13
Selected Theoretical Topics

Topics in this chapter include the covariance analysis of iterative condi-
tional sampling; the comparison of Metropolis algorithms based on Peskun’s
theorem; the eigen-analysis of the independence sampler; perfect simula-
tion, convergence diagnostics, and a theory for dynamic weighting. The
interested reader is encouraged to read the related literature for more de-
tailed analyses.

13.1 MCMC Convergence and Convergence
Diagnostics

When the state space of the MCMC sampler is finite, theorems in Chap-
ter 12 can be used to judge their convergence. Two key concepts are the
irreducibility and aperiodicity. These two concepts can be generalized to
continuous state spaces and be used to prove convergence. One of such the-
-orem is described in (Tierney 1994), who used the techniques developed in
Nummelin (1984) for the proof.

Theorem 13.1.1 (Tierney) Suppose A is w-irreducible and TA = .
Then A is positive recurrent and w is the unique invariant distribution
of A. If A is also aperiodic, then, for all x but a subset whose measure
under m is zero (i.e., m-almost all x),

IA™ (x,-) = 7|lvar = O, (13.1)

where || - ||var denote the total variation distance.
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Clearly, all the MCMC algorithms covered in this book have an invariant
measure 7. In most cases they are also w-irreducible and aperiodic. Hence,
their convergence can be “assured,” except that we still have no idea how
fast they converge.

Our view on the convergence diagnosis issue concurs with that of Cowles
and Carlin (1996): A combination of Gelman and Rubin (1992) and Geyer
(1992) can usually provide an effective, yet simple, method for monitoring
convergence in MCMC sampling. Many other approaches, which typically
consume a few times more computing resources, can only provide marginal
improvements. The coupling from the past (CFTP) algorithm described
in Section 13.5 is an exciting theoretical breakthrough and its value in
assessing convergence of MCMC schemes has been noticed. However, the
method is still not quite ready for a routine use in MCMC computation.
Interested reader may find Mengersen, Robert and Cuihenneuc-Jouyaux
(1999) a useful reference, which provided an extensive study on convergence
diagnostics.

Based on a normal theory approximation to the target distribution = (x),
Gelman and Rubin (1992) propose a method that involves the following few
steps:

1. Before sampling begins, obtain a simple “trial” distribution f(x)
which is overdispersed relatively to the target distribution w. Gen-
erate m (say, 10) i.i.d. samples from f(x). A side note is that in
high-dimensional problems, it is often not so easy to find a suitable
over-dispersed starting distribution.

2. Start m independent samplers with their respective initial states be-
ing the ones obtained in Step 1. Run each chain for 2n iterations.

3. For a scalar quantity of interest (after appropriate transformation to
approximate normality), say = 8(x), we use the sample from the last
n iterations to compute W, the average of m within-chain variances,
and B, the variance between the means @ from the m parallel chains.

4. Compute the “shrink factor”

,\mu,\AaMHJrSlev dt

mn W) df —2

Here df refers to the degree of freedom in a ¢-distribution approxima- -

tion to the empirical distribution of 4.

Gelman and Rubin (1992) suggested using § = logn(x) as a general |

diagnosis benchmark. Other choices of § have been reviewed in Cowles
and Carlin (1996). Geyer’s (1992) main criticism to Gelman and Rubin’s
approach is that for difficult MCMC computation, one should concentrate
all the resources to a single chain iteration: The latter 9000 samples from
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a single run of 10,000 iterations are much more likely to come from the
target distribution 7 than those samples from 10 parallel runs of 1000
iterations. In addition, good convergence criterion such as the integrated
autocorrelation time (Section 5.8) used in physics can be produced with a
single chain.

Concerning the generic use of MCMC methods, we advocate a variety of
diagnostic tools rather than any single plot or statistic. In our own work,
we often run a few (three to five) parallel chains with relatively scattered
starting states. Then, we inspect these chains by comparing many of their
aspects, such as the histogram of some parameters, autocorrelation plots,

and Gelman and Rubin’s R.

