Ch7: ANALYSIS OF VARIANCE AND
COVARIANCE

7.1 Fuzzy definition

ANOVA: All independent variables categorical

(sex, race, treatment)

ANCOVA: Plus some continuous

(height, age, blood pressure)



The one-way model

1. (Ex) The 3 sample problem:

M1 Y11 Y12 Y13 Yi4 Y15

M2 | Y21 Y22 Y23

H3 Y31 Y32 Y33 Y34

(i = mean of population ¢

2. (One-way ANOVA)

Yij=pitey; 1=1---r;3=1--

Yi; = response
¢ = independent variable

u; = regression function
In the example p; is the population mean.
3. (General linear model)

y = pute, peM
y = (yij) = 2-way table

(pij) = 2-way table

=
I

M = {(Mij) C Hij = K Some i}
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In the example y and p have the form

* X% X X x
* X X
*x X% x X

and

K1 p1 p1 B1 M1
K= p2 p2 M2 —

H3 M3 K3 M3
4. (Th) dim M = r = number of rows

5. (The basic hypothesis)
p=c =
The corresponding restricted model is
Yij =V + €5
6. (Note) dim H =1

Pf:

M1

M2

M3



10.

. (Least squares estimates) From Ch 6 Prob 14

1 m
i = Ui =— Y Yij
N j=1

R B 1
v = y..:ﬁZZyzj ) nzim

. (F-statistic) Ch 6 Prob 15

Yi; = Y.
j o= 7.
po_rpli—gl’ _n-r 22 -y.)

Cop—qlly=9IF r—-12=(yij—5)?
. (ANOVA table)

Source SS df MS*

between Y X (7. —7.)? r—1 MS,

within > Z(ym — gjz)2 n—r MS,
NS = 85/df

(Th) If the y;; are independent N (u;,0?) and

M1 == Uy

then

F =MS,/MS, ~ F(r—1,n—r)

Pf: Th 6.15



11. (Confidence intervals) If the y;; are independent N (u;, 0?)

and a # b
Ya. — Yb. — (:ua - ,ub)
~tln—r)
T, 1
(MSy (- + )2
Pt

var(ga. — 9.) = 0°/ng+o*/ny

1 1 1 1
— _ ~9
a. — = —_— — ) = Msw o —_—
B~ ) = S ) = MSu(m+ )

Use Th 6.14.
12. (Alternate form of the model)
Yij =Vv+o;t+e; , W=Vt
For identification one usually assumes
Y a;=0
but we don’t because SAS doesn’t.

13. (Ex 7.1, p198) Coin data.

Yij =V +a; + €



Dummy variables

1. (Representation for p;)
/,Li:l/-FCl{i :V+a1d§1)+---+aTd(T)
where di(k) = ;5 = Kronecker §.

2. (Note) This is a regression model with carriers

1,dM, ... 4"

3. (Ex) When ¢ has 3 values SAS uses

1 1 1 0 0 v4+o
21 0 1 0 v+ o

3 1 0 0 1 v+as

4. (Note) Other systems use other dummy variables.



The simple two-way additive model

1. (Ex)
fountains
i Y11 | Y12 | Y13
coin type
Y21 | Y22 | Y23
2. (Model)

Yij = vtoitBite; i=1--r;5=1--

pij = v+oi+pf;

= fnc(¢) + fnc(j) = additive model
3. (Basic property)

Haj — Mbj = Qg — ap independent of j

Wia — v = Ba— By independent of ¢
4. (Least squares fit)
Uij =Y. +Y; — 1.

Pf: Page 104, y — gy L M.



