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Basic Principles: Rejection, Weighting,
and Others

2.1 Generating Simple Random Variables

To generate random variables that follow a general probability distribution
function 7, we need first to generate random variables uniformly distributed
in [0,1]. These random variables are often called random numbers for sim-
plicity. However, this “simple-sounding” task is not easily achievable on a
computer. But even if it were possible, it might not be desirable to use au-
thentic random numbers because of the need to debug computer programs.
In debugging a program, we often have to repeat the same computation
many times; this require us to reproduce the same sequence of random
numbers repeatedly. What becomes an accepted alternative in the commu-
nity of scientific computing is to generate pseudo-random numbers. More
formally, we can define a uniform pseudo-random number generator as an
algorithm which, starting from an initial value ug (i.e., the seed), produces a
sequence (u;) = (D*(uo)) of values in [0,1]. For all n, the values (ui, ... ,un)
-should reproduce the behavior of an i.i.d. sample (Vi,...,Vy) of uniform
random variables. A few very good pseudo-random number generators are
available; we refer the reader to Marsaglia and Zaman (1993) and Knuth
(1997) for further reference. Consequently, we assume from now on that
uniform random variables can be satisfactorily produced on the computer.
The following simple lemma enables us to produce nonuniform random
variables. Its proof is left as an exercise for the reader.
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Lemma 2.1.1 Suppose U ~ Uniform[0,1] and F is a one-dimensional
cumulative distribution ?3233 ?&c Then, X = F~Y(U) has the distri-
bution F. Here we define F~'(u) = inf{z; F(z) > u}.

This lemma suggests to us an explicit way (i.e., the inversion method)
of generating a one-dimensional random variable when its cdf is available.
However, because many distributions (e.g., Gaussian) do not have a closed-
form cdf, it is often difficult to directly apply the above inversion procedure.
For distributions with nice mathematical properties, special methods are
often available for drawing random samples from them. For example, a fast
way of generating standard Gaussian random variables is to use the prop-
erty that a standard bivariate Gaussian random vector (X,Y") (with zero
mean and identity covariance matrix) can be generated by first uniformly
choosing an angle in R? (two-dimensional Euclidean space) and then gener-
ating the square distance from an Exponential distribution (Devroye 1986).
A Beta random variable can be constructed as the ratio X;/(X; + X»),
where X; and X; are independent Gamma random variables. For math-
ematically less convenient distributions, von Neumann (1951) proposed a
very general algorithm, the rejection method, which can — at least in prin-
ciple — be applied to draw from any probability distribution with a density
function given up to a normalizing constant, regardless of dimensions.

2.2 The Rejection Method

Suppose I(x) = er(x) is computable, where 7 is a probability distribution
function or density function and c¢ is unknown. If we can find a sampling
distribution g(x) and “covering constant” M so that the envelope property
[i.e., Mg(x) > l(x)] is satisfied for all x, then we can apply the following
procedure.

Rejection sampling [von Neumann (1951)]:

(a) Draw a sample x from g( ) and compute the ratio
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(b) Flip a coin with success probability r;
e if the head turns up, we accept and return the x;
e otherwise, we reject the x and go back to (a).
The accepted sample follows the target distribution .

To show that the foregoing procedure is correct, we let I be the indicator
function so that I = 1 if the sample X drawn from g( ) is accepted, and
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= 0, otherwise. Then, we observe that

e em(x) i eyl
Hence,
Pt cm(x) Sl
px|I=1)= %mﬁxv\wﬁ = 1) = n(x).

Because the expected number of “operations” for obtaining one accepted
sample is M, The key to a successful application of the algorithm is to find
a good trial distribution g(x) which gives rise to a small M. It is usually
very difficult to apply the simple rejection method for a high-dimensional
Monte Carlo simulation problem.

Example: Truncated Gaussian distribution. Suppose we want to draw ran-
dom samples from 7(z) o« ¢(z)I{z>c}, where ¢(z) is the standard normal
density and I is the indicator function. A simple strategy can be applied
when ¢ < 0: We continue to generate random samples from a standard
Gaussian distribution until a sample satisfying X > ¢ is obtained. In the
worst case, the efficiency of this method is 50%.

For ¢ > 0, especially when c is large, the above strategy is very ineflicient.
we can use the rejection method with an exponential distribution as the
envelope function. Suppose the density of this exponential distribution has
the form Age~?°*. We want to find the smallest constant b such that
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The optimal choice of b is

exp{(A\Z — 2)\oc) \m“,
V2 ho(1 — &(c))

b=

The acceptance rate for using the posited exponential distribution as the
envelope function is then 1/b. To achieve the minimum rejection rate, we
further find that the best choice for \g is

Ao = (c+ Ve +4)/2.

With this choice of Ag and b, we can implement the rejection method. The
rejection rate for this scheme decreases as ¢ increases, and this rate becomes
very small for moderate to large c¢. For example, for ¢ =0, 1, and 2, the
rejection rates are 0.24, 0.12, and 0.07, respectively.
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2.3 Variance Reduction Methods

Here we briefly describe a few techniques commonly used for variance re-
duction in Monte Carlo computations. More detailed descriptions can be
found in standard Monte Carlo books (Hammersley and Handscomb 1964,
Rubinstein 1981).

Stratified Sampling. It is a powerful and commonly used technique
in population survey and is also very useful in Monte Carlo computations.
Mathematically, this method can be viewed as a special importance sam-
pling method with its trial density g(z) constructed as a piecewise constant
function. Suppose we are interested in estimating [, f(z)dz. If possible,
we want to break the region X into the union of k disjoint subregions,
D;,..., Dy, so that within each subregion, the function f(z) is relatively
“homogeneous” (e.g., close to being a constant). Then, we can spend m;
random samples, X&) . X (™) ip the subregion D;, and approximate
the subregional integral ,‘b,_ f(z)dz by

o= D) + o fXGMI]
The overall integral p can be approximated by
fp=patcc+ e,
whose variance is easily calculated as
a T
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of the m = my + - -- + my samples to do a plain uniform sampling in the
region X, the variance of the estimate would be 2 /n, with 62 being the
overall variation of f(z) in A.

Clearly, if we fail to have relatively homogeneous f(z) in each region D;
(in other words, if o2 is not much different from o?), stratified sampling
actually makes the computation less accurate than a plain Monte Carlo.
The moral is this: There is no free lunch, and one needs to think carefully

before adopting any advanced techniques.

