Chapter 5
The Viterbi Search

5.1 Introduction

We have now discussed, at least on a basic level, acoustic processing,
acoustic modeling, and language modeling. The remaining component of
a speech recognizer is the hypothesis search (see section 1.2). Several
methods are possible; the ones we discuss in this chapter are based on the
Viterbi algorithm [1] introduced in sections 2.4 and 2.5." Tree search

methods will be presented in the next chapter.

5.2 Finding the Most Likely Word Sequence

We will now describe a method of search for the most likely word
sequence W to have caused the observed acoustic data A. This method,
like all the known others for large vocabulary sizes |#7|, cannot actually
be guaranteed to find the most likely W. It gives very good results, how-
ever, from the practical point of view (i.e., it is very rare that the maxi-

mizing sequence

9.” arg max P(A|W)P(W) (1)

is the one actually spoken but is not found by our search method).?

1. This will demonstrate again the usefulness of the HMM formulation. We will
take further advantage of the fact that embedding HMMs into an HMM leads to
anew HMM. In a sense, the subject of this chapter is already known to the reader
even before we delve into it.

2. As we know from chapter 2, the Viterbi algorithm (which is the basis of our
- Mmethod) finds the most likely path through an HMM. But (1) demands that we
_, find for each candidate word string W the probability of the set of paths that
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Figure 5.1
Composite model of speech generation when word generation is assumed to be
memoryless

First of all, consider the simplest language model, one in which all his-

tories wy,wa, ..., w;_ are equivalent (see section 4.1). Then
n \

PW) = [ Pow) h 2)
i=1

It is immediately obvious that in this case finding W amounts to
searching for the most likely path through the graph of figure 5.1. This
statement must be interpreted literally—we don’t care what happens
inside the HMM boxes.

correspond to that W, and then identify the word string whose set of paths has the
highest probability. Fortunately, in practice it is very rare that the word string
corresponding to the most probable set of paths is the one actually spoken but the
one corresponding to the most probable path is not. How to estimate the error
rate due to the Viterbi approximation and other shortcuts is discussed in section
6.8.
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The slightly more complicated bigram language model assigns proba-
bilities by the formula

POW) = Pown) [ POwloic) ®)

Then W is given by the most likely path through the graph of figure 5.2
(those of its null transitions not labeled by probability expressions have
probability 1). Note that while figure 5.2 is somewhat more complicated
than figure 5.1, the number of acoustic models (HMMs) in both is the
same. The total number of states is proportional to the vocabulary size
|#'|. Thus, except in cases where estimates of P(v;|v;) cannot be obtained,
one would always use the bigram model and thus conduct the search
through the graph of figure 5.2 rather than that through figure 5.1.°
For a trigram language model,

H
.ﬁﬁﬁwv = mu?: uhu?__\.m_x‘._vm .quF._:‘,Tmu :&.I_u ﬁh.u
i=3
the graph is considerably more complex—the number of states is pro-
portional to |¥|*. For |¥'| = 2, figure 5.3 illustrates the transition struc-
ture. There we have marked the multiple outgoing transitions by the
generation probabilities to which they correspond. In general, similar
graphs can be derived for any equivalence classifier @, as long as the
number of equivalence classes is finite.

How do we find the most likely paths through these graphs? No
practical algorithms exist for finding the exact solution. However, if we
replace the boxes in figures 5.1 through 5.3 by the corresponding HMM
models, then all the figures simply represent (huge) HMMs in their own
right. The Viterbi algorithm will therefore find the most likely path
through such HMMSs. This path will lead through a sequence of word
models whose identity can then specify the recognized word string.*

5.3 The Beam Search

The only problem with the Viterbi approach is that for practical vocabu-
laries (e.g., |#7| = 20,000) even the bigram HMM represented in figure 5.2

