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Preface

When I tried to learn quantum field theory, it was a frustrating
experience. When I read the standard textbooks, I felt as if I had
hired a climbing coach to show me how to get to the top of Mt.
Everest and right after the start he would take my hand, say:
"Watch this!", and then make a huge jump upwards. From one
moment to the next I was 100 meters above the ground but had
no idea how I got there.

There were no retrospective explanations either, just more and
more jumps upwards accompanied by "encouraging" statements

that everything is "obvious" or "easy". It was puzzling and frus-
trating.

Most physicists will tell you that it has to be this way. That
this is the only way to understand. I'm convinced that this is
nonsense.

Using our Mt. Everest analogy, who do you think will learn
more effectively:

> Someone who has watched a world-class climber make in-
credible moves for a few hours and afterwards tries to do
them himself,

> or someone who has a coach who takes him through the
motions step by step?

I'm not saying that the first approach doesn’t work. It’s obvi-
ously extremely popular and currently the standard approach in
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31t’s, in fact, impossible to say in
general terms which explanation is
the best since the effectiveness of an
explanation always depends on the
reader’s interests and background.

universities all around the world. But my goal with this book is
to provide an alternative that takes an approach which is closer
to the second scenario.

In fact, I eventually discovered a textbook that convinced me
that a step-by-step approach may not only be possible but can
be also enjoyable and effective. The book is called Student
Friendly Quantum Field Theory by Robert D. Klauber. It’s a
fantastic book and remains to this day my favorite textbook.

Klauber’s book motivated me to write student-friendly text-
books on all kinds of topics ranging from classical mechan-
ics' to gauge theory?. But it also discouraged me from writ-
ing a quantum field theory textbook. Instead, I recommended
Klauber’s book at every possible occasion to everyone who
would listen. I still do.

So why did I eventually write a quantum field theory textbook
nevertheless?

I learned a lot about quantum field theory in the past few years
and slowly but steadily realized that I would explain most con-
cepts completely different than Klauber does in his book. Not
necessarily better, but different.3 Therefore, I figured that it
won’t hurt anyone if there is a second student-friendly intro-
duction to quantum field theory on the market. The readers can
still decide which book they prefer and since the books are quite
different, it’s possible to read both without getting bored. Every
author is able to provide a unique perspective and for any topic
you need multiple perspectives to grasp the whole picture.

With that said, let me explain in a bit more detail what makes
this book different.

> First, it wasn’t written by a professor. As a result, this book
is by no means an authoritative reference. Instead, this book
is written like a casual conversation with a more experienced
student who shares with you everything he wishes he had
known earlier. I'm convinced that someone who has just
recently learned the topic can explain it much better than



someone who learned it decades ago. Many textbooks are
hard to understand, not because the subject is difficult, but
because the author can’t remember what it’s like to be a
beginner4.

> Second, this book is unique in that it contains lots of idiosyn-
cratic hand-drawn illustrations. Usually, textbooks include
very few pictures since drawing them is either a lot of work
or expensive. However, drawing figures is only a lot of work
if you are a perfectionist. The images in this book are not as
pretty as the pictures in a typical textbook since I firmly be-
lieve that lots of imperfect illustrations are much better than
a few perfect ones. The goal of this book, after all, is to help
you understand quantum field theory and not to win prizes
for my pretty illustrations.

> Finally, my only goal with this book was to write the most
student-friendly quantum field theory textbook and not, for
example, to build my reputation. Too many books are unnec-
essarily complicated because if a book is hard to understand
it makes the author appear smarter.> To give a concrete ex-
ample, nothing in this book is assumed to be "obvious" or
"easy to see". Moreover, calculations are done step-by-step
and are annotated to help you understand faster.

However, this book is certainly not a good fit for everyone. In
particular, a necessary byproduct of the slower step-by-step ap-
proach is that we won’t get as far as most other books. Instead
of talking about dozens of advanced topics, we will only discuss
the fundamental ideas at the heart of quantum field theory in
detail. Secondly, by reading this book you will not become a
skillful practitioner. The main focus is on understanding the
basic concepts and not on how to calculate cross sections.® Of
course, you can learn about advanced concepts and how to cal-
culate cross sections by consulting other textbooks after reading
this book. I'm convinced that this book will provide you with a
solid foundation for such further studies.

4 This is known as the "Curse of
Knowledge."

5To quote C. Lanczos: "Many of
the scientific treatises of today

are formulated in a half-mystical
language, as though to impress
the reader with the uncomfortable
feeling that he is in the permanent
presence of a superman.”

®I'm not a fan of books that try
to achieve various things at once
since it means that they won’t do
any of them particularly well. In
particular, I think it’s annoying
when important ideas are "left for
the reader as an exercise".



10

Without any further ado, let’s dive in. I hope you enjoy reading
this book as much as I have enjoyed writing it.

Karlsruhe, December 2019 Jakob Schwichtenberg

PS: If you find an error, I would appreciate a short email to
errors@jakobschwichtenberg.com.

PPS: You can discuss the content of the book with other readers,
ask questions and find bonus material at:
www . nononsensebooks.com/qft/bonus.
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Before we discuss any details, we need to talk about three
things. First, a crucial question:

Why should you care about quantum field the-
ory?

Quantum field theory is the best theory of elementary particles
and their interactions that we have. Using quite a small set of
input parameters, quantum field theory allows us to make an
extremely large number of wide ranging predictions.

Most importantly, all predictions made using it so far have
proved to be correct. In fact, the predictions made using quan-
tum field theory have resulted in some of the most spectac-
ular agreements with experiment imaginable. Famously, the
quantum field theoretical prediction and measurements of the
electron anomalous magnetic dipole moment are in agreement
within ten parts in a billion (1079%).

But quantum field theory is not only amazing because it allows
us to describe lots of phenomena, but also because it allows us to
actually understand them. A few examples:

> Quantum field theory allows us to understand the common
origin and properties of three of the four known fundamental
forces. Electrogmagnetic interactions, strong interactions
and weak interactions can all be understood and described

perfectly within the framework of quantum field theory.” 7 The fourth known fundamental
force, gravity, is described by Ein-
stein’s theory of general relativity.
Currently, there exists no entirely
satisfactory model that incorporates
the origin of the masses of elementary particles. According gravity into the framework of quan-
tum field theory. This is known as
the problem of quantum gravity.

> Quantum field theory also offers an intriguing perspective on

to our present understanding, all known massive elemen-

tary particles are inherently massless and only acquire the
property that we call mass dynamically through the Higgs
mechanism.
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8In fact, this is true for all elemen-
tary particles.

> Quantum field theory explains why all electrons that we’ve
observed so far have exactly the same properties.®Quantum
field theory allows us to understand why different, yet indis-
tinguishable, copies of elementary particles exist.

Motivated by these phenomenal results, some physicists like
David Tong, just to name one example, go even as far to declare
that "quantum field theory is literally the language in which the laws
of Nature are written."

I'm personally not that optimistic that we’ve already found the
ultimate framework to describe nature for reasons that are dis-
cussed in Chapter 18. But what is unquestionable is that quan-
tum field theory represents the present frontier in theoretical
physics. It’s the "ultimate" theory that we currently know about
and thus, anyone who wants to explore new territory needs a
solid understanding of it.

And even though quantum field theory represents the cumula-
tive result of the works of thousands of physicist over hundreds
of years, it is beautiful and simple at it’s core. This is astonish-
ing if you think about it. There is no reason why nature should
behave according to a small set of simple rules that can be de-
rived from a few basic principles. It’s this fact which makes
many physicists optimistic that we’ve indeed revealed some-
thing deep about nature.

In addition, it’s also worth mentioning that there are also more
pragmatic reasons to learn about quantum field theory. It's an
extremely versatile tool and can also be used to describe, for
example, condensed matter systems or financial markets. Fa-
mously, we can use quantum field theory to explain unexpected
phenomena such as the fractional quantum Hall effect, or super-
conductivity.

With all of this in mind, I'm confident to declare that you won’t
regret any minute you spend learning about quantum field
theory. At the very least, your perspective on how nature works
will be permanently changed.



Preliminaries

Almost everybody will tell you that you need a solid grasp of

> the Lagrangian formalism,
> special relativity,

> and quantum mechanics

to properly understand quantum field. This is certainly not
completely wrong. If you know the fundamentals of these three
topics you will find it much easier to understand the main ideas
of quantum field theory.

On the other hand, however, it’s certainly not impossible to get
some understanding of what quantum field theory is all about
without having studied the Lagrangian formalism, special rela-
tivity and quantum mechanics in detail. Moreover, I'm not a fan
of just-in-case learning and find a just-in-time approach much
more effective (especially for self-learners).9 So if your main
goal is to understand quantum field theory, I don’t think it’s
very smart to spend years preparing for this goal by learning
other topics. How can you know in advance which aspects of
other topics are really relevant for your goals? Moreover, it’s
really hard to stay motivated if your real goal always seems
incredibly far away.

Instead, it’s far more effective to dive right in. Once you actually
start learning quantum field theory, you will quickly notice
which aspects of other topics are really relevant. You can then
close gaps in your knowledge on a case-by-case basis as you
move along. If you follow such an aggressive learning approach,
you will not only know what exactly you should learn more
about, but you will also be extremely motivated to do so.

