Ch 6: THE GENERAL LINEAR MODEL

6.2 Mean vectors and covariance matrices

1. (Random vector)

i

x = : , x; = rand var

2. (Mean vector)

M1
Ex= , Wi = FEx;
Hm
3. (Covariance matrix)
O11 -+ Ol
COV(ZU, y) = : : y O4j = COV(ZUi, yj)
Oml *** Omn

4. (Def) covz = cov(z, )

5. (Th) cov(Az, By) = Acov(z,y)B’
Pf: See text. cov(au,bv) = abcov(u,v)
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6. (Corr) cov(Az) = Acov(z)A’

7. (Th) cov z is non-negative definite.

Pf: l'cov(z)l = cov({z) = var(f'z) > 0



6.3 The multivariate normal distribution

1. Def) y~ N <= ly~Nalllec R"

2. (Thyy~ N=a+By~N

Pf: ¢'(a+ By) =la+{By ~ N

3. (Th)lz~lyall=z~y

Pf: Deep

4. (Corr) The distribution of a normal random vector is de-

termined by its mean vector u and covariance matrix ..

Pf: Given
xr~N , y~N

EFx=FEy=ypu
covr =covy = X

we must show = ~ y.

To do this note
Uz ~ N(f’,u,K'ZE) ~ly all?

Using Th 3, z ~ y.



5. (Th) For any n-vector u and any n by n non-negative def-

inite matrix 3, there is a random vector y such that

y~N

Ey=p

covy = X
Pf: Problem 1. It uses y = pu + 22z
6. (Note) The notation y ~ N(u, 3) makes sense.

7. (Corr) Jointly normal random vectors ¥y, - - -, y, are inde-

pendent iff

cov(yi,y) =0 alli#j

Pf: Text



6.4 Projections

1. (Def)

VY = inner product space of dimension n
(u,v) = inner product (e.g. u'v)
|u|| = (u,u)'? = norm = length

2. (Def) Let M be a subspace of V of dimension p.

y = projection of y on M Y closest point

3. (Th) g exists and is unique.

Pf: Text
4. (Th) gy € M is the projection of y on M iff

y—9 L M
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Pf: Text

. (Ex) If

Y1
’y _

Un

then

Yy
g =

Yy

is the projection of y on the space C of constant vectors.

1
Pf: Let 1 = | : |. Then

(Ly—9) =>(i—-9) =0
Thus y — g L C and hence ¥ is the proj of y on C.
. (Def) If
Py=1y

P is called the operator that projects onto M.



7. (Th)

i) P is linear

ii) R(P) =M (range)
iii) N(P) = M+ (null)
iv) PP =P (idempotent)

(
(
(
(i

Pf: Text

8. (Th)

y — 7 is the projection of y on M.

Pf: Text

9. (Picture)



10.

11.

12.

13.

14.

(Def) A is self-adjoint iff

(Au,v) = (u, Av) allu,v eV

(Th) A is self-adjoint iff its matrix w.r.t. any orthogonal

basis of V is symmetric.

Pf: Problem 4

(Th) P is a projection operator iff it is idempotent and
self-adjoint. (PP = P, P = P')

Pf: Text

(Th) If P is a projection operator

rank P = tr P

Pf: Problem 5

(Corr) If P and P, - -, Py are projection operators and if
P=aPi+ -+ P

Then

rank P = aqrank P; + - -+ + agrank Py



15. (Ex) rank(I — P)=n —p
16. (Note) || Py||* is a quadratic form and
rank || Py||* = rank P
Pf:
1Py|l* = (Py, Py) = (y, PPy) = (y, Py) = y'Py

Thus
rank|| Py||* = rank P

17. (Th) If 4, - -, z, is an orthonormal basis of V

ly]l* = X (=i, )’
Pf: Let
Yy=0o1T1+ -+ oy,
Then
(i, y) = o
and

Iyl = (,9) = (X cuzi, y)

= Y ai(ziy) = X(zi,9)°



6.5 The y2-theorem

1. (Def) In this section all vectors are column vectors and
(u,v) = u'v
2. (Recall) If 2, - -, z; are independent N (0, 1)
A+ 4z~ X (k)

3. (x-Th) If

y ~ N(0,0°])

P = proj operator

then

|Py[|* ~ o°x*(rank P)
Pf: Let ¢y, -, £, be an orthonormal basis of R(P). Then
cov((£i,y), (4i,y)) = cov(Ly, Liy) = U(o?D)l; = o26i;

Thus
(617 y)/07 T (Epa y)/O'
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are independent N(0,1) and

|Py|? = :il(ei,Py)?:zwi,y)?

