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Preface

This book grew out of a simple observation: a large portion of what physicists compute in quantum
field theory and many-body physics consists of operations that any well-trained statistician or
machine-learning researcher already knows how to perform. These operations are marginalization,
differentiation, matrix inversion, evaluation of log-determinants, and local Gaussian approximation.
The difficulty, for someone entering from statistics or machine learning, is not the mathematics itself
but the thick layer of specialized vocabulary, historical convention, and physical storytelling that
surrounds it.

The traditional physics curriculum teaches field theory through a sequence of increasingly sophis-
ticated physical pictures—particles scattering off one another, virtual processes mediating forces,
quasiparticles dressing themselves with clouds of excitations, gauge bosons eating Goldstone bosons.
These pictures are vivid and, once properly understood, genuinely illuminating. But they are not
derivations. They are interpretations of mathematical structures, and the mathematical structures
themselves are often simpler than the stories suggest.

This book takes the opposite approach. We begin with probability distributions, covariance
matrices, precision matrices, cumulants, latent variables, and marginal likelihoods. We derive every
result in finite-dimensional linear algebra before promoting it to functional notation. We name
each mathematical object in the language of statistics and machine learning first, and introduce
the physics terminology only after the derivation is complete. Physical intuition and storytelling
come last—not because they are unimportant, but because they are most useful when the reader
can clearly distinguish the story from the structure it illustrates.

The central object of study is a non-Gaussian probability distribution over a high-dimensional
(or infinite-dimensional) random variable:

p(9) = %6_5[‘”-
Here S[¢] is the negative log-density (physicists call it the action), and Z is the normalizing constant
(physicists call it the partition function). The questions we ask about this distribution—its mean,
its covariance, its conditional structure, its marginals, its response to perturbation, its spectral
properties—are the same questions that arise throughout statistics. The answers, and the approx-
imation methods used to obtain them, constitute a large portion of what is conventionally taught
as quantum field theory.

We will see that covariance is what physicists call a propagator. Precision—the inverse of
covariance—is the inverse propagator. The difference between the exact precision and a reference
precision is the self-energy. The identity relating the exact covariance to the reference covariance
and the self-energy is what physicists call the Dyson equation, and it is simply the statement that
inverting the corrected precision gives the corrected covariance. Its infinite-series expansion is a
Neumann series. The Laplace (saddle-point) approximation for collective-field fluctuations is what

viii



CHAPTER 0. PREFACE

physicists call the random phase approzimation (RPA). And a zero eigenvalue of a Hessian, arising
from symmetry, is what physicists call a Goldstone mode.

None of this is intended to diminish the achievements of the physicists who discovered these
structures. The physical problems that motivated these developments—superconductivity, the elec-
tron gas, quantum electrodynamics, phase transitions—are genuine triumphs of twentieth-century
science, and the physical intuition that guided their solution is remarkable. Our goal is only to
place that intuition in its correct logical position: after the mathematics, not in place of it.

A word about scope. This book treats Fuclidean field theory, meaning that we work with
statistical weights e~ rather than quantum amplitudes ¢’®. When the weight is positive and
normalizable, it defines a genuine probability distribution, and all of our statistical language applies
without qualification. Real-time quantum mechanics, unitary evolution, and the Born rule are
discussed in the final part of the book, where we carefully explain what the Euclidean formulation
computes, what it does not compute, and how the two are related through analytic continuation and
spectral representations. We also note explicitly where the probability interpretation breaks down:
Grassmann variables, fermion sign problems, gauge constraints, and complex actions all require
additional care.

The intended reader has a working knowledge of probability, mathematical statistics, linear alge-
bra, and ideally some exposure to machine learning, graphical models, or variational inference. No
prior knowledge of physics is assumed, though readers with physics training may find the translation
dictionary useful in the other direction.

A word about functional integrals. Throughout the book we write expressions such as [ D¢ eSlel
where ¢ is a field (a function of a continuous variable ). This notation should always be under-
stood as a shorthand for the limit of a finite-dimensional integral on a lattice: ¢ is discretized
to a vector ¢; on a lattice of IV sites, the functional integral becomes f [L dos e and the
“continuum limit” is taken by sending the lattice spacing a — 0 with appropriate adjustments of
parameters (renormalization). We will make this precise in Part XI. Until then, the reader should
interpret every functional integral as a finite-dimensional integral with n very large; the algebraic
identities (completing the square, change of variables, Gaussian integration) are the same as in finite
dimensions.

X



A Translation Dictionary

The following dictionary relates the terminology of probability, statistics, and linear algebra to the
conventional vocabulary of physics. It appears here for reference, and an expanded version appears
again at the end of the book. The reader should not attempt to memorize this table now; each
entry will be derived and explained in the chapters that follow.

Probability, statistics, and linear algebra

Physics terminology

Random field

Negative log-density

Normalizing constant

Log-normalizer

Covariance

Precision (inverse covariance)

Reference covariance

Exact covariance

Precision difference (exact minus reference)
Latent-variable augmentation

Negative log marginal density

Mode of a marginal density

Stationarity condition for the mode

Mass scale induced at a saddle

Hessian of marginal negative log-density
Inverse Hessian of marginal negative log-
density

Covariance of a composite observable
Wick-factorized composite covariance
Neumann expansion of corrected precision in-
verse

Quadratic (Laplace) approximation for collec-
tive fluctuations

Null Hessian direction from symmetry

Small precision eigenvalue

Slow direction from a conservation law

Pole of covariance

Symmetry derivative identity

Higher derivatives of marginal negative log-
density

Non-Gaussian correction to simple bubble

Euclidean field

Action

Partition function

Free energy / connected generating functional
Propagator

Inverse propagator

Bare propagator

Full or dressed propagator

Self-energy

Hubbard—Stratonovich transformation
Effective action

Saddle / mean-field configuration
Mean-field equation / gap equation
Gap

Inverse collective propagator

Dressed collective propagator

Susceptibility / polarization
Bubble

Dyson resummation
RPA / Gaussian fluctuation theory

Goldstone mode
Soft mode
Hydrodynamic mode
Collective excitation
Ward identity
Effective vertices

Vertex correction
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Probability, statistics, and linear algebra Physics terminology

Marginalization over fast variables Coarse-graining
Multiscale marginalization and rescaling Renormalization

xi



Part 1

Euclidean Fields as Non-Gaussian
Probability Models



Chapter 1

Euclidean Fields as Random Variables

1.1 The Setup

Consider a random variable ¢ taking values in R™. Suppose its probability density has the form

1
p(6) = 5 e 5, (1)
where S: R™ — R is a smooth function bounded below, and
Z = / e 9@ d¢ (1.2)

is the normalizing constant ensuring that p integrates to one. We assume throughout that S grows
sufficiently fast at infinity to make Z finite.

This setup is entirely standard in statistics. The function S(¢) is the negative log-density of ¢,
up to the additive constant log Z. In the language of exponential families, S specifies the natural
parameters and sufficient statistics of the model, and log Z is the log-partition function.

In physics, S is called the action, and Z is called the partition function. We will use both
vocabularies interchangeably, but the reader should always remember the underlying mathematical
object: S is a function that determines a probability density through exponentiation and normal-
ization. Nothing more, nothing less.

When n is large—and eventually we will consider the limit where ¢ becomes a function ¢(x)
defined on a continuous space, so that n is effectively infinite—the density p(¢) is concentrated
in a complicated region of R, and computing expectations under p becomes the central challenge.
Almost everything in this book concerns methods for computing or approximating such expectations.

1.2 Moments and Cumulants

The mean of ¢ under p is
(@) =Elo] = [ op(6)do.
The covariance matrix of ¢ is
Cij = Cov(di, &) = (9idj) — (di)(¢;)-

More generally, we can consider the k-th moment tensor (¢;, - - - ¢;,) and the k-th cumulant tensor.
The relationship between moments and cumulants is the same as in ordinary statistics: the first

2



CHAPTER 1. EUCLIDEAN FIELDS AS RANDOM VARIABLES

cumulant is the mean, the second cumulant is the covariance, the third cumulant measures skewness,
and so on. Cumulants of order three and higher vanish for Gaussian distributions, so they measure
non-Gaussianity.

Physicists call moments correlation functions and cumulants connected correlation func-
tions. The word “connected” refers to a diagrammatic property that we will encounter later: when
moments are expanded in terms of Gaussian building blocks, cumulants correspond to contributions
that cannot be factored into independent pieces. But the reader trained in statistics already knows
this—it is the definition of a cumulant.

1.3 Source Tilting and the Generating Functional

A powerful technique for computing moments and cumulants is to introduce an auxiliary parameter—
a source or tilting vector J € R"—and define the tilted partition function

Z[J] = /e—SWWW do. (1.3)

The term J ' ¢ = >, Ji¢hi is an exponential tilt of the original density. In the language of exponential
families, J plays the role of an additional natural parameter conjugate to ¢. In physics, J is called
an external source.

The log-partition function under the tilt is

W[J] = log Z[J]. (1.4)

This is the cumulant generating function of ¢, evaluated at J (more precisely, it is the cumulant
generating function of ¢ under the measure p, shifted by the constant log Z[0] = log Z). Physicists
call W[J] the generating functional of connected correlation functions, or sometimes simply
the free energy (with a sign convention that varies across subfields).

The utility of W[J] lies in differentiation. The first derivative of W with respect to .J;, evaluated

at J = 0, gives the mean:
/ 61 e=5) d = ().

Let us derive this carefully. Startlng from W([J] = log Z[J], we have

Now, aJ e~ S@+ITé = . e=S(9)+77S Therefore

[‘]] — /¢Z 675(¢)+JT¢ d¢

Combining these two lines:

L e ORI
oJ; - fe—S(¢>)+JT¢ do

= E;[ai],

where E; denotes expectation under the tilted density ps(¢) oc e (@)+T70 At J = 0, this reduces
to (¢i). In vector notation:
VyWJ] =E,[g]. (1.5)
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The second derivative gives the covariance under the tilted measure. Let us derive this as well.
Taking a further derivative:
0*W 0
0J; 0J; N 0J;

Esl¢il.
To evaluate this, we use the identity
0
7 Es¢i] = Es[did;] — Egloi] Esly],
0J;

which is a standard result in the theory of exponential families (it expresses the fact that the second
derivative of the log-partition function is the variance). For completeness, here is the derivation.
_ [eieStTedg

Write Ej[¢;] = - Differentiating with respect to J; by the quotient rule:
0 g o] = L00ic 0o [ ST0dg [ et 0dg
aJ; T T Z[J] Z[J] Z[J] '
The first term is E j[¢;¢;] and the second is E j[¢;] E[¢;]. Therefore
0*W
- iy Pj)- L

In matrix notation:

VAW [J] = Cov (o). (1.7)

At J = 0, this is simply the covariance matrix C' = Cov(¢).

This pattern continues: the k-th derivative of W with respect to J gives the k-th cumulant
of ¢ under the tilted measure. This is why physicists call W the generator of connected correlation
functions—derivatives of W produce cumulants, which are the “connected” parts of the moments.

1.4 Why Covariance Is Central

Among all the statistical properties of ¢, the covariance matrix C' occupies a special position. It
tells us which components of ¢ fluctuate together, how large those fluctuations are, and—through
its eigendecomposition—what the natural coordinates of the distribution are.

For Gaussian distributions, the covariance (together with the mean) determines the entire dis-
tribution. For non-Gaussian distributions, the covariance captures only part of the story, but it
remains the most tractable two-point summary. Much of this book is concerned with computing
or approximating the exact covariance of non-Gaussian distributions, and with understanding how
that covariance differs from the covariance of a simpler Gaussian reference.

We will find that the difference between the exact precision (inverse covariance) and a reference
precision is a quantity of enormous importance. Physicists call it the self-energy, and it encodes the
effects of non-Gaussianity—interactions, in physics language—on the two-point correlation struc-
ture. But before we can appreciate what self-energy means, we need to develop the Gaussian case
thoroughly.

1.5 Looking Ahead

In the coming chapters, we will develop the Gaussian case in detail (Chapter 2), then study what
happens when the distribution is non-Gaussian and we examine composite observables like d)? (Chap-
ter 3). Part II will introduce a powerful technique—latent-variable augmentation—that converts

4
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certain non-Gaussian problems into conditionally Gaussian ones. Part III will show how marginal-
ization over Gaussian variables produces log-determinants, a structure that pervades all of field
theory.

Throughout, we will work first in finite dimensions, with explicit matrices and vectors, before
moving to the continuum limit where ¢ becomes a field ¢(x) and matrices become integral kernels.
The reader should always be able to return to the finite-dimensional picture for clarity.



Chapter 2

Gaussian Fields, Covariance, and Preci-
sion

2.1 The Gaussian Density

The simplest member of the family (1.1) is the Gaussian distribution, obtained when S(¢) is a
quadratic function. Let A be a real, symmetric, positive-definite n x n matrix. The density

i) = - exp( 507 40). (2.1)
0
with Zy chosen to normalize, defines a zero-mean Gaussian distribution. (We write pg and Zy with
a subscript to indicate that this is a reference or “bare” distribution, to which we will later compare
the full non-Gaussian measure.)
The matrix A is the precision matrix of this Gaussian—it is the inverse of the covariance
matrix. To derive this fundamental fact, we need the Gaussian integral.

2.2 The Gaussian Integral

Zy :/ exp<—;xTAx> dz. (2.2)

The idea is to reduce this to a product of one-dimensional integrals by diagonalizing A. Since A is
real and symmetric, there exists an orthogonal matrix O and a diagonal matrix A = diag(A1, ..., Ap)
with A; > 0 such that A = OAOT. Making the change of variables y = O (which has Jacobian
|det O] = 1, since O is orthogonal), we get

We wish to evaluate

n
el Ar =y Ay => A,
=1

and therefore

1 n n e’ 1
A =/ exp (—2 ZM/?) dy = H eXp<—2>\iy§> dy;.
" i=1 i —0o

1
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Each factor is a standard one-dimensional Gaussian integral. Recall that ffooo et dt = V7 /a for

a > 0. Setting a = \;/2:
0 1 2) 27
exp| —=Ny; | dy; =4/ —.
/_Oo < Y ) W

n n _1/2
2w
Zo = ,/—-@ﬂyV2< &) = (2m)"?(det A)~1/2. (2.3)

This is the n-dimensional Gaussian integral. It tells us that the normalizing constant depends on
the determinant of the precision matrix—a fact that will become important when A itself depends
on parameters.

Multiplying:

2.3 Covariance Equals the Inverse Precision

To find the covariance matrix of ¢ under pg, we use the source-tilting technique from Chapter 1.
Define

1
ZdJ]:L/exp<—2¢TA¢+—JT%>d¢.
We evaluate this by completing the square. The exponent is
1
—§¢TA¢+—JT¢

We want to write this in the form —3(¢ — something) " A(¢ — something) + constant. Let us try
¢ — A~1J. Expanding:

—éhﬁ—A‘EUTAw»—A”J):—é¢TA¢+¢TAAfR7—%@44JVQMA*Jy

The middle term simplifies: ¢'AA™LT = ¢'J = JT¢. The last term: (A~LJ)TAA™L) =
JTATTAA=Y ] = JT A71J. Therefore

—%¢TA¢4—JT¢::—é@&—AfRDTA@ﬁ—fTJJ)+%JTA_HL (2.4)

This is exactly the technique of completing the square, expressed in matrix notation. The shift
¢ — ¢ — A~1J does not change the integration measure (it is a translation), so

1 1 1
Zo[J] = exp<2JTA_1J) /exp<—2nTA77) dn =2 - exp<2JTA_1J> .

Taking the logarithm:

1
W@U]:ngdﬂ::ngg+§JTA”JL (2.5)
Now we read off the cumulants. The first derivative:
8WO —1
= (A" J);.
a7, ( )

At J =0, this gives (¢;) = 0, confirming the zero mean. The second derivative:

—= = (A7)
a7 0J;

7
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This is independent of J, and it gives us the covariance:

Co = Cov(¢) = AL, (2.6)

This is the fundamental relationship: the covariance matrix of a Gaussian distribution is
the inverse of its precision matrix. In the physics vocabulary, Cy is the bare propagator and
A is the inverse bare propagator.

Since Wp[J] is exactly quadratic in J, all cumulants of order three and higher vanish. This is
the defining property of Gaussianity: a Gaussian distribution is completely determined by its first
two cumulants (mean and covariance).

2.4 Precision and Covariance: Two Descriptions of the Same Dis-
tribution

It is worth pausing to appreciate the dual roles of A and Cp = A~

The precision matrix A appears naturally in the exponent of the density. It describes the cost of
fluctuations: if Ay is large, then ¢; is tightly constrained near zero, because the quadratic penalty
%Amﬁ? is steep. Off-diagonal entries A;; with i # j create coupling between components—the cost
of ¢; taking a particular value depends on the value of ¢;.

The covariance matrix Cy = A~!, on the other hand, describes the statistics of the resulting
fluctuations. Even though A may be sparse (so that the direct couplings are local), the covariance
Cy is generally dense—fluctuations in ¢; can be correlated with fluctuations in ¢; even if A;; = 0,
because the correlation propagates through chains of nonzero entries in A. This phenomenon—Ilocal
precision producing long-range covariance—is central to the physics of propagation.

In graphical models, the precision matrix encodes the conditional independence structure:
¢; and ¢; are conditionally independent given all other components if and only if A;; = 0. The co-
variance matrix, in contrast, encodes the marginal correlation structure. Inverting the precision
to get the covariance translates conditional structure into marginal structure, and this translation
can produce correlations between variables that are conditionally independent.

This is precisely what physicists describe when they say that a particle propagates through a
medium. The precision matrix specifies the local interactions (the medium), and the covariance—
the propagator—describes how disturbances in one location correlate with disturbances in another.
The propagator is obtained by inverting the precision.

2.5 Gaussian Conditioning and the Schur Complement

Suppose we partition ¢ into two groups, ¢ = (¢q, ¢s), and correspondingly partition the precision

A A
A — aa a > .
(Aba App
What is the conditional distribution of ¢, given ¢,? And what is the marginal distribution of ¢,?
For a Gaussian, both questions have clean answers expressed in terms of Schur complements.

The conditional distribution of ¢, given ¢, = 3 is Gaussian with precision matrix A,, and
mean [, = —A LAupB. That is:

matrix:

(6 60 = 5) o 0xp( =500~ ) Al — )

8
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Let us derive this. The joint density involves %ngAqﬁ. Expanding in blocks:

¢ Ap = ) Awata + 204 At + &p Avpdo-

Conditioning on ¢, = [ means treating 5 as fixed. The terms involving only 8 become constants
(absorbed into the normalization), and we are left with

_%Qb;rAaa(ﬁa - quAabﬁ -+ const.

This is a quadratic in ¢4, so the conditional is Gaussian with precision A,, and a linear shift
determined by Agp3. Completing the square (exactly as in Section 2.3):
1

1
2¢1Aaa¢a - d)(—erabB = _§(¢a + A;(}Aabﬁ)TAaa(gba + A;alAabB) + const.

The conditional mean is i, = —A; A8 and the conditional covariance is AZL.

Notice a remarkable fact: the conditional precision of ¢, given ¢y is simply Ag,,, the upper-left
block of the joint precision matrix. The off-diagonal blocks A, affect only the conditional mean,
not the conditional precision. This is a special property of the Gaussian.

The marginal distribution of ¢, is obtained by integrating out ¢;. The marginal covariance
of ¢, is the upper-left block of the joint covariance Cyp = A~!, which can be computed by the Schur
complement formula. We need to compute

/lmp<—;¢TA¢>d¢h

Expanding the quadratic in blocks and treating ¢, as fixed:

1 1
_i(z)JAbb(z)b - ¢;Aba¢a - §¢1Aaa¢a-

The integral over ¢, is a Gaussian integral with precision Ay, and source — Ay, ¢q. By the completing-
the-square result (2.4):

1 1 _
/exp (_QQZ)I;TAbeZ)b - ¢2Aba¢a> dey o< eXp<2¢;rAabAbb1Aba¢a) .

Combining with the remaining —%¢aTAm¢a term:

P(6u) o exp | —5 67 (Aua — Ay A) 6 | @.7)

Schur complement

The marginal precision of ¢, is the Schur complement A,, — AabAb_blAba. It is lower than the
conditional precision A, reflecting the additional uncertainty introduced by not knowing ¢,. In
a precise sense: integrating out variables reduces the effective precision and increases the effective
covariance.

This is a pattern that will recur throughout the book. When we integrate out (marginalize
over) some variables, the effective precision of the remaining variables changes. The change
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in precision—the difference between what we had before and what we have after—encodes
the effect of the integrated-out degrees of freedom. In later chapters, this will be the origin
of the self-energy.

2.6 Wick’s Theorem

Wick’s theorem is the statement that all moments of a Gaussian distribution can be expressed in
terms of the covariance. For a zero-mean Gaussian with covariance Cy:

(Gisdin i) = >[I Coliaiv), (2.8)

pairings pairs (a,b)

and all odd moments vanish. The sum runs over all ways of partitioning the 2k indices into k pairs.
The number of such pairings is (2k — 1)!! = (2k — 1)(2k —3)---3- 1.
Let us verify this for the simplest nontrivial case: the fourth moment. For a zero-mean Gaussian:

(pidjondr) = Co(i,7) Colk,1) + Co(i, k) Co(j,1) + Co(i,1) Co(y, k). (2.9)

This can be derived by differentiating Wy[J]| = %J TCyJ four times with respect to J, or by explicit

computation using the eigendecomposition of Cj.

Wick’s theorem is the workhorse of perturbation theory. It tells us that when we compute
expectations of products of Gaussian random variables, the answer decomposes into products of
pairwise covariances. Each “pairing” corresponds to what physicists call a contraction, and the
diagrammatic representation of Wick’s theorem is the origin of Feynman diagrams.

Derivation of Wick’s theorem for the fourth moment

Let us verify equation (2.9) by explicit computation using the generating function. Recall that for

a zero-mean Gaussian with covariance Cj, the generating function is Wy[J] = %J TCyJ, and the
moment generating function is Zo[J] = Zgexp(3J ' CyJ). The fourth moment is
o4 1
(i Prdr) ZolJ]

T 0J,00;00,00, " _, Zo’

Write f(J) = exp(3J ' CoJ). The first derivative is 91 — (CyJ); f. Taking a second derivative:

oJ; —
O 1Co(ird) + (Coli(Col)) f
8Ji8=]j_ o\, J 0v)ilCod )j5] J-
Taking a third:
3
wjg% = [Co (1, 7)(CoJ )k + Co(i, k)(CoJ); + Co(j, k)(Cod)i + (CoJ)i(CoJ)j(CoJ)i] f-

At J =0, every term with a factor of (Cy.J) vanishes, and f(0) = 1, so the third moment is zero (as
expected for a zero-mean Gaussian). The fourth derivative at J = 0 collects only the terms where

every (CpJ) factor has been differentiated, giving exactly the three pairings:
R & = Co(i,5)Co(k,1) + Co(i, k)Co(4,1) + Co(i,1)Co(j, k)
ananaJkajl J=0 - 0 7~] 0 ) 0\?, 0 .7’ o\?, 0 Jy .

The general result follows by induction: the 2k-th derivative of exp(3.J'CpJ) at J = 0 produces
the sum over all (2k — 1)!! pairings.

10
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2.7 Fourier Diagonalization of Translation-Invariant Covariances

In many applications, the random variable ¢ is indexed by a spatial location: ¢; — ¢(x), where z
ranges over a lattice or a continuous space. When the precision matrix (or kernel) depends only on
the difference x — y—that is, when the distribution is translation-invariant—the covariance can be
diagonalized by a Fourier transform.

Consider a lattice of N sites with periodic boundary conditions. A translation-invariant precision
matrix A(z,y) = A(z — y) is diagonalized by the discrete Fourier transform:

A(k) = Z A(r)e
T
The covariance in Fourier space is then simply

(2.10)

because matrix inversion of a circulant matrix reduces to pointwise inversion in Fourier space.
For example, the lattice Laplacian A(x,y) = —A + m3 has Fourier transform A(k) = Zu 2(1—
cos k) +mé ~ k? +m3 for small k. The covariance is then

~ 1
b =

In real space, this corresponds to a covariance that decays exponentially with distance, with a
correlation length & = 1/mg. When my = 0, the covariance decays as a power law. These are
facts about the Fourier transform of 1/(k?+m2), but physicists describe them using more evocative
language: a nonzero myg gives the field a mass, and the correlation length is the inverse mass. We
will return to this at length in Part IV.

Worked example: Fourier diagonalization on a chain

To make this concrete, consider a one-dimensional chain of N = 8 sites with periodic boundary
conditions. The nearest-neighbor precision matrix has entries A;; = (2+m%)5i]~ —0}i—j|,1 — Oli—j|,N—15
where the last term enforces periodicity. This is a circulant matrix: each row is a cyclic shift of the
previous one.

Circulant matrices are diagonalized by the discrete Fourier transform (DFT) matrix Fj, =

L o=2mijk/N The eigenvalues are

VN
A(ky) =2+ m2 —2cos(2rn/N), n=0,1,...,N—1,

v&ihere kn = 2mn/N is the lattice momentum. For small k,,, we have 2 — 2cosk,, ~ k:fl,
A(k) =~ k% + md. ) 3
The covariance in Fourier space is Cy(ky,) = 1/A(ky,), and the real-space covariance is

recovering

1 N-1 eiknr
C = — .
o(r) N§2+m3—2coskn

For concreteness, let N = 8 and m2 = 1. Then the eigenvalues are A(k,) = 3 — 2cos(nn/4) for
n=0,...,7: the values are 1,3 — v/2,3,3 + v2,5,3 + v/2,3,3 — V2. The covariance at separation

r is then a sum of eight terms, each the reciprocal of an eigenvalue weighted by a phase.

11
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For mg > 0, the real-space covariance Cy(r) decays exponentially: Co(r) ~ el for |r| > 1,
with correlation length & = 1/mg. When mg = 0, the smallest eigenvalue is A(0) = 0 (for the zero
mode), the matrix A is singular, and Cy(r) decays as a power law—there is no finite correlation
length. The reader should verify these claims numerically for the N = 8 example above: the
calculation is a finite matrix inversion.

This concrete example illustrates the general pattern: a translation-invariant (circulant) pre-
cision matrix is diagonalized by the DFT, matrix inversion becomes pointwise division in Fourier
space, and the decay properties of the covariance are controlled by the smallest eigenvalue of the
precision—which is the eigenvalue at zero momentum.

12



Chapter 3

Non-Gaussianity and Composite Observ-
ables

3.1 Beyond Gaussianity

The Gaussian distribution is analytically tractable because all its cumulants of order three and higher
vanish, and all moments factor into products of covariances via Wick’s theorem. Real distributions of
interest are almost never Gaussian. In physics, the non-Gaussian terms in the action S(¢) are called
interactions, because they couple components of ¢ in ways that go beyond pairwise (quadratic)

coupling.
Consider the simplest non-Gaussian generalization: a one-dimensional quartic density
1 A
p(x) o< exp (—2ax2 - 4564) , (3.1)

with @ > 0 and A > 0. The quadratic term jaz? gives a Gaussian with precision a (variance 1/a).
The quartic term %x‘l penalizes large fluctuations more severely than the Gaussian does, making
the distribution more sharply peaked.

Even for this simple density, the exact covariance Var(z) = (22) cannot be computed in closed
form (it involves ratios of parabolic cylinder functions). We will use it as a running example through-
out the book to illustrate the various approximation methods—Laplace approximation, perturbative
expansion, latent-variable augmentation—as they are introduced.

3.2 Composite Observables and Their Covariances

Suppose that instead of asking about ¢ itself, we are interested in some nonlinear function of ¢. Let
O(¢) be such a composite observable—for example, O(¢) = #(x)?, or O(¢) = ¢(x)d(y), or a
more complicated nonlinear function.

The covariance of a composite observable is

xo = Cov(0,0) = (0?) — (0).

This quantity—the variance of a nonlinear function of ¢—is what physicists call a susceptibility.
It measures how much the observable O fluctuates. In condensed-matter physics, susceptibility
has a more specific meaning tied to the response of a system to an external perturbation, but the
connection between fluctuation and response (the fluctuation-dissipation relation) means that the
two uses are closely related. We will derive this connection explicitly in Chapter 16.

13
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3.3 The Bubble: Gaussian Covariance of a Quadratic Observable

Let us compute the covariance of the composite observable O(z) = ¢(x)? under a zero-mean Gaus-
sian distribution with covariance C(z,y). This is the simplest example of a composite-observable
covariance, and it introduces one of the most important structures in all of field theory.

We need to compute

(0(2)*6(y)?) — (9(2)*)((y)*).
The second term is straightforward. For a zero-mean Gaussian, (¢(z)?) = C(x, z), so (¢(x)?)(¢(y)?) =
C(z,z) Cly,y)-
The first term requires the fourth moment (¢(z)?¢(y)?). By Wick’s theorem (2.9), with all four
indices specialized appropriately, we label the four fields as ¢1 = ¢2 = ¢(z) and ¢3 = ¢4 = H(y).
The three pairings give:

e Pair (1,2) and (3,4): C(x,z) - C(y,y).
e Pair (1,3) and (2,4): C(x,y) - C(z,y).
e Pair (1,4) and (2,3): C(z,y) - C(z,y).

Therefore
(6(2)*¢(y)?) = Cla,2) Cly, y) +2C(z,y)*
Subtracting:

Cov(9(x)2., 6(y)°) =20(x.y)". (3:2)

This is a beautiful and important result. The covariance of the composite observable ¢? is a product
of two copies of the fundamental covariance C'.

Physicists draw this as a bubble diagram: two propagator lines running from x to y and from
y to z, forming a closed loop (a “bubble”):

Clz.y)

clZy

But the diagram is just a pictorial representation of the algebraic fact (3.2). The “bubble” is the
Gaussian covariance of a composite quadratic observable. We can state this as a key principle:

The bubble is the Gaussian covariance of a composite observable. It arises whenever we
ask how much a quadratic function of Gaussian random variables fluctuates, and it equals a
product of two covariance kernels, summed over internal indices.

The factor of 2 in (3.2) is a combinatorial factor counting the two nontrivial Wick pairings. In
more general situations, the combinatorics become more complicated, but the underlying structure—
products of covariance kernels contracted over internal indices—remains the same.

14
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3.4 The Bubble in Fourier Space

For a translation-invariant covariance C(x,y) = C(x—y), the Fourier transform of the bubble is par-
ticularly illuminating. Define I1(g) as the Fourier transform of Cov(¢(z)2, #(y)?) (up to normalizing
conventions). In Fourier space:

0 =2 [ Clira) b, (3.3)

where [, denotes integration (or summation) over the internal momentum k. This convolution
structure—two propagators sharing external momentum g—is the momentum-space bubble.
Notice that this is simply the Fourier representation of a product of two functions evaluated at
the same pair of points, turned into a convolution by the convolution theorem. There is nothing
mysterious about it, once we recognize that it started as a covariance of a composite observable.

Derivation of the Fourier-space bubble

Let us derive equation (3.3) from the real-space result (3.2). The Fourier transform of the bubble
is defined as

II(q) = / dr e lar COV(¢(O)2,¢(7°)2) = 2/ d%relar C(r)2.

Now, C(r f (ddk C 1’”. Therefore

d d B _
C(T’)2 _ / (C;:;ld (d27f3)2 C(kl)c(kQ) (k1+k2).r_

Inserting into the Fourier transform and integrating over r produces 0(ki + ko — ¢)(27)%:

d ~
Mg) =2 [ 55 €k Cla— ),

Relabeling k — k and using translation invariance (C(q—k) = C(k+q) when C is even in momentum,
which holds for real symmetric C(r)), we recover (3.3). This is the convolution theorem: the Fourier
transform of a product of functions is the convolution of their Fourier transforms.

For the free propagator C'(k) = 1/(k? 4 m?), the bubble integral is

dk 1
16 =2 | G G T o

This integral—two propagators sharing external momentum ¢—is the workhorse of quantum field
theory. We will evaluate it explicitly in several dimensions in later chapters. For now, note two
limiting behaviors. At ¢ = 0: II(0) = 2 [, 1/(k* + m?)?, which converges in d < 4 and diverges
logarithmically in d = 4. At large |q| > m: TI(q) ~ |¢/“* (up to logarithms), which tells us that
the bubble becomes a more severe divergence in higher dimensions.

3.5 Susceptibility and Response

The covariance of a composite observable is closely related to the concept of response—how much
the expected value of O changes when we perturb the distribution. Suppose we add a source term
J - O to the action:

51(¢) = 5(¢) = JO(¢).

15
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Then (O); = 9%, where W([J] = log [ e=5(®+/0(®) d¢, and

9(0)
9J -0

= Cov(0,0) = xo. (3.4)

This identity—the derivative of the expectation with respect to the source equals the covariance—is
a special case of the general result (1.6). It tells us that the fluctuation of an observable (its variance)
equals its linear response to the conjugate source. Physicists call this the fluctuation-dissipation
relation (in its simplest, equilibrium form), and the quantity yo is the susceptibility.

3.6 Non-Gaussian Corrections

Under a non-Gaussian distribution, the covariance of ¢? is no longer given by the simple for-
mula (3.2). The Wick factorization fails, and there are additional “connected” contributions involv-
ing the non-Gaussian parts of the distribution. These corrections are called vertex corrections in
physics, and they measure the departure of the composite covariance from its Gaussian (factorized)
value.

We will return to this in detail in Part IX. For now, the key point is this: equation (3.2) gives
the bubble as the Gaussian covariance of a composite observable, and this is the leading-order result
in many approximation schemes. But it is not generally exact when the underlying distribution is
non-Gaussian.

What was exact, what was approximate, and what was conventional?

The results in this chapter are organized as follows.

Exact identities. The definition of composite-observable covariance is exact. The relation
between covariance and response (3.4) is exact. Wick’s theorem (2.8) is exact for Gaussian distri-
butions.

Results specific to the Gaussian. The bubble formula (3.2)—the statement that Cov(¢?(z), $?(y)) =
2C (z,y)% s exact for a zero-mean Gaussian distribution. It becomes an approximation when ap-
plied to non-Gaussian distributions.

Conventions. The term “bubble” refers to the diagrammatic representation of the product
C(x,y)%. The term “susceptibility” for xo is standard but context-dependent: the same mathe-
matical object can be called susceptibility, response, polarization, or density-density correlation
depending on what O represents.
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Part 11

Latent-Variable Augmentation
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Chapter 4

Latent-Variable Augmentation

4.1 The Central Idea

Many non-Gaussian distributions become simpler—sometimes even Gaussian—when viewed as
marginals of a higher-dimensional joint distribution. This is a familiar idea in statistics: latent-
variable models, data augmentation, auxiliary-variable methods, and hierarchical Bayesian models
all exploit the same principle. The key insight is:

If p(¢) = [p(¢,0)do, and if p(¢ | o) or p(c | ¢) has a tractable form, then the
complicated marginal p(¢) can be studied through the simpler conditional.

In physics, this principle is realized through the Hubbard—Stratonovich transformation
(HST), which converts a non-Gaussian distribution into a conditionally Gaussian one by introducing
an auxiliary field. The HST is sometimes described as a “trick”™—a clever manipulation that appears
from nowhere. This description is misleading. The HST is a latent-variable augmentation: an exact
identity that introduces a new random variable so that the conditional distribution of the original
variable becomes Gaussian.

4.2 The Gaussian Integral Identity

The simplest version of the HST is a one-dimensional Gaussian integral identity. Let O be a real
number and g > 0 a positive coupling constant. Then:

o2
9 2
ex fO = ex ———i—aO 4.1
p<2 Tn p( > (4.1)
Let us derive this from scratch, so there is no mystery about where it comes from. The right-
hand side is a Gaussian integral in ¢. The exponent ——g + 00 is a quadratic in ¢ with precision

1/g and source O. By the completing-the-square formula (Section 2.3):

2
o 1 9 g9
29+UO— 29(0 g0) +2O .

