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1 Background: Potts, SW, and interpretations

In this section, we review the Potts model, SW method and its two interpretations. The

review is made concrete enough so that important results can be followed.

1.1 SW on Potts model

Let G =< V, E > be an adjacency graph, such as a lattice with 4 nearest neighbor connec-
tions. Each vertex v; € V has a state variable z; with finite number of labels (or colors),
x; € {1,2,...,L}. The total number of label L is pre-defined, and the Potts model for a
homogeneous Markov field is,

mrs(X) = Zesp(8 Y 1m =)} 1)

<i,j>€E

1(z; = z;) is a Boolean function. It is equal to 1 if its condition x; = x; is observed, and
is 0 otherwise. In more general cases, 3 = [((v;,v;) may be position dependent. Usually
we consider # > 0 for a ferro-magnetic system which prefers same colors for neighboring
vertices. The Potts models and its extensions are used as a priori probabilities in many

Bayesian inference tasks.
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Figure 1: Ilustating the SW method. (a) An adjacency graph G and each edge < i,j >
is augmented with a binary variable p;; € {1,0}. (b) A labeling of the Graph G where
the edges connecting vertices of different colors are removed. (c¢). A number of connected

component after turning off some edges in (b) probabilistically.

As Fig.1.(a) illustrates, the SW method introduces a set of auxiliary variables on the
edges.

U= {ug: iy € {01}, ¥ < ivj >€ B}, )

The edge < i,7 > is disconnected (or turned off) if and only if p;; = 0. p;; follows a

Bernoulli distribution conditioning on z;, ;.
tij| (zi, 7;5) ~ Bernoulli(pl(x; = z;)), p=1—e". (3)

ii; = 1 with probability p if 2; = x;, and p;; = 1 with probability 0 if x; # ;. The SW
method iterates two steps.

1. The clustering step. Given the current state X, it samples the auxiliary variables in
U according to eqn. (3). It first turns off all edges < 4, j > deterministically if x; # z;, as
Fig.1.(b) shows. Then it turns off the remain edges with probability p. The edge < i,;j >

is divided into the "on” and "off” sets respectively depending on p;; = 1 or 0.
E = E,(U) U Eg(U). (4)

The edges in E,,(U) form a number of connected components shown in Fig. 1.(c). We

denote all the connected components given E,,(U) by,

K
CP(U) ={cp;: i=1,2,..,K, with cp, =V} (5)
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Vertices in each connected component cp, have the same color.
2. The flipping step. It selects one connected component cp € CP at random and assign

a common color y to all vertices in cp. y follows a uniform probability,
x; =y v € cp, y~unif{l,2, ..., L}. (6)

In this step, one may choose to repeat the random color flipping for all the connected
components in CP(U) independently, as they are decoupled given the edges in E,,(U).
In one modified version by Wolff (1989), one may choose a vertex v € V and grow a
connected component following the Bernoulli trials on edges around v. This saves some
computation in the clustering step, and thus bigger components have higher chance to be

selected.

1.2 SW Interpretation 1: data augmentation and RCM

The SW method described above is far from what was presented in the original paper
(Swendsen and Wang 1987). Instead our description follows the interpretation by Edward
and Sokal (1988), who augmented the Potts model to a joint probability for both X and
U,

pesX.U) = & TL (0= Ay =0) 4 100 = 1) A =2)] (D)
_ ;[(1_p)EoH<U>.pEon<U>]. I ( )1(:@::@-). (8)

The second factor [].; j~ep,, (u) 1(z; = x;) is in fact a hard constraint on X and U. Let
the space of X be
Q={1,2,..., L}V (9)

Under this hard constraint, the labeling X is reduced to a quotient space ) where each

_0
CP(U
connected component must have the same label,

Q
CP(U)

I 1@i=2)=1Xc¢ ). (10)

<i,j>EFon(U)
The joint probability prs(X, U) observes two nice properties, and both are easy to

verify.



Proposition 1 The Potts model is a marginal probability of the joint probability,

ZPES(X7U) = mprs(X). (11)

The other marginal probability is the random cluster model Trem,

1
S pes(X, U) = mren(U) = Z(- ) B (U] Fon(U)T CP(V)] (12)
X

Proposition 2 The conditional probabilities of pgs(X,U) are

pes(U|X) = H p(pijles, xj),  with p(pg;|e:, ;) = Bernoulli(pl(z; = z;)), (13)
<ij>€E
pes(X|U) = unif| {2 | = (l)‘CP(U)‘ for X € 8 0 otherwise (14)
o CP(U)’ 'L CP(U)’ '

Therefore the two SW steps can be viewed as sampling the two conditional probabilities.
1. Clustering step: U ~ prs(U|X), i.e. pj|(xi, z;) ~ Bernoulli(pl(z; = z;)).
2. Flipping step: X ~ prs(U|X), i.e. X(cp;) ~ Unif{1,2,...,L}, Vcp, € CP(U).