5. (Th) dmM =r+c—1
Pf: For the additive model

* ok ok ok * ok ok k
(Mij):****<—>*
x ok ko Ok *

Thus
dimM=r+c—-1

6. (The basic row hypothesis)
Q== aq
The corresponding restricted model is
Yij = v+ Bj + eij
The least squares fit:
Yij = Y
7. (Th) dimH,m =c

8. (The F-statistic)

Gij — i = (G +T—0.) —0;=0 — 7.
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j|I> = ZZ(@Z - g)2 = SSrow
2 = (i — T~ G5+ 5.)* = SSres

df,ey = p—qg=(r+c—1)—c=r—-1

ly — 9

<
|
N

dffes = n—p=rc—r—c+1=(r—1)(c—1)
Frow — Msrow/MSres

9. (ANOVA table)

Source SS df MS
row > E(gz — 5)2 r—1 MSS; ou
col > Z(?]J - ﬂ)2 c—1 MScol

res SY(yij — 9. —9;+3.)* (r—1)(c—1) MSyes

10. (Th) If the e;; are independent N (0, c?), then
(a) fa;=---=a,
Frow = MSrou/MS;es ~ F(r — 1, (r = 1)(c - 1))
(b) f 1 =---= 8,
Feop = MSeor/MSpes ~ F(c—1,(r — 1)(c — 1))

Pf: Theorem 6.15



11. (Example) Two coin types and three fountains.

y=v+o+p5+e
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Estimability

1. (Def) In the linear regression model
y=XpB+e
a linear combination ¢S is called estimable iff for some ¢
dB=10u
for all B and p such that u = X§.

2. (Th) Let g be the least squares fit for the model in Def 1.
If ¢3 is estimable
(a) B =% (B need not be unique)
If also Ee=0
(b) ¢ is an unbiased estimate of ¢3
If also cove = 021
(c) ¢B is a BLUE of ¢
Pf:
(a) §=XB =B =10
(b) Elg=Llp=C7p
(c) The Gauss-Markov Th
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3. (Def) ¢ B = 'y is called the least squares estimate of ¢/f3.

4. (Note) The rest of this section applies to the simple two-

way additive model.

5. (Ex) In the simple two-way additive model
Lij =V + a; + f;

(a) none of the parameters v, o, §; are estimable.

(b) all differences o, — a3 are estimable.

Pf: (a) Let v = 2, all ; = —1, and all 8; = —1. Then
pi; = 0 for all ¢ and j. If v, o, and B; were estimable
they would also have to be zero because they would then
be linear combinations of the p;;. Since v, «;, and §; are

not zero, they are not estimable.
(b) Since
Qg — Op = Hal — [b1-
o — oy is a linear combination of the p;; and hence es-

timable.
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6. (Ex) The LS estimate of oy — ap is

Ya. — Yb.
Pf:

Qg — Op = g1 — bl
(O‘a - ab) = Yal — Unl
= (Yo +71—-79.) — U +71—7.)

= UYa. — Yo

7. (Note) If the e;; are independent N(0,0?),

Ya. — gb. - (aa - Olb)
(2Msres)1/2

~ t(dfyes)
Pt:

var(¥s. — Up.) = 02/0 + 02/0

Var(ga. — %) = 26%/c=2MS,./c
Apply Th 6.11.

8. (Ex 7.2, p 206) Coin data

y=v+a;+pbite
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(o — )" = @ — 1. = 171.6 — 142.3 = 29.3 = output

(2MS,e)Y? = (2-1037/3)Y2 = 26.29 = output
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The general two-way additive model

1. (Ex)

fountains

X |k | X

X |k | X

coin type *

2. (Model)

Yijk = V+oa;+Bj+enp  k=1,---,ny
Tij = v+ a;+ ;= reg fnc = cell response

wijr = Tij = theoretical response

3. (Def) The model is:

(a) balanced if all n;; are equal

(b) incomplete if some n;; =0

15
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4. (Note) In the unbalanced case there is no “summation for-

mula” ANOVA table like Table 7.4. Moreover,
(g — )" # Ya. — Bp.

5. (ANOVA table)

Source SS df MS

Trow SSrow dfrow MSTOUJ
COl S Scol dfcol M S col
res Ssres dfres Msres

6. (Sums of squares)

(a) SSres = ||y - '!) 2

where ¢ is the fit for the model.

