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Abstract

In naturalscenespbjectsandpatternscanappearat awide
variety of distancedrom the viewer. For the samevisual
patternviewed at different distancespoth the image and
our perceptiorof the patternchangeover distance We call
thechangeof theimageover distanceasimage scaling and
the changeof our perceptionover distanceasinformation
scaling While imagescalingcanbe accountedor by the
statespacetheory informationscalinghasnot beenmath-
ematically studiedin computervision. In this paper we
prove two informationscalinglaws: 1) the entropy rate of
theimagechangesver distance and2) the entroyy of the
posteriordistribution of the patternalsochangesver dis-
tance.Thesawo informationscalinglaws have deepimpli-
cationsin computeision: they call for differentmodelsof
the samevisual patternat differentdistancesaswell asa
modeltransitionmechanisnior switchingmodelsover dif-
ferentdistance/scaleegimes.

1 Intr oduction

Figurel: Leavesatdifferentdistancedeadto differentper
ceptionsfrom individual structuredo foliagetextureto at
region.

Visual patternsand objectsin naturalscenesappearat
a wide variety of distancedrom the viewer, andthe same
patternmay lead to different perceptionsvhen viewed at

differentdistancesSeeFigurel for anexample,wherethe
leavesnearbycanbe perceved asindividual structuresbut
theleavesatadistanceonly give usanimpressiorof foliage
texture,andthe leavesof thetreeson the mountainafar re-
sultin amoreor less at region in the image. Similarly,
whenwe look ata persoratafardistancewe canonly rec-
ognizehisor herface.Whenwe move closer we startto see
the eyes,nose,andmouth. Whenwe move still closer we
begin to noticefacial markssuchaswrinkles, etc. There-
fore,thesamevisualpatternor objectneedso bedescribed
by differentmodelsat differentdistancer scales.

Whenwe studywhathappensf theviewer changedlis-
tancefrom a visual pattern,it is importantto distinguish
betweerthe changeof theimageandthe changeof our per
ception. The former canbe calledimage scaling andthe
latter canbe calledinformationscaling Fromahumanvi-
sionperspectie,imagescalingoccursin retina,whereasn-
formationscalingoccursin visualcortex. While imagescal-
ing canbe accountedor by the scalespacetheory[4[15],
to the bestof our knowledge,therehasnot beenany math-
ematicaltheoryfor informationscaling,eventhoughsome
theoriesdo take the issueof scalinginto account,suchas
multi-resolutionanalysis[7],fractals[10], featurestatistics
of naturalimages[$16][11][17].

In this paperwe prove two informationscalinglaws: 1)
the compleity scalinglaw (Theoremsl&2) — the entrogy
rateof theimagechangesver distanceand?2) the percep-
tibility scalinglaw (Theoremd) — the entroyy of the poste-
rior distribution of the patternalsochangever distance.
Thesetwo informationscalinglaws have deepimplications
in computervision: they call for different modelsof the
samevisual patternviewed at differentdistancesas well
asamodeltransitionmechanisnior switchingmodelsover
differentdistance/scaleegimes.

2 Complexity ScalingLaw

Let | betheimageof a patternobsered at a certaindis-
tance andlet'sassumehat! follows aprobabilitydistribu-
tion p(l). Therearetwo interpretation®f p(l).

1. p(1) is the resultof the generatie processthat pro-
ducestheimagesof thevisualpattern.



2. p(1) correspondso thecodingor compressioscheme
to approximatehe Komolgorw algorithmiccomplex-
ity of anobseredimagel gps.

Let'sassumedhat! is de ned onalatticea. Letjaj bethe
sizeor thenumberof pixelsof a.

Denition 1: Image complexity denoted by H(l),
is Fde ned as the entopy of p(l), ie, H(p(l)) =
i, p(l)logp(l): Thecomplexityrate (or compleity per
pixel) of theimage is de nedasH (1 )5o]j.

