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Intro duction

Vision as statistical learning and inference

Vision can be posedas a statistical learning and inference problem. As an
over-simpli'ed accourt, let W be a description of the outside scenein terms
of \what is where," let | be the retina image, and let p(W;1) be the joint
distribution of W and . Then visual learningis to learn p(W; | ) from training
data, and visual perception is to infer W from | basedon p(Wjl).

There are two major schools on visual learning and perception. One scool
is operation-oriented and learns the inferential processde ned by p(Wijl)
directly, often in the form of an explicit transformation W ¥ F(I). This
schemeis mostly usedin supervisedlearning, whereW is object category, and
isgivenin training data. The other school is represertation-oriented and learns
the generative processp(W) and p(l jW) explicitly, then perceptionis to invert
the generative processby maximizing or sampling p(Wjl) /' p(W)p(l jW).
This schemeis Bayesianin nature, the prior distribution p(W) may also be
accounted for by a regularization term such as smoothnessor sparsity. This
scheme is often used in unsupervised learning where W is not available in
training data.

In the literature, there are a number of statistical theories proposed for
vision. In represeration-oriented school, Grenander (1993) and Mumford
(1994) proposedpattern theory asa paradigm for vision (seealso Gemanand
Geman, 1984; Amit, Grenander and Piccioni, 1991; Grenander and Miller,
1994;and S. Geman, Potter, and Chi, 2002, for important cortributions that

1In a philosophically more rigorous formulation, we may assumethe existence of an un-
derlying world, which is a functional. When this functional acts on the physical equipments,
it giveswhat we call \W." When this functional acts on the retina cells, it giveswhat we
call \I." A distribution over this \w orld functional" leads to the joint distribution of W
and | . Seee.g., Mumford and Gidas (2001).
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are related to pattern theory). Olshausenand Field (1996) proposedthe spar-
sity principle as a general strategy employed by primitiv e visual cortex, and
useit to learn linear basesfrom natural images,and these basesare consid-
ered mathematical models for simple visual cells (seealsoBell and Sejnavski,
1997,on independert componert analysisfor learning edge Iters from natural

images). The sparsity principle was also investigated by Candesand Donoho
(1999) in the framework of harmonic analysis on waveletsand curvelets. Zhu,
Wu, and Mumford (1997) and Wu, Zhu, and Liu (2000) proposed a class
of Markov random "eld models (Besag, 74; Cressie,1993) for textures, and
studied the minimax entropy principle and the equivalenceof ensenbles for
feature statistics basedon linear Tters. In operation-oriented scool, cortri-

butions were made by Amit and D. Geman (1997) and Blanchard and D.

Geman (2003), who stressedthe importance of computing exciency in visual
perception. Tu and Zhu (2002) proposed data-driven Markov chain Monte
Carlo for integrating operation-oriented methods into represered-oriented
schemes.

As evidencedby the above theories, to understand visual learning and
perceptual inference, it is crucial to identify fundamertal visual phenomena
and understand the underlying statistical principles. The proposedwork is to
study an ubiquitous visual phenomenonthat we call perceptual saling.

Perceptual scaling

The left column of Figure 1 displays three images of an ivy wall taken at
three di®erent distances. For the image at near distance, we perceiwe indi-
vidual leafs,including their edgesand shapes. For the image at far distance,
howewer, we only perceiwe a collective foliage impression without discerning
individual structures. While the near-distanceimagelooksregular and simple,
with sparsestructures, the far-distance image appearsrandom and complex,
with rich details. Why doesthe samepattern result in di®erent perceptions
at di®eren distances?Canwe nd a mathematical theory to formally explain
this perceptual transition over scale?

This transition from sparsestructures to collective textures is ubiquitous
in outdoor scenesand we call such transition perceptual scaling. For instance,
the imagesof branchesand twigs in the right column of Figure 1 also exhibit
sudh a scaling e®ect.Currently, it is still unclear whether this transition is
a cortinuous one or a quantum jump. It is likely that there exists a small
gray areawhere both structure interpretation and texture interpretation are
equally plausible.

