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Review of basic concepts

e Discrete random variables:
Consider a random experiment with a sample space C. A discrete ran-
dom variable X is a function which assigns to each element ¢ € C one
real value X (¢) = x. The space of X, A, is the set of real values such
that X (c) = .

e Probability mass function of a discrete random variable:
plr)=P(X =2z2),VxeA
plx) =0,V ¢ A
apx) =1

e Common discrete distributions:

— Bernoulli

— Binomial

— Negative binomial
— Hypergeometric
— Poisson

— Geometric

e Cumulative Distribution function (cdf):
Fx(r) = P(X <z)=%,.,p(w), for discrete random variables.



e Continuous random variables:
A random variable X is continuous if there exists a function f(x) > 0
such that

P(X € A) = /A

We call f(x) the probability density function of X.

e Let X be a continuous random variable with range A. Then,

/Af<$)d5’7:17 flx)=0, V2 ¢ A.

e Let X be a continuous random variable with pdf f(x) and —oco <
X < o0o. Then

P(X >a)= /fa:
P(X <a)= / f(x)d
Pm<X<b:fo

e Note that when X is a continuous random variable the following is
true:

P(X >a)=P(X > a)
This is NOT true for discrete random variables.

e Cumulative distribution function (cdf):
F(z)=P(X < x) / f(z
for continuous random variables.

e Therefore




e Common continuous distributions:

— Normal

— Uniform

— Gamma

— Exponential

— Beta

— Chi-squared (central and non-central)
— t (central and non-central)

— F (central and non-central)

Explore relationships between distributions!



Probability distributions - Summary

H

Discrete distributions

H Distribution H Probability Mass Function H Mean H Variance H MGF H
Binomial P(X =2x)= (Z)pm(l —p)" T np np(1l —p) [pe' + (1 —p)]"
r=0,1,---.n
i — 7)) = (1 - p)=1? 1 1-p pe’
Geometric P(X=xz)=(1—-p)'p - = G
x=1,2,---
Negative Binomial | P(X =z) = (fj)p’"(l —p)r v T(;p) [1_(11)(i_p)et]r
r=rr+1,---
Hypergeometric P(X =2x)= ()G) oL nLNorNon
yperg ™ N N N N-1
r=0,1,--- nifn<r,
r=0,1,---rifn>r
Poisson P(X =x) = Azf;fk A A exp[A(e! —1)]
x=0,1,
H Continuous distributions H
H Distribution H Probability Density Function H Mean H Variance H MGF H
. at+b b—a)? etb_eta
Uniform flz) == a2 % t(—a)
a<x<b
Gamma f(z) = %, a,>0,2>0| af a3? (1—pt)~@
| Exponential | fl) =X XA>0,2>0 1B [ 5= [ (1—3)" |
_ x* T(1—x)B T « o
Beta H@) ="5as atB | @rAP(athtD
a>0,>0,0<z<1
Normal f(z) = - 127re—%(“';“)2 " o2 e“t+t252
—00 < T < 400




Exponential families

A probability density function or probability mass function is called an
exponential family if it can be expressed as

k
(2]6) = h(z)c(0)exp (; wi(O)ti(a:‘)) |

Note: h(x),t1(x),...,tx(x) do not depend on @ and (@) does not
depend of x.

Example:
Consider X ~ b(n,p) with n fixed. Show that p(z) = (")p"(1 —p)"~*
can be expressed in the exponential family form.

p(x) =

8 I 8 3 8 3 8 3

Therefore this pmf is an exponential family with
W) = (), c(p) = (1 —p)" ti(x) = z,w1(p) = log;”.



Theorem:
Suppose a random variable X has a pdf or pmf that can be expressed
in the form of exponential family. Then,

W (575

0

t2) = g loael6),

and

) var (Zfl aque(e) i(a:))— (,f;logc(l?) E(ifjlai;}é;mti(x)).

Note: Here log is the natural logarithm.