Motivated by this general philosophy, I try to keep all my books
as self-contained as possible. For the book you're reading right
now this means that we will discuss just enough special relativ-

13
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give the more direct, dive-right-in
approach a go. If it doesn’t work
out, you can still revert to a more
traditional approach.
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ity, quantum mechanics and of the general ideas behind the La-
grangian formalism to understand what is going on in quantum
field theory. Moreover, I will freely refer you to other resources
such that you can always catch up on the details whenever you
feel like a deeper discussion is necessary.

The third thing we need to talk about is the meaning of a few
special symbols which we will use in the following chapters.

Notation

> Three horizontal lines = indicate that we are dealing with a
definition.

|
> The symbol = means "has to be", i.e., indicates that we are
dealing with a condition.

> The most important equations, statements and results are
highlighted like this:

oL d /oL
afw(aq)—o )

> w denotes the derivative with respect to ¢.

> A dot above a function denotes the derivative with respect to

time 4(t) = dzd—(tt) and §(t) = dqutgt).

> We sometimes use the shorthand notation 9; = % for the
partial derivative where i € {x,y,z} and 9, for u € {t,x,y,z}.

> Greek indices like y, v or o, are always summed from O to 3:

3
XuYu = Z XuYu-
u=0



In contrast, Roman indices like 7, j, k are always summed from
1to 3:

3
XiXi = Z XiXj.
i=1

51-]- denotes the Kronecker delta, which is defined as follows:

1 ifi=j
0 ifi #j
€;jx denotes the three-dimensional Levi-Civita symbol:

1 if(i,j,k) ={(1,23),(2,3,1),(3,1,2)}
€ijk = 4 0 ifi=jorj=kork=i
-1 if(i,j,k) ={(1,3,2),(3,21),(2,1,3)}

To avoid that the layout breaks, column vectors are often
written as a transposed row vector. For example

0
7=(0,1,00T = [1
0

t denotes the Hermitian conjugate which is a composition

of complex conjugation and transposition: AT = AT*. For
ordinary functions, the transposition makes no difference and
hence we have T = f*.

An expression of the form A < B means that A is much
smaller than B. Similarly B >> A means that B is much larger
than A.

The notation 0,4, is used for the (2 x 2) matrix that only
contains zeroes. Moreover, , 15, denotes the (2 x 2) unit
matrix.

Although not notational issues, but nevertheless important, the
following two comments on the word usage in this book:

D> By coordinate transformation I always mean rotations, boosts,

translations or mirroring transformations. There are lots of
additional coordinate transformations (diffeomorphisms) that

15
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are important in other contexts which aren’t discussed in this
book.

> The word fundamental in this book means "fundamental as

far as we know". Quantum field theory is not necessarily the
end of the story, but it’s still useful to speak of fundamental
fields and elementary particles.

That’s it. We are ready to dive in (after a short look at the table
of contents).
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Bird’s-Eye View of Quantum
Field Theory

Quantum field theory is, at its heart, quite simple. However,
specific applications can be extremely complicated and confus-
ing. For this reason it’s easy to lose the forest for the trees. To
prevent this, we start this book with a quick overview. After-
wards, we will talk about the various concepts in more detail
and gradually refine our understanding until we are ready for
applications.

So don’t worry if not everything is immediately clear in this
chapter. Our goal is solely to get an overview and each idea
mentioned here will be discussed later in more detail.

The most basic objects in quantum field theory are fields. A
field is a mathematical object that assigns a value (or a more
complicated object) to every point in space at every moment in
time.
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In quantum field theory, we describe nature by imagining that
there are various fields stacked upon each other at each space-
time point.

Moreover, we interpret specific field excitations as elementary
particles. For example, an elementary excitation of the electron
field is what we call an electron.
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The most important kinds of fields in modern physics are scalar
fields, spinor fields and vector fields. A scalar field assigns a
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scalar to each spacetime point, a spinor field a spinor and a
vector field a vector. For each kind of a field there is a different
equation of motion that tells us how it evolves in time. For
example, the Klein-Gordon equation®

(90" +m*)p(x) =0, (1.1)
is the equation of motion for scalar fields. Its general solution
reads?

P(x) = /dk?’; (a(E)efikx +a+(E)eikx> . (1.2)
(271')3 Zwk

In quantum field theory, fields are no longer ordinary functions
but operators. This is encoded in the canonical commutation
relation

[p(t,%), (t,§)] = i6(X - 7), (1.3)

where m = % is the conjugate momentum density. If we
plug the general solution of the Klein-Gordon equation into the
canonical commutation relation, we find

=0, [a'(k),a"(K)]=0. (1.4)

This tells us that a’ (K') is a creation operator, while a(k) is

an annihilation operator. We say that when a*(%) acts on the
ground state of the field |0), the result is a state that describes a
single particle with momentum k:

a’ (k) [0) = |13) . (1.5)

Analogously, we can describe field configurations that contain
multiple particles. For example,

a*(7)a’ (k) |0) = |13, 15) (1.6)

is a state that describes two particles, one with momentum

k and one with momentum §. Moreover, it follows from the
commutation relations that when a(fc') acts on a state, a particle
with momentum k is annihilated

a(k) 1, 15) = |15) . (1.7)

* To unclutter the notation we use x
as a short-hand notation for x,.

2 Here we use the short-hand
notation k*x, = kx.
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3 There are important but subtle
differences in how we interpret
scalar fields, spinor fields and

gauge fields in a quantum context.

We will discuss them in detail in
Part L.

A(i — f) = (fI8li)

Similarly, we can interpret the coefficients that appear in the
general solution of the Dirac equation which describes spinor
fields and in the general solution of the Proca equation which
describes gauge fields.3

One of the most important aspects of quantum field theory is
that it allows us to describe scattering processes. In particular,
we find the probability amplitude that a specific initial con-
figuration |i) (for example, two electrons) evolves into a final
configuration (f| (for example, two electrons with different
momenta) by evaluating

= (fliy =i 4] [ dHn)li

ks (/_O;dt1Hi(t1)> (/_idtzHi(tz)> ..

= A0 L AW 4 AQ) L (1.8)

D definitions

where H; denotes the interaction Hamiltonian. This is known
as the Dyson series. Probability amplitudes can not usually be
calculated in closed form and a perturbative approach is nec-
essary. We evaluate each term in the Dyson series individually
for each given scattering process and include as many terms as
necessary to match the experimental accuracy. Moreover, the
zeroth term is only important if no change happens.

As an example, let’s consider how two particles that we call
pions, 710, which are associated with a single scalar field ¢ inter-
act.
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del kP2

k) ngj}‘f)

The dominant contribution to the Dyson series reads

A

(e}
—i <7r23, n24|i[w dt1Hi(t1)|7Tz(<)lf )

i/\ 00
- ﬁ /—oo d4x <7T](<)3’ 7T24|4>4(x)|7121, 7-[192> . (19)

We then use that we can understand a field as an integral over
creation and annihilation operators

1 e —ilkx 7\ o (kx
o(x) = [ v CCMERRG )

D definitions

=¢-(x) + ¢+ (x), (1.10)

where ¢_ is an integral over annihilation operators, while ¢, is
an integral over creation operators.

If we plug this into the formula for the probability amplitude
(Eq. 1.9) we find many, many terms. For simplicity, let’s con-
sider just one of them: ¢ ¢ ¢p_¢p_. The corresponding contribu-
tion to the Dyson series reads

on [t o ()04 (- (W9 (], 7ly) - (a)

The factor ¢— (x)¢—(x) acts on the initial state |7'L'](31, 7T1(<)2> first.
The result is the ground state |0) multiplied by some numerical

factors:

p—(x)p—(x) |7'c,91, 71,92> = numerical factor x |0) . (1.12)
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Afterwards, ¢ (x)¢ (x) acts on the ground state |0). This
yields a superposition of two-particle states with different mo-
menta:

¢+ (x)¢+(x) |0) = numerical factor x /d3kd3q |712, ) . (1.13)

Since we are interested in a specific final state, we then act with

(m)_, 7Y | on this superposition which projects out the numerical
3 4

factor that we are really interested in;

/d3k dq <7'c,93, 7'(,94|7‘(2, 7)) = numerical factor x /d3k d3qo(k —k3)8(q — ky)

4 This is necessary because we
consider initial and final state with
exactly known momenta. In a
quantum context this implies that
the corresponding particles are
delocalized completely in space.
(This is a result of the Heisenberg
uncertainty relation.) Hence, we
must take all possible interaction
points into account.

= different numerical factor. (1.14)

The final step is to integrate over the volume of the system that
we are considering to take into account that the interaction can
happen, in principle, everywhere.*

In summary, we can describe this contribution to the total prob-
ability amplitude as follows. Two particles with momenta k;
and ky enter the system. They interact at a location x at which
they annihilate. But at the same moment in time and at the
same location two new particles emerge with possibly different
momenta k3, k4. This is illustrated in the following figure, which
is known as a Feynman diagram.