Perceptual scaling typically preserns itself in a single image of a static
natural scene,becauseobjects and patterns can appear at a wide variety of
distancesand depths from the viewer. SeeFigure 2 for two examples,where
the leafsand branchesgive us di®eren impressionsat di®erert scales.Thus, a
mathematical theory that accourts for this scaling e®ectis crucial for a visual



Figure 1: Perceptual scaling: transition from sparsestructures to collective textures
over distance.

systemto successfullyinterpret virtually any natural scenes.

As another example of perceptual scaling, in Figure 3, the left image gives
us vivid 3D impression of shapes, whereasthe right image only givesus an
overall impression of roughness.

Perceptual scaling also manifests itself in motion scenes(e.g., Doretto,
Chiuso, Wu, and Soatto, 2003). For instance, when we look at seasurface,we
perceive the shapesof big wavesand we can trace their motions, whereasfor
the large number of small ripples, their shapesare not perceptible and their



Figure 2: Perceptual scaling: the same patterns can appear at di®erert scalesin a
single image.

motions are not trackable.

There have beenmany interesting theories on the issueof scaling in the
literature, such as scalespacetheory (e.g., Lindeberg, 1994), multi-resolution
analysis (Mallat, 1989), fractals (Mandelbrot, 1982), spectrum and simple
statistics of natural images(Ruderman and Bialek, 1994;Mumford and Gidas,



Figure 3 Perceptual scaling: from 3D shapesto texture impression of roughness.

2001; Chi, 2001; Simoncelli and Olshausen, 2001). However, none of these
theories are concernedwith the e®ectof image scaling on our perception of
particular patterns such asthosein Figure 1.

Given the fact that visual perception is a statistical inference problem,
and complexity and randomnessmust be studied in a statistical framework,
we argue that perceptual scaling is a statistical phenomenon.In particular,
our approacd relies heavily on the concept of ertropy. This concept has its
root in statistical medanics,and can be understood ascourting (in log-scale)
the sizeof certain equivalenceclass(or ensenble). It also plays a certral role
in information theory, whereit counts the averagenumber of bits for coding
the signal.

This paper proves two scaling laws in vision: If we get farther from a
visual pattern, then 1) the resulting retina image becomedesssparse,and 2)
the underlying pattern becomesless perceptible. The two scaling laws have
interesting implications in the possible strategy employed by visual cortex,
and reveal the connectionbetweenwavelet sparsecoding and Markov random
“elds.

Sparsity and Minimax Entropy

Wavelets and Mark ov Random Fields

The simple neuron cellsin the primitiv e visual cortex (called V1) are mathe-
matically modeledby a setof localized, oriented, and elongatelinear bases/ Tters,
fByxy k9, Where (x; y) indexesthe location, and k indexesthe shape, sud as
orientation and scale.SeeFigure 4 for an illustration.

There are two major classesof represertations for nature images, both
involve the above local bases/ Tters.

Waveletsand sparse coding: This represettation is generative (Lewicki and



Figure 4 Linear bases/Tters as mathematical model of V1 cells.

Olshausen,1999)

Cx;y ;5(» p(c); 1)
I = Cxy kBxy k + % 2

where ¢y x are coexcients for represerting | in the form of (2), and 2 is
the residual error. The key principle is the sparsity principle (Olshausenand
Field, 1996), wheref By, « g is assumedto be over-complete,i.e., the number
of basesexceedsthe number of pixels, but for a typical image, only a small
number of ¢, x are signi cantly di®erert from O, i.e., the prior distribution

p(c) in (1) is a long-tail distribution sud as mixture of normals (Olshausen
and Millman, 2000;seealso Georgeand McCulloch, 1997,for independert but
closelyrelated work on Bayesianvariable selectionin regression).The sparsity
assumption can also be expressedin a non-probabilistic form by a regular-
ization or penalty term (Candesand Donoho, 1999). If we treat fBy. kg as
unknown parameters,then we canlearn them from natural images(Olshausen
and Field, 1996).

