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Particle decay

Process
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T time until decay.
T ~ Exponential(A).
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P(T € (t,t + At)) = f(t)At = Ae MAL




Make a movie
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Process

Divide the time into small intervals of length At (e.g., 1/24
second, or 1/100 second).
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time

Show a picture at 0, At, 2A¢, ...
Give an illusion of continuous time process as At — 0.



Bank account
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time

Process

Divide [0, ] into n small intervals, At = t/n.
Interest rate = 7.

Time 0: $1.

Time At: $(1 + rAt).

Time 2At: $(1 + rAt)2.

Time 3At: $(1 +rAt)3.

Time t = nAt: $(1 4+ rAt)".

t n
(1 + r> — e,
n

asn — oo or At — 0.



Exponential

Bank account
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time

Process

Divide [0,t] into n small intervals, At = t/n.
Interest rate = 7.
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Poisson process

Process 1 o Y e I I Y )

time

Flip a coin within each interval.

p = AAt (e.g., At =1 hour. A = once every 10 year.
AAL = 1/3650 x 1/24).

Geometric waiting time

P(T € (t,t+ At)) = (1 —MAD)YAAAL
t/At
= <e*)‘m) / AL = e MAAL.



Exponential distribution
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time

Flip a coin within each interval.
p = AAt (e.g., At = .001 second. A\ = once every minute.
AAt =1/60 x .001).
Exponential waiting time
P(T € (t,t+ At))
At

P(T > 1) = (1 — AAY)/AL = (e AMI/AL = =M,

Process

= e M




Exponential = geometric

Histogam of tha Exporential Distrintion

Process

0 o I ! I I [
time

1 million particles decay in different period. Each small period
is a bin.
Geometric waiting time

We can write T' = T'At, where T' ~ Geometric(p = AAt).
Then 1

A =1/

E(T) = E(T)At = ;At =



Poisson distribution
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Process
time

Flip a coin within each interval.
Let X be the number of heads within [0, ], then
X ~ Binomial(n = t/At,p = AAt).

P(X =k)= <Z>pk(1 —p)" = (k! e

E(X) =np = (t/At)(AAL) = At
A = E(X)/t, rate or intensity.




Poisson distribution
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Diffusion or Brownian motion

Process

Ending point

Starting point



Recall random walk

Either go forward or backward by flipping a fair coin.

Process

step n=1
=2
n=3
n=4

n=s i

Number of heads Y ~ Binomial(n, 1/2), then random walk
ends up at X,

X=Y-n-Y)=2Y —n.

X=€1+e+..+e,.
€; = 1 or —1 with probability 1/2 each.



Discretize time and space
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(1) Time: Divide [0,t] into n intervals, At = t/n (time unit).
(2) Space: Within each small time interval, move forward or
backward by Az (space unit).

P(e; =1) = P(¢; = —1) = 1/2. ¢; are independent.

X = Zn: eAr=(Y —(n—Y))Az = (2Y — n)Ax.
i=1



Diffusion or Brownian motion

Process LI Attt

At=t/n 1t

Var(X) = Z:Va]r(ei)Aac2 =nAz? = éAazQ.
i=1

Var(X) = Var((2Y — n)Az) = 4Var(Y)Az? = nAz?
Az?/At = 0% Az = oV At; Var(X) = o’t.
velocity = Az /At = o /V At — oo.

Einstein, o related to the size of molecules.



Diffusion or Brownian motion

Process

Brownian motion:
Xitar = Xy + oV Ate,

where E(e;) = 0, Var(e;) = 1, and ¢ are iid.

Nowhere differentiable.

o volatility of stock price, basis for option pricing.

A drop of milk (millions of particles) diffuses in coffee.



Normal approximation

Process

Central limit theorem
P(e; =1) = P(e; = —1) = 1/2. ¢; are independent.

X =) Az =(2Y —n)Azx ~ N(0,0°t),
=1

asn — 0.
Sum of independent random variables ~ Normal
distribution.



X ~ Binomial(n,1/2). p=E(X) =n/2,
02 = Var(X) =n/4, 0 = SD(X) = \/n/2.
Process Let
7 X—p X-—-n/2
o nj2’
then E(Z) =0, Var(Z) = 1, no matter what n is.
Z takes discrete values, with spacing Az =1/0 =2/y/n.

b
P(Ze@h)= 3 pa)= 3 28 [ e

z€(a,b) z€(a,d)

where f(z) = \/%6_2/2 is the density of N(0,1).

p(2)/Az = [(2).



Process

Step 2:

X =pu+Zo=n/2+ Z\/n/2.
p(0) = P(X =n/2).

p(z)  P(X =n/2+4+2yn/2) P(X =n/2+d)

p(0) P(X =n/2) P(X =n/2)




Process

For big n,
nl ~V2rnn"e™ ",
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Let k=p+z0=n/2+42yn/2=n/2+d.