The integral over o of exp (72—151(0 — gO)2> gives v/2mg (a Gaussian integral with variance g). There-

(— + O'O> do = exp<gO2) . \/\/g = exp(gOQ> .

fore:

\/F
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That is all. The identity (4.1) is a Gaussian integral evaluated by completing the square. It is
exact—mno approximation is involved.

4.3 Why This Identity Matters

Now suppose we have a non-Gaussian distribution with a quartic interaction, and we can write the
quartic term in the form 40(¢)? for some observable O(¢). Then (4.1) allows us to write

2
e—S(@) — o=S0(¢) . c30(9)* _ ,—S0(4) . \/2179 /exp <_Zg + UO(¢)> do,

where Sy(¢) contains the quadratic part of the action. In the joint distribution of (¢, o):

0_2
p(6,0) eXP<—50(¢) - ao<¢>> . (12)

The original distribution is recovered by marginalization:

p(¢) = / p(¢,0)do.

Now consider the conditional distribution of ¢ given o. If So(¢) is quadratic in ¢ and O(¢) is linear
in ¢, then the exponent in (4.2) is quadratic in ¢ for any fixed o, and therefore p(¢ | o) is Gaussian.
The non-Gaussianity of the original distribution has been absorbed into the coupling between ¢ and
the latent variable o.

This is the essential content of the Hubbard—Stratonovich transformation: a non-Gaussian dis-
tribution over ¢ has been expressed as a mixture of Gaussian distributions, one for each value of
the latent variable o.

4.4 Sign Conditions and the Direction of Decoupling

The identity (4.1) requires g > 0—the coefficient of O? must be positive (an attractive interaction
in physics language). If instead we have a negative coefficient —%02 with ¢ > 0 (a repulsive
interaction), the identity takes the form

902\ = L [T (-7 4
exp( 20)—\/ﬁ/_mexp< 29—}—100) do, (4.3)

where the coupling 0O now carries a factor of i. The derivation is the same completing-the-square
argument, applied with 10 in place of O. The integral is still convergent and exact, but the coupling
is imaginary. For bosonic (real) fields in a Euclidean setting, this imaginary coupling generally does
not spoil the computation, but it does mean that the latent variable o cannot be straightforwardly
interpreted as a real random variable with a positive measure. We will note such sign issues as they
arise.

An important point: the “channel” in which we perform the HST is a choice. A quartic interaction
like A(¢?)? can be decoupled by introducing a latent field coupled to ¢? (a density or mass channel),
or—with more work—by introducing latent fields coupled to pair operators (a pairing channel), or in
other ways. Different channels lead to different latent-variable representations of the same original
distribution. They are all exact, but they produce different effective actions for the latent variable,
and some may be more amenable to approximation than others.

This freedom is analogous to the choice of latent-variable parameterization in a mixture model
or factor model: the same marginal can arise from many different joint distributions.
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Worked example: HST for a repulsive interaction

Consider the density p(¢) exp(—%m2¢2 - %454) with g > 0. The quartic term —%¢4 has a negative
coefficient: it is a repulsive interaction in the sense that it penalizes large ¢. We cannot use the
identity (4.1) directly because it requires a positive coefficient. Instead, we use (4.3):

e 39" — ¢=3(6*) = \/ﬁ < — +ioo > do.

The joint density becomes

p(p,0) x EXI)(—;(mQ —io)g? — ;f;) '

2

For fixed o, the ¢-integral is Gaussian with precision m? — io, provided Re(m? —ioc) = m? > 0

(which holds for real o). Integrating out ¢:
o2 1

Set(0) = % + 3 log(m? — i) + const.

i 2 .y _ g o 2 —ig2 —
S 7o) OF o(m*—io) = §. Expanding: m°o—io* =

The saddle-point equation aeff = 0 gives % =

%. Setting o = is (rotating the integration contour to the imaginary axis, so that s is real):

i 1
im28+s2:5g, ie., s +1m28—§g 0.

For small g, the solution is s =~ g/(2m?) (real and positive), giving o = is = ig/(2m?) and a saddle-
dressed mass m? —ioc = m? + g/(2m?). The quartic interaction has increased the effective mass, as
expected for a repulsive coupling.

The imaginary coupling ic in the HST is mathematically harmless—it simply means that the
saddle lies on the imaginary axis in the o-plane, and the steepest-descent contour must be deformed
accordingly. But it does mean that o cannot be interpreted as an ordinary random variable with a
positive density. We will encounter this again in the electron gas (Chapter 29), where the Coulomb

repulsion leads to the same imaginary-coupling structure.

Worked example: comparing two HST channels

The choice of HST channel—which composite observable O(¢) the auxiliary field o couples to—
is not unique. Different choices are all exact but lead to different effective actions with different
saddle-point approximations.

Consider N real fields ¢4, a = 1,..., N, with a quartic interaction that can be written in two
ways:

2
ao(T) -y
a a,b

Channel 1 (density): Introduce a scalar o coupled to O = ﬁ >, @2 The joint action has ¢

entering quadratically for fixed o, and integrating out ¢ gives S éflf) [o] = %02 + % Trlog(—V?+mi+
o). This is the channel used throughout most of this book.
Channel 2 (exchange): Alternatively, introduce a matrix My, coupled to the tensor O$> =

da®p. Then each ¢, sees a different potential from M, and the effective action becomes Sé?f) [M] =
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% Tr M? + %Tr log(—V28a + mgcsab + M,p), where the log-determinant now involves an N x N
matrix kernel.

Both channels give the same exact result after performing the o or M integral, but the saddle-
point approximation is different in each. Channel 1 has a single scalar saddle & and captures all
N components symmetrically, making it natural for the symmetric (disordered) phase. Channel 2
has a matrix saddle My, that can break the O(N) symmetry explicitly, making it more flexible but
harder to solve. In the symmetric phase, both saddles agree: My, = & 64. In the broken phase,
Channel 2 can find anisotropic saddles that Channel 1 misses.

The lesson is practical: when setting up an HST, choose a channel whose saddle is likely to
capture the dominant physics of the problem. Symmetry considerations often guide the choice:
if the phase of interest preserves the symmetry, the simplest (most symmetric) channel usually
suffices. If symmetry breaking is expected, a channel that allows the saddle to break the symmetry
is preferable.

4.5 Multivariate and Field-Theoretic Generalization

The one-dimensional identity (4.1) generalizes to many dimensions. For a vector O € R™ and a
positive-definite m x m coupling matrix G-

LT _ 1 LI T
eXp<20 GO> = (27r)m/2(detG)1/2/eXp<_20 G o+0 0] do. (4.4)

In the functional-integral (field theory) notation, O becomes a function O(z), the coupling matrix G
becomes a kernel G(x,y), the latent vector o becomes a latent field o(x), and the integral becomes
a functional integral [ Do. Every step is algebraically identical to the finite-dimensional case.

4.6 What the Latent Variable Represents

In the Hubbard-Stratonovich framework, the latent field o is coupled to the composite observable
O(¢). Tts role is to mediate the interaction: instead of having a direct quartic coupling O?, we have
a linear coupling 0O between o and ¢, and a quadratic “prior” g—; on o. The interaction is now

indirect—¢ influences ¢ through the coupling, and ¢ influences ¢ back.

The bird /flock analogy

A vivid analogy illuminates the entire HST framework. Consider a flock of starlings—hundreds of
individual birds, each adjusting its flight in response to its neighbors, producing a coherent, swirling
pattern.

The microscopic field ¢ is the individual bird: its position, velocity, and orientation. Each
bird interacts with its neighbors through local rules (“fly at the same speed, in the same direction,
without colliding”). These local interactions are the quartic (non-Gaussian) terms in the action.

The collective field o is the flock pattern: the large-scale shape, density, and flow direction
of the flock. No single bird is the flock, but the flock pattern emerges from the collective behavior
of all the birds.

The HST is the mathematical device that introduces the flock pattern as a new variable. Once
the flock pattern o is specified, each bird’s behavior becomes conditionally simple (Gaussian): it fluc-
tuates around the local flock direction with some variance. The complexity—the non-Gaussianity—
has been moved from the individual birds into the coupling between birds and flock.
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An even more apt analogy: people and society. Each person ¢; is a microscopic degree of
freedom, interacting with neighbors through social bonds (the quartic coupling). Society o—the
collective norms, institutions, culture—is the latent field. Given societal norms (o fixed), each
person’s behavior is relatively predictable (p(¢|o) is Gaussian). But the norms themselves are not
imposed from outside; they emerge self-consistently from the aggregate behavior of all individuals
(the gap equation: & is determined by (O(¢))z).

The saddle ¢ is the self-consistent social equilibrium: the norms that, when adopted, produce
behavior that sustains those norms.

The gap A is the cost a person must pay to break free from society. In a tightly conformist
society (large A), deviating from the norm is expensive: social ostracism, economic penalty, loss
of cooperation. The individual’s “excitation energy”—the energy needed to create a person whose
behavior differs from the collective pattern—is at least A. Below this threshold, no individual exci-
tation is possible; everyone remains locked into the collective mode. This is exactly the quasiparticle
gap in superconductivity: the energy Ag needed to break a Cooper pair and create an independent
electron excitation.

In a society with a small gap (weak conformity pressure), individuals can deviate cheaply, and
the collective pattern is fragile—fluctuations are large, correlations are long-ranged, and the society
is near a “phase transition” to a different collective state. In a society with a large gap (strong
conformity), individuals are tightly bound to the collective mode, fluctuations are suppressed, and
the society is rigid.

A Goldstone mode is a direction in which the entire society can “rotate” without cost: changing
the language everyone speaks, or the side of the road everyone drives on. The choice is arbitrary,
but once made, it is stable—the saddle has broken a symmetry. No individual pays a cost for the
rotation, because everyone rotates together. But if one person alone tries to drive on the other side
of the road, the cost is enormous—this is the gap, not the Goldstone mode. The gap measures the
cost of individual deviation; the Goldstone mode is a collective rotation that costs nothing.

At the saddle point of the o integral (discussed in Part IV), the latent variable takes the value 6 =
g {O(¢))s, which is the expected value of the observable O, rescaled by the coupling ¢g. In physical
contexts, ¢ becomes an order parameter: a magnetization, a pairing gap, a density background, or
a condensate, depending on what O represents.

This is not merely a mathematical convenience. The introduction of a latent variable coupled to
a physically meaningful observable—the density, the pair operator, the magnetization—gives us a
new field whose fluctuations describe collective behavior. The precision (inverse covariance) of this
collective field, computed by taking the second derivative of the effective action, is the polarization
or susceptibility of the observable O. We will develop this in Part V.
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Chapter 5

Effective Interactions from Latent-Variable
Marginalization

5.1 Gaussian—Gaussian Latent Models

To see how latent-variable marginalization generates effective interactions, consider a joint Gaussian
distribution over two groups of variables, which we call “visible” v and “hidden” h:

1 1
p(v,h) x exp(—QUTAv — ihTBh + UTWh) , (5.1)

where A and B are positive-definite matrices and W is a coupling matrix. This is a Gaussian with
a block precision structure.
What is the marginal distribution of v? We integrate out h. The terms involving h are

—%hTBh +h"W T,
which is a Gaussian in h with precision B and source W Tv. By completing the square:
/exp (—;hTBh + hTWTv> dh x exp@vTWBlW%) .
Combining with the v-dependent terms:

p(v) x exp(—;'u—r (A — WB_lWT) v) . (5.2)

The marginal precision of v is A — WB~™'W T, which is the Schur complement of B in the joint
precision matrix, exactly as in Section 2.5. The effect of the hidden variables is to modify the
precision of the visible variables by the term —WB~'W .

Notice the sign: the marginal precision is reduced relative to the conditional precision A. In-
tegrating out the hidden variables has generated an effective attraction (a reduction in cost for
certain configurations of v) that was not present in the original visible-variable precision. This is
the mechanism by which latent variables generate effective interactions.
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5.2 Connection to Restricted Boltzmann Machines

In machine learning, a closely related structure arises in the restricted Boltzmann machine (RBM).
An RBM with binary hidden units has the joint energy function

E(w,h)=—v Wh—b"v—c'h,
where h; € {—1,+1}. The marginal distribution of v is obtained by summing over h:

p(v) x Z exp (UTWh +b'v+ cTh> .
h

Since the h; are conditionally independent given v (this is the “restricted” structure), the sum
factorizes:

zh:exp(uTWh + cTh> = H Z exp(hj(ijv + cj)) = 1;[2cosh<ijv + cj) ,

j hj=%1

where w; is the j-th column of W. Taking the logarithm, the effective action for v is

Se(v) = —b'v — Z log cosh (w]—-rv + cj) + const. (5.3)
J

The log cosh terms are nonlinear (non-quadratic) functions of v, so the marginal distribution of v
is non-Gaussian. The latent marginalization has generated effective interactions among the visible
variables.

Compare this to the Gaussian—Gaussian case (5.2), where the marginal is still Gaussian. The
difference is that binary hidden units produce logcosh nonlinearities instead of the quadratic
%UTWB ~1W v that arises from Gaussian hidden units. The algebraic mechanism—marginalization
of hidden variables generates effective interactions—is the same.

Latent marginalization generates effective interactions. Whether the latent variables are con-
tinuous Gaussian, binary, Poisson, or anything else, integrating them out produces terms in
the effective action that couple the visible variables in new ways. The precise form of the
effective interaction depends on the latent distribution.

5.3 Effective Action as Negative Log Marginal Density

The general setting is a joint distribution p(¢, ) oc e %(®7) where ¢ are the variables of primary
interest and o are latent or auxiliary variables. The marginal distribution of ¢ is

p(6) = [ p(6.)do o exp(~Sin(9).
where the effective action is
Seft(¢p) = —log / e=5(99) dg 4 const. (5.4)

This is simply the negative log marginal density. It equals the negative logarithm of the integral
over latent variables.
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In statistics, [ e=5(®9) 4o is the marginal likelihood (with ¢ playing the role of data or parame-
ters, depending on context). In physics, Seg(¢) is the effective action obtained by integrating
out ¢. Only after stating the mathematical definition do we introduce the physics term.

We will use the same structure in the other direction: when the HST introduces a latent field o
and we integrate out the original field ¢, we obtain an effective action for o:

Set(0) = — log/e_s(d”") d¢ + const.

The effective action for the latent field o is the object we will study in most of the rest of the book.
Its saddle points, Hessians, and higher derivatives encode the physics of gaps, collective modes, and
phase transitions.

5.4 The Law of Total Covariance

A useful identity from probability theory connects the covariance structures before and after marginal-
ization. For a joint distribution p(¢, 0):

Cov(¢) = E;[Cov(¢ | 0)] + Covy(E[é | a]) . (5.5)

This is the law of total covariance (also called the variance decomposition or Eve’s law). The
first term is the average conditional covariance—the fluctuation of ¢ that remains even when o is
known. The second term is the covariance of the conditional mean—the variability of ¢ that arises
because o itself is random.

In the Gaussian-Gaussian model (5.1), the conditional covariance Cov(¢ | ) = A~! does not
depend on o (a special property of Gaussians), so the first term is simply A~'. The conditional
mean E[¢ | 0] = —A~'Wo is linear in o, so the second term is A~'W Cov(c) W' A~!. Adding
them gives the full marginal covariance of ¢, which must equal (A — WB~'W T)~! by (5.2). One
can verify this using the matrix identity for Schur complements—and the agreement is a consistency
check on our calculations.

What was exact, what was approximate, and what was conventional?

Exact. The Gaussian integral identity (4.1) and its multivariate generalization (4.4). The marginal
distribution (5.2) from the Gaussian-Gaussian model. The effective-action definition (5.4). The law
of total covariance (5.5). Nothing in this chapter was approximate.

Conventional. The term “Hubbard-Stratonovich transformation” for the identity (4.1). The
term “effective action” for the negative log marginal density (5.4). The description of the HST
as a “trick” in some textbooks—we have argued that it is better understood as latent-variable
augmentation.
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Chapter 6

The Schwinger Effective Action I'|¢]

We have defined two kinds of “effective action” so far: the negative log marginal density Seg|[o]
obtained by integrating out microscopic fields (Chapter 5), and the generating functional W[J] =
log Z[J] of connected correlators (Chapter 1). There is a third, due to Schwinger, that connects the
two and provides the natural home for the one-loop Trlog. It is the Legendre transform of W/[J],
and its Hessian is the precision (inverse propagator)—the perfect dual of the covariance.

6.1 The Legendre Transform

Recall that W[J] generates cumulants: ¢¢(z) = % = (¢(x))s is the mean field in the presence

of the source. Define the Schwinger effective action (or 1PI effective action) as the Legendre
transform:

F[¢cl] = Sl}p{J “Pel — W[J]} =Ji Ga — W[J*]a (6'1)

where J,[¢] is the source that produces the mean field ¢ : it satisfies (%/ ‘ g = ¢c1- This is the same
Legendre transform that converts entropy to free energy in thermodynamics, or the log-partition
function to the rate function in large deviations theory.

6.2 The Equation of Motion

Differentiating (6.1) with respect to ¢:
or
S ()
At J = 0 (no external source), the physical vacuum satisfies % = 0: the Schwinger effective action

is stationary at the physical mean field. This is the quantum equation of motion, generalizing the
classical Euler-Lagrange equation.

= J.(z). (6.2)

6.3 The Hessian of I' Is the Precision

The crucial property: the second derivative of I' is the inverse of the second derivative of W. To
see this, differentiate ¢¢(z) = 5‘3—% with respect to ¢i(y), using the chain rule through J:

B »w ) 6J«(2)
oo —y)= / 5@ 07()  Sbaly)
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But % = G(z, z) (the connected two-point function, i.e., the covariance), and (‘55(‘;*1 =3 ¢‘2125F¢d
(from (6.2)). Therefore:
= ) = tor — precison) 63
—_ = x,y) = (inverse propagator = precision). :
50a(@) 60a(y) ’ °

This is the covariance—precision duality of Chapter 2, now elevated to the full quantum theory:

Second derivative Interpretation

WI[J] 82W/sJ? =G Covariance (propagator)
Dlpa] 6°T/6¢% = Precision (inverse propagator)

W and I' contain the same information, but W encodes it as covariance (how fields fluctuate
together) while I" encodes it as precision (how costly those fluctuations are).

6.4 The One-Loop Approximation: Where Trlog Appears

The Schwinger effective action has a systematic expansion. At tree level (saddle-point), I'[¢q] ~
S[pe]—the classical action evaluated at the mean field. The first quantum correction is the one-loop
determinant:

L[] = S[pa] + %Tr log S”[¢a] + (two-loop and higher), (6.4)

where S"[pq] = 5 ¢2 ‘ 4o 1 the Hessian of the classical action at ¢g.

This is the canonical definition of the one-loop effective action and of the Trlog in field theory.
It is the Laplace approximation (Chapter 8) applied to the path integral Z[J] = [ D¢ e S+,
expanded around the saddle ¢;.

6.5 Comparison: Schwinger I' vs. HST S.¢

Schwinger T'[¢.] HST Seqlo]
Variable Mean field ¢ = (@) s Auxiliary field o
Defined by Legendre transform of W1J] Integrating out ¢ from p(¢, o)
Hessian gives Precision G~ of ¢ Precision D~! of o (collective)
One-loop S[pa] + 3 Trlog S [¢el] Solo] + & Trlog M (o)
Exact for No specific case ¢ entering quadratically

Physical content Full quantum effective potential —Collective-field effective action

The two effective actions are different objects that play complementary roles. T'[¢q] is the
effective action for the original field ¢—its Hessian gives the precision (inverse propagator) of ¢.
Sett[o] is the effective action for the auxiliary field o—its Hessian gives the precision of o (the
collective propagator). Both involve Trlog, but the operator inside the Trlog is different: S”[¢]
in Schwinger’s case, M (o) in the HST case.
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6.6 Connecting the Auxiliary-Field Propagator to the Fundamental-
Field Propagator

A question that frequently confuses newcomers: if ¢ is an auxiliary variable introduced by hand,
how does its propagator D = K ! relate to the propagator G of the fundamental field ¢?

The answer involves the law of total covariance (Chapter 5) and the structure of the HST
coupling.

The exact relation

In the joint distribution p(¢, o), the marginal covariance of ¢ is (by the law of total covariance):
Cov(¢) = E;[Cov(¢|o)] + Cov,(E[p|o]).

The first term is the average conditional covariance: the fluctuation of ¢ at fixed o. For the HST,
p(¢|o) is Gaussian with precision M (o), so Cov(¢|o) = M (o)t = G,.

The second term is the covariance of the conditional mean. If O(¢) is the observable coupled to
o and E[¢|o] depends on o through G, then this term involves D (the covariance of o).

At the RPA level (Gaussian approximation for o around &), the total covariance of ¢ becomes

Gij = [Galij + Y _[GsTliz D(w,y) [[Gsly;- (6.5)
zy

The first term is the saddle-dressed propagator (the covariance at fixed ). The second term is
the correction from o-fluctuations: two “legs” of GzI' coupling ¢ to o, connected by the collective
propagator D.

This is a Dyson-like equation, but for the full self-energy including collective-field fluctuations:

G =G + Shue, Yue ~ T DT.

The fluctuation self-energy >.q,. is the contribution from virtual exchange of collective-mode quanta
(o-propagator insertions), dressed by the coupling vertices I'.

The physical picture

The saddle-dressed propagator G5 includes the effect of the mean collective field (the average societal
norm, in the person/society analogy). The correction I'DI" includes the effect of fluctuations of the
collective field (fluctuations of societal norms around their equilibrium). The full propagator G
includes both.

In many systems, the dominant effect is the saddle: G =~ G5, with the fluctuation correction
being a 1/N or 1/V effect. Near a phase transition, however, D diverges (because K — 0), and
the fluctuation correction becomes large. This is why mean-field theory breaks down near critical
points: the collective-field propagator D becomes long-ranged, and its contribution to G through
the I'DI" insertion dominates.

Diagrammatic interpretation

The relation G = Gz + GzI'DI'G5 + - - - has a clear diagrammatic interpretation. Each D insertion
is a “bubble chain” (since D = (Dg' + II)~! is itself an infinite series of bubbles). The full ¢-
propagator includes the bare propagator, the saddle correction (from &), and an infinite series of
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collective-mode exchange diagrams. This is exactly the resummation that the RPA performs: it
replaces the direct ¢-¢ interaction by the exchange of dressed collective quanta.

In particle physics language: the bare interaction V between two electrons is the Coulomb
potential. The RPA replaces this by the screened interaction D, which includes the polarization
of the medium. The electron propagator G includes both the Hartree self-energy (from &) and the
exchange of plasmons and screened Coulomb quanta (from D). The auxiliary-field propagator D
mediates the effective interaction between the fundamental particles.

In the bird/flock analogy: I'[¢] is the effective action governing the “average bird” ¢.—its
Hessian tells us how costly it is to change the average bird’s behavior. Seg[o] is the effective action
governing the “flock pattern” c—its Hessian tells us how costly it is to change the collective pattern.
The two are related but distinct: changing the average bird changes the flock, and changing the
flock changes each bird, but the costs of these two operations are different.

Emergent excitations are not fundamental particles

There is a deeper asymmetry between I' and S that goes beyond the comparison table above. The
Schwinger effective action I'[¢¢] is defined for the fundamental field ¢p—the field that appears in
the microscopic Lagrangian and that has its own path integral weight eS¢, The HST effective
action Sego] is defined for an auziliary field o that was introduced by hand through the Hubbard—
Stratonovich identity. The field o does not appear in the original Lagrangian; it has no independent
microscopic dynamics. Its entire effective action—including its “kinetic energy” (gradient terms)
and “mass” (Hessian eigenvalue)—is generated by integrating out the fundamental field ¢.

This means that Seg[o] generally cannot be written as a Schwinger effective action for o. There
is no underlying microscopic action Sp[o] for which Seg is the Legendre transform. The collective ex-
citations of c—phonons, plasmons, magnons, the Higgs mode, the Anderson—Bogoliubov mode—are
emergent. They propagate, scatter, and decay, and they can be detected experimentally, but they
are not fundamental particles in the sense of having their own entry in the microscopic Lagrangian.
They exist because of—and only because of—the collective organization of the microscopic degrees
of freedom.

In the person/society analogy: “societal norms” are not a person. You cannot write a micro-
scopic Lagrangian for a norm. Norms emerge from the aggregate behavior of people, and they can
change, propagate, and interact—but they are a different ontological category from the individuals
whose behavior generates them. The Schwinger effective action describes the quantum mechanics of
individuals; the HST effective action describes the emergent dynamics of their collective patterns.

6.7 The Self-Energy from I'

Since T"[¢q] = G™!, and for a free theory Tl = Gy = S”, the self-energy is
2 =T"[¢a] = §"[¢pa) =G~ = Gy,

recovering our definition from Chapter 17. The self-energy is the difference between the full and
classical Hessians of '—the quantum correction to the precision. Higher derivatives of I' give the
1PI vertices, which are the irreducible building blocks from which all connected correlators are
constructed.
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Chapter 7

The HST as a Composite-Operator Source

The Schwinger effective action I'[¢¢] and the HST effective action Seg|o] look like different objects.
This chapter shows that they are connected by a simple reformulation: the HST auxiliary field o
is a source coupled to a composite operator, and the HST “prior” 02/(2g) is the cost of maintaining
that source.

7.1 The Generating Functional for a Composite Operator

Consider a field theory with quadratic action Sy[¢] and a composite observable O(¢) (for example,
O(¢) = ¢(x)?). Define the generating functional with a source .J coupled to O:

Wols) = tog [ Do exp( s + [ 10) 0ol d ) . (7.1)

This is exactly the Schwinger generating functional from Chapter 1, but with the source coupled to
the composite operator O instead of to the fundamental field ¢. The first derivative Wy /dJ(x) =
(O(¢p(x)))s gives the expectation of O in the presence of the source.

7.2 The HST Effective Action as Source Cost Minus Response Ben-
efit

Now recall the original problem: the full action includes a quartic interaction —(g/2) [ O($)?. The
HST introduces an auxiliary field o to decouple this quartic term:

7= /Da exp<_‘2’;> /m exp<—so[¢} +/00(¢)>.

The inner ¢-integral is precisely eVol?l — the generating functional (7.1) evaluated at source J = o.
Therefore:

Setlo] = — — Wolo]. (7.2)

The HST effective action is the source cost 0?/(2g) minus the response benefit Wo[o]. The
source cost is quadratic: maintaining a source of strength o costs 02/(2g). The response benefit is
the log-partition function gain from turning on that source. The coupling constant g controls how
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CHAPTER 7. THE HST AS A COMPOSITE-OPERATOR SOURCE

cheap it is to tilt the distribution: large g means cheap sources and strong effective interactions;
small g means expensive sources and weak interactions.

This decomposition reveals the meaning of the HST “prior” 02 /(2g): it is not an arbitrary choice
or a mathematical artifact. It is the cost of the source—the price paid for tilting the microscopic
distribution toward a particular value of the composite observable O.

7.3 The Gap Equation as an Optimality Condition

The saddle-point condition §Seg/do = 0 becomes:

o Wo
g oI |, (O(0))s- (7.3)

=0

The left-hand side is the marginal cost of increasing the source strength by do. The right-hand
side is the marginal benefit—the induced expectation of O under the tilted distribution. At the
saddle, marginal cost equals marginal benefit.

This is an optimality condition: the source strength & is chosen so that the cost of maintaining
the source is exactly balanced by the response it induces. In economics language, the saddle is
the market-clearing price: the price ¢ at which supply (the willingness to pay the source cost d/g)
equals demand (the induced response (O)z).

In the person/society analogy: the “source” o represents the strength of a social institution (a
law, a norm, a cultural practice). Maintaining the institution costs 02/(2g) (enforcement, education,
social pressure). The benefit Wp[o] is the increased social order it produces. The gap equation says:
the institution’s strength is self-consistently determined at the point where the marginal cost of
enforcement equals the marginal benefit of compliance.

7.4 The Hessian and the Collective Susceptibility

The second derivative of Seg gives the collective-field precision:

S 1 8*Wo 1 @)
so2 g 8J% |, g XO9);

K =

where xo = 02Wp/8J% = Cov;(0,0) is the susceptibility of O (the covariance of the composite
observable under the tilted distribution, evaluated at J = &). This recovers the Hessian structure
K= Dal + IT from Chapter 15, now with the identification:

1
Dy' =~ (inverse source cost), II=—x0 (negative susceptibility).
The collective propagator D = K~! = (1/g — xo)~' diverges when xo — 1/g: when the suscep-

tibility of O is large enough to overcome the source cost, the collective field becomes critical and
long-range order develops.

7.5 Connection to Legendre Transforms

If we define the Legendre transform of Wy [J] as

FO[UCI] = Sl}p{J *Ocl — WO[J]}a
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CHAPTER 7. THE HST AS A COMPOSITE-OPERATOR SOURCE

where o = (O); is the mean of O in the tilted distribution, then the HST effective action at the
saddle can be written as
. a? o _
Seff[O'] = % — W()[U] = 2*9 — 0 0¢ +FO[UCI]7

using Wplo] = 7 - ¢ — T'0[da). This shows how the HST effective action, the Schwinger-type
Legendre transform I'p for the composite operator, and the source cost o2/(2g) fit together. The
HST is the composite-operator generalization of the Schwinger formalism, with an explicit source
cost that determines the coupling strength.
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Part 111

The Origins of Trlog
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The expression Trlog M, where M is a matrix (or operator) that depends on parameters, is one of
the most frequently encountered objects in field theory. It appears in the effective action whenever
Gaussian variables are integrated out, and also in the Laplace (saddle-point) approximation for
non-Gaussian integrals.

This part is devoted to understanding where Trlog M comes from, what it means, and how
to differentiate it. We will carefully distinguish three distinct origins of the same formula: exact
bosonic Gaussian integration, exact fermionic Grassmann integration, and approximate Laplace
expansion.
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Chapter 8

Exact Bosonic Gaussian Marginalization

8.1 The Setting

Consider a joint distribution of two variables: a “slow” or “collective” variable o and a “fast” or
“microscopic” variable x. Suppose the joint action has the form

S(6.0) = 50(0) + 5" M(o)x (1)

where M (o) is a positive-definite matrix (or operator) that depends on o, and the y-dependence is
purely quadratic. The variable x is, for each fixed o, a Gaussian random variable.

This is exactly the situation produced by the Hubbard—Stratonovich transformation when we
introduce a latent field ¢ and the original field ¢ enters quadratically. It also arises naturally when
a field theory has two types of variables, one of which appears only quadratically (as fermions often
do, as we will see in the next chapter).

8.2 Integrating Out the Gaussian Variable

The effective action for ¢ is obtained by integrating out y:

1
e~ Sefi(0) — / dy exp(—So(U) — 2XTM(U)X> .

Since Sy(o) does not depend on Yy, it factors out:

1
e~ off (0) — e_SO(U)/ dX eXp<_2XTM(O-)X> :

The x-integral is a Gaussian integral (equation 2.3):

/ dy exp<;XTM(a)X> — (2m)"/2 (det M(c)) /2.

Taking — log of both sides:

1
Set(0) = So(o) + 3 Trlog M (o) + const. (8.2)

Here we used the identity log det M = Trlog M (which holds because det M = [], A\; and log [ [, \i =
>, log A\j = Trlog M when log M is defined through the eigendecomposition).
Let us be very precise about the status of this result:
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CHAPTER 8. EXACT BOSONIC GAUSSIAN MARGINALIZATION

This Trlog is exact. It arises from exact Gaussian integration over y. No Taylor expansion,
no saddle-point approximation, and no truncation have been made. The only assumption is
that y enters the action quadratically.

The constant absorbs the (27r)”/ 2 factor and is independent of o. It can be dropped when we
are interested in the o-dependence of the effective action.

8.3 The Structure of the Effective Action

The effective action (8.2) has two terms. The first, Sp(o), is the “bare” action for o—whatever o-
dependent terms were present before integrating out x. The second, %Tr log M (o), is the contribu-
tion from the x fluctuations, often called the fluctuation determinant or one-loop determinant
(we will explain the “one-loop” terminology later).

The sign is important: the effective action has —|—% Trlog M, which means that larger values of
det M increase the effective action and therefore suppress the probability weight e~ . Intuitively:
when M (o) is large (high precision for y), the Gaussian integral over x gives a small result (the x
fluctuations are tightly constrained), contributing less to the marginal weight at that value of o.

Conversely, when M (o) is small (low precision, large covariance), the Gaussian integral gives a
large result (the x fluctuations are broadly distributed), contributing more to the marginal weight.
This is the Bayesian “Occam factor’—wider parameter spaces are penalized less by the marginal
likelihood.
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Chapter 9

Exact Fermionic Gaussian Marginalization

9.1 Why a Separate Chapter?

In physics, many of the variables one wishes to integrate out are fermionic—they describe electrons,
quarks, or other spin—% particles. Fermionic fields are represented mathematically by Grassmann
variables: anticommuting algebraic objects that are not ordinary real or complex numbers. This
chapter introduces Grassmann variables and shows how their integration produces a Trlog with the

opposite sign from the bosonic case.

9.2 Grassmann Variables: The Essentials

A Grassmann variable 6 is a formal algebraic object satisfying 2 = 0. This implies that for two
Grassmann variables 0; and 03: 6105 = —600; (anticommutativity). Any function of a single
Grassmann variable has only two terms: f(0) = a + b6.

Integration over Grassmann variables is defined algebraically by the Berezin integral:

/delzo, /deezl.

These rules may look strange, but they are the unique linear rules that make the integral translation-
invariant.

9.3 The Fermionic Gaussian Integral

For n pairs of Grassmann variables ¢;,¢; and an n X n matrix M:

/ dgpy depy -+ b dipy exp | =Y ¥iMijep; | = det M. (9.1)
0,
The crucial difference from the bosonic case: the fermionic integral gives det M rather than (det M )12,
Let us verify for n = 1: a single pair 9,% and a scalar m. Then e™™¥%¥ = 1 — ma) (because
(¢)? = 0). Therefore [ d¢p dyp (1 —maprp) = m, which equals det M = m.
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CHAPTER 9. EXACT FERMIONIC GAUSSIAN MARGINALIZATION

9.4 The Fermionic Effective Action

Integrating out fermions from S(v,1),0) = M () + So(o):

‘Seff(O') = So(0) — Trlog M (o) + const. ‘ (9.2)

Comparing with the bosonic result (8.2):
Bosonic: Seg = So + % Trlog M, Fermionic: Seg = So — Trlog M.

The differences are: (1) Sign: bosonic gives + Trlog, fermionic gives — Trlog. (2) Factor of %:
present for bosonic, absent for fermionic (because a real bosonic Gaussian has %XTM x while a
fermionic Gaussian has ¥ M1 with two independent Grassmann fields).

Both Trlog expressions are exact, contingent on the integrated variables entering the action
quadratically.

9.5 A Cautionary Note

Grassmann integration is an algebraic operation, not an integral over a probability measure. The
“density” e"¥M¥ does not define a probability distribution in the ordinary sense. The fermionic
“propagator” M ! is defined by analogy with the bosonic covariance, and it obeys similar algebraic
identities (Wick’s theorem has a fermionic version with sign factors), but it is not a covariance
matrix of an ordinary random variable.

We will use probabilistic language for fermionic quantities where it is algebraically justified, and
we will flag explicitly when the analogy breaks down.
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Chapter 10

The Laplace Approximation

10.1 When the Exact Route Is Unavailable

The results of the previous two chapters produce Trlog from exact Gaussian integration. But in
many problems, the variables we wish to integrate out do not enter the action quadratically. In such
cases, we cannot perform the integral exactly. The most widely used approximation is the Laplace
approximation (also known as the saddle-point approximation), which approximates the integral
by expanding the exponent to second order around its maximum.