Control Variates Method. In this method, one uses a control variate
C, which is correlated with the sample X, to produce a better estimate.
Suppose the estimation of u = E(X) is of interest and puc = E(C) is
known. Then, we can construct Monte Carlo samples of the form

X(b) =X +b(C — pe),
which have the same mean as X, but a new variance

var{X (b)} = var(X) — 2bcov(X, C) + b*var(C).
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If the computation of cov(X,C) and var(C) is easy, then we can let b =
cov(X, C)/var(C), in which case

var{X (b)} = (1 — pko)var(X) < var(X).

Another situation is when we know only that E(C') is equal to p. Then,
we can form X (b) = bX +(1—b)C. It is easy to show that if C' is correlated
with X, we can always choose a proper b so that X (b) has a smaller variance
than X. Extensions to more than one control variate are also useful in
Monte Carlo computations, but are omitted in this book.

Antithetic Variates Method. This method is due to Hammersley and
Morton (1956), where they describe a way of producing negatively corre-
lated samples. Suppose U is the random number used in the production
of a sample X that follows a distribution with cdf F [i.e.,, X = F~'(U)
according to Lemma2.1.1]. Then, X' = F~!(1-U) also follows distribution
F. More generally, if g is a monotonic function, then )

{g(u1) — g(u2)}H{g(1 —u1) — g(1 —u2)} <0

for any ui,us € [0,1]. For two independent uniform random variables U
and U, (in fact, it is only required that the two are i.i.d. a with symmetric
density in [0,1]), we have

E[{g(U1) — g(U2)H{g(1 — U1) — g(1 — U3)}] = cov(X, X") <0,

where X = g(U) and X' = g(1 — U). Thus, var[(X + X')/2] < var(X)/2,
implying that using the pair X and X' is better than using two independent
Monte Carlo draws for estimating E(X).

Rao-Blackwellization. This method reflects a basic principle (or rule
of thumb) in Monte Carlo computation: One should carry out analytical
computation as much as possible. The problem can be formulated as fol-
lows: Suppose we have drawn independent samples x® .., x(™ from the
target distribution 7(x) and are interested in evaluating I = Erh(x). A

straightforward estimator is

mn % [RGD) 4+ )}

Suppose, in addition, that x can be decomposed into two parts (z1,z2) and
that the conditional expectation E[h(x) | 2] can be carried out analyti-
cally. An alternative estimator of I is

I= 2 LB | o]+ + Bla(x) | 2§71}
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Clearly, both I and T are unbiased! because of the simple fact that
Exh(x) = Ex[E{h(x) | z2}]-

If the computational effort for obtaining the two estimates are the same,
then I should be preferred because

var{h(x)} = var{E[h(x) | 22|} + E{var[h(x) | z2]},
which implies that

var{h(x)} | var{E[h(x) | 2]} :

var() = = var(I).

m m

In statistics, I is often called the “histogram estimator” or the empiri-
cal estimator and I the “mixture estimator.” Statisticians find that by
conditioning an inferior estimator on the value of sufficient statistics, one

can obtain the optimal estimator. This procedure is often referred to as

Rao-Blackwellization (Bickel and Doksum 2000). Some other uses of Rao-
Blackwellization in Monte Carlo estimations can be found in Casella and
Robert (1996) More discussions on this issue can be found in Section 2.5.5
and Chapter 6.

2.4 Exact Methods for Chain-Structured Models

An important probability distribution used in many applications has the
following form:

d
m(X) o< exp { — M P Tio, T (2.1)

i=1
where x = (zo,71,...,%4). This type of model can be seen as having a
“Markovian structure” because the conditional distribution 7(z; | X[—q),
where x{_j = (1,...,%i-1,%it1,. .. ,Td), depends only on the two neigh-

boring variables z;—; and z;y;; that is,
m(z; | x[—q) o< exp {—h(zi-1,%:) — h(Zs, Tit1)} .

The unobserved state variables in a state-space model (Section 1.6) can
clearly be represented in this form, which can also be depicted by the
following graph:

1 An estimator ji is called an unbiased estimator of p if . fi = g. In words, this means
that the average behavior of ji is “on target.”
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When zo, ... ,zq are discrete random variables taking values in a finite
set S = {s1,..., Sk}, this structure is often referred to as the hidden Markov

model (HMM) and we can do many things with it. First, the “dynamic
programming” (DP) method (Bellman 1957) can be used to find the global
maximum of 7(x) and its maximizer % with O(dk?) operations. Second,
an algorithm of the same order as the DP exists for finding the marginal
distribution of each z; and drawing “exact” random samples from 7(x).
Clearly, these exact algorithms are only practical when &, the number of
distinctive values that z; can take, is not too large.

2.4.1 Dynamic programming

Suppose each z; in x only takes values in set § = {s1,... ,sx}. Maximizing
the distribution m(x) in (2.1) is equivalent to minimizing its exponent

H(x) = hi(zo,z1) + - + ha(Ta—1,Ta)-
A recursive procedure can be carried out:
e Define

my(z) = min ky (s;,z), for £ =81,...,8k.
8;ES

e Recursively compute the function

my(z) = WMWASTH?L + hilsi,®)}, . for o= 81500 Sk-

o The optimal value H(x) is attained by minses ma(s).

It is not difficult to see that the minimum of m;(z) is equal to the
minimum of h; (zo,1). By induction, one can easily argue that

. i RIS el B dan|
wﬂmazau ao_ﬁﬁmmﬁ 1(zo, 1) + t(Te—1,4)]

Thus, the above procedure indeed minimizes the target function H(x).

To find out which x gives rise to the global minimum of H(x), we can
trace backward as follows:

e Let £4 be the minimizer of my(z); that is,

24 = arg minmg(s;).
s;ES

Break ties arbitrarily.
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e Fort=d-1,d-2,...,1, we let

& = arg min{mq(s;) + het1(8:, Tes1) }-
5 €8

Break ties arbitrarily.

Configuration X = (&1,... ,%4) obtained by this method is the minimizer
of H(x).