3. This is because the language model (3) is more accurate than model (2).

4. We have already _explained in footnote 2 why this does not necessarily corre-
spond to the string W defined by (1). .
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Figure 5.3
A section of the transition structure of speech generation based on a trigram lan-
guage model when the vocabulary consists of two words only
has too many states. One short cut is the so-called beam search [2]. The
: arieryt P(vylvy) L CF idea is simple. Imagine the trellis (see section 2.3) corresponding to figure
\ At prmmmr == mmn T SN 5.2. Before carrying out the Viterbi purge (step 4 of the algorithm de-
\ scribed in section 2.4) at stage i, we determine the maximal probability
__, P, of the states at stage i — 1
\ HMM E
of 1 uuﬂ; o~ EW,M Yi-1(8)
VN
In (5) y,_, (s) is defined in chapter 2
Figure 5.2
Composite model of speech generation when the generated words are assumed to
depend only on the identity of the preceding word (bigram language model)

(5)
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and is computed by recursion (18) of chapter 2, repeated here for ready
reference:

16) = e ma. o)1), )6 )
& 5 5
The value P, serves as a basis for a dynamic threshold
F ot
Ti—-1 = |»W!|H mmu

where K is a suitably chosen constant.® We then eliminate from the trellis
all states s’ on level i — 1 such that

Yie1(8") < i1 9)
That is, in the recursion (7) for the next level i we set y;_; (s") = 0 for all
states s’ that satisfy (9).

This purge of improbable paths reduces drastically the number of states
entering the comparison implied by the max function in the recursion
(7) without significantly affecting the values v,(s) (if K is appropriately
chosen), and makes the resulting beam search algorithm a practical one,
at least for the case of bigram language models.

5.4 Successive Language Model Refinement Search

Is there any practical way to implement the search for W for a trigram
language model? One ingenious method has been suggested by researchers
at SRI [3]. We will describe the main idea.

The HMMs for each word in the vocabulary have a final state (see the
far right column of states in figure 5.2). Final states of words, therefore,
occur at various stages of the trellis. As the beam search proceeds, some
of these states will be killed by the thresholding (9). Consider now those
word final states in the trellis that remain alive. A trace-back (see Viterbi
algorithm step 5 in section 2.4) from any of these final states, say from
word v at (time) stage j, will lead to the initial state of the same word
model, say at stage i. The pair (i,j) then identifies a time interval during
which it is reasonable to admit the hypothesis that the word v might have
been spoken.

5. The value of the constant K must be determined experimentally for each
different application. A good start is K ~ 100.
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To each word v € ¥~ there will then correspond a set of time intervals
{(i1(v),/1(v)), (i2(v), 2(0)), - - -, (im(v),jm(v)} during which it might have
been uttered. Some of these intervals will overlap since the beam search
may admit many ending times for a word actually uttered at a certain
instant.® Other intervals will represent the presence of the word at differ-
ent positions in the discourse. Yet others will reflect “false alarms.”

We can hypothesize that word ¢’ could conceivably follow word v if
and only if there exist intervals (ix(v),jk(v)) and (i(v'),/i(v")) such that
i(v') € (ix(v),jx(v)) and jr(v) € (i;(v'),/i(v")). We can, therefore, construct
a directed graph whose intermediate states correspond to words ve ¥~
and are accordingly marked by v. This graph will have two properties:

1. Any path from the initial to the final stage of the graph will pass
through states corresponding to a word sequence wj, ws, ..., w, such that
the word interval sets permit w; to follow w;_;.

2. Arcs leading to a state corresponding to a word v’ emanate only from
states marked by the same word v. Put another way, if arcs from states
marked v and ¢” lead to a state marked v’ then necessarily v = v".”

To the arcs of this graph we can then attach trigram probabilities
P(w;|w;_2,w;_1), and we can expand the states of the graph by replacing
them with the HMMs of the corresponding word. We can then construct
a new trellis for the resulting overall HMM. Compared to a trellis con-
structed directly for the trigram language model (cf. figure 5.3), the new
trellis will have many fewer states.

Recapitulating, to find W we conduct two successive beam searches.
The first, on the trellis of the bigram HMM, results in time intervals indi-
cating the possible presence of particular words. The knowledge of these
intervals gives rise to a new HMM, associated with trigram probabilities.
A second beam search is then conducted over the trellis of this second
HMM and results in the final choice of W.