Proof of (a):

| f(z]@)dz = 1
/h exp(ZwZ()())dle

Differentiate both sides w.r.t. 6;:

/ h(x exp (Z wZ(O)tZ(:U)> dx
1=1
k (0 k

T+ [ hx)e(8) ¥ ag 9( ) t(w)exp (z wi(H)tl(x)> da = 0

o i=1 j i=1
: : (6 dloge(0) _ 0c(0) 1

Multiply the first integral by (0 and note that 90, = o0, o0
0c(0) k c(0)
h (01 —=d
1) g e (5 @) g

+ /x h(z)c(9) é:l alggja) ti(x)exp (é:l wz(e)tz(iﬁ')) dr =0
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After rearranging we get

_810596;6) [ @ye®)cap £ wi(O)ti(2)) do

Or

To prove statement (b) of the theorem differentiate a second time and
rearrange.

Note: @ can be a single parameter or a vector of parameters.

Show that X ~ I'(«, #) and X ~ Poisson(A) are exponential families.

Use the two statements of the theorem to find the mean and variance

of X ~ I'(e, B) and X ~ Poisson(\).



Expectations

e Let X be a discrete random variable. Its expected value (u), denoted
with F(X) is computed using

pw=FEX)= %::L'P(x)

e Fxpected value of a function of a discrete random variable: Let g(X)
a function of a discrete random variable X. Then its expected value is
computed as follows:

Elg(X)] = ¥ g(x) P(a)
e Variance (o) of a discrete random variable, denoted with var(X):
var(X) = 0% = E(X — p)* = X(z — p)") P(x)
— SaPl) -

The standard deviation of a discrete random variable is the square root
of the variance:

SD(X) =Vo? = @(a; — W2 P(z) = X a2P(z) — p?
[t follows that:

o’ =EX?—1? or EX?=0%+4°



e Let X be a continuous random variable. Its expected value is equal to

e Variance of continuous random variable:
= BE(X —p)?* = [ (v — p)’f(z)dz
or
o’ = [ @ fla)dr — [E(X)]

e Some properties of expectation and variance (for both discrete and
continuous random variables). Let a, b constants and X, Y be random

variables.
E(X+a) = a+ E(X)
E(X+Y) = EX)+ E(Y)
var(X +a) = var(X)
var(aX +b) = a*var(X)

If X,Y are independent then

var(X +Y) = var(X) +var(Y)



The distribution of a function of a random variables

Suppose we know the pdf of a random variable X. Many times we want
to find the probability density function (pdf) of a function of the random
variable X. Suppose Y = X",

We begin with the cumulative distribution function of Y':
1
Fy(y) =P(Y <y)=P(X" <y)=PX <y").
So far we have

Fy(y) = Fx(yn)

To find the pdf of Y we simply differentiate both sides wrt to y:

Frly) =y x (o)

where, fx(-) is the pdf of X which is given. Here are some more examples.

Example 1

Suppose X follows the exponential distribution with A = 1. f YV = v X
find the pdf of Y.

Example 2

Let X ~ N(0,1). If Y = e find the pdf of Y. Note: Y it is said to have
a log-normal distribution.

Example 3

Let X be a continuous random variable with pdf f(z) = 2(1—2),0 <z <
1. If Y =2X — 1 find the pdf of Y.

Example 4

Let X be a continuous random variable with pdf f(z) = 32?, -1 <z < 1.
If Y = X? find the pdf of Y.
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Moment generating functions

Definition:
MX(t) = EBtX

Therefore,
If X is discrete

Mx(t) = Xx: et P(x)

If X is continuous

Mx(t) = /xetXf(a:)dx

Aside:
v _ 1 A A
e = +ﬂ+a+§+"'
Similarly,
tx tx)? tx)3
P O (0 R o

1! 21 3!
Let X be a discrete random variable.