Markov random "elds (MRFs) and feature statistics: For a homogeneous
local image patch, which is still denotedby | for simplicity, we compute Tter
responsesty.y x =< |;Byyx > for all the "Tters within this patch (Malik and
Perona, 1989), and then for ead type of Tter k, we compute the histogram
Hi (1) by pooling ryy « over all (x;y) in this patch. The image patch is then
represered by the setof histogramsH (1) (Heegerand Bergen,1995;Portilla
and Simoncilli, 2000). The basic idea is to considerthe ensenble of images
(Wu, Zhu, and Liu, 2000):

- = f1 i H(1) = Hi(1°%%); 8kg; 3)

which collectsall the imagesl that sharethe samehistogramsasthe obsened
image | °°. This ensenble is called Julesz ensenble by Wu, Zhu, and Liu
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(2000). One can model | asfollowing the uniform distribution over the Julesz
ensenble - according to the maximum entropy principle, where maximum
entropy here meanswe are completely ignorant about | exceptthat it isin a
particular Juleszensenble. This uniform distribution is equivalent to a MRF
model or a Gibbs distribution (Wu, Zhu, and Liu, 2000),
1 X 1 X X
f(l):zepr <,k;Hk(|)>g:zepr ,k(<|;Bx;y;k>)g; 4)
k k xy

where, i is a vector of the samedimensionasH(l), soit can alsobe viewed
as a one-dimensionalstep function over the bins of the histogram Hy(1). Z is
the normalizing constart that dependson f, xg. This model is called FRAME
model (Filter, Random eld, And Maximum Entropy) by Zhu, Wu, and Mum-
ford (1997).If fH(1)g are takento be other statistics (e.g., momerts instead
of histograms), then the corresponding f, ()g becomeother functions (e.g.,
polynomials instead of step functions). It is just a matter of parametrization.

The setof Tters canbe learnedsothat the volume of the Juleszensenble
-, i.e., j- |, or the ertropy of the tted MRF model f (1) in (4), is minimum.
This is the minimum entropy principle. Here minimum entropy meansthat
we want to be as certain about | as possible,so we want the corresponding
Juleszensenble to beassmall aspossible.Or in other words, we want the most
meaningful set of Tters to describe | . Inferentially , one can estimate f By, .« g
and , ¢ in the FRAME model by maximum likelihood. Computationally, this
can be accomplishedby stochastic gradiert algorithm.

Although both the sparsity principle and the minimum entropy principle
are about represeiing the image with minimum complexity, the philosophies
and the mathematical structures in wavelet model and the FRAME maodel
are very di®eren. Philosophically, the wavelet model is constructive, where |
is deterministically constructed by superposition of local bases.The FRAME
model is restrictiv e, wherel is de ned stochastically by restricting histograms
of Tter responses.Mathematically, the fBy, g in the wavelet model are
bases,and the corresponding c,y .« compete to explain |, sothere is lateral
inhibition amongthem, i.e., if one baseis active in explaining |, then it will
inhibit other overlapping bases.The f By, .« gin the FRAME model are Tters,
and there is no lateral inhibition amongthe Tter responsesryy .

It is worth of mertioning that, if fByy g is complete, i.e., the number
of basesis the same as the number of pixels, then both models reduce to
independert componert analysis (Bell and Sejnovski, 1997). One may call
the latter the \restructiv " scheme, becauseit involves a one to one trans-
formation between| and the coexcients fcyy g or the responsesfry,, 0.
The principle behind independert componert analysisis the factorial coding
principle, which is closelyrelated to both sparsity principle and the minimum
entropy principle.



Complexit y regimes

The complexity behavior of the two models are also di®erer.

a) b)

c) d)

Figure 5: Feature statistics. a) and c) are obsered images. b) and d) are \recon-
structed" by matching feature statistics.

