with X ~ N(jn.o0y)
and Y, ~ N{p, a2). Suppose aj 2,03 2.5. Find the sample size ¢ so that X Y will he within

one unit of oy - gy with probability 0.95. §
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