13.2 Iterative Conditional Sampling

18.2.1 Data augmentation

It has been shown in Sections 6.4 and 6.6.1 that data augmentation (DA)
can be viewed as a two-component Gibbs sampler with a deterministic
scan. The transition function from x(® to x(!) in DA is, then,

A(x©@ xW)y = iamc _ awouuiam: | amcv_ (13.2)

where x(*) = ?M«ﬁawgv. An important result proved in Section 6.6.1 is
the expression (6.6) for the one-lag autocovariance of DA. Here we present
more details about the theory developed in Liu, Wong, and Kong (1994,
1995).

From Figure 6.2 and the proof of Theorem 6.6.1, we make the following
two observations:

(i) The marginal chains, ﬁamah =41, 000 o heand ?:ws_n A DR
are all reversible Markov chains. In particular, the transition function
for, say, the first chain is

A, o) = [ 1 | (e |0 (133
(ii) The two marginal chains have the interleaving Markov property de-

fined below.

Definition 13.2.1 4 ..mgs.o:nﬂq Markov chain {z®,t =1,2,...} is said
to have the interleaving Markov property if there exists a conjugate Markov
chain {y,t =1,2,...,} such that

(a) 2 and V) are conditionally independent given y®, Vt,

(b) y® and y**tV) are conditionally independent given z*+1), Vk,
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(c) (ytD,z®), (2, y®) and (y®,z(+Y) are identically distributed.

The two chains are said to be mutually interleaving. The interleaving prop-
erty implies the reversibility of both chains.

Lemma 13.2.1 The marginal chains ﬁamcw and AHWJ constructed in data
augmentation are mutually interleaving.

Consider the forward operator for the marginal chain ﬁaﬂa }. From (13.3),
we have

Il

Fih(z1) \ haiP) A1 (21, 28)dz )

Er[Ex{h(z1)|z2}|z1]

Il

If we let 7o be the mazimal correlation between z; and z; under w, then
the norm ||F} || is 4. Using expressing (12.21), we can write

IF 2 =y = sup var[E{h(z1) | z2}].
heL2(x)

Similarly, the norm of Fy for the companion chain is also 42, Since both
marginal chains are reversible, the two forward operators are self-adjoint.
Thus, their norms are equal to their spectral radii and are equal to each
other. This means that the two chains converge at the same speed. On the
other hand, the joint forward operator F' has the property

Fh(x®) = \\ansvam:viem: ﬁawzuiamd _awsu&amcaaw:_

whose norm is shown to be ||F|| = 7o. It is not difficult to show that the
spectral radius of F' is also equal to 73, as expected.

The above discussion has two implications: (a) One need only to estab-
lish convergence properties of one of the marginal chains in order for the
joint chain to converge; (b) the convergence rate of data augmentation is
completely determined by the maximal correlation between the two com-
ponents. In statistical missing problems, one component often corresponds
to missing data, ymis, and the other to the parameter #. The maximal cor-
relation between these two components reflects the “maximal fraction of
missing information” (Little and Rubin 1987, Liu 1994b), defined as

o var[E{h(6) | ymis}]
"= ocvarithy<co . varz{h(8)}

Hence, the more the fraction of missing information, the larger the maxi-

mal correlation between 6 and ymis and the slower the corresponding data

augmentation scheme. On the other hand, because of this duality, we can
also estimate the mazimal faction of missing information in a missing data
problem from the output of its data augmentation scheme (Liu 1994b).
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Furthermore, because

_ Elvar{h(6) | ymis}]  var[E{h(6) | ymis}]
var, {h(0)} var,{h(8)} '

a larger fraction of E[var{h(f) | ymis}] in the total variance means that
z; can move more freely conditional on x2 and, hence, a faster scheme.
Thus, when giving two data augmentation schemes with the same target
distribution for #, we prefer the scheme that gives a larger conditional
variance for h(#), for all functions h( ) (Liu and Wu 1999, Meng and van
Dyk 1999).

1

13.2.2 Random-scan Gibbs sampler

As shown in Lemma 6.6.1 of Section 6.6.2, the random-scan Gibbs sampler
(RSGS) has a similar expression for its first-order autocorrelation to that
of data augmentation. Thus, the Markov chain produced by the RSGS also
has the interleaving property, with its conjugate process ﬁ:ﬁx_@::_vu for

t=1,2,.... Here, i*) is the random variable that indicates which of the d
components is updated at the t-th iteration.