ﬂp( k1 ) ﬂp( k? )

ﬂp( k" ) ]Ta( kL )

Additional terms in the Dyson series describe different ways in
which the two particles can interact with each other. The total
probability amplitude is the sum over all the contributions from
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processes that start with two particles with momenta k1, k> and
end with two particles with momenta k3, k4. An example of a
higher order contribution is shown in the following figure.

k) (k)

ﬂp( k" ) ]Ta( kL )

This was, of course, just a quick glimpse at what lays ahead of
us. In the following chapters we will discuss all of the concepts
introduced here (and many others) multiple times from various
perspectives.

We will start by talking about fields in an entirely classical con-
text. This will allow us to develop some understanding of how
fields behave when they are alone and how they interact. After-
wards, we will discuss how we can interpret fields in a quantum
context. The third step is to discuss applications of quantum
field theory with a special focus on scattering processes. In

the final part of the book, we will then discuss various slightly
more advanced ideas like symmetry breaking, the path integral
formulation, and non-perturbative phenomena.

29
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Part 0

Foundations

"He who can go to the fountain does not go to the water-jar.”

Leonardo da Vinci

PS: You can discuss the content of Part 0 with other readers and give feedback at
www . nononsensebooks.com/qft/bonus.


www.nononsensebooks.com/qft/bonus
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In any physical theory, there are various actors and there are
rules that describe how they behave. In addition, there is a stage
on which all the drama unfolds.

Our main goal in this first part of the book is to become fa-
miliar with the actors, the rules and the stage that are most
relevant for quantum field theory. To simplify the discussion,
we will discuss them in this part of the book entirely in a classi-
cal context. However, we will see in the next part that almost all
lessons that we learn in a classical context remain relevant for
quantum field theory.

My hope is that a separation into "what?", "how?", and "why?"
will help you to understand the internal structure of quantum
field theory and its underlying assumptions as clearly as pos-
sible. Most importantly, I hope that you'll be able to recognize
that neither the actors, nor the rules or the underlying assump-
tions are particularly difficult to grasp. All the confusing stuff
typically only appears when we try to describe the various ac-
tors in specific situations. A useful analogy is chess. The game
itself is simple, but specific matches and situations within a
match can be incredibly complicated to analyze. Analogously,
quantum field theory is simple but certain applications of it can
be extremely difficult.

With that said, let’s discuss our plan in this part of the book in a
bit more detail.

The first thing we need to talk about is the stage on which
quantum field theory takes place. The total stage consists of
a "floor" that we call Minkowski spacetime plus abstract field
spaces that are attached to spacetime.

33
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5 The adjective "free" in this context
always means "non-interacting".

To understand the general structure of this stage, we start by
talking about Einstein’s theory of special relativity. Afterwards,
we talk about the main actors who dance on the stage that we
call Minkowski spacetime. In a field theory, as the name already
suggests, the main actors are fields. So the first questions that
we need to answer are:

> What is a field?
> What types of fields exist?

> Which mathematical objects can we use to describes these
different kinds of fields?

> In which mathematical arena do fields operate?

Then we’ll talk about the most basic rules that describe how the
different kinds of fields behave when left alone. Speaking a bit
more technically, we will talk about the equations that describe
free fields.

Once we’ve understood the equations that describe free fields,
it’s only a small step to understand how fields interact with
each other. Thus, this is what we will talk about afterwards.

Maybe the chess analogy helps again. First of all, there are rules
that describe what you can do with a certain playing figure.
These rules determine, for example, how fast this figure can
move around. In chess, for example, a pawn can only move
forward one field at a time. In addition, there are rules that
describe how the various figures can interact with others. These
rules are, of course, closely connected to all other rules and
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must be compatible with them. For example, a pawn can only
destroy another playing figure if it is standing on a diagonal
field immediately in front of them.

The following diagrams summarize our plan up to this point:

Which stage? special relativity;% Minkowski Spacetime ‘
Scalar Fields

Which actors? >J] Spinor Fields
Vector Fields \\ v

’ Klein-Gordon Equation ‘

s
I/ -
Lagrangian formalism -

-
—~

<
Which Rules for Free Fields? ’—Lagrangian formalismgﬁ Dirac Equation ‘

Lagrangian formalism

T Maxwell Equaion ‘

spinor fields<+vector fields

Which Rules for Interacting Fields ’Gauge Interactions ‘

spinor fields<scalar fields

Yukawa Interactions ‘

Once we’ve discussed all of this, we are ready to move on to
Part II of the book. In this second part, we discuss in more
detail how Feynman diagram can be used to describe real-world
systems. But now, let’s start by talking about fields in quite
general terms.






Spacetime

Historically, physicists didn’t pay much attention to the stage on
which physical processes happen. Space and time were simply
featureless background structures.”

This changed when Einstein figured out that the structure of
space and time is highly non-trivial if we look close enough.?

But before we can discuss how this came about, we need to cast
Einstein’s idea into a mathematical form and then take a step
back and talk about a few essential ideas. Here’s our plan in
this chapter:

> We will start by discussing spacetime in general terms.

> Then we will discuss how Einstein’s discovery that the struc-

ture of spacetime is nontrivial can be described in mathemati-

cal terms.

D> Afterwards, we will derive that there is an upper speed limit
for all physical processes, which is a direct consequence of
the nontrivial spacetime structure.

> Once we have understood what it means that there is non-
trivial spacetime structure, we can start discussing how

*If you're already familiar with
the basics of special relativity,
four-vectors, the Minkowski metric
and Lorentz transformations in
particular, feel free to skip this
chapter.

2 In fact, Einstein discovered not
only that the structure of space
and time is non-trivial but also
that spacetime itself is a physical
actor that changes dynamically.
The correct theory that describes
spacetime as a dynamical actor
is Einstein’s theory of general
relativity.
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Einstein discovered it. Our journey will start with the ex-
perimental fact that all (inertial) observers always measure
exactly the same value for the speed of light.

> This curious fact leads to many surprising consequences like,
for example, that observers that move relative to each other
do not agree on the time interval between two events.

> In addition, the constancy of the speed of light implies that
the structure of spacetime is nontrivial. This is what Einstein
discovered.

> We will then finish this chapter by recasting everything we
learned in mathematical terms. In particular, we will talk
about the Minkowksi metric, four-vectors and Lorentz trans-
formations.

Let’s get started.

2.1 The Arena of Physics

We usually still think of the space that we live in as a relatively
boring arena. To describe the location of an object, we introduce
a coordinate system. Each location is then described by three
numbers (x,y,z).

0\

‘ Id
2 /
— e— — o—./

T




Since we need, in general, three such numbers we say that
space is three-dimensional. And as you can easily check with
a ruler, the distance As between any two objects in this three-
dimensional space can be calculated using the Pythagorean
theorem3

As? = Ax? 4 Ay + AZ2. (2.1)

Since we can calculate distances like this, we say that the space
we live in is Euclidean.4

Now, in physics we are not only interested in knowing where
something happens but also when. After all, one of our main
goals in physics is to describe how objects move around. This
requires that we take time into account.

Therefore, to properly describe an object in physics, we actually
need four numbers (¢, x,y,z). The time coordinate t tells us the
time at which the object is located at (x,y,z). This means we
add a fourth axis to our coordinate system. In other words, we
now not only use a spatial coordinate system, but a spacetime
coordinate system.

ta ia A

Obj_gd al vest O(y’,;d with

0bject with
Conat Vebcy

non-Constae b Ve(c(ib

While (x,y,z) describes the location of an object in space, we
say that (¢, x,v,z) describes the location of an event in space-
time. An event is, for example, the arrival of an object at a spe-
cific location. Since we need four numbers to describe an event,
we say that spacetime is four-dimensional.
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3 From another perspective, we can
say that we calculate the length of

the vector
Ax
7= | Ay
Az

which points from one point to
another:

4+Maybe you wonder why we care
about such a trivial fact and even
introduce a special name? We will
see in a moment that the above
relation is not always true, i.e. there
can be non-Euclidean spaces.
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5 We will talk about the meaning of
this constant in a moment.

® We will discuss below how Ein-
stein figured this out.

(—ﬂ)u(g

fpate
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Hopefully you are not too bored or confused by these lines of
thought because things are about to get really interesting.

Above, we defined the spatial distance between two objects
(Eq. 2.1). Now that we’ve added time to our coordinate system,
we can ask: what’s the distance between two events in space-
time? Naively, we might write down

As? = A + Ax? + Ay2 + AZ? (2.2)

but this doesn’t make any sense. The differences in the spa-
tial components (Ax, Ay, Az) are measured in meters, while At
is measured in seconds. Therefore, we are comparing apples
with oranges in Eq. 2.2. To fix this problem we introduce a new
constant ¢ which has units of meters per second:>

As? = AP + Ax? + Ay2 + AZ?. (2.3)

Now, the first term in the sum on the right-hand side has units

( meters

2 .
) seconds’? = meters? as it should be.

One of the big discoveries in physics was that this formula is not
the relevant one. This is what Einstein figured out.

