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Conditional distribution

[ Y / × ] ~ plylx) discrete

fly /×) continuous

-
fixed

C- (Y / ✗=D = fyfcylx ) dy = hlx)

var ( Y / ✗=#
"¥

C- ( ( Y-hcxilx-xD-fy-hlxiflylx.org
ynheight n→as

⇒

""" ± -si
- tana,

t Ehlx;) → Elhcx))

× ✗ age

linear : ✗ ~ NCO,
')

( Y / x=x] ~ NCPX ,
l - s)

hlx) =p ×
"Adam

"

t×E¥Yf= C- ( Y)

h(×)

C- ( h(✗D= / hlxltlxdx =) fyflylx)dy fix)dx
= C- ( Y)

capital lowercase



summation is* see toa UX unchanged

converting (euaxe(CT) = G)h1x)) ↳ when
↑Goh(X),

"EVE formula"
not changing-xx

a

~ar (Y) = f (Var((x)) + Var (E(Y(x))-
mex)

w/in group between group

variance reduction by conditioning

2 = 4-h(x)

Y
=
h(x) + E
↓ d

regression error

sx

->(d) = - (X)
= +CT)-f (h(x))

= 0

= (dg(x)) = xx1(2g(x21x)

= Sag(x(/x=x) = g(x) - (2Nx
= x) =g(x)-SVA***

- D

cor(s,g(x) = -> (g(x) -eRElg(x)o



""

river
"
"

momma

nvarchlx))

var ( Y)
= Var ( hlx ) +E) = Var /h(D) + var (c)

+2 CouchHI, e)

=
✓ar( ECYIX)) t f × E((Y - hcx )) 21×1

Tarek
linear : C- ( Y / ✗= ×)=px

var ( Y / ✗ = × )
-

- l -s
'

C- ( Y ) = C- C- ( 41×1 = Efx)=p C- (x) = 0

var (4) = c- (var (YA)) + var6th
/XD

= / -1
2

xp
22 = 1

7
Y =p✗ + E

Et X E -N ( 0,1 -p 2)→ CNCX, 4) = Cov ( X ,pX + E)

Recall

(1) Covcaxtb ,
CY + d) = ac Cov(

X
,
Y )

(2) Cov ( ✗+ Y, 2) = Couch
2) 1- Coucy ,2)



Then Cov ( ×, 4) =p
c. ◦✓( X/ ✗ It Cov(x =p

= Corr ( KY)"

Regression
"

original meaning

C- ( Y / ✗ = ×)=sx
p< I↓ ↓

son 's height father
's height

regression towards mean

ex) Michael Jordan 's son isn't as
tall → ≤on is

towards mean

↳ but E will continue
to cause fluctuation

↳ which caused Jordan

to be taller than
his dad

otherwise Y= ✗ + E

var ( Y ) =
Var (X ) + Var(E)

contour plot :

:p
^ "

×

-¥"



Conditional covariance

Covcx , Y / 2 = 2) = C- (( X -h (2) )/ Y - g (z )) / z = z )

= / (x -hl -7) ly - g G)flay / 2) dxdy
C- ( X / 2 = 2) = h (2)

C- ( Y / 2
= 2) =g

( z)

(3) ( or ( KY ) = C-{ alky / 2) + ( or( C- (✗ I 2), 1- (412 ))

proof : ✗ = h (2) t E

Y = gc 2) +8
since E

is

( or (KY ) =Couch (2)te, g (2)
+ 8) uncorrelated

= Cov ( he22g (2) It Cov (Ef ) + Couch (2),
8) t Cork,%z ) )

= Cov( E 1×121, E-(Y 12)) ttfcx-hlzDCY-g.cz
) /2)

TEH
ex ) ✗ i SAT

Y : GPA
Calx, Y / 2) < 0

2 : school

Y n
UCLA

↳PA

×
SAT



Conditional Independence
Recall ✗ 1-Y

f- Cxiy> = fxlxlfu.ly )

✗ 1- Y 12

1- (x,ylz)=f(✗ 12 ) fly
/ 2)

f- IX.g) =/ f- (xiy / z) dz
= ft Cxiy / 2) fzlz) dz

= ffcxlz) fly / 2)fz(2)dz

✗ = Zt E

Y =
2+8

ex)
2 : time it

takes from office to bus stop near home

E : person
A time from bus stop to their

home

fi person
B time from bus stop to their home

^

parent
ex .) child

✗ = It E 2=2

ex) Discrete case

Yi health pipe § seem to have strong correlation

✗ : smoking
habit I cigarette

L

2

2 : age → confounding variable
* older people

✓ tend to be

✗ Y less healthy &
more likely to smoke

from a pipe



causal effect

2

✓ → joint distribution play
,z)

✗ → Y
say
that health is

measured

pipe cigarette on a scale from 1 -100

70 → 80 - ?

'counterfactual
niGO

Io Ii

let Z=hz(Ez )

✗ = hxlz, { × )
assume Ez

, Ex, Ey are
incl

.

structural
equation Y=hy( ×, z, Ey)

z
=hz( Ez) ⇒ p~( y, -2 / dot ))

counterfactual
do 1 : ✗ ← 1

analysis
✗→ Y = hylx, z, EY)

doo : ✗← 0

causal effect :E( 4 / ✗←1) - C- (Y / ✗ c- 0)

or PTY / dolx ) ) = ply /×, z , plz )
back-door

V5 pls / ×) = § pcy, 2-1×1 = { ply /
×
,
2) PCZ/×)

2-