2.4.2 FEzact simulation

The first step for simulating from #(x) in (2.1) is to draw z4 from its
marginal distribution. This requires us to marginalize z1,... ,24—1 in the
joint distribution w(x). After we have drawn z4, we can work our way
backward recursively; that is, sampling z4_1 from m(zg-1|z4); Ta—2 from
w(z4—2|T4—1); and so on. The principle behind the marginalization step is
based on the observation that the overall summation can be decomposed
into recursive steps; that is,

NmMmuﬂﬁﬁlmﬁkuw“M M Mmlf??al mlz»?ﬂ.a&_
X o

T4 T

More precisely, the following recursions similar to those in DP can be car-
ried out by a computer:

e Define Vi (z) = Msom,w e—hil(zo,z)

e Compute recursively fort = 2,... ,d:
Vilz) = DR Vi 1(g)e ), (2:2)
yeS

Then, the partition function is Z = > ¢ V4(z) and the marginal distri-
bution of x4 is w(z4) = Va(zg)/Z. To simulate x from =7, we can do the
following:

e Draw z4 from & with probability Vy(zq)/Z;
e Fort=d—-1,d—2,...,1, we draw z; from distribution

Vi(z)ehe+1(2:2et1)
ﬂ.nmm& T ! —h i i
Memm Vi(y)e t41 (4 2e41)

The random sample x = (z1,...,z4) obtained in this way follows the
distribution m(x).
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As an example, we can use the forward-recursion formula (2.2) to com-
pute the partition function for a one-dimensional Ising model

w(x) = Z7" exp{B(zox1 + -+ - + Tg_1%4)},
where z; takes value in § = {—1, 1}. First, we have
Vi(z) =P+ e PP =ef 4B,
which is a constant. Applying the recursion, we easily obtain that
Vi(z) = (7 + &P)f

and Z = 2(e~?+¢€”)?. Details for an exact simulation from this distribution
are left to the reader.

An important feature of the target distribution m(x) treated in this sec-
tion is that it can be written as

m(x) x exp{ — MU h(xc) ¢,

CeC

where C is the set of some subsets of {1,...,d} and x¢ = (z;, i € C). In
Lauritzen and Spiegelhalter (1988), each subset C' in C is called a “clique.”
Any two subsets Cy and Cy are said to “connected” if they share at least
one common component. Any probability distribution that possesses this
dependency structure is termed a graphical model. Our model in this section
can be seen as a special graphical model in which the set of cliques is
C = {C,...,C4}, where C; = {i — 1,i}. When C forms a “tree” and
each clique does not have too many vertices (components), one can derive
efficient algorithms for optimization and exact simulation similar to the
algorithms described in this section (Lauritzen and Spiegelhalter 1988).
There does not seem to be a common name for this sampling method. Some
people call it the peeling algorithm because this method was first developed
for a genetic linkage problem (Cannings, Thompson and Skolnick 1978).
Some others refer it as the forward-summation-backward-sampling method,
a rather awkward name. We prefer to use the name propagation method for
the reason that both the forward and the backward steps can be thought
of as propagating information along the chain graph.

2.5 Importance Sampling and Weighted Sample

2.5.1 An example

Suppose we wish to evaluate the quantity

o \ai@i&% = B, [a(X)],
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where the support of the random variable X is denoted as X and h(z) > 0.
In standard numerical methods, we discretize the domain & by regular
grids, evaluate h(z)m(z) on each of the grid points, and then use the Rie-
mann sum as an approximation. Consider the target function given by
Figure 2.1(a):

flz,y) = o.mm|w2a..o.3ul§€+c;% i m|§§+o,£»|mo@|o.3m_

where (z,y) € [—1,1] x[—1, 1]. More than two-thirds of computing time are
wasted on evaluating those grid points on which the function is virtually
zero. It is easy to imagine that the situation deteriorates very rapidly as
the dimension of space X increases.

FIGURE 2.1. (a) The target function whose integral is of interest. (b) A possible
trial distribution g(z,y) for applying importance sampling.

By taking m random samples, (z®),y®1), ..., (z{™), y(™))  uniformly in
[-1,1] x [~1,1], we implemented a vanilla Monte Carlo algorithm to esti-
mate the integral p = [ [ f(z,y)dzdy. Because the density for the sampling
distribution is a constant, 1/4, in the region, the estimate of the integral
was produced as

.@HWA%E+.:+&AEUT

m
where f = f(z®, y(@). With m=2,500, we obtained ji= 0.1307, with a
standard deviation 0.009, which was estimated by

std(f) = ‘athl 1 MHUQQ_ — @2,

Clearly, this vanilla Monte Carlo algorithm suffers a similar problem as
its deterministic counterpart: It wastes a lot of effort in evaluating random
samples located in regions where the function value is almost zero. Although
the theoretical convergence rate is m~1/2 for essentially all Monte Carlo
methods, it is the constant in front of this rate that makes a huge difference
in a real problem.
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2.5.2 The basic idea

The importance sampling idea (Marshall 1956) suggests that one should fo-
cus on the region(s) of “importance” so as to save computational resources.
Although it may not seem so important in the toy example shown earlier,
the idea of biasing toward “importance” regions of the sample space be-
comes essential for Monte Carlo computation with high-dimensional mod-
els such as those in statistical physics, molecular simulation, and Bayesian
statistics. In high-dimensional problems, the region in which the target
function is meaningfully nonzero compared with the whole space X is just
like a needle compared with a haystack. Vanilla Monte Carlo schemes (e.g.,
sampling uniformly from a regular region) are bound to fail in these prob-
lems.
Suppose one is interested in evaluating

w=E {h(x)} = \Exvixvnmﬂ.
The following procedure is a simple form of the importance sampling algo-
rithm:
(a) Draw xM) ..., x(™) from a trial distribution g(-).
(b) Calculate the importance weight

w? = 7(xU))/g(x1)), forj=1,...,m.

(¢) Approximate i by

i g.ﬂz.«w un:v + e @ngv.ﬁ Uﬂmﬁ.&
= =) (=) 2.3)
Wy + -+ Wy

Thus, in order to make the estimation error small, one wants to choose g(x)
as “close” in shape to m(x)h(x) as possible. A major advantage of using
(2.3) instead of the unbiased estimate,

|w
T m

=

{wWhG®) + -+ wMax™)], (2.4)

is that in using the former, we need only to know the ratio 7(x)/g(x) up
to a multiplicative constant; whereas in the latter, the ratio needs to be
known exactly. Additionally, although inducing a small bias, (2.3) often has
a smaller mean squared error than the unbiased one fi.

Another scenario for resorting to importance sampling is when we want
to generate i.i.d. random samples from = but doing so directly is infeasi-
ble. In this case, we may generate random samples from a different, but
similar, trivial distribution g( ), and then correct the bias by using the im-
portance sampling procedure. Similar to the rejection method, a successful



34 2. Basic Principles: Rejection, Weighting, and Others

application of importance sampling in this case requires that the sampling
distribution g is reasonably close to m; in particular, that g has a longer
tail than 7. Note that finding a good trial distribution g can be a major —
and sometimes impossible — undertaking in high-dimensional problems.