Instead, the correct expression for the (squared) distance be-
tween events is®

As* = AP — Ax? — Ay2 — AZ%. (2.4)



In words, this means there is a relative minus sign between the
(squared) spatial distance Ax? + Ay? + Az* and the (squared)
temporal distance At>.7 While this formula may look extremely
strange, from a mathematical perspective, it simply tells us that
the local structure of spacetime is not what we would’ve naively
expected. In technical terms, we say that the local structure of
spacetime is not Euclidean (Eq. 2.3) but Minkowskian (Eq. 2.4).
What makes Minkowski space different from Euclidean space
is the way we define distances in it. Mathematically, we de-
note the four-dimensional Euclidean space as R* and the four-
dimensional Minkwoski space as R3.8

2.2 Maximum Speed

The minus sign not only encodes an important fact about the
local structure of spacetime, it also has extremely important
physical implications.

To understand this, let’s consider two events that we call A
and B which are spatially separated by 3 meters. Moreover, we
assume that B is caused by A. For example, we can imagine
that event A is the emission of a light pulse and event B is the
detection at a location that is 3 meters away.

A~
S __.lg
| .
At I
|
| [
j |

)

How soon after A can B happen? In other words, what’s the
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7 We will talk about the physical
meaning of the minus sign in
Eq. 2.4 in a moment.

8 We are talking about 2 Minkowski
space and a Euclidean space be-
cause there are different Minkwoski
spaces and different Euclidean
spaces. For example, we can
equally consider a two-dimensional
Minkowski space R!! or a three-
dimensional Minkowski space R'2.
These mathematical constructs with
only one or two spatial dimensions
are useful in certain applications or
in toy models.
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9 Speed is always defined as a
spatial distance divided by the time
interval At needed to travel the
distance.

minimum temporal distance At between the two events?

We can answer this question by looking at Eq. 2.4. The (squared)
spatial distance between the two events Ax? + Ay? + Az? =
(3 meters)? is fixed. Therefore

As? = AP — Ax? — Ay? — AZ?
= >At* — (3 meters)?. (2.5)

If A is too small As?> becomes negative. This would imply

that As is imaginary (i> = —1). We therefore propose that the
minimum allowed value of At is precisely the value for which
As? is zero:
2
Asg i, =0. (2.6)

This means that there is a non-zero minimum time period, Atfmn,
between two events which happen at two different locations.
From a slightly different perspective we can therefore say that
there is a maximum speed at which a signal or object can travel

from one point to another.

Using Eq. 2.4 we can learn something important about this
maximum speed. A signal which travels at the maximum speed
between the two events needs the minimum time interval Atpin
to travel the distance /Ax2 + Ay? + Az2. Above, we argued that
the minimum time interval Aty corresponds to Aspin = 0.

Putting this into Eq. 2.4 yields

AsE. = AL — Ax® — Ay? — AZ?
D Eq.26
0= A, — Ax* — Ay? — AZ?
) rearranging

2 Ax? + Ay? + AZ?

(2.7)
Atr2nin
This is interesting because
Ax2 L Ay2 + AZ2
UE\/X+‘V+Z (2.8)

At

is exactly the speed at which a signal travels the distance
\/Ax% 4+ Ay? + Az2.9 Therefore, Eq. 2.7 tells us that a signal or




object which needs the minimum amount of time Aty travels
at speed c.

The constant ¢, which we introduced to get the same units for
all terms in Eq. 2.4, encodes the maximum speed at which any-
thing can travel in spacetime. In some sense, this fact is hard-
coded into the structure of spacetime, as indicated by the minus
sign in Eq. 2.4.

The constant ¢ is commonly called the speed of light because,
well, light travels at this maximum speed.™®

2.3 The Speed of Light

From experiments we know that while c is incredibly large, it’s
not infinite. The experimental value of c is

2.9979 x 108 Meters.
econd

The fact that there is a maximum speed which is valid for any-
one and anything is one of the most astonishing consequences
of Einstein’s theory of special relativity.

You might be wondering how Einstein figured out that the
structure of spacetime is nontrivial and can be described by

Eq. 2.4.

The first experimental hint that paved the way for what is now
known as Einstein’s theory of special relativity was the discov-
ery by Michelson and Morley that the speed of light has exactly
the same value for all inertial observers.™*

This is a truly mind-boggling discovery. The speed of all objects
that we know from our everyday experiences depends on how
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*° Take note that c is a general
constant which often appears in
contexts which have nothing to
do with light. The name "speed
of light" is only used for historic
reasons. In general, ¢ is an up-
per speed limit for everything in
physics and all massless particles
travel at speed c.

1 The notion of an "inertial ob-
server" describes someone who is
not accelerating. If someone accel-
erates it means that a force acts on
him and this force necessarily plays
a role in how he sees a given exper-
iment. Thus we cannot expect that
the same physical laws still apply.
In contrast, inertial observers move
with a constant velocity relative to
each other and for them the same
physical laws apply.



44

NO-NONSENSE QUANTUM FIELD THEORY

we move relative to it. For example, imagine that an observer
standing at a train station measures that a train moves at 50 kTm:

< K\°°

A second observer who runs at 15 kTm parallel to the same train,
measures that the train moves at 35 kTm

B — —
TR 36 kim
By Sk

|

Curiously, this does not happen for electromagnetic waves
(i.e. light). Electromagnetic waves always travel at speed c =

2 A caveat: the speed of light only 2.9979 x 108 m/s, no matter how you move.'?
has this value in free space and not
if our wave moves in matter. The
speed of electromagnetic waves in
matter is lower.
) 29710t 2
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Before we can discuss why a constant speed of light for all
(inertial) observers implies that Eq. 2.4 is the correct formula to



describe the distance between events, we need to talk about a
more direct consequence.3

2.4 Time Dilation

Imagine that a person, let’s call him Tom, sends a light pulse
straight up where it is reflected by a mirror and eventually
arrives at the point from where it originated:

g
S
~
[
|

We record three important events:

> A : the light pulse leaves the starting point
> B : the light pulse is reflected by the mirror

> C: the light pulse returns to the starting point.

The time-interval between the two events A and C is4
2L
At =tc—ty = P (2.9)

where L denotes the distance between the person and the mir-
ror.
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3 Reminder: Eq. 2.4 reads

As = A — AxXE — Ay? — AZ2.

4 Reminder: for a constant speed
v we have v = %, where As is the
distance and At the time interval.
Therefore, we have At = %.
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5 It will become clear in a moment,
why this is an interesting question.

So far, nothing interesting has happened. But this changes as
soon as we consider how a second person, let’s call her Sarah,
observes exactly the same situation.

We imagine that Sarah moves with some constant speed u rela-
tive to Tom. For simplicity, we assume that the origins of their
coordinate systems coincide when the light pulse is sent off
(t4). Moreover, we assume that Tom and Sarah both stand at the
origin of their coordinate systems.

A first crucial observation is that the starting and end points of
the light pulse have different coordinates for Sarah:

L R

A u (
—
S\ -

danl' Tund'

Mathematically, we have
Xy =0 # xp = ult — Ax' = uAt, (2.10)

where we use primed coordinates for Sarah’s coordinate system.
This means that for Sarah the light has moved in the x-direction.
In contrast, for Tom

XA = XC — Ax = 0. (2.11)

What's the time interval that Sarah measures between the event
A and the event C?15

As usual the time interval At’ = t{. —t/, can be calculated as the
distance ! traveled by the light pulse divided by its speed c.

At = (2.12)

!
¢
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For Sarah, the distance [ is no longer simply L, but we can cal-
culate it by using the Pythagorean theorem?® 16 See the two triangles in the figure

above.
I = 2\/ uAt’ + 12, (2.13)

We can therefore calculate the time interval measured by Sarah

as follows:
1 2
=2 <2uAt’) + 12 this is Eq. 2.13
D Eq 212
1 2
cAY =2 <2uAt’) +12
D squaring

D rearranging

D rearranging

2
At? (i — <;u> ) =12
D rearranging
L2
AY? =
2 (1)
1 24
) rearranging
, (ZLZ)2
At* = S
-8
D At= 2L Eq. 2.9
AY? = AP
- 2
-8
DN
, At
At = —— (2.14)
-4

We can see here that for u # 0, we have At # At. In words, this
means that two observers moving relative to each other do not
agree on the time interval between the two events A and C!

This phenomenon is usually called time-dilation since for
u # 0, we have A’ > At, which means that a time interval
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appears longer for a moving observer. Clocks tick differently for
different observers and they count a different number of ticks
between two events.

Analogously, it’s possible to derive that different observers do
not necessarily agree on the length of objects. This is known as
length contraction and is another famous consequence of the
constant speed of light.

With this in mind, we can finally understand why there is a
minus sign between the spatial coordinates and the time coordi-
nate in the formula that describes the distance between events

(Eq. 2.4).

2.5 Proper Time

In the previous section, we calculated the time intervals between
two events for two observers, Tom and Sarah, who move rela-
tive to each other. For the following calculations, it’s convenient
to rewrite the time interval measured by Sarah as follows

1 2
cAt =2 (zuAt/> +12 this is the second line in Eq. 2.14
DAY =uAt,Eq. 210
1 2
=2 =Ax! 12
(28) +
1 2
2/ (18%)" +12
At = (2.15)

[

Using these results, let’s calculate the total distance between the
two events (denoted A and C above) for both observers.

