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Abstract

We intro duce the Concave-Corvex procedure (CCCP) which con-
structs discrete time iterativ e dynamical systemswhich are guar-
anteed to monotonically decreaseglobal optimization/energy func-
tions. It can be applied to (almost) any optimization problem and
many existing algorithms can be interpreted in terms of CCCP. In
particular, we prove relationshipsto someapplications of Legendre
transform techniques. We then illustrate CCCP by applications to
Potts models, linear assignmen, EM algorithms, and Generalized
Iterativ e Scaling (GIS). CCCP can be usedboth as a new way to
understand existing optimization algorithms and asa procedurefor
generating new algorithms.

1 Intro duction

There is a lot of interest in designingdiscrete time dynamical systemsfor inference
and learning (see,for example, [10], [3], [7], [13)]).

This paper describesa simple geometrical Concave-Corvex procedure (CCCP) for

constructing discrete time dynamical systemswhich can be guaranteedto decrease
almost any global optimization/energy function (see technical conditions in sec-
tion (2)).

We prove that there is a relationship between CCCP and optimization techniques
basedon intro ducing auxiliary variablesusing Legendretransforms. We distinguish
betweenLegendie min-max and Legende minimization. In the former, see[6], the
introduction of auxiliary variables corverts the problem to a min-max problem
wherethe goalisto nd asaddlepoint. By cortrast, in Legendie minimization, see
[8], the problem remains a minimization one (and so it becomeseasierto analyze



cornvergence). CCCP relatesto Legendie minimization only and givesa geometrical
perspective which complemerts the algebraic manipulations preserted in [8].

CCCP can be usedboth as a new way to understand existing optimization algo-
rithms and as a procedure for generating new algorithms. We illustrate this by
giving examplesfrom Potts models, EM, linear assignmeim, and Generalized It-
erative Scaling. Recerly, CCCP has also been used to construct algorithms to
minimize the Bethe/Kikuc hi free energy[13].

We introduce CCCP in section (2) and relate it to Legendre transforms in sec-
tion (3). Then we give examplesin section (4).

2 The Concave-Convex Pro cedure (CCCP)

The key results of CCCP are summarizedby Theorems 1,2, and 3.

Theorem 1 shaws that any function, subject to weak conditions, can be expressed
as the sum of a convex and concave part (this decomposition is not unique). This
implies that CCCP can be applied to (almost) any optimization problem.

Theorem 1. Let E(%) be an energy function with bounded Hessian @E (x)=@@x.
Then we can alwaysdecomposeit into the sum of a convexfunction and a concave
function.

Proof. Selet any convex function F () with positive de nite Hessian with eigen-
valuesboundad below by > 0. Then there exists a positive constant  such that
the Hessianof E(x) + F (%) is positive de nite and hene E(x) + F (%) is con-
vex. Hence we can expressE (x) as the sum of a convexpart, E(x) + F (%), and a
concave part F ().
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Figure 1: Decomposinga function into convex and concave parts. The original func-
tion (Left Panel) can be expressedasthe sum of a convex function (Centre Panel)
and a concave function (Right Panel). (Figure courtesy of JamesM. Coughlan).

Our main result is given by Theorem 2 which de nes the CCCP procedure and
provesthat it convergesto a minimum or saddlepoint of the energy

Theorem 2. Consider an enemgy function E (%) (bounded below) of form E () =
Evex (%) + Ecave(¥) Where Eyex (%); Ecave() are convexand concave functions of x
resgectively. Then the discrete iterative CCCP algorithm %! 7! %'*1 given by:

™ Evex (XHl )= Ecave(xt); (1)

is guaranteed to monotonically decreasethe enemy E (%) as a function of time and
hence to convergeto a minimum or sadde point of E(x).



Proof. The convexity and concavity of Eyex(;) and Ecave(;) means that Eyex (%2)
Evex (%¥1)+ (%2 x%1) MEvex(%1) and Ecave(*4) Ecave(¥3)+ (X4 %3) M Ecave(*3),
for all x1;%0;%3;%4. Now setx; = x!*1;x%, = x!;x3 = x!;%; = %!*1. Using the
algorithm de nition (i.e. FEyex(¥!™1) = F Ecave(%!)) we nd that Eyex(*'*1) +
Ecave(*'*1)  Evex(®') + Ecave(x!), which provesthe claim.