The geometric convergence property of the RSGS process is not very
difficult to prove and the interested reader is referred to Liu, Wong and
Kong (1995) and Schervish and Carlin (1992). What is a little new here is
an expression to bound the convergence rate of the RSGS. Based on the
theory discussed in the previous subsection, we have, for any ||h| = 1,

I

| FA? 1 - E[var{h(x) | i,x[—y}]

d
1- ) aulvar(h(x) | x(-)]

=1

d
> aivar[E{h(x) | x_y}]- (13.4)

i=1

Suppose we can find a pair of functions h;(z;), and gi(x(_;) with unit
variance such that

E{hi(z;) | xTi = 33?7&?
E{gi(x(—q | =i} Yihi(zi).

Then, using (13.4) with h replaced by h;, we have

|FI1? > (Fhs, hi) = 1= 0u(1 = 47).
Letting ¢ = 1,... ,d, we have

IFII? > max{1 — (1 — )}
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Heuristically, we may want to find the vector (ai,... ,0q) mo.ﬁvmﬂ this
lower bound for the convergence rate is minimized. This is equivalent to

finding

max ﬁaﬁwigﬁ | SMVL .

It is easy to see that the solution is a; oc (1 — ﬁmvl_. This result is rather
intuitive: In order to achieve a better convergence rate, one should spend
more resources (number of updates roughly proportional to the inverse n.n.
the spectral gap) on those “stickier” components. On the other hand, if
one is interested in estimating a particular expectation, Ef(x), after the
chain becomes stationary, one should allocate resources differently.

We can also use (13.4) to show that grouping and collapsing (Section 6.7)
in a random scan are always preferable (a stronger result than that for the

deterministic scans).

Theorem 13.2.1 Suppose we can either group the first two components
together or integrate out the first component so as to result in a RSGS
with d — 1 components. We also assume that the scheduling probability o
remains unchanged fori = 3, ... ,d. Then, the collapsing sampler converges
faster than the grouping sampler, and the grouping sampler faster than the

original RSGS.
Proof: We directly compare (13.4) for the three samplers. For grouping,

IEGIE = (o1 + aa)var(B{A() | %(-1,-21}]

d
—+ M Q».ém.i.mx?ﬁunv _ X[—q] wu__

] )
for collapsing,

|F.h||? = (o1 + ag)var[E{h(x) | X(—1,-2)}]

+ M Qnﬂmm._”‘m.\_.“u?munv _ uﬂ_lflmz.

=3

For notational simplicity, here we take the test function for the collapsed :
sampler, which only has d — 1 components, as E[g(x) | x(~1)]. Because

E{h(x) | X(=1,-4} = B[E{h(x) | x(~g} | X-11],
it follows that
var[E{h(x) | HTri_E < var[E{h(x) | HT&E_

for i = 2,... ,d. Hence, the theorem is proved. &
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18.3.1 Peskun’s ordering

As an alternative to the acceptance-rejection criterion of Metropolis et al.
(1953), Barker (1965) proposes a more “continuous” acceptance function

e TS
; T(xX)T(x,y) + 7(y)T(y,x)’
that is, one accepts the proposed y with probability rg and rejects the
proposal with probability 1 — rg (Section 5.2). To understand whether
Barker’s proposal has any advantage, Peskun (1973) introduced a partial
ordering among all finite-state reversible Markov transition matrices that
have the same stationary distribution.

Definition 13.3.1 Suppose two reversible transition kernels A; and A,
have the same stationary distribution w. Matriz A, is said to dominate A,
(i.e., A1 > Az) if all the off-diagonal elements of A; is greater than or
equal to the corresponding elements in Ay. This definition is generalized by
Tierney (1998) as follows:

P, TH: €S\ {x}|x@ = M_ > P, TE €S\ {x}|x9 = L

for all measurable subset S C X.

This dominance condition easily leads to a comparison between the lag-1
autocorrelations of two Markov chains.

Lemma 13.3.1 (Tierney) Suppose A; and A, have the same invariant
distribution 7 and satisfy Ay > A,. Then, the corresponding forward oper-
ators, Iy and F5, satisfy

Aﬁ.mﬂm|.mu“_u.w..?%vwo
for all f € LE(w).

