Ch 9: MAXIMUM LIKELITHOOD ANALY-
SIS AND ROBUST REGRESSION

9.1 Fitting expectations using iterative re-weighting

1. (Def) Let y1,- - -, y, be independent observations,
By, = wi(0)
vary; = o;(6)

Fit the p;(0) to the y; with weights w = o; 2(#). Specifically,

apply the GN algorithm with:

(a) £:(6) = mi(6) and w; = 07(6)

(b) Up-date the weights on each iteration



Maximum likelihood analysis (Review)

Given a family of densities
f(yl) , 0€0©
for a random vector y let

L(#) = f(y|#) = likelihood function given y
s(#) = Vlog L(f) = score vector
Z(0) = covs(f) = Fisher information matrix

0 = value of # that maximizes L(§) = max. lik. est.

VO = I '(6)s() = Fisher scoring algorithm
Under appropriate assumptions
02 N(O,IT71(0))
Motivated by this let

covl =I71(h)



The exponential family
1. (Def) f(y6), 6 € © is an exponential family if
f(yl6) = g(8)h(y)e™”
2. (Poisson)

flylp) = e " [y!

— e—u(l/yg)elog(u)y

= g(ﬂ)h(y)eﬁ(u)y
= exp family
3. (Binomial)
n .
flylp) = p/(1—p)"7Y = exp fmy (Prob 7)
Yy

4. (Th) If fi(y1]0) and f2(y2|0) are exponential families, then

1, 1210) = f1(11]0) f2(y20)

is an exponential family.
5. (Ex) If y1, - - -, y, are independent Poisson variables, then

f(yi, -+, yn) = exp fmy



General results for the exponential family

1. (Notation)

f(y|0), 6 € O is an exponential family

p=pl)=~Ey
Y. =3%(0) =covy

2. (Th)
T_
s(0) =% = (y—p)
duTs—d
I0) =% ¥ %
where Y7 is any generalized inverse of ..

Pf: Jennrich and Moore (1975)

3. (Def) X7 is a generalized inverse of ¥ if
XYY =%
If ¥ is invertible, then ¥~ = X!
4. (Note) With f =pand W =X,

GN becomes FS



Pf:

-1
du® __dp dut'__
6 = | X —=] — X (y—
VOGN ( 70 d0> 5 = W—H

— T7(8)s(6) = Vps
5. (Note) Also
covan(9) = 6oy, (9)
Pf:
duT __du -
— A ~9 _
= 6°Z7Y(8) = 6*covyr,(9)
6. (What do these mean?) If one:
(a) Iteratively re-weights using W = ¥~
(b) Sets 62 =1
then

(a) The GN and ML estimates are the same.

(b) The GN standard errors are the ML theory standard

€Irrors.



Exponential family tests

1. (Pearson’s x? statistic)

Note
x> = RSS

where RSS is from the iteratively re-weighted Gauss-Newton

algorithm.

2. (Pearson’s x? test) If x* and x2 are from full and restricted

models with p and ¢ free parameters, in many situations
0
Xo— X"~ x*(p—q)
Pf: Asymptotics.

3. (Note) This is the fundamental x? test. Unlike the funda-
mental F' test there is no denominator because there is no

scale parameter o.



Poisson models

1. (Note) These models arise in for example tracer experi-

ments, fish catches, and disease counts.
2. (Model) y; independent P(u;(6)) , i=1,---,k
3. (Gauss-Newton set-up) f; = p; , w; = ;"

4. (Note) Using ;' and up-dating rather than using g; * (from

a least squares fit) gives true MLE.

5. (Goodness of fit) The Pearson x? test for u = u(#) verses

u free is:
RSS ~ X (k - p)
provided the model p = p(#) is correct.
Pf: The test is
Xo = x>~ x(k - p)
For the unrestricted p free model x? = 0. For the restricted
model xZ = RSS. Thus

RSS = x2 — x* R x*(k — p)



6. (Note) The previous result becomes exact as all y; — oo

with k£ fixed and holds well already when all u; > 5.
7. (Ex 9.1, p289) Formula data Table 9.1

x = # pages

y = # formulas

y ~ P(u)

p=Bo + Pz + fax’

GN: f=p, w=p"'
PROC NLIN details (Fig 9.1)



From Fig 9.2:

RSS = 12.50 < 15.5 = x%5(8) , (accept model)

Could the model actually be a Poisson process?
p=pz
RSS) — RSS R x2(3—1)

This is Prob 1.

