Ch 3 Markov Chain Basics

In this chapter, we introduce the background of MCMC computing
Topics:

1. What is a Markov chain?
2. Some examples for simulation, approximate counting, Monte Carlo integration, optimization.
3. Basic concepts in MC design: transition matrix, positive recurrence, ergodocity.

Reading materials: Bremaud Ch 2.1-2.4, Ch 3.3-3.4.
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What is Markov Chain?

A Markov chain is a mathematical model for stochastic systems whose states, discrete
or continuous, are governed by a transition probability. The current state in a Markov
chain only depends on the most recent previous states, e.g. for a 15t order Markov chain.

X|Xt—15 -y X0 ~ P(Xt[Xt—1,...,%0) = P(X¢[*t—_1)

Go—{(x —(x.)
The Markovian property means “locality” in space or time, such as Markov random
fields and Markov chain. Indeed, a discrete time Markov chain can be viewed as a
special case of the Markov random fields (causal and 1-dimensional).

A Markov chain is often denoted by (Q2, v, K) for state space, initial and transition prob.
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What is Monte Carlo ?

Monte Carlo is a small hillside town in Monaco (near Italy) with casino since 1865 like
Los Vegas in the US. It was picked by a physicist Fermi (Italian born American) who
was among the first using the sampling techniques in his effort building the first man-
made nuclear reactors in 1942.

What is in common between a Markov chain and the Monte Carlo casino?

They are both driven by random variables --- using dice.

Monte Carlo casino
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What is Markov Chain Monte Carlo ?

MCMC is a general purpose technique for generating fair samples from a probability
in high-dimensional space, using random numbers (dice) drawn from uniform probability
in certain range. A Markov chain is designed to have 7(x) being its stationary
(or invariant) probability.

Markov chain (%) (O L5 ) N
states \?} \)T(y \)\}t) Xe ~ ()

Independent e o uniffa. bl iid
trials of dice @ @ @ t [a,b]

This is a non-trivial task when 7(x) is very complicated in very high dimensional spaces !
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What is Sequential Monte Carlo ?

Discuss the difference between MCMC and SMC here.

Common: represent a probability distribution by a set of examples with
weights (equal or not).

Discussion: how is this related to search?
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MCMC as a general purpose computing technique

Task 1: Simulation: draw fair (typical) samples from a probability which governs a system.

X ~ m(x), sis a configuration.

Task 2: Integration / computing in very high dimensions, i.e. to compute
c=E[f(x)]= j () f (x)ds

Task 3: Optimization with an annealing scheme
x* = argmax m(x)

Task 4: Learning:
unsupervised learning with hidden variables (simulated from posterior)
or MLE learning of parameters p(x; 6) needs simulations as well.
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Task 1: Sampling and simulation

For many systems, their states are governed by some probability models. e.g. in
statistical physics, the microscopic states of a system follows a Gibbs model given the
macroscopic constraints. The fair samples generated by MCMC will show us what
states are typical of the underlying system. In computer vision, this is often called
"synthesis" --the visual appearance of the simulated images, textures, and shapes,
and it is a way to verify the sufficiency of the underlying model.

Suppose a system state x follows some global constraints.
xeQ={x:H(x)=h;i=1,2,...K}

Hi(s) can be a hard (logic) constraints (e.g. the 8-queen problem), macroscopic
properties (e.g. a physical gas system with fixed volume and energy), or statistical
observations (e.g the Julesz ensemble for texture).
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Ex. 1 Simulating noise image

We define a “noise” pattern as a set of images with fixed mean and variance.

noise=Q(n,6°) ={I 1 S, , lim S (I
(n,6°)={I, : 2|A|(1J)€A( D=u 2|A| JE(( )= H) }

This image example is a “typical image” of the Gaussian model.
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Ex. 2 Simulating typical textures by MCMC

atexture=Q(h )={I: limﬁ Zh(l(i,j))=hc, |h, |=k}
A—

2
20 (ijeA

(I)

H,are

I ~QM k=7 (zhy et al, 1996-01)

Task 2: Scientific computing

In scientific computing, one often needs to compute the integral in very high dimensional
space.

Monte Carlo integration,
eg.
1. estimating the expectation by empirical mean.
2. importance sampling

Approximate counting (so far, not used in computer vision)
eg.
1. how many non-self-intersecting paths are in a 2 n x n lattice of length N?
2. estimate the value of 7 by generating uniform samples in a unit square.
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Ex 3: Monte Carlo integration
Often we need to estimate an integral in a very high dimensional space €,
c= x)f(x)dx
JRIDUS
We draw N samples from m(x),

X1y X2; -0y XN ~ T(X)

Then we estimate C by the sample mean

For example, we estimate some statistics for a Julesz ensemble 7(x;0),
Ch) = /Q 7(x; 0)H(x)dx
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Ex 4. Approximate counting in polymer study

For example, what is the number K of Self-Avoiding-Walks in an n x n
lattice?