2 3
My(t) = S e Pla) = 5 1+t1”f+ (t;) n (t;) o pw

or
t . R
Mx(t) = %:P(SU) + 1'Xxij(az) + 2'%:3: P(z)+ S'Xx:x P(x)+---
To find the &y, moment simply evaluate the kg, derivative of the Mx(t) at
t=0.
Exk — (M (1] fﬁoderivative
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For example:
First moment:

Mx(t) = %:xP(a:) + Zf%;xQP(g;) 4 ...

We see that Mx(0) =5, 2P(x) = E(X).
Similarly,
Second moment

My (t)" =Y 2*P(x) + 3 ijx?’P(g;) NI

X

We see that Mx(0)” = =, 2*P(z) = E(X?).

Examples:

Find the moment generating function of X ~ b(n, p).

Find the moment generating function of X ~ Poisson(\).
Find the moment generating function of X ~ exp(\).
Find the moment generating function of Z ~ N(0, 1).

12



Theorem:

Let X, Y be independent random variables with moment generating func-
tions Mx(t), My (t) respectively. Then, the moment generating function
of the sum of these two random variables is equal to the product of the
individual moment generating functions:

My y(t) = Mx(t)My(t))
Proof:

If X,Y are independent find the distribution of X + Y when.
o X ~ b(nlap)vy ~ b(”?ap)

e X ~ Poisson(\),Y ~ Poisson(As).

o X ~ N(,ul, 0'1),Y ~ N(MQ,OQ).

13



Properties of moment generating functions:
Let X be a random variable with moment generating function Mx(¢). If
a, b are constants then

1. My yo(t) = e Mx(t)

2. Myx(t) = Mx(bt)

3. Mo = et My (%)
Proof:

Use these properties and the moment generating function of the standard
normal distribution Z ~ N(0,1) to find the moment generating function
of X ~ N(u,0).

Let In(X) ~ N(u,o0). Find the mean and variance of X. Note: This is
called the lognormal distribution.

14



Let X1, Xo,..., X, be iid. random variables from N (u, o). Use moment
generating functions to find the distribution of

a. I'=X1+Xo+ ...+ X,.

b, X = Z=1 X

15



Joint distributions

e Discrete joint (or bivariate) probability distribution of X and Y
fxv(@,y) = P(X =2,Y =y).

o Always,
2 fxr(z,y) =1

e Marginal distribution of X:
fx(x) = 2 fxy(z,y)

e Marginal distribution of Y:

fr(y) =X fxv(z,y)

e Conditional probability function:

PY =y, X =)
P(X =1)

frix(ylz) =P(Y =yl X =2) =

frixlyin) = DD

e Joint cumulative distribution function:
FXy(ZU,y> = P(X S CC,Y S y)
e Conditional expectation:

EYIX =a] =S yfyix(ylz)

16



e Conditional variance:
varlY|X = 2] = E[Y?)|X = 2] — (E[Y|X = 2])*

or

2
varlY X = 2] = S o2 s (ulo) = (Sufxole)

e Interesting and important property of conditional expectation:
EY)=EEY|X]

e Independent discrete random variables:
X and Y are independent if

P X =x,Y =y)=P(X =2)P(Y =y), for all pairs of z,y.
e Expected value of a function of X and Y

Elgxy(z,y)] =% > gxy (T, y) fxy(z,y)
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e Continuous joint probability distribution of X and Y.
e fxy(x,y) is said to be the joint probability density function of X and
Y if
/y/foY(l“ay)dl“dy =1

e Marginal probability density function of X:
T) = /nyY(any)dy

e Marginal probability density function of Y:

= /foY@%y)dﬂ?

e Conditional probability density function of X given Y

Fxplaly) =7 Xffff )y)

o If X, Y are independent, fxy(z,y) = fx(x)fy(y).
e Joint cumulative distribution function (cdf) of (X, Y):
Fxy(z,y) = P(X <z,Y <y
= /_”TOO /_yoo f(s,t)dtds
It follows that

O°F(z,y)

fXY(CE, y) = Doy

e Expected value of a function of X and Y

Egxy(z,y)] = [, [ gxy (@ y) fxy(z,y)dyde

18



Covariance and correlation

Let random variables X, Y with means px, py respectively. The covari-
ance, denoted with cov(X,Y), is a measure of the association between X
and Y.