To start with, we use the "wrong" formula that would corre-



spond to a trivial spacetime structure (Eq. 2.3):

As? = A + AX? + Ay + A2
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7 We use here that neither Tom nor
Sarah move in the y- or z-direction
and therefore Ay = Az = 0 and
Ay = A =0.

(2.16)

For our two observers introduced in the previous section, this

formula yields'7

Tom: As? = A + Ax® + Ay* + AZ?

_ (%)Z (0 + (0)* + (0)2

=412
Sarah: As”? = 2At? + Ax” + Ay”? + Az

= Ax? +41% + Ax"?.

) At= % (Eq. 2.9), Ax = Ay = Az = 0 (Eq. 2.11)

> £

2 (%Ax’)z yy

At =
D C

(Eq. 2.15), , Ay =Az=0

> £

(2.17)

By looking at this result you can maybe already anticipate what

happens when we use the alternative formula (Eq. 2.4):

As? = AP — Ax® — Ay? — AZ2.

Let’s calculate it explicitly:

Tom: As* = A2 — Ax? — Ay? — AZ?
2L\?
—2 () - 02— 02—

=412
Sarah: As? = 2At? — Ax? — Ay? — AZ?

2| X 7 | _AxX?-

= Ax? +41% — Ax"?

=412,

(0)* = (02

(2.18)

D At= % (Eq. 2.9), Ax = Ay = Az = 0 (Eq. 2.11)

> £

2 (%Ax’)z +12

At =
D C

(Eq. 2.15), , Ay =Az =0

> £

) sx?
(2.19)
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8 A real person would, of course,
influence the object. But here we are
talking about an imaginary observer
who has no effect on the object.

We learn here that if we use the alternative formula with a
relative minus sign between the spatial coordinates and the time
coordinate, we find the same total spacetime distance for Sarah
and Tom. This means that if we use Eq. 2.4 instead of Eq. 2.3,
we find that the total distance between events is the same for
different observers. That's why Eq. 2.4 is the correct formula in
a universe (like ours) with a constant speed of light.

You're probably still not convinced. Sure it would be nice to
have the same total distance for all observers, but is it really
mandatory?

To answer this question, we need to understand the physical
meaning of the total distance between two events. In short, the
total distance between two events describes (up to a constant)
the time interval that an observer who travels with the object in
question would measure. Just imagine a person with a watch on
top of the object you want to describe.™®

A

/&_@

To understand the connection between the total distance and the
time interval measured by this special observer take note that
for him, the object always appears at rest. Mathematically, this
means

Ax =Ay=Az=0. (2.20)



If we plug this into either Eq. 2.3 or Eq. 2.4, we find

As* = A+ AxXP £ Ay + AZ?
D Eq.2.20

)

=AM 4+04+0+0
= 2A12,

Therefore, the total distance As? is equal to the (squared) time
interval measured by an observer for whom the object appears
at rest (times the constant ¢2). Since this time interval is quite
special, it is conventional to denote it by a special symbol T and
call it proper time.

The key idea is that while different observers do not necessarily
agree on the values of time intervals, they will agree if they use
exactly the same frame of reference. In our example above, for
example, Tom would measure the same interval as Sarah if he
starts moving with the same velocity as Sarah. Similarly, Sarah
measures the same time interval as Tom if she doesn’t move.
The history of an observer doesn’t matter.™ If they are in the
same frame of reference (move with the same velocity), they
will measure the same time interval.

Therefore, Sarah, Tom and all other possible observers will
agree on the time interval that someone measures for whom the
object in question is at rest. This follows because all observers
could simply also start moving with the object in question and
measure the time interval themselves.

So yes, it really is mandatory that all observers agree on the
total distance between two events and therefore, the correct
formula is Eq. 2.4.>°

2.6 The Minkowski Metric and Four-Vectors

Before we move on, it makes sense to refine our notation a
little bit. In particular, not every object moves with a constant

(2.21)
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9 In technical terms, we say that
there is no path dependence that
somehow influences what different
observers measure. From a purely
mathematical point of view this
could be the case, but as far as we
know it isn’t in our universe.

20 Reminder: we saw above that
different observers agree on the
value of As only if there is a relative
minus sign between the time inter-
val Af? and the spatial distances
Ax? etc.
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velocity and thus it is not immediately clear how we can define
the proper time for these objects. This can be achieved by noting
that during a short enough time interval, every object appears
to be moving with a constant velocity. Mathematically, this
means that if we switch from our finite intervals At, Ax etc. to
infinitesimal intervals dt, dx etc., our equations will be correct.

The correct (infinitesimal, squared) total distance reads

ds* = (cdt)? — dx® — dy? — dz* (2.22)

and is commonly called the spacetime interval.

If we want to calculate the total distance between two events, we
need to sum over the contributions during all infinitesimal time
intervals. Mathematically, this means that we need to integrate
over ds?:

As = /ds. (2.23)

Analogously, we define the proper time 7 by using infinitesimal
intervals:

ds? = 2dt?.

Next, let’s discuss how we can understand the spacetime inter-
val in Eq. 2.22 in more mathematical terms.

In general, the mathematical tool which allows us to calculate
the distance between two points in a given space is called the
metric. In general, a metric encodes important information
about the structure of the space.

For example, the mathematical relations to calculate the dis-
tance between two points A and B on a Euclidean plane and
between two points C and D on a sphere are different. In the
first case, the distance is given by the familiar Pythagorean for-
mula, irrespective of the actual distance between the points,



while in the second case, this formula is only (approximately)
valid for points which are close to each other on the surface of
the sphere. It is the metric that encodes how distance between
points can be calculated in a given space.

The best way to understand what a metric is, is to consider
explicit examples. We can calculate the distance between two

points
X0 Xo
b X
A= 1 , B = ~1 (2.24)
X2 X2
X3 X3
by calculating the length of the vector
AXO X0 — X0
o Ax ¥1—x
g=|""M =0 (2.25)
AXZ Xy — X2
Axs X3 — X3

which connects them. In a four-dimensional Euclidean space,

we find>'

d(A,B) =75 = Axd + Ax3 + Ax3 + A (2.26)
But in Minkowski space, we find

d(A,B) =77 = Ax5 — AxF — Ax — Ax3. (2.27)

We describe this fact by saying that a Euclidean space and a
Minkowski space have a different metric ¢ and write the scalar
product as 77 7.
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** Technically, we are calculating the
scalar product of the vector with
itself.
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> This is equivalent to Eq. 2.4. The
only difference is that now we use a
different vector and don’t interpret
the zeroth component as time.

For
1000
0100
= . 8
71001 0 (229
0 0 01
we find the correct scalar product of a Euclidean space
1 0 0 0\ [Axg
01 0 0] |Ax
T = 1
=(Axg Ax; Axp A
Aot = (a0 Mn Bw Aw) | o Axs
0 0 01 Ax3
= Ax3+ AxX? 4+ A3+ A3 (2.29)
And for
10 0 0
(0 -1 0 © (2:30)
MZ1o 0 -1 0 3

0O 0 0 -1

0 0 0 Axo
-1 0 0 Axq
sz
0 0 -1 A.‘)C3

17'TgMz7: (Axo Axy Axp AX3)

o O O =
o
|
—_
o

= Ax3 — AxF — Ax5 — AX3. (2.31)

We call gg the Euclidean metric and gy the Minkowski met-
ric. However, it is conventional to use the symbol 4 for the
Minkowski metric and thus we will use this notation in the
following.

In index notation, we write the scalar product in Minkowski
space as:

(85)2 = 0,1,

0 0 0 Axo
1 0 0 Axq
sz
0 0 -1 Axg,

:(Axo Ax1 Axp AX3)

o o o
o
|
_
o

= Ax3 — AxF — Ax5 — Ax3. (2.32)



Take note that we have denoted the zeroth component by xg
here. In physics, by convention we typically choose to interpret
the zeroth component as the time component.?3 But since time
and space intervals are measured using different units, we then
need to introduce an additional constant that makes sure that
all components have the same units.?4 We stumbled already
upon this issue at the beginning of this chapter and concluded
in Eq. 2.4 that the correct solution is to introduce a constant
c with units meters per second. By comparing Eq. 2.4 with
Eq. 2.32 we can conclude that Axy = ct.>> This implies that our
four-vectors necessarily include the constant c in their zeroth
component:

ct

Xy = . (2.33)
Yy
z

The constant ¢ here is essential because, as we’ve seen in Sec-
tion 2.4, time and space components possibly get mixed if we
change the coordinate system.2® Since t is measured in seconds,
we multiply it by the only fundamental velocity that we have:

meters
second

same as for the other components.

c¢. The result ct has units seconds = meters which is the

In addition, take note that it’s conventional (but somewhat un-
fortunate) to denote four-vectors simply by a subscript Greek
letter.” This can be confusing at times because exactly the same
symbol, x,, is used for the vector and its components. In con-
trast, the usual three-component vectors that denote the location
of an object in space (not spacetime) are conventionally denoted
by a little arrow on top of them, 7. Moreover, the components of
such a three-vector are denoted by the same symbol without the
arrow but with a subscript Roman letter, v;.