Whenwe move away from a pattern,the changeof im-
ageof the patterninvolveshbothlocal smoothinganddown-
sampling.Let's rst studytheeffect of dowvn-sampling.To
simplify thesituation we assumehatwe down-sampld by
afactorof 2 alongbothverticalandhorizontalaxes. Then
therearefour dowvn-sampledrersionsandlet'sdenotehem
by | i(k); k = 1;2; 3; 4, eachde ned onadown-sampledat-
ticem; ,withjo, j = joj=4. SeeFigure2 for anillustration.
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Figure 2: The four down-sampledversionsof the original
image.
Theorem 1: 1) Thecompleity of | i(k) is smallerthanthe
comple(ityofI,H(Ii(k)) - H(l); k= 1;:54,andH(1);
HO M) = HOjIY), whee H(1 1 ) is the conditional
entopyof p(l jI i(k)).

2)Thecompleity rateof | i(k) is larger thanthecomple-
ity rateof |,
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whee M () denotesmutual information amongthe four
down-sampledersions.

Proof: 1) p(1j1 ) = p(1)=p(1 ) sincel ™ is fully de-
terminedby | . Thus
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This theoremtells usthatif we down-sampleanimage,
thecompleity of theimagewill decreaseyut thecomple-
ity ratewill increaseln otherwords,inequality(1) tellsus
thatthe imagelooks morerandom. This canbe easilyun-
derstoodrom reallife experienceFor instancefor theleaf
patternin Figure 1, whenwe move fartheraway from the
leaves, we loseinformation, so the compleity is decreas-
ing. But we seemoreleaveswithin unit areaof visual eld,
sothe compleity rateis increasing.

Onecanalsounderstandhis resultfrom the perspectie
of Komolgorow compleity. The shortestalgorithmic cod-
ing lengthof I mustbe greaterthanor equalto the shortest
codinglengthof ary of thel i(k) , but mustbesmallerthanor
equalto the sumof the shortestcodinglengthsof the four
1,

| Now let's studythe effect of local averaging. Let | be
theoriginalimage,andlet J betheimageobtainedby con-
volving the imagel with a localizedsmoothingkernelk,
i.e.,J =1 ok.

Theorem 2: Asthelatticea | Z?2,
Z

1 logjk(! )jd! ; )

1
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whetle the right hand side is smaller than or equal to O.
Here K is the Fourier transformof the kernel k, | 2
[i ¥&2,vF2]£ [i ¥=2;Y#2]is thespatialfrequency

Proof: In the Fourierdomain,we have (! ) = 1'(1 )R(! ),
whereJ' and (" are Fourier transformsof J and| respec-
tively. For nite rectangulafattice @, the spatialfrequeng
I takesvaluesin a nite grid. Sincethe Fouriertransform
is orthogonalwe have H(1) = H(), andH(J) = H(J).
Thus
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I = + — iK(!)j:
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sa | 72 thesecondermontheright handsidegoesto

logjk(! )jd! .

A smoothingkernelk is a probability distribution func-
tion, K isPthe so-calledcharacteristicfunction of k, and

Ry =  k(x)e ' x = Eg[el ! *], with x » k(x).
SojR(1)j? = jExle " *]j* - Ex[je " *j?] = 1. Thus,
logjR(! )jd! - 0. QED



Equation(2) shavs thatwhenwe smoothanimage,the
compleity ratewill decreasd,e.,we smoothoutsomeran-
domness.If theimageis large, thenthe decreasén com-
plexity rateapproachea constant.

Thecompleity scalinglaw is acombinatiorof Theorem
landTheorem2. LetJ = | ak, andletJ, bethedown-
sampledversionof J by a factorof 2 on bothaxes. Then,
J, canbe considereda down-scaledrersionof |, thatis,
theimageof the underlyingvisual patternchangegrom |
toJ; if thedistancebetweertheviewer andthevisualpat-
terndoubles.For large lattice size,we have the compleity
scalinglaw:
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the mutual information per pixel is greaterthan
i logjK(!)jd! , we obsere an increasein compleity

rate.Otherwisethe compleity ratedecreases.
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Figure3: Linearbases/ Itersof differentscalesandorien-
tations.