Definition:
oxy = cov(X,Y) = E(X — ux)(Y — puy)

Note: If X, Y are independent then E(XY) = (EX)E(Y) Therefore
cov(X,Y) = 0. The opposite is NOT always true!
Let W, XY, Z be random variables, and a, b, ¢, d be constants,

e I'ind cov(a+ X,Y)

e ind cov(aX,bY)

e Find cov(X,Y + Z)

e Find cov(aW + bX,cY + dZ)

e Important:
var(X +Y) =var(X) +var(Y) + 2cov(X,Y)

e Find var(aX + bY)

19



However, the covariance depends on the scale of measurement and so it
is not easy to say whether a particular covariance is small or large. The
problem is solved by standardize the value of covariance (divide it by oxoy ),
to get the so called coefficient of correlation pxy.

~ cov(X,Y)

)

Always, —1 < p < 1,

0x0y

Show that —1 < p < 1:
Let X, Y be random variables with variances o%, 0% respectively. Exam-
ine the following random expressions:

20



A general result: The covariance operation is additive:
cov (Z XZ'7 Z Yj) - Z Z (Xme)
1=1 j=1 15=1
Proof:
Let E(X;) = p; and E(Y;) = v;. Then

B(Y X) = ¥ pand B(X V) = > v,
1= ]=

Therefore,
1=1 j=1 | \i=1 1=1 j= j=1

= L Zl(Xz' = 14) ZI(YJ' — v))
1= Jj= |

= ElX j;(Xz — ) (Y — vy)

= Z;j;E(X’ pi)(Y; — v))

— Zn: f cov(X;, Y)).

1=1j=1

Using the result above find var(X; + ... + X,,):

1=1

var (Zn: Xi) = Ccov (i X, Zn: Xj)
i=1 J=1

|
M:

COV(XZ', Xj)
j=1

Ii
—_

X))+ X X cov(X;, X))
i=1j#i

var(X;) + 2ni1 i cov(Xi, Xj)

i=1 j>i

I
S
—

~—~

~
Il
—_

|
'MS

~
I
—_
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The previous result can be extended to the more general case:

Let X4, Xo, ..., X, be random variables, and ai, a9, ..., a, be constants.
Find the variance of the linear combination Y = a1 X7 +axXo+. .. +a,X,,.

var (fjl aZ-XZ-) = cov (anl a; X, ﬁ:l anj)
i= 1= =
ﬁ:l a;ajcov(X;, X;)
j
var(X;) + §:1 2;: a;ajcov(X;, X;)
i=1j#i
— a?var(Xi) + 2n§ f a;a;jcov(X;, X;)

i=1 i=1 j>i

I
M=

o~
I
—_

I
@
S

~
s |l
—_

See also page 24 for the same result expressed in matrix and vector form!
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Joint probability distribution of functions of random
variables

Let X1, X5 be jointly continuous random variables with pdf fxix2(x1, z2).
Suppose Y1 = ¢1(X1, Xo) and Yy = go( X1, X3). We want to find the joint
pdf of Y7, Ys. We follow this procedure:

1. Solve the equations y; = g1(x1, x2) and yo = go(w1, T2) for x1 and s
in terms of y; and s.

991 991

2. Compute the Jacobian: J = % % . (J is the determinant of the

ory Ox9
matrix of partial derivatives.)

To find the joint pdf of Y7,Ys use the following result: fy; v,(y1,y2) =
Ixyx, (1, 22)|J| 71, where |J| is the absolute value of the Jacobian. Here,
T1, Ty are the expressions obtained from step (1) above.