It is conventional to introduce superscript indices to avoid writ-
ing the Minkowski metric all the time:

X = ypx, (2.34)
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23 This is a completely arbitrary
choice and we could equally use the
second or fourth component as the
time coordinate.

* In natural units, we have by
definition ¢ = 1 and there is no
longer any such obvious distinction
between the time component and
all other components.

% For your convenience, Eq. 2.4
reads

As? = PAP — Ax® — Ay? — AZ2.

26 Reminder: in Section 2.4 we
discovered that for a moving
observer a little bit of space can
look like a little bit of time and
vice versa. These phenomena are
known as time dilation and space
contraction.

* Reminder: by convention Greek
indices run from 0 to 3.
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2 There are also superscript Roman
indices, and we will talk about their
meaning in Section 3.4.1.

*9 This is exactly the same trick that
we used for a position four-vector
in Eq. 2.33.

3° This is useful because it allows
us to calculate the dimensions
of spacetime using the general
formula 9, x¥ = 4.

or equally
V=i = gy, 2.
y =1 S 1Y (2.35)
the Minkowski metric is symmetric n#'=n"#

This allows us to write the scalar product as follows:

x-y=xm"yy = xuyt = X"y (2.36)

The bottom line is that whenever you see a superscript Greek
index in physics, you should remember that this is usually a
short-hand notation for the Minkowski metric.?®

Another somewhat subtle aspect of the Minkowski notation is
how we define the four-vector derivative BV = %. As usual, we
want that all the components of this vector have the same units.
But dt and dx have different units. We can understand this as
follows.

Since 0t basically means "a little bit of ¢", the expression % has
units 1/s. Similarly, 0x means "a little bit of x" and therefore %

has units 1/m.

We can achieve that % and % have the same units, by mul-
tiplying the former by 1/¢.? Moreover, it is conventional to
introduce an additional minus sign for the spatial component.3°
The four-vector gradient 9, then reads

9
c

9

_ _| %
9y = gy _% . (2.37)

d

z

The divergence of a four-vector, d, A¥, therefore reads

1 0 0 0\ /A
0 -1 0 o01|]A

d d d d 1
a"AH:(@ Tox Ty *E) 0 0 -1 0 Ay
0 0 0 -1/ \A4A;

d 0
— A1+ —Ay+ —A;. (2.38)

St a2 5z

cot



Similarly, the square of the gradient of an ordinary function
reads

_ (3% _o _a 3
au4’ay4’—(@ —ax ay _E)

R GG GO R

2.7 The Relativistic Energy-Momentum Re-

lation

We have seen in Section 2.4 that time and space get mixed in
special relativity. This observation motivates us to introduce
four-vectors that combine spatial coordinates and the time co-
ordinate into a single object (Eq. 2.33). A quite similar interplay
also happens between different quantities. For example, we can
imagine that one observer sees a moving object while a second
observer who moves relative to the first observer, sees the ob-
ject at rest. Therefore, the first observer will describe the object
using a non-zero momentum, while for the second observer the
object’'s momentum is zero.

A smart idea in special relativity is that we can keep track of
the descriptions of different observers, by inventing a momen-
tum four-vector p,. If we do this and want to find out how a
different observer sees the system, we simply need to trans-
form the momentum four-vectors p, in addition to the location
four-vectors x;.3

The only question we then need to answer is: how does a mo-
mentum four-vector p, actually look like? The usual momen-
tum vector § = (p1, p2, p3)" has only three components, so
what’s the fourth component of p,?

o O O -
o
|
—_
|
‘QJ
<
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31 We will discuss transformations
of four-vectors in more detail in the
following section.
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3 We saw this in Section 2.5 and We can answer this question by doing some dimensional anal-
also will discuss this fact in more
explicit terms in the following .
section. can be calculated as the scalar product of the four-vector with

ysis. First of all, we note that the length of a four-vector, which

itself (p,p"), is an important quantity that remains unchanged
if we switch between observers.3? Therefore, we introduce a
special symbol for the length of our momentum four-vector:

X =pyu p#
D Eq.236
= pun" py
D matrix notation

0o 0 0\ [
-1 0 0 ||m

p2
0 0 -1 p3

:(PO p1 P2 Ps)

o O O
o
|
—_
o

p
= PoPo — P1P1 — P2P2 — P3pP3
L QO Ppitpp2tpsps =P
= PoPo—P"P- (2.40)

33 This follows from the standard We know that momentum is measured in kgT'm.33 Therefore,
formula p = mv where m is

measured in kilograms, and v in
meters per second. the terms in an equation must have the same units because

2.2
the constant on the left-hand side is measured in kgszm . All

otherwise we are comparing apples to oranges. Therefore, the
zeroth component of the momentum four-vector pg must have

kE™ to0.

units S

With this in mind, let’s take a step back and think about which
puzzle pieces possibly play a role here. We already learned
above that the speed of light ¢ plays an important role in special
relativity. In particular, we saw that we need c to combine space
34 For your convenience: Eq. 2.33 and time coordinates into a single four-vector (Eq. 2.33).34 The
reads constant ¢ describes a velocity and is therefore measured in

- meters per second. Moreover, a quantity that is always closely
=

N =R

connected to the momentum of an object is its mass. Since a
mass is measured in kilograms, we can combine the constant c
and the mass of the object m to get a term that has exactly the



units that allows it to play a role in our formula:

kg?m?
o (2.41)

units of: (mc)? = (kg?)z =

Another closely related quantity with almost exactly the right
kg-m?
—

. . . .35
units is the energy of the object. Energy is measured in .

Therefore, if we divide the energy by ¢ and then square the
resulting expression, we find another quantity with exactly the
right units:

E\? (kg -m?1\° kg?m?
units of: (c) = (gSme> = gszm . (2.42)

S

The final key idea that allows us to identify which of the quan-
tities we just constructed goes where in Eq. 2.40 is that mass

is an intrinsic property of objects and therefore is equal for all
observers. This implies that the constant m?c? belongs on the
left-hand side in Eq. 2.40,i.e. X = m2c2. Therefore, we put the
remaining puzzle piece on the right-hand side, i.e pg = E/c,
and then find

this is Eq. 2.40
D X = m2c? and po=E/c

X=popo—P-P

2.2 E? =

== . (2.43)

This formula is famously known as the relativistic energy-
momentum relation.3

Another thing that we can learn from our dimensional analysis
is that the momentum four-vector reads:

Po %
pP1 P1 % ( )
= = =(c]. 2.44
= p P2 p
p3 p3

It is quite instructive to analyze the relationship between this

relativistic relation and the more familiar non-relativistic rela-

2

2
tion E = Jmv? = £-.37 We can understand this relationship by
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35 Recall the formula for the classical
kinetic energy T = %mvz, where m
is measured in kilograms and v in
meters per second.

3¢ The "derivation" presented here
is, of course, by no means rigorous
and there are better but also more
complicated ways to derive the
relativistic energy-momentum
relation. A particularly nice way to
see why energy and momentum go
together in a four-vector starts with
the observation that momentum is
the generator of spatial translations
while energy is the generator of
temporal translations. Thus, just

as space and time get unified in

a four-vector, the corresponding
generators need to be unified too.

2
7 Using p = mo, we find E = - =
(o) _ w2 \hich s th 1
“5n~ = 5 which is the usua

kinetic energy formula.
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rewriting the relativistic relation as follows:

m-c :C—2— -p this is Eq. 2.43
D rearranging
E2 5 .
— =mc+p-p
c
D xc?
E> =m?ct + 7 pc?
2V
E=\/m?c*+p-pc?
)
7. 5c2
— 204 p-pc
E_\/mc (1+ m2c4>
)

_ 2/ PP
E = mc 1+m2c2

If we now assume that we consider an object that moves at a

(2.45)

speed that is far slower than the speed of light, v < ¢, we can

2

use the usual formula 7 - = m?v? and a Taylor expansion to

approximate the square root:

E = mc? 1+P2'};
m4c
D Pp=m?
2.2
= mc? 1+m202
m4c )
) \/1+x2z1+%forx<<1
2.2
~ mc? 1+ﬂ
2m2c2
) )
= mc* + Emvz. (2.46)

We can therefore conclude that in the non-relativistic limit

v < ¢ we find almost exactly the non-relativistic energy mo-
mentum relation E = %mvz. The only difference is an additional
constant term mc? which, however, makes no difference in a
classical context since it represents a constant energy offset. The
calculation in Eq. 2.46 is an important cross-check that hopefully
will give you some confidence in the validity of the relativistic
formula (Eq. 2.43).