PX =n/2+d) (ira)

P(X=n/2) — (1)

n/2
_ nl/[(n/2+d)!(n/2 - d)]]
n!/[(n/2)(n/2)!]
(n/2)!(n/2)!

(n/2+d)!(n/2 —d)!
(n/2)(n/2 —1)...(n/2 — (d — 1))
(n/2+1)(n/2+2)...(n/2 +d)
1(1-2/n)(1—-2x2/n)...(1—(d—1) x 2/n)
(14+2/n)(1+2x2/n)...(1+dx2/n)
(1=0)(1—24)...(1 —(d—1)9)
(14 6)(1+24)...(1 + do)




Process

e 0e=20 = (d=1)d
ede20  edd
o~ (14+2+..+(d—1))8
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where § = 2/n, and d = z/n/2.



Normal approximation

Let X ~ Binomial(n,p), sum of independent Bernoulli.
E(X) = np, Var(X) = np(1 — p).

Process E(X/n) = p, Var(X/n) = p(1 — p)/n.

Approximately,

X ~ N(np,np(1 - p)).

X/n ~N(p,p(1 - p)/n).

eg, n=100,p=1/2. X ~N(50,25).

P(X €[50 — 2 x 5,50 + 2 x 5]) = P(X € [40,60]) = 95%.

z3 2 -1 0 1 2 3

Recall 220:40 (120) /2190 — integral.



Normal approximation

Let X ~ Binomial(n, p), sum of independent Bernoulli.
E(X) = np, Var(X) = np(1 —p).

SO E(X/n) = p, Var(X/n) = p(1 — p) /n.

Approximately,

X ~ N(np, np(1 - p)).

X/n ~N(p,p(1 —p)/n).

e.g., Polling n =100, p = .2. X/n ~ N(.2,.04%).
P(X/nel2—-2x.04,242x.04]) = P(X/n € [.12,.28]) =
95%.

| 2,1 2,1%
o g3 1360l 0%
3 <20 -l u 1o 20 3o

68.2%
95.4%
90.7%

Z: 3 2 -1 0o 1 2 3



Normal approximation

Let X ~ Binomial(n,p), sum of independent Bernoulli.
E(X) = np, Var(X) = np(1 — p).
E(X/n) = p, Var(X/n) = p(1 - p)/n.
Approximately,

X ~ N(np,np(1 - p)).

X/n ~N(p,p(1 - p)/n).

e.g., Monte Carlo n = 10000, p = /4.
4m/n ~ N(m, (4 — 7)/10000).

Process

95.4%

99.7%
z-3 2 -1 0 1 2 3




Conditional independence

Markov: [future | present, past], [child | parent, grandparent]
p(ylz, z) = p(ylz)

Process

X—D—Y

Shared cause: [siblings | parent]
p(z,y|z) = p(z[2)p(ylz)



Markov decision process

VSRR state s;, action ag, reward 7.

Process

Dynamics: p(Si+1 | St,at).

Policy: m(ay | s¢).

Reward: p(r¢|se, at, Se41).

Return: Ry =1y + 11 + 72rt+2 + ...

Value: V(s) = E[R; | st = 5|, Q(s,a) =E[R; | st = s,a; = a].
Reinforcement learning: find 7 to optimize V().

Imagine 1 million people playing out.
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Process

a: Been to Asia; s: Smoking; t: Tuberculosis; I: Lung cancer;
b: Bronchitis; d: Short of breath (Dyspnea); z: X-ray.

p(a,s,t,1,b,d,x) = p(a)p(s)p(tla)p(l]s)p(bls)p(dlt, [)p(x|b, 1),

p(l7 a’ 57 d7 x)
l dg)="02200)
T O

p(l,a,s,d, x) —Zpa s,t,1,b,d, x),

p(a,s,d,x) Zplasda:

Efficient calculatlon: message passing / belief propagation.



Linear transformation

Change of variable
X~ f(x),Y=aX+b(a>0).Y ~g(y).
Y Y y=ar+b

Transformation

y=ar+b, z=(y—b)/a.
P(X € (z,z+ Az)) = P(Y € (y,y + Ay)).
f@)Az = g(y)Ay
Ax
9(y) = f(z )f—f(( —b)/a))/a.

Space warping, stretching or squeezing.



r(X), monotone. Y ~ g(y).

Y y=r(z)

Transformation

y=r(x), t=1""(y).
P(X € (z,2+ Az)) = P(Y € (y,y + Ay)).
f(z)Az = g(y)Ay.
Ay/Az =1'(z).

Locally linear, space warping.



Space warping

Transformation

Squeezing or stretching the bins — changes the density and
histogram.




Transformation

y=r(z), z=r"t(y).
Order preserving mapping:
P(X <z)=P(Y <vy).




Inversion method
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Transformation

U ~ Unif[0, 1].