Example:

Suppose X and Y are independent random variables with X ~ T'(a; \)
and Y ~ T'(8,A). Compute the joint pdf of U = X +Y and V = XLJFY
and find the distribution of U and the distribution of V. Also show that

U,V are independent.
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Random vectors

Xy
Xy
Let X = . , be a random vector.
Xn
EX, M1
EX, 2
Let the mean vector p = FX = ) = )
EX, Hn
and the variance covariance matrix
U% 012 013 014 -+ Olp
021 U% 023 024 -+ O2p
S=FEX-—pu)(X—p) =] 05 03 Oy Oz ccc O3
Opl Op2 Op3 Op4 " 0-72L
Theorem:
1. Let a = (ay,...,a,) be n x 1 vector of constants.

2. Let A be p x n matrix of constants.
Find the mean and variance of a’X and AX.
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Joint moment generating functions

Xl tl

X 2 . : :
Let X = .|, be a random vector and let t = . |- The joint moment generating function

Xn tn

of X is defined as Mx(t) = Eet'X = Feap(X", tix;).

Theorem

Lot A (1) = #2550, Mi(t) = #55, and My () = 255500

Then, EX; = M;(0), EX? = M;;(0), and EX,;X; = M;;(0).

Corollary
Let ¢ (t) = logMx (t), i(t) = 258 wyi(t) = 55,

) ot; Ot ;2
0% Yx(t
and ;;(t) = 5500

Then EXz = ’gbl(O), ’UCL?"(XZ') = ’QDM(O), and COU(Xin) = ’QD”(O)

Theorem

Let X = ;[ > The marginal moment generating function of Y (Z) is the moment generating
function of X ignoring the vector Z (Y). This is expressed as My(u) = Mx(u,0) and Mz(v) =
Mx (0,v), where t = ( 3

Proof

25



Theorem
If Y and Z are independent then Mx(t) =My (u)Mz(v).
Proof

Example
Let X and Y be independent normal random variables, each with mean p and standard deviation o.

a. Consider the random quantities X + Y and X — Y. Find the moment generating function of
X +Y and the moment generating function of X — Y.

c. Find the joint moment generating function of (X +Y, X —Y).

d. Are X +Y and X —Y independent? Explain your answer using moment generating functions.
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Multivariate normal distribution
One of the most important distributions in statistical inference is the multivariate normal distribu-

tion. The probability density function of the multivariate normal distribution, its moment generating
function, and its properties are discussed here.

Probability density function

We say that a random vector Y = (Y1,Ys,...,Y,) with mean vector pu and variance covariance
matrix X follows the multivariate normal distribution if its probability density function is given by
FY) = %|2|—%6—%(Y—M)’2_1(Y—H)7
(2m)?

and we write, Y ~ N, (p,X). If Y = (Y1,Y2) then we have a bivariate normal distribution and its
probability density function can be expressed as

1
210109/ 1 — p?

X exp [_2<1 i - l(yl ;m)z n <y2 ;2/@)2 —2p (yl ;’“) (yZ-T)H

2

Here, we have 3 = ;1 3122 . The previous expression can be obtained by finding the inverse of
21 2

3 and substituting it into f(Y).

Here is the bivariate normal pdf.

f(y1, y2)

Bivariate Normal Distribution
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Moment generating function
A useful tool in statistical theory is the moment generating function. The joint moment generating
function is defined as

MY(t> = E@tlY = E@Z?:l yiti7

where Y = (Y1,Y5,...,Y,) and t = (¢1,%2,...,t,). Suppose Z ~ N,(0,I). Since Zy,Z,...,2Z,
are independent the joint moment generating function of Z is Mz(t) = e3t't, Why? To find the
joint moment generating function of Y ~ N, (u, X) we use the transformation Y = $37 + u to get
My(t) = ot B3t 2t

Theorem 1

Let Y ~ N,(w,X¥), and let A be an m x n matrix of rank m and ¢ be an m x 1 vector. Then
AY +c~ N, (Ap+c, AXA’).