Alternatively, we can opt for correlated samples produced by running
a Markov chain whose stationary distribution is 7. This methodology is
referred to as Markov chain Monte Carlo (MCMC) throughout the book. A
very general recipe for designing a proper Markov chain was first proposed
by Metropolis et al. (1953) and has been subject to active research in the
past few decades. We will discuss this class of methods in the latter part
of this book (Chapters 5-11).

Let us illustrate the importance sampling method with the toy example
shown in Figure 2.1. After a visual examination of function flz,y), we
decided to use a distribution g(z,y), which is of the form

9(z,y) o.mm|@2a|o,3u|5@+o,:n + mlaﬁio.&ul%ﬁeé.muuu
with (z,y) € [-1,1] x [=1,1]. This is a truncated mixture of Gaussian
distributions:

0.5 S ) —-0.4 )
oan[( 53) (% § ) [(753): (% &)
aha 0 35 0.5 0 135

We can sample from this mixture distribution by a two-step procedure: (a)
a biased coin (with probability 0.464 of showing heads) is first tossed; (b) if
the head turns up, we draw a random vector from the first Gaussian distri-
bution, otherwise, we draw from the second Gaussian distribution. The inte-
gral can then be estimated by averaging the ratios w(z,y) = f(z, )/ gz, y),
with w = 0 when (z,y) falls out of the region X. With m=2500, our esti-
mate of u is 0.1259, with a standard error 0.0005.

2.5.8 The “rule of thumb” for importance sampling

Importance sampling suggests estimating u = E.{h(x)} by first generating
independent samples x(1), ... x(™ from an easy-to-sample trial distribu-
tion, g( ), and then correcting the bias by incorporating the importance
weight w?) o 7(x())/g(xU)) in estimation using either (2.3) or 2.4. By
properly choosing g(-), one can reduce the variance of the estimate substan-
tially. A good candidate for g(-) is one that is close to the shape of h(x) 7 (x).
Therefore, the importance sampling method can be super-efficient; that is,
the resulting variance of i can be smaller than that obtained using inde-
pendent samples from . The method is generalized to the case of, say,
evaluating E,{h(x)} when sampling from 7(-) directly is difficult but gen-
erating from g(-) and computing the importance ratio w(x) = 7(x)/g9(x)
(up to a multiplicative constant) are easy. The efficiency of such a method
is then difficult to measure. A useful “rule of thumb” is to use the effective
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sample size (ESS) to measure how different the trial distribution is from
the target distribution. Suppose m independent samples are generated from

g(x); then, the ESS of this method is defined as
ESS(m) = ———.
) 1 + var,[w(x)]

Since the target distribution 7 is known only up to a normalizing con-
mﬁm.nﬁ in many problems, the variance of the normalized weight needs to be
estimated by the coefficient of variation of the unnormalized weight:

MU.“WHASQ - )?
(m-1)w? °

vl (w) = (2.5)
where  is the sample average of the w(/). The ESS measure of efficiency
can be partially justified by the delta method as follows (Kong et al. 1994,
Liu 1996a).

Note that E,{w(x)} = 1; hence, both (2.3) and (2.4) are proper esti-
mates of p. In particular, the two estimates are related to each other in the
following form:

5o B IR M)

IS W)

Let Z = h(x)w(x), W = w(x), and let Z and W be the corresponding

sample averages. As we have mentioned in Section 2.5.2, there are two

mawmndmmmm for choosing fi over Z for estimation: The importance sampling

ratios need only to be evaluated up to an unknown constant; and j may

have smaller mean squared error than fi = Z. By the delta method, we see
that

ji
£ (2.6)

By(i) ~ E{Z[1-(W -1+ (W -1)>+---]}
_covg(W,Z) | pvargW
m b5 m

The variance of /i can be explored by using the standard delta method for
ratio statistics:

X op

varg (i) = %_tmﬁmnm (W) + vary(Z) — 2ucovy (W, Z)). (2.7)

In contrast, E,(ji) = p and var,(fi) = vary(Z)/m. Hence, the mean squared
error (MSE) of j is

MSE(2) = E,(ji — p)* = vary(Z)/m,
and that for
MSE(j)

=
—-
17

[Eg (&) — p)? + vary ()
1
= LMSE(@) + M?wéiﬁ — 2ucov, (W, Z)] + O(m~2)
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Without loss of generality, we let g > 0. Then, MSE(j) is smaller in com-
parison with MSE(fi) when p? — 2ucovy(W, Z) < 0 (i.e., when W and Z
are strongly correlated).

Denoting H = h(x), we observe that Z = WH, u = E,(WH), and

covy(W, Z) = Ex(HW) — p = covy (W, H) + pEx (W) — p.
Similarly

varg(Z) = E.(WH?) -p°
~  En.(W)EZ(H) + vary(H)Ex (W) + 2ucov, (W, H) — pi°,

where the approximation is made based on the delta method involving the
first two moments of W and H. It is easy to show that the remainder term
in the above approximation is

Ex[{W — Ex(W)}(H — w)?), (2.8)
which is not necessarily small. By reformulating (2.7), we find that
vary (i) = var, (H){1 + varp(W)}/m.

Roughly speaking, if u were estimated by ji= DBV h(y¥))/m where the
y(@ are ii.d. draws from m, then the efficiency of ji relative to t is

var-{h(y)} 1

o~

varg {h(x)w(x)} T 1+ varg{w(x)}’

This can be interpreted as that the m weighted samples is worth of m/{1+
var,[w(x)]} ii.d. samples drawn from the target distribution. Obviously,
the “rule of thumb” approximation can be substantially off if the remain-
der term (2.8) is large. The advantage of the “rule” is that it does not
involve h(x), which makes it particularly useful as a measure of the rel-
ative efficiency of the method when many different h’s are of potential

interest.

2.5.4 Concept of the weighted sample

The concept of a properly weighted sample is a useful generalization to
the foregoing importance sampling procedure. Suppose we are interested
in Monte Carlo estimation of u = Erh(x) for some arbitrary function
h. The importance sampling principle suggests that the random sample
x(M ... x(M) used to estimate p need not be drawn from m — they can be
drawn from almost any distribution provided that a proper set of weights
are associated with the sample and the weights are not too skewed.
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Definition 2.5.1 A set of weighted random samples {(x\), wD)}™, s
called proper with respect to m if for any square integrable function h(-),

E[h(xM w0 = cE h(x), for j=1,...,m,

where ¢ s a normalizing constant common to all the m samples.