Figure 5 shows two examplesof feature statistics represenation. a) and c)
are obsened images,and b) and d) are respectively the \reconstructed" im-
ages.However, the reconstruction is of a statistical nature: b) and d) are sam-
pled from the respective Juleszensenbles- (3) by matching feature statistics.
We can seethat this represertation is appropriate for random images suc
asimage a). It captures texture information, but doesnot do a good job in
capturing saliert structures.

Figure 6 shaws two examplesof sparsecoding. a) and c) are obsened im-
ages,b) and d) are imagesreconstructed by 300 bases.We usedthe matching
pursuit algorithm of Mallat and Zhang (1993) to selectthe bases(in a manner
very similar to forward stepwise regression).We can seethat sparsecoding is
very e®ectie for imageswith sparsestructures, suc as image a). Howewer,
the texture information is not well represened.

To summarize,the wavelet sparsecoding model is e®ectiwe in low entropy
regime where images have order and structures, such as the shape and ge-
ometry. We call this regime as\sketchable." The FRAME model is e®ecti\e



a) b)

c) d)

Figure 6: Sparsecoding. a) and c) are obsened images. b) and d) are respectively
the reconstructed images using 300 bases.

in high entropy regime where imageshave lessstructures, suc as stochastic
texture. We call this regime as \non-sketchable." The competition between
these two models in terms of some model selection criterion such as mini-
mum description length (e.g., Hansenand Yu, 2000). This competition may
gives us a threshold that tells us when we should stop using sparse coding
represeration and switch to feature statistics.

Figure 7 displays some preliminary results. a) and c) are images of ivy
wall at near-distanceand far-distance respectively. b) is reconstructed near-
distanceimageusing sparsecoding represenation with 1,000basesselectedby
the matching pursuit algorithm. d) is statistically reconstructed far-distance
image using feature statistics represeration by matching histograms of Tter
responses.

In a previous paper (Guo, Zhu, and Wu, 2003), we studied and experi-
mented with a primal sketch model (the name comesfrom the book by Marr,
1982),wherethe imagel is divided into sketchable part | sx and non-sketchable
part | ,sk. The modelfor I isp(l) = p(l sk)P(l nskjl sk)- | sk is modeledby wavelet
sparsecoding. p(lhskjlsk) is modeled by FRAME model, with |¢ being the
boundary conditions. Or in other words, | s interpolates I sx by matching
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a) b)

c) d)

Figure 7: From sparsecoding to feature statistics. a) Observed near-distance image.
b) Reconstructed by sparsecoding with 1,000bases.c) Observed far-distance image.
d) \Reconstructed" by matching feature statistics.

local feature statistics.

SeeFigure 8 for an example,wherea) is the obsenedimage;b) depictsthe
sketch versionof the image,whereead basein represerting | s« is replacedby a
small line segmen (or a circle for certer-surround base);c) is the synthesized
images, where the structures are reconstructed by sparse coding, and the
textures are generated by matching feature statistics. SeeFigure 9 for two
more examples.

The prior modelsfor the spatial arrangemerts of local basesis a pair-wise
Gibbs point processmodel (seealso Stoyan, Kendall, and Mecke, 1987, Wu,
Guo, and Zhu, 2002) that takescare of cortinuity, joints, and closuresof the
local bases.We call such model the Gestalt “eld.

In the next two sections,we will prove two scaling laws that explain the
transition from sparsestructures to stochastic textures.
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a) Obsened image b) Image sketch c¢) synthesizedimage

Figure 8: Primal sketch: a) Observedimage. b) Image sketch with each basereplaced
by a line segmen (or a circle). c) Synthesized image.

a) Obsened image b) synthesizedimage

Figure 9 Primal sketch: a) Observed image. b) Synthesized image.

Complexit y Scaling Law

Let | be the image of a pattern obsened at a certain distance, and let's
assumethat | is generatedby a physical processthat can be summarized by
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a probability distribution p(l). Let & be the lattice on which | is de ned.

De nition 1: Image cgmplexity, denoted byH(l), is de ned asthe entropy
of p(l), i.e., H(I) =i , p(I)logp(l). The complexity rate is de ned as
H(l)5jaj.