Next, we will demonstratehe compleity scalinglaw
with someexperiments We usethreeindicatorsfor theen-
tropy of animage:

1) Theentropy of thehistogranof theintensitygradients
(alonghorizontaldirection). This is a very roughindicator
but it appearsonsistentvith the following two indicators.

2) Thecodinglengthper pixel of theimageusingJPEG
2000. This methodcodegtheimageusingwaveletbases.

3) Codetheimage(the whitenedversionwherethe high
freqlﬂencieareenhancecsee[ﬂ]) by thefollowing model:
I =, cB;+ 2 whereg arethecoefcients, andB; form
an overcompletesystemof localized, oriented,and elon-
gatedbasesuchasDifferenceof Offset GaussiafDOOG)
baseg6](or Gaborbases)SeeFigure3 for anillustrationof
suchlinearbases.We countthe numberof baseger pixel
neededo explain 70% of theintensityvariance We usethe
matchingpursuitalgorithm[8] to selectbases.

Three indicators of complexity rate over distance
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Figure4: The gure above displaysthe original image
of ivy wall andits down-scaledversions. The plot belov

shavs the changeof compleity rate(threeindicators)over
thecascaderderof down-scaling.

We did an experimenton animageof ivy wall in Fig-
ure 4. For thisimage,we keepdown-scalingit by a factor
of 2£ 2. Thenwe plot the entroyy rateof theimageover
the cascaderderof down-scaling.Clearly, thereis anup-
wardtrendin compleity ratewithin the rangeof the plot,
indicatingthatthe imageis gettingmorerandom(Herethe
measure®f the threeindicatorsof the image complexity
arenormalizedby lineartransformssothatthey canbedis-
playedtogetherin oneplot). This upward trend continues
persistentlyuntil the ivy wall is extremely far avay from
theviewer. Thenthelocal averagingeffectwill smoothout



Figure5: Fromsparsecodingto featurestatistics.a) Ob-

sened neardistanceimage. b) Reconstructedy sparse
codingwith 1,000bases.c) Obsered far-distanceimage.
d) “Reconstructedby matchingfeaturestatistics.
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Figure6: A scaleinvariantimageandthe changeof com-
plexity rateover cascad@rderof dovn-scaling.

therandomnesssothatthe compleity ratewill startto de-
crease.

This phenomenotasinterestingmplicationin sparsity
principle. Sparsityhasbeena cherishedprinciplein math-
ematics.It hasalsobeenproposedyy OlshauserandField
[12] asa principle employed by the primitive visual cortex
or V1. They usedthis principleto learna setof linearbases
thatresemblethe propertiesof simpleV1 cells. In Figure
4, atneardistancethe complity rateis very low, sospar
sity principle applies,andwe obsere individual structures.
Butastheviewermovesfartherfrom theunderlyingpattern,
or if we down-scalethe image,the compleity rate of the
imagewill increasesothattheremay not exist ary sparse
deterministicrepresentatiomf the image,andthe sparsity
principle is violated. As a result, the visual systemmay
only interprettheimageby somesummarieshatcannotde-
terminethe image deterministically and thesesummaries
arefeaturestatisticsandwe perceve collective texturesin-
steadof individual structuresThis mayexplainthe percep-
tual transitionfrom structuresto textures, or from sparse
codingto featurestatistics. SeeGuo, Zhu, Wu (2003)[2]
for more details,wherethey call the modelregime where
sparsecodingappliesas sketchableregime, andthe model
regime wherewe needto usefeaturestatisticsasthe non-
sketchableregime.