As (X, U) ~ prs(X,U), discarding the auxiliary variables U, we have X following the
marginal of prs(X, U). The goal is achieved,

X ~ Wst(X). (15)

The beauty of this data augmentation method (Tanner and Wong 1987) is that the labeling
of the connected components are completely decoupled (independent) given the auxiliary
variables. As p =1 — e, it tends to choose smaller clusters if the temperature (T' o %)
in the Potts model is high, and in low temperature it chooses large clusters. So it can

overcome the coupling problem with single site Gibbs sampler.

1.3 SW Interpretation 2: slice sampling and decoupling

In the presence of external field (data), the SW method can be interpreted and extended by
the auxiliary method proposed by Higdon (1998). Suppose we write the target probability
in a more general form,
1
7(X) =7 11 ¢i@) - 11 olziz)), 60 > 0,40 > 0. (16)
v, EV

<i,j>€k
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For the Potts model above, we have ¥(z;,z;) = °1@=%). Higdon (1998) introduced a

continuous variable on the edges as the bond strength,
W = {wij Wi € [0, +OO), V< 1,] >€ E} (].7)

In contrast to the Bernoulli probability for the binary variable j;; in eqn. (3), the bond
variables follow uniform probabilities, depending on X,
wijl (5, 25) ~ Unif[0, (i, 25)] = 71 (3, 25)1(0 < wyy < P(3,257)). (18)
Thus a conditional probability is constructed as
puco(WIX) = [I plwgleiz) = JI ¢ (@n2)10 <wy < P(zi,z5)). (19)
<i,j>€E <i,j>€E
This formula is chosen to cancel the internal field in a joint probability,
pracp (X, W) = n(X)p(W|X) = H di(z)] - [ II 100 S wij < (x,25))]. (20)
vZGV <i,j>€FE
We have the second conditional probability by the Bayes rule,
prap(X|W) = Z, [IT @) - [ TT 100 < wiy < ¥(wi,25))] (21)
v, €V <i,j>€FE
That is, given the bond strength w;;, x; and x; must achieve higher probability factor so
that the condition ¢ (z;, ;) > w;; is observed. This idea is called "slice sampling”. In case
of the Potts model, this becomes,
p(X[W) = H i(x)] [ T 10 S wy < )] (22)
szV <i,j>€F
Given W, the second product imposes a hard constraint on X. If w;; < 1, 1(0 < w;; <
eP(@i=2)) = 1 is satisfied for any x;, xj, because > 0 and ef1=i=2j) > 1 Thus it imposes
no constraints on x;, ;. If w;; > 1, then it imposes the constraint that x; = x;. Thus the

auxiliary variables j;; and w;; are linked by the following equation,
pi; = (w; > 1), V<i,j>ek. (23)
Thus we have to turn on the edges if w;; > 1, otherwise we turn it off.
Eum(W)={e=<ij > w;>1<i,j>€E} (24)
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Given W, we have the set of connected components and the vertices in each component

receive the same color.
CP(W) = {cp, : k=1,2,..., K,UE cp, = V'}. (25)

As the hard constraints are absorbed by the connected component, the conditional proba-
bility in eqn. (22) becomes

K

pucp(X|W) =T I ¢i(:). (26)

k=1 v;Ecpy,
As we can see, the coloring of each connected component is independent of other vertices
(completely decoupled !). In the special case when ¢;(z;) = 1, it reduces to the RCM model
in the previous subsection.

In summary pygp (X, W), like pps(X, U) in eqn.(7), has marginal probability being the
target 7(X) and has two conditional probabilities that are easy to sample. There are two
problems with this design.

Firstly, although the decoupling idea with conditional probability pacp (W|X) in eqn. (21)
is valid for any pair clique Markov random field models and thus goes beyond the Potts
model, the hard constraints may become impractical to compute for non-Potts model. That
is, given W, the constraint conditions on X are no longer expressed as clustering. Many
slice sampling methods suffer from this problem.

Secondly, although the flipping step in eqn.(26) makes use of the data, the clustering
step in eqn. (19) does not. It is similar to the original SW method. This in practice often

make the formed cluster ineffective.

1.4 SW Interpretation 3: the Metropolis-Hastings perspective

Proposition 3 If we set the edge probability to a constant ¢;; =1 — e P then

q(R|X) _ H<i,j>eC(R,w)(1 - Qij)
q(RIX’) H<i,j>eC(R,W)(1 - Qij)

where |C| is the cardinality of the set.

= exp{B(|C(R, Vo)| — |C(R, Vi) )}, (27)

As X and X’ only differ in labeling R, the potentials for the Potts model only differs

at the ”cracks” between R and V; and Vj respectively.
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Proposition 4 For the Potts model m(X) = p,(X) = mprs(X),

mprs(Xr = V| Xor)
7TPTS(XR = £|X8R)

= exp{B(|C(R,Vo)| — |C(R, Vi)])} (28)

Therefore, following eq. (?7) (where the proposal probabilities for the labels are uni-

form), the acceptance probability for the Potts model is always one, due to cancellation.
aX - X" =1. (29)

Therefore the third acceptance step is always omitted. This interpretation is related to the

Wolff (1989) modification (see also Liu 2001, p157).
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