A Seil-Avoiding Walk of Length N=150

Denote the set of SAWs by €2, = {r}

An example of n=10.  (Persi Diaconis)

E’—‘
The estimated number by Knuthwas (1.6 + 0.3) x 1024 _;:‘]F I f;

The truth number is 1.56875 x 1024
(Note that there are a variety of different definitions of SAWs: Start from the lower-left corner, the ending could be of
(i) any lengths, (ii) fixed length n, or (iii) ending at the upper-right corner. The number above is for case (iii).
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Ex 4: Approximate counting in polymer study

Computing K by MCMC simulation

K= Tamy L

reQ 2 reQngp
1
= Loy
1M
N E';:lp(ri)
3
Sampling SAWs r, by random walks (roll over when it fails). 3
N .
12
mo Bl
pLlr) = Py
(") jgl k(5)
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Task 3: Optimization and Bayesian inference

A basic assumption, since Helmholtz (1860), is that biologic and machine vision
compute the most probable interpretation(s) from input images.

Let I be animage and X be a semantic representation of the world.

X* = arg max «(X|I)

In statistics, we need to sample from the posterior and keep multiple solutions.
(Xla X2y weey Xk) ~ 7T(X|I)

/Y

I
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Example 5: Robot Localization

02 R

Prior P(x)

01} 1

1 Likelihood

° ..l.. ..l.. 1 L(xz)

Posterior
P(x|z)

Example 5: Robot Localization

Sampling as Representation

p(Robot Location) |
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Traversing Complex State Spaces

1. The state space Q2 in computer vision often has a large number of sub-spaces of
varying dimensions and structures, because of the diverse visual patterns in images.

2. Each sub-space is a product of
some partition (coloring) spaces ---- what go with what?
some object spaces ---- what are what?

3. The posterior has low entropy, the effective volume of the search space is relatively small !

object particles
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object spaces
Summary
1. MCMC is a general purpose technique for from complex
probabilistic models.
2. In high dimensional space, is a key step for
(a) (simulation, synthesis, verification)
(b) (estimating parameters)
(c) (Monte Carlo integration, importance sampling)
(d) (together with simulated annealing).

2. As Bayesian inference have become a major framework in computer
vision, the MCMC technique is a useful tool of increasing importance
for more and more advanced vision models.
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A Toy Example

Suppose there are 5 families in an island. Suppose there is 1,000,000 token as their currency, and
we normalize them to 1. Let the state x be the wealth over the years. Each family will trade with some
other families for goods. For example, family 1 will spend 60% of their income to buy from family 2,
and save 40% income, and so on. The question is: how will the fortune be distributed among the
families after a number of years?  To put the question in the other way, suppose we mark one token
In a special color (say, red). After a number of years, who will own this token?
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A Markov chain formulation

(Q, KorP, v,)

\

/

1. State space

0.4 0.6
0.5 0.0

K={0.0 03
0.0 0.0
0.0

0.3
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2. Transition kernel.

0.0
0.5
0.0
0.1
0.0

0.0
0.0
0.7
0.3
0.5

0.0
0.0
0.0
0.6
0.2

3. Initial probability.

S.C. Zhu
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Target Distribution

year
1 10 00 00 00 00 00 00 10 00 00
2 04 06 00 00 00 00 03 00 07 00
3 046 024 030 00 00 015 00 022 021 042
4
5
6 023 021 016 021 0.17 0.17 0.16 0.16 0.26 0.25
0.17 020 0.13 028 0.21 0.17 020 013 0.28 0.21
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Invariant probabilities

Under certain conditions for the finite state Markov chains, the Markov
chain state converges to an invariant probability

i P =
In Bayesian inference, we are given a target probability 1., our objective

is to design a Markov chain kernel P so that P has a unique invariant
probability L.

There are infinity number of P's that have the same invariant probability.
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Questions

1. What are the conditions for P?

(stochastic, irreducible, aperiodic, global/detailed balance,
ergodicity and positive recurrence, ...)

2. How do we measure the effectiveness (i.e. convergence) ?
(first hitting time, mixing time)

3. How do we diagnose convergence?
(exact sampling techniques for some special chains)

Choice of K

Markov Chain Design:

(1) K'is an irreducible (egordic) stochastic matrix (each row sum to 1).

(2) K'is aperiodic (with only one eigen-value to be 1).
(3) Detailed balance () Kij = p(§) Kji
There are almost infinite number of ways to construct K given a Tr.
2N equations with N x N unknowns (global balance), or

N2/2+N equations with r x r unknowns (detailed balance)

Different Ks have different performances.
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Communication Class

A state j is said to be accessible from state i if there exists M such Kij(M)>0

i — ] sz(M) = Z Kul KzM 1J 1](M) >0
505001

1< ] i and j are accessible to each other

Communication relation<— generates a partition of the sate space into disjoint
equivalence classes called communication classes.

Definition:
A Markov chain is irreducible if its matrix K has only one communication class.
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Irreducibility

If there exists only one communication class then we call its transition graph to be irreducible (ergodic).