PU <u)=P(X <uz).

u=F(z), z=F (u).

Population: {z1,z2,...,xn} (ordered).
Sample i ~ Uniform{1,2,..., N}, return z;.
U = i/N ~ Uniform[0, 1], z; = F~Y(U).




Transformation

rx+ Az z=F"(u)

U ~ Unif[0,1]. X = F~Y(U). Then f(x) = F'(x) is the pdf
of X.

PU € (u,u+ Au)) = P(X € (z,z + Ax)).



Inversion method

Transformation

Suppose we want to generate X ~ Exponential(1).
Flz)=1—-e"".
Fz)=u,ie,1—e=ue*=1—u x=—log(l—u).
Generate U ~ Unif[0, 1]. Return X = —log(1 —U).

xT



Box-Muller Transformation
90 4

Uniform random numbers

Transformation




Polar method

X ~N(0,1), f(z)

ransformation ~ = L _y
RS Y ~ N(0,1), f(y) = S-exp (-%).
X and Y are independent.

P(X € (z,z+ Ax),Y € (y,y + Ay))
= P(X € (x,x+ Ax)) x P(Y € (y,y + Ay)).

o)Ay = [(x) A0 x f) Ay
2 2
fa) = e (-5 ).

2



Polar method
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Transformation

. 105 180° 165,

»®
3

e E
992 Loz S8

xr=rcosf, y=rsinf.

Area of ring R € (r,r + Ar)) = 2nrAr.

Count proportion of points in the ring = density x area.
1

2
P(Re (r,r+Ar)) = o €XP (—2) 2rr Ar

2 2 2
= exp (—2) rAr = exp (_7”2) d%.



Polar method

Transformation E S

xr=rcosf, y=rsinf.
Let t = r2/2. At =rAr.

P(T € (t,t+ At)) = P(R € (r,r + Ar)).

f(t)At = exp <—7§) rAr = exp(—t)At.

T ~ Exponential(1).



Polar method

Box-Muller Transformation
Uniform random numbers
%l 3 FE

Transformation

240 - 300

T = —log(l —Uy).
R=+2T.

0 = 2nUs5.

X =RcosO,Y = Rsin®.
(U]_,UQ) — (X,Y).



Non-linear transformation
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X~ f2), Y =r(X). Y ~g(y).
X consists of iid Gaussian N(0, 1) noises.

MEESall) 7 is learned from training examples by neural network (deep
learning).




Function

(1) Linear
h(z) = ax + b.

E[h(X)] =E(aX +b) = aE(X) + b= h(E(X)).
(2) Square

Transformation

h(z) = z?
E[h(X)] = E(X?);
h(E(X)) = [E(X)]*.

Var(X) = E(X?) — [E(X)]* > 0.

Question: expectation of function vs function of expectation?



Convex function

Upper envelop and supporting lines

Transformation —

Supporting line at xo touches h(z) at zg, but below h(z) at
other places.



Jensen inequality

Transformation




Transformation




Utility

Transformation

uw=E(X).
Offer 1: Get $u with 100% probability.

Offer 2: Get $X ~ f(z), with E(X) = p.

Utility = perceived value of $z = h(x).

Convex: E[h(X)] > h(u). Prefer Offer 2, risk taking.
Concave: E[h(X)] < h(u). Prefer Offer 1, risk averse.
e.g., h(z) = —2?, variance. Var(X) = E(X?) — 2.
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Entropy

Entropy = expected number of coin flips

H(p) = Ep[—logy, p(X)] = Y _(—logy p())p(z)

—1><1+2><1~|—3><1+3><1—175ﬂ'
= 2 4 8 8— . 1ps.



Prefix code
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x Al B C D

p@) (3] 3 ] 5 [ 5

S —logyp(x) | 1| 2 3 3
coin H|{TH | TTH | TTT
bit 1] 01 | 001 | 000

e.g, 101100101000 = abacbhd

Shortest code: sequence of coin flips, completely random
sequence, cannot be compressed.

code length of z = I(z) = —logy p(x).

entropy = expected code length: H(p) = E[l(x)].




Kullback-Leibler divergence

T A|B|C|D

p(z) slilsls

—logyp(x) | 112]3 |3

a@) 1sls[3]3

Entropy - 10g2 q(w) 3 3 2 ].

Coding by q(z):
Ep[—logy ¢(X)] = > (—log, q(x))p(x)

T

1 1 1 1 21
= — —+2x-+1x-=— flips.
3><2+3><4+ ><8+ ><8 3 ips

Redundancy: Kullback-Leibler divergence.
DxwL(pllg) = Ep[—log q(X)] — Ep[— log p(X)]

—E, [log 582] = zz: <10g Mx)) p(z) > 0.

q(z)




Entropy

1
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Do) = 2, - 1og 0] > —1ogz, [ 23] <o
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