Yijk =V + o + B + €iji
(b) SSrow = ||i‘) - ?)”2
where ﬁ is the fit for the restricted model
Yijk =V + B + eijr

() SSea =19~ 35”2
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where ﬁ is the fit for
Yijk =V + i + €ijk

7. (Note) SS,op and SS.y are the difference sums of squares

for the hypotheses:

ap = -+ = Qp
and
pr=---=P
8. (Degrees of freedom)
df = rank SS

9. (Th) If the e;;), are independent N (0, o?)

MS
== Q, —_— row ~ F dfrowa dfres
al “ MS'I‘@S ( )
Mscol
=...=0, NFdfcogdfres
/81 B — Msres ( ! )

Pf: The fundamental F'-theorem, Th 6.16.

17



10. (Note) If every cell response 7;; is estimable
dfyes = n—r—c+1
df,py = r—1
df,;, = ¢—1
Pf: See p210 (From the simple additive model result)

11. (Ex) Consider

X | k| ok
all 7;; are estimable
* | %
Here
df,;s =n—r—c+1=5-2-3+1=1
Consider
*
only 71 is estimable
Here

dfpes =0#1-2-24+1=n—r—c+1

12. (Note) For complete models all 7;; are estimable.
Pt 7 = pijn
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13.

14.

15.

(Note) If all 7;; are estimable, all differences
aq — ay and B, — By

are estimable

Pf: oy —ay=701 —ma =lp

(Confidence intervals and tests) Let 6 denote all of the
model parameters. If § = ¢/ is estimable, then 6 = £'u

for some £ and § = ¢/ y is the least squares estimate of 4.

Under normality

(@99
(&%

p—

~ t(dfyes
std ( )

(oSN

Pf: Equation (6.15).
(Ex 7.3, p211) Coin data

Yijk = v+ o+ B+ eiji
6 8 5

(ni) =
6 7 5

SAS specification is the same as for the simple additive

model. The data set, however, is larger.
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Since this model is complete

df,es = n—r—c+1=37—-2-3+1=233
df,py = r—1=1

df.; = ¢—1=2
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The General two-way model

1. (Model)
Yijk =V +ai+ 0 +vij+eigp k=1, ,n
Cell responses:
Tij =V + o + B + 5
No constraints. The 7;; are arbitrary.
2. (Additivity hypothesis)
v; =0 all ¢,j

This is called the additivity or no interaction hypothesis.
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3. (Interaction plot)

parallel = no interaction
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4. (ANOVA table)

5. (Sums of squares)

6. (Degrees of freedom)

Source SS df MS
row  SSyow dfrow MSpow
col SScor  dfeor MS,y
int SSint  dfine MSin:
res SSres  dfres MS;es

SS  hypothesis

row 7| = = T

col T1=--="7,

int 7;=0alle,j

df = rank SS

7. (Th) If the e;jx are independent N (0, 0?)

MS
h :> row ~ F df'f‘ow dfres
row hyp VS, ( , )
1 h ~ F(dfy, df,e,
ol byp > 1™ ~ F(dlos, db)
int h ~ F(df;, ) fres
int hyp = MS... (dfing, dfres)
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8. (Note) All 7;; are estimable if and only if the general two-

way model is complete.

Pf. (if)

complete = 7;; = u;j1 = all 7y; est
(only if)

incomplete = ny = 0 some a and b
Set all parameters zero except v, = 1. Then

Wijk =v+o; +Bj+v; =0 all 4,75k
Since 745 = Yap = 1, Ty is not estimable.

9. (Th) For a complete model

df,o = r—1
df,;, = ¢—1
dfiy = (r—1)(c—1)

dfres — n—rc

Pf: Text
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10. (Ex 7.4) Complete general two-way model. Coin data.
Yijk =V + o + B + vij + €iji

11. (Interaction plot)
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12. (Incomplete general two-way model)

X | X E S
X | X E S
* *
X | x

* | % | empty

*

Not all 7;; are estimable and you may not get what you

hoped.