Proof: Here, we only prove the case when the state space is finite. Please
refer to Tierney (1998) for a more general proof. Suppose the total number
of states is V. In this case, we can express the target distribution as the
vector m = (my,...,mn) and the transition function as matrices. Then,
any function f € L3(w) can be expressed as a column vector of length N,
f=(fi,...,fn)", and F,f is simply equal to the matrix product A; f.
We define an N x N matrix as

H=A(I+ 4 - 4),

where I is the identity matrix and A = diag(m,... ,mn). Because A;
dominates Ay, it is easy to check that H is a probability measure on the
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product space (all entries h;; are non-negative and they sum to 1) and the
both marginals of H are equal to m. Hence,

(As = ADF F) = |1 A4s — A1) f
e

= MﬂwﬁiMMbbv&u
i b
= 2223 fhs —2 2 b
i g gt g

= 2 - £y 20
T J

<&

Suppose that we are interested in estimating E.f by using a MCMC
sampler whose transition kernel is A(x,y). We can define the sampler’s

asymptotic efficiency as

k! -
o(f,A) = lim ~varq > f(x) ¢, (13.5)
t=1
where x(© x(1) ... are stationary samples obtained from this sampler.

Since we are ultimately interested in using a MCMC sampler to compute
quantities of interest, this asymptotic efficiency measure seems to be a
sensible criterion in comparing different schemes. Peskun (1973) proved
that if A; > Ag, then the first chain will be asymptotically more efficient.

Theorem 13.3.1 (Peskun) Suppose A; and Ay are reversible transition |
kernels with the same invariant distribution and A; = As. Then, for all

f € L(n) (i.e., mean zero functions), we have v(f, A1) < v(f, Az)-
Proof: It is easy to see that for any transition matrix A,
v(f, 4) ={FAL+ @ =T

Note that operator (I — A) is invertible only in the restricted space Lg(7);
but not in the unrestricted space L2(r). Define A(8) = (1 — B)A1 + BAs;
then,

ov(f, A(B))

AOD (7,1 - AB) 7 (e~ 4)T - AB)T )

= ((I— A(B) ™}, (A2 — AT - A(B)"f) 20

The second equality follows from the fact that if A is a self-adjoint opera
tion, then all powers of A, and thus, (I — A)~1, are also self-adjoint oper- -
ators. The last inequality follows from Lemma 13.3.1. Hence, v(f, A(B)) is
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a monotone nondecreasing function in £ and attains its minimum at 8 = 0
and maximum at § =1. &

13.8.2 Comparing schemes using Peskun’s ordering

The ordering among transition functions introduced by Peskun is very use-
ful for comparing different schemes. Based on Theorem 13.3.1, for example,
Peskun (1973) proved the following theorem.

Hrmﬁama 13.8.2 For the same proposal transition T'(x,y), the acceptance
?znaaa suggested by Metropolis et al. dominates that proposed by Barker
in terms of asymptotic efficiency (13.5).

Proof: The transition function of the Metropolis algorithm is
\ﬁ?mﬁun_u\v " m._mun_ u\v meﬁ—_ ﬁﬁun_ u\.vw for x K Y,

where

7(y)T (y,x)
7(x)T(x,y)

On the other hand, the transition function for Barker’s scheme is

r(x,y) =

-
An(xy) = To) o2l for x 2.
It is easy to show that
min{1 > 1Y)

Hence, Ay = Ap. ©

: As a mm.dmwmhmmﬁoﬂ of Peskun’s result, Liu (1996a) showed that the
. Metropolization” of the Gibbs sampler for a finite state space as described
in Section 6.3.2 dominates the usual random-scan Gibbs sampler.

Theorem 13.3.3 Suppose that x = (x1,...,x4), where z; takes m; <
oo possible values, and that w(x) is the distribution of interest. Then, the
Metropolized Gibbs sampler defined in Section 6.3.2 for discrete random
variables is statistically more efficient than the random-scan Gibbs sampler.