An important consequence of the relativistic energy-momentum
relation is that a massless particle (m = 0) can never be at rest
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(7 = 0). This follows if we consider the relativistic energy-
momentum relation (Eq. 2.43) for m = O:

2
L
C2

=pPp (2.47)

This implies that either there is no particle at all, E = 0, or we
have a particle, E # 0, and therefore p # 0. In contrast, for a
particle of mass m, we can have E # 0 and § = 0 at the same
time:

= mc?. (2.48)

There is one final aspect of special relativity that we should
discuss before we finally dive into field theory.
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3 You can find a detailed derivation,
for example, in my book

Jakob Schwichtenberg. Physics
from Symmetry. Springer, Cham,
Switzerland, 2018b. ISBN 978-
3319666303

2.8 Lorentz and Poincaré Transformations

Since the structure of spacetime is nontrivial, we need to be
careful when we want to switch coordinate systems. If we do

it wrong, we might violate the fundamental postulate of spe-
cial relativity that the speed of light is constant for all inertial
observers. Somehow this fact needs to be reflected in the formu-
las that describe transformations between different coordinate
systems. In particular, the formulas that describe a switch to a
coordinate system that moves with a constant velocity relative
to the original coordinate system, somehow need to include the
fact that the speed of any object can not be faster than c.

The correct formulas can be derived using the idea that allowed
transformations need to respect the laws of special relativity
and hence must leave the spacetime interval ds?> unchanged.
Discussing this in detail, however, would lead us too far astray,
so let me simply give you the correct formulas.3® There are
three kinds of allowed transformations: rotations, boosts and
translations.

D> A rotation is a switch to a new coordinate system that is
oriented differently with respect to the original coordinate
system.

> A boost is a switch to a coordinate system that is moving
with a different constant velocity with respect to the original
coordinate system.

D> A translation is a switch to a shifted coordinate system. Since
we are dealing with spacetime coordinate systems, we can
consider temporal shifts t — t + a or spatial shifts x — x +b.

We call boosts, rotations and all transformations that are possi-
ble by combining them, Lorentz transformations. Moreover, we
call boosts, rotations, translations and all transformations that
are possible by combining them Poincaré transformations. In
particular, this means that Lorentz transformations are a subset
of Poincaré transformations.



Rotations only affect the spatial components of a four vector
(1,2,3 but not 0) and can be described by the three basis matri-
ces

1 0 0 0
(vx) 0 1 0 0
R 0) =
o (0) 0 0 cos(f) —sin(9) |’
0 0 sin(f) cos(0)
1 0 0 0
(vy) 0 cos(f) 0O sin(h)
R 0) =14 0 1 0 |’
0 —sin(f) 0 cos(6)
1 0 0 0
(v2) 0 cos(f) sin(f) 0
R 0) = .
o (0) 0 sin(f) cos(@) 0]’ (2:49)
0 0 0 1

(vx)

where Ry, describes a rotation around the x-axis, R;(ﬁ/y) de-

scribes a rotation around the y-axis, R%z) describes a rotation
around the z-axis, and 0 is the angle of rotation.39 These three
matrices are sufficient since any rotation can be thought of as a
combination of rotations around the three coordinate axes.

As an example, let’s rotate the prototypical four-vector x,,
which describes a specific point in spacetime:

Xy — X, = Ry (0)x"

D Eq. 2.49, Eq. 2.33

1 0 0 0 ct
101 0 0 X
|0 0 cos(f) —sin(6) y
0 0 sin(6) cos(9) z
D
ct
x
- cos(0)y —sin(0)z | (2.50)
sin(6)y + cos(0)z

We can see here that the temporal component, ct, and the x-
component indeed remain unaffected, while the y-component
and the z-coordinate get mixed appropriately.+°
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3 The small superscript v indicates
that these matrices act on vectors.
This will become important later
when we learn that there are
additional kinds of objects that are
affected differently by rotations.
Thus, we need different rotation
matrices to rotate them properly.

4 As mentioned above, the temporal
component ct is never affected

by rotations, only by boosts and
shifts to a different point in time.
Moreover, we consider a rotation
around the x-axis and therefore, the
x-component remains unaffected.
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41 We've discovered in Section 2.4
that observers that move relative to
each other (i.e. who are related by a
boost transformation) do not agree
on the time interval between two
events. This phenomenon is known
as time dilation and implies that

a boost must affect the temporal
components.

Next, let’s talk about boosts. We can describe boosts using

(4 x 4) matrices that act on four-vectors. The main difference
to the rotation matrices is that a boost also affects the time com-
ponent.4' There are three basis boost matrices since we can
boost in the x-direction, y-direction or z-direction:

@) =7(@p@) 0 0
(0x) .y — | —7(@B@) () 0 0
B (0) = 0 0 10|’
0 0 01
@) 0 —(v)p(v) 0
(vy) 0 1 0 0
B,/ (v) = ,
O @ 0 9@ o
0 0 0 1
@) 0 0 —(v)B(v)
(vz) 0 1 0 0
B = .
v (0) 0 01 0 , (2.51)
—7(@pw@ 0 0 7o)
where
=Y
‘B(v) = c’
1 1
v(v) = = (2.52)
\/1 ~% VI-P)
and v denotes the boost velocity.
As an example, let’s boost the four-vector
cAt c% 2L
o 0 Eq. 2.9 0 10
Axy = 0 = o1~ 1o (2.53)
0 0 0

that describes the time-interval our observer Tom measures
in the thought experiment discussed in Section 2.4. We are
interested in a switch into a coordinate system that moves with
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velocity u in the x-direction:

Axy — Axy, = By (u) Ax"
D Eq. 2.51, Eq. 2.53

cAt v(u) —y(u)B(u) 0 0\ [cAt
s | [ =rwpw) 4w 0 o[ o
Ay | 0 0 10 0
Az 0 0 01 0
2
y(u)cAt
| —r(wBeat
0
0
D Eq. 2.52
LAt
— L uoAt
= 1,§C (2.54)
0
0
By comparing the left-hand side with the right-hand side, we
can conclude 1
A = ————At. (2.55)

_u?
2

This is exactly the same result (Eq. 2.15) that we calculated for
our second observer, Sarah, in Section 2.4. So while we do not
prove with any generality that the matrices given in Eq. 2.51 are
the right ones, this cross check will hopefully give you some
confidence in their validity.

4 The defining property of a scalar
is that it's unchanged by transfor-

. L. . . mations. This explains the name
With the explicit transformation matrices at hand, we can scalar product. We will discuss

test if the scalar product given in Eq. 2.36 indeed remains un- scalars in more detail below.
changed.#* For example, under a rotation

Ay — Al = R A7 (2.56)

we find
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Eq. 2.34

ALAT Al A,

_ R£?>AUUWR%X)AP

op

10 0 0 1 0 0 o0\"/1 0 o0
v 0 1 0 0 0o -1 0 0 0 1 0
a 0 0 cos(6) —sin(h) 0o 0 -1 o0 0 0 cos(9)
0 0 sin(f) cos(8) o 0 0 0 -1 0 0 sin(h)
10 0 0 10 0 o\"/1 0o o
—AC 0 1 0 0 0o -1 0 0 0 1 0
n 0 0 cos(d) sin(h) 0 0 -1 0 0 0 cos(f)
0 0 —sin(f) cos(0) o 0 0 0 -1 0 0 sin(f)
1 0 0 0 1 0 0 0
_ A0 0 1 0 0 0 -1 0 0 AP
0 0 cos(8) sin(f) 0 0 —cos(8) sin(6)
0 0 —sin(f) cos(0) o 0 0 —sin(d) —cos(h)
1 0 0 0
_ |0 - 0 0
- 0 0 — cos?(6) — sin(0) cos(0) sin(f) — sin(8)cos()
0 0 sin(0)cos(8) — cos(0)sin(0) —sin?(6) — cos?()
1 0 0 0
e lo =1 0 o ,
=4 o o -1 o0 A
o 0o o -1/
— A% AP

# AT = (RA)T = ATRT

—sin(0)
cos(0)

—sin(6)
cos(0)

AP

vp

AP

AP

Eq. 3.22

Eq. 2.49, Eq. 2.30

transposing

matrix product

matrix product

Alx) +s%(x) =1

Eq. 2.30

(2.57)

So the scalar product is indeed left unchanged by a rotation

around the x-axis. Analogously, it can be checked that the scalar

product is unchanged by other rotations and boosts. Take note

that here we used that the indices of the left transformation ma-

trix must be swapped to get the proper matrix product between

the three matrices. For a matrix, this means that it gets trans-

posed. We can also understand this by noting that the vector

to the left in a scalar product always needs to be transposed.

Therefore, the corresponding rotation matrix also appears trans-

posed.43
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2.9 Summary

In the previous sections, we’ve talked about lots of important
ideas that are all directly related to special relativity. Let’s recap
the main lessons to make sure the bigger picture is clear.

The experimental fact at the heart of special relativity is that
all (inertial) observers measure exactly the same value for the
speed of light. This is surprising because the speed of objects
in everyday life depends upon how we are moving relative to
them.

In mathematical terms, this fact can be incorporated by using
vectors in Minkowski space to describe events instead of vectors
in Euclidean space. In particular, this means that the correct
formula to calculate the total spacetime distance between two
events reads (Eq. 2.22)

ds* = (cdt)? — dx® — dy* — dz°. (2.58)

We discovered that this formula is the right one because if the
speed of light is constant, two observers only agree on the
proper time interval between two events if there is a relative
minus sign between dt and the spatial components (dx, dy, dz).
Proper time describes the time measured by an observer who
sees the object in question at rest.

One important consequence of the non-trivial spacetime struc-
ture is that observers who move relative to each other measure
different time intervals between two events. In physical terms,
this means that time appears delayed for a moving observer.
Another important consequence is that there is an upper speed
limit (c) for all physical processes.