10.2 The Laplace Approximation in One Dimension
Consider the integral Z = ffooo e Nf@) Az, where f(z) has a unique global minimum at = = z,

with f/(z,) =0 and f”(z.) > 0. When N is large, the integrand is sharply peaked near ., and we
approximate f by its second-order Taylor expansion:

Fla) ~ flm) + ") (e — 2.)2

Substituting:

Zme / eXp(‘Zf (@) (x — a:f) dz = e~ N/ @) J\U“27T(x)

Taking — log:
1 1
—log Z =~ Nf(x.) + 3 log(N f"(z4)) — 3 log(2m). (10.1)

10.3 The Multivariate Laplace Approximation

For a vector ¢ € R™ and action S(¢) with a unique minimum at ¢, (where V.S(¢,) = 0 and the
Hessian H, = V2S(¢,) is positive-definite), we claim:

Z = /eSW’) dg ~ e=¥@) . (21)"/2(det H,) /2. (10.2)

Taking — log:
1
—log Z = S(¢s) + 3 Trlog H, + const. (10.3)
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CHAPTER 10. THE LAPLACE APPROXIMATION

Let us derive (10.2) step by step. Write ¢ = ¢, + 1 and expand S to second order:

S(¢i +m) = S(¢s) + VS(¢s) 'n + %nTHm +O0(Inf?).

The linear term vanishes because ¢, is a critical point: V.S(¢4) = 0 by assumption. Since d¢ = dn
(a translation does not change the measure), the integral becomes

1

The remaining integral is exactly the Gaussian integral (2.3) with A = H,:

/ eXp(‘;nTﬂm) dn = (2m)"/?(det H.)"V/2.

Combining gives (10.2). Taking — log and using log det H, = Trlog H,:
1 1
—log Z ~ S(¢«) + 5 log det H, + const = S(¢4) + 3 Trlog H, + const.

The first term S(¢y) is the value of the exponent at the saddle (the MAP value in Bayesian language).
The second term %Tr log H, is the Laplace correction, arising from the curvature at the saddle.

Here is the Trlog again, but now its origin is different from the exact Gaussian case. When
applied to the path integral Z[J] = [ D¢ e 512179 expanded around the mean field ¢, this Laplace
result gives the one-loop Schwinger effective action:

F(l—loop) [¢c1] — S[(;sd] + %Tr log S“[d)cl]'

This is the canonical definition of the one-loop approximation in quantum field theory: the classical
action plus the Trlog of its Hessian. The Schwinger effective action I'[¢)] (which we will develop
fully in Chapter 6) is defined exactly by a Legendre transform; the expression above is its leading
approximation.

Statistics and ML Physics
Mode / MAP point Saddle / classical background
Inverse Hessian at the mode Gaussian fluctuation propagator

Laplace correction %Tr log H,  One-loop determinant
Local Gaussian approximation One-loop approximation

10.4 The Crucial Distinction

It is essential to distinguish the two origins of Trlog that we have now encountered:

Exact Gaussian integration (previous chapters): when the integrated variable enters the
action exactly quadratically, the Trlog is exact. No approximation has been made.

Laplace approximation (this chapter): when the integrated variable enters the action non-
quadratically, the Trlog arises from a second-order Taylor expansion and is an approximation. Its
accuracy depends on how sharply peaked the integrand is.

Both produce the same algebraic expression, but their status is different. Physics textbooks
sometimes blur this distinction, using the phrase “one-loop effective action” for both cases. We will
always state which origin is at play.
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Chapter 11

Matrix Calculus for Trlog

The effective action involves Trlog M (o), where M depends on a parameter o. To find saddle points,
compute Hessians, and derive gap equations and polarization bubbles, we need to differentiate
Trlog M with respect to . This chapter develops the necessary identities from first principles.

11.1 Derivative of a Matrix Inverse

We begin with the most basic identity. Let M = M (o) be invertible and depend smoothly on o.
Start from MM~! = I. Differentiate both sides with respect to o using the product rule:

dM dM !
— Mt M =0.
do + do 0
: dMm—!
Solving for “7-
dM—! dM
=-M'—M" 11.1
do do (11.1)
This is the matrix analogue of %% = —JJ:—;. The two factors of M~! (one on each side of dM/do)

reflect the non-commutativity of matrix multiplication. In variational notation:
S(M™Y) = —M~Y(sM) M1, (11.2)

This identity will appear repeatedly. It tells us that the derivative of a propagator (covariance) with
respect to a parameter that changes the precision is a “sandwich” of two propagators around the
precision variation.

11.2 Jacobi’s Formula: Derivative of Trlog M

We derive the identity

do do

iTrlogM = Tr<M—1dM>. (11.3)

Derivation. Consider a family M (o) and write, for small e:

il

M(o+¢€) = M(o) (I—l—eM(a) 7

+ 0(62)> .
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Taking log det of both sides:

dM
Trlog M (o + €) = Trlog M (o) + Trlog([—i— 6M_1da> + O(e?).

Using Trlog(I + €X) = € Tr(X) + O(€?):

dM
Trlog M (o +¢€) —Trlog M (o) =€ Tr<M1do) + O(€%).

Dividing by € and taking ¢ — 0 gives (11.3). In variational notation:

§ Trlog M = Tr(M~'6M). (11.4)

This is the identity used to derive gap equations: the saddle-point condition 5‘;—3‘* = 0 requires differ-

entiating Trlog M (o) with respect to o, and (11.3) tells us that the answer involves the propagator
ML

11.3 Second Derivative of Trlog

Taking one more derivative gives the Hessian of Trlog M, which we will identify (in Part V) as the
polarization bubble.
Starting from % Trlog M = Tr(M~'M’) (primes denote o-derivatives), differentiate again:

2 —1
L Trlog M = Tr AM) g + MM (11.5)
do? do
. M1y,
Using (11.1) for =—-—:
=Tr(-M'"M'M7'M' + M 'M") = -Te(M'M' M~ 'M') + Te(M ' M"). (11.6)

Now, in many applications, M (o) depends linearly on o:
M(o) = Ay +oT, (11.7)

where Ap and T" are fixed matrices. In this case, M’ =T and M"” = 0. The second term in (11.6)
vanishes, leaving

2
d—TrlogM = —Tr(GI'GT), (11.8)
do?
where G = M~! is the propagator. This is a product of two propagators and two insertion matrices
I', traced over all indices. When drawn as a diagram, it consists of two propagator lines running in
a loop with insertions I' at the two junctions—a bubble.

We have now derived the bubble from matrix calculus, without any reference to Feynman di-
agrams or perturbation theory. It is simply the second derivative of Trlog M with respect to a
parameter on which M depends linearly.

In the functional (field-theory) setting, o, — o(z) and the second functional derivative becomes

2
———— Trlog M = —tr|G ra r 11.9
50’(%‘) 50(3/) rlog I‘[ (l’,y) (y,CU) ]a ( )
where tr denotes a trace over internal indices and G(x,%) is the kernel of M 1. In Fourier space:
T(q) = — / 6e[G(k + )T G(R)T]. (11.10)
k

This is the polarization bubble, derived here as a Hessian.
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11.4 The Power-Series Expansion of Trlog

For later reference, we record the expansion of Trlog as a power series. Let M = A+ V. Then

Trlog(A + V) = Trlog A + Trlog(I + A~'V).

Using log( + X) = X — 1 X2+ £ X3 — .- (valid for || X|| < 1):
1 - (- =
Trlog(I+ A7'V) =Y ~——Tr(A'V)". (11.11)
n=1 n
Writing Go = A™!:
1 1
Trlog(A+ V) =Trlog A+ Tr(GoV) — 5 Tr(GoVGoV) + 3 Tr(GoVGoVGoV) — -+ (11.12)

The terms have a clear algebraic structure: the n-th term is a trace of n alternating propagators
and insertions, forming a closed chain.

Order n Algebraic expression Physics name

1 Tr(GoV) Tadpole
2 3 Tr(GoVGoV) Bubble
3 LT (GoVGoVGeV) Triangle
4 % TI"(G()VG()VG()VG()V) Box

Each name refers to the shape of the corresponding diagram: a loop with one, two, three, or

four external insertions.

14 14 Triangle Box

4 Bubble
Tadpole

Wavy lines represent propagators GGo; dots represent insertions V. Each diagram is a closed polygon
with n sides (propagators) and n corners (insertions). But these are just the terms in a Taylor
expansion of log(I + X), applied to the matrix X = GoV. The algebra is elementary. The diagrams
are bookkeeping.

What was exact, what was approximate, and what was conventional?

Exact. Every identity in this chapter—equations (11.1) through (11.10)—is an exact result of
finite-dimensional matrix calculus.

Approximate. The power-series expansion (11.11) is exact within its radius of convergence;
outside this radius, it becomes a formal or asymptotic series. In continuum field theory, the indi-
vidual terms may be divergent and require regularization.

Conventional. The names “tadpole,” “bubble,” “triangle,” and “box” for the terms in the Trlog
expansion. These are diagrammatic labels for algebraic expressions.
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Chapter 12

The Heat Kernel: Evaluating Trlog for
Differential Operators

The previous chapters showed where Trlog M comes from and how to differentiate it. This chapter
addresses how to evaluate Trlog M when M is a differential operator—such as M = —V? +m? +
V (x)—acting on functions over a d-dimensional space.

The answer is the heat kernel expansion, which expresses Trlog M as a series of local geo-
metric invariants. This expansion is the bridge between the abstract Trlog and concrete physical
quantities (masses, couplings, curvatures).

12.1 The Heat Equation and Its Kernel

Consider D = —V2 + V(z) on R?, with V(x) > 0. The heat equation is the diffusion equation
Ou/0t = —Du, with solution u(t, ) = (e *Pug)(z). The integral kernel

K(t,a,y) = (zle”Ply) (12.1)

is the heat kernel: the temperature at x at time ¢ given a unit heat source at y at time 0.

The name “heat kernel” comes from this physical interpretation. In probability, K(¢,z,y) is
the transition density of Brownian motion with drift V. In machine learning, K (¢, x,y) is a diffu-
sion kernel—a positive-definite kernel defining a Gaussian process whose covariance reflects the
geometry of the underlying space through D.

12.2 Schwinger’s Proper-Time Representation

Julian Schwinger introduced a representation connecting the heat kernel to Trlog. The key identity

is

°° dt

log A = —/ — (e*t)‘ = eﬂt) , A >0, (12.2)
o ¢

verified by differentiating both sides: 1/\ = fooo e tMdt. Applying to each eigenvalue A, of D and
summing;:

o dt —tD —tD
Trlog D = — v (Tr ™™ —Tr e, (12.3)
0
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where Dy is a reference operator providing the subtraction. Schwinger called ¢ the proper time:
it parameterizes a fictitious diffusion process in which a random walker probes the potential V()
and the geometry. Short ¢ probes the ultraviolet; long ¢ probes the infrared.

12.3 The Short-Time Expansion: Seeley—DeWitt Coeflicients

The central result is the asymptotic expansion of K (t,z,z) as t — 0T

K(t,z,z) = (47rtl)d/2 z_;]an(a:) t". (12.4)

The a,(x) are the Seeley-DeWitt coefficients: local functions of V' and its derivatives.
Derivation of ag. For V = 0, the free heat kernel at coincident points is Ko(t,z,z) =
1/(4nt)%?, giving ag = 1.
Derivation of a;. Using the Duhamel (interaction picture) expansion to first order in V:

t
et =VHY) ot V2 / ds etV esV2 4 o(V?).
0

The first-order correction at coincident points gives 6K (¢, z,x) = —tV (z)Ko(t, z, z) + O(t?), so
ai(z) = V(z). (12.5)

A note on sign conventions. The signs require care. For constant V = m?, the exact
heat kernel is K(t,z,2) = (4mt)~%2¢~™*t and the expansion e ™t = 1 — m2t + # — -+ has
alternating signs. The convention (12.4) defines a,, as the coefficient of t" in the asymptotic series
of K(t,z,x) - (4nt)¥?: so ag = 1, a; = V, ay = V?/2 4 V2V/6, with the sign of the exponential
absorbed into the definition. When substituted into Schwinger’s formula (12.3), the alternating
signs of the exponential combine with the t-integration to produce the correct signs in the effective
action. The reader should verify consistency by checking the constant-V case: % Trlog(—V?+m?) =
% fk log(k? +m?), which is the sum of logs of eigenvalues k? +m? > 0, all positive.

The coefficient as. At second order, including gradient corrections:

as(z) = %V@)Q + %VQV(JJ). (12.6)

The V2/2 comes from V acting twice; the V2V/6 from the non-commutativity of —V? and V. On
a curved manifold with Ricci scalar R, an additional term (£ — 1/6)R appears in a;, where ¢ is the
scalar-curvature coupling.

12.4 Heat Kernel on Curved Manifolds: Gravity from Fluctuations

The heat kernel expansion becomes dramatically richer on a curved Riemannian manifold (M, g).
Consider the Laplace-type operator

D= -V?*+V(x)+£R(x),

where V2 = g~/ 20,( g'/2g"*d,) is the Laplace-Beltrami operator, R(z) is the Ricci scalar curvature,
and £ is a coupling constant ({ = 0 for minimal coupling, £ = (d — 2)/(4(d — 1)) for conformal
coupling).
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The Seeley-DeWitt expansion on a curved background gives
1 (o)
K(t,z,z) = ZEnT ;an(x) ", (12.7)

where the coeflicients now involve curvature invariants:

ag(x) = 1. (Unchanged from flat space.)

a1(z) = V + (£ — §)R. The Ricci scalar enters through the commutator [V, V,] acting on
scalars, which produces Christoffel symbols and ultimately R.

02() = V24 19V (€~ DRV + 1k (R R — Ry B0 + 36— PR+ J( — VR

Here R0 is the Riemann tensor and R, is the Ricci tensor. The specific combinations of
curvature invariants are universal for a scalar field; they change for fields with spin.

Substituting into Schwinger’s formula, the one-loop effective action of a scalar field on a curved
background is

1 1 A? Ad2
—TrlogD = ———+ d — — -+ log A finite| . 12.
5 Trlog 2(47r)d/2/dm\/ﬁ[d/2ao+(d_2)/2a1+ +log A ag/p + finite (12.8)

The curvature-dependent terms generate gravitational actions:

The [ V9 ao d4z = / N d%z term is the cosmological constant: a volume-proportional con-
tribution to the action, independent of curvature.

The [ \/gai d%z D (£—%) [ /g R d%a term is the Einstein—Hilbert action. This is the central
result: integrating out a quantum scalar field on a curved background generates the Einstein—Hilbert
action ﬁ J VIR d?z, where the induced Newton’s constant is G~1 o< (£ — é)Ad_Q.

The f V9 a2 diz > f \/§(01R2 + coR, R + c3 Ry pe RFP?) d%z terms are higher-derivative
gravity—quadratic curvature corrections that are important at short distances but suppressed by
1/A? relative to the Einstein—Hilbert term at long distances.

This is a remarkable result from the perspective of this book’s framework: gravity—the Einstein—
Hilbert action governing the dynamics of spacetime geometry—emerges from the Trlog of matter
fields integrated out on a curved background. The mechanism is identical to the one we have
seen throughout: integrating out microscopic (matter) degrees of freedom generates an effective
action for the collective (geometric) variable, with the Trlog producing both local terms (cosmo-
logical constant, Einstein—Hilbert) and non-local terms (through the momentum dependence of the
polarization).

Of course, this does not mean gravity is “explained” by quantum matter fluctuations alone—the
classical Einstein—Hilbert action exists independently. But it shows that the same mathematical
machinery (marginalization — Trlog — effective action) that produces gaps, Goldstone modes, and
screening also produces the structure of general relativity.

12.5 Heat Kernel for Gauge-Covariant Laplacians: Yang—Mills from
Fluctuations

The heat kernel expansion is even richer when the field carries internal (gauge) indices. Consider a
field ¢(z) transforming under a gauge group G, coupled to a background gauge field AZ(&?) The
gauge-covariant Laplacian is

D:_(DMDM)""V(:U)? Duzaﬂ—i_iA#’
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where A, = A}T* is the gauge connection (a matrix in the Lie algebra of G) and D, is the
gauge-covariant derivative.
The key new ingredient is the field strength

Fu = 0,A, —0,A, +i[A,, A,

which enters through the commutator of covariant derivatives: [D,, D,| = iF),,. The Seeley-DeWitt
coefficients now involve traces over both spacetime and internal indices. Writing tr for the internal
trace and [ for the spacetime integral:

[ d% tr ap = [ d%z dim(representation). (Volume times the dimension of the field’s represen-
tation.)

[ d% tr a1 = [ d% tr V. (As before, with an internal trace.)

[ dx trag = [ dda [Ftr V2 + L tr V2V + & tr(F,, F*) + curvature terms].

The crucial term is % tr(F),, F*): this is the Yang—Mills action. Substituting into Schwinger’s
formula:

1 log A
(4m)d/2 24

This is the Yang—Mills kinetic term for the gauge field, generated by integrating out charged matter
fields. The induced gauge coupling g{(f/[ o log A runs logarithmically with the cutoff, which is the
one-loop contribution to asymptotic freedom (when the matter contribution is outweighed by
the gauge-field self-interaction contribution, the total coupling decreases at short distances).

The parallel to the gravitational case is striking:

1
3 Trlog D D / d%z tr(F,, F™) + finite. (12.9)

Gravity Yang—Mills
Background field Metric g, Gauge field Aj,
Covariant derivative V), (Christoffel) D, =0, +iA,
Curvature Riemann R, s Field strength F),,
Heat kernel term a1 DR as D tr(F?)
Generated action Einstein-Hilbert [\/gR Yang-Mills [ tr(F?)
Divergence A9=2 (power) log A (logarithmic)

Both arise from the same mechanism: the Trlog of a matter field on a non-trivial (curved or
gauged) background generates an effective action for the background field. The Seeley-DeWitt
coefficients determine which geometric or gauge-theoretic terms appear.

Let us derive ag in detail. We need the second-order Duhamel expansion. The heat kernel for

D = —V? 4 V satisfies
t t
e—tD — etv2 _/ dSl e(t—51)V2V€S1V2 +/ dSl /81 dSQ e(t—sl)VQV6(51—32)V2V852V2 o
0 0 0

The second-order contribution to K(¢,z,x) involves two insertions of V' at positions y; and yo,
connected by free heat kernels:

t S1
SHK(t,z, ) =/ d51/ d82/ A%y dys Ko(t—s1,7,y1) V(y1) Ko(s1—52,y1, y2) V(y2) Ko(s2, Y2, 2),
0 0

where Ko(t,z,y) = (4nt)~42 exp(—|z — y|>/(4t)) is the free heat kernel.
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For the coincident-point trace, the leading behavior as ¢ — 0 comes from y; ~ yo ~ z. Expanding
V(y1)V(y2) ~ V(x)? + O(VV) and performing the Gaussian integrals over y; — = and ys — x:

The V2 term: setting V(y1) = V(y2) = V(z) and using the semigroup property [ Ko(t1,z,y)Ko(t2,y, 2) dy =
Ko(t1 + to, z, 2), the double integral over s, so gives

t S1 t2 1
2 - L —
V(x) /0 d31/0 dsy Ko(t,z,z) = 5 V(x) (mt) 2"

contributing 3V (2)? to as(z).

The gradient correction: expanding V(y1) ~ V(z)+ (y1 —)-VV (2)+ 5 (y1 —z) T V2V (2) (y1 — ),
the linear term vanishes by symmetry, and the quadratic term produces a correction from the
Gaussian integral [(y1 — x),(y1 — )y Ko(s,,y1) dy1 = 2s6,,. After careful bookkeeping of the
time integrals and the non-commutativity [V2, V] # 0 (which generates additional gradient terms
when the operators are reordered), the result is %VZV(.CE).

Combining:

m() = V(@) + évmx).

The factor % from the gradient term is a universal coefficient that appears in the heat kernel expan-
sion on flat space. On a curved Riemannian manifold with Ricci scalar R, the coefficient a; acquires
an additional term —%R, and as includes curvature-squared terms (R2, R R*™ | RyypeRFP?).
These are the Seeley-DeWitt coefficients for curved spaces, and they play a central role in quantum
gravity and the computation of trace anomalies.

12.6 From Heat Kernel to the Effective Action

Substituting the Seeley-DeWitt expansion into Schwinger’s formula, the one-loop effective action
%Tr log D decomposes into local contributions:

L Trlog D = L A7 AT log A fini
5 Irlog _2(47T)d/2[d/2/a0+(d—2)/2/a1+”‘+ og /ad/2+ nlte], (12.10)
where A is a UV cutoff. The UV-divergent terms come from the ¢ — 0 region:

[ap d%z = [ d%z (volume): coefficient is the cosmological constant.

[ay d4z = [V (z) d%r (integrated potential): gives mass renormalization—the tadpole.

[ as d?z (quadratic in V', gradients): on a curved background, contains S VIR d?z, the Einstein—
Hilbert action. This is how gravity emerges from the one-loop determinant of matter fields.

This is the precise mechanism by which UV divergences arise: the short-time behavior of the
heat kernel generates divergent contributions from low-order Seeley—DeWitt coefficients. Renormal-
ization absorbs these divergences into the coefficients of the corresponding local operators.

12.7 The Massive Scalar in Detail

For D = —V? 4+ m? on flat R?, the heat kernel at coincident points is

1
(4rt) @2 €

—mZ2t

K(t,z,x) =
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—m23t 2

The exponential e comes from a,, = m?"/n! (since V = m? is constant, the Duhamel expansion

exponentiates). The Schwinger integral gives

§Trlog(—V —}-m)_2/(2ﬂ_)d10g(kﬁ +m)_2(47.r)d/2/ t1+d/26 '

The proper-time integral diverges at t — 0 (UV). Introducing a cutoff ¢ > € = 1/A?:

1 4 A?
d=4: Vo [A4—m2A2+n;(logm2—3>+0(1/1\2)} .

3272 2

The three terms correspond to Seeley—DeWitt coefficients: A? from ap = 1 (cosmological constant),
A?m? from a; = m? (mass renormalization), m*log A from az = m*/2 (wave-function/coupling
renormalization). These are precisely the divergences that must be absorbed by renormalization in
¢* theory.

Let us walk through the evaluation in d = 4 step by step. Starting from

1 Vol o dt 2
Z Trlog(—V? 2y — / &b —mt
5 T og(—=V*+m?) 2an Jype B e ,

we need to evaluate I = flo/oAQ t=3¢=m%t 4. Make the substitution u = m2t:

[e.e]
I=m? u e du = mi (=2, m?/A?),
m2/A2
where I'(—2, z) is the upper incomplete gamma function. For small x = m?/A? < 1 (which is the
regime where the cutoff A is much larger than the mass m), we use the asymptotic expansion:

1 1 1 1

3

where vg ~ 0.5772 is the Euler-Mascheroni constant. Multiplying by m?* and substituting = =

m? /A2
At A% 1 A? 3 m?
—ppd = = = i _ - o
I=m [2m4 m2+2<10gm2+’yE 2)+O<A2)]

4 4 2 6
= %—m2A2+m7 (logﬁl2 —g—l-’yE) —1—0(7\2) .
The three divergent terms are precisely the contributions from the Seeley—DeWitt coeflicients:

A*/2: from ag = 1, this is a quartically divergent constant (the cosmological-constant contribu-
tion). It is independent of m and does not affect any observable that is defined as a difference of
actions.

—m?2A?: from a; = m?, this is a quadratically divergent mass correction—the tadpole. It shifts
the bare mass by an amount that diverges as A — co. Renormalization absorbs this by adjusting
m3(A).

’%4 log(A%2/m?): from ay = m*/2, this is a logarithmically divergent correction to the quartic
coupling. It is the one-loop contribution to the running of the coupling constant .

Terms of order m%/A? and higher are finite as A — oo: they are the contributions from a3, a4, . . .,
which produce convergent proper-time integrals. These terms are the predictions of the theory; the
divergent terms are absorbed into renormalized parameters.
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On a saddle background. For D = —V? +m? + o(z), the Seeley-DeWitt coefficients become
ai(z) = m? + o(x) and az(z) = (m? + 0)?/2 + V20 /6. Integrating ay over space: [ap dfzx =
f[%(m2 +0)? + %V20'] d?z. Under periodic boundary conditions, [ V2o d?z = 0, so the integrated
as contributes only % f(m2 + 0)? d%2 — a local potential, not a gradient term.

Where, then, does the kinetic energy (Vo)? for the collective field come from? It comes from the
momentum dependence of the polarization bubble. Recall from Chapter 15 that the collective-field
Hessian is K (q) = Dy ' +1I(g), and the bubble has a small-q expansion II(q) = I1(0) + Z,q¢> + O(¢%).
The coefficient Z, is the “wavefunction renormalization” of the collective field—it gives o a gradient
energy Z,(Vo)? that is generated by the momentum dependence of the microscopic propagator
loop, not by the local heat-kernel expansion. The heat kernel captures only the ¢ = 0 (local) part
of the effective action; the gradient terms require the full momentum structure of the bubble.

12.8 The Lattice Laplacian with Spacing a

On a d-dimensional cubic lattice with spacing a and N¢ sites, the lattice Laplacian acts as
1A
(—Aad)(z) = — Z ¢+ af) — ¢z —ap)].

Its Fourier transform is D(k) = =Y i sin?(k,a/2) + m?, with momenta restricted to the Brillouin
zone |k,| < m/a. The lattice provides a natural UV cutoff: A = 7/a. No modes exist above this
momentum. Every integral is finite.

The heat trace on the lattice is an ordinary finite sum:

Ty ¢—tDiat — Z o~ tloz Xy sin? (kua/2)+m?] (12.11)
keBZ

At small ¢ (UV regime), the sum is dominated by high-momentum modes near the Brillouin zone
boundary. Converting the sum to an integral (valid for large lattices):

d rrm/a d
Tr e Pt <L> / / ( d/k)d e laz X e 2 4m7),
a —x/a (2T/a

At small ¢, the dominant contribution comes from modes near k = 0 (where sin?(ka/2) ~ k?a?/4)
and from modes near the Brillouin zone boundary k& = m/a. (Note: unlike the fermionic lattice
Dirac operator, the scalar lattice Laplacian does not suffer from a doubling problem—the modes
near k = 7/a have energies of order 1/a? and decouple in the continuum limit.) The expansion
reproduces the continuum result with corrections:

~ Vol _ » t t2
Tre tDlat:We mt|:1+claz+02a4+:|7 (1212)

where the corrections ¢, (t/a?)" arise from the difference between sin?(ka/2) and (ka/2)?. These
are lattice artifacts: they vanish in the continuum limit @ — 0 at fixed t.
The Trlog on the lattice is therefore

1
3 Trlog Dyt = Z log [ 5 Z sin? “E= 4+ m?

kEBZ
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This is a finite sum of logarithms—no divergences, no regularization needed. The lattice spacing
a simultaneously provides the UV cutoff (A = 7/a) and discretizes the Trlog into a computable
sum. When we take a — 0 with the bare parameters §(a) tuned according to the renormalization
prescription of Chapter 37, the lattice artifacts O(a?) vanish and the physical predictions converge
to the continuum limit.

12.9 Reliability of the Heat-Kernel Coefficients: What Can Be
Trusted

The heat-kernel expansion generates the correct operator structure of the effective action: every
local operator allowed by the emergent symmetries appears. But the numerical coefficients of these
operators have very different levels of reliability. Understanding this hierarchy is essential for anyone
using the heat kernel in practice, and it illuminates one of the deepest puzzles in theoretical physics:
the cosmological constant problem.

The microscopic lattice versus the continuum approximation

Recall that every continuum functional integral in this book is a shorthand for a lattice integral
(Chapter 1, Part XI). The continuum Laplace-type operator D = —V?2 +V approximates the lattice
Laplacian L, only for modes with wavelength much longer than the lattice spacing: ka < 1. Near
the Brillouin zone boundary (ka ~ 1), the continuum description fails.

This distinction is directly reflected in the heat kernel. The lattice heat trace has the strict
short-time expansion

2
Tre_sLa:N_STrLﬁ%TrLgJF...7 s — 0t (12.13)

which is analytic in s, beginning with the number of sites N. The continuum heat kernel has the
asymptotic behavior (47s)~%2 3" a,s", which is singular at s = 0. The continuum form cannot
describe the strict s — 0 limit of the lattice; it is an intermediate asymptotic, valid in the
window

a? < s < LEy, (12.14)

where « is the lattice spacing and Ley is the scale on which the geometry varies. The diffusion
length /s must be large compared with a (so the continuum approximation is valid) but small
compared with the curvature scale (so the local expansion is valid).

UV weighting and the reliability hierarchy

The proper-time representation of the one-loop effective action is

1 [ ds _
Fl-loop - 2/ ? TI‘ e SD’
0

with a regulator understood. Substituting the Seeley—-DeWitt expansion and integrating term by
term:

Tlocal ~ / d‘z /g [coAd Ao+ A2 Ay +eglog(A/p) Ag + -+ |

The key observation is that higher powers of A weight the integral more heavily toward small s
(large momenta), which is precisely the regime where the continuum approximation to the lattice is
least accurate. This creates a hierarchy of reliability:
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The Ay term (cosmological constant): proportional to A%. This receives its dominant
contribution from the smallest proper times (s ~ 1/A?), corresponding to the highest-momentum
modes. But these are exactly the modes for which the curved continuum operator D is least faithful
to the microscopic lattice. The coefficient depends on the exact lattice dispersion relation, the
density of microscopic degrees of freedom, the Brillouin-zone measure, and the normalization of the
emergent metric—none of which are determined by the long-wavelength Laplacian alone.

The A; term (Einstein—Hilbert): proportional to A9~2. Still UV-sensitive, but less so than
Ag. More importantly, the Ricci scalar R measures the response of the spectrum to a slowly varying
deformation of the geometry—a response that can be probed within the regime where the continuum
description is valid. The coefficient can be determined by a matching calculation: compare the lattice
spectral response on slowly varying backgrounds with the continuum prediction.

The Az term (higher-derivative gravity / Yang—Mills): proportional to log A (in d = 4).
Only logarithmically sensitive to the UV, making its coefficient much more stable under changes of
the microscopic theory.

Finite (non-divergent) terms: independent of A. These are the most universal predictions
of the continuum theory, determined entirely by the infrared physics.

The cosmological constant problem

This hierarchy illuminates why the cosmological constant is so problematic. In d = 4, a naive
estimate gives py ~ A*/(1672). If A is the Planck scale (~ 10! GeV), this gives py ~ 107 GeV*,
while the observed cosmological constant is p?\bs ~ 10747 GeV%—a discrepancy of 123 orders of
magnitude.

From the perspective of this book, the resolution is clear in principle: the naive estimate is the
least trustworthy output of the continuum approximation, because it is dominated by the UV regime
where the approximation fails. The actual cosmological constant is a renormalized parameter:

pr = p%icro +p}XR +p?\t’ (1215)

where pxicro is the microscopic (lattice-scale) contribution, p}\R is the contribution from the long-

wavelength continuum theory, and p{ is a counterterm (or, equivalently, the bare cosmological
constant). The heat-kernel calculation gives pRR, but the physical value is the sum of all three
terms, and there is no reason for the sum to be close to any individual term.

The curvature coefficient (Newton’s constant) faces a similar problem but is somewhat more
tractable, because it can be determined by matching the spectral response of the lattice to a slowly
varying background metric. The matching procedure is well-defined within the continuum regime
ka < 1 and does not require extrapolation to the UV.

The sharp summary

The UV-IR inversion: a structural analysis

The hierarchy of UV sensitivity established above has a remarkable property: it is exactly inverted
relative to the hierarchy of IR relevance.

Consider an operator O,, with 2n derivatives acting on the metric (or gauge field). In d spacetime
dimensions:
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Operator Derivatives UV sensitivity IR scaling RG relevance
J /9 (cosmological) 0 A? KO most relevant

J V9 R (Einstein-Hilbert) 2 Ad=2 k> relevant (d > 2)
[ /g R?* (higher-deriv.) 4 Ad—4 K marginal (d = 4)
[VaR? 6 A4=6 kS irrelevant (d < 6)

The pattern is exact and follows from dimensional analysis alone. An operator with 2n derivatives
has engineering dimension d — 2n (in mass units). To appear in the action (which is dimensionless),
its coefficient must have dimension 2n — d, which is compensated by A?=2" from the UV integral.
Meanwhile, at long wavelengths (k — 0), the contribution of this operator to any amplitude scales
as k2" relative to the leading (zero-derivative) term.

The UV sensitivity A%"2" decreases with n, while the IR suppression k2" increases with n.
The crossover is exact: the operator most contaminated by UV physics is the one that
dominates the IR.

This is not a coincidence; it is a direct consequence of the structure of the derivative expansion.
The operators with the fewest derivatives are the most relevant in the IR precisely because they
have the highest engineering dimension, and operators with the highest engineering dimension have
the most UV-divergent coefficients precisely because more powers of A are needed to compensate
their dimension. The UV-IR inversion is built into the dimensional analysis of effective field theory.

Why this inversion matters: the cosmological constant problem

The cosmological constant problem is the sharpest manifestation of the UV-IR inversion. In d = 4:

The operator | N d*z is the most relevant term in the gravitational effective action. At dis-
tances much larger than 1/,/py, it dominates over the Einstein-Hilbert and higher-derivative terms.
Observationally, it determines the late-time expansion of the universe.

The coefficient pa receives contributions ~ A? from every field in the theory. If A ~ Mpiancc ~
10 GeV, the one-loop estimate gives py ~ 1076 GeV#, while the observed value is p‘}xbs ~ 10747
GeV*—a discrepancy of 123 orders of magnitude.

But from the lattice perspective developed in this book, the discrepancy is a failure of predictivity,
not of physics. The A% estimate extrapolates the continuum heat kernel into the regime s < a?
where it is not valid. The actual coefficient is a renormalized parameter that includes microscopic
(lattice-scale) contributions not captured by the continuum approximation:

pA = leicro _{_pclzxontinuum +Pf\t- (12.16)

The heat-kernel calculation gives only pf{’ntinu“m, which is large and UV-sensitive. But the physical
pA is the sum of all three terms, and there is no reason for the sum to be close to any individual
term. The smallness of the observed pj relative to Mélanck may reflect a near-cancellation between
microscopic and continuum contributions—or it may reflect physics entirely outside the framework

of perturbative quantum field theory.

The condensed-matter perspective

In condensed matter, the UV—IR inversion is present but harmless, for an illuminating reason.
The “cosmological constant” of a condensed-matter system is the ground-state energy density
Ey/V. This quantity is indeed dominated by UV modes: every filled state below the Fermi energy
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contributes, and most of the energy comes from the deepest, most UV states. The quantity is of
order nep ~ A% (where n is the particle density and ep the Fermi energy), and its precise value
depends sensitively on the lattice structure, the atomic binding energies, and other microscopic
details.

But Ey/V is not a measurable quantity in condensed matter. All physical observables depend on
energy differences: excitation energies, free-energy differences between phases, response functions.
These correspond to the higher Seeley-DeWitt coefficients (A1, Ag, ...), which are less UV-sensitive
and more reliably computed from the continuum theory.

The reason the cosmological constant problem is a problem in gravity, but not in condensed
matter, is that gravity couples to absolute energy density. The Einstein equations G, =
87G T, contain Ty = p, the total energy density, not a relative energy. This makes the most UV-
sensitive quantity (the absolute vacuum energy) also the most physically consequential—a situation
that does not arise in any other branch of physics.

Does every mode contribute equally to the UV-sensitive coefficient?

