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Stocks are grouped by industry. The multi-index model used here gives a diagonal form of the covariance
matrix between stocks. The assumptions for this model is that stocks are linearly related to the group index
(industry) and the industry is linearly related to the market index. Here is the model:

Ri = αi + βiIj + εi

Ij = γj + bjRm + cj

with,

E(εiεk) = 0 i = 1, . . . , n, k = 1, . . . , n, i 6= k

E(cjcl) = 0 j = 1, . . . , p, l = 1, . . . , p, j 6= l

E(εicj) = 0 i = 1, . . . , n, j = 1, . . . , p

where,
Ri Return of stock i
Ij Return of index j
Rm Return of the market
αi, βi Parameters associated with stock i
γj , bj Parameters associated with index j
εi Error term with mean zero and variance σ2

εi
cj Error term with mean zero and variance σ2

ci

Using these assumptions we get the following.
Variance of the return of stock i:

σ2
i = β2

i σ
2
j + σ2

εi

But σ2
j = b2jσ

2
m + σ2

cj

Therefore, σ2
i = β2

i (b2jσ
2
m + σ2

cj ) + σ2
εi (1)

Covariance between stocks i and k in the same group (industry):

σik = βiβk(b2jσ
2
m + σ2

cj) (2)

Covariance between stocks i and k in different industries:

σik = βiβkbjblσ
2
m (3)
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Assume two stocks and two industries (two per industry). The solution as always is given by the following
system of equations:

R̄1 −Rf = z1σ
2
1 + z2σ12 + z3σ13 + z4σ14 (4)

R̄2 −Rf = z1σ21 + z2σ
2
2 + z3σ23 + z4σ24 (5)

R̄3 −Rf = z1σ31 + z2σ32 + z3σ
2
3 + z4σ34 (6)

R̄4 −Rf = z1σ41 + z2σ42 + z3σ43 + z4σ
2
4 (7)

Let’s examine equation (4) and see how it can be written using equations (1), (2), and (3).

R̄1 −Rf = z1

(
β2

1 [b21σ
2
m + σ2

c1 ] + σ2
ε1

)
+ z2

(
β1β2[b21σ

2
m + σ2

c1 ]
)

+ z3

(
β1β3b1b2σ

2
m

)
+ z4

(
β1β4b1b2σ

2
m

)
Rearrange

R̄1 −Rf = z1σ
2
ε1 + β1

[
z1β1b

2
1σ

2
m + z2β2b

2
1σ

2
m + z1β1σ

2
c1 + z2β2σ

2
c1

]
+ β1

[
z3β3b1b2σ

2
m + z4β4b1b2σ

2
m

]
Or

R̄1 −Rf = z1σ
2
ε1 + β1

[
b21σ

2
m(z1β1 + z2β2) + σ2

c1(z1β1 + z2β2)
]

+ β1

[
b1b2σ

2
m(z3β3 + z4β4)

]
If we let Φ1 = z1β1 + z2β2 and Φ2 = z3β3 + z4β4 we get:

R̄1 −Rf = z1σ
2
ε1 + β1

[
(σ2
c1 + b1σ

2
m)Φ1 + b1b2σ

2
mΦ2

]
Now solve for z1:

z1 =
β1

σ2
ε1

[
R̄1 −Rf

β1
−
[
(σ2
c1 + b21σ

2
m)Φ1 + b1b2σ

2
mΦ2

]]
(8)

Similarly, stock 2 will give the following expression:

z2 =
β2

σ2
ε2

[
R̄2 −Rf

β2
−
[
(σ2
c1 + b21σ

2
m)Φ1 + b1b2σ

2
mΦ2

]]
(9)

These expressions look similar to the single index model solution (see class notes). But now the C∗ cut-off
point is a more complicated expression and of course it is the same for stocks in the same industry. In our
example the C∗ for industry 1 is equal to:

C∗1 = (σ2
c1 + b21σ

2
m)Φ1 + b1b2σ

2
mΦ2

If we know C∗1 it will be easy to compute the z′is and from there the x′is. In order to find C∗1 we need to find
Φ1 and Φ2.