Figure 5 displays an example of the transition from
sparsecodingto featurestatistics. a) andc) areimagesof
ivy-wall atneardistanceandfar-distancerespectiely. b) is
reconstructedheardistancamageusingsparsecodingrep-
resentatiorwith 1,000basesselectedyy the matchingpur-
suit algorithm. d) is statisticallyreconstructedar-distance
image using feature statisticsrepresentatiorby matching
histogramsf Iter responses.

In the secondexperiment,Figure6 displaysa picture of
naturalscenewhereobjectsappeat variousdistanceste-
sulting in a wide variety of scales. If we repeatthe rst
experimenton this picture,we seethatthe compleity rate
doesnot changemuch aswe down-scalethe image. This
suggestshattheimageis scaleinvariant. See[16][11][17]
for morediscussions.

In the third experiment,Figure 7 shaws a sequencef
imagesof treestakenin Los Angelesarea.At the closedis-
tance theimageis dominatecdy onetreein thevisual eld.
At thefar distancewe seethe foreston the mountain.Fig-
ure 8 plotsthe threecompleity indicatorsof theseimages
orderedby thedistanceor scale.

Whentheobjectsin thevisual eld areof neardistances
or largescalesandeachobjecthassmoothsurface the mu-
tual informationwe discussedbove canbe quitelarge. As
aresult,if we down-scaletheimage,we will obsere anin-
creasen complity rate. Whenthe objectsin the visual

eld areof far distancesr small scalesthe mutualinfor-
mationcanberathersmall. If we down-scaletheimage,we



will obsere adecreasén compleity rate.

In the fourth experiment,we study the coding of a se-
guenceof brick wall imaggs(whitenedversion)usingthe
linear additve modell = i GiB;i + 2, wherefBjgis a
setof overcompletebases.In our experiment,we usetwo
setsof basesOnesetconsistof Differenceof OffsetGaus-
sian(DOOG) basesaswe discussedefore(seeFigure 3).
Theothersetconsistof primitiveslearnedfrom theimage.
The primitiveslearnedfrom the brick wall image(left) in
Figure9 areshown in Figure10. In Figure9 we plot the
meansquarecerrorversughenumberof basedor eachim-
ageunderthetwo vocalulariesof basesFor the brick wall
imagetaken at a closedistancethe primitivesaremoreef-
cient. Butfor thebrick wall imagetakenat afar distance,
the DOOGbaseswin over the primitives. Clearly, thereare
differentdistance/compbaty regimeswheredifferentgen-
eratve modelsareneededor the sametype of pattern.We
shallstudytheissueof modeltransitionover distancan fu-
turework.

3 Perceptibility ScalingLaw

Thepurposeof visionis to malke inferenceabouttheoutside
world thatgenerateshe image. Now, let's studythe issue
of information scalingin an inferential framework in the
contet of generatre modeling.

Let W describethe outsideworld that producegheim-
agel . Let'sassumeghatbothW andl are properly dis-
cretized,andthatW is detailedenoughto producel , i.e.,
| = g(W), wherethe mary to one function g() canbe
thoughtof asa graphicsprocess.For naturalpatternssuch
asfoliageandgrassW istypically very comple, including
detaileddescriptionf all the leavesandstrandsof grass.
Suchvisual compleity is ade ning characteristiof natu-
ral scenesandis a key factorfor visualrealismin graphics
andpaintings.

Supposeour prior knowvledge aboutW can be repre-
sentedby a prior distribution p(W). Again, we can ei-
therinterpretp(W) asresultof the stochastiqorocesghat
givesriseto W, or frequencie®f anensembl®f scenesor
a schemeof codingW to approximateKomolgoro com-
plexity. GivenW » p(W), andl 5 g(W), we have
themawinal distributionof 1: p(l) = =y .gw)= 1 P(W):
The posterior distribution of W given | is p(Wjl) =
p(W; 1)=p(1) = p(W)=p(l) whenl = g(W). p(W;1) =
p(W) becauseé is fully determinedoy W. This posterior
distribution de nesour perceptiorof W basedon|, andis
aninversionof thegraphicsequation = g(W).

