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e Stochastic process: Any variable that changes over time in
an uncertain way it follows a stochastic process.
Discrete time
Continuous time

e Markov process: Special case of stochastic process. Only the
current value of a random variable is relevant for future predic-
tion.

e Wiener process: A particular type of a Markov process.
The random variable Z follows the Wiener process if:

a. AZ = e/ At, where € ~ N(0,1).
Therefore AZ ~ N(0, v/ At).

b. The values of AZ for two different short intervals At are in-
dependent.

Consider the change in Z over a long period of time (from 0 to

T). Let Z(T) be the value of Z at the end of period T', and
Z(0) be the value of Z now (time zero).
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1. Change in value of Z from now until 7"
Z(T)—Z(0)=AZ.

2. This change can be be viewed as the sum of changes in n
small intervals each one of length At as follows:

3. Therefore
AL =ANZ1+AZy+ ...+ AZ,

4. Find the distribution of the change in Z.
Write the previous expression as:
AZ = e; /AL + eo/At + ... + e,/ At
But, €1, €9, ..., €, are independent N (0, 1). Therefore, since
AZ is alinear combination of i.i.d. N (0, 1) random variables,

it follows that AZ ~ N(0,+/T).

Example: Let Z be a random variable that follows the Wiener
process and time is measured in years. Initially its value is $20.
Find the distribution of its value at the end of the

(i.) First year:
Sl = So —|—A51 = S() + 61\/I.
E(S)) = 20 + 0 = 20.
var(Sy) = var(Sy + AS)) = var(AS;) = var(e;/1) =1
S~ N(20,1).

(ii.) Second year: Sy = Sy + AS] + ASs.

(iii.) Fifth year:
Sy = Sp+ AS7 + ASy + ASs + ASy + ASs.



e Generalized Wiener Process: So far the mean of the change
in Z was assumed to be zero. If indeed it is zero, then the ex-
pected value of Z in the future is equal to the current value!

Definition: Let X follow the generalized Wiener process. Then
Az = aAt + ber/At.

Therefore Az ~ N(aAt,byv/At). This Wiener process has ex-
pected drift rate of a per At and variance of b? per At.

Example: The current price of a stock is $50 and has expected
drift rate of 20 per year, and variance 900 per year. Find the
distribution of the price of the stock at the end of the

(i.) First year: S; = Sy + AS] = Sy + 20A; + 30,1/
E(S)) = 50 + 20 = 70.
var(S) = var(Sy + AS1) = var(30e,v/A;) = 900.
Sy ~ N(70,30).

(ii.) Second year:
Sy = Sy + AS) + AS,.
E(Ss) = 50 + 20 + 20 = 90.
var(Sse) = var(AS; + ASy) = 900 + 900.
Sy ~ N(90,30v/2).

(iii.) Sixth month:
Sos = So + ASy5, here At = 0.5.
E(Sy5) = 50 + 10 = 60.
var(Sps) = 900 X .
So5 ~ N(60,30,/1).



e Process for Stock Prices: The generalized Wiener process
could have been the correct model for stock prices, however the
drift rate and variance do not include the current price of the
stock.

The model now is:

A;Y = pAt + oeV At.

or
AS = uSAt + oSev At

This model assumes a drift rate equal to wS where p is the
expected return of the stock, and variance 025% where o is the
variance of the return of the stock. Therefore

ASS ~ N(uAt, oV At).

S Price of the stock.
AS Change in the stock price.

At  Small interval of time.
e  Follows N(0,1).

Example: The current price of a stock is Sy = $100. The ex-
pected return is g = 0.10 per year, and the standard deviation
of the return is o = 0.20 (also per year).

1. Find an expression for the process of the stock:

% = 0.10At + 0.20ev/ At.



2. Find the distribution of the change in S divided by S (dis-

tribution of £2). &2 ~ N(0.10At,0.20v/At).

Therefore, at the end of the first year the distribution is

85 ~ N(0.10,0.20).

3. Divide the year in weekly intervals and find the distribution

of % at the end of each weekly interval.

= 0.102; + 0.20¢/2.
AS 1
AS 0 1052, 0.20,/%).

4. Repeat (3) by assuming daily intervals.

1
= 0.105% + 0.20€,/51-.

52 ~ N(0.1054, 0.20y/552).



Monte Carlo Simulation of a stock’s path
So = $20, annual mean and standard deviation: p = 0.14, 0 = 0.20.
Consider time intervals of 3.65 days or At = 0.01 years.

AS = uSAt+ oSeV/At
AS = (0.14)(0.01)S + 0.20v/0.01€S
AS = 0.0014S + 0.02¢S

AS; = 0.0014S5, + 0.02€,5,
AS; = 0.0014(20) 4 0.02(—1.70)(20) = —0.653
S1 = Sy+AS; = 20— 0.653 = 19.347

ASQ = 0001451 —|—O.02€251
ASy; = 0.0014(19.347) + 0.02(—0.18)(19.347) = —0.042
So = ST+ ASy; =19.347 — 0.042 = 19.305

AS, = 0.0014S5,,_1 + 0.02¢,S,,_1
Sn — Sn—l +ASn

i epsilon DS S

20.00000
1 -1.703034618 -0.6532138473 19.34679
2 -0.178328033 -0.0419159860 19.30487
3 0.626012018 0.2687284327 19.57360
4 0.372285880 0.1731425256 19.74674
5 -0.891222913 -0.3243295254 19.42241
6 -0.040610484 0.0114163056 19.43383
7 1.726364596 0.6982048082 20.13203
8 1.120874720 0.4794945764 20.61153
0.226489910 0.1222221973 20.73375
10 0.595893749 0.2761294837 21.00988
11 -0.583445574 -0.2157485874 20.79413
12 -1.385848921 -0.5472386807 20.24689
13 -0.428217124 -0.1450556662 20.10184
14 0.865628958 0.3761571979 20.47799
15 1.035171785 0.4526340065 20.93063
16 0.973033321 0.4366268329 21.36725
17 -2.081263166 -0.8595034214 20.50775
18 0.512261722 0.2388175642 20.74657
19 -0.859783037 -0.3277057531 20.41886
20 2.069083428 0.8735530064 21.29242
21 1.390716075 0.6220434713 21.91446
22 1.450279390 0.6663220053 22.58078
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.941865554
.055756037
.224687801
.715660734
.940489092
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.4569742885
.5186978406
.1388359872
.3059823545
.4072027270
.1095509099
.6978272123
.3018115790
.1334371730
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.8027958370
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.1489331441
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.1716454740
.0146520027
.1572693193
.2564495276
.5961579893
.2540208709
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46612



Simulation of the stock’s path:

Stock price
19 20 21 22 23 24 25
| | | | |
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Stock simulation - R commands:

epsilon <- c(0,rnorm(100))
S <- ¢(20,rep(0,100))
DS <- rep(0,101)
for(i in(1:100)) {
DS[i+1] <- 0.0014xS[i] + 0.02*S[i]*epsilon[i+1]

S[i+1] = S[i] + DS[i+1]
+

x <- seq(0,100)
xx <- as.data.frame(cbind(x, epsilon, DS, S))

plot(x, S, type="1", xlab="Periods", ylab="Stock price")

points(x,S)