We can get a graphical illustration of this algorithm by the reformulation shown in
gure (2) (suggestedby JamesM. Coughlan). Think of decomposing the energy
function E(%) into E1(x¥) Ex(*) where both E;(%) and E,(x) are corvex. (This
is equivalent to decomposing E (%) into a a corvex term E (%) plus a concave term

E2(x)). The algorithm proceedsby matching points on the two terms which have
the sametangents. For an input %o we calculate the gradient 7 E,(%p) and nd the
point %; such that I E (1) = 7 E2(%p). We next determine the point x, sud that
" E1(%2) = 7 E2(%1), and repeat.
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Figure 2: A CCCP algorithm illustrated for Convex minus Convex. We want to
minimize the function in the Left Panel. We decomposeit (Right Panel) into
a corvex part (top curve) minus a corvex term (bottom curve). The algorithm
iterates by matching points on the two curveswhich have the sametangent vectors,
seetext for more details. The algorithm rapidly convergesto the solution at x = 5:0.

We can qj(tend Theorem 2 to allow for linear constraints on the variables x, for
example ¢ x; = where the fc, g;f g are constarts. This follows directly
becauseproperties such as convexity and concavity are presened when linear con-
straints are imposed. We can changeto new coordinates de ned on the hyperplane
de ned by the linear constraints. Then we apply Theorem 1 in this coordinate
system.

Obsenethat Theorem 2 de nes the update asan implicit function of x'*1 . In many
casesaswe will shaw, it is possibleto solve for x!*1 directly. In other caseswe may
need an algorithm, or inner loop, to determine x'** from F Eyex (¥!™1). In these
caseswe will needthe following theorem where we re-expressCCCP in terms of
minimizing a time sequenceof convexupdate energy functions E41 (¥'*1) to obtain
the updatesx'*? (i.e. at the t™ iteration of CCCP we needto minimize the energy
Ei+1 (¥'*1)). We include linear constraints in Theorem 3.

Theorem $ Let E (%) = Evex (%) + Ecave(%) Where x is required to satisfy the linear

constraints ;¢ x; = , wherthefc g;f g areconstants. Then the update rule

for x'*1 can be formulated as minimizing a time sequene of convex update enemgy



functions Egsq (x!*1):

t+1 t+1 X t+1 @ECOH t X X t+1

Et+1 (X7 ) = Evex(*77) + X; F(*)*‘ fc X g @
1

i i
whet the lagrange parametersf g imposelinear comnstraints.
Proof. Direct calculation.

The corvexity of Eq,1 (%'*1) implies that there is a unique minimum corresponding
to ®'*1 . This meansthat if an inner loop is neededto calculate x'** then we can
usestandard techniquessuch as conjugate gradient descen (or even CCCP).

3 Legendre Transformations

The Legendretransform can be usedto reformulate optimization problems by in-

troducing auxiliary variables [6]. The idea is that some of the formulations may

be more e ectiv e (and computationally cheaper) than others. We will concerirate

on Legende minimization, see[7] and [8], instead of Legendie min-max emphasized
in [6]. An advantage of Legendre minimization is that mathematical corvergence
proofs can be given. (For example, [8] proved convergenceresults for the algorithm

implemenrted in [7].)

In Theorem 4 we show that Legende minimization algorithms are equivalernt to
CCCP. The CCCP viewpoint emphasizesthe geometry of the approach and com-
plemerts the algebraic manipulations given in [8]. (Moreover, our results of the
previous section show the generality of CCCP while, by cortrast, the Legendre
transform methods have beenapplied only on a caseby casebasis).

Denition 1. Let F(x) be a convex function. For each value ¥ let F (y) =
min,fF (%) + ¥ x0. Then F (¥) is concaveand is the Legendie transform of F ().
Moreover, F(x) = max,fF (¥) ¥ xg.

Prop erty 1. F(:) and F (:) are related by %(y) = f%g oy, %(x) =
f%g L(x). (By f%g 1(x) we mean the value y suchthat %(y) = %)

Theorem 4. Let E1(¢) = f (%) + g(x) and Ex(%;y) = f(x) + ¥ y+ h(y), wher
f (:); h(:) are convexfunctions and g(:) is concave. Then applying CCCP to E1(x%) is
equivalent to minimizing E»(%; ¥) with respect to * and y alternatively (for suitable
choiees of g(:) and h(:).

Proof. We can write E1(%) = f (%) + minyfg (¥) + x ygwher g (:) is the Legende
transform of g(:) (identify g(;) with F (:) and g (:) with F(:) in de nition 1). Thus
minimizing E1(%) with respect to x is equivalent to minimizing E1(x;y) = f (%) +

¥ y+ g (y) with respct to x and y. (Alternatively, we can set g (y¥) = h(y)
in the expression for E,(x;¥) and obtain a cost function Ex(x) = f (%) + g(x).)

Alternatively minimization over x and ¥ gives: (i) @ =@ = ¥ to determine %1 Iin
terms of y, and (i) @ =@ = * to determine ¥ in terms of »%; which, by Property
1 of the Legende transform is equivalent to setting ¥y = @=@. Combining these
two stagesgives CCCP:

%(xm) = %(xt):



4 Examples of CCCP

We now illustrate CCCP by giving four examples: (i) discrete time dynamical
systemsfor the mean eld Potts model, (i) an EM algorithm for the elastic net,
(iii) a discrete (Sinkhorn) algorithm for solving the linear assignmen problem, and
(iv) the Generalizedlterativ e Scaling (GIS) algorithm for parameter estimation.