6. These intervals will certainly overlap with intervals corresponding to other
words v' € ¥,

7. This property assures that the transitions out of a state corresponding to v’ can
be associated with a unique trigram probability: Given any state s associated with
v/, all previous states are necessarily associated with the same word v, and so
the identity of s determines the next word distribution P(w;|w;_; = v, w;_3 = t).
Figure 5.3 satisfies this property if its boxes are interpreted as states. For instance,
it is possible to reach the first (second) state marked v; in the next-to-last column
only by being previously in either of the two states marked v; (v3).
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Obviously, this two-pass strategy can be extended further if better and
better, but more complex, language models are available. After each pass
a new transition graph is prepared, allowing for the application of the
next-order language model.

5.5 Search Versus Language Model State Spaces

So far have assumed that the language model used determines the com-
plexity of the composite HMM. So the schematic structure of figure 5.2
was necessitated by a bigram language model, and that of figure 5.3 by a
trigram model. If such rigidity could not be relaxed then a Viterbi-based
search would be practically impossible for language models whose pre-
dictive power stems from the consideration of events in a more distant
past. The only way to accommodate these models would be via the pre-
vious section’s multi-pass strategy.

Fortunately this is not the case. We are perfectly free to adopt a history
equivalence classification for the composite HMM that differs from that
for the language model.® So, for instance, we are free to use the structure
of figure 5.2 with a trigram language model: Observe that once the search
reaches a particular stage of the corresponding trellis, the Viterbi deci-
sion assures that only a single path will lead into each state of that stage.
Thus the language model probability of the next word can depend on
the entire past, starting at the initial stage. So although it is true that the
composite HMM of figure 5.2 will require a decision among all of the
live paths ending with the same word w; = v (which is suboptimal for a
trigram language model), these decisions can be based on probabilities
P(w; = v|wi_p = v/, w; = v") for all live combinations (¢/,v"), and indeed
on probabilities P(w; = v|h; = v) for all past live paths v.

5.6 N-Best Search
In many applications it is desirable to find the N most likely word
sequences given the observed acoustic data A. For instance, we may wish

to reprocess the data using more refined models whose complexity is such
that the basic recognizer could not have used them directly. These models

8. We do not claim that this would be optimal, only that it might be expedient.
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Figure 5.4
Simple HMM used to illustrate two-best search

may ﬁ.um acoustic, providing a sharper estimate of P(A|W), or linguistic
womcwsdm in a better (or simply an additional) estimate of P(W). As Eh
instance of the latter case, the various alternate hypotheses Wi, Wy, ..., Wy
could be parsed® or processed to yield their meaning. This ﬁoﬁvmonmwmmam
would then resolve the remaining N-fold ambiguity.

The required N-best search would differ from the Viterbi search in one
aspect only: Instead of retaining only one path leading into each trellis
m.Eﬁ each trellis state is split into NV states, one for each of the N most
likely paths leading into the unsplit state from the (split) states of the

:,m_:m.mw previous stage. This is illustrated for N = 2 in figure 5.5 based on
the simple HMM of figure 5.4:

« Figure 5.5a is a diagram of a stage of the usual trellis corresponding to
the HMM of figure 5.4.

- In mmcwo 5.5b the “entry” states of the trellis stage are split in two,
representing the two best paths into each entry state. To each of the split
mﬁm.”n.m ﬁwo:_a. normally be attached the probability of the single path
jomaam into it. The transitions out of the split states into the next stage are
identical within each pair.