A more quantitative version of the question: in the Wilsonian RG, each momentum shell [k, k + dk]
contributes to the running of the cosmological constant. The contribution from a single shell is

Sy ka1 dk
2(2m)d

where S, is the area of the unit sphere. Summing over all shells up to A:

A g g.d-1 d+1
Sak Sa A
= ————Vk? 2 dk ~ : A .
PA /0 2(2m)d m 2(2m)¢ d+1 (A>m)

dpr = Vk%2+m? (bosonic, zero-point energy per mode),

The integrand k%~ 1v/k2 + m?2 ~ k? grows with k: each UV shell contributes more than the
previous one. The total is dominated by the last shell (near A), which is exactly the shell where
the continuum approximation to the lattice is least accurate.

For the Einstein-Hilbert coefficient (A; D R), the analogous shell contribution is 5MglﬁT 2~
k93 dk. In d = 4, this gives §M ezﬁ ~ k dk, still UV-dominated but less severely.

For the Ay coefficient (~ logA), the shell contribution is dcpz ~ k¥ °dk. In d = 4, this
gives dcpe ~ dk/k, a logarithmic accumulation—each shell contributes equally. This is why log A
divergences are “universal”: they receive equal contributions from all scales, not just the UV.

For finite terms, the integrand decays as k~2"~! with 2n > d, and the integral converges: the
UV shells contribute less than the IR shells. These terms are genuinely determined by the infrared.

The hierarchy is therefore:

Coefficient Shell weight Dominated by Predictivity

pa (Ap) k? (growing) UV modes Least predictable

M2 (Ay) k%2 (growing) UV modes (less so) Low

cre (A2, d=4) k=1 (flat) All scales equally Moderate (universal log)
Finite terms k<0 (falling) IR modes Most predictable

The UV-IR inversion is exact: the operator that dominates the IR (k°, most relevant) is the
one whose coefficient is most dominated by the UV (k%, most divergent). This is a structural
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feature of effective field theory, not an accident.

Exceptions and qualifications

The UV-IR inversion, while structurally robust, has important exceptions that clarify its scope:

Symmetry protection. If a symmetry relates the contributions of different fields, the UV
sensitivity can be reduced. Supersymmetry pairs every boson with a fermion of equal mass, and
since bosonic and fermionic zero-point energies have opposite sign, the leading A% contribution to pa
cancels. With exact supersymmetry, pp = 0 perturbatively. With broken supersymmetry at scale
Mgysy, the cosmological constant is py ~ MéUSY rather than A% —still large, but parametrically
smaller. This illustrates that the UV-IR inversion can be tamed by symmetry, even if it cannot be
eliminated.

Topological terms. The theta term in QCD, 6 [ tr(Fﬁ’ ), has zero derivatives of the metric
(it involves only the gauge field) and dimension 4, yet it receives no perturbative UV divergence
because FF = O, K* is a total derivative. Its coefficient is a free parameter of the theory but is
not UV-sensitive. Topological terms evade the UV-IR inversion because they do not appear in the
local Seeley—DeWitt expansion.

Anomalies. The trace anomaly generates a contribution to the effective action of the form
cf VI (Ruppo R*P7 — - -+ ), where c is a dimension-dependent coefficient computable from the field
content. This coefficient is ezact (receives no corrections from any scale) and UV-insensitive, despite
being associated with a dimension-4 operator. Anomalous contributions are protected by topological
constraints and are exceptions to the general hierarchy.

Nonlocal IR terms. Beyond the local Seeley—DeWitt expansion, the Trlog produces nonlocal
terms that cannot be written as integrals of local densities. For example, integrating out a mass-
less scalar on a curved background generates R~'R, where (07! is the inverse d’Alembertian—a
manifestly long-range, IR-dominated contribution. Such terms are determined by the mass spec-
trum and couplings of light fields, not by UV details, and they are more universal than the local
power-divergent terms.

These nonlocal terms are precisely the terms that carry physical information about collective-
mode propagation. In the language of this book: the local part of Seg (the saddle, the gap,
the Seeley—DeWitt coefficients) is UV-sensitive and requires renormalization. The nonlocal part
(the propagator D = K ! the dispersion relations, the spectral functions) is determined by the
momentum-dependent polarization II(¢g) and is the genuinely predictive output of the theory.

Massive fields. If all fields have mass m, the UV contributions to pp are cut off at £ ~ m
rather than k& ~ A, and the coefficient becomes py ~ m? (the Euler-Heisenberg result). The UV
IR inversion is then between m and the IR scale, not between A and the IR scale. This is the
“decoupling” of heavy fields: their contribution to the cosmological constant is set by their mass,
not by the cutoff. The cosmological constant problem then becomes: why don’t the known massive
particles (with masses up to m; ~ 170 GeV) generate a cosmological constant of order mj ~ 10°
GeV4, still far larger than observed?

Subtraction of a flat reference

A practical strategy for reducing the UV sensitivity is to subtract a flat-background reference:

AT'[g] = I'[g] — T'[gfat]-

If the comparison is made at fixed physical volume with an identical number of microscopic degrees
of freedom, the leading Ay contribution cancels (since [ N{ d?z = i d?z = Vol for both), making
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the curvature-dependent terms (Aj, Az, ...) more reliable. This is the gravitational analogue of
measuring energy differences rather than absolute energies—the condensed-matter strategy that
eliminates the cosmological constant problem.

However, the cancellation is not automatic. The emergent volume element may itself depend
on the microscopic deformation (if the lattice is distorted, the “physical volume” as seen by the
continuum theory may differ from the “coordinate volume” as counted by lattice sites). Fixing
coordinate volume, physical volume, or lattice-site number are different prescriptions, and a residual
cosmological term can survive. The subtraction procedure must be defined at the microscopic level
before one can claim that the leading UV contribution has been removed.

Summary: what can and cannot be trusted

The heat-kernel expansion identifies the correct operator structure of the effective action. The
numerical coefficients have a hierarchy of reliability that is exactly inverted relative to their
IR importance:

Most robust (structure): every local operator allowed by the emergent symmetries appears.
The form of the effective action—cosmological term, Einstein—Hilbert, Yang—Mills, higher
derivatives—is dictated by symmetry alone.

Most robust (coefficients): finite, nonlocal terms determined by light-field propagation
(e.g., RO'R). These are the analogues of the collective-mode propagator D(q) in the
condensed-matter setting.

Conditionally robust: logarithmically divergent coefficients (As in d = 4). These receive
equal contributions from all scales and are “universal” in the sense that they depend on the
field content but not on the details of the UV completion.

Matchable but UV-sensitive: power-divergent coefficients with A?=2" for n > 1 (A;:
Newton’s constant). These can be determined by spectral matching to the lattice within the
continuum regime.

Least trustworthy: the A? coefficient (Ag: cosmological constant). Dominated by the UV
regime where the continuum approximation fails. Its value is a renormalized parameter that
must be determined by measurement.

The UV-IR inversion—that the most IR-relevant operator has the least UV-predictable
coefficient—is a structural feature of dimensional analysis in effective field theory. It is not a
bug to be fixed but a fact to be respected.

12.10 Entropy, Conditional Entropy, and Mutual Information

The Trlog that appears throughout this book has a direct information-theoretic interpretation that
connects to the entropy of Gaussian fields and to variational inference in machine learning.

Gaussian entropy
For a Gaussian random field ¢ with covariance C on a lattice of V sites, the differential entropy is
Vv 1 V 1
H(¢) = 5 log(2me) + 5 logdet C' = B log(2me) + 5 Trlog C. (12.17)

The %Tr log C term is the same Trlog that we encounter throughout: writing C' = D! (precision
= inverse covariance), £ TrlogC' = — Trlog D. The entropy of a Gaussian field is (minus) the
Trlog of its precision.
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Conditional entropy as partial access
In the HST framework, we have a joint distribution p(¢,o). The conditional entropy H(¢|o)

measures the remaining uncertainty about ¢ when o is observed:

H(glo) = / p(6,0) log p(@lo) dé do.

For the Gaussian—Gaussian model where p(¢|o) is Gaussian with precision A = A(o), the conditional
entropy is H(¢|o) = % log(2me) — $Eq[Trlog A(0)]. At the saddle &

H(6|7) = glog(Zﬂe) - %Tr log M(5). (12.18)

The Trlog M (5) in the effective action is (up to constants) the negative conditional entropy of the
microscopic field given the collective field at its saddle value. Integrating out ¢ reduces the entropy
from H(¢) to H(¢|o): the collective field o captures part of the information about ¢, and the
remaining uncertainty is encoded in the fluctuation determinant.

Mutual information

The mutual information between ¢ and o is

1 1 1 C
I(¢;0) = H(p) — H(¢|o) = §Trlog Cy — §EU[Trlog Colo] = 5 Trlog O; :

For the Gaussian case, Cy = (A — WB™'WT)~! (marginal covariance, from the Schur comple-
ment) and Cy, = A~1 (conditional covariance). The mutual information measures how much the
marginalisation changes the effective covariance—it is a scalar summary of the Schur complement
correction.

In the variational inference language: the ELBO (evidence lower bound) used in variational au-
toencoders is ELBO = E,[log p(¢|o)] —KL(¢(o)||p(0)), which decomposes the logp(¢) (our negative
effective action —Seg) into a reconstruction term and a complexity penalty. The Trlog appears in
both terms.

The ELBO and the one-loop effective action

The connection between Trlog and the ELBO can be made fully explicit. In variational inference,
we approximate the posterior p(o|data) by a variational distribution ¢(o), and the evidence satisfies

log p(data) = Eq[log p(data, o)] — Eq[log q(0)] +Dkw(ql|p(c|data)).
ELBO

Choosing ¢(c) = N (5, K~!) (a Gaussian centered at & with precision K), the ELBO becomes
ELBO = E,[log p(data, 0)] + B logdet K~ + 5(1 + log 2m)
1
=E,[—Se(0)] — B Trlog K + const.
Expanding Seg (o) to second order around ¢ (and noting that the linear term vanishes if ¢ is the
saddle, and the second-order term gives %Tr(KtrueK ~1) where Kiye is the Hessian of Seg), the

ELBO is maximized when K = Kyye (the Hessian at the saddle) and & is the MAP estimate.
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At this optimal point, the ELBO equals
1 d
ELBOpax = —Sest(7) — 3 Trlog Kirue + 5(1 + log 27),

which is exactly the Laplace approximation to log Z, = —Seg(6) — % Trlog K 4const from Chapter 8.

The upshot: the RPA (Gaussian fluctuation theory for the collective field) is equivalent to
Laplace inference applied to the posterior of the collective field. The saddle & is the MAP estimate.
The Hessian K is the Laplace precision (which coincides with the optimal variational precision in
the large-N limit). The Trlog K correction is the Occam factor (model complexity penalty) in
the Bayesian language, and the one-loop determinant in the physics language. These are the same
object.

As noted in Chapter 19, the Laplace approximation is not identical to the optimal Gaussian
variational approximation at finite N. But the correspondence is exact in the leading-order large- N
(or large-volume) limit, which is the same regime where the saddle-point approximation is justified.
For the target audience of this book, the essential message is: RPA and Laplace inference are the
same mathematical operation, applied to the collective-field posterior.

12.11 The Replica Method

The problem: computing (log 7)

In disordered systems (spin glasses, random matrices, neural networks with random weights), the
physically relevant quantity is not the partition function Z itself but its logarithm log Z—the free
energy—averaged over disorder:

llog Z)ais = / P(J)log Z(J) dJ

where J denotes the random couplings and P(J) their distribution. The brackets [-]g;s denote the
disorder average.

The difficulty is that log Z is a nonlinear function of Z, and averaging a nonlinear function is
much harder than averaging a linear one. The “annealed” average [log Z]gis < log[Z]qis (by Jensen’s
inequality) is easy to compute but overestimates the free energy.

The replica identity

The replica method uses the identity

" -1
log Z = lim , (12.19)
n—0 n

which follows from Z" = e"!°¢8Z ~ 1 + nlog Z for small n. The key insight: for integer n, Z™ is the
partition function of n independent copies (replicas) of the system:

7" = / T] a6 ¢~ Sims s657)
a=1

The disorder average [Z"]q;s can be performed before the field integral (since the replicas share the
same J), typically producing a coupling between replicas:

[Zn}dis = /H d¢(a) e_SeH[QS(l)’._.,(b(n)}’
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where Seg now couples different replicas through the disorder average. The quenched free energy is
then [log Z]4is = lim,,0([2"] — 1) /n.

Connection to the book’s framework

The replica method connects to our framework in several ways. The n replicas are analogous to
the N copies in the large-N expansion (Chapter 29)—both introduce multiple copies to simplify
the problem. The disorder-averaged Seg generates effective interactions between replicas, just as
the HST generates effective interactions between visible variables (Chapter 5). The saddle-point
analysis of the replicated system produces order parameters (the overlap matrix Qu, = <¢(a)¢(b)>)
that play the role of the collective field o.

The analytic continuation n — 0 is the mathematically uncontrolled step—it assumes that the
replica partition function, computed for integer n, can be analytically continued to n = 0. This
assumption can fail (and does, in spin glasses with “replica symmetry breaking,” where the saddle-
point structure for integer n does not have a unique analytic continuation). Nevertheless, the replica
method remains one of the most powerful tools for disordered systems, and recent work has placed
it on firmer mathematical footing through connections to random matrix theory and the cavity
method.

In the machine learning context, the replica method is used to analyze the average-case per-
formance of learning algorithms: the “training loss” is a quenched quantity (averaged over random
training data), and the replica method computes its typical value. The order parameters Qg de-
scribe the overlap between different solutions (different trained networks), and replica symmetry
breaking corresponds to a rugged loss landscape with many qualitatively different local minima.

12.12 Connection to the Laplace Approximation and Bayesian Model
Selection

In Bayesian inference, the Laplace approximation gives
A1 d
log p(data) ~ log p(datal|f) — 5 logdet H + 3 log(2m),

where H is the Hessian of the negative log-posterior at the MAP estimate 6. The term % logdet H =
%Tr log H is the Occam factor—the penalty for model complexity.

The heat kernel expansion of Trlog H decomposes this Occam factor into contributions from
different curvature scales of the log-posterior landscape. In Watanabe’s singular learning the-
ory, the leading behavior of the Bayesian evidence near singular models is controlled by the real
log-canonical threshold A, which generalizes the Seeley—DeWitt coefficients to the case where the
posterior has degenerate (non-isolated) critical points. This is directly relevant to understanding
the generalization properties of overparameterized neural networks, where the loss landscape has
continuous families of minima.
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Part 1V

Saddles, Mean Fields, Gaps, and Gap
Equations
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The effective action Seg (o), derived in Part III by integrating out Gaussian microscopic variables,
is in general a complicated nonlinear functional of the collective field o. Evaluating the remaining
integral [ Do e 5m(9) exactly is typically as difficult as the original problem. The simplest approx-
imation is to replace the integral by the contribution from the most probable configuration—the
mode or saddle point.

This part develops the saddle-point approximation for the collective field, derives the resulting
self-consistency equations (gap equations), and carefully explains what the word “gap” means.
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Chapter 13

The Saddle Point as a Mode of a Marginal
Distribution

13.1 Finding the Mode

Given the effective action Seg(o) from equation (8.2) or (9.2), we seek the configuration ¢ that
minimizes Seg—equivalently, the configuration that maximizes the marginal density e~%#(?). This
is the mode of the marginal distribution of o, and it satisfies the stationarity condition

6Seff
do(x) |

g

= 0. (13.1)

In finite dimensions, this is simply V,Ses(d) = 0, the condition for a critical point. If Seg is
convex, the critical point is a global minimum and is unique. If Seg has multiple minima, the
dominant saddle is (in most contexts) the global minimum, though transitions between minima
play an important role in the physics of phase transitions.

13.2 Mode, Mean, and MAP

The saddle ¢ is the mode of the marginal distribution p(o) o e—%a(?) In Bayesian statistics, this
is the maximum a posteriori (MAP) estimator. It is important to recognize that the mode is not
the same as the mean:

o # E[o]

in general. The mode and the mean coincide for symmetric, unimodal distributions (such as a
Gaussian), but they differ whenever the distribution is skewed or multimodal, or when the curvature
is not uniform. The two are close when the distribution is sharply peaked—that is, when fluctuations
around the saddle are small—but the distinction matters in principle and sometimes in practice.
Physicists use several terms for ¢ and the approximation built upon it. Saddle point refers to
the critical point of the action (the term originates from the method of steepest descent in complex
analysis, where the critical point of the exponent is a saddle in the complex plane, even when the
real-variable critical point is a minimum). Mean field is used because in many applications &
can be interpreted as a self-consistently determined average field seen by each microscopic variable.
Classical background or classical solution is used because in the path-integral formulation
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of quantum mechanics, the saddle-point approximation corresponds to the classical limit A — 0.
Order parameter is used when & distinguishes between different phases.

All of these refer to the same mathematical object: the mode of a marginal density. The different
names reflect different physical contexts, not different mathematical operations.

13.3 When Is the Saddle Approximation Good?

The saddle-point approximation replaces the full integral [ Do e—%a(?) by the integrand evaluated
at its maximum: e (@) This is a good approximation when the distribution of ¢ is sharply
concentrated around &, so that contributions from configurations far from the saddle are negligible.

Sharp concentration occurs when Seg has a large overall prefactor. The most common mechanism
is a large number of microscopic degrees of freedom. If there are N microscopic variables and Seg
scales as N while o is an O(1) collective variable, then the width of the o distribution scales as
1/v/N, and the saddle-point approximation becomes exact as N — co.

This is precisely the setting of the large-N limit, which we will encounter in Chapter 27 with
the O(N) model. More generally, the saddle approximation is the leading term in a systematic
expansion. The next correction is the Gaussian fluctuation determinant (the % Trlog of the Hessian),
and further corrections come from higher-order terms in the Taylor expansion around the saddle.

Quantitative example: accuracy of the saddle approximation

To develop quantitative intuition, consider the one-dimensional integral

Z(N) = /_Z exp(—N [“;2 + ”“:D da.

The action f(x) = 22/2+ x*/4 has a unique minimum at z, = 0 with f(0) =0 and f”(0) = 1. The
Laplace approximation gives Zpaplace(N) = /27/N.

The exact integral can be computed in terms of a parabolic cylinder function, but let us instead
compare numerically. The ratio Zexact/Z1Laplace Measures the accuracy of the saddle:

N Z exact Z Laplace Ratio

1 1.812  2.507  0.723
5 0.939 1.121  0.838
20  0.524  0.560  0.935
100 0.245  0.251  0.977

At N = 1, the saddle approximation is off by 28%. At N = 20, it is accurate to 7%. At N = 100,
to 2%. The corrections are of order 1/N, coming from the quartic term %f(4)(0)774 = %774 that the
Laplace approximation neglects.

In a field theory on a lattice with V' sites, the role of N is played by the number of sites V' (or,
for the O(N) model, by N). The saddle approximation becomes exact as V' — oo (or N — 00),
with the first correction being the Gaussian fluctuation determinant %Tr log K, which is itself of
order log V' (or log N). For practical purposes: the saddle is a reasonable starting point whenever
the effective number of degrees of freedom contributing to the collective-field integral is larger than
~ 10, and it is quantitatively reliable for N = 50.

The next correction beyond the saddle (the one-loop determinant) improves the accuracy sub-
stantially. Including % logdet(f”(0)) = 0 (in this case), the one-loop result is the same as the
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saddle. But if we include the 1/N correction from the quartic perturbation of the Gaussian, we get
Z1900p = ZLaplace - (1 = 3/(4N) + - -+ ), which matches the exact result to O(1/N?) and brings the
N =5 error from 16% to under 3%.

13.4 Two Saddles, Two Classical Limits

There is a profound distinction between the saddle of the Schwinger effective action I'[¢.)] and
the saddle of the HST effective action Seg|o]. Both saddle points describe macroscopic, classical
behavior—but they are the classical behavior of different things.

The saddle of T'[¢.] is the physical mean field: the expectation value (¢) of the fundamental
microscopic variable. Its equation of motion 6I'/d¢. = 0 is the quantum-corrected classical field
equation (e.g., the Klein-Gordon equation with loop corrections, or the Ginzburg-Landau equation
for the order parameter). This saddle describes the average behavior of the microscopic degrees of
freedom—the average position of each bird, the average behavior of each person.

The saddle of S.g[o] is the most probable value of the collective/auxiliary field: ¢ satisfying
0Serr/d0 = 0. This & is not an expectation value of a fundamental field; it is the mode of the marginal
distribution over a composite variable introduced by the HST. The gap equation determines & self-
consistently in terms of the microscopic propagator. This saddle describes the macroscopic collective
pattern—the flock shape, the societal norm, the pairing gap, the screened potential.

The distinction matters because fluctuations around the two saddles describe different physics:

Schwinger saddle HST saddle
Saddle field ¢ = (¢) o = mode(p(o))
Equation L' /0¢pe1 =0 dSetr/00 = 0 (gap eq.)
Describes Average microscopic behavior  Collective pattern / order parameter
Fluctuations  Quasiparticle excitations Collective-mode excitations
Hessian gives G;l (microscopic precision) K = Dy' +1I (collective precision)

In the person/society analogy: the saddle of T' tells you what the average person does (their
daily routine, consumption patterns, social behavior). The saddle of Seg tells you what the society
looks like (its institutions, norms, laws). Fluctuations around the I" saddle are individual deviations
from average behavior—these are “quasiparticle” excitations, and they cost at least A (the gap, the
conformity cost). Fluctuations around the Seg saddle are shifts in the collective norm—these are
collective modes, and some (the Goldstone modes) cost nothing.

This is the mathematical origin of the book’s central result: the same physical system can have
gapped quasiparticle excitations (large Hessian eigenvalues of I') and gapless collective modes (zero
Hessian eigenvalues of Seg) simultaneously. The two saddles are different objects, their Hessians
are different operators, and there is no contradiction.

To summarize in the sharpest possible terms:

The gap equation is about society: it determines the self-consistent collective norm & that
sustains itself. The gap A is about the individual: it is the minimum cost a person (quasi-
particle) must pay to break free from the norm.

But the two are not independent. The norm & determines the gap A (through the modified
precision M(5) = Gy' + V(5)), and the gap feeds back into the norm (through the prop-
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agator G5 in the gap equation). Society shapes the cost of nonconformity, and the cost of
nonconformity sustains society. This self-consistency—the fact that the collective pattern and
the individual cost are determined simultaneously by the same equation—is the essence of
mean-field theory.
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Chapter 14

The Gap as a Spectral or Covariance Scale

14.1 How the Saddle Modifies the Microscopic Precision

Recall from Parts IT and III that the effective action typically arises from integrating out microscopic
fields x whose precision depends on the collective field o

M(U) = AO + V(U)v

where Ay is the bare (reference) precision and V(o) encodes the coupling to o. At the saddle &, the
microscopic precision becomes

M(5) = Ao+ V(a).

The corresponding covariance—the propagator for the microscopic field—is
Go = M(5)™ = (Ag+ V(a) " . (14.1)

This is the saddle-dressed or mean-field propagator: the covariance of the microscopic field,
computed at the saddle-point value of the collective field. It differs from the bare propagator
Go =4, ! because the saddle has modified the precision.

14.2 The Gap in Fourier Space

To understand the physical meaning of this modification, let us work in Fourier space for a translation-
invariant system. Suppose the bare precision in Fourier space is flo(k) = k? + md, so the bare
propagator is Go(k) = 1/(k? +m2), with correlation length & = 1/my.

Now suppose the saddle shifts the precision by a constant A2:

M5, k) = k* + md + A%
The saddle-dressed propagator is

. 1 1
Golk) = 157 m2+ A2 K2+ m?’ (14.2)

where m? = mg+A2 is the total mass squared. The parameter A is the gap—a mass scale generated

by the saddle.
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14.3 What “Gap” Means

The term “gap” has a precise spectral meaning. The propagator G(k) = 1/(k* + m?) has a pole
(in the analytically continued version) at k* = —m?, or equivalently, the spectrum of the precision
operator —V? 4+ m? is bounded below by m? > 0. There is a gap of size m? between zero and the
lowest eigenvalue.
In real (Euclidean) space, the gap manifests as exponential decay of the covariance:
e—mlz|

Ga(x) ~ PG

as |z| — oo,
where d is the spatial dimension. The correlation length is £ = 1/m. A nonzero gap A shortens the
correlation length relative to the bare value 1/my.

Physicists use many names for the same concept, depending on the context: mass or mass gap
(relativistic field theory), quasiparticle gap (condensed matter), pairing gap (superconductivity),
spectral gap (transfer matrices), inverse correlation length (statistical mechanics), dynamically gen-
erated mass (when absent from the bare action). Despite the variety of names, the mathematical
content is the same: the saddle has modified the precision operator so that its spectrum is bounded
below by a positive number, and the corresponding covariance decays exponentially.
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Chapter 15

The Gap Equation from the First Deriva-
tive of the Effective Action

15.1 Deriving the Gap Equation

We now derive the equation that determines the gap. This is the saddle-point condition (13.1)
applied to the specific form of the effective action from Chapter 6.
Consider the bosonic effective action:

Setlo] = Solo] + 5 Triog M(o),

where Sylo] is the bare action for o and M (o) = Ay + V(o) is the o-dependent precision of the
integrated-out field. The saddle condition requires

6Seff
do(x) |,

g

=0.

We compute the two terms separately.
The first term gives fg—%’g)]c—,, which depends on the specific form of Sy. For the common choice

Solo] = % [ o(x)*dz, this is simply 5(z)/g.
The second term requires differentiating %Tr log M (o) with respect to o(x). By Jacobi’s for-

mula (11.3):

%Trlog M(o) = %Tr <M(O‘)—1 6M(U)> .

do(x) do(zx)

For the common case M (o) = Ag + oI (linear dependence on o), we have 62](\;[@) =TI"-4(z), and the

trace reduces to

%tr[GJ(:c, 21,

where G, = M (o)~ ! is the propagator and tr denotes a trace over internal indices. The notation
Gy (z, ) means the kernel evaluated at coincident points. In momentum space, Go(z,z) = [, Go(k).
Putting both terms together, the saddle equation for Sylo] = % [o?is

@ — 1 tr[Gy(z, z)T]. (15.1)
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ACTION

For a uniform (translation-invariant) saddle o(xz) = &, the propagator G5 is also translation-
invariant, and G5 (z,z) = [, G5(k). The gap equation becomes

_ 7% /ktr[f‘ Gy (k)] (15.2)

Q| Q

15.2 Anatomy of the Gap Equation

The gap equation (15.2) is a self-consistency relation. The left-hand side involves the saddle value 7.
The right-hand side involves the propagator G5 = (Ag + I')~!, which itself depends on &. So the
equation is implicit: ¢ appears on both sides.

In statistical language, the gap equation says: the saddle value of the latent field equals the
coupling constant g times the conditional expectation of the composite observable O(¢) = tr[['¢¢ '],
evaluated at the saddle-dressed covariance.

The left-hand side, /g, is the derivative of the bare action Sy = 52/(2g). It represents a
restoring force that pushes o back toward zero. The right-hand side is the “pull” from the microscopic
degrees of freedom—the tendency of the fluctuations to sustain a nonzero value of o.

If the right-hand side is strong enough to overcome the restoring force, a nonzero solution & # 0
exists, and the system develops a gap. If not, the only solution is ¢ = 0, and no gap is generated.
The transition between these two regimes—the appearance or disappearance of a nonzero saddle—is
a phase transition in the physical interpretation.

15.3 A One-Dimensional Example

To see the gap equation in its simplest form, consider n scalar fields x; with precision M(o) =
(m2 + 0)1,xn, where o is a single real parameter and I' = 1. The bare action is So(o) = 02/(29).
The propagator at the saddle is G5 = (m3 + &)~'1, and

n
Tr(G5l') =
H(GoT) m3 + ¢
The gap equation (15.2) becomes
o n
g 2mi+a)

Rearranging: 25(m3 + &) = ng, or 262 + 2m25 — ng = 0. The quadratic formula gives

2
_ my 1
o= —7+§\/m3+2ng.

For small coupling g, 6 ~ ng/(2m(2)): the gap is proportional to the number of fields times the
coupling, divided by the bare mass squared. For large n, the gap grows as y/ng, confirming that
the saddle becomes increasingly important. This simple example illustrates the general pattern:
the gap is determined by a self-consistency relation between the saddle value and the propagator
evaluated at that saddle.
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Chapter 16

The Gap Equation in Terms of Dressed
Propagators

16.1 Three Levels of “Dressing”

Before writing the gap equation more explicitly, we must clarify a source of persistent confusion in
the physics literature: the word “dressed,” applied to a propagator, can mean at least three different
things.

The bare propagator is the covariance of the Gaussian reference distribution:

Go :A(;l.

This is the propagator with no interactions, no saddle, no self-energy corrections of any kind.
The saddle-dressed (mean-field) propagator is the covariance evaluated at the saddle value
of the collective field:
Gs = (Ao+ V() ' = (G  + V() .
This includes the effect of the saddle—the mean-field background—but not the effect of fluctuations
around the saddle. In the gap equation (15.2), the propagator that appears on the right-hand side
is saddle-dressed.

The fully dressed propagator includes both the saddle and fluctuation corrections:
G=(Gy'+V(e)+ Eﬂuc)_l :

where Yq,c represents additional self-energy corrections from fluctuations of ¢ around the saddle.
Computing g, requires going beyond the saddle-point approximation.

16.2 The Self-Consistent Gap Equation

A more ambitious equation replaces the saddle-dressed propagator by the fully dressed one:

A

2 /tr[F Gk,

g k

where G includes fluctuation corrections. The logic is appealing: if the gap equation is a self-
consistency condition, and if the propagator that mediates the self-consistency should include all
the physics, then we should use the fully dressed G.
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However, upgrading the gap equation in this way is not automatically an improvement. If the
fluctuation self-energy >ig.. is computed with one set of approximations while the gap equation
uses a different level, the resulting system may violate exact identities—conservation laws, Ward
identities, sum rules—that the exact theory satisfies. We will return to this in Chapter 32, where
we discuss conserving approximations.

For now, the important takeaway is this: whenever you encounter a “gap equation” in the
literature, check which propagator is being used on the right-hand side—bare, saddle-dressed, or
fully dressed—and whether the approximation scheme is internally consistent.

What was exact, what was approximate, and what was conventional?

Exact. The effective action is exact when the integrated-out field is exactly Gaussian (as in the
HST framework). The stationarity condition (13.1) is the exact definition of a critical point.
Approximate. The saddle-point approximation itself—replacing the full integral over ¢ by the
contribution from 6—is an approximation, valid when fluctuations of o are small.
Conventional. The terms “gap equation,” “mean-field equation,” and “self-consistency equation”
are used interchangeably. The choice of sign conventions varies between subfields.
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Part V

Hessians, Polarization, Self-Energy, and
Dressed Propagators
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This part develops the Gaussian fluctuation theory around the saddle point, deriving the collec-
tive Hessian, the polarization bubble, the self-energy, the Dyson equation, and the RPA in a unified
framework. Every result is first stated as a matrix identity, then interpreted statistically, and only
then given its physics name.
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Chapter 17

Gaussian Fluctuations Around the Saddle

17.1 Expanding Around the Saddle

We have found the saddle ¢ in Part IV. Now we study fluctuations around it. Write

o(x) = a(x) +n(x),
where 7 is the fluctuation. Expand the effective action to second order in #:

5Seff
oo

———
=0 (saddle condition)

Seft [5’ + 77} = Seft [6] +

1
+§nTKn+ O(n*),

where

6% Sef
HE = o) 00)

is the Hessian of the effective action at the saddle. The linear term vanishes because & is a critical

(17.1)

o

point.
Within the Gaussian (quadratic) approximation, the fluctuation 7 is a Gaussian random variable
with precision K. Its covariance is therefore

(17.2)

This is the Gaussian covariance of the collective-field fluctuations around the saddle. Physicists call
D the dressed propagator of the collective field.

Let us be very precise about the logical status of this statement. The effective action Seg[o]
defines a probability distribution over o. At the saddle, we approximate this distribution by a
Gaussian with precision K. The inverse of that precision is the covariance D. This is a Laplace
approximation—the same technique we used in Chapter 8, but now applied to the collective field
rather than to the original microscopic field.

17.2 What K and D Describe

The Hessian K and the covariance D = K ! describe different aspects of the collective-field distri-
bution.
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K (z,y) is the precision of the collective field. It tells us how costly it is (in units of action, or
negative log-probability) for n(x) and n(y) to deviate from zero simultaneously. Large eigenvalues
of K correspond to “stiff” directions—fluctuations in those directions are strongly suppressed.

D(z,y) = K Y(z,y) is the covariance of the collective field. It tells us how much n(x) and
n(y) actually fluctuate together. Small eigenvalues of K—corresponding to soft directions—produce
large eigenvalues of D, meaning that fluctuations in those directions are large and long-ranged.

A zero eigenvalue of K (a flat direction in Seg) produces a divergent eigenvalue of D. In
physical language: a direction along which the effective action has no curvature is a direction in
which fluctuations are completely unconstrained. This is the hallmark of a Goldstone mode or a
soft mode, which we will study in Part VI.

75



Chapter 18

The Polarization Bubble as a Hessian

18.1 Computing the Hessian
We now compute the Hessian K for the effective action
1
Setlo] = Solo] + 5 Trlog M(o),

with M (o) = Ap + oI (linear dependence on o). The Hessian has two contributions:

6280 1 62
W 6"‘ inI‘IOgM(O') B

o

K =

The first term is the Hessian of the bare action. For Sy = % fo*Q, this is simply 55(:13 —y), or
in Fourier space, a constant 1/g for all momenta. This is the bare inverse propagator of the
collective field: )
Dyt =-.
g
The second term involves the second derivative of Trlog M with respect to o, which we already

computed in Chapter 9 (equation 11.8). For M = Ag + o' with §°M = 0:
i
200(x)do(y)

where G5 = M(5)~! is the saddle-dressed propagator. Defining the polarization (with sign con-
ventions absorbed):

Trlog M = — 3 tr{Go(2.)1 Go (. )1,

H(x7y) = tr[G[—,(aﬁ,y)F G&(y7x)r] ) (181)

the Hessian becomes

K =Dy' +1L (18.2)

18.2 The Polarization Bubble in Momentum Space

For a translation-invariant system, the polarization depends only on the difference x — y, and its
Fourier transform is

T(q) = /k 62[Gy (k + q) T Go(k) T, (18.3)

This is the polarization bubble in momentum space: two saddle-dressed propagators, carrying
momenta k + ¢ and k, connected at two vertices I', with the internal momentum k integrated over.
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CHAPTER 18. THE POLARIZATION BUBBLE AS A HESSIAN

18.3 Three Equivalent Interpretations

We have now arrived at the polarization bubble from three different starting points, each giving the
same algebraic expression:

Interpretation 1: Second derivative of a log-determinant. The bubble is —%% Trlog M(o)|s—
a Hessian contribution to the effective action.

Interpretation 2: Gaussian covariance of a composite observable. The bubble is
Covo(¢?(z), 9*(y)) = 2C(x,y)? (from Chapter 3)—the Gaussian covariance of the composite ob-
servable that couples to the collective field.

Interpretation 3: Linear response or susceptibility. The bubble gives the leading-order
response of (O) to an external source coupled to O (from the fluctuation-response identity).

These three interpretations are not three independent results. They are three viewpoints on a
single mathematical object. The equivalence arises because the Hubbard—Stratonovich construction
couples the collective field o to a composite observable O(¢), and differentiating the effective ac-
tion with respect to o probes how O responds to changes in the background—which is exactly its
covariance.
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Chapter 19

Polarization as Response

19.1 The Response Function Perspective

There is a complementary way to derive the polarization that does not go through the Hubbard—
Stratonovich transformation. Consider a probability distribution p(¢) o e ¢ and a composite
observable O[¢]. Add an external source J coupled to O:

Syl¢] = S[¢] — J - O[g].
The generating functional is W[J] = log [ D¢ e~ SI+7-014l and

oW 52w
57w~ Ol ey

= COVJ(O(x)u O(:‘/)) .