Proof: Suppose that in the random-scan Gibbs sampler, we choose each
o.oH.svoumﬁ .2;: probability a;. Then, all the nonzero elements of the tran-
sition matrix P; of the random scan Gibbs sampler are of the form .

Pi(x,y) = a;m(y; | x_lt,
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where y = x except that y; replaces x;. In contrast, those nonzero off-
diagonal elements in the transition matrix P of the modified sampler are

a@a,_ﬁL_v i?._xTﬁ__v W
1—m(zi [ %) 1= 7 | x(-g) ]

Py(x,y) = oy Egﬁ

Clearly, P, = P,. ¢

Although Theorem 13.3.3 does not even require m; to be finite, the mod- =
ification is likely to be most useful for components with m; rather small.
It is easily shown from inequality v(f, P) > v(f, P2), Vf € L?(w), that
the second largest eigenvalue of P is greater than or equal to that of P>
Frigessi et al. (1993) proved that for the binary Ising model, Metropolis con-
verges faster than Gibbs for strong interaction and more slowly for weak
interaction. This does not conflict with our result, which concerns statisti-
cal efficiency in equilibrium, rather than rate of convergence. Whereas the
eigenvalues of the Gibbs sampler are necessarily non-negative (Liu, Wong
and Kong 1995), slow Metropolis convergence under weak interaction is the
product of a large negative eigenvalue. )

Using the same technique, Besag et al. (1995) and Tierney (1998) proved
another interesting result regarding the use of a mixture proposal in a
Metropolis sampler. Let T; be a sequence of proposal kernels and let o; > (1
with 3, a; = 1. Let A; be the corresponding Metropolis transition kerne

ﬂhzvﬁ Au? Nv W ;

Ai(x,y) = T;(x,y) min Tu 7(x)Ti (X, y)

Furthermore, we define a mixture proposal

T*(x,y) = 3 eiTi(x,y)

and its corresponding Metropolis transition function A*(x,y).

Theorem 13.3.4 The Metropolis transition with a mizture proposal dor
inates the corresponding mizture of Metropolis transitions; that is,

A* w MU QT@.&

Proof: Because of the simple inequality

Ewnﬁ\ﬁf muv + ambﬁ.\ﬁw_ muu < Emﬁﬁkﬁp + uPM_ B; + .mwv_
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we have that

MUQH.}AHLL = M,E.EAgaﬁﬁkviu%gﬁ@,wi

(AN

min MU ﬁ«.«.m._m munq u&_ mlmm M o; Ty huf unu

HEE A‘HAHL\Y m%mi QL&W HMAHLQ

Hence, the theorem is proved. &

This theorem may also shed some light on the issue of whether the multi-
point Metropolis method is superior to the ordinary Metropolis algorithm
(with a comparable number of proposals).

13.4 Eigenvalue Analysis for the Independence
Sampler

In the special case that the proposal is an independent transition function
(Section 5.4.2), we have a rather clean result on the analysis of all the
eigenvalues of the Metropolis-Hastings transition matrix (Liu 1996a). In
this section, we assume that the state space & is finite. Without loss of
generality, we let X = {1,...,m}. Two probability measures m(-) and
p(-) are then abbreviated as m; = (i), and p; = e, 4 =il me e
introduce the following four notations: Fx(k) = m + --- + 7k, Sx(k) =
1-Fy(k=1) = mg+- - -+7m, Fp(k) = p1+---+pk, and Sp(k) = 1—Fp(k—1).

For any i,j € X, we can write down the transition probability from 7 to
j for the Metropolized independence sampler

Rl p; min{1, w; /w;} if j#4
A(,3) = pi + Y prmax{0,1 — wi/w;} if j=1,
k

where w; = m;/p; is the importance ratio. Without loss of generality, we
further assume that the states are sorted according to the magnitudes of
their importance ratios; that is, the elements in A" are labeled so that

w2 w2 20 2 Ume

The transition matrix can then be written as

pL+ A mfw  m3/w Tm—1/W1 T W1
D P2+ A2 m3/we Tm—1/W2 T [ W2
A= . 5 : : ;
21 D2 P3 Pm—1+ Am=1  Tm/Wm—1
yus P2 D3 Pm—1 Pm
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where

m

Me =D (pi — mi/wk) = Sp(k) = Sx (k) /wk, (13.6)

i=k
which is just the probability of being rejected in the next step if the chain

is currently at state k.
For any function f(z) defined on X, we denote

GO fe)  ifif(z) >
}aTﬁ 0 S

It is noted that Ay has another expression:

Xe =Y (mifw; = mi fwe) = Br ﬁmc:mw.lv o %Whﬁu

i>k
where the expectation is taken with respect to X ~ m. Apparently, if two
states i and i + 1 have equal importance ratios, then A; = Aj41. Let p =
()3 e %BUq denote the column vector of the trial distribution and let
el _Ca. Then, A can be expressed as

A=G+ mﬁq
where G is an upper triangular matrix of the form

i mcm?cw o ﬁ:v i EBLHA\E.E.IH o \Euu EBAQB e .EHV

; wy wy wy

G=|"* : : o | soug
0 D Lo y:.;lp Pm m—1
H Wn—1
0 0 ‘e 0 0

Note that e is a common right eigenvector for both A and A — G, corre-

sponding to the largest eigenvalue 1. Since A — G is of rank 1, the rest of
the eigenvalues of A and G have to be the same. Hence, the eigenvalues for

Aarel>A 2 A2 2 A1

When m is fixed and the number of iterations goes to infinity, the mixing ;

rate of this Metropolis Markov chain is asymptotically dominated by the
second largest eigenvalue A;, which is equal to 1 — 1/w;. All the eigen-

vectors of G can also be found explicitly. We first note that the vector
is a right eigenvector corresponding to A;. Checking
one more step, we find that ¥, = (72,1 —m,0,... ,Sa is a right eigenvec-

4l

wio. " i)

tor of Ag. Generalizing the result, we obtain the following result.

Lemma 13.4.1 The eigenvectors and eigenvalues of G are A, and Vg =

(Tr Bt v,‘ﬁ_.__r,w.i.S,o,..;EqH for k = 1,...,m — 1, where there are k

nonzero entries in V.
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Theorem 13.4.1 For the Metropolized independence sampler, all the eigen-
values of its transition matriz are 1 > Xy > Ao > -+ > A1 > 0, where

M =0 (pi— mijwi) = Ex{1/w(X) — 1/w}*. The right eigenvector vy
corresponding to Ay is

V0 (00 S (e Aol s s oo o i)
where there are k — 1 zero entries.

Proof: Since A =G +ep", A% = GVi +e(p ¥x). It is further noted that
P Vi = Sn(k)m + PrSp(k) = mi(1 = A).

Hence, AV = AV + 7 (1 — Ag)e. Since e is a right eigenvector of A with
eigenvalue 1, we have, for any t,

t—mp(l— y&mw.

A(Vg —te) = Mg ﬁfﬂ - v

Solving ¢t = {t — mg(1 — Ax)}/Ak, we find that v = V; — mre is a right
eigenvector of A corresponding to Ag. ©

The coupling method can also be used to bound the convergence rate for
this sampler and the argument does not require that the state space of the
chain is discrete. Suppose two independence sampler chains {x(®,x(1) ...}
and {y©,y®) ...} are simulated, of which the x chain starts from a fixed
point x(®) = x; (or a distribution) and the y chain starts from the equi-
librium distribution w. The two chains can be “coupled” in the follow-
ing way. Suppose x(!) = x and y® = y. At step ¢t + 1, a new state
z is drawn according to distribution p(-), its associated importance ratio
w, = 7(z)/p(z) is computed and a uniform random variable u is generated
independently. There are three scenarios: (i) If u < min{w, /w,,w,/w,},
then both chains accept x as their next states (i.e., x**1) = y(t+1) = z);
(ii) if u > max{w, /wz,w,/wy}, then both chains reject so that x(+1) = x
and %:+: = y; and (iii) if » lies between w,/w, and w,/w,, then the
chain with larger ratio accepts and the chain with smaller ratio rejects. It
is clear that the first time when scenario (i) occurs is the coupling time, the
time at and after which the realizations of the two chains become identical.