With this set of weighted samples, we can estimate u as
) LG .
et mégvimcg (2.9)

where W = MM,:HH w() . Mathematically, this says that the joint distribution
g(w,x) for both the weight and the sample satisfies the relationship: For
any square integrable h(-), E,{h(x)w}/E,(w) = E;{h(x)}. This equality
also implies that

Ey(w | %)

Ly 90) = (), (210)

where g(x) is the marginal distribution of x under g(x,w). Thus, a nec-
essary and sufficient condition for x to be properly weighted by w with
respect to 7 is (2.10).

The whole point of this generalization is to emphasize that there are
many possible choices of the weighting function w for any given x. In the
context of importance sampling, the importance weight w is a deterministic
function of the corresponding sample x [i.e., w = w(x)/g(x)]. Thus, in this
case the joint distribution of (w,x) is a degenerate one. It is also possible
that conditional on x, the weight variable w has a proper distribution
and this flexibility can be useful for combining importance sampling with
MCMC algorithms (more details in later chapters).

2.5.5 Marginalization in importance sampling

As we explained in Section 2.3, the method of Rao-Blackwellization is useful
for improving estimation in a vanilla Monte Carlo scheme. Here, we show

that the same technique takes the form of marginalization in importance

sampling and is useful for reducing the variance of the importance weight.

Theorem 2.5.1 Let f(z1,22) and g(z1,z2) be two probability densities,
where the support of f is a subset of the support of g. Then,

%ANH,Nw:NeaﬂibﬁNL

91(Z1)

Sxmﬁw ..D?L = [ f(z1,22)dzs and g1(z1) = [ g(21,22)dzs are marginal
densities. The variances are taken with respect to g.

varg{
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Proof: It is easy to see that

Sl@lay \ f(z1,22)
91(21) E?Lmu:?iﬁv

m#lm:m& N_uﬁf

9211 (z2]21)dz2

" 9(Z.,2,)
Hence,
f(Z1,2,) f(Z:1,2>) 11 fi(Z1)
5;?@:&; 2 v, { Bk ] = ven \6z0 }

We can also obtain an explicit expression of the variance reduction:
QANTN&W ﬁbﬁm_uw ﬁ TAN:N& EW
var —var, s ———~ ¢ = B4 { var Z 5
! ﬁ 9(Z1,Z>) etz ) © )\ L e@ izl

which, in the Analysis of Variance (ANOVA) terminology, is the average
“within-group” variation with the group indexed by Zy. 0

The moral of the theorem is, again, that in Monte Carlo computations,
one is encouraged to do as much analytical work as possible. Bringing
down dimensionality is almost surely a good practice, although some ex-
amples exist in which one actually wants to increase the dimension of the
space to improve the efficiency of the Monte Carlo algorithms (Section 7).
This theorem was used in MacEachern, Clyde and Liu (1999) to justify a
new importance sampling algorithm for a nonparametric Bayesian inference

problem.
Another place to use Rao-Blackwellization is in estimation. For example,

if the sample x(9) can be decomposed as ?.,mb_aw&u and if E[h(x) | 2]
is available in closed-form, then an often more efficient estimator of p =
Erh(x) is

b . LTS
fi= 3 Mécumﬂ??v _ amu:u W = MUSQV_
=1 =1

whose asymptotic unbiasedness is easily shown. However, it is no longer
as trivial as in Section 2.3 to prove its optimality — it in fact can not be
proved that the new estimator f is always better than the plain estimator

in (2.3).

2.5.6 FEzample: Solving a linear system

It has been noted that many deterministic systems can be solved by Monte
Carlo methods (Hammersley and Handscomb 1964, Ripley 1987). Such
systems include the boundary problems of partial differential equations,
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general high-dimensional linear equations, and other fixed-point problems.
We here follow the general formulation in Section 4 of Griffiths and Tavare
(1994). Suppose a system can be written in a recursive form as

q(x) = M r(x,y)q(y) + M\w?ﬁ z)q(z), for x € B, (2.11)

yeEA zEB

where ¢(x) is known for x € A and is unknown for x € B (this happens
in solving a difference equation with a given boundary condition). By re-
peatedly substituting the unknown ¢(z) in the right-hand side of (2.11) by
relationship (2.11), we have

gx) = > rxY)@)+ Y, D rxy)riy,y)ey)

yEA yiEByeA

+ > D> Dy, y)r(ye, ¥)a®) + -
y1€By2EByeA

o0

= > 8D Y D vy ye) r (e Y)aly) ¢ - (212)

k=0 | y1€8 yrEByEA

Suppose we can construct a Markov transition function A(x,y) that sat-
isfies the following conditions: (a) A(x,y) > 0 whenever r(x,y) > 0 and
(b) the chain visits A with probability 1 starting from any x € B. Then,
for any given xo € B, we can simulate this Markov chain (some basics of
Markov chain theory is given in Chapter 12) with x as its initial state (i.e.
Xo = x¢) and run the chain until it hits A for the first time. With this
construction, expression (2.12) can be rewritten probabilistically as

o (X ko1, Xk)
Qﬁun_uv = By mﬁvﬂﬂu ....m . y
i o1 A X k-1, X)

where 7 is the first time the chain visits A (the hitting time). Thus, ¢(x)
can be estimated as follows. We run m independent Markov chains with
the transition function A(,-) and the starting value xo until hitting A.
Let these chains be NM:M M. vunmc_ where 7; is the hitting time of the jth
chain; then, ]

m 7 (4) (4)
Q,H,W Mﬁumw: “_,l\_”ivm».lfumwp
e = i b (el pixid)

However, this method is usually inferior to its deterministic counterpart
except for a few special cases (Ripley 1987). For example, this Monte Carlo
approach might be attractive when one is only interested in estimating a
few values of g(x). We will discuss in Section 4.1.2 and Chapter 3 several
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techniques (e.g., resampling, rejection control, etc.) for improving efficien-
cies of the importance sampling method [see also Liu and Chen (1998)].
A proper implementation of these new techniques might lead to a Monte
Carlo method that is more appealing than the corresponding deterministic
approach (Chen and Liu 2000Db).

2.5.7 Ezample: A Bayesian missing data problem

In statistics, it is often the case that part of the data is missing which
renders the standard likelihood computation difficult (see the Appendix).
The current example is constructed by Murray (1977) in the discussion of
Dempster et al. (1977). Table 1 contains 12 observations assumed to be
drawn from a bivariate normal distribution with known mean vector (0,0)
and unknown covariance matrix.

e T ROl D To2 i ke T A

iy =il il e N
TABLE 2.1. An artificial dataset of bivariate Gaussian observations with missing
parts (Murray, 1977). The symbol * indicates that the value is missing.