When we move away from a scenethe changeof imageinvolvesboth local
smoothing and down-sampling. As a rst step, we shall only study the e®ect
of down-sampling, while ignoring the e®ectof local averaging. To simplify the
situation ewven further, let's assumethat we down-sample! by a factor of 2
alone both vertical and horizontal axes. Then there are four down-sampled
versions,and let's denote them by Ij(k); k = 1;2;3;4, each de ned on a down-
sampledlattice =, , sothat je; j = joj=4. SeeFigure 10 for an illustration.

Figure 10 The four down-sampled versions of the original image.

Theorem 1: Complexity Scaling Law.

1) H(Ii(k))- H(); k= 1,4
X4
2 1 HO =4, L Hay:
i) 9]

Pro of: 1) p(ljl i(k)) = p(1)=nI i(k)) sincel i(k) is fully determined by I. Thus

#
. )y — . P() i ® :
H() i HUT) = E logp(';(k)) = H(jI1), o
2) Let M () denote mutual information,
" #
x4
HOY ) HA) = E |OgQ—p(|)(k)
k=1 kp(li )

M@aMik=1234), o

One can also understand this result from the perspective of Komolgorov
complexity. The shortest algorithmic coding length of I must be greater than
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or equalto the shortest coding length of any of the | i(k), but must be smaller

than or equal to the sum of the shortest coding lengths of the four | i(k).

In Theorem 1, we only considerthe e®ectof down-sampling, without con-
sidering the e®ectof local averaging. But from information theoretical per-
spective, the purposeof local averagingis to make the entropy of down-scaled
I, ascloseto the entropy of | aspossiblein order to maintain as much infor-
mation as possible.As a result, the complexity rate of I; will be even larger
if we take into accourt the local smoothing e®ect.

This theorem tells us that if we down-sample an image, the image looks
more random. This can be easily understood from real life experience. For
instance, for the ivy wall pattern in Figure 1, when we move farther away
from it, we loseinformation, sothe complexity is decreasing.But we seemore
leafswithin unit area of visual "eld, sothe complexity rate is increasing.

The complexity scaling law we have proved has far reacing implications
on sparsity principle (Olahsusenand Field, 1996). At near distance, the com-
plexity rate is very low, sosparsity principle applies.But asthe viewer moves
farther from the underlying pattern, the complexity rate of the imagewill in-
crease,sothat there may not exist any sparsedeterministic represenation of
the image, and the sparsity principle is violated. As a result, the visual system
can only interpret the image by somesummariesthat cannot determine the
image deterministically, and these summariesare feature statistics. This may
explain the perceptual transition from sparsecoding to feature statistics.

Perceptibilit y Scaling Law

The purposeof vision is to make inferenceabout the outside world. Now, let's
study the issueof perceptual transition in an inferential framework, under the
sloganthat \vision = inversegraphics."

Let W describe the outside world that producesthe imagel . Let's assume
that both W and | are properly discretized, and that W is detailed enoughto
determine | uniquely, i.e., 1 = g(W), wherethe many to onefunction g() can
be thought of as a graphics process.For natural patterns suc as foliage and
grass,W is typically very complex, including detailed descriptions of all the
leafsand strands of grass.Such visual complexity is a de ning characteristic of
natural scenesand is a key factor for visual realism in graphicsand paintings.

Suppose W is generated by a physical processthat can be summarized
by a distribution p(W) (we shall not engagein a philosophical discussion
on whether there exists a true p(W)). Given W » p(W), and | = g(W),
we have p(Wjl) = p(W;1)=p(1) = p(W)=p(1). p(W;I) = p(W) becausel is
fully determined by W. This distribution de nes an inversion of the graphics
equation | = g(W).

De nition  3: Scene complexity , denoted by H(W), is de ned as the en-
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tropy of p(W).

De nition  4: Imp erceptibility , denoted by H(Wjl), js de ned as the aver-
ageof conditional entropy of p(Wjl), i.e., H(Wjl) =i y, p(W;1)logp(Wjl).