* Into the “exit” states of the trellis of figure 5.5b there now lead multiple
paths, of which only the two most likely (for each state) should be

w. By parsing we mean supplying a phrase structure analysis of the sentence. This
1s usually done by means of a parse tree whose nodes are annotated by phrase
markers (such as NOUN PHRASE, VERB PHASE, PREPOSITIONAL PHRASE, etc.) identify-

ing the type of the word sequence found at the leaves of i
the subtr
from the annotated node. i
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Figure 5.5

Tlustration of two-best search based on the HMM of figure 5.4

Figure 5.5a

Trellis stages corresponding to the HMM of figure 5.4

o e that the identically marked

trv states of the trellis stage of figure 5.5a split so : <
Mﬂ% states correspond to the best and second-best paths into the corresponding

state of the stage of figure 5.5a

Tgme o 5.5b split so that the identically marked exit states

Exit states of the stage of figure : :
correspond to the best and second-best paths into the corresponding state of the

stage of figure 5.5b
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retained. This is illustrated in figure 5.5¢c where the exit states of figure
5.5b are appropriately split.

« The split exit states of figure 5.5¢ become the entry states of the next
stage, which will again have the appearance of Figure 5.5b.

If the above modification of the Viterbi algorithm is carried out, the
best N sequences are found by determining the N most probable (split)
states of the last trellis stage and by retracing the trellis paths leading to
them.

5.7 A Maximum Probability Lattice

In section 5.4, describing a search based on successive refinement of the
language model, we have encountered a structure commonly referred to
as a lattice (we didn’t use that term). The lattice indicated which words
were likely to have been spoken at which time intervals. We can create a
lattice in yet another way based on a maximum a posteriori probability
approach.

Let #(v) denote the set of states of the composite HMM (e.g., that of
figure 5.2) which are internal to the HMM for word v. We can then define
the probability

P*{s' € #(v)} = the probability that A = a;,as, . .. ,a, was produced
and at the i trellis stage the HMM was in one of
the states of % (v).

It follows directly from the discussion of section 2.7 that

Pis'e )= Y als)Bils)

sE&(v)

We can therefore determine, for each (time) stage i of the trellis, the set of
the / most probable words ¥; = {v;1,v;2,... ,vi;} in the process of being
uttered at that time i. The number / can either be a fixed constant and

P{s'e P(v; ;)} = max Pste )} =1,2,. 5

or it can be determined by use of a suitably chosen threshold t:

v = arg max P* Th e ¥ (v)}

Vi={v:P{s'e #(v)} = P'{s' e #(v1)} x 1}
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The sets {v;1,0i2, - -.,0i;},i = 1,2,...,m then constitute a time-aligned
map of words whose utterance was a likely cause of the observed sequence
A. This is the basis of the maximum probability lattice we are after.

Obviously, to produce such a lattice we will have to cope with the com-
putational problems presented by the enormity of the composite HMM
that corresponds to the recognition task. We will thus need to use thresh-
olding methods analogous to those that defined the beam search of
section 5.3.

5.8 Additional Reading

Another multiple-pass search (section 5.4) is presented in reference [4].
Ney and Aubert consider the general problem of dynamic programming
searches [5].1° Finally Kogan considers the problem of early decision in
Viterbi decoding [6].1!
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Figure 2.3
Hidden Markov model representation attaching outputs to transitions

the memory of observables is unlimited (except in degenerate cases). That
is, in general, for all k£ > 2,

P(yis1|y1,92, -5 0k) # P(Yistlyjs - 0k)  k=j=2

We will frequently find it convenient to regard the HMM as having
multiple transitions between pairs of states, each associated with a differ-
ent output symbol generated, with probability 1, when that transition is
taken. This is directly equivalent to the formulation of the present section.
Figure 2.3 gives an example that can generate the same random process as
figure 2.2.2

This view has the advantage of allowing us to provide each transition
of the entire HMM with a different identifier # and to define an output
function ¥(r) that assigns to ¢ a unique output symbol taken from the
alphabet %.