. (Warning) In PROC NLIN the confidence intervals are in-

correct when o2 is known. Then

and not £ — p as NLIN assumes. One needs to use the
reference distribution N (0, 1) and not ¢(k — p). This makes
a substantial difference when k is small as happens fairly

often in Poisson applications.



Log-linear Poisson models

1. (Def) A Poisson model with
Wi = etif
zif = ziufr+ -+ Tipbyp

This is called a log-linear model because log u; = z;5.

2. The log-linear model corresponding to the formula data

model is

U= 6’80 +B1z+Poz?

In terms of the general model

r1=1, x9o=2x, T3 = x°

3. (Fig 9.3) This is code for the general log-linear Poisson

model.

The user modifies only lines 2 & 3 and of course the data.

10



Binomial models

1. (Note) The primary application here is to logistic regres-
sion. Consider for example the number y; of rats in a sample
of n; that develope tumors when exposed to a carcinogen

at intensity z;.
2. (Binomial model)
y; ~ B(n;,m;(6)) , independent i=1,--- k
3. (GN set-up) f; = p; , w; = 072
pi =nim , op =nm(l—m)

4. (Logistic model for )

eOH—,B.’L‘i o
, 0= ,  x; = ind. var.

mi0) = T v ;
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5. (Picture)

6. (Note) The value that gives a 50% probability of a positive

response is

ED50 = —a/p
Pf: 2= ED50 = a+f8z=0=z=—a/f
7. (Note)

a+ Bz =log (ﬁ) = log odds ratio

Pf: Let u = a + Bz. Then

12



8. (Goodness of fit) m = () verses 7 free.
RSS % x*(k —p)

This becomes exact as all n; — oo and is a good approxi-

mation when all
n;m; Z 5% y nz(l — 7T'£) Z 5%

That is when the expected numbers of successes and failures

are all at least 5.

9. (Ex 9.2, p295) Frog data, Table 9.2
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From the output (not shown)

RSS = 4.09 < 7.82 = x%:(3)
The logistic model fits

&=-10.66 , 8="1.30
ED50 = —&/8 = 1.460

For std(ED50) add data (0,1,.) and add code:

IF Y=. THEN F=-A/B;
MODEL Y=F;
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Multinomial models

1. (Note) These arise when the response is categorical as for

example when the response is blood type or race.

2. (Model)
(Y1, yk) ~ M, (71, -+ 7))
Here
ittty =n
T4 +m=1
3. (Recall)

pi = Ey; = nm;
oij = cov(yi, y;) = nm(d;; — 7))

4. (Note) X = (0yj) = covy is singular.

5. (Th) If
prt 00
W=1] o0 0
0 0 u'

then W is a generalized inverse of ¥ and is diagonal.

Pf: Using matrix multiplication and some effort one can
show XWX = 3.
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6. (GN set-up) Using the previous result the GN set-up is

fi =nm;

w; = f1 ,  as for Poisson

7. (Goodness of fit) m = w(0) verses 7 free.
RSS R x*(k—1—p)

This becomes exact as n — oo and is a good approximation

when all nm; > 5.

8. (Ex 9.3, p298) Blood type data, Table 9.3

p,q,7 = A,B,O gene frequencies

ptg+r=1

p,q = free parameters

r=1-p—gyg

m, -, 74 = O,A,B,AB blood type frequencies

Y1, - ,y4 = blood type counts
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Output:
p = .2544

G = 0932

The standard genetic model fits.
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Log-linear multinomial models

1. (Def)
T (/B) — eu+:ci[)’
v=—logyk  emf
The second condition is required because the m; must sum

to one.

2. (Note) log m; = v + z;8 = almost a linear model.

Almost because v is actually a non-linear function of .

3. (SAS problem) We can’t use PROC NLIN because of the
sum in the definition of v. The general code on page 302

no longer works because RETAIN has been re-defined by
SAS.

4. (Poisson trick) Pretend

yi~ P(u;) , indep i=1,---,k

pi =etef o B free
Relative to the multinomial model:

(a) The values of B, fi, and é are unchanged
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(b) RSS is unchanged
(c) All standard errors are correct except those involving
@, e.g. those for ¢; and é;

Pf: A course on log-linear models.