= o3 ((t,y) /o) ~ X (p)

= o%x*(rank P)
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6.6 The general linear model

The model

1. (Def) The general linear model is
y=pu+e , pneM
where
M = a p dim subspace of V

7 unknown

e random, unknown

2. (Possible assumptions)

Fe=0 unbiased
cove = ¢2I uncorrelated, const var

e~N normality
3. (Ex) Given z = (x;), let
M = {(u): =+ B , some o, B)
= the simple linear regression model
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{(uij) = pij = o + Bj some a, B}

the additive two-way ANOVA model
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Least squares

1. (Def) g € M is the least squares estimate of p if u =g
minimizes
Qu) = lly —ul* , peM

2. (Note) § = proj of y on M

3. (Fitted model) y =g+ ¢
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Statistical properties

1. (Def) Let P = proj on M and Q = I — P, then
y=Py , e=0Qy
2. (Th) If Ee =0, then
Eg = p (Ej=EPy=Pu=yp)
Eée =0 (Ee=E@y-9)=p—p=0)
3. (Th) If cove = o*I, then
~ 2
covy = o°P
s 2
cove = o°Q
cov(g,€) = 0
If, moreover, Fe = 0, then
Eé||* = (n - p)o’
Pf. Text. For example

cov(g,é) = cov(Py,Qy) = Pcov(y,y)Q’
= P(c*I)Q =0*P(I-P)=0
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4. (Corr) Let RSS = ||é]|?, then
6% = RSS/(n — p)
is an unbiased estimate of 2.
5. (Th 6.11) If e ~ N(0,0?%I), then

(i) g and é are normal and independent

(i) [[é]|* ~ o*x*(n — p)

Pf:

gy=Py, é=Qy— 1, énormal

cov(y,é) =0 = ¢, € indep
Since

e=Qy=Q(u+e)=Qe
by the x2-th
le]* = [|Qel” ~ o*x*(rank Q)
= o’x*(n—p)

6. (Prob 10) y1,- -,y indep N(u,o?)

Yyi = pte
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y = pte, p= , M=
7
Y
y = : , Ex6.1
Y

(a)Th 6.11 = g, é are independent. Since

it follows that 7 and s; are independent.

(b) Since p =1, by Th 6.11
(n—1)sy = [lé]* ~ o*x*(n — 1)

7. (Note) The two-way tables p;; of the form

pij=o045 , =175 5=1,---

for some «; are a linear space of dimension 7.

17

,C



Pf:

a]. DR a]. a].

Thus

dim M =dim R" =r
8. (Prob 14) y;j = o +e;; , i=1,---,r; j=1,---,c. Then

M = {(,uz-j) D = QG for some O(i}

dim M =r
(a)
ly — pll* = Zi(Zj(yis — )?)
& = Y.
(b)
Ui, = &; = gin = fnc(9)
SSW = =5 (yij — 9i.)* = |ly — 9> = fnc(y — §)
Now

Th6.11 = 9,y—9 indep
= (J1., -, ), SSW indep

= 1, ¥, SSW indep
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j||? ~ a?x*(rc —r)
(c) Th 6.11 = SSW = ||y — g||* ~ o*x*(
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6.7 The linear regression model

1. (Model) y = X+ e, X = a given n X p matrix
2. (Note) This is the GLM with

M={p:p=Xpsome B} =C(X)= col sp of X

A

3. (Def) B is the least squares estimate of g if § = B
minimizes
QB) = Ily — X8|

4. (Note)

B is the LS est of B <> XB:Q:Py

~

5. (Normal equations) 3 is a LS est of 3 iff
X'XB=X"y
Pf: BisaLS est <— y—XBLM = y—X,B s
X < X'(y—XB)=0 < X'XB=XYy
6. (Th) If X'X is nonsingular,
(i) 8= (X'X)"' Xy
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and if Ee = 0
(i) BB =8
and if cove = o%]
(iii) covf = o2(X'X)!
and if e~ N
(iv) B and 62 are independent
(v) B~ N(B,0*(X'X)")
Pf: (i), (ii), (v) are easy.
(iii)
covB = cov((X'X)'X"y)
= (X'X)'X'(*NX(X'X)™!

— 0_2(XIX)—1

B — (X/X)—ley: (XIX)_IXI(g—l—é)
= (X'X)7'X'§ = fc(g)
5% = ||é|]*/(n — p) = fuc(é)

Th 6.10 => § and é indep => 3 and 62 indep
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Regression model t-statistic

1. (Note) If cove = 0?1, then
var(d ) = o2 (X'X)Le.
Pf:
vardf = covdB = ¢ (covf)c
= d(*(X'X) Ne=0*(X'X)c
2. (Def)
vardf = 62J(X'X) e
stdd8 = (vardB)Y/?

3. (Th) e ~ N(0,0%I) and X'X invertable imply

Pf:
num ~ N(0,0%(X'X)7c)
(den)® ~ const x*(n — p) indep of num
E(den)? = o*d(X'X) ¢ = var num

Use the characterization on page 30.
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4. (Note) All linear regression t-inferences follow from Th 3.
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6.8 The fundamental F-test

1. (Restricted model) Let H be a g dim subspace of M

y = pte, peH

@ = LS est of y under this model

2. (Scheffe’s famous picture)

3. (Def) Let H be the operator that projects onto H.