De nition 2: Scenecogpplexity denotedoy H (W), is de-
ned asH(p(W)) =i p(W)logp(W):

De nition 3: Imperceptip,ility, denotedby H(Wil), is de-
ned asH(p(Wjl)) =i  p(W)logp(Wjl):

Theorem 3: LetW » p(W), andl = g(W), then
HWjI) = HW) i H(l): 4)

Thatis, imperceptibility= scenecomplexity- image com-
plexity.

Proof: p(Wjl) = p(W)=p(1), by takinglog on bothsides,
andthentakingexpectation,Theorem?2 follows. QED

Onemay interpretequation(4) from the perspectie of
invertingthe graphicsequation = g(W). Thescenecom-
plexity H(W) countsthenumberof theunknavns(in terms
of bits), andtheimagecompleity H(l) countsthenumber
of equations. The imperceptibility H (W |l ) thentells us
thedegreesof freedomthatareleft undeterminedrom this
equation. Thusthe imperceptibilityH (W]l ) givesa gen-
eralde nition of “ill-posedness’of theinversionproblem.

For animagel , its down-scaledversionl; canbe ob-
tainedby local smoothinganddown-sampling andthepro-
cesscanberepresentetly amary to onereductionfunction
R(), suchthatl; = R(l). Thenwe havethefollowing per
ceptibility scalinglaw.

Theorem4: For W » p(W), | = g(W),ifl, = R(l)
with R() beinganymanyto onereductionfunction,then

H(Wjl; ), H(Wjl): (®)

5

Thatis, imperceptibility becomesarger with down-scaling

Proof: H(Wjl; ) = H(W)i H(l; ), H(Wijl) = H(W);j
H(),andH() i H(;) = H(jl;). SoOHW]jl, )
H(Wijl) = H(jl;), 0.QED

Inequality (5) tells us that if we get fartherfrom the
scenaW, it will becomdessperceptibleandif H(Wjl; )
is above athreshold thenour perceptiormay experiencea
transition. We can only perceve someaspectof W, i.e.,
W, = W), for somemary to onereduction¥), such
thatH (W, jI, ) remainssmall. It is possibleto nd sucha

W, , becausef thefollowing theorem.
Theorem5: For W » p(W), | = g(W), andl, = R(l),
W, = W), wehave
1) HW; jti ) - BWil):
AW Y= . _ W
2) p(|| le )= W-/IBN)— W, SR(g(W))= 1 p( ):

wagw)=w, P(W)

Proof: 1) p(Wjl; )=p(W; jl; ) = p(WjW; ;I;), thus
H(Wjl; ) iH (W jli) = HWjw,; ;1) . 0. 2)
p(l; jW; ) = p(1; s W; )=p(W; ). QED

Result?) tells us that althoughW de nes| determin-
istically via | = g(W), W; mayonly de ne |; statisti-
cally via a probability distribution p(l; jW; ). While W



Figure7: Naturalimagestakenatdifferentdistancesrom thetrees.

representsparsestructuresyV, mayonly representollec-
tive textures. Figure 11 illustratesthe imageandthe world
which are describedat two scales. W is not perceptible
from I, . While | is a deterministicfunction of W, W,
mayde ne |, statistically
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Figure8: Thechangeof the compleity rateof theimages
over distancen Figure7.

For patternslike hair, fur, sandsand soil, the physical
W, whichincludesall individual strandsof hairsor individ-
ual grainsof sandsjs perhapsever fully perceptible.This
is alsotrue with water re, smole, andclothes,for which
the uid dynamicsor mechanicsnodelsof W consistof a
large numberof particles.In thatcasewe arealwaysin the
(W, ;1; ) regime, andthe physicsmodelis not relevantto
vision.