Pleasenote that imperceptibility is de ned as the average of the condi-
tional entropy over the data | .
Theorem 2: LetW » p(W), and| = g(W), thenH(Wjl)=H(W)i H().
That is, imp erceptibility = scene complexity - image complexity.

This theorem can be easily understood from the fact that joint entropy
= marginal entropy + averageof conditional entropy. This fact is the key to
the proofs of seweral theoremsin this paper.

The imperceptibility H(Wjl) givesa generalde nition of \ill-p osedness"
of the inversion problem. Here the conceptof imperceptibility only meansthe
possibility of estimating W under a particular physicsrepresenation of W.

For an image |, its down-scaled version |; can be obtained by local
smoothing and down-sampling, and the processcan be represerted by a many

to onereduction function R(), sud that I, = R(I).
Theorem 3: Perceptibility Scaling Law. For W » p(W), | = g(W),
if 1, = R(l) with R() being any many to one reduction function, then

H(Wijl, ) , H(Wijl). That is, imperceptibility becomes larger with down-
saling.

If H(Wjl, ) is too large, we can only perceive some aspect of W, i.e.,
W, = AW), for somemany to one reduction ¥), sud that H(W, jl, ) is
small. It is possibleto nd sudh a W; , becauseof the following theorem.

Theorem 4: For W » p(W), | = g(W), andI; = R(l), W, = AW), we
have H(W, jl; ) - H(Wijl, ).

Here W, can be a coarserrepresetation of W, where the scale of the
elemerts in W, may be larger than that of W. It is possiblethat there still
existsa g, , such that I, = g; (W, ), but it is most likely that this is only
approximately true. It is also likely that W; may only correspond to some
statistical property of I, , or in other words, [I, jW; ] » p(l; jW,; ) with a
high entropy rate. That is, although W de nes | deterministically via | =
g(W), W, may only de nes |, statistically via a probability distribution
p(l; jW; ). While W represents sparse structures, W; may only represen
collective textures.

This perceptibility scaling law provides a possibleexplanation to the per-
ceptual transition from sparsestructures to stochastic textures.
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Texture = Imp erceptible Structures

The visual cellsin the primitiv e visual cortex V1 may correspond to various
types of local descriptors for local structures appearing at di®erern scales,
locations, and orientations. Olshausenand Field (1996) proposeda sparsity
principle asa V1 strategy. This principle holds that for a typical image, only
a small number of local descriptorsneedto be selectedto interpret the image.
We argue that the sparsity principle only accourts for part of V1 represerta-
tions and activities. This is becausethe number of local descriptors is much
lessthan the number of all possible image patches. As a result, there are
a lot of image patchesthat cannot be well represerted by local descriptors,
or there are no sparserepresettations for such image patches. Suc image
patches often correspond to patterns viewed at a far distance, so that both
the complexity rate and the imperceptibility are high. These image patches
cannot be accourted for by the sparsity principle. Then what are the possible
represerations for them?

One possiblechoiceis to summarizethem into feature statistics, i.e., they
areinterpreted statistically astextures (or more preciselystochastic textures),
instead of structures. Then what feature statistics should we use?The next
theorem shedslight on this question.

Theorem 6: For F = F(l) be a set of feature statistics, 1) If W » p(W),
I = g(W), then

G L (W)
D(p(Wjl)jjp(WjF)) = Ew log D(WiF)

= H(WJF) i H(Wjl) = H(IjF):

2) If W» p(W) and [I jW] » p(ljW), then

DPWIDIPWIF)) = Ewa log Smey

= HWIjF) i H(WjlI) =M (W IjF):

Here D() denotesKullback-Leibler divergen®, and M () denotesmutual in-
formation.

Result 1) justi es the minimum entropy principle we discussedbefore.
That is, to minimize H(W|jF) over a setof possiblef F () g, we needto minimize
H(IjF). In result 2), M (W; | jF) measuresthe suzciency of F.

This theorem shows that in order to choose good feature statistics, we
must have p(WjF) to be closeto p(Wjl). This makesus believe that F must
be derived from someintermediate results in the computation of p(Wjl ).