4. (Lemma) HP = H
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Pf:

(I-H)Y(I-P) = I—P

HP = H

5. (Th 6.15) If e ~ N(0, 02I)

(i) g — g and é are normal and independent

(i) 19— 91> ~ o®X*(p—q) ifpeH

Pf: Since
g = Hy=HPy=Hyj
g—y = fIncy
Th6.11 = (i)
Now

(P-H)(P-H)=P-PH-HP+H=P—-H
—> P — H is idempotent

—> P — H is a projection of rank p — ¢
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fueH
j—9g=(P-Hy=(P-H)(u+e)=(P—H)e
By the x2-Th,
15— glI* = (P — H)el* ~ o*x*(p — q)

6. (Fundamential F-test) If y ~ N(u,0%I) and p € H

s A2
p_nr=rld Z{II2
p—q |ly -1l

~F(p—q,n—p)
Pf:

2~ *(p—9)

19— 9
ly—9l> ~ o**(n—p) , (Th6.11)

*, lly—gl* indep

159
Use the standard characterization of the F-distribution.
7. (Alternate form) Let
RSS = [y —dl> , RSS,=|ly — |’
Then

__ n—p RSS, — RSS
 p—gq RSS
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Pf: From Scheffe’s picture

15— 911> = ||é]|> — ||é]|> = RSS, — RSS

8. (Prob 15) From Prob 14
Yij = ai t €
Uij = Ui,
SSW =S¥ (yij — 9:)* = ||y — 92
dim M =r

(a) Under the hypothesis a1 = - -+ = @,
Yij = v+tey , Ui =1.

SSB = X (1 —9.) =919

dimH = 1

Thus

F_n—p||g}—g}|\2_'rc—r SSB
p—q lly—9|> r—-1 SSW

(b) By Th 6.16

F~Fp—qgn—p)=Fr—1,rc—r)
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9. (Prob 16) Show

Yij = (Yij +vij)/2

Yij —Yij = 7
gz’j = 5z’jyij
Yij —Yi; = 7
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6.9 The Gauss Markov Theorem

1. (Def)

v = {'u= linear parameter

4 = {'§ = least squares est of v

2. (Gauss-Markov Th) If Fe = 0 and cove = oI, then the
LS estimate of any linear parameter v = ¢ 1 has minimum

variance amoung all linear unbiased estimates of v. (BLUE)
Pf: Let ¥ = m'y = any linear unbiased estimator.
lu = EA=Ey=m/p , allpeM
t—-m 1L M= P{l—-m)=0= Pl=Pm
vary = varl'g = o*l'P!¢

= o’|P|* = o*|| Pm]|*

IA

o?||m||? = var(m'y) = var 7
3. (Note) If in the linear regression model X’X is non-singular,

c' B is a linear parameter
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B is its LS estimate
Pf: Let £ = X(X'X) ¢

lp = IXB=C(X'X)'X'XB=Cp

Iy = (XB=(X'X)'X'XB=[p

4. (Corr) If X'X is non-singular, Ee = 0, and cove = o2,

then
3 is the BLUE of ¢

5. (Note) Least squares is the best way to estimate when

cove = o2l.
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6.10 Generalized least squares and weighting

1. (Generalized inner-product)

(u,v)w =u'Wov , W pos def
2. (Generalized LS) Minimize w.r.t. p € M

ly = ulliy = (v = W'W(y — )

The value of 1 that minimizes this is the GLS estimate of

. It is denoted by g .

3. (Note) When W is diagonal GLS is weighted LS

ly — wlliy = S wiy — i)

4. (Comment) In this section all omitted proofs are in the
text.
5. (Th) For the linear regression model
y=X0B+e
the GLS est of ( is
B = (X'WX) 1 X'Wy
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6. (Gauss-Markov Th) Assume Fe = 0, cove = 0?A, and A
is postive definite. If W = A~!, then ¢ By is the minimum

variance linear unbiased estimate (BLUE) of ¢/f.
7. (Normal theory) If

y=XB+e , e~N(0,0°4) , W=A""

then
Bw ~ N(B,0*(X'WX)™)
Pf:Recall
B=(XWX) ' X'Wy
Thus
BW is normal
Efw = B

cov By = (X'WX)'X'W(o2AW X (X'WX)™!

= A(X'WX)!

8. (F-test) If u € H, e ~ N(0,0%A), and W = A~}

n—p 9w — 9w}
p—q lly—awli

~F(p—gq,n—Dp)
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9. (Corr)If u € H and

RSS = |y —dwliv
RSS, = |ly — gwll¥

then
n —p RSS, — RSS
p—q RSS

~F(p—q,n—Dp)

10. (Note) Computer software uses the results of this section

for weighted and generalized least squares.
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