Evaluated at J = 0, the second derivative gives the equilibrium covariance of O. It is also the linear
response function: if we perturb J slightly, the change in (O(x)) to first order is

5(0(x)) = / Cov(O(z), O(y)) 7 () dy.

This identity—fluctuation equals response—holds exactly, for any distribution of the form e .

19.2 The Physics Vocabulary

Different choices of O give the response function different names in physics. When O = p (charge
density), the covariance Cov(p, p) is the density response or polarization II. When O = m
(magnetization density), the covariance is the magnetic susceptibility y. When O = j (current
density), the covariance is the current-current response, related to the conductivity. When
O = ¢ (the field itself), the covariance is simply the two-point function C' = Cov(¢, ¢), the propa-
gator.

In each case, the mathematical content is the same: we are computing the covariance of an
observable. The different names reflect the different physical quantities that O represents, not
different mathematical structures.
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Chapter 20

Self-Energy as a Precision Correction

20.1 Definition

We now introduce one of the most important concepts in field theory—the self-energy—in its natural
mathematical setting. The definition is simple:

The self-energy is the difference between the exact precision and the reference precision.

Let C be the exact covariance (propagator) of some field, and let Cjy be the covariance of a
reference Gaussian distribution. Define

ry=Cc'-cyt. (20.1)

That is all. The self-energy 3 is a correction to the inverse covariance—a precision correction. It
encodes everything that distinguishes the exact two-point statistics from the reference statistics.
Rearranging:

cl=cyt+ 3,

so the exact precision equals the reference precision plus the self-energy. Inverting:

C=(Cyt+x) L (20.2)

This is the Dyson equation.

20.2 What the Self-Energy Tells Us

The precision C ! describes the cost of fluctuations in the exact distribution. The reference precision
Cy ! describes the cost in the Gaussian reference. Their difference ¥ is the additional cost (or reduced
cost, if ¥ has negative eigenvalues) arising from everything beyond the reference model—interactions,
mean-field backgrounds, fluctuation corrections.

In Fourier space for a translation-invariant system:

(k) = C(k)™t = Co(k)~%

If Co(k) = 1/(k*4+m3) and C(k) = 1/(k* +m3 +X(k)), then X (k) shifts the pole of the propagator:
the effective mass becomes m? = m32 + 3(0) at zero momentum, and the momentum dependence of
Y (k) modifies the dispersion relation and introduces damping.
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CHAPTER 20. SELF-ENERGY AS A PRECISION CORRECTION

20.3 An Important Distinction

Within the Gaussian approximation for the collective field, the self-energy of the collective field
equals the polarization bubble: ¥p = II. But this identification holds only at the RPA level. In
general, the exact self-energy includes corrections beyond the bubble, coming from higher-order
terms in the Taylor expansion of Seg (vertex corrections, self-energy insertions, etc.).

Furthermore, the bubble itself can be computed with different propagators: bare (Gy), saddle-
dressed (Gz), or fully dressed (G). These choices give different numerical values and correspond to
different levels of approximation.

Self-energy is the exact correction to the inverse covariance, defined non-perturbatively by
» =01t — Cy L. The polarization bubble is a specific algebraic expression that equals the
self-energy in certain approximations (Gaussian fluctuation theory, RPA) but not in general.
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Chapter 21

The Dyson Equation and the Neumann
Expansion

21.1 The Dyson Equation as an Algebraic Identity

The Dyson equation
C=(Cyt+u)

is an immediate consequence of the definition ¥ = C~ — C ! It is an algebraic identity, not a
physical postulate and not a resummation. Let us state this with emphasis, because the traditional
physics pedagogy sometimes presents the Dyson equation as a profound result derived through an
infinite resummation of diagrams:

The Dyson equation is not conceptually prior to the self-energy. Once the self-energy is
defined as a precision correction, the Dyson equation is an algebraic identity, and the infinite
series that follows from it is simply the Neumann expansion of a matrix inverse.

21.2 The Neumann Expansion

The Neumann expansion (the matrix analogue of the geometric series) is obtained by factoring out
Cy L.
C = (CoHI+Cox)™t = (I + Cox)~LCh.

If |CoX|| <1, weexpand (I + X) ' =T - X+ X2 - X3 +...:
C =Cy— CpXCy+ CopXCp2XCh — CoXCoxCoXCy + - - - (21.1)

This is the Neumann series for the corrected covariance. Each term has n insertions of X, sepa-
rated by bare propagators Cj.

Physicists call this the Dyson series or Dyson resummation, and they draw it diagrammat-
ically as a chain of self-energy blobs connected by bare propagator lines. From our perspective, the
closed form (20.2) is the definition, and the series (21.1) is its expansion.

Note the sign of the first correction: C ~ Cy — CpXCy—+---. Let us verify that this is consistent
with C~! = CO_1 + X to first order. Compute:

(Cyt + 8)(Co — CoECo) = I — £Cy + £Cy — £Co2Cy = I — £CHXC,.
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CHAPTER 21. THE DYSON EQUATION AND THE NEUMANN EXPANSION

The remaining term is second order in 3, confirming the expansion is correct.
Diagrammatically, the Dyson equation can be drawn as:

C CO C() C 0

The double line represents the exact (dressed) propagator C. Single lines are bare propagators Cp.
The shaded box is the self-energy 3. The series continues with two, three, and more insertions.

For the collective field with Dy 1 11T as the Hessian, and for a contact bare interaction Dy = g
(a constant):

D(q) g 1 1
q = = — = — .
L+gll(q) ¢ '+1(q) D' +1(q)
The bubble chain D = g — gllg + gllgllg — - - - is its geometric-series representation.

Diagrammatically, the RPA bubble chain is:

Dashed lines represent the bare collective propagator Dy. Each bubble (a pair of wavy propagator
lines) is one insertion of the polarization II. The full sum gives the dressed collective propagator
D= (Dy'+1)~",
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Chapter 22

RPA as Gaussian Inference

22.1 The Full RPA Procedure

We are now in a position to present the Random Phase Approximation (RPA) as a coherent approx-
imation scheme. The procedure consists of five steps, each of which we have already developed:

Step 1: Introduce a collective field o (HST, exact).

Step 2: Integrate out the microscopic field (exact if quadratic), producing Segl[o] = Solo] £
Trlog M (o) + const.

Step 3: Find the saddle o by solving §Se/d0 = 0 (approximate: saddle-point). This gives the
gap equation.

Step 4: Compute the Hessian at the saddle: K = Dy thm (approximate: Gaussian truncation).
The polarization II is a bubble.

Step 5: Invert to get the dressed collective propagator: D = K~ (RPA).

The result:

‘RPA = Gaussian (Laplace) approximation for collective-field fluctuations. ‘ (22.1)

The “bubble chain” is simply the Neumann expansion of K1,

22.2 RPA as a Variational Approximation

The RPA can also be understood from a variational perspective. The Laplace approximation—
matching a Gaussian to the mode and Hessian of S.g—is a specific approximation scheme, and
it is what the RPA amounts to. However, it is important to distinguish this from the optimal
Gaussian variational approximation, which minimizes Dxy,(q||p) over all Gaussian q.

The optimal reverse-KL. Gaussian satisfies the stationarity conditions

Eq[VoSet(0)] =0, cl= Eq[v?rseff(a)]a

where C' is the variational covariance. The Laplace approximation replaces these expectations
by evaluations at the mode: VS.(5) = 0 and C~! = V2S.4(5). The two coincide when the
distribution is sharply peaked (so that the expectations are dominated by the mode), which is the
same regime—large N, many degrees of freedom—where the saddle-point approximation is justified.

When the distribution of ¢ is not sharply peaked, the Laplace and optimal variational Gaussian
differ: the variational mean shifts away from the mode, and the variational precision averages the
Hessian over the distribution rather than evaluating it at a point. In practice, the Laplace/RPA
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CHAPTER 22. RPA AS GAUSSIAN INFERENCE

approximation is simpler and suffices whenever the saddle is justified; the variational Gaussian is
more robust but requires solving a self-consistent equation.

From the machine-learning perspective, the RPA is a form of Laplace inference: it approxi-
mates a complicated posterior by a Gaussian centered at the MAP estimate with precision equal to
the Hessian. This is asymptotically optimal (as N — oo) but not globally optimal for finite N.

22.3 The RPA Collective-Mode Spectrum
The poles of D (zeros of det K) are the collective modes:
det K(q,w) =0 = Dyt (q) +TI(g,w) = 0.

This condition determines the dispersion relation w(q) of the collective mode. The physical nature
of the mode depends on what o represents: sound, plasma oscillation, spin wave, phase oscillation,
etc.

22.4 Screening

When Dg(q) = V(q) is a bare interaction potential (e.g., the Coulomb potential), the dressed
propagator D(q) = V(q)/(1 + V(¢)II(q)) is the screened interaction. The denominator e(q) =
1 + V(q)I(q) is the dielectric function. The bare long-range interaction is reduced by e(q),
converting it into a short-range effective interaction. This is the physical content of screening:
microscopic degrees of freedom rearrange in response to an external charge, partially canceling its
potential.

But all of this physical storytelling is an interpretation of the mathematical result D = (D Ly
II)~!. The mathematics is an inverse of a corrected precision operator. The physical story explains
why this mathematical structure is relevant for specific systems.

What was exact, what was approximate, and what was conventional?

Exact. The HST identity. The Gaussian integration producing Trlog. The definition ¥ = C~! —
Cy'. The Dyson equation (20.2). The Neumann series (21.1) within its convergence radius.

Approximate. The saddle-point approximation (Step 3). The Gaussian truncation at the Hes-
sian (Steps 4-5). The computation of IT with saddle-dressed rather than fully dressed propagators.
The neglect of vertex corrections.

Conventional. The term “RPA” for the Gaussian approximation. “Dyson resummation” for the
Neumann series. “Bubble chain” for its diagrammatic representation. The various sign conventions
for the self-energy.
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Part VI

Gaps, Zero Modes, and Hydrodynamic
Behavior
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The previous two parts developed a systematic framework: introduce a collective field, integrate
out microscopic variables, find a saddle, compute the Hessian, and invert it to obtain a collective
propagator. The saddle modifies the microscopic precision and may generate a gap. The Hessian
determines the collective-field covariance.

This part addresses a question that is central to modern physics: can the same saddle simulta-
neously produce a gap in one covariance and a gapless mode in another? The answer is yes, and
the mathematical reason is simple—the microscopic covariance and the collective covariance are
different operators acting on different variables.

86



Chapter 23

The Same Saddle Can Produce a Gap and
a Gapless Mode

23.1 Two Covariance Operators from One Saddle

The saddle & modifies two distinct objects. The microscopic covariance is the propagator of ¢,
evaluated at the saddle: )
Gy = (Gy' + V() .

If V(o) shifts the precision by a positive amount at all momenta, then G is gapped.
The collective covariance is the inverse Hessian of S.g at the saddle:

D=K"'=(Dy'+1)".

Whether D is gapped or gapless depends on the eigenvalue spectrum of K. If K has a zero eigenvalue,
D is gapless.

These are different operators. G5 acts on the space of microscopic field configurations. D acts
on the space of collective field configurations. There is no mathematical reason for their spectral
properties to be the same.

A symmetry-breaking saddle simultaneously gaps the microscopic covariance and produces a
zero-Hessian direction in the collective covariance. These are not contradictory because they
refer to different operators on different variables.

23.2 A Finite-Dimensional Analogy

Consider a two-dimensional density p(z,y) o exp(—%(m2 + 9% — v2)?) for some v > 0. This density
is rotationally symmetric. Its mode lies on the circle 22 + y? = v2.
Pick any mode, say (z,y) = (v,0). In radial-angular coordinates x = (v + p)cosf, y = (v +

p)sin @, the density near the mode becomes (to second order):
p o< exp(—v?p?).

The radial direction p has nonzero Hessian eigenvalue 2\v?—it is stiff (gapped). The angular
direction € has zero Hessian eigenvalue—it is flat (gapless).
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CHAPTER 23. THE SAME SADDLE CAN PRODUCE A GAP AND A GAPLESS MODE

Seff

s angtlat)
6]

This two-dimensional example captures the essential structure. Replace p with the amplitude fluctu-
ation of a complex order parameter and ¢ with its phase, and you have the Goldstone phenomenon
in field theory.
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Chapter 24

Symmetry Orbits and Goldstone Zero Modes

24.1 The Goldstone Theorem

Suppose Seg[U(a)o] = Seg[o] for all a. If 7 is a saddle, define the tangent vector to the symmetry

orbit: p
v(r) = — Ula)ol|(x).

Since f(a) = Seg|U(a)a] is constant (by symmetry), f”(0) = 0. Computing f”(0) via the chain
rule:
f'0)=v Kv=0

(the terms involving 5?;“ |z drop out because of the saddle condition). Since K is positive semi-

definite at a stable saddle, v Kv = 0 implies

Kv =0. (24.1)

The tangent to the symmetry orbit is a null eigenvector of the Hessian. This is the Goldstone
theorem: a purely algebraic consequence of (i) a continuous symmetry of Seg and (ii) a saddle
that breaks it.

In relativistic systems, the number of Goldstone modes equals dim G — dim H, where G is the
symmetry group and H is the stabilizer of the saddle. For O(N) — O(N — 1), this gives N — 1
Goldstone modes. For U(1) completely broken, this gives one.

In nonrelativistic systems, the counting is different and requires more care. Define the commutator-
density matrix

Pab = _%q@a, Qb]>a

where @), are the broken generators and V' is the volume. The Watanabe-Murayama counting rule
gives the number of independent Nambu—Goldstone modes as

1
Nng = Nps — irankp, (24.2)
where Npg = dim G — dim H is the number of broken symmetry generators. The modes fall into
two classes:

Type-A (unpaired): each broken generator gives one mode with linear dispersion w o q.
These arise when p,, = 0 for the corresponding generators. Example: the two transverse spin-wave
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CHAPTER 24. SYMMETRY ORBITS AND GOLDSTONE ZERO MODES

modes of an antiferromagnet, where the staggered-magnetization order parameter commutes with
the total spin (which vanishes in the ground state).

Type-B (paired): two broken generators pair up to give one mode with quadratic dispersion
w o ¢>. These arise when pg, # 0, indicating that the two generators do not commute in the
ground state. Example: the single magnon mode of a ferromagnet, where two broken spin-rotation
generators (S, and S,) satisfy ([Sy,S,]) = i(S.) # 0, and pair into one mode with w o ¢2.

The Hessian analysis of this book gives the correct counting automatically: the number of zero
eigenvalues of K at ¢ = 0 is Nng, not Npg. The distinction between linear and quadratic dispersion
arises from whether the effective action contains a first-order or second-order time derivative, which
is determined by the symmetry structure through pgp.
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Chapter 25

The Hydrodynamic Field from a Slowly
Varying Saddle Coordinate

25.1 Promoting the Symmetry Coordinate to a Field

The Goldstone theorem tells us that the Hessian has a zero eigenvalue at zero momentum. But in a
physical system with spatial extent, we must also ask what happens at nonzero momentum—when
the symmetry coordinate varies slowly from point to point.

Let 6(z) parameterize the position on the symmetry orbit at each spatial point. A uniform
rotation § = const costs no energy (Goldstone theorem). But a spatially varying 6(x) does cost
energy, because the fields at neighboring points are no longer aligned.

The most general effective action for 6 consistent with the symmetry, to leading order in deriva-
tives, is

2

where x is a temporal susceptibility (or compressibility) and ps is the stiffness (or superfluid
density, or spin stiffness, depending on context). Both can be computed from the microscopic theory.
The Hessian in Fourier space is

Shydrol0] = L / dr A%z [x (0:0)* + ps (VO] + - -+, (25.1)

Ky(wn,q) = xwp, + psq’.
At w, = 0 and q = 0, this vanishes: the Goldstone theorem. At nonzero momentum, the phase

propagator is
1

Dy(wp,q) = —5—.
(n ) XW%+psq2

After analytic continuation (iw, — w 4 i0™), the pole condition gives

Wr="re ¢ =32, (25.2)
X

where ¢ = \/ps/x is the speed of the collective mode.
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Chapter 26

Soft Modes from Conservation Laws

Not all soft modes are Goldstone modes. A conserved density d;n+ V -j = 0 constrains the small-g,
small-w inverse covariance. Fick’s law j = —DgigVn gives diffusion: w = —iDggq?. Adding a
restoring pressure force gives sound: w = +cq — il'¢>. Both are gapless because a uniform density
perturbation cannot relax—total particle number is conserved.

Mathematical structure Physics terminology

Small precision eigenvalue Soft mode

Null direction from spontaneous symmetry breaking Goldstone mode

Slow direction from a conservation law Hydrodynamic mode

Pole of covariance at real frequency Propagating collective excitation
Pole at imaginary frequency Relaxation or diffusion

26.1 Deriving Hydrodynamic Modes from Conservation Laws

Let us derive the diffusion and sound poles from the structure of the inverse propagator, in the
spirit of this book’s framework.

Diffusion from a conserved density

Consider a conserved density n(z, t) satisfying the continuity equation 9yn+V-j = 0. The continuity
equation is an exact identity that constrains the structure of the density-density response function
x(¢;w) = (n(q, w) n(—¢, —w))e.

In Fourier space, the continuity equation relates the density response to the current response:

—iw Xnn (g, w) +ig; Xjin(g,w) = 0.

This constrains x,,(0,w): at ¢ = 0, the conservation law forces w xn,(0,w) = 0, so either w = 0 or
Xnn vanishes. This means the inverse susceptibility K,,(¢ = 0,w = 0) = x;,,,2(0,0) must be finite
(the susceptibility itself is finite), and the mode frequency must vanish at ¢ = 0. Conservation laws
guarantee gapless modes.

Now add the constitutive relation (Fick’s law): j = —DgigVn for a system without a restoring
force. Substituting into the continuity equation:

On = DaigVn,
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CHAPTER 26. SOFT MODES FROM CONSERVATION LAWS

which in Fourier space gives (—iw + Dairq?)n(q,w) = 0. The inverse propagator for the density
mode is therefore
Kair(w, q) = —iwx + Daigxq’, (26.1)

where x = 9On/du is the static compressibility (a thermodynamic coefficient). The mode condition
Kaig = 0 gives w = —iDgigq?: a purely imaginary frequency, corresponding to exponential relaxation
with rate Dgigq®. At ¢ = 0, the relaxation rate vanishes: the uniform density perturbation does not
decay (it is exactly conserved).

Sound from a conserved density with a restoring force

If the density perturbation creates a pressure response 6P = (OP/0n)dn = c%én, the equation of
motion acquires a restoring force. The linearized Euler equation for the momentum density gives

Oji = —ViP + V25 + (C +n/3)Vi(V - §),

where n and ( are the shear and bulk viscosities. Together with the continuity equation, this gives
(for longitudinal sound, projecting onto the ¢ direction):

O*n = AV?n 4+ T, V20;n,

where I's = (( + 41/3)/(mng) is the sound attenuation coefficient. In Fourier space, the inverse
propagator is
Kyound(w, ) = xw* = psg” + ixTswq®, (26.2)

where ps = Xc% is the stiffness. The mode condition Kgyung = 0 gives the dispersion relation
w2+ iF5q2w — cng =0,

with solution w = +c¢pq — %F8q2 + O(g?). This is a propagating mode with speed ¢y and damping
rate ' = %I‘SqQ.

Key point: the sound mode exists because the conservation of both particle number and
momentum forces the inverse propagator to have the structure yw? — psq® + - - -, which vanishes at
w = q = 0. No microscopic weak-coupling assumption is needed. Even in a strongly interacting fluid
where no quasiparticles exist, sound persists—its existence is guaranteed by symmetry (conservation
laws), not by weak scattering.

Compare this with the Goldstone mode (Chapter 21), where the Hessian has a zero eigenvalue
because of spontaneous symmetry breaking. Both mechanisms produce gapless modes, but for
different reasons: Goldstone modes require a broken continuous symmetry; hydrodynamic modes
require a conservation law. A system can have both (as in a superfluid, which has both a conserved
particle number and a broken U(1) symmetry, producing the Anderson—Bogoliubov sound mode).

26.2 Physical Background: Why Hydrodynamics Is Universal

Hydrodynamics is the most universal effective theory in all of physics. Its universality rests on a
simple principle: conservation laws force certain modes to be gapless, regardless of the strength of
interactions or the validity of any quasiparticle description.

Consider a system with a conserved charge Q@ = [ n(z) d%z, where n is the charge density.
Conservation means 0;n + V - j = 0 exactly, as an operator equation. This identity constrains the
structure of the retarded density-density response function xg(w,q) = (nn)g at small w and q.
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The argument is as follows. The Ward identity for charge conservation (Chapter 34) gives

W Xnn (W, @) = ¢i Xjn(w, q).

At ¢ = 0: wxnn(w,0) = 0. For w # 0, this forces xpn(w,0) = 0—the uniform density does not
fluctuate dynamically, because total charge is conserved. The inverse susceptibility K (w,q) must
therefore satisfy K(0,0) = 1/xstatic (finite), and the mode frequency must vanish as ¢ — 0: the
collective mode is gapless.

This is fundamentally different from a Goldstone mode, which is gapless because of spontaneous
symmetry breaking. A hydrodynamic mode is gapless because of an exact conservation law. The
conservation law is more robust: it holds at all temperatures, in all phases, and regardless of whether
any symmetry is spontaneously broken.

The hierarchy of hydrodynamic modes

In a generic fluid (no broken symmetries, no long-range forces), the hydrodynamic modes are deter-
mined by the conservation laws alone:

Conserved particle number: gives a diffusion mode, w = —iDg?. The diffusion constant D
is a transport coefficient related to the conductivity by the Einstein relation D = o /xp.

Conserved momentum: combined with the equation of state P(p), gives two sound modes
w = +csq — il'q?. The sound speed cs = \/OP/dp is a thermodynamic quantity; the attenuation T
involves viscosities.

Conserved energy: gives a thermal diffusion mode, w = —irg?/(c,p), where & is the thermal
conductivity and ¢, is the specific heat at constant pressure.

In total, a d-dimensional fluid with conserved particle number, momentum (d components), and
energy has d+ 2 hydrodynamic modes: 2 propagating sound modes, d— 1 transverse diffusion modes
(shear), and 2 diffusive modes (thermal and particle diffusion, which may be coupled).

Hydrodynamic modes from the gap equation

How do hydrodynamic modes appear within the framework of this book? Through the Hessian of
the effective action.

Consider a system where the collective field o includes the local density n(z). The effective
action Seg[o] inherits the conservation law: it is invariant under the global shift n(z) — n(z) + €
(corresponding to total particle number conservation). At the saddle &, this invariance forces the
Hessian K,,(q = 0,w = 0) to be finite but the mode frequency to vanish.

More concretely, the gap equation 0Seg/doc = 0 determines the equilibrium density 7. The
Hessian K = §%2S.¢/60? at the saddle has the structure

Kpn(w,q) = L Xo(w, q),
n

where 1/g, is the bare inverse propagator for density fluctuations and x¢ is the microscopic suscepti-
bility. The gap equation 1/g, = x0(0,0) ensures K,,(0,0) = O0—wait, this would imply a divergent
static susceptibility, which is the criterion for a phase transition, not for a hydrodynamic mode.

The resolution is important: a hydrodynamic mode arises when the gap equation is automatically
satisfied by a conservation law, rather than being a fine-tuned condition. The conservation law forces
K, (0,0) to be zero (or, more precisely, forces the dynamical part of K to vanish at w = ¢ = 0),
without requiring any special value of the coupling g,. This is the sense in which hydrodynamic
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modes are “protected” by conservation laws: they are not the result of a gap equation that might
be disrupted by corrections, but a structural constraint on the form of the effective action.

In the person/society analogy: a hydrodynamic mode is like the conservation of total popula-
tion. No social policy (no value of the “coupling constant”) can make the total population change
instantaneously. A density perturbation must spread by diffusion (migration) or propagate as a
wave (a migration wave driven by economic forces). The “gap” for population dynamics is always
zero, regardless of the strength of social interactions, because population is conserved.

The person/society analogy for hydrodynamic modes

In the person/society analogy, hydrodynamic modes correspond to quantities that are conserved in
the society: total population, total wealth, total energy. A perturbation in the local population
density (say, a sudden influx of people into one city) cannot disappear instantly—people do not
vanish. The perturbation must spread out by diffusion (people moving to neighboring cities) or
propagate as a wave (a migration wave). The diffusion constant is set by how mobile people are
(the transport coefficient), not by the strength of social interactions. Even in a society with very
strong social interactions (where no “quasiparticle” individual modes exist), diffusion of conserved
quantities persists.
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Part VII

Superconductivity as the Central Case
Study
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Superconductivity brings together every major theme of this book in a single, physically impor-
tant application. The mathematical structure is rich enough to illustrate all the main ideas, but
simple enough (at the mean-field level) to be worked out explicitly.
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Chapter 27

Pairing as Latent-Variable Augmentation

Starting from an attractive interaction —g 1%1/_) 1% 1, introduce a complex pairing field A(z) coupled
to 1 1y via HST. In Nambu notation ¥ = (1/J¢,w¢)T, the action is quadratic in ¥, with inverse
Nambu propagator

Gy' -A
“1[A] — 0 K
g [A} - (—A* _G61> )
where Gy 1= —9, — &(—iV). For any fixed A, the fermion action is Gaussian in W. Integrating out
fermions exactly:
1
Set[A] = g/|A|2 — Trlog G'[A] + const. (27.1)

This Trlog is exact: fermions entered quadratically, and the Gaussian integral was performed with-
out approximation.
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Chapter 28

The BCS Gap Equation

28.1 The Saddle-Point Condition

At a uniform real saddle Ay, the stationarity condition requires %‘Z‘Soﬁ = 0. Using Jacobi’s formula,

this becomes

240

g = = Tr(ngTl),

where 71 = ((1) (1)) in Nambu space.

28.2 Evaluating the Nambu Propagator
The inverse Nambu propagator at the uniform saddle is
-1 _ iwp, — &k AV
gA0<k) - < _AO lwn +§k) )

where w,, = (2n + 1)7T are fermionic Matsubara frequencies and &, = k?/(2m) — p. Inverting the
2 x 2 matrix (using M1 = L (4 b))

ad—bc\ —c a

det Gx! (k) = —(wp + & + Af) = —(w? + E}),

where Ey = (/& + A2 is the quasiparticle energy. The Nambu trace picks out tr[r1Ga, (k)] =
—20¢/ (w2 + E3).

28.3 The Gap Equation

Substituting and using the standard Matsubara sum 7'y " 1/(wi+E?) = 5= tanh(E/(2T)), which
at zero temperature gives 1/(2F):

1_/1_/1
9 Jk2Bc Jxo fe2 4 A2

This is the BCS gap equation at zero temperature. The solution has the non-perturbative form
Ag ~ wp exp(—1/(Nog)), explaining why the gap cannot be seen in any finite order of perturbation

(28.1)

theory.
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CHAPTER 28. THE BCS GAP EQUATION

Derivation of the Matsubara frequency sum

Thesum T') " e o3 EQ, where w,, = (2n+ 1)7T" are fermionic Matsubara frequencies, is a standard
calculation in thermal field theory. We derive it here because it illustrates the contour techniques
of Part XII and appears repeatedly.

Define f(z) = ﬁ . ﬁ The fermionic Matsubara sum is related to a contour integral:

1 dz np(z)
T — ¢ L& )
nz w2 + E2? ¢ 2mi 22 + E?’

where the contour C encircles all the fermionic Matsubara frequencies z = iw,, (which are the poles
of np(z) = 1/(e*/T 4 1)). The residue of np(z) at z = iw, is —7T'.

Deforming the contour to encircle instead the poles of 1/(22 + E?) at z = +E (picking up a
minus sign from the contour reversal):

1 —1
Tzn: wl+ B2 np(E) - o7 +np(—E) - o—.

Using np(—F) =1 —np(E):

1 1 1 E
TS —— = —[1-2np(E)] = — tanh —. 28.2
;w%—i—E? op L= 2nr(B)] = gp tanh o (282)

At T =0: np(E) — 0 (for £ > 0), so the sum gives 1/(2E), recovering the zero-temperature result.
At high T tanh(E/(2T)) ~ E/(2T), so the sum gives 1/(4T)—independent of E, reflecting the
classical (high-temperature) limit.

The finite-temperature BCS gap equation

At temperature T' > 0, the Matsubara sum in the gap equation gives

1 [ tanh(Ex/(2T))
= /k e (28.3)

As T increases from zero, tanh(E/(27")) decreases from 1, reducing the right-hand side. At a critical
temperature T, the right-hand side becomes too small to sustain a nonzero Ag, and the gap vanishes
continuously: Ag(T) - 0as T — T, . At T = T, setting Ag = 0 (so Ex = |&|):

L _ [ tanh(j&/(270))
- /k .

g 2|&x|

Subtracting the zero-temperature gap equation (1/g = [, 1/(2Ex) with Ey = \/ & + A2) from this
gives a relation between T, and Ag. For weak coupling (where Ay < wp, the Debye cutoff), the
BCS theory gives the universal ratio

2A0 s

T = e 3%, (28.4)

where g is the Euler—-Mascheroni constant. This is a quantitative prediction: the ratio of the
zero-temperature gap to the critical temperature is a universal number, independent of the coupling
constant g, the density of states, or the cutoff.
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CHAPTER 28. THE BCS GAP EQUATION

Near T, the gap vanishes as Ag(7T") < /1 — T /T.—a mean-field square-root behavior charac-
teristic of second-order phase transitions. This is the prediction of the saddle-point (mean-field)
approximation. Fluctuation corrections (from the Gaussian integration over collective-field fluctua-
tions in Part V) modify this behavior in low dimensions but do not change the qualitative picture
in three dimensions.
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Chapter 29

Gapped Quasiparticles and Soft Phase Fluc-
tuations

29.1 The Quasiparticle Gap

The minimum quasiparticle energy is Fpin = Ag > 0, occurring at the Fermi surface where & = 0.
This is the quasiparticle gap: the minimum energy required to create a fermionic excitation.

E
A
S - _ 2 2
Y g Ek—‘/£k+A0
3 _ -
"~ |20
= k—/{F

The dashed line shows the normal-state dispersion ||, which vanishes at the Fermi surface. The

solid curve shows the BCS dispersion Fy = 1/51% + A2, which has a minimum value Ag > 0: the
gap.

29.2 Amplitude and Phase Fluctuations

Writing A(z) = [Ag + p(2)]€?®) | the U(1) symmetry of Seg (invariance under A — €i*A) is broken
by the saddle Ag. By the Goldstone theorem:

The amplitude mode p has K,(¢ = 0) > 0—it is gapped, with mass of order 24, (the “Higgs
mode”).

The phase mode 6 has Ky(0,0) = 0—it is gapless. At nonzero momentum: Ky(wy,q) =
w2 + psq?, giving the Anderson-Bogoliubov sound mode w = csq.

The pairing saddle simultaneously opens a gap Ag in the fermionic quasiparticle covariance
and produces a zero-Hessian direction in the collective phase covariance. These are not
contradictory—they refer to different variables and different covariance operators.

102



Chapter 30

Gauge Coupling and the Fate of the Phase
Mode

When the electrons are charged and couple to the electromagnetic gauge field A,, the effective
action for (0, A) expanded to quadratic order has a block Hessian

Koqg K6A>
K= .
(KAG Kaa

The effective precision for 6, after accounting for the gauge field via the Schur complement, is
K§ = K — KgaK 14 K ap-

The off-diagonal coupling Kgg o psq (from the gauge-covariant gradient VO —eA) and KZ,}X x e?/q?
(the Coulomb propagator) combine to give a constant mass term:

K@AK‘:}};KAH ~ pzeQ = const.

g o ne?/m. The former Goldstone

mode acquires a mass. This is the Anderson—Higgs mechanism.

The phrase “the gauge field eats the Goldstone boson” is a memorable story about the spectral
analysis of a coupled block precision operator. The story is vivid and useful, but it should not be
confused with the derivation, which is the Schur complement calculation above.

Let us see this Schur complement calculation in more detail. Write the quadratic action for the
coupled (0, A) fluctuations:

1 [ dq w2 + ps@® —2epsiq 0(q)
59 =3 [ TS o aco) (honr ) (30),

where we have shown only the longitudinal component of A for simplicity. The off-diagonal coupling
Kpa = —2epsiq arises from the gauge-covariant derivative |V — 2eA|? in the phase action.
The effective phase precision, after integrating out A via the Schur complement, is

This adds a gap to the phase mode: the plasma frequency w

K§ (wn, q) = Koo — KoaK 314K a0

2
(w2 4 pug?) — 2eps)”
_(Xwn+pSQ) q2+4€2[)5
:XW2‘|‘,0 qQL
n S q2+4e2ps'
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CHAPTER 30. GAUGE COUPLING AND THE FATE OF THE PHASE MODE

At ¢ = 0: K§T(w,,0) = yw?2, which does not vanish at w,, = 0—but this is because the static ¢ = 0
mode has been absorbed into a gauge transformation (it is unphysical). At small but nonzero g¢:
KT ~ xw? + psq*/(4€?ps) = xw?2 + ¢*/(4€?), which has a ¢* dispersion—not the ¢* of the original
Goldstone mode.

Meanwhile, the effective gauge-field precision acquires a mass from integrating out 6:

(2epsq)?

K = (4% + 4e2p,) — —2 P
4= ps) XWE + psq?

At w, = q = 0: KZH(O,O) = 4e?p, = wz/c2. The gauge field has acquired a mass mQA = 4e?py:
this is the Meissner mass. The penetration depth is A\, = 1/4/4€2p, and magnetic fields are
exponentially screened inside the superconductor.

This is the Anderson-Higgs mechanism as a Schur complement: the off-diagonal coupling be-
tween the Goldstone mode (#) and the gauge field (A) transfers the zero-Hessian eigenvalue from
0 to A, converting the massless Goldstone mode into a massive gauge field. The “eating” of the
Goldstone boson is mathematically the off-diagonal block Ky4 connecting the two sectors.
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Part VIII
Additional Worked Examples

105



The framework developed in Parts I-VII applies to a wide range of physical systems. This part
works through four additional examples, chosen to illustrate different facets of the general structure.
Each example follows the same logical sequence: define the model, introduce a latent field, integrate
out the microscopic variables, derive the effective action, find the saddle, compute the Hessian,
identify the collective modes, and tell the physical story.
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Chapter 31

Scalar q§4 Theory and Auxiliary Mass Fields

31.1 The Model and Direct Perturbation Theory

The scalar ¢* theory has action
1 1 A
Sleo] = /[Q(Vﬁb)? + 5m%¢>2 + I¢4 d%z.

In Fourier space, the bare propagator is Co(k) = 1/(k* + m2), and the quartic term is the non-
Gaussian interaction.

31.2 The Tadpole from Perturbation Theory

The first perturbative correction to the two-point function (¢(x)¢(y)) at order A comes from

A

=51 [ 4% (@@)ew)e(2)o,

where (-)o denotes the Gaussian (A = 0) expectation. By Wick’s theorem, the six-field correlator
produces several pairings. The connected contribution has two of the four ¢(z) fields paired with
each other (forming a closed loop at z) and the remaining two paired with ¢(z) and ¢(y). The
result is proportional to

A C()(CU, Z) CO(Zv y) CO(Za Z)‘
The factor Co(z,2) = [, Co(k) is the equal-point propagator—a loop. Diagrammatically, this is a
single propagator line from = to z, a loop at z, and another propagator from z to y: a “tadpole”
hanging off the propagator.
Co(z, 2)

Co Co

In momentum space, the self-energy correction is

A 1
EtaLdpole = 5 . m
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CHAPTER 31. SCALAR ¢* THEORY AND AUXILIARY MASS FIELDS

This is momentum-independent—it is a pure mass correction. The effective mass becomes mgﬂ =
m(% + Etadpole-

We pause to emphasize: the leading self-energy in ¢* theory is a tadpole, not a two-propagator
bubble. The resolution is that “bubble” refers to a specific algebraic structure (a trace of two

propagators), while “self-energy” refers to the full precision correction. Which diagrams contribute
depends on the theory.