O o
Ty T}Qﬁ

communication
classes 1 communication classes 2
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Periodic Markov Chain

For any irreducible Markov chain, one can find a unique partition of graph G into d classes:

Co,...,Cy_1, 1€ Cy > Ky=1
J€Cy

Co C1 Ca-1
Y

e —0— f

Periodic Markov Chain

An example: The Markov Chain has period 3 and it
0 1 0) alternates at three distributions:
K=10 0 1} q00—@©10—001
1 00

G0

An irreducible stochastic matrix K has period d, then
K has one communication class, but K¢ has d communication classes.
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Stationary Distribution
T=nK
There maybe many stationary distributions w.r.t K.

Even there is a stationary distribution, Markov chain may not
always converge to it.

010 010
111 111
=@ 11 _ —=)0 0 l|=(z=~
T (333) K=0 0 1 (333) (333)
1 0 0 1 00
010
(100)/0 0 1|=(010)
C @ 1 00
Markov Chain Design
Given a target distribution 1, we want to design an irreducible
and aperiodic K
K =« and K hassmall Agrpas
VA
The easiestwould be: K =| i [thenany pK =7  Asrpy(K) =0
T

But in general x is in a big space and we don't know the landscape of
m, though we can compute each m(x).
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Sufficient Conditions for Convergence

Irreducible (ergodic):
Vi < 7, KZ](M) >0 and K]’L(M) >0

Detailed Balance: ~ w(3i) K;; = w(j) Kj;
Detailed balance implies stationarity:
K = m() K = 2 () (K1, -, Kin)

=i (m(DK1j s (M) Kp) =7
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The Perron-Frobenius Theorem

For any primitive (irreducibility + aperiodicity) r x r stochastic matrix P, P has eigen-values

1=X1> X2 > > [N

Each eigen-value has left and right eigen-vectors (¢, ;)
With vy =1, =7

Then P"=1.7"40(n™2"1x5]")

Where m2 is the algebraic multiplicity of %.,, i.e. m, eigen-values that have the same

modulus.

Then obviously, the convergence rate is Aglem = |A2|
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The Perron-Frobenius Theorem

Now, why do we need irreducibility and aperiodicity?

1, If Pis not irreducible, and has C communication classes.
then the first eigen value 1 has C algebraic and geometric multiplicities (eigen-vectors)
Thus it does not have a unique invariant probability.

2, If P is irreducible but has period d >1, then there are d distinct eigen values
with modius 1, namely, the d-th roots of unity.

Convergence measures

The first hitting time of a state i by a Markov chain MC is

T (D) =Inf{n>1x, =1, X, ~ Ky}
The first return time of a state i by a Markov chain MC is
1., =inf{n>1; x, =1, X, =1}
The mixing time of a Markov chain MC is

Tmix = minn{ | MOPH - l’t |TVS 8’ vlflo}
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Convergence study

There is a huge literature on convergence analysis, most of these are pretty much
irrelevant for us in practice. Here we introduce a few measures.

The TV-norm is

b, Ry =5 o (D=1 = sup [, (A) = k(A)|

ieQ

[v\P—=v,P | <C(P)[v,—v, |
C(P)= %n;e;x | P(x,9)—P(Y,®) |y

KL(u [[vP) < KL([|v)
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Positive Recurrent

Astate i is is said to be a recurrent state if it has  P(7r (1) <0) =1
Otherwise it is a transient state.

Furthermore, if ~ Elz ()] <
Then it is called a positively recurrent state,
otherwise it is a null-recurrent state.

Usually, the positive recurrence is a condition for spaces with infinite states.
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Ergodicity theorem

For an irreducible, positive recurrent Markov chain with stationary probability p,
in a state space Q, let f(x) be any real vauled function with finite mean with
respect to y, then for any initial probability, almost surely we have

lim % 2 f0x,) =2 f0OR00) =E, [f(x)]

n—oo i xeQ

To summarize, we have the following conditions for the Markov kernel K to be ergogic

0: stochastic  --- each row sums to 1.
1: irreducible  --- has 1 communication class
2: aperiodic - any power of K has 1 communication class

3: globally balanced
4: positive recurrent
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l
Heat bath
‘Kirkpatrick1983 /M

Some MCMC developments related to vision
Metropolis 1946
Rosenfeld, Hummel, Zucker 1976 (relaxation)
' / ‘ Miller, Grenander,1994 ‘
‘ Geman brothers 1984, (Gibbs sampler) ‘

 Waltz 1972 (labeling) |
Hastings 1970
y Green 1995

‘ Swendsen-Wang 1987 (clustering) ‘
JL l
' Swendsen-Wang Cut 2003 ' DDMCMC 2001-2005
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Special cases

When the underlying graph G is a chain structure, then things are much simpler
and many algorithms become equivalent.

Dynamic programming (Bellman 1957)
= Gibbs sampler (Geman and Geman 1984)
= Belief propagation (Pearl, 1985)
= exact sampling
= Viterbi (HMM 1967)

20