Multiply (8) by β1 and (9) by β2:

z1β1 =
β2

1

σ2
ε1

[
R̄1 −Rf

β1
−
[
(σ2
c1 + b21σ

2
m)Φ1 + b1b2σ

2
mΦ2

]]
(10)

and

z2β2 =
β2

2

σ2
ε2

[
R̄2 −Rf

β2
−
[
(σ2
c1 + b21σ

2
m)Φ1 + b1b2σ

2
mΦ2

]]
(11)

To produce Φ1 on the left hand side add (10) and (11):
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2∑
i=1

(R̄i −Rf )βi
σ2
εi

= Φ1 +
β2

1

σ2
ε1

[
σ2
c1 + b21σ

2
m

]
Φ1 +

β2
1

σ2
ε1

b1b2σ
2
mΦ2

+
β2

2

σ2
ε2

[
σ2
c1 + b21σ

2
m

]
Φ1 +

β2
2

σ2
ε2

b1b2σ
2
mΦ2

Or
2∑
i=1

(R̄i −Rf )βi
σ2
εi

= Φ1

[
1 +

β2
1

σ2
ε1

[
σ2
c1 + b21σ

2
m

]
+
β2

2

σ2
ε2

[
σ2
c1 + b21σ

2
m

]]
+ Φ2

[
β2

1

σ2
ε1

b1b2σ
2
m +

β2
2

σ2
ε2

b1b2σ
2
m

]
(12)

Similarly, for stocks 3 and 4 that belong in industry 2 we get:

4∑
i=3

(R̄i −Rf )βi
σ2
εi

= Φ1

[
β2

3

σ2
ε3

b1b2σ
2
m +

β2
4

σ2
ε4

b1b2σ
2
m

]
+ Φ2

[
1 +

β2
3

σ2
ε3

[
σ2
c2 + b22σ

2
m

]
+
β2

4

σ2
ε4

[
σ2
c2 + b22σ

2
m

]]
(13)

The system above can be written in vector and matrix form as MΦ = R and therefore: Φ = M−1R. The
dimensions of the matrix M in our example are 2× 2 (two industries).
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Φ
=

   Φ
1

Φ
2

   =
     1

+
β

2 1
σ

2 ε
1

[ σ2 c 1
+
b2 1
σ

2 m

] +
β

2 2
σ

2 ε
2

[ σ2 c 1
+
b2 1
σ

2 m

]
[ β2 1

b
1
b
2

σ
2 ε
1

+
β

2 2
b
1
b
2

σ
2 ε
2

] σ
2 m

[ β2 3
b
1
b
2

σ
2 ε
3

+
β

2 4
b
1
b
2

σ
2 ε
4

] σ
2 m

1
+

β
2 3

σ
2 ε
3

[ σ2 c 2
+
b2 2
σ

2 m

] +
β

2 4
σ

2 ε
4

[ σ2 c 2
+
b2 2
σ

2 m

]     −
1
     ∑ 2 i=

1
(R̄
i
−
R
f
)β
i

σ
2 ε
i

∑ 4 i=
3

(R̄
i
−
R
f
)β
i

σ
2 ε
i

     
O

nc
e

Φ
1

an
d

Φ
2

ar
e

ob
ta

in
ed

w
e

ca
n

co
m

pu
te

th
e
z
′ is

(s
ee

eq
ua

ti
on

s
(8

)
an

d
(9

))
.

z 1
=

β
1

σ
2 ε 1

[ R̄ 1
−
R
f

β
1

−
[ (σ

2 c
1

+
b2 1
σ

2 m
)Φ

1
+
b 1
b 2
σ

2 m
Φ

2

]]

z 2
=

β
2

σ
2 ε 2

[ R̄ 2
−
R
f

β
2

−
[ (σ

2 c
1

+
b2 1
σ

2 m
)Φ

1
+
b 1
b 2
σ

2 m
Φ

2

]]

z 3
=

β
3

σ
2 ε 3

[ R̄ 3
−
R
f

β
3

−
[ (σ

2 c
2

+
b2 2
σ

2 m
)Φ

2
+
b 1
b 2
σ

2 m
Φ

1

]]

z 4
=

β
4

σ
2 ε 4

[ R̄ 4
−
R
f

β
4

−
[ (σ

2 c
2

+
b2 2
σ

2 m
)Φ

2
+
b 1
b 2
σ

2 m
Φ

1

]]
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