31.3 The HST Approach

Introducing an auxiliary field o coupled to ¢?:

3 1
Sett[o] = )\/02 + B Trlog(—V? +m3 + o).
The saddle equation for a uniform & with m? = m%—l—& is a self-consistent mass equation that resums
the tadpole. The collective Hessian K(q) = 6/\ + II(q) exhibits critical softening: as m? — 0,
1(0) diverges in low dimensions (d < 4), K(0) — 0, and the collective covariance D = K1
diverges—signaling a phase transition.
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Chapter 32

The O(N) Model and Large-N

32.1 The Model

The O(N) model generalizes ¢* to a vector field ¢ = (¢1,...,¢n) with O(N) symmetry:
St8) = [ |5V + gmble + [ (#P2| a'a.
2 20 AN

The coupling is scaled as A/(4N) so that the free energy is extensive in N.

32.2 Auxiliary Field and Large-N Concentration

Introducing a scalar auxiliary field o coupled to |¢|? via HST, each of the N components ¢, is an
independent Gaussian with precision —V? 4 m% + 0. The effective action is

N N
Sett[0] = 5\ o? + > Trlog(—V? +md + o).

Every term is proportional to N: Seg = N - seg[o]. As N — oo, the integral [ Do e Nseft g
dominated by the saddle, with corrections suppressed by powers of 1/N. This is a beautiful example
of the general mechanism discussed in Chapter 10: the prefactor N controls the sharpness of the
saddle.

32.3 The Large-N Saddle and Mass Gap

The saddle equation for a uniform & is

o 1/ 1
22 2 i K2+ mi+a’

Defining the physical mass m? = m% + 0

m? —m§ 1/ 1
20 2 JL K2+ m?

This is a self-consistent mass equation, identical in structure to the ¢* gap equation up to numerical
factors. It determines the mass gap m—the inverse correlation length—as a function of the bare
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2 > 0: the system is in the disordered (symmet-

parameters. When m% > 0, the solution has m
ric) phase with all N field components having equal mass. When m% is sufficiently negative, the
symmetric saddle becomes unstable, signaling the onset of a broken-symmetry phase.

The Mermin—Wagner constraint. An important caveat: in dimensions d < 2, continuous
symmetry breaking is forbidden for systems with short-range interactions (the Mermin—Wagner—
Hohenberg—Coleman theorem). The saddle-point analysis, which predicts symmetry breaking for
sufficiently negative m2 in any dimension, is an artifact of the mean-field approximation. The
1/N corrections (discussed below) restore the correct behavior: in d = 2, infrared fluctuations of
the Goldstone modes destroy long-range order, and the correlation length remains finite at any
temperature. This does not mean the saddle-point analysis is useless in d = 2—it correctly captures
the short-distance physics and the structure of the effective action—but its prediction of a phase
transition must be interpreted with care. In d = 3, the saddle prediction of a broken phase is
qualitatively correct.

32.4 1/N Corrections

The leading correction beyond the saddle is the Gaussian fluctuation of o—the Hessian and its
inverse. The o-Hessian is K (q) = 1/(2X) + 311(q), where I1(g) = Ji Gm(k + q)Gr(K). Tts effects on
the microscopic propagators enter at order 1/N. Higher vertices produce corrections at order 1/N?
and beyond.

32.5 The Broken Phase

In the broken phase, (¢) = (v,0,...,0) for some v > 0, breaking O(N) — O(N—1). The fluctua-

tions decompose into one gapped radial (longitudinal) mode and N—1 gapless angular (transverse)
(-1 (VDD _

Goldstone modes. The number of Goldstone modes equals N
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Chapter 33

The Electron Gas, Screening, and Plas-
mons

33.1 HST in the Density Channel

For electrons interacting through V(q) = 4me?/q?, introduce a scalar field ¢ coupled to the density
n:

1
Sett[¢] = Q/QOV_IQD —2Tr log(Ga1 + ip) + const.

The factor of i in the coupling arises because the Coulomb interaction is repulsive.

33.2 Screening and Plasmons

The Hessian gives the screened interaction:

_ V) Vi)
1+ V(gI(q)  e(q)’

where £(q) = 1+ V(g)II(q) is the dielectric function. At small q: e(q) ~ 1 + ¢3p/¢* with
qrr = V4me? Ny (Thomas-Fermi wavevector), giving a Yukawa potential D(r) oc e 9TF" /.

To extract the screening length, consider the static (w = 0) limit at small q. The static polar-
ization approaches a constant: II(0,q — 0) — —Np (the density of states at the Fermi energy, with
a sign from conventions). Therefore

D(q)

4e? 2
(@)~ 1+ -No=1+qu—2F,

where grp = V4me2Ny is the Thomas—Fermi screening wavevector. The screened interaction

becomes )

Diq) = 5———,
@ =

which is a Yukawa potential in real space: D(r) oc e 9TF" /r. The long-range Coulomb interaction
has been screened to a finite range rrp = 1/q7p.
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CHAPTER 33. THE ELECTRON GAS, SCREENING, AND PLASMONS

The Lindhard function: explicit evaluation

Let us compute the free-fermion polarization bubble IIy(q,w;,) explicitly, as it is the prototype for
every bubble calculation in this book. We need to evaluate

. 4’k : . :
(i) = =27 Y [ 4555 Goliwi. k) Gofivy, + v k+ @)

where Go(ivim, k) = 1/(ivy, — &) is the free fermion propagator, & = k?/(2m.) — u is the kinetic
energy measured from the chemical potential, v, = (2m+1)7T are fermionic Matsubara frequencies,
and the factor of 2 is for spin.

Step 1: Matsubara sum. We need T') L - Use partial fractions:

Vm (ivm—&k) (ivm+iwn —Ekyq

1 1 1 1
(iVm - gk)(iym + lwy — gk-i—q) B lwp, — gk—‘rq + &k |:iVm — &k a Wi + 1w, — Ek-i-q
Now use the standard Matsubara sum (derived in detail in Chapter 41):

1
Ty o),

Um

where np(€) = 1/(e8/T +1) is the Fermi-Dirac distribution. Also, Ty, L = np(biq)

ium+iwn7£k+q
(since the bosonic frequency w,, shifts the sum but does not change its value for the Fermi function).

Therefore:
nr(€k) — nF(€k+q)_

wp — §k+q + &k

T " Go(ivim, k) Go(ivpm + iwn, k +q) =

Vm

Step 2: The Lindhard function. The polarization is

Bk np (&) — nr(ékiq)
(277)3 iwn - €k+q + gk .

o (iwn, q) = —2/ (33.1)

This is the Lindhard function. At zero temperature, ny(§) = 6(—¢) (a step function at the Fermi
surface), and the numerator np(§k) — nr(§k+q) is nonzero only when one momentum is inside the
Fermi sea and the other is outside.

Step 3: Static limit. Setting w, = O:

L &k np(ée) — nr(éirq)
(0, a) = / (2m)3 €k — &ktq .

At T = 0 and small ¢, expanding kg & &k + Vi - q (Where vy = Vi€, = k/me is the velocity), the
numerator becomes —vi - qd(&k) - (—1), and the ratio gives §(&x). The integral over k then picks
out the Fermi surface:

p(0,q = 0) = —2/d3k5(§k) = —No
’ (2m)3 ’
where Ng = mekp/m? is the single-spin density of states at the Fermi energy. This confirms the
Thomas—Fermi result: q%F = 4me’ Ny.
Order of limits. The static limit (w — 0 first, then ¢ — 0) and the uniform limit (¢ — 0 first,
then w — 0) give different results for the polarization. The static limit II(0,q — 0) = — Ny gives
the compressibility and screening. The dynamic (or uniform) limit II(w — 0, = 0) = 0 (which
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vanishes because at ¢ = 0 no particle-hole excitations exist). This non-commutativity of limits is a
general feature of response functions and has physical consequences: the static dielectric function
£(0,q) = 1+V (q)No gives screening, while the dynamic dielectric function &(w,0) = 1 —w? /w? gives
plasma oscillations. These probe different physics (charge rearrangement vs. collective oscillation),
and the different limits reflect this.

For general ¢, the Lindhard function at T' = 0 evaluates to
2 1+z

1—=x

1—=x

4x

1
o(0,q) = —No [2 + log’

q

This function equals —Ny at ¢ = 0, decreases monotonically for ¢ < 2kp, has a logarithmic singu-
larity in its derivative at ¢ = 2kp (the Kohn anomaly—a singularity arising because the Fermi
surface has a sharp edge), and falls off as ~ —Nok2/(3¢?) for ¢ > 2kp.

Landau damping

The imaginary part of the retarded polarization, obtained by analytic continuation iw, — w +i0™,
is

3
Im I (w, q) = —W/ (;l:)g, [nF(€k) — nr(€krq)] 0(w — Ekrq + &k)-

The delta function enforces energy conservation: a particle-hole pair with momentum transfer q
absorbs energy w = {x4q — k. For small w and g, this is satisfied when w ~ v - q, where v is the
Fermi velocity. The integration over the direction of k on the Fermi surface gives

Im I (w, q) ~ —WNO%Q for |w| < vpg.

This is Landau damping: a collective mode (such as a plasmon) with frequency w and wavevector
q can decay into particle-hole pairs whenever |w| < vpg—the region in (w, ¢)-space where individual
particle-hole excitations exist. The imaginary part of Il gives the rate of this decay.

The plasmon dispersion wy(q) lies above the particle-hole continuum at small ¢ (since w, > vpq
at small ¢), so the plasmon is undamped at long wavelengths. As ¢ increases, wy(q) enters the
continuum and acquires a damping rate I'(q) o Im 1§ (wy,q), which grows until the plasmon is
completely overdamped. This is the physical origin of the Landau damping phenomenon.

Three notions of mass

Before discussing Debye screening in detail, we must distinguish three notions of “mass” that are
routinely conflated in physics discussions:

Notion 1: the Lagrangian mass parameter mg. This is the coefficient of ¢* (or A,A") in
the action. It is a natural parameter of the exponential family p[¢] oc e™°. For the photon in QED,
mo = 0: the action has no mass term because such a term would break gauge invariance.

Notion 2: the pole mass mpys. This is the location of the pole of the exact vacuum
propagator: G(k) ~ 1/(k*— mghys) near the pole. It is a mean parameter—an observable extracted
from the correlator, including all quantum corrections. For the photon in vacuum, mppys = 0,
protected by the Ward identity.

Notion 3: the screening mass mp. In a medium (a plasma, a crystal, a condensate), the
propagator is modified by the medium’s response. The in-medium propagator has poles at k% = mQD,
where mp depends on the medium’s properties (temperature, density, composition). This is the

Debye mass.
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The Debye mass is not a violation of gauge invariance. It does not arise from a mass term
in the Lagrangian. It arises from the polarization of the medium: the collective rearrangement of
charges screens the long-range interaction, and the screening length A\p = 1/mp sets the range of
the effective interaction.

Debye mass and its generalizations

The screening wavevector grp is one instance of a general concept that appears across many areas
of physics under the name Debye mass mp. The mathematical structure is always the same: a
long-range interaction V' (q) ~ 1/¢? is screened by the static polarization I1(0,q — 0) to produce a
screened interaction D(q) = V(q)/(1 + V(g)I1(0)), which has a pole at ¢ = —m?% with

m% = lim V(q) 1(0, q). (33.3)
q—0

In different contexts, mp takes different values because the static polarization depends on the
physics of the medium:

In a degenerate electron gas at zero temperature, II(0) — Ny (the density of states at the
Fermi surface), giving mp = grr = v4me?Ny. This is the Thomas-Fermi result derived above.

In a classical plasma at temperature 7' with density n and charge e, I1(0) — ne?/(kgT) (from
the Boltzmann distribution), giving the original Debye screening mass mp = \/4mne?/(kgT).
The screening length A\p = 1/mp is the Debye length—the scale beyond which charges in a
plasma are effectively screened.

In finite-temperature QED, the photon acquires a thermal mass m2D x €2T? from the polar-
ization of the electron-positron plasma. This is an electric screening mass; it gaps the longitudinal
(Coulomb) component of the photon propagator but not the transverse (magnetic) component—a
subtlety related to the different infrared behavior of electric and magnetic screening.

In QCD at high temperature, the gluon acquires a Debye mass m% x ¢*>T? from the
polarization of the quark-gluon plasma. Electric (color-Coulomb) interactions are screened at the
scale 1/mp, which plays a central role in the physics of quark-gluon plasma and in the suppression
of heavy quark bound states (the Matsui-Satz mechanism of J/v suppression).

In every case, the Debye mass has the same mathematical origin: it is the infrared limit of the
polarization bubble, inserted into the dressed collective propagator D = (V~! +1II)~!. It converts
a massless (long-range) bare interaction into a massive (short-range) screened interaction. The
formula m% = V(0) - II(0) is a direct application of the Hessian structure X = Dy* + II from
Chapter 15, evaluated at zero momentum.

The Ward identity: what it protects and what it doesn’t

A natural question arises: if the photon is massless (m, = 0) because gauge invariance forbids
a mass term, how can it acquire a Debye mass in a plasma? The resolution involves a careful
distinction.

The Ward identity k*II,, = 0 holds at all temperatures. In vacuum (7" = 0), Lorentz invariance
constrains the polarization tensor to the form II,,, o (k®g,, — k,ky), which forces II,,,(0) = 0: no
vacuum photon mass.

In a medium (7" > 0), Lorentz invariance is broken by the medium’s rest frame. The polarization
tensor decomposes into longitudinal and transverse components:

M, (k) = L (k) Py, + T (k) Py,

na
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where P and PT are projectors with respect to k and the medium rest frame. The Ward identity
still holds, but it no longer forces both components to vanish at & = 0:

(ko = 0,k — 0) = m% #0, Iy (ko = 0,k — 0) = 0.

Ouly the longitudinal (electric) mode acquires a static screening mass. The transverse (magnetic)
modes are not screened at leading order—this is the Linde problem of hot QCD, and it reflects a
deep asymmetry between electric and magnetic screening.

Three levels of description

The Debye mass fits into a three-level hierarchy that organizes the different “masses” appearing in
a field theory:

Level What it is How computed Mass?

1. Microscopic ~ Matter field mass m Read from the action Lagrangian parameter
2. Screening Induced propagator of ¢ Connected (oo). mp > 0 (Debye)

3. Saddle-point  Classical profile & EM / saddle at N — oo No propagation

Level 3 is classical physics (Coulomb’s law, Einstein’s equation, sound). It exists at N = oo
and does not require quantum mechanics. Level 2 is quantum: the screening mass is visible only in
the connected correlator, requires finite NV, and has amplitude O(1/N). The Debye mass lives at
Level 2.

At finite frequency, the collective mode condition e(w,q) = 0 gives the plasma frequency
wz = 4mne?/m at ¢ = 0. The plasmon is a gapped collective mode: its frequency does not vanish
as ¢ — 0, because the Coulomb restoring force provides finite energy even at zero wavevector. At
nonzero ¢, the plasmon dispersion acquires a positive correction: w2(q) = w}% +ag®+ . At
large enough ¢, the plasmon enters the particle-hole continuum (where ImII # 0) and decays into
individual electron-hole pairs—a process called Landau damping.
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Chapter 34

Magnetism and Spin Waves

34.1 HST in the Spin Channel

For a Hubbard interaction —U [ n4n,, introduce a vector field h coupled to the magnetization
density. The Stoner saddle h = hyZ produces exchange splitting: up-spin and down-spin bands
are split by 2hg. The saddle condition is the Stoner criterion U Ny > 1.

34.2 Longitudinal and Transverse Modes

The saddle h = hgZ breaks O(3) — O(2). The longitudinal mode (fluctuations of |h|) is gapped.
The two transverse modes (perpendicular fluctuations) are gapless by the Goldstone theorem.
The transverse Hessian has a first-order time derivative K| ~ x1iw, + psq® (reflecting spin
precession), giving quadratic dispersion w o< ¢?. This contrasts with the linear w o ¢ of superfluids,
where the time derivative is second-order. The spin waves are Goldstone modes of the broken O(3)
symmetry, but their quadratic dispersion reflects the precessional character of spin dynamics.

Deriving the magnon Hessian

The quadratic dispersion w o ¢? of spin waves can be traced to the structure of the fermionic Trlog
in the spin channel. The transverse collective-field Hessian is

. 1 .
Kl(leL?q) = ﬁ - HL(lwnv q)a
where II; is the transverse (particle-hole) polarization bubble. For the Hubbard model with ex-
change splitting hg, the transverse bubble involves propagators for up-spin particles and down-spin
holes:

I, (iwn,q) = —TZ/ Gt (ivm, k) G (ivm + iwn, k + q),
Um k

where G, (v, k) = 1/(ivy, — & + oho) with o = £1 for up/down spins. Performing the Matsubara
sum:

T, (iw q):/nF(ﬁk—ho)—nF(€k+q+h0)
" k dwp —&kiq—ho+ & —ho

The key point is that the energy denominator is iwy, — (§k4q+ho)+(Ek —ho) = iwn —2ho— (Ek+q—Ek)-
The shift 2h¢ makes IT; depend on w, at zeroth order (not just through w?). Expanding at small

116



CHAPTER 34. MAGNETISM AND SPIN WAVES

wp, and ¢:

ol, . N 1 0211, N
i 4 2L

Aiwn) " 20q0q; 1

The linear-in-w, term is the crucial difference from the superfluid case. It arises because spin
precession is a first-order-in-time process (the Bloch equation S=Sxhis first-order), unlike the
density oscillation that governs superfluid sound (which is second-order, # o V2P).

Using the Stoner condition 1/U = II,(0,0) (which ensures the saddle is self-consistent), the
Hessian becomes

I1 (iwn, q) ~ I1.(0,0) +

K| (iwn,q) = —xLiwy + psg® + -+,

where x| = —0II, /O(iw,)|o and ps comes from the g2 expansion. The mode condition K| = 0
gives w = —ipsq?/x 1 —after analytic continuation iw, — w -+i0T, this becomes w = (ps/x1)¢*: the
quadratic magnon dispersion.

The factor y is the transverse susceptibility, and ps is the spin stiffness. Both can be computed
from the microscopic propagators. The ratio ps/x 1 is the spin-wave velocity squared (for linear
dispersion) or the diffusion-like coefficient (for quadratic dispersion). The first-order time deriva-
tive is the mathematical signature of spin precession, and its absence (replaced by a second-order
derivative) is the mathematical signature of density oscillation.
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Part IX

Beyond Gaussian Fluctuations
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The RPA—the Gaussian approximation for collective-field fluctuations—is often remarkably
successful, but it is not exact. This part develops the structure of corrections beyond the Gaussian
level.
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Chapter 35

Higher Derivatives of the Effective Action

The Taylor expansion of Seg[d + 7] around the saddle contains terms of all orders:

1
3!

PE)B 4 Lp@ps

1
Seff[6 + 77} = Seff[a'] + 777[(77 + 41

2
where I'(") = %]5 are the effective vertices. For M (o) = Ay + oI (linear dependence), the
n-th derivative of Trlog M gives cyclic traces:

(577,

5o () -~ 80 (@n) Trlog M = (—1)" " (n—1)! tr[G (w1, 22)T - G(2p, z1)T].

The derivation proceeds by induction: each differentiation introduces one more —GI'G factor via
the identity 0G = —G(dM)G. The resulting diagrams are closed polygons: tadpole (n = 1), bubble
(n = 2), triangle (n = 3), box (n = 4), and so on.

The cubic vertex I'® allows one collective mode to decay into two. The quartic vertex I'*)
governs two-mode scattering. Within the Gaussian approximation, these are neglected; including
them produces corrections to D, ¥, and the gap equation.
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Chapter 36

Vertex Corrections

In the RPA, the polarization bubble IT = tr[GI'GT] is the Gaussian (Wick-factorized) approxima-
tion to the covariance of the composite observable O. The exact susceptibility includes vertex
corrections:

X = tr[GAGT] # tr[GT'GT,

where A is the dressed vertex function. In statistical language: vertex corrections arise because Wick
factorization is not exact for non-Gaussian distributions. They measure residual correlations beyond
the pairwise covariance—the connected four-point cumulant that the Gaussian approximation sets
to zero.

Vertex corrections matter near phase transitions (where the Gaussian approximation breaks
down), when exact identities are at stake (Ward identities), and at strong coupling. The vertex
function A satisfies the Bethe—Salpeter equation, which resums vertex insertions just as the
Dyson equation resums self-energy insertions.

36.1 The Bethe—Salpeter Equation

The Bethe-Salpeter equation is the vertex analogue of the Dyson equation. Just as the Dyson
equation G = Gg + GoXG resums self-energy insertions to all orders, the Bethe—Salpeter equation
resums vertex insertions.

Define the full vertex A(k, k + ¢) as the exact coupling between the composite observable and
the microscopic field (generalizing the bare vertex I'). The exact susceptibility is

x(@) = = [ 6lG(k + DAk +0) G,
Comparing with the RPA bubble II(q) = — [, tr[G(k 4+ ¢)T' G(k)T'], the vertex correction replaces

one bare vertex I' by the full vertex A.
The Bethe-Salpeter equation for A is

Ak k+q) =T+ | Kk, K:q) G + QA K +q) G(K), (36.1)
kl

where K(k,k’;q) is the irreducible interaction kernel—the analogue of the self-energy X for
the two-particle channel. The equation has the structure of a Fredholm integral equation: the full
vertex A equals the bare vertex I' plus a convolution of A with the kernel K and two propagators.
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In operator notation, writing II=GG (the product of two propagators, viewed as an operator)
and /C for the kernel:
A =T+KIIA = (1 - KII)~'T.

This is a Neumann series: A = I' + KIIT + (l@ﬁ)QF +---. Each term corresponds to one more rung
in a “ladder diagram.” The susceptibility then becomes

x = — tr[IIAT] = — tr[TI(1 — KII)~'12).

The Bethe-Salpeter equation is to the vertex what the Dyson equation is to the propagator:
an exact resummation in terms of an irreducible building block. In the RPA, A = T" (the vertex
correction is neglected). The simplest correction beyond RPA is the ladder approximation =V
(the bare interaction), which produces a geometric series of ladder diagrams. Near a phase transition,
the ladder sum diverges (the susceptibility diverges), signaling the onset of long-range order—exactly
as the divergence of D = (Dy ' +II)~! at Dy ' 4+T1(0) = 0 signals the phase transition in the collective
channel.
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Chapter 37

Self-Consistency and Conserving Approx-
imations

Several quantities are interconnected: the gap equation involves the propagator, the propagator
involves the self-energy, the self-energy involves the polarization, and the polarization involves the
propagator and vertex. Changing one without adjusting the others can violate exact identities.

37.1 The Luttinger—Ward Functional

The Baym—Kadanoff framework resolves this by deriving all approximations from a single scalar
functional ®[G], called the Luttinger—Ward functional. This functional depends on the full
propagator G (not on the bare parameters), and all physical quantities are obtained from it by
differentiation:

o The self-energy: X[G] = 09/0G.
e The propagator: determined self-consistently from G = (Gy* + %[G])~".
e The thermodynamic potential: = ®[G] — Tr[EG] + Trlog G.

The crucial point is that ®[G] depends on the full propagator G, not on the bare coupling g or the
auxiliary-field mass 1/g from the HST. All reference to the “prior” (the bare action Sp[o] = 02/(2g))
has been absorbed: the Luttinger-Ward functional is a functional of the physical observable G
alone. This is a powerful conceptual simplification: the gap equation, the Hessian, and the collective
propagator can all be expressed without reference to the channel in which the HST was performed.

Because all quantities derive from ® by differentiation, Ward identities and conservation laws
are automatically satisfied. An approximation constructed this way is called conserving or ®-
derivable.

37.2 Examples

The simplest conserving approximation is Hartree-Fock, where ®[G] is the first-order self-energy
diagram. The next level (including the Trlog of the bubble) gives the GW approximation. More
elaborate choices of ® include vertex corrections and produce more accurate self-consistent equa-
tions.
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CHAPTER 37. SELF-CONSISTENCY AND CONSERVING APPROXIMATIONS

Worked example: the Hartree approximation as a $-derivable theory

The simplest conserving approximation takes ®[G] to be the first-order (Hartree) diagram:

Dy(G) = 2 MGW)]Q - 2 Ma(k)r.

0dy A A
E = —_— = — = — .
H 5C 5 /kG(k) 2G(a:,x)

The self-energy is

This is a constant (momentum-independent), and the self-consistent equation G' = (Gy* + Sg) ™
with Gyt (k) = k% +m3 gives G(k) = 1/(k* +m?) with m? = m2 + 2 [, 1/(k*+m?). This is exactly
the gap equation from the HST saddle (Chapter 13), confirming that the Hartree approximation
equals the saddle-point approximation in the density channel.

The thermodynamic potential is Q = ®»[G] — 3 Tr[EuG] + 3 Trlog G = ([, @)? — 3([, G)* +
%Tr log G = %Tr log G, which is the entropy contribution. All conservation laws (particle number,
energy, momentum) are automatically satisfied because the approximation derives from a single
functional.

The next level, Paw[G] = Py|G]| —|—% Trlog(1 +G512bubble) (the “GW approximation” of Hedin),
includes the bubble resummation and gives a momentum-dependent self-energy. This is the -
derivable version of the RPA.

The reader should view the Baym—Kadanoff framework not as a specific approximation, but as
a principle for designing approximations that maintain internal consistency.

37.3  Seg[o] vs. F[G]: Two Formulations

The auxiliary-field and Luttinger—Ward formulations are compared in the following table:

Set[o] (auxiliary field) F|[G] (Luttinger-Ward)
Variable o (auxiliary, non-physical) G (propagator, physical)
Prior mass Explicit: 02/(2g) Absent (absorbed into ®)
Stationarity ~ Gap eq.: ¢ = —gGpp Dyson: Gt = K + X[G]
Trlog 1 Trlog K|[o] —1Trlog G (entropy)
Conservation Must check separately Automatic (Baym-Kadanoff)
Algorithm EM: iterate o Dyson iteration: iterate G
Equivalence Same fixed point. Same G at convergence.

The key insight is that at the saddle, & = —gGpy, so the prior 62/(2g) = gG2,,/2 is a known
function of G. The auxiliary field o and its prior are scaffolding: they help derive F[G], but once F'
is written down, they can be discarded. The Luttinger-Ward functional F[G] = ®[G] — 1 Trlog G
depends on the physical observable G alone.
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Part X

Symmetry, Ward Identities, and Local
Geometry
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Chapter 38

Ward Identities from Symmetry

38.1 Symmetry Implies Identities

If S[To¢] = S[¢] for a continuous family of transformations T,, differentiating with respect to «
produces identities among correlation functions. The mechanism is always the same: differentiate
the invariance, take expectations, and read off the identity.

38.2 First Derivative: Conservation

Differentiate S[T¢] = S[¢] with respect to o at a = 0, defining the infinitesimal generator d,¢(z) =
| —o[Ta¢](x). This gives
58S
— 0 dzr =0
for all field configurations. Inside the path integral, this becomes ( [ g—géaqﬁ dz) = 0—a conservation
equation relating expectation values.

38.3 Second Derivative: The Ward—Takahashi Identity

The second derivative produces the Ward—Takahashi identity:
" (k ktq) = G (k+q) — G (k), (38.1)

which constrains the relationship between the self-energy (which modifies G=!) and the vertex I'*
(which couples the field to the symmetry current). This is not optional: it is a mathematical
consequence of the symmetry.

An approximation that modifies ¥ without adjusting I'* will violate (38.1) and, consequently,
the conservation law. This is why conserving approximations (Chapter 32) matter in practice: a
more sophisticated approximation that violates a Ward identity can give worse results than a simpler
one that respects it.

38.4 Consistency Between Gap Equations and Zero Modes

The gap equation (first derivative of Seg) and the Goldstone condition K(0,0)vsym = 0 (second
derivative of Seg) must be mutually consistent. If computed at different levels of approximation,
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the Hessian may fail to have a zero eigenvalue where symmetry requires one—producing a spurious
gap in a mode that should be gapless.

Worked example: Ward identity for the O(/N) model

Consider the O(NN) model from Chapter 29, with ¢ = (¢1, ..., ¢n) and action invariant under O(N)
rotations. In the broken phase with (¢) = (v,0,...,0), the fields decompose into one longitudinal
mode 0 = ¢; — v and N — 1 transverse (Goldstone) modes 7, = ¢, for a =2,..., N.

The O(N) symmetry relates the longitudinal and transverse self-energies. An infinitesimal
rotation in the (1, a) plane, ¢1 — ¢1—€dq, da — Po+€d1, leaves the action invariant. Differentiating
the generating functional W[J] with respect to € and then taking appropriate J-derivatives, we
obtain the Ward identity:

Gy'(q=0) = G;'(g=0) =v-THL(0,0,0) - G(0), (38.2)
where F((,?;zw is the three-point vertex coupling one o to two m modes.

At the exact level, the Goldstone theorem requires G '(0) = 0 (the transverse mode is gapless).
The Ward identity then constrains G *(0) = v-I'®)(0)-G(0). Since G(0) diverges (gapless mode),
the product T® . G,.(0) must remain finite, which constrains T'®®).

The practical consequence is this: any approximation that computes GG, and G, independently
(e.g., using different self-energy diagrams for the longitudinal and transverse channels) may vio-
late (38.2). The ®-derivable approximation of Chapter 33 automatically satisfies it, because both
G, and G derive from the same functional ®[G].

This example illustrates a general principle: Ward identities are constraints between different
correlation functions that follow from symmetry. They are automatically satisfied in the exact
theory and in ®-derivable approximations, but can be violated in ad hoc approximations.
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Chapter 39

Geometry of the Effective Action

The Hessian spectrum of Seg at the saddle determines the local geometry of the negative log-density
landscape:

Hessian structure Interpretation

Large positive eigenvalue Stiff direction: small fluctuations
Small positive eigenvalue Soft direction: large fluctuations
Zero eigenvalue Flat (symmetry/Goldstone) direction
Negative eigenvalue Unstable saddle direction

Vanishing eigenvalue at a transition Critical softening, diverging susceptibility

This spectrum connects to the Fisher information matrix (the expected Hessian of the
negative log-likelihood), to natural gradients (preconditioning by the inverse Fisher information),
and to the geometry of optimization. Phase transitions are geometric events in this landscape: an
eigenvalue of the Hessian crosses zero as a parameter varies, changing the qualitative structure of
the distribution.
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Renormalization as Multiscale
Marginalization
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Chapter 40

The Lattice as the Starting Point

40.1 Why Begin on a Lattice?

Throughout this book we have emphasized the finite-dimensional picture before passing to the con-
tinuum. Renormalization is where this emphasis becomes essential. Every divergence in continuum
field theory is an artifact of taking a continuum limit before the physical predictions have been ex-
tracted. If we stay on a lattice—or more generally, if we work with a finite ultraviolet cutoff—there
are no divergences. The theory is a well-defined probability distribution on a finite-dimensional
space.

Let us therefore begin with a scalar field ¢; defined on a d-dimensional cubic lattice with spac-
ing a. The action is

i |1 Givi—di\> 1 2.0 Aoy
i J
where 0 = (m%,)\o) are the bare parameters and the sum runs over lattice sites ¢ and lattice

—S#:0.a] on the lattice field config-

directions fi. This defines a probability distribution p(¢;6,a) < e
urations.

All the observables we care about—correlation functions, susceptibilities, collective-mode spectra—
are well-defined expectations under this distribution. The lattice spacing a provides a natural

ultraviolet cutoff: no Fourier mode with |k| > 7/a exists. The theory has no divergences.

40.2 Physical Observables at Wavelength A

The quantities we wish to compute are observables at a physical wavelength A > a—long-distance
correlations, low-energy scattering, macroscopic response functions. Denote such an observable by
O(0,a, ), which depends on the bare parameters 6, the lattice spacing a, and the observation
scale A.

The central question of renormalization is:

Can we choose the bare parameters 6(a) as a function of the lattice spacing so that the
physical observable has a well-defined limit as a — 07

More precisely, we seek a function (a) = (m3(a), A\o(a)) such that

O(0(a), a, A) = Opnys + o(a/A) (40.2)
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for all A > Apin, where Oppys is the physical (continuum) value and o(a/A) denotes terms that
vanish as a/\ — 0. The lattice corrections are controlled by the ratio of the lattice spacing to the
observation wavelength.

This is the definition of a renormalized theory: a family of lattice theories, parameterized by
a, whose long-distance predictions converge to a common limit. The function #(a) is the bare-
parameter trajectory or renormalization group trajectory.

40.3 How Many Parameters Must Be Tuned?

Whether this program succeeds, and how many parameters must be tuned, depends on the dimension
d and the structure of the action.

For the scalar ¢* theory in d < 4 dimensions, the lattice theory (40.1) has two parameters
(m3,\o). As a — 0, we need to tune m3(a) (which diverges logarithmically or as a power of 1/a,
depending on d) to keep the physical mass mphys fixed. The coupling A\g may also need tuning in
d =4, but in d < 4 it flows to an infrared fixed point and requires no fine-tuning for the continuum
limit. In d > 4, the coupling flows to zero (the Gaussian fixed point), and the continuum theory is
free—interacting ¢* theory does not exist in d > 4 (this is the triviality of ¢* in high dimensions).

A theory is renormalizable if only a finite number of parameters need to be tuned as a — 0. It
is non-renormalizable (or effective) if the number of parameters that need tuning grows without
bound. But even a non-renormalizable theory makes perfectly good predictions at wavelengths
A > a: the corrections are suppressed by powers of a/\.

From the lattice-first perspective, we can reformulate renormalizability as rendering stability:
a lattice theory “renders” stable predictions at long wavelengths, insensitive to sub-lattice structure,
with only finitely many parameters to fix. The analogy is to computer graphics: the image at
resolution A is stable against changes in sub-pixel (sub-lattice) details, provided a finite number of
rendering parameters (masses, couplings) are held fixed. The Symanzik effective theory makes this
precise: lattice observables at A > a can be expanded as

O(0,0,)) = Ocons(N) +c1 (5 ) + 2 (%)p“ b

where the leading correction is suppressed by a power p determined by the dimension of the first
irrelevant operator.
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Chapter 41

Dimensional Analysis and the Classifica-
tion of Interactions

The structure of the RG flow—which couplings are relevant, marginal, or irrelevant—is determined
almost entirely by dimensional analysis. This chapter develops the dimensional-analysis framework
systematically, both because it is essential for understanding renormalization and because it provides
the deep reason for the UV-IR inversion discussed in the heat-kernel chapter.

41.1 Engineering Dimensions

In natural units (A = ¢ = kp = 1), there is a single independent dimension, which we take to be
mass (equivalently, inverse length). The action S is dimensionless (it appears in the exponent e™%).
From the kinetic term 3 [ d%z (V¢)?, we read off the dimensions:

#] =1, [d%]=—d, [V]=+1, [5]=

The field dimension [¢] = (d — 2)/2 is chosen to make the kinetic term dimensionless:

d—2
[ddx(v¢)2]:—d+2+2-T:o. v

With this convention, the dimensions of the couplingsin S = [ d?z [§(V¢)? + sm?¢? + %qﬁ‘l + B0 +-..]
are:

Operator Symbol Dimension of coupling In d=14

(Vo)? (kinetic) 0 (normalization) 0

¢? m? +2 +2

o A 4—d 0

¢° 96 6 —2d —2

¢*" gon n(d—2)—d 2 — 4 —n(d—2)
$*(Ve)*  ha 2-d —2

(Vo) Ry 4-d 0 (marginal)
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The engineering dimension of a coupling determines its behavior under the rescaling step of
the RG:
g—g =g,

where b > 1 is the rescaling factor. If [g] > 0, the coupling grows under coarse-graining: it is
relevant. If [g] = 0, it is marginal. If [g] < 0, it shrinks: it is irrelevant.