Proof

Theorem 2
Let Y ~ N,(p,X). Sub-vectors of Y follow the multivariate normal distribution and linear combi-

nations of Y7, Y5, ..., Y, follow the univariate normal distribution.
Proof
" Y, 231 1 i
Suppose Y, p, and ¥ are partitioned as follows Y = S = , N = ,
PP I P W Y, K ( o o1 Yo

where Yy is p x 1. We will show that Y; ~ N,(pq,%11) and Yo ~ N,_,(py, Xos). The re-
sult follows directly by using the previous theorem with A = (I,,0). For a linear combination of
Y1,Y,,...,Y,, le. a1Yi+axYs+. .. +a,Y, = a’Y, the matrix A of theorem 1 is a vector and therefore,
a'Y ~ N(a'u,a'Xa).

Example
Y: 241 U% 012 | 013 014 015
ﬁ _H2 021 U% 023 024 O35 \%
Let Y=|Y; |,u=| ps [, X=| o1 03| 035 o034 035 [, thenif Qq = ( YI >’
Yy Ha 041 042 | 043 UZ 045 ?
Ys M5 051 052 | 053 054 aé

2
it follows that Q; ~ N [( 'ul ) , ( o1 0122 )]
2 021 Oy
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Statistical independence

Suppose Y, p, 3 are partitioned as in theorem 2. We say that Y1, Yo are statistically independent
if and only if 315 = 0. This can easily be shown using the joint moment generating function of
Y. Recall that the exponent of the joint moment generating function of the multivariate normal
distribution is t'p + %t’ 3t which after partitioning t conformably (according to the partitioning of
Y, p, X) can be expressed as t1'py + to' o + %tl’EHtl + %t2’222t2 +t1'212t2. When X5 = 0, the
joint moment generating function can be expressed as the product of the two marginal moment gener-
ating functions of Y; and Yo, i.e. My (t) = My, (t1)My,(t2), therefore, Y; and Y are independent.

Theorem 3

Using theorem 1 and the statement about statistical independence above, we prove the following
theorem. Suppose Y ~ N, (u,¥) and define the following two vectors Q; = AY and Q; = BY.
Then, Q; and Q2 are independent if cov(Qq, Q) = AXB’ = 0.

Proof
We stack the two vectors as follows: Q = ( Q > = (

Q2
find that Q ~ N(Lp, LYXL') or

A

B > Y = LY. Therefore using theorem 1 we

Q~Ni| g BXA’ BXB
only if AXB’' = 0.

/ /
A ’ < AXA" AXYB )17 and we conclude that Q; and Q2 are independent if and
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Example

Consider the bivariate normal distribution (see page 1). From theorem 1 it follows that Y; ~
N(uy,01). This is also called the marginal probability distribution of Y;. We want to find the
conditional distribution of Y5 given Y.

From the conditional probability law, fy,v, (y2|y1) = %&;’2)
density and the marginal density it can be shown that the conditional probability density function
of Y given Y] is given by

, and after substituting the bivariate

1 <Y2 — p2 — pZ (M1 —m))] .

2 a3(1 - p?)

1
fYQ\Yl(yzfyl) = mme.ﬁp[ 5

We recognize that this is a normal probability density function with mean
fvsy; = po + pZ (Y1 — p1) and variance o3y, = o3(1 — p?).

In general:

Suppose that Y, p, and X are partitioned as follows Y = Y = H , X = o 2 ,
Yo Ho o1 Yo

and Y ~ N(wu,X). It can be shown that the conditional distribution of Y; given Y, is also
multivariate normal, Y1[Y2 ~ N(gq)9, X1j2), where pryy = py + Y1935 (Y2 — py), and Eyp =
i — DX Bor.

Proof:
Let U=Y; — $15350 Yo and V = Y.
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