The probability of the occurrence of (i) can be bounded from below:

Mu% min Eﬁ bl
T H _m....\_@_
B2 o Ll 1
Muaan::ﬁl T |W ==,
We Wy wy

i=1 i

P(accept | X = 2,Yr = y)

where w; is the largest importance ratio. Hence, from the Markov property,
the number of steps for the chains to be coupled is bounded by a geometric
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distribution
P(N >n) < (1—-wih)™

Consequently, for any measurable subset S C X,

Il

p™(S) —7(S)| = |P(Xn€S)—P(Yn€S)

P(Xn#Y,)=P(N>n)<(1-wiH™

IA

13.5 Perfect Simulation

When running a MCMC sampler, we have always to wait for a period
of “burn-in” time (or called the time for equilibration). Samples obtained
after this period of time can be regarded as approximately following the
target distribution 7 and be used in Monte Carlo estimation. In practice,
however, one is never sure how long the “burn-in” period should be and
it is always a distracting question for researchers to know when to declare
“convergence” of the chain. A surprising discovery recently made by Propp
and Wilson (1996) is that perfect random samples can be obtained, in finite
(but stochastic) time, from many Markov chain samplers. Their algorithm
is also called coupling from the past (CFTP).

Under mild conditions (irreducibility, aperiodicity, and a drift condition)
which we have assumed throughout of the book, the Markov chain under-
lying a MCMC sampler would have been in its stationary distribution had
it been iterated for infinite steps. Thus, if the chain had been started from
t = —oo0, the infinite past, then at time ¢ = 0, the chain would have been
in equilibrium and a sample produced at ¢t =0 would have been an exact
sample from the target distribution 7. This fact has already been known
to all the probabilists a long time ago. What Propp and Wilson discov-
ered is that one can figure out what the current sample is without actually
tracing back to the infinite past. The strategy they took was also known
to probabilists a long time ago: coupling and coalescence.

Suppose the Markov chain under consideration is defined on a finite
space X = {1,...,|X|}. Let the transition matrix be A(x,y) and the
equilibrium distribution be m. Consider all possible ways from x(=1) - x(0),
The transition function tells us that

Pr(x® = j | xC) =) = A(i, ).

If we want to simulate this step on a computer, we will first compute the
cumulative transition probabilities:

J
GG,g) = 3 AG, k) = Pr(x® < j | xXtY =1).
k=1
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Then, we generate a uniform random number [i.e., uo ~ Uniform(0,1)].
Finally, we let x(© = j if G(i,j — 1) < uo < G(i,)- In a usual computer
algorithm for realizing a forward Markov transition, one generates a random
number whenever needed and they may be different had x(=V) been i’ # 1.
However, there is no reason why we cannot use the same random number
up generated beforehand and use it for all possible states i € X at time —1.
More abstractly, we can think of the above sampling step as a mapping

x© = ¢(uo,x7Y). (13.7)

A distinctive feature of (13.7) is that the chains starting from all possible
states are coupled by the same random number uo.

If it so happens that our random number uo makes all the chain “cou-
pled;” that is,

$(uo,1) = jo for all i, (13.8)

then x(® = jo, must be a perfect sample from the target distribution 7. To
see this point, imagine that the Markov chain has been run from t = —o0
and entered into time ¢ = —1. Then, it must be in stationarity at time
+ = —1. Because of the construction of ¢, the next step x(® must still be
in stationarity. Because of (13.8), x(?) has to take value jo no matter what
state x(~1) takes.

Of course, the chance that the chains are all coupled in one step is too
small. If they are not all coupled, we can iterate (13.7) backward. Since

RGrL Ll il o) (13.9)
for all n, we have
unms = ﬁmcou ﬁm§1wu o e _@mﬁ_lz.fwuunmlzvv S vv

In fact, we can even imagine that the sequence of uniform random num-
bers, ... ,U_N,--- ,U_1,Uo, has been given in advance, and we realize a
stationary Markov chain by composing (13.9) from the infinite past.