This classification has a direct physical meaning:

Relevant couplings ([g] > 0) control the long-distance physics. They must be tuned (mea-
sured) to make predictions. Each relevant coupling corresponds to one free parameter of the theory.
Examples: the mass m? (always relevant for d > 0), the cosmological constant.

Marginal couplings ([g] = 0) are the borderline cases. Their fate is determined by the sign
of the interaction correction (the “beta function”): if the correction makes them grow, they are
“marginally relevant”; if it makes them shrink, “marginally irrelevant.” Example: ¢* coupling in
d=4.

Irrelevant couplings ([g] < 0) die away under coarse-graining. Their effects are suppressed by
powers of a/\ at long distances. They can be set to any value without affecting the long-distance
predictions—this is the origin of universality. Example: ¢® coupling in d < 3.

41.2 Why Dimensional Analysis Controls the RG

The dominance of dimensional analysis over the RG flow is not an approximation—it is exact in the
following precise sense. Near a free (Gaussian) fixed point, the RG eigenvalues (scaling dimensions)
equal the engineering dimensions plus corrections of order A\*. Since the Gaussian fixed point has
A* = 0, the corrections vanish, and the engineering dimensions are exact.

Near an interacting fixed point (like Wilson—Fisher), the corrections are nonzero but typically
small: the anomalous dimensions 7 satisfy |y| < 1 for the operators we consider. The scaling
dimension of an operator is A = Agyg + 7, where Agyg is the engineering (“naive”) dimension and 7
is the anomalous correction. The classification into relevant /marginal /irrelevant changes only when
~ is large enough to cross the marginal threshold A = d—which happens rarely.

The deep reason that dimensional analysis controls the classification is that the RG is a semigroup
of rescalings, and the engineering dimensions are the eigenvalues of the linearized rescaling at the
free fixed point. Interactions perturb these eigenvalues but do not (generically) change their signs.

41.3 Connection to the UV-IR Inversion

The UV-IR inversion of the heat-kernel chapter is now seen as a corollary of dimensional analysis.

An operator O,, with engineering dimension A,, = n(d — 2)/2 + 2n — d contributes to the
effective action with a coefficient that scales as A9"®n. This is the UV sensitivity. The same
operator contributes to long-distance physics with a weight k27~9 relative to the leading operator.
The UV sensitivity A 27 and the IR weight k®7~% are reciprocal powers of the same exponent
d — A,,: one measures how fast the coefficient diverges at short distances, the other measures how
fast the contribution grows at long distances.

The operator with A,, = 0 (the cosmological constant, or the identity operator) has UV sensi-
tivity A? and IR weight k°: most UV-sensitive, most IR-relevant. The operator with A, = d (a
marginal operator) has UV sensitivity log A and IR weight k" -log(k): logarithmic in both. The op-
erator with A,, > d (irrelevant) has UV sensitivity A%~?» — 0 and IR weight k%»~¢ — 0: UV-finite
and IR-suppressed.
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41.4 Counting Free Parameters: Relevant and Marginal Operators

The number of free parameters in the continuum theory equals the number of relevant and marginal
operators at the fixed point. This is the precise answer to the question “how many measurements
are needed to determine the theory?”:

For the ¢* theory in d = 4: two relevant (m?, the vacuum energy pa) and one marginal ()\) =
three free parameters.

For the ¢* theory in d = 3: two relevant (m?, pp) and ) is now relevant too = three free
parameters (but A flows to the Wilson—Fisher fixed point, so at criticality one parameter is fixed by
universality).

For the O(N) model: same counting, with A — A\/N.

For general relativity in d = 4: two relevant (pap, Newton’s constant ) and finitely many
marginal and irrelevant higher-derivative terms. The theory is non-renormalizable in the traditional
sense, but it has a finite number of relevant couplings and makes predictions at wavelengths A >

14 Planck-
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Chapter 42

Coarse-Graining and the Wilsonian RG
for Scalar Fields

42.1 Splitting the Field

Following Wilson, we split the lattice field into slow (long-wavelength) and fast (short-wavelength)
components:

¢ =<+ P>,

where ¢~ contains Fourier modes with |k| < A/b (for some scaling factor b > 1) and ¢~ contains
modes with A/b < |k| < A, where A = 7/a is the lattice cutoff.
The effective action for the slow modes is obtained by marginalization:

o~ Sertlp<] _ / Do e=Slb<+5], (42.1)

This is exactly the marginalization operation we have used throughout the book—integrating out
latent (fast) variables to obtain an effective description of the remaining (slow) variables.

42.2 The Cumulant Expansion for ¢*

For the scalar ¢* theory, write S[¢< + ¢=] = Sol<] + Sold~] + Simt[d<, d~], where Sy is the free
(quadratic) action and Si,; contains the quartic coupling. The interaction couples slow and fast
modes:

Y

Integrating out ¢~ perturbatively using the cumulant expansion:

A A
St = 5 [0+ 020" =30 [ [0+ 4620, + 66262 + 4002 + 64

—log(e™ %) = (Sine)> — %(<Si2nt>> — (Sim)2) +-- -, (42.2)

where (-)> denotes expectation over the fast modes with the free action.
Fit{'ist cumulant (tadpole correction). The term (642 ¢2)s = 642 (¢2)~, where (¢~ (z)?)s =
i) /<\ b A%k L __ is the variance of the fast modes. This produces a correction to the mass:

(2m)4 k2+m3
Xo [N d%k 1
om? = / —_— . 42.3
m 2 AJb (27T)d ]{72+m% ( )
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This is the tadpole contribution we derived in Chapter 28, now restricted to the fast-mode shell.

Second cumulant (bubble correction). The connected part of (S, )~ produces corrections to
the quartic coupling and generates new six-point interactions. The leading correction to A9 comes
from the bubble of fast-mode propagators:

gt
2 Jap 2m) (k% +mg)?

oA = (42.4)

This is negative: integrating out fast modes reduces the effective coupling (in d < 4).

42.3 Rescaling

After integrating out the shell A/b < |k| < A, the remaining field ¢« has cutoff A/b. To compare
with the original theory, we rescale:

where the field rescaling exponent (d — 2)/2 is chosen to preserve the kinetic term 3(V¢)2. Under
rescaling;:
m? = m? =2 (m? 4+ om?), A= N =N+ 6N,

The factors b? and b*~? are the engineering dimensions—the scaling that each parameter would
have in the absence of interactions.

42.4 The RG Flow Equations

For an infinitesimal step b = e ~ 1 + ¢, the RG flow equations are (to leading order in \):

dm? 9 AAD—2
W = 2m + Cdm2 n AZ, (425)
d 2

where ¢q and ¢, are dimension-dependent constants from the angular integrals. In d = 4 — € with
the standard normalization, these are
_ SaAd 1 SgA? 1

! .
“TEmd WZrm2)) T erd (A m2)

where Sg = 275‘1/ 2/T(d/2) is the surface area of the unit sphere (S4 = 272). Defining the dimension-
less coupling A = AA9=%5;/[(27)?) and working at the critical point m? = 0 in d = 4:

The numerical coefficient 3/2 is specific to a single real scalar field; for the O(IN) model it becomes
(N +8)/6.

Let us read the physics from these equations.

The mass has engineering dimension +2 (the 2m? term), meaning it grows under coarse-
graining. Near the Gaussian fixed point, m? is a relevant parameter: small changes in the bare
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mass produce large changes in the long-distance physics. This is why the mass must be tuned as
a— 0.

The coupling A has engineering dimension 4 —d. In d < 4, the first term (4 —d)\ > 0 drives A
to grow—AN\ is relevant, and the theory flows to an interacting fixed point (the Wilson—Fisher fixed
point). In d = 4, the engineering dimension vanishes, A is marginal, and the flow is controlled by
the second term: d\/dl ~ —cA? < 0, so A decreases logarithmically under coarse-graining. In d > 4,
A is irrelevant: it shrinks under coarse-graining, and the long-distance theory is Gaussian.

42.5 Generated Operators

The shell integration generates operators not present in the original action. At second order in the
cumulant expansion, the contraction <¢2< ¢2> : ¢2< ¢2>>C> produces (among other terms) a sixth-order
coupling:

2
55 =5 [ 0%+ (0n(@P0n )% + -

This generates a ¢® interaction that was absent from the initial action. Its coefficient is O(\?), and
under rescaling it acquires the engineering dimension [gg] = 6 — 2d. In d = 3, [gg] = 0 (marginal at
engineering level), but the generated value is O(\?) ~ O(€?) and the anomalous dimension pushes
it to be irrelevant near the Wilson—Fisher fixed point. In d = 4 — €, [gg] = 2 — 2¢ < 0 for small €, so
ge is irrelevant.

Similarly, derivative interactions (V$)*, ¢?(V¢)?, and higher-order terms are generated. Their
engineering dimensions ensure irrelevance near d = 4.

The truncation of the RG flow to finitely many couplings (m?, \) involves a projection: at each
step, we discard the generated irrelevant operators and keep only the relevant and marginal ones.
This projection is justified near a fixed point because the irrelevant operators flow to zero under
iteration. Away from a fixed point, or in a strongly coupled theory, the projection may fail and the
truncated flow may be unreliable.

42.6 Fixed Points

The Gaussian fixed point m? = A = 0 exists in all dimensions. In d < 4, there is an additional
Wilson—Fisher fixed point at \* = (4 — d)(m? + A%)?/(3¢,A%*), which controls the critical
behavior of second-order phase transitions.

At a fixed point, the theory is scale-invariant: it looks the same at all length scales. The critical
exponents (the power-law behavior of correlation functions at the critical point) are determined by
the eigenvalues of the linearized RG flow around the fixed point.

42.7 The e-Expansion and Critical Exponents
The most powerful tool for computing critical exponents is the e-expansion, due to Wilson and

Fisher. Setting d = 4 — € with € small, the coupling A is weakly relevant (its engineering dimension
is €), and the Wilson—Fisher fixed point is perturbatively accessible.
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The fixed-point coupling
From the flow equation (42.6), setting d\/d¢ = 0:

0= eX* — eA*?,

where ¢ = 3/(1672) in d = 4 (the coefficient of the bubble integral). This gives the fixed-point
coupling
Voo € 1671'26.
c 3
The fixed point is at a finite, computable value of the coupling, proportional to e. This justifies the

perturbative approach: at small €, the fixed point is weakly coupled.

Critical exponents from linearized RG

At the fixed point, linearize the RG flow. The Jacobian matrix (2, \)/8(m?, M)l m2=o rx=x+ has
eigenvalues that determine the critical exponents. The relevant eigenvalue is
A0 {cd)\Ad_2

€
v ¢ om? m2+A2}m:0 3 +0(€),

where ¢’ is a numerical coefficient. The correlation-length exponent is v = 1/y;:

1 € 9
=+ — +0(e). 42.

At e = 0 (ie,, d = 4): v = 1/2, the mean-field (Gaussian) result. At ¢ = 1 (i.e.,, d = 3):
v = 0.583, compared to the exact value v ~ 0.630 for the 3D Ising universality class (the N = 1
case). Higher-order calculations in the e-expansion, combined with resummation techniques, give
v =~ 0.628—remarkably close to the exact answer from Monte Carlo simulations and the conformal
bootstrap.

Anomalous dimensions

In the Gaussian theory, the two-point function at the critical point (m = 0) decays as G(r) ~ 1/r%=2,
which corresponds to the field having scaling dimension [¢] = (d —2)/2. Interactions modify this to
[¢] = (d — 24 n)/2, where n is the anomalous dimension. Physically, n measures the deviation
of the critical-point correlator from the free-field form.

The anomalous dimension first appears at two-loop order in the e-expansion:

N+2
= QEN + 83262 +OE):
For the Ising model (N =1): n = 51—462 ~ 0.019 at € = 1, compared to the exact value n ~ 0.036.
The smallness of 7 explains why the mean-field (n = 0) approximation works so well for many
critical phenomena.

The anomalous dimension arises because the field rescaling in the RG step acquires a correction:
instead of ¢ — bd=2)/24 (the engineering scaling), the correct rescaling is ¢ — bld=2+m/24 reflecting
the fact that fluctuation corrections modify the effective dimension of the field operator. In the
language of this book, 7 is a correction to the exponent in the eigendecomposition of the covariance
operator at the critical fixed point.
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Renormalization: Three Perspectives

43.1 The Wilsonian Perspective

Wilson’s perspective, which we have just developed, views renormalization as a flow in the space
of all possible actions. Starting from a lattice action with cutoff A, we integrate out momentum
shells and track how the effective action changes. The key insight is that only a finite number of
parameters (the relevant and marginal couplings) matter for long-distance physics. The irrelevant
couplings die away under the flow, regardless of their initial values. This explains universality:
different microscopic theories (with different irrelevant couplings) flow to the same fixed point and
produce the same long-distance behavior.

43.2 The Weinberg Perspective: Asymptotic Safety and Effective
Field Theory

Weinberg’s perspective focuses on the question: for which theories does the continuum limit a — 0
exist? In the language of equation (40.2), this asks: for which theories can we find a trajectory 0(a)
along which the physical observables converge?

A theory is perturbatively renormalizable if the trajectory (a) can be parameterized by a
finite number of physical quantities (masses, couplings measured at some reference scale). This is
the case for ¢* in d = 4, QED, and the Standard Model.

More broadly, Weinberg introduced the concept of asymptotic safety: a theory has a good
continuum limit if its RG trajectory approaches a fixed point (not necessarily the Gaussian one) as
a — 0. The fixed point can be interacting, and the number of relevant directions at that fixed point
determines how many parameters must be fixed by experiment.

Even if the continuum limit does not exist (as is likely for ¢* in d = 4, which may be trivial),
the theory makes perfectly good predictions at any finite cutoff. This is the effective field theory
perspective: a theory with cutoff a and parameters # makes predictions at wavelengths A > a with
corrections of order (a/A)P for some power p determined by the first irrelevant operator. The theory
is valid as a low-energy approximation, even if it cannot be extended to arbitrarily short distances.

43.3 The Condensed-Matter Perspective: The Lattice Is Physical

In condensed-matter physics, the lattice is not a regularization device—it is the physical system. A
crystal has atoms at discrete sites with spacing a. The question is not whether the continuum limit
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exists, but what the long-distance behavior is for a given lattice theory.

From this perspective, equation (40.2) reads differently: « is fixed (the physical lattice spacing),
A is the wavelength at which we observe, and the corrections o(a/\) are real lattice effects that
can be measured experimentally. The bare parameters 6 are determined by the microscopic physics
(electronic band structure, phonon frequencies, interaction strengths), not by a renormalization
prescription.

The universality of critical behavior—the fact that many different materials exhibit the same
critical exponents near a phase transition—is explained by the RG: different microscopic Hamilto-
nians (different § and even different lattice structures) flow to the same fixed point. The critical
exponents are properties of the fixed point, not of the microscopic theory.

43.4 Unifying the Three Perspectives

Despite the different emphases, the three perspectives describe the same mathematics:

What is a? What is the question?

Wilson Floating cutoff How does Seg change under coarse-graining?
Weinberg Regulator — 0  Does 6(a) exist with O = Ophys?
Condensed matter Physical lattice What is the long-distance behavior?

In all three cases, the mathematical content is the same: marginalize over short-distance modes,
track the effective parameters, and identify the long-distance predictions with the physical observ-
ables.

43.5 Renormalizability Is Not Required on the Lattice

The most important conceptual lesson of the lattice-first perspective is that renormalizability is
not a prerequisite for physical predictivity. It is a property of the continuum limit a — 0,
not of the lattice theory at finite a.

The stability condition

Consider a lattice theory with spacing a, bare parameters 6(a), and an observable O measured at a
physical wavelength A > Apin > a. The theory makes reliable predictions whenever the stability
condition

O(0(a), a, A) = Opnys + o(a/) (43.1)

is satisfied: the observable at wavelength A depends on the lattice structure only through corrections
that vanish as a/A — 0.

This condition says nothing about UV completion or renormalizability. It does not require the
existence of a continuum limit ¢ — 0. It does not require the bare parameters 6(a) to be given
by a perturbative counterterm expansion. It only requires that the lattice artifacts—the differences
between the lattice prediction and the continuum prediction—be small at the observation scale.
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What the stability condition requires

The stability condition (43.1) is satisfied whenever three ingredients are in place:

1. A lattice theory that is well-defined. The partition function Z = [ []; d¢; e~ 5l#0al
converges. On the lattice, this is guaranteed by the finite number of integration variables and the
positivity of e™¥ (for real actions bounded below). No UV divergences exist.

2. A hierarchy of scales. The observation scale A is much larger than the lattice spacing:
A/a > 1. This is the regime where the long-wavelength effective description applies.

3. Tuned bare parameters. The bare parameters 6(a) are chosen so that the relevant
physical quantities (masses, coupling constants at scale Apin) take their desired values. The number
of parameters that must be tuned equals the number of relevant directions at the nearest RG fixed
point.

When these conditions hold, the Symanzik effective-theory analysis guarantees that all observ-
ables at scale A deviate from their continuum values by at most (a/A)P for some power p > 1
determined by the leading irrelevant operator:

a\P a\ptl

O(Q(Q)v a, )\) = Ocont()‘) +c (X) + c2 (X) + - (432)

The leading power p depends on the lattice action: for the standard nearest-neighbor action, p = 2

(the leading irrelevant operator has dimension d+ 2, contributing (a/\)? corrections). For improved

actions (Symanzik improvement), p can be increased by adding higher-order lattice operators tuned
to cancel the leading corrections.

Non-renormalizable theories on the lattice

A “non-renormalizable” theory is one where the number of relevant and marginal couplings at the
Gaussian fixed point is infinite, or where no non-trivial fixed point exists to which the RG trajectory
can flow as ¢ — 0. In the continuum, this means the theory cannot be defined at arbitrarily short
distances without introducing infinitely many free parameters.

But on the lattice, with a > 0 fixed, the theory is perfectly well-defined. The question is not
“does the continuum limit exist?” but “does the theory make stable predictions at the observation
scale A7” And the answer is: yes, provided \ > a, with corrections suppressed by powers of a/\.

The paradigmatic example is general relativity. The Einstein—Hilbert action is non-renormalizable
by power counting: the graviton self-coupling has dimension [G] = 2—d, which is irrelevant in d > 2.
In the continuum, this means that taking a — 0 at fixed G produces uncontrolled divergences at
each loop order.

But a lattice formulation of gravity (such as Regge calculus or causal dynamical triangulations)
with fixed spacing a is a well-defined statistical mechanics problem. At wavelengths A > a (i.e.,
A > lplanck if @ ~ Cplanck), the predictions match general relativity with corrections of order
(£p1anck/A)%. No UV completion is needed: the lattice is the UV completion.

The effective field theory of gravity makes quantitative predictions at A > fpjanck—graviton
scattering amplitudes, post-Newtonian corrections, gravitational wave templates—all as expansions
in (¢planck/A)?. These predictions are stable against changes in the UV completion (the lattice
structure, string theory, loop quantum gravity, or any other Planck-scale physics), because the UV
physics affects only the irrelevant operators, whose contributions are suppressed by (a/\)P.

What renormalizability does and does not guarantee

Let us be precise about the role of renormalizability:
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Renormalizability guarantees: the existence of a continuum limit ¢ — 0 with finitely many
free parameters. The theory can be defined at all length scales simultaneously. The predictions
improve without bound as a — 0.

Renormalizability does NOT guarantee: that the theory describes nature. A renormaliz-
able theory is self-consistent as a mathematical structure, but it may still be an approximation to
a more fundamental (possibly non-renormalizable) theory.

Non-renormalizability guarantees: that the continuum limit @ — 0 either does not exist or
requires infinitely many free parameters. The theory cannot be defined at arbitrarily short distances
with finite data.

Non-renormalizability does NOT prevent: stable, accurate, predictive physics at any finite
ratio a/A. A non-renormalizable theory with a physical lattice spacing a is as predictive as a
renormalizable one, provided A/a is large enough.

The stability condition (43.1) is the physically relevant criterion. Renormalizability is a sufficient
condition for stability (it guarantees that 6(a) can be tuned with finitely many parameters for all a),
but it is not necessary: any well-defined lattice theory with A\/a > 1 satisfies the stability condition,
regardless of its renormalizability status.

The analogy to Taylor series

A useful analogy from the ML /statistics audience’s experience: renormalizability is to field theory
as convergence is to Taylor series.

A convergent Taylor series (like €® = 1+x+22/2+---) can be extended to arbitrarily large order
and converges to a well-defined function. This is like a renormalizable theory: it can be extended
to all energy scales.

An asymptotic Taylor series (like the Stirling series for logI'(x)) diverges at high order, but its
first N terms provide excellent approximations when x is large. This is like a non-renormalizable
effective theory: it breaks down at short distances, but it provides accurate predictions at long
distances.

In practice, we almost always use Taylor series in the asymptotic regime (keeping a finite number
of terms in a perturbative expansion), not in the convergent regime (summing the entire series).
Similarly, in physics, we almost always use field theories as effective theories (at a finite ratio A\/a),
not as exact continuum theories. The question of whether the series converges (whether the theory
is renormalizable) is mathematically interesting but physically secondary.

Predictivity at finite a/\: what matters in practice

For a reader of this book aiming to do research in physics, the practical message is:

Every lattice field theory is a well-defined probability model. No UV divergences, no
regularization ambiguities, no need for renormalizability. The functional integrals, Dyson equations,
gap equations, Hessians, and collective modes of this book are all defined on the lattice without any
subtlety.

The lattice artifacts are small and controllable. For any observable at scale A, the lattice
corrections are of order (a/\)P, with p > 2 for standard actions and higher for improved actions. In
practice, a/\ ~ 0.01-0.1 gives per-cent to per-mille accuracy.

The number of free parameters is finite. Even for a ‘non-renormalizable” theory, the
number of relevant couplings at any given RG fixed point is finite. These are the parameters that
must be determined by matching to experiment (or to a more fundamental theory). All other
couplings are irrelevant and produce only (a/\)P corrections.
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UV completion is a question about short distances, not about long-distance predic-
tions. Whether the theory has a good continuum limit (a — 0), what happens at the Planck scale,
or whether the theory is “fundamental”—these are fascinating questions, but they do not affect the
predictions at A > a. The stability condition (43.1) is the criterion that matters.

43.6 Divergences as Artifacts

From the lattice-first perspective, “ultraviolet divergences” are not physical. They are artifacts of
taking the continuum limit ¢ — 0 before extracting physical predictions. On the lattice, every
integral is finite. The tadpole integral [, 1/(k* + m?) is automatically cut off at k| = 7/a.

When we take a — 0 with fixed bare parameters 6, the lattice integrals diverge because we are
asking the wrong question: the bare parameters must change with a to keep the physics fixed. Renor-
malization is not about ‘“removing infinities”™—it is about correctly parameterizing the a-dependence
of the bare theory so that physical predictions are a-independent (up to o(a/\) corrections).

The algebraic identities of this book—Dyson equations, Ward identities, saddle-point conditions,
Hessian structures—hold on the lattice exactly as they do in the continuum. The lattice provides a
concrete, finite-dimensional realization of every formula we have derived.
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Real-Time Structure, Spectra, and the
Born Rule
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Throughout this book, we have worked in the Euclidean formulation, treating the field ¢ as
a random variable with density p(¢) o e~Sel¢l This part develops the connection between the
Euclidean statistical framework and real-time quantum mechanics, introducing the Lorentzian path
integral, Wick rotation, spectral functions, and the physical interpretation of poles and widths.
We pay particular attention to the question of when a quasiparticle description is valid and how
quasiparticle modes differ from hydrodynamic modes.
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The Lorentzian Path Integral and Wick
Rotation

44.1 Oscillatory vs. Gaussian: The Core Distinction

Before introducing path integrals, let us see the essential mechanism in a single integral. Consider
two integrals that look superficially similar but are fundamentally different:

Ip = / e dy = \/F (Re(a) > 0), Iy = / e g,
o a oo

The Euclidean integral Ig converges absolutely: the integrand ]e*a$2| = e~Re(a)e? decays as x —
+00, and the integral is dominated by |z| < 1/y/a. It defines a probability measure: p(z) o e~ >
0.

The Minkowski integral I; is not absolutely convergent: ]eia$2| = 1 for all z. The integral
converges only by cancellation of phases — the rapid oscillation of ela® at large |x| causes positive
and negative contributions to cancel. It does not define a probability measure.

To evaluate Iy;, we rotate the contour in the complex z-plane. Set z = l™/4

o - 00 ) -
/ e dz = ™/ / e ¥ dy = e/ N
—0o0

— 00

y so that 22 = iy?:

The contour rotation transformed the oscillatory integrand ¢ into the Gaussian integrand e v’
This is Wick rotation in its simplest form: a 90° contour rotation that converts oscillation into
decay.

Im(z)

2 )
e~ Y 4Gaussian)

Y
L
=
@
N

L2
iz

(oscillatory)
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44.2 The Lorentzian Path Integral

In real-time quantum mechanics, transition amplitudes are computed by the Lorentzian (or Minkowski)
path integral:
i d(t)=¢5 .
@rle o) = [ Do explisulo). (44.1)
#(0)=s
where Sy/[¢] = [ dt d?z L(¢, 01, V) is the Minkowski action and £ is the Lagrangian density.
For a scalar field, a typical Lagrangian is

L= 500 — 5(V6P ~V(6).

The crucial feature is the factor of i in €™ : the weight is a phase, not a positive real number. The
integrand oscillates rather than decays, and the path integral is defined by destructive interference
among paths far from the classical solution, rather than by exponential suppression. This is funda-
mentally different from the Euclidean path integral, where e~5E is positive and defines a probability
measure.

44.3 Wick Rotation

The connection between the Lorentzian and Euclidean formulations is the Wick rotation: the
substitution ¢ = —ir, where 7 is the Euclidean (imaginary) time. Under this substitution:

idt = dT, (3,5@2 — _(afgb)Q, 15(]\4 — _SE7

so €M — ¢=58 The oscillatory Lorentzian weight becomes a real, positive Euclidean weight.
Let us see this explicitly. The Minkowski action for a free scalar field is

Sy = / dt d% [;(aﬂp)? — %(w)2 — ;m%ﬂ .

Setting ¢t = —i7 so that 0; =19, and dt = —idr:

Sy = i(—i)/ dr d%x B(—D(aqu)? — %(w)? — ;m2¢>2] = —/ dr d%z [;(aﬂbﬁ + %(w)? + %m2¢2 .

The right-hand side is —Sg, where
1 1 1
Sp = / dr d%z [2(@(;5)2 + 5(w>)2 + 2m2¢2] . (44.2)

Notice that all signs are positive in Sg: the Euclidean action is a sum of squares, which makes
e °F a well-defined (positive, normalizable) weight. The Lorentzian action has a relative minus
sign between the time and space derivatives (reflecting the (—,+,+,+) signature of Minkowski
spacetime), which makes ™ oscillatory.

The Wick rotation is not merely a formal substitution. Under appropriate analyticity conditions
(related to reflection positivity in the Euclidean formulation and the spectrum condition in
the Lorentzian formulation), the two path integrals contain equivalent physical information. The
Euclidean formulation is better suited for computation (the integral converges), while the Lorentzian
formulation is closer to the physics of real-time evolution and measurement.

The precise conditions under which this equivalence holds, and the complex-analytic machinery
that underlies it, are the subject of the next chapter.
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44.4 The Transfer Matrix: Why Wick Rotation Is a Theorem

On a lattice, the equivalence between Lorentzian and Euclidean formulations is not an assumption—
it is a theorem. The foundational object is the transfer matrix T = e He where H is the
Hamiltonian and a is the lattice spacing in the time direction. The Euclidean path integral on a
lattice with N, time slices is

Zp = Tr[TNT} = Ze*EkNT“,
k

where Ej, are the eigenvalues of H. The path integral is a derived identity: inserting a complete set of
field eigenstates between each pair of adjacent transfer matrices produces Zg = [ HiLV;l dey, e 55l
where the lattice action Sg emerges from the matrix elements of T. The “functional measure”
D¢ = [],, doy is a finite product of ordinary Lebesgue measures—well-defined without any appeal
to functional analysis on infinite-dimensional spaces.

The Lorentzian evolution operator e ¢ and the Euclidean one e "7 are the same operator
evaluated at different values of a complex parameter. The analyticity that makes the Wick rotation
work is a consequence of spectral positivity: because Ey > 0 (the Hamiltonian is bounded below),
the function Tr[e~#7] is analytic in the right half-plane Re(z) > 0.

Hr

Property Lorentzian Euclidean

Time parameter Real ¢ Imaginary 7 = it
Evolution operator ~ Unitary: e 1H¢ Contraction: e~ 7

Path integral weight €™ (complex, || = 1) e 5E (real, positive)
Correlator Oscillatory spectral sum Exponential decay sum
Mass extraction Pole: 1/(p* — m? + ie) Decay rate: Gg(1) ~ e ™7
Probability measure No Yes (e75#/7)

Monte Carlo Impossible Standard (MCMC)
Convergence Conditional (by cancellation) Absolute

44.5 The Quantum—Classical Correspondence

A remarkable consequence of the Euclidean path integral: the partition function of a quantum
system in d spatial dimensions at finite temperature is equal to the partition function of a classical
statistical system in d+1 dimensions, where the extra dimension (Euclidean time) is compact with
circumference 5 = 1/T.

Quantum (d dimensions) Classical (d+1 dimensions)
Temperature T'= 1/ Lattice extent L. = (8

Zero temperature (7' — 0) Infinite extent (L, — o0)
Quantum ground state Classical ground state

Energy gap AE Correlation length ¢ = 1/AFE

Quantum phase transition (7' =0) Classical critical point
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This correspondence is not a metaphor; it is an exact mathematical identity. It is the reason
why methods from classical statistical mechanics (Monte Carlo, renormalization group, conformal
field theory) apply to quantum field theory, and vice versa.

44.6 Three Roles of Euclidean Time

Euclidean time 7 plays three different roles depending on context:

Analytic continuation parameter. In the vacuum theory (7'= 0, 7 € (—00, 00)), Euclidean
time is a mathematical device for making the path integral convergent. The physical content is
extracted by analytic continuation back to real time.

Inverse temperature. In the thermal theory (T > 0, 7 € [0,/] with periodic boundary
conditions for bosons, antiperiodic for fermions), Euclidean time is the physical inverse temperature.
The Euclidean path integral with periodic boundary conditions is the thermal partition function
Z(B) = Tr(e~PH). No analytic continuation is needed.

RG “time.” In the Wilsonian RG, the logarithm of the momentum scale plays the role of a
“time” variable, and the RG flow equations are “evolution equations” in this time. This is purely
Euclidean; there is no Lorentzian analogue.

The Euclidean formulation is a lossy compression of the Lorentzian theory: it preserves the
spectrum (masses, energy gaps) but discards phase information (interference, real-time evolution,
superposition). The information that is lost can in principle be recovered by analytic continuation,
but this recovery is exponentially ill-conditioned in practice.
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Chapter 45

Contour Methods, Poles, and the ie Pre-
scription

45.1 Why Complex Analysis Enters Physics

The Lorentzian path integral has the weight ™ | which is oscillatory. To evaluate integrals involving
oscillatory integrands, we exploit a fundamental principle: an oscillatory integral over the real line
can often be computed by deforming the integration contour into the complex plane, where the
integrand decays exponentially and the integral converges manifestly.

This is the reason complex analysis pervades quantum field theory. The physical quantities
are defined on the real axis (real frequencies, real times), but the computation of those quantities
often requires a detour into the complex plane. The Wick rotation is the most dramatic example:
we rotate the time contour from the real axis to the imaginary axis, converting the oscillatory
Lorentzian weight into the decaying Euclidean weight.

45.2 Cauchy’s Theorem and Contour Integration

The central result of complex analysis that makes all of this work is Cauchy’s theorem. Let f(z)
be a function that is analytic (holomorphic) inside and on a closed contour C in the complex plane.

Then
7{ £z (45.1)

If f has isolated poles inside C, the integral picks up contributions from those poles via the residue
theorem:

féf(z) dz=2mi > Res(f z). (45.2)

poles inside C

The crucial consequence is that if f(z) is analytic in a region, the integral of f along any contour
within that region depends only on the endpoints (and on any poles enclosed). This means we can
deform the contour without changing the value of the integral, as long as we do not cross any poles
or branch cuts.
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45.3 Poles of the Propagator and the ie Prescription

Consider the free retarded propagator for a scalar field, which we need to evaluate the integral

—iwt
G(t,x) = / do e ™

2 _ 92
2m w Wy

The integrand has poles at w = Fwy on the real axis. The integral is ambiguous as written: the
contour passes directly through the poles. To define it, we must specify how the contour avoids the
poles—and different prescriptions correspond to different physical boundary conditions.

The ie prescription displaces the poles slightly off the real axis:

Retarded propagator (Gg): both poles are pushed below the real axis, w — w + ie:

1

Grlo ) = oy

(45.3)

For t > 0, we close the contour in the lower half-plane (where e~ decays), enclosing both poles
and getting a nonzero result. For ¢ < 0, we close in the upper half-plane, enclosing no poles, giving
GRr(t < 0) = 0. The retarded propagator vanishes for ¢ < 0: cause precedes effect. This is the
boundary condition appropriate for response functions.

Advanced propagator (G 4): both poles are pushed above the real axis, w — w — ie. This
gives G4(t > 0) = 0—the time-reversed boundary condition.

Feynman propagator (Gr): the positive-energy pole is pushed below and the negative-energy
pole above:

1
Gp(w,k) = 3

2 4 i
—wk—i—le

" (45.4)

This prescription selects the vacuum boundary condition—positive-frequency modes propagate for-
ward in time, negative-frequency modes propagate backward. It is the natural propagator for
scattering problems and for the path-integral formulation of quantum field theory.

The three prescriptions give the same propagator in the Euclidean formulation (after Wick
rotation), because the Euclidean propagator 1/(w?2 + wg) has no poles on the imaginary axis. The
distinction between retarded, advanced, and Feynman arises only in the Lorentzian formulation,
where the poles sit on or near the real axis.

Im w

A
Retarded: both pdles below
Feynman: +wy below, —wy above

—wp+ie
° Gr
> Re w
. . . .
—wp—1 —i
Wk —1€ +wg—1€e G

45.4 The Contour Rotation That Gives Wick Rotation

The Wick rotation can now be understood as a contour deformation in the complex w-plane (or
equivalently, the complex t-plane).
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Consider a frequency integral along the real w-axis. If the integrand (including the propagator
and the e7“! factor) is analytic in the first and third quadrants of the complex w-plane—that is, if
it has no poles or branch cuts in those quadrants—then we can rotate the contour by 90°:

Wreal — WE = 1Wreal,

mapping the real-frequency integral to an integral along the imaginary axis. Setting w = iwg with
wg real:

w?=—wi, w?—wl - -t — Wi,
and the Lorentzian propagator 1/(w? — wi) becomes the Euclidean propagator —1/(w% + wi) (up
to sign). The oscillatory factor e ! becomes e “E™ (with 7 the Euclidean time), which decays
exponentially—the integral now converges manifestly.