5. (Ex) Two-way tables of multinomial counts

(yij) ~ M(n, (i)

wlg g =0 =0 (makes ; and 5; unique)
6. (Ex 9.4, p301) Cholesterol data, independence model

Tij = e aitB;

With the Poisson trick

pij = eteathi |y free
0 = (v, a2, a3, o4, Ba, B3, Bu)

To use our general program we must write

’)"f’ai-f-ﬁj = CBZ'J'Q

= o)y +2Par+ -+ 2By
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The following table shows how to generate values for (D, - - . (™

i J yta+Bi v o a3 au B2 B3 Ba

11 v 10 0 0 0 0 0
1 2 v+ B 10 0 0 1 0 0
23 y+as+B 11 0 0 0 1 0

—_

44 y+ay+B410 0 1 0 0 1

20



e Input: Fig 9.7, p305

e Output: (Not shown)
RSS = 20.85 > 16.92 = x%;(16 — 1 — 6)

Reject independence of cholesterol and blood pressure.
e Quasi-independence: The residual for cell (1,1) is large.
With this cell removed & = 15 and

RSS =12.29 < 1551 = x*(15 — 1 — 6)

Accept quasi-independence.

e Only the second application requires the computer be-
cause for the complete model there is a closed form

formula
Z?ij = Z/i+3/+j/y++

e Closed form formulas are rare.
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Exponential survival models

1. (Def) Let Ex(A) denote the distribution with density
fyA)=xe™ | y>0,A>0

Here

A = hazard rate = risk per unit time

2. (Model)

y; ~ Ex(Xj(f)) indepi=1,---,k

Recall

3. (GN set-up)

fi=At ) w=M=f1

4. (Note) There is no goodness of fit test.
RSS 7 X*(k ~ p)

but
02 N(O,T(9))
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when k is large.

5. (Ex, Prob 17) Leukemia data

ey; = ael@i=7)

Go over.
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Robust estimation

We are concerned with departures from normality, primarily

outliers and long tailed residual distributions.

Location

1. (Median)

(a) The median is a robust estimate of location.

(b) The mean is not.

2. (Ex) Let C denote the Cauchy distribution. The means

and medians for 10 samples of 100 from C/(0, 1) were:
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sample mean median

1 -.04 .24
2 14 .20
3 -18.47 .20
4 -.66 -.12
s} =77 .07
6 -10.08 10
7 1.43 14
8 3.90 -.30
9 108.11 -.06
10 .67 .03

When sampling from the Cauchy the mean is a very poor

estimate of location. Recall that

Xi,-+-, X, indep C(0,1) = X ~ C(0,1)

3. (Note) We need an approach better than throwing out out-

liers.
4. (M-estimation) @ is a solution to
2 Wy - 6) =0
i
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5. (Note) Formulas for ¢ are given on page 308.

6. (Scale) To adjust for scale we re-define the M-estimate using

~

2 ¢ (yk; 9) =0

where

s = a robust estimate of scale
— MAD = median |y; — 6|
k = 1,2,3 for Huber

k = 6,9 for Bi-square
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Robust regression

1. (Model)
= fi(6) + e

fi(6) may be linear.
2. (Least squares) Recall that for least squares 6 satisfies

0fi
;96

S ot = £10)) =

3. (M-estimation) 6 satisfies
n Af;  (vi— fi(0)) _
izzl 89]¢ ( ks =0

4. (Iterative re-weighting) Solve with respect to 6

-1 gg”wz(% fi(0)) =
wi(u;) = P(ui)/u;
ui = (yi — fi(8))/ks(6)

using the GN algorithm in iteratively re-weighted form.
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Why it works:

i=1 Sfﬁjﬁzb (%—T];(e)) =0

n Qﬁw(yi_’g(a)) yi—fi(6) _ 0
i=1 00, yi—kJ}(f?) ks
i=1 S—ﬁ]@(m — fi(0)) =0

"1 gywi(8) (yi — fi(6)) = 0
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5. (Down weighting) Recall

Huber:

Bisquare:

6. (Ex 9.6, p310) Stack loss data, Table 9.6

29



Model: y = a+ f1z1+---+ Pz + ¢

v = Huber
1 lu| <1
w(u) =
V|
u=%L | s= MAD , k=123

First find a least squares fit. This gives starting values for

a, /617 527 /83
MAD

Swindle for s(f): Up-dating s(f) on each iteration is dif-

ficult. Instead use:

Least squares MAD = 1.9  (Fig 9.10)

Fixed ks = least squares MAD (k=1 at start)

Fig 9.11 Input p313
Fig 9.10 Note outliers, note bi-square

The four outliers are times when the tower was not lined-

out.
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Back to the swindle:

ks =2

s= MAD =13 (Fig9.10)
Thus

k=2/13=15 (at the end)

This is equivalent to using £ = 1.5 and computing MAD
every iteration. This is a reasonable value for k. Other

values can be obtained by using other fixed values for ks.
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