Let p denote the correlation coefficient and let o1 and o3 denote the

marginal variances. The complete data are yi, ... , Y12, where y:=(y¢,1,¥t,2)
fort=1,...,12. So the y; 2 are missing fort =5,...,8, whereas y;,1 are
missing for thet =9,...,12. We are interested in the posterior distribution

of p given the incomplete data. Note that the information on o1 and o3
provided by the eight incomplete observations cannot be ignored in drawing
likelihood-based inference about p. :

For simplicity, the covariance matrix of the bivariate normal is assigned
the Jeffreys’ noninformative prior distribution (Box and Tiao 1973)

#(D) o T (2.13)

where d is the dimensionality and is equal to 2 in this example. The pos-
terior distribution of ¥ given ¢ i.i.d. observed complete data y1,... ,¥yt 18

p(B g, ) e Eﬁ% exp AIW tr[E - .m.; ;

where S = (sij)ax2 is the uncorrected sum of squares matrix (i.e., sij =
MUMNH Ys.ils.;)- This distribution is called the inverse Wishart distribution.
Box and Tiao (1973) and Gelman, Carlin, Stern and Rubin (1995) give
more details on the standard Bayes inference with multivariate Gaussian
observations. An introduction on the general Bayesian inference can be
found in the Appendix.
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By letting Z=X""', we see that Z follows a Wishart(t, S) distribution:
p(Z|complete data) o g exp ﬁlw tr[Z - .ﬂw : (2.14)

See Johnson and Kotz (1972) for a detailed derivation. In this distribution
n is often referred as its degree of freedom and S its scale matrix (required .R“
be positive definite). Sampling from this Wishart distribution when ¢ > d+
1 can be accomplished as follows: Simulate ¢ independent samples €7, o €t
from a &.ﬁam:mmoﬁm_ multivariate Gaussian distribution, N (0, 5), and ﬁr_m:
let Z =5 . ei€l. Suppose S is decomposed as S = CCT, a more efficient
algorithm proposed by Odell and Feiveson (1966) is as follows:

(a) Simulate independent random samples V; ~ x?(t —j), j =1,... ,d.
(b) Simulate independent random variables N;; ~ N(0,1), for i < j < d.

(c) Construct a symmetric matrix B = (b;;)ixq as follows:

bin = Vs B = iNa VA
|
wu.u. = S+M”2M._ .m..ku:._Qm
i=1
i—=1
bij = Nij S+M2§53 U<y
k=1

(d) Then, Z = CBCT follows the Wishart(¢,S) distribution in (2.14).

.z@c let us go back to the original problem of making inference on p
E.;:.Enoﬁv_mﬁm data. In this case, we can write down the joint posterior
distribution of ¥ and missing data ymis = (Ys,2,--- »¥8,2,¥9,15--- ;Y12,1) a8

@quumdwm _ %ccmv o ﬁm%am?%ovm _ Muﬁmmv
1248

i 1
o _M_ = exp ﬁlelM[H . m‘mu\ammvu_w '

where S(ymis) emphasizes that its value depends on the value of ym;s-
Thus, the posterior distribution of ¥ can be derived from the above joint

- distribution with yn;s integrated out. An importance sampling algorithm

for achieving this goal can be implemented as follows:
e Sample ¥ from some trial distribution go(X),
® Draw ymis from %muxn:m _ Yobs, Muv

It should vm noted that given ¥, the predictive distribution of ymis is simply
the Gaussian distribution. For example, :

[s,2 | 2, ¥obs] = [¥s.2 | Z,y5,1] ~ N (e, 02)
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where p, = pys,11/011/022 and o2 = (1—p?)o11. Thus, the key question is
how to draw %. A simple idea is to draw ¥ from its posterior distribution
conditional only on the first four complete observations:

g0(3) x _M_l._.,\M exp{—tr[Z~1S4]/2},

where Sy refers to the sum of the square matrix computed from the first four
observations. With go so chosen, the estimated coefficient of variation of
the importance weights is 2.25 with 5000 Monte Carlo samples. Of course,

other choices of ¥ are also possible.
For a comparison, we obtained the analytical form of the observed-data

posterior distribution of p up to a normalizing constant:
(1= )]
[(1.25 - p?)*]

Figure 2.2 displays the Monte Carlo estimates of the density versus the
true posterior density of p.

p(p | data in Table 2.1)

(b)

a4 06 08

0z

e = (X [ To e 06 oo s Te

FIGURE 2.2. Importance sampling estimate of the posterior density of the cor-
relation coefficient p (with 5000 iterations) for a bivariate Gaussian model with
Murray’s (1977) data. (a) the usual estimate with m=5000 overlaid by the “true”
density; (b) the estimate resulting from Rao-Blackwellization with m=1000 (cour-
tesy of Mr. Yuguo Chen).

9.6 Advanced Importance Sampling Techniques

2.6.1 Adaptive importance sampling

It is often a good idea to “learn” about the target distribution of interest
along with Monte Carlo sampling. A simple way of achieving this is t0
start with a trial density, say go(x) = ta(xX; o, Xo), where t, represents
a t-distribution with « degrees of freedom. With weighted Monte Carlo
samples, one can estimate the mean and covariance matrix, denoted as
and ¥, respectively, of the target distribution. Then, a new trial density
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can be constructed as g1 (x) = ta(X, 1, 51) (Oh and Berger 1992). This
procedure can be iterated until a certain measure of discrepancy between
the trial distribution and the target distribution, such as the coefficient of
variation of the importance weights, does not improve any more.

Another way of doing an adaptation (Oh and Berger 1993) is to assume
a parametric form for the new trial density ¢1(x) [e.g., suppose it is of the
form g(x; A)]. Then, we try to find the optimal choice of ), defined as the one
that minimizes, say, the estimated coefficient of variation of the importance
weights, based on the current sample. Let w(x; A) = w(x)/g1(x). We note
that

2
vary, (w) = \ P mcmmxv go(x)dx — 1.

Suppose we have drawn x, ... ,x(™) from the trial distribution go(x).
The coefficient, of variation of m(x)/g1(x) can be approximated as

&\ =H) -1,
where A(\) = Y12, HW(X)/m and

H) () = ﬂm,ﬁxc_.d el s mixﬂ.&u\moﬁxagu.
a1 ANGJQDAHGJ .QAXGV : \yv\.ﬂo AHQJ
When 7(x) can only be evaluated up to a normalizing constant, we need
to use the estimate

O\m\_m ﬁyv A m‘lﬁw.u s Hu
0

where W, is the sample average of the un-normalized importance ratio
7(x@)/go(x1)). Then, we can implement a Newton-Raphson method to
find the optimal A. Of particular interest is that for A = (e, p, X)),

g(x;A) = €go(x) + (1 — €)tu (x5 1, T);

that is, the “improved version” is the mixture of the previous trial distri-
bution go with a new parametric component.