The condition for this rotation to be valid is precisely the condition that no poles are crossed
during the rotation. For the retarded propagator, both poles are in the lower half-plane, and the
rotation from real axis to positive imaginary axis passes through the upper half-plane, which is
pole-free. For the Feynman propagator, the pole at —wy + i€ is in the upper half-plane, so one must
be more careful—but the ie displacement ensures the pole is avoided.

45.5 Analyticity and Its Physical Meaning

The analyticity properties of propagators and response functions are not mathematical accidents.
They encode fundamental physical principles:

Causality requires that the retarded propagator Gr(w) is analytic in the upper half of the
complex w-plane. This is because Gr(t) = 0 for t < 0 (no effect before cause), and a function
that vanishes for ¢ < 0 has a Fourier transform that is analytic in the upper half-plane (by the
Paley—Wiener theorem).

The spectrum condition (positivity of energy) requires that the spectral function p(w) > 0.
Combined with the spectral representation (47.1), this determines the analytic structure: Gr(w)
has all its singularities (poles and branch cuts) on or below the real axis, and approaches 1/w? at
large |w|.

Stability requires that the poles of the retarded propagator are in the lower half-plane (Imw <
0), corresponding to modes that decay in time rather than grow. A pole in the upper half-plane
would signal an instability.

These properties—causality, spectral positivity, stability—are the physical guarantees that make
the Wick rotation trustworthy:.

45.6 When Is the Wick Rotation Trusted?

The Wick rotation is reliable when the following conditions hold:
No poles in the rotation quadrant. The integrand must be analytic in the region swept by
the contour rotation. For the retarded propagator at zero density, this is guaranteed by causality.
Decay at infinity. The integrand must vanish fast enough on the quarter-circle at infinity to
contribute nothing. This is typically ensured by the convergence of the Euclidean integral.
Reflection positivity (or, equivalently, the Osterwalder—Schrader axioms) in the Euclidean
formulation guarantees that the Euclidean theory can be reconstructed into a unitary quantum
theory.
The Wick rotation can fail or require modification in several important cases:
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Finite-density systems. A nonzero chemical potential y shifts the poles of the fermion prop-
agator: G~! = iw, — (& — ). In Minkowski space, the Fermi surface introduces poles near the real
axis that obstruct the naive contour rotation.

Real-time dynamics. Computing genuinely out-of-equilibrium quantities (transport coeffi-
cients, relaxation rates, real-time response) requires the Lorentzian formulation directly, since the
Euclidean formulation only accesses equilibrium information. Analytic continuation from Euclidean
data is formally exact but numerically ill-conditioned.

Systems with a sign problem. When the Euclidean action is complex (finite baryon density
in QCD, systems with a #-term), the weight e~°E is not positive, and the probabilistic interpretation
fails. The Wick rotation still defines a formal integral, but it does not define a probability measure.

Gravity and cosmology. In gravitational path integrals, the conformal factor problem means
that the Euclidean action is unbounded below, and the Wick rotation requires a complex contour
(the Gibbons-Hawking—Perry contour) rather than a simple 90° rotation.

In the contexts treated in this book—mnon-relativistic condensed matter at finite temperature,
and relativistic field theory in equilibrium—the Wick rotation is on solid ground, and the Euclidean
formulation is the natural computational framework.
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Chapter 46

The Euclidean—Minkowski Correspondence
for Propagators

46.1 The Free Euclidean Propagator

In the Euclidean formulation, the free propagator in momentum-frequency space is

1

Grlon k) = i T
n

(46.1)

where w,, are Matsubara frequencies (w,, = 2n7T for bosons, (2n+1)7T for fermions at temperature
T). In Euclidean position space, the propagator decays exponentially:

T24x2

Gp(r,x)~e ™ at large separations.

The mass m is the inverse of the correlation length: it controls the rate of exponential decay.

46.2 Analytic Continuation to the Retarded Propagator

The retarded propagator—the real-time response function—is obtained by analytic continuation:
G p(iwn, k) = Ggr(w,k). (46.2)
iwy — w0t
For the free field, substituting iw, — w + i0" in (46.1):

1 -1
G k) = - = ,
Rw. k) —(w4+i0F)2+k2+m? (w+i01)2 —wi

where wi, = vk? + m? is the dispersion relation. This has poles at w = fwj — i0T—just below
the real axis, as required for a retarded function.

46.3 The Correspondence: Decay Rate vs. Pole

The key correspondence between the Euclidean and Minkowski formulations is:
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Euclidean quantity Minkowski quantity

Exponential decay rate in 7: Gg ~ e~ Energy of excitation: wyx = vk? + m?2
Correlation length £ = 1/m Compton wavelength \c = 1/m

Gap in Euclidean spectrum Mass of the particle

Decay rate of Euclidean correlator Pole of retarded propagator

In the Euclidean formulation, the mass m appears as a decay rate: the two-point function
Gp(r) ~ e~™7l falls off exponentially in imaginary time, and the rate of falloff is the mass. In
the Minkowski formulation, the same m appears as the location of a pole: the retarded propagator
Gr(w) has a pole at w = wx = Vk? + m?, and this pole determines the energy of the excitation.

This is the deep reason why the “gap” we computed throughout this book—a parameter con-
trolling the exponential decay of Euclidean correlators—has the physical interpretation of a particle
mass or excitation energy. The Wick rotation maps one into the other.
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Chapter 47

Quasiparticle Certification: The Width I’
and Its Meaning

47.1 The Spectral Function

For an interacting system, the retarded propagator has the spectral representation

o p(w,’k) d /

w0 (47.1)

Gr(w, k) :/

where p(w,k) > 0 is the spectral function (for bosonic fields; the positivity follows from re-
flection positivity or, equivalently, from unitarity). The spectral function satisfies the sum rule
[ p(w, k) dw =1 (with appropriate normalization).

The spectral function can also be expressed in terms of the self-energy. If the retarded propagator
has the form Gr(w, k) = 1/(w? —wi — S r(w, k)) (for a relativistic scalar, with suitable conventions),

then
1 Im ¥ p(w, k)

plw, k) = ——

. 47.2
T (w? —wi —ReXg)? + (ImXp)? (472)

This is the general form. The shape of the spectral function is determined by the real and imaginary
parts of the self-energy.

47.2 The Quasiparticle Pole

If the self-energy is small (weak interactions), the spectral function is sharply peaked. Near the
peak at w & Qi (the renormalized energy), we can expand:

w? —wi — Yp(w, k) ~ 20 (w — Q) + 1Ty,

where Q solves Q2 = wi+Re Xg(Q, k) (the renormalized dispersion) and I'y = —Im X g (4, k) /(2€%)
is the damping rate. The spectral function near the peak becomes a Lorentzian:

Zx '
p(w, k) ~

: 47.3
T (w— Q)2+ Fi ( )

where Zy <1 is the quasiparticle residue (the fraction of the total spectral weight carried by the
peak). The remainder 1 — Zy is distributed in a broad, incoherent background.
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47.3 Deriving I' from the Self-Energy

The damping rate I'y has a direct physical derivation. The imaginary part of the retarded self-energy,
Im ¥ i(w, k), arises from on-shell processes—scattering events that conserve energy and momentum.
By the optical theorem (a consequence of unitarity), Im X is proportional to the total rate of all
processes that can scatter the quasiparticle out of its initial state:

_ ImXR(. k)

I =
k 20

In a Fermi liquid at low temperature, the leading contribution to Im X comes from two-particle
scattering, and phase-space restrictions give I' o< (w — p)? + (7T)2. This quadratic vanishing at
the Fermi surface is the reason why Landau’s Fermi liquid theory works: near the Fermi surface,
quasiparticles are long-lived because the phase space for scattering vanishes.

47.4 The Quasiparticle Criterion

A quasiparticle is well-defined when the peak in the spectral function is sharp—that is, when the
width 'y is much smaller than the energy Q:

‘Fk < O (well-defined quasiparticle). ‘ (47.4)

When this condition holds, the excitation oscillates many times before decaying, and it makes sense
to assign it a definite energy 2 and to think of it as a “particle” propagating through the medium
with a well-defined dispersion relation.

When I'y ~ Qy, the peak is broad and merges with the incoherent background. The excitation
decays before completing even one oscillation, and the quasiparticle description breaks down. The
spectral function is no longer a sharp peak but a broad bump, and the concept of a particle with a
definite energy loses its meaning.

In the Euclidean formulation, the same criterion has a clear signature: a well-defined quasipar-
ticle produces an exponentially decaying correlator Gg(1) ~ Z el at intermediate times, while
a broad spectral function produces power-law or non-exponential decay.
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Chapter 48

Quasiparticle Modes vs. Hydrodynamic Modes

48.1 Two Kinds of Long-Lived Excitations

Not all long-lived excitations are quasiparticles, and not all sharp features in response functions
arise from the quasiparticle mechanism. There are two fundamentally different reasons why a mode
can be long-lived:

Quasiparticle modes are long-lived because the damping rate I' is small compared to the
frequency . This happens when the self-energy has a small imaginary part, typically because
phase space for decay is restricted (as in a Fermi liquid near the Fermi surface, or a gapped system
below the gap). The mode exists at all wavelengths (including short wavelengths), and its lifetime
is controlled by microscopic scattering processes.

Hydrodynamic modes are long-lived because they exist at long wavelengths, where both )
and T' vanish together. Their existence is guaranteed by conservation laws (Chapter 23), not by
weak scattering. At any nonzero wavevector, a hydrodynamic mode has a definite I'(¢) that does
not vanish—but the ratio I'/Q2 can remain small. The mode becomes exact only at ¢ = 0, where it
corresponds to a conserved quantity.

The distinction is best understood through an example.

48.2 Phonons: From Quasiparticle to Hydrodynamic

Consider sound waves (phonons) in a crystal or a fluid. The dispersion relation is £2(¢) = cq at long
wavelengths, where ¢ is the speed of sound. The damping rate, due to anharmonic scattering and
viscous processes, scales as I'(q) o< ¢ (in three dimensions, at low temperature).

At long wavelengths, the ratio I'/Q o« ¢?/(cq) = q/c — 0 as ¢ — 0. Sound waves become
increasingly well-defined at long wavelengths. This is the hydrodynamic regime: the mode is long-
lived because conservation of momentum and energy constrains the system to oscillate rather than
relax.

At short wavelengths (comparable to the mean free path £), the ratio I'/2 grows, and eventually
I' ~ Q. Here the phonon ceases to be a well-defined excitation. The spectral function broadens,
and the quasiparticle description breaks down.

In between, at intermediate wavelengths where ¢f < 1 but I' < §2, the phonon is a well-defined
quasiparticle in the sense of (47.4). It propagates ballistically, scattering occasionally off other
phonons or defects, with a lifetime 7, = 1/(2T).

This illustrates the crossover:
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Regime Condition Character

Hydrodynamic ¢f <1 Sound: w = ¢q — ilyigeq?
Quasiparticle gl ~1, ' < Q Ballistic phonon with finite lifetime
Overdamped I'~Q Broad spectral feature, no particle

48.3 The Mathematical Distinction

Mathematically, the two kinds of modes correspond to different structures in the inverse propagator
(precision):
For a quasiparticle mode, the inverse propagator has a pole structure

G w, k) = w? —wi — B(w, k),

where wlz{ = k? + m? is determined by the dispersion and ¥ is small. The mode exists because the
bare dispersion already has a pole, and interactions only broaden it.
For a hydrodynamic mode, the inverse propagator has the form

K(w,q) = —iwy + Daigxq® + -+ (diffusion),

or
K(w,q) = xw* — ps¢° + inwg® + - -+ (sound),

where the structure is dictated by conservation laws and symmetry (Chapter 23). The mode exists
because conservation forces the inverse propagator to vanish at w = g = 0, regardless of the strength
of interactions. The damping terms (inwq?) arise from dissipative processes and are determined by
transport coefficients (viscosity, thermal conductivity), not by microscopic scattering rates.

48.4 Why the Distinction Matters

The distinction between quasiparticle and hydrodynamic modes has practical consequences. Quasi-
particle modes can cease to exist if interactions become too strong (the spectral function broadens
until ' ~ Q). Hydrodynamic modes cannot cease to exist as long as the conservation law holds:
they are protected by symmetry. Even in a strongly interacting system where no quasiparticles
survive, sound and diffusion persist.

This is why hydrodynamics works even when the quasiparticle description fails. A quark-gluon
plasma at high temperature has no well-defined quasiparticles (the coupling is strong), but it still has
sound waves, diffusion of conserved charges, and viscous flow—all hydrodynamic modes protected
by conservation of energy-momentum and conserved charges.

What was exact, what was approximate, and what was conventional?

Exact. The spectral representation (47.1) and positivity of p are exact consequences of unitarity
(or reflection positivity). The existence of hydrodynamic modes from conservation laws is exact and
model-independent.

Conditional. The Wick rotation is an exact equivalence, but only under stated conditions:
reflection positivity in the Euclidean theory, spectral positivity (bounded-below Hamiltonian) in
the Lorentzian theory, and no poles in the rotation quadrant. These conditions can fail at finite
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density (complex action), in gravity (conformal-factor problem), and in systems with a sign problem.
The analytic continuation from discrete Matsubara data to real frequencies is formally unique (by
the Carlson theorem, given suitable growth bounds), but it is an exponentially ill-conditioned in-
verse problem: small errors in the Euclidean data produce large errors in the reconstructed spectral
function. This is why numerical analytic continuation (e.g., via the maximum entropy method or
Nevanlinna analytic continuation) requires prior assumptions about the spectral function’s smooth-
ness.

Approximate. The Lorentzian form (47.3) for the spectral function assumes weak damping
(' < Q). The expression for I' in terms of Im X assumes the self-energy varies slowly near the
pole. The scaling I o< ¢? for phonon damping is a leading-order result in the gradient expansion.
Analytic continuation from discrete Matsubara frequencies to real frequencies is formally exact
but numerically ill-conditioned—in practice, it requires additional assumptions about the spectral
function.

Conventional. The terms “quasiparticle,” “spectral function,” “damping rate,
residue,” and “hydrodynamic mode” are standard physics vocabulary.

RN PN

quasiparticle

48.5 The Kramers—Kronig Relations

The analyticity of the retarded propagator Ggr(w) in the upper half-plane, which follows from

causality (Gr(t < 0) = 0), implies powerful sum rules relating the real and imaginary parts of Gg.
p(w')

Starting from the spectral representation Gr(w) = [ SowTTioT

dw’, separate real and imaginary
parts using ﬁ = P% —ind(x):

ReGr 73/ - do, Im Gr(w) = —7mp(w).

w — W

Substituting the second into the first:

Re G (w :—73/ ImGR ) qw. (48.1)

This is the first Kramers—Kronig relation: the real part of any causal response function is
determined by its imaginary part (and vice versa, by exchanging real and imaginary parts).

The Kramers—Kronig relations are model-independent—they follow solely from causality and
the assumption that Gr(w) — 0 as |w| — oo (fast enough for the dispersion integral to converge).
They provide exact sum rules that any approximation must satisfy. For example, setting w = 0
n (48.1):

ReGRr(0) = = 2 ) du/,

™

1 /OO 2w Im GR(W'
0

which relates the static (zero-frequency) response to the integrated spectral weight—a useful check
on any calculation.
For the dielectric function e(w) =1+ V(¢)Illr(w, ¢), the Kramers-Kronig relations give

W' I e(w
Ree(w) —177/ - —s o dw’,
—w
which is the standard form used in optics and condensed-matter physics. The f-sum rule fooo wlme(w)dw =
mug /2 constrains the total oscillator strength and is an important consistency check on calculations

of €.
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Chapter 49

Unitary Evolution and the Born Rule

49.1 What the Euclidean Formulation Does and Does Not Compute

The Euclidean path integral gives us: thermodynamic quantities (free energy F' = —T'log Z, internal
energy, entropy); imaginary-time correlation functions Gg(,x), from which we can extract energy
gaps and spatial correlation lengths; ground-state properties (in the  — oo limit); and spectral
information through analytic continuation.

It does not directly give: real-time dynamics (time evolution of observables, relaxation of non-
equilibrium states); individual measurement probabilities (the Born rule involves real-time ampli-
tudes, not Euclidean correlators); or interference and superposition (which arise from the phase
of complex amplitudes, not visible in the FEuclidean path integral where all weights are real and
positive).

The probability of observing outcome a is given by the Born rule: P(a) = |{a|(t))|>. The
quantum state encodes amplitudes—complex numbers whose squared moduli give probabilities. The
amplitudes evolve unitarily; the probabilities are derived from them through the Born rule.

49.2 The Role of Physical Stories

Physical stories about particles, quasiparticles, virtual processes, and collective modes are interpre-
tations of spectral and correlation structures. They are vivid, useful, and sometimes essential for
guiding intuition and designing experiments. But they should be recognized as stories—interpretive
frameworks that illuminate the mathematics, not replacements for it.

The Euclidean formulation is a probability theory. The real-time formulation is a theory of
amplitudes. The Born rule bridges the two. This book has developed the Euclidean side using the
language of probability and statistics. The reader who wishes to go further will need to engage
with the amplitude structure directly. But the Euclidean framework provides a solid mathematical
foundation from which to approach these deeper questions.

49.3 Limits of the Probability Interpretation

We close by noting explicitly where the probability interpretation breaks down: Grassmann variables
are not ordinary random variables; fermion determinants may fail to be positive (the fermion sign
problem); finite-density systems may have a sign problem; gauge theories require constraints or
gauge fixing that modify the integration measure; complex actions do not define ordinary probability
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measures. We have used probability language where it is mathematically legitimate, and flagged
explicitly when it is being used as an analogy or formal extension.

49.4 Concrete Example: The Two-Level System

To make the Euclidean—Lorentzian correspondence tangible, consider the simplest possible quantum
system: a particle that can be in one of two states, |0) (energy 0) and |1) (energy E). The
Hamiltonian is H = E|1)(1], and the transfer matrix is 7' = e~ = 0)(0] + e~ F¢|1)(1].

The Euclidean two-point function is

Tr(e=F—7HQO e~ ()

where O = |0)(1| + [1)(0| is the transition operator. At zero temperature (8 — o), the ground
state |0) dominates and G(7) = e F™: the Euclidean correlator decays exponentially with rate E.
The “mass” (in the language of this book) is m = E.

The retarded propagator, obtained by analytic continuation, is

1 1

Grlw) = _
R - e E STy /TR

which has poles at w = +E—the excitation energy. The spectral function is p(w) = d(w — E) —
d(w + E): two delta-function peaks at the transition energy.
The Born rule gives the probability of finding the system in state |1) at time ¢, given initial state
|0):
Poosi(t) = [(L]e” "0} > = [(1]0)* = 0.

(The states |0) and |1) are eigenstates, so the transition probability is zero for a time-independent
Hamiltonian.) If we add an off-diagonal perturbation V' = ¢(|0)(1| + |1)(0]), the eigenstates mix,
and the transition probability oscillates: Py_,1(t) = 137'22 sin?(E't), where E' = /(E/2)? + ¢2.

This simple example illustrates the complete chain: Euclidean correlator (exponential decay
with rate F) — analytic continuation — retarded propagator (poles at £F) — spectral function
(delta peaks) — real-time dynamics (Rabi oscillations, via the Born rule). The “gap” E that we
compute throughout this book has the physical meaning of an excitation energy, and the spectral
function tells us how that excitation manifests in real-time measurements.
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Chapter 50

The Operator Formalism: Hamiltonians,
Fock Spaces, and the HST

The path-integral formulation used throughout this book treats fields as integration variables in a
functional integral. The operator formalism treats fields as operators acting on a Hilbert space. The
two formulations are equivalent (connected by the transfer matrix), but each illuminates different
aspects. This chapter develops the operator perspective, showing how the HST, collective modes,
and quasiparticle certification appear from the Hamiltonian side.

50.1 Second Quantization and Fock Space

In the operator formalism, the fundamental field qg(ac) is an operator satisfying canonical commuta-
tion (bosonic) or anticommutation (fermionic) relations. For a bosonic field:

[B(x), 7 (y)] = i6(z — y),
where 7(z) is the conjugate momentum. Expanding in a complete set of single-particle states
{ur(2)}:
d) = > (wnl@)in + ui(w)al)
k
T

where @, and a; are creation and annihilation operators satisfying [ay, &};,] = 0. The Fock space
F is built by acting with creation operators on the vacuum |0): states |ng,, nk,, . ..) with n; quanta
in mode k.

For fermions, the anticommutation relations {¢, éL,} = dy» enforce the Pauli exclusion principle:
each mode is occupied by at most one particle.

50.2 Schwinger’s Source Formalism in the Operator Language

Schwinger’s approach introduces a time-dependent external source J(x,t) coupled to the field oper-
ator. The Hamiltonian in the presence of the source is

~

H[J] :ffo—/dm(x,t)(j)(x),

where Hy is the source-free Hamiltonian. The source J is Schwinger’s probe: by varying J and
measuring how the system responds, we extract all correlation functions.
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The generating functional in the operator language is the vacuum persistence amplitude:
Z[J] = (04]0-); = (0| T exp (1/ ddz dt J(x,t)i)ﬂ:c,t)) |0), (50.1)

where gZ; 7 is the field in the interaction picture and 7 denotes time ordering. The connected gener-
ating functional is W[J] = ilog Z[J] (with a factor of i because we are in Minkowski space).

Schwinger’s key insight was that the response of the system to the source encodes all physical
information:

ow 2w N
57 (@) 57267 (y) (T o(x)p(y))e,

where (). denotes the connected correlator. The Legendre transform of W{J] gives the effective
action I'[¢], whose Hessian I'” is the inverse of the connected two-point function — the precision,
in the language of this book.

In the Euclidean formulation (Wick-rotating to imaginary time), this operator construction

reduces to the path-integral generating functional of Chapter 1. The two are connected by the
Ha

= ($(@)),

transfer matrix: the Euclidean path integral with /N, time slices equals Tr[TNT], where T = e~
is the transfer matrix.

50.3 The Hamiltonian of the Joint System After HST

In the path-integral formulation, the HST introduces an auxiliary field o and rewrites the partition
function as a double integral over (¢, ). What does this correspond to in the operator formalism?
Consider a fermionic system with quartic interaction —g(11)2. After the HST, the action is

S[y, 1, 0] :/[@(Gal+a)¢+‘2’;].

The corresponding joint Hamiltonian in the operator formalism is

N PN 1
Fins = Holi] + [ @' 6(a)ita) + 5 [ o o()” (50.2)
where p(z) = 9T (2)i)(x) is the density operator and &(z) is now a dynamical bosonic field with its
own canonical commutation relations [6(x), 7, (y)] = 1d(z — y).

The joint Fock space is a tensor product:

Eoint = ffermion ® fbosona

where Frormion 18 the fermionic Fock space (electron states) and Fposon is the bosonic Fock space for
the auxiliary field (collective-mode quanta).

However, the auxiliary field & has no independent kinetic energy—its “bare” Hamiltonian is
purely a mass term 62/(2g). All of its dynamics (propagation, dispersion) are induced by the
coupling to the fermions. This is the operator-language restatement of the fact that Seg[o] has no
bare gradient term—the gradient energy of o is generated by integrating out 1.
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50.4 Blockwise Diagonalization of the Joint Hamiltonian
At the mean-field level (saddle @), the joint Hamiltonian (50.2) is blockwise diagonal:
f{joint ~ ﬁMF [@Z)a 5] + f{coll ['f]] + ﬁcoupling [1]}7 ﬁ]a

where ) = 6 — & is the fluctuation of the auxiliary field.

Hyp [zﬁ, ] is the mean-field Hamiltonian for the fermions in the background of 5. Its eigen-
states are the quasiparticles (Bogoliubov quasiparticles in BCS, exchange-split bands in Stoner,
etc.), and its excitation energies are the eigenvalues of M (7).

A

Hon[n] is the collective-mode Hamiltonian, obtained from the Hessian K of Seg. Its eigen-
states are collective excitations (phonons, plasmons, magnons, Anderson—Bogoliubov modes), and
its excitation energies are determined by the poles of D = K1,

ﬁcoupling [@, 7] couples quasiparticles to collective modes. It comes from the higher-order terms
(F(3)n3, etc.) in the expansion of Seg and from the o-dependence of the quasiparticle spectrum.
This coupling produces:

e quasiparticle scattering off collective modes (contributing to Im ¥ and the quasiparticle life-
time);

e collective-mode decay into quasiparticle pairs (Landau damping, pair-breaking continuum);
e renormalization of both quasiparticle and collective-mode energies.

The full Fock space decomposes into sectors labeled by the number of quasiparticles and collective
quanta:

Fioint = |0) @ {1-qp states} & {1-collective states} & {2-qp states} & {1-qp + 1-coll states} & - - -

The spectral function p(w, k) of the fundamental field ) contains contributions from each sector: a
sharp quasiparticle peak from the 1-qp sector, a continuum from 2-qp and collective-decay processes,
and higher-order contributions.

50.5 Quasiparticle Certification from the Operator Perspective

The question “is a quasiparticle well-defined?” has a precise answer in the operator formalism.
Consider the single-particle spectral function, which is defined as

1
Alw, k) = ——Im Gr(w, k),
™
where G is the retarded Green function. Using the Lehmann representation:

Aw, ) = D [[(nféxd0) Po(w — En + Eo) + |(nlef0) 20w+ B = Eo)| . (503)

n

This is a sum of delta functions at the exact excitation energies F,, — Ey, weighted by the overlap
|(n|éxk|0)]? between the one-particle-added state éL]O) and the exact eigenstate |n).
A quasiparticle is “certified” when a single eigenstate |ny) dominates the sum:

[(nléf|0)? = Zi (close to 1),
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with all other overlaps small. The quasiparticle residue Zy measures how much of the one-particle
state “survives” as a well-defined excitation. If Zy — 0, the spectral weight is spread over many
eigenstates and no quasiparticle exists.

The quasiparticle criterion from the operator side: Zy is significantly nonzero and the
corresponding eigenstate |ny) is separated from the continuum by an energy gap or by a vanishing
damping rate.

For a Landau Fermi liquid at low temperature, Zi,. > 0 (finite residue at the Fermi surface) and
I'y o« (k — kp)? (vanishing damping rate at the Fermi surface). The quasiparticle is well-defined
near kp.

For a non-Fermi liquid or a system above its coherence temperature, Z, — 0 or I'y ~ Uy, and
the spectral function is a broad, featureless continuum. No quasiparticle exists.

50.6 Hydrodynamic Modes Persist Without Quasiparticles

The most important consequence of the operator formalism for the message of this book:

Hydrodynamic modes exist independently of quasiparticles. Even in a system where no
quasiparticle is certified (Zx — 0 for all k), the hydrodynamic modes—sound, diffusion,
thermal transport—persist as sharp, well-defined excitations at long wavelengths. This is
because hydrodynamic modes are protected by conservation laws, not by the existence of
long-lived single-particle excitations.

In the operator formalism, this can be seen as follows. The density-density response function
Xnn(w,q) is determined by the matrix elements (n|n,|0), where ngy = >, éz +4Ck 18 the density

operator. The conservation law [I:I , Q] = 0 (where Q= fig—o is the total charge) forces xpn(w,q —
0) — 0 for w # 0. This constraint holds regardless of whether the intermediate states |n) are
well-described by quasiparticles.

The quark-gluon plasma at high temperature provides a striking example: the coupling constant
gs is large enough that no quasiparticle description is valid (the spectral function of quarks and
gluons is broad and featureless). Nevertheless, the plasma has well-defined sound waves, described
by relativistic hydrodynamics with a specific viscosity 7/s (entropy density). The sound mode is
protected by conservation of energy-momentum, which holds at all coupling strengths.

Similarly, in the “strange metal” phase of high-temperature superconductors, the electronic spec-
tral function shows no quasiparticle peak, yet the material has well-defined transport properties
(resistivity o< T') described by hydrodynamic or near-hydrodynamic equations.

From the path-integral perspective: the collective-field Hessian K that determines the hydro-
dynamic modes is a functional of the full microscopic propagator G (through the polarization
IT = tr[GI'GT]), but it does not require G to have a quasiparticle form. Even if G has no pole (no
quasiparticle), K can still have the hydrodynamic structure K (w, q) = yw? — psq® + - - - dictated by
conservation laws.

50.7 Operator Derivation of the Schwinger Effective Action

The effective action I'[¢¢] can be derived directly in the operator formalism, without reference to
path integrals.
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Starting from the Hamiltonian H, the generating functional is the vacuum amplitude (50.1).
The connected generating functional W[.J] satisfies

SW .
570 = %alr) = ().

The effective action is defined as the Legendre transform I'[¢pc] = W[J.] — Ji - ¢c1, where Jy[dql] is
the source that produces the specified mean field.
The equation of motion 5% = J is the quantum generalization of the classical Euler—Lagrange

equation. At J = 0, the physical vacuum satisfies ¢> =0.

The second derivative I'"[¢po] = G, ' is the inverse of the connected two-point function—the
precision operator. To see this from the operator side: the connected two-point function is

2
Gelay) = (Tol2)o) — ) OW) = 5705570
The Legendre transform exchanges W’ = G, for I = G}, exactly as in finite-dimensional convex
analysis. This is the covariance-precision duality that runs through the entire book, now derived
from Schwinger’s operator formalism.
The one-loop effective action can be obtained by expanding the Hamiltonian around the mean-
field solution. Let é = ¢ + 17, where 7} is the quantum fluctuation. To second order:

ALg) = Higal + 57+ 8"l6a] 1+

The fluctuation 7 is a collection of harmonic oscillators with frequencies determined by the eigen-
values of §”[¢¢]. The zero-point energy of these oscillators gives the one-loop correction:

TPl ] = S[ga] + Zw— %+imMWd

where wy, = /A, and )\, are the eigenvalues of S”. This is related to the Trlog by %Zk log wi, =
% Trlog S” (after regularization), recovering the path-integral result.

The operator derivation makes clear what the Trlog correction physically represents: it is the
sum of zero-point energies of all the fluctuation modes around the mean-field background. This
is a purely quantum effect—it vanishes in the classical limit 7 — 0—and it is the same zero-point
energy that produces the Casimir effect, the Lamb shift, and vacuum fluctuation phenomena.
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Epilogue

The reader who has followed this book from the beginning has seen a single logical thread running
through a remarkable range of physics:

A non-Gaussian probability distribution is augmented with latent variables. The microscopic
variables, now conditionally Gaussian, are integrated out exactly, producing a Trlog in the effective
action. The saddle of this effective action determines a gap equation—a self-consistency condition
involving a dressed propagator. The Hessian at the saddle gives the collective-field precision; its
inversion gives the collective covariance. The microscopic contribution to the Hessian is a polariza-
tion bubble—the Gaussian covariance of the composite observable coupled to the latent field. The
Neumann expansion of the inverse Hessian is the Dyson series. The quadratic approximation that
produces this Hessian is the RPA.

The same saddle can gap one covariance (microscopic quasiparticles) while leaving another gap-
less (collective phase mode). Symmetry breaking produces Goldstone modes; conservation laws
produce hydrodynamic modes. These are not exotic phenomena—they are properties of the eigen-
value spectrum of a Hessian, which is a real symmetric matrix.

The computational machinery—marginalize, differentiate, invert, take a log-determinant, per-
form a local Gaussian approximation—is the same machinery used throughout probability, statistics,
and machine learning. The physics vocabulary—propagator, self-energy, Dyson equation, polariza-
tion, RPA, gap, Goldstone mode, Ward identity, renormalization—names specific instances of this
machinery, applied to specific physical contexts.

The mathematics is cleaner than the traditional vocabulary initially suggests. Once the math-
ematical objects are understood, the traditional physical stories become easier to enjoy, evaluate,
and use without confusing them with derivations.
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Notation and Conventions

Fourier Transforms

We use the convention

The shorthand [, = [ dd;“d.

Matsubara Frequencies

At temperature T' = 1/, Euclidean time is periodic with period §. Fields are expanded in Matsub-
ara modes:
Bosonic: wy, =2nnT, n € Z.  Fermionic: w, = (2n+ 1)7T, n € Z.

The combined momentum-frequency integral is [, = = Tan i (ddk
Green Functions and Propagators

Name Definition Notation
Euclidean propagator (p(1,2)9(0,v)) Ge(r,z —y)
Time-ordered (Feynman) (T é(t, 2)¢(0,y)) Gr(t,z —y)
Retarded —i0(t)([o(t 2),0(0,y)])  Gr(t,z—y)
Advanced +i0(—t)([p(t, z), #(0,y)]) Galt,z —y)
Spectral function —1Im Gr(w, k) p(w, k)

Analytic continuation: G g(iwn, k:)’iw i =

Self-Energy and Polarization Signs
Throughout this book, we define the self-energy with the convention
Gl'=G1+ 3,

so X is a correction to the precision (inverse covariance). Some references use G~ G_
their X differs from ours by a sign.
For the collective-field Hessian:
K =Dy +11,

169



CHAPTER 50. THE OPERATOR FORMALISM: HAMILTONIANS, FOCK SPACES, AND THE HST

where II is the polarization (the contribution from the Trlog Hessian). The collective propagator is
D=K'=(Dyt+1m)

In some references, the dielectric function is defined as e = 1 — Vo (with a minus sign and the
irreducible susceptibility xo), while we write € = 1+ VII with the corresponding sign absorbed into
II. The physics is the same; only the sign convention for the response function differs.

Coupling Constants
For ¢* theory: S D %(Z)‘l. The HST auxiliary field couples to ¢? with effective coupling g = /2 (for

the N =1 scalar) or g = A/(2N) (for the O(NN) model with S D ﬁ(gbz)z).
For BCS: S D —giib ¢4 with g > 0 (attractive).

Traces

Tr denotes a full trace over all indices (spacetime, momentum, spin, Nambu, color, etc.). tr denotes
a trace over internal indices only (spin, Nambu, color) at a fixed spacetime or momentum point.
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Consolidated Translation Dictionary

Probability, statistics, and linear algebra

Physics terminology

Random field

Negative log-density

Normalizing constant

Log-normalizer

Covariance

Precision (inverse covariance)

Reference covariance

Exact covariance

Precision difference (exact minus reference)
Latent-variable augmentation

Negative log marginal density

Mode of a marginal density

Stationarity condition for the mode

Mass scale induced at a saddle

Hessian of marginal negative log-density
Inverse Hessian

Covariance of a composite observable
Wick-factorized composite covariance
Neumann expansion of corrected precision in-
verse

Quadratic (Laplace) approx. for collective fluc-
tuations

Null Hessian direction from symmetry
Small precision eigenvalue

Slow direction from a conservation law
Pole of covariance

Symmetry derivative identity

Higher derivatives of marginal neg. log-density
Non-Gaussian correction to simple bubble
Marginalization over fast variables
Multiscale marginalization and rescaling
Fixed point of the RG flow

Relevant direction at a fixed point
Diverging inverse Hessian eigenvalue
Exponential decay rate of covariance

Euclidean field

Action

Partition function

Free energy / connected generating functional
Propagator

Inverse propagator

Bare propagator

Full or dressed propagator

Self-energy

Hubbard—Stratonovich transformation
Effective action

Saddle / mean-field configuration
Mean-field equation / gap equation
Gap

Inverse collective propagator

Dressed collective propagator
Susceptibility / polarization

Bubble

Dyson resummation
RPA / Gaussian fluctuation theory

Goldstone mode

Soft mode

Hydrodynamic mode

Collective excitation

Ward identity

Effective vertices

Vertex correction
Coarse-graining

Renormalization

Scale-invariant theory

Relevant operator

Diverging susceptibility / critical point
Mass / inverse correlation length
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Probability, statistics, and linear algebra Physics terminology

Spectral peak of retarded propagator Quasiparticle or collective mode
Imaginary part of pole Decay rate / damping
Real-time unitary evolution Schrédinger equation
Squared amplitude of transition Born rule probability
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