We then denote by L(f) and R(7) the source and target states of the
transition ¢, respectively. We let p(¢) denote the probability that the state
L(t) is exited via the transition ¢, so that for all s € &,

e aple)=d
#: L()=s

The correspondence between the two ways of viewing an HMM is
given by the relationship

p(1) = q(Y()|L(2), R(1))p(R(1)|L(1)) (7)

When transitions determine outputs, the probability P(y1, s, ..., k)
becomes equal to the sum of the products _unﬂn_ p(t;) over all transition
sequences f1,. .., such that L(t;) = so, Y (t;) = y;, and R(t;) = L(t;41)
fori=1,...,k, or, formally,

2. Assuming that in figure 2.2 ¢(1|1,1) = ¢(1]1,3) = ¢(0|3,1) = ¢(0|3,2) =0
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y=0

Figure 2.4
Two different trellis stages corresponding to the binary HMM of figure 2.3

k
Pido it oot a2t

F(31, Y2000 08) =1
where
F(Y1,y2, -5 6) ={t, o e L(t) = 0, Y(0) = yi, R(6) = L(tiga)
fori=1,...,k}

In the following sections we will take whichever point of view (multiple
transitions between states s and s’, or multiple possible outputs generated
by the single transition s — s’) will be more convenient for the problem at
hand.

2.3 The Trellis

There is an easy way to calculate the probability P(y1,y2, ..., yx) with the
help of a trellis. The trellis places in evidence the time evolution of the
process that generated the sequence yi, )2, ..., V. It consists of the con-
catenation of elementary stages determined by the particular outputs y;.
There are as many different elementary stages as there are different output
symbols. Figure 2.4 shows the stages for y; = 0 and y; = 1 corresponding
to the HMM of figure 2.3. Note that a stage for y; consists of left and
right columns of ¢ states connected by those transitions ¢ whose out-
put Y(7) = y;. Figure 2.5 shows the trellis corresponding to the output
sequence 0110. The required probability P(0110) is equal to the sum of
the probabilities of all complete paths through the trellis (those ending in
the last column) that start in the obligatory starting state. Figure 2.6
shows these paths for sp = 1. .
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0 1 1 0

Figure 2.5 :
Trellis for output sequence 0110 generated by the HMM of figure 2.3

Figure 2.6

Trellis of figure 2.5 purged of all paths that could not have generated the output
sequence 0110

The probability P(y1,y2,...,ys) can be obtained recursively. Define
the probabilities “

() = P(y1,92,-- -, Vi, $i = 5) (8)
Then with boundary conditions
og(s) = 1 for s = sp and ap(s) = 0 otherwise

we get the recursion
oi(s) =Y p(y1,s|s )iy (s") )

where we use the simplified notation
P(yi,sls’) = q(yils’, s)p(sls”) (10)
By definition (8) the desired probability then is
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P(y1,92, - 7k) = 3 a(s) (11)

&

The recursion (9) for the output sequence 0110 is easily visualized on
the trellis of figure 2.5. Unit probability is assigned to the starting state 1 in
the 0% column. The values o (s) are then attached to the states of column
1 by computing the flows p(0,s|1)ag(1) for s € {1,2,3}. Then the values
ay(s) are attached to the states of column 2 by summing the flows
p(1,5s]s")o (s") that leave the various states s’ of column 1, etc. Finally, the
probability P(0110) is obtained by summing the values ay(s) attached to
the states of the fourth column.

2.4 Search for the Likeliest State Transition Sequence

Given an observed output sequence yi,)2,...,Vk, Which state sequence
1,52, ..., is most likely to have caused it? Noting that

P(81,52, - - - 1Sk, Y1, Y2, - - -1 Vk| S0)
P(y1,¥2,---,Yk|%0)

Huﬁ.w.:hn_ s u.wk_.v:_btmv alal ?v.._g.m_cv =

we see that we want to find the sequence si,52,...,5 maximizing the
numerator of the right-hand side of the above equation.