Example 1. Discrete Time Dynamical Systems for the Mean Field Potts
Model. These attempt to minimize discrete energy functions of form E[V] =
ijacb ‘ﬂj abVia V] pt  ia ia Via, whete the Vi, g take discrete values f 0; 1g with
linear constraints ; Via = 1, 8a.
Discussion.Mean eld algorithms minimize a continuous e ective enemy E¢¢ ¢ [S; T]
to obtain a minimum of the discrete energy E[V] in the limit as T 7! 0. The
f Sia g are continuous variablesin the range[0; 1] and correspnd to (approximate)
estimates of the mean states of the f Vi g. As descrited in [12], to ensure that the
minima of E[V] and E¢¢[S; T] all coincide (as T 7! 0) it is su cient thg 'ﬁj ab
be negative de nite. Moreover, this can be attained by adding a term K = V;2
to E[V] (for suciently large K) without altering the sgucture of the minima of
E[V]. Hence, without loss of geneality we can consider -ﬁj abVia Vip to be a

) ijab
concave function.

We in'tpose the linear constraints by adding a Lagrange multiplier term
aPaf  ;Via 1g to the enemy whete the f p,g are the Lagrange multipliers. The
e ective energy becomes:
X X X X X
Eeff [S] = Tij abSia Sjo+ aSa+tT  SalogSa+ paf Sa 190 (3)

i;j;a;b ia ia a i

We can then incorporate F;he Lagrange mlﬁtiplier pterm into the convex part.

Ehis gives: Eyex[S] b T ,SalogSa + ,paf ;S 1g and Ecae[S] =
i:acb 'ﬁ,— abSia Sjp + in aSia. _Taking derivatives yields: C"Ef@;E\,ex[S]

TlogSia + pa and @@?ﬁ EcavelS] = 2 ib -ﬁj abSip+ ia. Applying CCCP by setting

Fuoc(S1) = Eave(S') givesTF 1+ logSa (t+ 1)g+ pa= 2, T avSin(t)
ia.- We solve for the Lagrange multipliers fp,g by imposing the constraints
i Sia(t+ 1) = 1; 8 a. This givesa discrete update rule:

e( 1=T)f2 B’

( 1=T)f2
€

Ti v Sjp()* a g

Sa(t+1)=p (4)

i Ti o Sip(t)+ icg

Algorithms of this type were derived in [10], [3] using di er ent designprinciples.

Our secondexample relates to the ubiquitous EM algorithm. In generalEM and
CCCP givedi erent algorithms but in somecasesthgy areidentical. The EM algo-
rithm seekso estimateavariablef = argmax; log flg P(f;l), whereff g;flgare
variablesthat depend on the speci ¢ problem formulation. It wasshawn in [4] that
this is equivalent to minimizing the following e ectiv e energyv\gh respect to the
variablesf and P(I): Eer[f;P(D]= 2 | P()logP(f;l)+ 1" P()logP()).
To apply CCCP to an e ectiv e energy like this we need either: (a) to decompose
Eef [f; P(1)] into convex and concave functions of f ; P(1), or (b) to eliminate either



variable and obtain a convex concare decomposition in the remaining variable (cf.
Theorem 4). We illustrate (b) for the elastic net [2]. (SeeYuille and Rangarajan,
in preparation, for an illustration of (a)).

Example 2. The elastic net attempts to solve the Traveling SalesmanProblem
(TSP) by nding the shortest tour through a set of cities at positions fxjg. The
elastic net is representel by a set of nodes at positions fy,g with variablesf Si; g
that determine the corresppndene@ between the cities and the nodesof the net. Let
Eetf [S;¥] be the e ective enemgy for the elastic net, then the fyg variables can be
eliminated and the resulting Es[S] can be minimized using CCCP. (Note that the
standard elastic net only enforces the second set of linear constraints).

Discussion. The elastic net enemy function can be expressel as [11]:

X ) X X
Eeft [S;¥] = Sa (% Ya) + YaAa¥o+ T Sia l09Sia; 5)

ia a;b a

P P
where we imposethe conditions S =1, 8iand ;Sa =1, 8a

The EM algorithm can be applied tolfzstimate the fy,0. Alternatively we can solve

for the f y,g variablesto obtain y, = ia PabSia Xi where fPypg=f ap+2 Agpg L.
We substitute this back into Ees [S;¥] to geta new enemgy Es[S] given by:
X X
Es[S] = Sia Sjpf PoaXi %9+ T Sia logSia: (6)
i;;a;b i;a

Once again this is a sum of a concave and a convexpart (the rst term is concave
because of the minus sign and the fact that f Ppag and x; %; are both positive semi-
de nite.) We can now apply CCCP and obtain the standard EM algorithm for this
problem. (See Yuille and Rangarmjan, in preparation, for more details).