We propose the following strategy for primitiv e visual cortex. For eadh
local patch around pixel (x;y), i.e., Iy, there can be a number of local
descriptorsto describe it. Let wy,, index the possiblelocal descriptor as well
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as its parameters. Then by tting a local model, we compute p(Wx.y jl xy )
This can be done exciently in a parallel manner.

For those pixels (x; y) with very low H(p(wy.y jl xy )), We usesparsecoding
represeration, that is, we selectuse a small number of local descriptors to
represen those pixels, while respecting our prior knowledge for the spatial
arrangemerts of theselocal descriptors.

For those pixels (x;y) with very high imperceptibility H(p(wyy jlxy)),
the underlying structures cannot be unambiguously determined. As sudc, we
abort the e®ort of committing a particular wy,, . Instead, we pool the local
posterior p(wyy jlxy ) over (x;y) into texture statistics. That is, texture =
pooling of imperceptible structures. This should be complimertary to the
sparsity principle.

This complemenary principle bridgesdeterministic structures and stochas-
tic textures in a very elegart manner. It also has interesting implications on
the two conjectures of Julesz on textures (Julesz, 81), as well as the phe-
nomenonof lateral inhibition in neuroscienge.

For the wavelet sparsecoding modell = Cyy .k Bxy :x + 2, the local model
is Ixy = CxyxBxy + 2. If the basesare not perceptible, we can pool local
posterior over (x;y). One can show that the pooled statistics is very close
to the histograms of "Tter responses.If we assumesud feature statistics,
then we are led to the Markov random “eld model (4). Thus, we establish
an interesting link betweenwavelet sparsecoding theory and Markov random
“eld theory. We shall further investigate this connection, which should be
interesting to both wavelet community and spatial statistics community.

Perceptibilit y and Sparsity

The inferential concept of perceptibility also arisesfrom the coding perspec-
tive. That is, weonly assumel » p(l), and W is an augmerted variable purely
for the purposeof coding |, via a model W » f (W) and [I jW]» f (IjwW). In
this coding scheme,for animagel, we rst estimate W by a samplefrom the
posterior distribution f (Wjl), then we code W by f (W) with coding length
i logf (W). After that, wecodel by ffljW) with coding length i logf gl jW).
Sothe averagecoding length is | E, E¢ (wji)(logf (W) + logf (1jW))

Theorem 7: The average coding lengthis Ep[H(f (Wjl))] + D(pjjf) + H(p):
That is, coding redundancy = imp erceptibility + error. HereH (f (Wjl))
is the entropy of f (Wjl) conditional on I, and D (pjjf ) is the Kul Iback-Leibler
distance.

The relationship betweenperceptibility and sparsity desernesmore investi-
gatiqg. To makethe ideamore concrete,let's considerthe sparsecoding model
| = Cey k Bxy ik + 2. If the image is very complex, then even the sparsest
represeration still has a large number of bases,so that sparsity principle
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is violated. One may ask, what is wrong with a non-sparserepresertation?
This can be answered by perceptibility. That is, if the sparsestrepresertation
still has a large number of bases,then there can be a lot of represenations
that are only slightly lesssparse,but can approximate | with equally small
error 2. Or in other words, there can be a lot of \equivalent" represettations,
so that there is ambiguity as to which one to use. This ambiguity may be
mathematically de ned, and clearly it is closely related to imperceptibility.
In wavelet sparsecoding theory, this issueof ambiguity hasnot beenstudied.
But it is clearly of fundamenrtal importance to vision applications, because
the represenation is to be usedin later stagesof visual processing.

At the end of this chapter, the authors would like to adknowledge that
the work presenrtied here has closeconnectionsto Rubin's statistics in the fol-
lowing four aspects. First, we study the problem in the Bayesianframework.
Second,the issueof unsupervised learning "ts naturally into the EM frame-
work. Third, the loss of information over distance is essetially a matter of
missingdata. Fourth, the perceptibility issueleadsto the issueof de ning the
estimand.
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