The reader should be cautious in using these adaptive methods since they
are typically unstable. Perhaps a less greedy but more robust approach is to
minimize a more robust distance measure between the trial and the target
densities (e.g., the Hellinger or the Kullback-Leibler distance).

2.6.2 Rejection and weighting

When implementing the rejection method, one needs to find a trial density
g( ) and an envelope constant M such that 7(x) < Mg(x) for all x. Its
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efficiency is determined as 1/M; that is, on the average, M random samples
have to be generated in order to produce an accepted one. Thus, finding a
good M is crucial, but is nontrivial. Suppose one uses a reasonable M but is
unsure whether the envelope inequality holds in the entire support of m(-);
one can, in fact, accept those x’s that lie in the region {x: m(x) > Mg(x)},
and adjust the bias by giving these samples appropriate weights. In this
way, we may achieve faster computation and better efficiency.

When applying importance sampling, one often produces random sam-
ples with very small importance weights because of a less than ideal trial
density. Suppose we are interested in estimating E.[h(x)], but the evalu-
ation of h(x) is expensive. In this case, we would like to evaluate as few
samples as possible but without losing much information or creating a bias.
The following simple technique for combining rejection and importance
weighting can be used.

Suppose we have drawn samples x(), ... ,x(™ from g(x). Let wld =
7(x()/g(xU)). We can conduct the the following operation for any given
threshold value ¢ > 0:

Rejection Control (RC)
o Forj=1,...,m, accept x(#) with probability

! (49
r(9) = min AH_ _Elnw ;
c

o If the jth sample x(9) is accepted, its weight is updated to w*i) =

gew'?) /r9) | where
ge = \Ewﬁ ﬁf \Emnu& W g(x)dx.

Constant ¢, is maintained only for conceptual clarity instead of computa-
tional need in estimating a expectation with respect to . This is because
qc, the same for all the accepted samples, is not needed for the evaluation
of the ratio estimate in (2.3). But in cases where one is interested in esti-
mating the normalizing constant of the target distribution (also called the
partition function), one may need a good estimate of g..

The above RC scheme can be viewed as a technique for adjusting the
trial density g in light of current importance weights. The new trial density
g*(x) resulting from this adjustment is expected to be closer to the target
function m(x). In fact, it can be seen that

9" (x) = ¢;* min{g(x), m(x)/c}. (2.15)

Because of the relationship

gc = \Ewim?uuii\&% = E, min AH_ Em& w dx,
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the normalizing constant g. can be unbiasedly estimated from the sample
as

After applying rejection control, we will typically have fewer than N sam-
ples. More samples can be drawn from either g(z) or g*(z) (via rejection
control) to make up for the rejected samples. The usefulness of the method
in sequential importance sampling as shown by Liu, Chen and Wong (1998)
will be discussed in the next chapter. Theoretically, one can show the fol-
lowing;:

Theorem 2.6.1 The rejection control method indeed reduces the x? dis-
tance between the target distribution and the modified trial distribution; that
18,

varg.[m(x)/g" (x)] < vary[r(x)/g(x)]- (2.16)

Proof: With w(x) = 7(x)/g(x), the rejection probability ge in (2.15) can
be expressed as

ge = \uﬁ: Amgq ) W dx = wmuﬁawi@ﬁxv“nz. (2.17)

c c

On the other hand, we have

Lo et o B

e a?,@; [Z5% 2 | e o
il \ g max{w(x), c}(x)dx (2.18)
= g.Bymax{w(x),c}w(x)]. (2.19)

Now we show that for any w; > 0,ws > 0,
h(wy,ws) = [min{ws, ¢} — min{ws, c}][wy max{w;,c} — wz max{ws,c}] 2 0.

There are three scenarios for value ¢: (i) min(wi,w2) > ¢, then h(w;, ws) =
0; (i) ¢ > max(wy,ws), then h(wy,w2) = c(wy — wz)? > 0; and (iii) ¢ is
between w; and ws, in which case we assume without loss of generality
that wy < ¢ < ws, then

h(wy, w2) = (¢ —wr)(wi — cwy) > 0.

Hence, the two random variables min{w(x), ¢} and w(x) max{w(x),c} are
positively correlated. Together with the fact that :

min{w(x), ¢} max{w(z),c} = cw(z),
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and formulas (2.17) and (2.19), we have

var a@& H Bwséxn meexnéx
%.;s?é:E:iﬁii:_
< Byfmin{w(x),c} max{w(x), chu(x)]
m(x)

= cBw*x)]=c T + varg A%H[u: ,

Hence, we have proved the result (2.16). ©

2.6.3 Sequential importance sampling

It is nontrivial to design a good trial distribution for doing importance
sampling in high-dimensional problems. One of the most useful strategies
in these problems is to build up the trial density sequentially. Suppose
we can decompose x as x = (z1,... ,zq) where each of the z; may be
multidimensional. Then, our trial density can be constructed as

g(x) = gi(1)g2(z2 | 1) - ga(@a | 21, - - ity (2.20)

by which we hope to obtain some guidance from the target density while
building up the trial density. Corresponding to the decomposition of x, we
can rewrite the target density as

m(x) = m(z1)m(z2 | z1)--m(za | 21,y ST (2.21)

and the importance weight as

w(x) = iabanem 433...3@& [y ) ; (2.22)
91 (z1)92(m2 | £1) - - 9a(@a | T1, - - s Ta-1)

Equation (2.22) suggests a recursive way of computing and monitoring the

importance weight; that is, by denoting x; = (x1,.." &) (thus, x4 = x),

we have

(x| g )
mian _ KTC.

wi(x¢) = wg—1(X¢-1)

At the end, wy is equal to w(x) in (2.22). Potential advantages of this recur-
sion and (2.21) are the following: (a) We can stop generating further com-
ponents of x if the partial weight derived from the sequentially generated
partial sample is too small and (b) we can take advantage of m(zy | X¢—1)
in designing g¢(z¢ | X¢—1). In other words, the marginal distribution m(x¢)
can be used to guide the generation of x.

Although the above “idea” sounds interesting, the trouble is that the
decomposition of m as in (2.21) and that of w as in (2.22) are impractical
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at alll The reason is that in order to get (2.21), one needs to have the
marginal distribution

7(x) = \ﬂma?.: ,zq)dTepn - dTa,

whose computation involves integrating out components Tiq1,-..,%d in
7(x) and is as difficult as — or even more difficult than — the original
problem.

