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Elton, E., Gruber, M., Padberg, M. (1977), Journal of Financial and Quantitative Analysis

Stocks are grouped by industry. The multi-index model used here gives a diagonal form of the covariance
matrix between stocks. The assumptions for this model is that stocks are linearly related to the group index
(industry) and the industry is linearly related to the market index. Here is the model:

Ri = ai+Bilj+e
Ij = ’Vj+bij+Cj
with,
E(eie) =0 i=1,...,n, k=1,...,n, i #k
E(cje) =0 j=1...,p,l=1,....p, j £
E(eic;) =0 i=1,...,n, j=1,...,p
where,
R; Return of stock 7
1; Return of index j

R, Return of the market

a;, 3; Parameters associated with stock 4
vj,b;  Parameters associated with index j
€ Error term with mean zero and variance J?i
c;j Error term with mean zero and variance afi

Using these assumptions we get the following.
Variance of the return of stock i:

o? Blos + o,
2 _ 32 2 2
But Uj - b] Jm + JCj
2 2,12 2 2 2
Therefore, o7 = [ (bjo,, + ch) + o, )

Covariance between stocks ¢ and & in the same group (industry):

oik = BiBr(bior, + 02;) (2)

Covariance between stocks 7 and k in different industries:

oik = BifBrbibioz, (3)



Assume two stocks and two industries (two per industry). The solution as always is given by the following
system of equations:
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R1 — Rf = 2107 + 29012 + 23013 + 24014

Ut

5 2
Ry — Ry = 21091 + 2205 + 230923 + 24024

5 2
R3 — Ry = 21031 + 22032 + 2303 + 24034

—~ o~~~
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B 2
Ry — Ry = 21041 + 22042 + 23043 + 240

Let’s examine equation (4) and see how it can be written using equations (1), (2), and (3).

Ri—Ry = = (Bi[blon, +02]+02) + 22 (B1Belbioy, +07,])
+ 23 (B1B3bibao2,) + za (B1Babibao?)
Rearrange
Rl — Rf = 210521 + 01 [Zlﬂlbfgfn + ZQﬁQb%CT?n + Zlﬁldgl + Zgﬂgdzl]
+ Br [23B3bi1baos, + 24Babibaoy, ]
Or
Ri— Ry = z0? 41 [bi0}, (2181 + 2262) + 07 (2181 + 2202)] + Bu [b1baos, (2305 + 24P4)]

If we let @1 = Zlﬁl + Zgﬁg and (I)Q = Zgﬂg + 2454 we get:
R1 — Rf = 2’10'621 + 61 [(0’?1 + b10’,2n)q>1 + b1b20'72n¢)2}

Now solve for z1:

_ b

zZ1 =

Similarly, stock

2
061 L

(B — Ry
B

2 will give the following expression:

[(0’31 + b%o’?n)q)l =+ b1b20'72n¢)2]

By [Ry—R |
o= D (62 )0 + b ] o)
€2

These expressions look similar to the single index model solution (see class notes). But now the C* cut-off
point is a more complicated expression and of course it is the same for stocks in the same industry. In our
example the C* for industry 1 is equal to:

CP = (02 +bi02,) 01 + biboo 2, s

If we know CfF it will be easy to compute the zs and from there the z}s. In order to find C} we need to find
®; and P,.

Multiply (8) by 81 and (9) by [a:

2R —R
2161 % 1Tf — [(02, + biop,)®1 + biboor, o] (10)
€1 L 4
and
2 [Ry—R |
2202 = (%2 QTf — [(02, + bi07,)®1 + bibyor, Ps] (11)
€2 L d

To produce ®; on the left hand side add (10) and (11):



2
Ri - R 7 i
Z B = Rp)Bs - _ Py + fl [0 +bio2] @1 + %blbw?nq)?

2
=1 O-Si €1 €1
2
+ ﬂ722 [O’SI—Fb ](I’1+57b1b20'2 (132
062 0'62
Or
2 (Ri— Ry)B B2 32
27 = @ |1+ 5 [0 +bio ]+—2[a§1+b§afn]
i=1 - 9¢ Oc
- 09 .
+ (I)Q ﬂ;bleJEn + 06_2 b1b20' (12)
LY €1 €2 =

Similarly, for stocks 3 and 4 that belong in industry 2 we get:

4 > r -
R, — Ry)B; 2 2
Z (’72f)61 = &, ﬂ%bleU%L + %b1b202
=3 O €3 €4
q) /83 2 b2 2 ﬁ4 2 b2 2 13
+ @y |14 - [og, + o] + - [oc, + b3or] (13)
€3 Oc,

The system above can be written in vector and matrix form as M® = R and therefore: ® = M ~1R. The
dimensions of the matrix M in our example are 2 x 2 (two industries).
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