Whatis theimplication of the perceptibilityscalinglaw
in generatie modeling? Let |14 be the image of a visual
patternat distanced. If we modell 4 by a singlegeneratie
modelW » p(W), andlyq j W » pqg(lq j W), thenthe
imperceptibilityH (Wjl 4) is increasingasd increasesand
if it is above a certainthresholdtheimperceptibilitywill be
toolargefor the generatre modelto be useful.In thatcase,
weneedo useasetof generatre modelsWy » p(Wy), and
lqg j Wq » pa(lg ] Wq), andfor differentdistanceregime,
we may needdifferentWy.

Interestingly the inferential conceptof perceptibility
alsoarisesfrom the representatioand codingperspectie,
evenif we do notassumenobjectve W . Thatis, we only
assumd » p(l), andW is anaugmented/ariablepurely
for the purposeof codingl, via a modelW » f (W) and



Figure9: The gures above displaybrick wall imagegakenatdifferentdistancesTheplotsbelov shav thechangeof mean
squareerrorover the numberof basesindertwo differentvocahularies:oneconsistof DOOG basesandthe otherconsists

of primitiveslearnedirom images.

[1jW] » f(IjWﬁ. In this model, the mamginal distribu-
tionl isf(l)=, f(W)f (IjW), andtheposteriordis-
tribution f (Wjl) = f(W)f (Ijw)=f(l). In this coding
schemefor animagel , we rst estimateW by a sample
from theposteriordistributionf (Wl ), thenwe codeW by
f (W) with codinglength;j logf (W). After that,we code
I byf (I1jW) with codinglength; logf (I1jW). Sotheav-
eragecodinglengthis

£ ] o
i Ep Efwjiy(logf (W) + logf (1jW)) :

Theorem 6: Theaverage codinglengthis
Ep[H(f (Wjh)] + D(pjjf ) + H(p): (6)

That is, coding redundangy= imperceptibility + error.
Here H(f (Wjl)) = i , f(Wjl)logf (Wijl), and
D (pjjf ) is theKullback-Leiblerdistance

Proof: Thetheoremfollows from
a

©

Ep Fr win[logf (W) + logf (1jW)] i logp(l),
= Ep Erwjnllogf (W) + logf (1jW) i logf (I)]
i Epllogp(l) i logf (1)]: QED

Equation(6) tellsusthatwe notonly wanttheerrorto be
small, we alsowantW to be perceptiblejn the sensethat
Ep[H(f (Wjl)] is small.

As anotherexample of imperceptibility let's go back

the sparsecoding model using linear baseswith | =

. GiBj + N (0;%), andc = fcig» p(c) (seee.g.,Pece
[13]). We suspecthatif H(c) is large, thentheimpercep-
tibility H(cjl ) shouldalsobelarge. However, we have not

establishedry generalresulton this issue. If the resultis

true,thenit hasinterestingmplication. Thatis, if theimage
hasa high compleity rate,thenwe maynotwantto pursue
a sparsecodingmodelof theabove form, becauseventhe

sparsestepresentatiomayneedalot of basesi.e.,H(c) is

large,thenH (¢jl ) canalsobelarge,sothereis alot of am-
biguitiesasto how to codel usingthelinearbases.If this

is the case,we may switch to the model basedon feature
statistics.

Figurel10: The primitiveslearnedfrom the brick wall im-
age(left) in Figure9.

4 FutureWork

In this paperwe establishedhe compleity scalinglaw and
the perceptibility scalelaw. The two information scaling
lawsimply thatwe needto usedifferentmodelsfor thesame
visual patternviewed at differentdistance/scalesgimes.

In the future work, we shall study concretemodelsfor
visualpatternsat differentdistancesandstudytheformsof



Figure 11: lllustration of down-scalingand imperceptibil-
ity.

the modelsat differentdistance/scalesgimes,the underly-
ing vocalulariesof differentmodels,andthe criterion for
modelswitching over distance.In the contet of concrete
modelsandpatternswe shallbe ableto computecomple-
ity rateandimperceptibility for differentmodels,andthe
comparisorbetweerdifferentmodelswill leadto a mecha-
nismfor modelswitching.
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