PROC GLM gives:
SSres ; SSint
as defined above, but does not give:
SSrow 5 SSeol

Instead it uses:

row hyp: 711 4+ 712 = o1 + T2
col hyp: 714+ 701 = T2 + ™22

Ti1 + T2 = 2713
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Problems arise with ESTIMATE and LSMEANS statements

also.
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Higher order models

1. (Additive 3-way model)
Yijki = V + & + B + Yk + €ijii

PROC GLM;
CLASS I J K:
MODEL Y =1J K:

The Type III sums of squares for I tests the hyp:
Q== ay
ESTIMATE "A2-A3’1-11 estimates:
a3 — g (if it is estimable)

2. (General 3-way model)

Yijki = v+oi+Bi+ve+(aB)ij+(ay)in+(87) jr+(aB7)ijk+eij

If all cell responses ;. are estimable, the Type III sums of

squares are difference sums of squares for the hypotheses:
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Type IIT SS hypothesis

I T;.. 1s constant

I*J ;5. is additive

IJK (a,ny)ijk =0

3. (Other models) Statements similar to those for the general
3-way model hold in general when all cell responses are

estimable.

4. (Testing all cells estimable) See p223.

x| % | % * | % | %

* * * *
>

* *x101]0

* *

MODEL df — MODEL df

no change <= all cells estimable
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Analysis of covariance

1. (Model)

Let

f(i,z) = a; + Pz = reg fun

Note this is additive in 7 and z

2. (Picture)

Note equal slope.

3. (Note) The regression line for each group passes through

the group mean.



Pf: For any sequence «;
> (i — & — Baij)ai = 0
i

Z(yz-j — OA(@ — BZCW) = 0 all 7

j
Y. —o;— P, = 0

4. (Def) The adjusted group mean is
7= f(i,2.)
5. (Note) If 5 is estimable it’s least squares estimate is
7 =Y. — B(Zi — Z.)

The last term looks like an adjustment.

Pf:
# o= &+ pa.
= 3. — Bz + bz
= Ui —B(fz —Z..)
6. (Standard tests)
between: a; =+ =,
slope: B =0
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7. (ANCOVA table)

source SS df MS

between Ssbtw dfbtw M Sbtw
slope SSreg dfreg MS,eq
res Ssres dfres Msres

8. (Th) If § is estimable

dfbtw = r—1
df,e, = 1

df,es = n—r—1

Pf: Easy

9. (Ex 7.7, p226) Coins.

¢t = coin type x = fountain depth
Vij = V+a;+ B+ e
e MODEL Y =1X gives the ANCOVA table
e ESTIMATE 'B’ X 1 estimates 8 = slope
e ESTIMATE ’A2-A1’T-11 estimatesas—a1 =7m—T71
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e LSMEANSI estimates 7; = f(¢,Z) = adj group mean
10. (Equality of slope test) Test 81 = --- = 3, in the model
Yij = o+ Bizij+eij
F = MS.y/MS,.s = GLM F-statistic
11. (Th) If all B; are estimable

dfeg = r—1

df,., = n—2r

12. (Equality of slope test SAS) Model

y = v+otBzt+vzte
Y = IXTI*X
Test: 7; = 0 which is the I*X term.

13. (Other generalizations)

Two covariates y=q; + Bix1 + Poxo + €

Two-way additive y=v+a;+6;+yx +e
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Transformation and diagnostics

1. (Note) Balance = equal leverage
—> no leverage or influence indices.

Residuals, however, are important.

2. (Note) A model is called saturated when the cell responses
are arbitrary.
Saturated model = unbiased and linear

—> transformations may be used for normalization.

One-way model:

Yij = 0+ €

log y;; = log a; + e;;

Both are linear and unbiased. Here we have transformed

both sides.

3. (Transforming to an additive model)

y ~ 0B

logy ~ log a; +log B;
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4. (Ex 7.8, p231) Survival times, Table 7.14

s = v4+ao;+Fj+e

t = poison , j = treatment

Fig 7.12

Fig 7.13
y = é: rate of dyeing
y = v+a;+06+e

Fig 7.14

Finy = 1.21  not sig (Prob 19)
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