Our nal exampleis a discrete iterativ e algorithm to solve the linear assignmen
problem. This algorithm was reported by Kosowsky and Yuille in [5] whereit was
also shown to correspond to the well-known Sinkhorn algorithm [9]. We now show
that both Kosowsky and Yuille's linear assignmen algorithm, and henceSinkhorn's
algorithm are examplesof CCCP (after a change of variables).

Eéample 3. The linear assignmentp@blenbseeﬁto nd the permutation matrix
f =, 9 which minimizes the enegy E[ "] = , i, Aia, Wher fAj;g is a set of
assignmentvalues. As shownin E§] this is @uivalqglt to minimizing the (convex)
Ep[P] enemy giver(bby Ep[P1= ,pat  ,log e (Ra*Pa); wher the so-
lution is givenby ~, = e (Aa*Pd=" e (Ab*P) roundel o to the nearest
integer (for su ciently large ). The iterative algorithm to minimize Ep [P] (which
can be re-expessé as Sinkhorns algorithm, see [5]) is of form:

o pt+l X g Aa
- :
b€ (A +pp)’

(7)

and can he re-expessel as CCCP.

Discussion. By performing the changeof coordinates p, = logr, 8 a (for ry >



0; 8 a) we can re-expessthe Ep [P] enemy as:

1 X 1 X X N
E(r]= - logra + — log rae %@ (8)

a i a
Observethat the rst term of E,[r] is convex and the second term is concave (this
can be veri e d by calculating the Hessian). Applying CCCP givesthe update rule:
X Aia
1 b ©

= I : 9
rEl+1 i be Aip r}) ( )

which correspnds to equation (7).

Example 4. The Genenmlized Iterative Saling (GIS) Algorithm [1] for estimating
parametersin parallel.

Discussion. The GIS algorithm is desigpe to estimate the parameter ~ of a distri-
bution P(x : 7) = e "®=Z[] sothat , P(x~)~(%) = h, where 1 are observa-
tion data (with cogiponents indexed by ).Plt is assumel that (¥) 0; 8 ; x,
h 0; 8 ,and (*)=1, 8xand h = 1. (All estimation problemsof
this type can be transformed into this form [1]).

Darroch and Ratcli [1] prove that the following GIS algorithm is guaranteed to
convergeto value™ F,that minimizes the (convex) cost function E(™) = logZ[7] ~ h
and hen@ satises , P(%,” )7(x) = N. The GIS algorithms is given by:

~t+l _ ~t

logh' + logt; (10)

P
where fit = P(x;™")7(x) (evaluate loghi componentwise: (logh) = logh .)

To show that GIS can be reformulated as CCCP, we introduce a new variable
~ = e (componentwise). We reformulate the problem in terms of minimizing
the cost function E [7] = logZ[log(")] h (log™). A straightforward calcula-
tion showsthat T (log ™) is a convex function of = with rst derivative being

h=""(where the division is componentwise). The rst derivative of logZ[log(™)] is
(1=7) (%P (% :log ) (evaluated componentwise). To showthat logZ[log(™)] is
concave requires corgputing its Hessianand applying the Cauchy-Schwarzinequality
using the fact that (*) =1, 8x andthat (x) O; 8 ; x. We can there-
fore apply CCCP to E [~] whichyields 1=""*1 = 1="t 1=h f' (componentwise),
which is GIS (by taking logs and usinglog = 7).

5 Conclusion

CCCP is a generalprinciple which can be usedto construct discrete time iterativ e
dynamical systemsfor almost any energy minimization problem. It givesa geomet-
ric perspective on Legendre minimization (though not on Legende min-max).

We haveillustrated that seweral existing discretetime iterativ e algorithms canbere-
interpreted in terms of CCCP (seeYuille and Rangarajan, in preparation, for other



examples). Therefore CCCP givesa novel way of thinking about and classifying ex-
isting algorithms. Moreover, CCCP can alsobe usedto construct novel algorithms.
See,for example,recernt work [13]where CCCP wasusedto construct a double loop
algorithm to minimize the Bethe/Kikuc hi free energy (which are generalizationsof
the mean eld free energy).

There are interesting connectionsbetween our results and those known to mathe-
maticians. After this work wascompletedwe found that aresult similar to Theorem
2 had appearedin an unpublished technical report by D. Geman. There also are
similarities to the work of Hoang Tuy who has shown that any arbitrary closed
set is the projection of a di erence of two cornvex setsin a spacewith one more
dimension. (Seehttp://www.mai.liu.se/Opt/MPS/News/tuy  .html).
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