Observe that because the underlying state process is Markov, then for
all 4,
ﬁﬁh:. sy S Sty S V1 Y2y e s Vi Vil - - »%__.n_hov

! wmh—_hm;. SHYL, Y2, .__mu_",_.wcvwﬁhm+:. Sk Vil - - .._.._xun_hn.v

so that
max Nuﬁ.wr w8 Sl S YLV, Vi Vil - e uuuk_,w._uv
F1,52,..,8%
=, max_ |P(Sit1,- Sk Viels - <> Vklsi) (12)
X max 33_&1:_.mu__m:w__wmt..,Eh&
813525005811
Defining
v_h.ﬁ,w.h.v = ax .wﬁh?hmv.:.w.h,....vu:mumu..._%.m_hﬁ.v h._.wv

8138250005861

and substituting into (12), we get
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bmwmmr P(S1y ey SiySitla e s Sks V1, V25«3 Vis Vils - - - V| S0)
(14)

- Ewkﬁ.ﬁmﬁ?@l::;.wrr,tt b _?_&S@;

Therefore, we can find the maximally likely sequence sy,...,si_1,s,
Sit1,-..,8 by finding first for each state s on trellis level i the most likely
state sequence s1(s), ..., 5—1(s) leading into s, then finding the most likely
sequence Siy1(5),...,5(s) leading out of s, and finally finding the state s
on level i for which the complete sequence s (s), ..., 5-1(5), 5;i = 5, 5i11(5),

..., 5k(s) has the highest probability.
This can be done recursively. In fact, it follows directly from definition
(13) and the HMM defining rule (10) that

Hmhhmu ”.w_HH-m“.u.ﬁ_. whh—_huu..._.m_q.u.vu:.v‘m;..._.v&._hcu
R

H :mmw K%«_Lm_&r_u@w....wwp m?:&_...LT:S_E,:;E._,wou (15)

= max p(isilsi—1)yi—1(si-1)

Noticing from (13) that

m_zmww @:,ﬁt.;?Q:ET.;??&H Ew.x 7(s)

equation (15) leads directly to the Viterbi algorithm [4] that finds a maxi-
mizing state sequence (there may be more than one) by finding the maxi-
mizing sequence si(s),...,s-1(s), s; = s (whose probability is y,(s)) for
each state s on successive levels i, and finally deciding at level k& from
among the competing sequences si(s),...,5k_1(s), sx =5, s € &.

Here then is a complete statement of the Viterbi algorithm.
The Viterbi Algorithm
1. Set yy(s0) = 1.

2. Use (15) to compute y,(s) for all states s of the trellis’s first column,
that is,

71(8) = max p(y1,s|s")7o(s") = p(y1,5150)

since y,(s’) = 0 for all 5" # 5.
3. Compute y,(s) for all states s of the trellis’s second column, that is,
!

72(s) = max p(y2, s|s")y; (s")

Purge all transitions from states s’ in the first column to states s in the
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Figure 2.7
Possible result of applying the Viterbi algorithm to the trellis of figure 2.5

second column for which p,(s) > p(y2,s|s’)y,(s"). If more than one transi-
tion into state s remains, select (arbitrarily) one to keep and purge the rest.
4. In general, compute 7,(s) for all states s of the trellis’s i” column.
Purge all transitions from states s’ in the i — 1" column to states s in the
i™ column for which ;(s) > p(y:,s|s")y,_1(s’). Then purge all but one of
the remaining transitions into s.

5. Find the state s in the trellis’s k" column for which y;(s) is maximal.
In the purged trellis, trace back from this state s to the initial state so in
the 0 column along the remaining transitions. The states s1,52,...,5% = §
encountered along this path constitute a most likely state sequence.

Figure 2.7 shows an example of a possible effect of the Viterbi algo-
rithm on the trellis of figure 2.5 that corresponds to the observed sequence
0110. Assuming that the largest y,(s) is achieved for s = 3, the traceback
gives as a solution the state sequence 12323.

2.5 Presence of Null Transitions

In many applications, and in speech recognition in particular, it is useful
to introduce the possibility of null transitions that change state but result
in no output. In figure 2.8 we have added null transitions (interrupted
lines) to the HMM of figure 2.3.

Since a trellis stage corresponds to a single output, null transitions take
place between the states in the initial column of a stage. Figure 2.9 is then
the trellis corresponding to the output 0110.

We must now make the appropriate changes in our formulas to accom-
modate the presence of null transitions. The changes made in this section
are completely general and result in defining an equivalent HMM that