In order to carry out the sequential sampling idea, we need to introduce
another layer of complexity. Suppose we can find a sequence of “auxiliary
distributions,” 1 (z1), m2(X2), .-+ ,Td (x), so that m¢(x¢) is a reasonable ap-
proximation to the marginal distribution 7(x¢), for t = 1.4 d =1.and
7q = m. We want to emphasize that the m; are only required to be known
up to a normalizing constant and they only serve as “guides” to our con-
struction of the whole sample x = (i ja)Jlhe sequential importance
sampling (SIS) method can then be defined as the following recursive pro-

cedure (for t =2,... ,d).

SIS Step:
(A) Draw X;=z; from ge(xe|x¢—1), and let x; = (Xt pyme)e
(B) Compute

3?&
o1 (Xe—1)g¢ (@t | Xt-1) 2

U =

and let wy = wy—1Ue.

In the SIS step, we call u; an “incremental weight.” It is easy to show
that x, is properly weighted by w; with respect to m provided that x;—1 is
properly weighted by w1 with respect t0 1. Thus, the whole sample x
obtained in this sequential fashion is properly weighted by the final impor-
tance weight, wq, with respect to the target density m(x). One reason for
the sequential buildup of the trial density is that it breaks a difficult task
into manageable pieces. The SIS framework is particularly attractive, as
it can use the sequence of “auxiliary distributions” m,m2,... ,7q to help
construct more efficient trial distribution:

e We can build g; in light of ;. For example, one can choose (if possible)
ge(y | xe—1) = mel@e | Xe—1)-
Then, the incremental weight becomes

up = my(xe) /-1 (Xe—1)-



e When we observe that wy is getting too small, we can choose to reject
the sample halfway and restart again. In this way, we avoid wasting
time on generating samples that are doomed to have little effect in
the final estimation. However, as an outright rejection incurs bias,
the rejection control technique described in Section 2.6.2 can be used
to correct such bias (Section 2.6.4)

In configurational bias Monte Carlo (Siepmann and Frenkel 1992), the SIS
is used as a proposal (independent) transition in a Metropolis-Hastings
algorithm (see Section 5.4.3).

The most important unanswered question in the SIS framework is how
to find a reasonable set of “auxiliary distributions.” This issue will be il-
lustrated through several practical examples in Chapters 3 and 4. For ex-
ample, in a nonlinear filtering problem, the “auxiliary distributions” often
correspond to the “current” posterior distributions of the true signals.

2.6.4 Rejection control in sequential importance sampling

Although the rejection control method (Section 2.6.2) was described in a
“static” form, it can be applied dynamically to improve an SIS scheme.
Suppose a sequence of “check points,” 0 < #) <ty < --- <ty < d, and a
sequence of threshold values ¢1,. .. , ¢k, are given in advance. The following

procedure can be implemented:

1. At each check point tj;, start RC(¢x) as described in Section 2.6.2
with the threshold value ¢ = ¢;. If the partial sample (z,... s Ts;)
has a weight wy;, then we accept this partial sample with proba-
bility min{1,ws,/c;} and, if accepted, replace its weight by wy, =
max{wy,,c;}.

[}

For each rejected partial sample, restart from the beginning again and
let it pass through all the check points at ¢i,... ,¢;, with threshold
values ci, ... ,cj, respectively. If rejected in any middle check point,
start again.

Note that after the first rejection control at stage ¢, the sampling distri-
bution g7 (x;) for X is no longer the same as the one described in (2.20).
It is shown by Liu, Chen and Wong (1998) that for any time ¢, partial
sample x; resulting from the above procedure is properly weighted with
respect to m; by their modified weights w;. To retain a proper estimate of
the normalizing constant for 7, one has to estimate p., the probability of
acceptance, and adjust the weight to p.w} . Since this method requires that
each rejected sample be restarted from stage 0, it tends to be impractical
when the number of components d is large. An interesting way to combine
the RC operation with resampling is described in Section 3.4.5.

2.7 Application of SIS in Population Genetics

Evolutionary theory holds that stochastic mutational events may alter the
genome of an individual and that these changes may be passed to its
progeny. Thus, comparing homologous DNA regions (segments) of a ran-
dom sample of individuals taken from a certain population can shed light on
the evolutionary process of this population. This comparison can also yield
important information for locating genes that are responsible for genetic
diseases. Recent advances in the biotechnology revolution have provided a
wealth of DNA sequence data for which meaningful studies on the evolution
process can be made and biologically verified.

Following Griffiths and Tavare (1994) and Stephens and Donnelly (2000),
we consider the simplest demographic model focusing on populations of
constant size N which evolve in non-overlapping generations. Each indi-
vidual in a population is a sufficiently small chromosomal region in which
no recombination is allowed (in reality, recombination can happen with
a very small probability). Thus, each chromosomal segment seen in the
dataset can be treated as a descendent of a single parental segment in the
previous generation — and it is sufficient to consider the haploid model
(i.e., each “individual” only has one parent). Each segment has a genetic
type and the set of all possible types is denoted as E. If a parental segment
is of type a € E, then its progeny is of type a € E with probability 1 — pu
and of type 8 € E with probability uP,g. Thus, u cah be seen as the muta-
tion rate per chromosome per generation. The mutation transition matrix
P = (P,s) is assumed to have a unique stationary distribution.

Suppose we observe a random sample from the current population as-
sumed to be at stationarity. The ancestral relationships among the individ-
uals in the sample — when being traced back to their most recent common
ancestor (MRCA) — can be described by a tree. Figure 2.3 shows a ge-
nealogical tree for an example when the segment has only two genetic types,
C and T (i.e., E = {C,T}), and the sample consists of five observations.

Stephens and Donnelly (2000) used H = (H-pm, ... ,H_1, Ho) to denote
the whole ancestral history (unobserved) of the observed individuals at
the present time, where k is the first time when all the individuals in the
sample coalesce (i.e., the first time they have a common ancestor). Each
H_; is an unordered list of genetic types of the ancestors ¢ generations ago.
Thus, the history H has a one-to-one correspondence with the tree topology
(evolution time is not reflected in #). Note that only Hp is observable. For
any given H that is compatible with Hy, however, we can compute the
likelihood function ps(H) as

po(H) o< po(H_)pe(H_+1 | H-&) - -pe(Ho | H_1)pe(stop | Ho).

Here, pg(H_}) = mo(H_), with m being the stationary distribution of P.
The coalescence theory (Griffiths and Tavare 1994, Stephens and Donnelly



