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Suppose there are k colocated random variables. Modeling coregionalization requires com-
puting and fitting of k—i—( ) k(kH) auto and cross-semivariograms (or covariance functions).

Suppose Z;(s;),i =1,...,k are k intercorrelated random variables and sy, so, ..., s, are the
spatial locations that we observe these variables. Consider a linear combination of the type
Y =8, > j—1w;iZi(s;). It’s variance must be nonegative and therefore,
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This variance can be expressed in terms of a matrix C which contains covariances and cross-
covariances involving the k random variables. Therefore, the matrix C must be positive
semidefinite, or equivalently, the matrix of semivariograms must be conditionally negative
semidefinite. To achieve this, we express each random variable as a function of p independent
random variables each one with mean zero and covariance function ¢;(h):

p
$)=Y_agYi+p, i=1,... k
=1

Here they are:

Zl(S) = CL11}/1 + a12Y2 + ...+ Cble;, + 1
Zy(s) = anYi+anYs+...+agY,+ 1

Zi(s) = amY1+araYo + ...+ arpYy, +

with, E[Y(s)] :0 l=1,...,p.
E[Z()] pii=1,... k.
cov[(Yi(s),Yr(s+ h)] = ¢(h) if { =1, and 0 otherwise.

Using the above we can express the covariance between two random variables Z;(s) and
Zi(s + h) as follows:

c12(h) = cov[Zi(h), Za(s + h)]
= Cov (a11Y1 + CL12YQ + ...+ G/lp}/p + [, CL21)/1 + GQQ)/Q + ...+ Cbgp}/p + Mz,)
= anazlcl(h) + a12a22C2(h) + ...+ alpagpcp(h).

Similarly the expression of the cross-semivariogram is:

’712(}1) = CLHCLQl’Yl(h) -+ CL126L22’)/2<]1) 4+ ...+ alpagp’yp(h).



Example:
Consider two random variables Z;(s) and Zy(s) and suppose we express them as linear
combinations of Y7, Ys, V3.

Zi(s) = anYi(s)+ a2Ya(s) + a13Ys(s) + 1
Zy(s) = anYi(s) + axnYa(s) + axsYs(s) + pa

Then the auto and cross semivariograms can be expressed as follows:

(k) = ai;n(h) + alyya(h) + afsvs(h)
Yaa(h) = azm(h) + asy72(h) + a3sys(h)
m2(h) = ananyi(h) + ar2a2072(h) + arzassys(h)

Or using different notation:

Y1(h) = wy(h) + ugy2(h) + uzys(h)
Yo2(h) = vim1(h) + vaya(h) + v3y3(h)
T2(h) = w1y (h) +wey2(h) + wsyz(h)

The semivariograms ~;(h),v2(h),v3(h) are called the basic models and we express the pre-
vious system of equations for each basic model as follows:

Combinations of the first basic model 7, (h)
()t (R [ w w mn(h) 0
yar(h)t ya(R)! w1 0 m(h) )
Combinations of the second basic model v (h)
(h)® ma(h)* | _ [ e we 72(h) 0
Yor(h)? 22(h)? Wa V2 0 (b))
Combinations of the third basic model ~;(h)
(R y2(h)® ) _ [ us ws v3(h) 0
121(R)? y22(h)? w3 V3 0 s(h) )

The system will be positive definite if all the matrices of the coefficients u, v, w are positive
definite, i.e. uj,v; > 0 and ujv; > w} (determinant is larger than zero).