Now, consider starting |X| parallel Markov chains at time t = —N, each
with a different starting state [i.e., x(™+#) = j]. Then, after one iteration
of the ¢ function, we have, for all the chains,

x(=N+1) = g(u_n1,5) forj=1,...,|X] (13.10)

Hence, the x(—V+1:4) have fewer distinct values than that of x(—N+4) . This
means that each iteration of the ¢ function will “coalesce” some chains. If N
is large enough, then all the chains starting at t = — NN will coalescence and
produce a single random sample, Xo, at time t = 0. Since a Markov chain
that comes from the infinite past has to get into time — N and then passes
through recursion (13.10), the sample obtained at time ¢ = 0 has to be
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x(® (if the same set of uniform random numbers has been used from time
—N to 0). Thus, this x(°) is an exact draw from the stationary distribution
m. If N is not large enough, we will need to move K steps backward to

time —N — K and try again, reusing all the previously generated random

numbers.
The CFTP algorithm can be implemented, at least conceptually, as fol-
lows:

1. Generate up ~ Uniform(0,1) and compute f_1(¢) = ¢(uo,i), for i =
i b

(a) If the f_;(i) are all equal, then the common value f_; (i) is re-
tained as a random sample from 7 and the algorithm is stopped.

(b) If not all the f_; (i) are the same, set n = 2 and go to Step 2.

2. At time —n, we generate u_,41 ~ Uniform(0, 1) and update

Fon() = Fongr{B(ucng1, i)} fori=1,...,|X]. (13.11)

(a) If all the f_, (i) are the same, return the common value f_ (i)
as a sample from 7 and stop.

(b) If not all the f_, (i) are the same, set n < n + 1 and return to
Step 2.

It is important to notice the difference between the forward coupling ex-
pression (13.9) and the backward coupling formula (13.11). More explicitly,
f—n(i), for all n, refers to a possible state for x(?) at time 0 instead of that
for x(=™) at time —n.

It is often too slow to move one-step backward a time. A preferable
approach is to modify Step 2(b) in the foregoing CETP algorithm by setting
n + 2n; that is, one doubles the backward steps if not all the chains coalesce
at time 0 in n steps. A main difficulty in applying the CFTP algorithm in
interesting cases is that it is often impossible to monitor simultaneously all
the chains starting from all possible states. For example, an Ising model on
a 64 x 64 lattice has 264’ possible states, which are impossible to follow.
A useful method (Propp and Wilson 1996) is to establish an ordering “<”
among all the states, so that this ordering is maintained after the one-step
coupled Markov transition:

for all 0 < w < 1. Suppose a “maximal state” and a “minimal state”
under this ordering exist. Then, one needs only to monitor two chains on
the computer: one started from the maximal state and the other from the
minimal state. When these two chains are coupled, then chains from all
other states must be coupled to the same state.

The work of Propp and Wilson (1996) has stimulated a lot of interest
from computer scientists, probabilists, and statisticians. Many new tricks
have been developed to tackle various situations. One of the main concerns
regarding the CFTP algorithm is the “user impatience” bias; that is, the
user may stop the algorithm when it takes too long to find an appropri-
ate past time —N or the algorithm is stopped before schedule because of
emergency (an electricity outage, say). Both cases will create a bias in the
produced samples. In a sense, the CFTP cannot be interrupted. Fill (1998)
recently proposed an interruptible algorithm that alleviates this concern.
See Green and Murdoch (1998), Fill (1998), and Propp and Wilson (1998).

13.6 A Theory for Dynamic Weighting

18.6.1 Definitions

Suppose the configuration state X is augmented by a one-dimensional
weight space so that the current state in a dynamic weighting Monte Carlo
scheme is (x,w). Most of the analysis presented in this section are adapted

from Liu et al. (2001).

Let constant & > 0 be given in advance. The Q-type and the R-type
moves that we will study in this section are defined as follows.
@-type Move:

e Propose the next state y from the proposal T'(x, ) and compute the
Metropolis ratio

qﬁhuwvmzmuw_unv
r(x,y) = % (13.12)

e Draw U ~ Uniform(0, 1). Update (x,w) to (x',w’) as

(2 ) = A (y,max{0,wr(x,y)}) if U < min{l,wr(x,y)/6}

(x, aw) otherwise.
(13.13)

where a > 1 can be either a constant or a random variable indepen-
dent of all other variables.

R-type Move

e Propose y and compute r(x, by) as in the @Q-type move.