We describe events in Minkowski spacetime using four-vectors.
The tool that allows us to calculate the spacetime interval
between two events (described by two four-vectors) is the

67
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4 As mentioned above, another
allowed kind of transformation
are translations. We will discuss
translations in Chapter 4.3.

Minkowski metric  (Eq. 2.30):

10 0 0

e (2.59)
0 0 -1 0
00 0 -1

Two four-vectors with the Minkowski metric in between them
yields the scalar product in Minkowski space: x,7""y, . We
call transformations that leave this scalar product unchanged
(and hence respect the laws of special relativity) Lorentz trans-
formations. In physical terms, Lorentz transformations allow
us to switch between allowed coordinate systems and include
rotations and boosts.#4

Now that we have set the stage, it’s time to introduce the main
actors.



3

Fields

When it comes to fundamental physics, the most important
types of fields are scalar fields, spinor fields and vector fields.”
In this chapter, we will discuss these mathematical objects one
after another. We start with the simplest type of field: scalar

fields. In short:

A scalar field S is a mathematical object that

eats a spacetime point x;, and spits out a number, S(x;,).

Sputelime

Y,

Since we get a specific number for each spacetime point, the

following picture emerges.?

* It might be helpful to look again
at the diagram on page 35 to
understand how the concepts
discussed in this chapter fit into the
bigger picture.

* Take note that although spacetime
is four-dimensional, we will draw
it as a two-dimensional object in all
of the pictures drawn below. This is
useful because it allows us to draw
fields as things that live "above" this
two-dimensional structure. Since
spacetime, as the name suggests,
already contains all of space and
time, fields do not really live above
it, at least not in any spatial sense.
It’s just that this is a helpful way

to visualize the interplay between
spacetime and fields.
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3 Recall from the discussion in
the previous section that V), is the
somewhat confusing standard
way to denote a four-vector. The
four-vector notation is somewhat
confusing because we use the
same symbol for the whole vector
and its components. In contrast,
a three-vector (a vector with three
components) is denoted by a little
arrow, ¥ and its components by
using a Roman index v;.

L
by 1n U7
/ﬁ% rf‘*w‘/

Moreover, if we assume that spacetime is continuous (which is a

standard assumption), our field will also be continuous.

Similarly:3

A vector field V), is a mathematical object that

eats a spacetime point x, and spits out a vector, V},(x;,).

Again, we get a vector for each spacetime point:
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Moreover, for our continuous spacetime we get, in principle,

infinitely many arrows and therefore any attempt to draw this
situation would certainly only be more confusing than helpful.

From a mathematical point of view, scalar fields and vector
fields are not that special. We can, completely analogously,
construct all kinds of fields. For our purposes, a field is a math-
ematical object F that eats a spacetime point and spits out a
specific kind of mathematical object F(x;). For example, we can
equally introduce a matrix field M which eats a spacetime point
xy, and spits out a matrix M(x,).#4 In fact, we can introduce a
field for any kind of mathematical object you can imagine. A
field is then simply the machine that is responsible for gluing
one copy of this mathematical object to each spacetime point.
As long as we stick to mathematics, we are always free to in-
troduce any kind of object we want. It's only when we turn to
physics that some of the concepts turn out to be more useful
than others for our pursuit to describe Nature.

Luckily, the fields that we need to describe Nature at fundamen-
tal scales are not terribly complicated. Scalar fields and vector
fields are already two of the three main actors that we need in
quantum field. The third kind is known as spinor fields and the
main idea is exactly the same again:

A spinor field i is a mathematical object that

eats a spacetime point x, and spits out a spinor, ¥ (x;,).
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4 Take note that we could also
introduce fields that eat spacetime
points and spit out two-component
vectors, three-component vectors or
even twenty-one-component vectors
instead of the four-component
vectors we talked about so far. From
a mathematical point of view this
would be perfectly reasonable and
in fact, three-component vector
fields are exactly what we need to
describe the electric and magnetic
fields. But in this book, whenever
we talk about a vector field, we
mean an object that spits out four-
vectors.
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5 Reminder: the superscript "T"
denotes transposition and means

2
T 1
x=0211,1)" =]
1
Moreover, take note that to unclut-

ter the notation I'm suppressing all
units in the following formulas.

¢ The scalar product in Minkowski
spacetime was discussed in the
previous chapter.

71 included this second exam-

ple to emphasize that there is

no reason why our spacetime
coordinate should only take on
integer values (as it was the case for
= (21,1, 1)7). The only reason
why I often use integers in explicit
examples is that it unclutters our
calculations.

Spatebime
U

Spinors are, unlike vectors and scalars, unintuitive objects so we
will discuss them in detail below. But for the moment, it’s only
important to keep in mind that the general idea behind spinor
fields is exactly the same as for all other fields. Some kind of
mathematical object (a spinor in this case) is attached to each
spacetime point through a machine that we call a field (a spinor
field here). The only missing puzzle piece is that we need to
understand what a spinor is.

But before we explore this exciting topic, I want to quickly
finish our general discussion of fields by talking about a few
concrete examples.

3.1 Scalar Fields

As an example of a scalar field, let’s consider

2 2 2 2
S(xp) = xyuxt = x — x7 — x5 — x3. (3.1)

The defining feature of a scalar field is that we get an ordinary
number if we plug in a spacetime location. We can check this
here explicitly. For example, for x, = (2,1,1, 1)T we find5

S((21,1,1)7) =22 -1 -1?-1’=4-1-1-1=1, (32)

which is a number and not, for example, a vector or a matrix.
The same is true for any spacetime point which, of course, isn’t
too surprising since x,x/ is the scalar product in Minkowski

space’cirne.6

Nevertheless, let’s check it for one more spacetime point. For
xy = (3.1,2,0.12,0)T, we find”



$((3.1,2,0.12,0)T) = 3.1 — 22 — 0.122 — 0?

=9.61—-4-0.0144 -0=>55956, (3.3)

which is an ordinary number.

The name scalar field indicates that this kind of object only spits
out boring numbers. Scalar, in this context, is another name for

an ordinary number.®

We call the number a scalar field assigns to each location its
field strength. The scalar field defined in Eq. 3.1, for exam-
ple, has a large field strength (S((3.1,2,0.12,0)T) = 5.5956) at
xy = (3.1,2,0.12,0)T and a comparatively small field strength
(5((2,1,1,1)T) = 1) atx, = (2,1,1,1)T. We say, the field is
strong at x, = (3.1,2,0.12,0)" and weak at x, = (2,1,1,1).

A scalar field is the proper mathematical tool to describe, for
example, temperature. The value of the temperature field at
each point is simply the temperature there.

Z N\
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Another example of a scalar field is your cell phone’s signal
strength. At each point on the earth’s surface (or really, any-
where in the universe) and at each moment in time your cell

phone’s signal strength has a particular value. This value is an

ordinary number, and therefore, we are dealing with a scalar
field.9
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8 A better definition is that a scalar
is an object that remains unchanged
by coordinate transformations

like, e.g. rotations. In contrast,

the components of a vector, in
general, are changed if we rotate
our coordinate system while a
scalar remains as it is. We will
discuss this in more detail below.

9 As an aside: the only known

fundamental scalar field is the Higgs

field.
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3.2 Vector Fields

The simplest example of a vector field we can come up with is

Vy(xy) = Xu - (3-4)

In words, this means that this vector field eats a spacetime point
x, and then simply spits it out again without any modification.
So for example, if we plug in x, = (2,1,1, 1)T, we find

Vi((2,1,1,1)7) = (3.5)

—_ = =N

This is indeed a four-vector and thus we’re really dealing with a
vector field.

To make things slightly more interesting, let’s have a look at the
vector field

Viloxu) = 2% + Yy, (3.6)
where y, = (1,0,0, 0)T. This vector field modifies the four-

vector x, that we put into it at least a little bit. Let’s try this for
an explicit spacetime point. For x, = (2,1,1,1)T we find

Vy =2 (3-7)

_ == N
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Four-vector fields aren’t particularly easy to imagine, just like
four-dimensional spacetime itself. Thus it may be helpful to
understand vector fields in general by thinking about three-
component vector fields instead.

For example, a three-component vector field is the proper math-
ematical tool to describe the flow of air. The field strength
(vector length) at each point represents the velocity of the air
molecules. Moreover, the direction in which the vector points at



each location encodes in which direction the air molecules flow.
Similarly, we need a three-component vector field, E, to describe
the electric field. In this case, the vectors this field assigns to
each location tell us in which direction a test charge is pushed
and how much it’s pushed.*®

Similarly, we can imagine that a four-vector field pushes a test
object in a particular direction in spacetime. This is quite hard
to imagine. What does it really mean that an object is pushed in
a temporal direction? Just as with the mixing of time and space
that happens through boost transformations, four-vector fields
and their actions need some time getting used to.

In the following section, we will discuss in a bit more detail
how we typically interpret four-vector fields.

3.2.1 Polarization

A scalar field describes, for example, how energy is distributed
in space and time in the form of a non-zero field strength.
While a vector field is also characterized by a field strength,

it possesses additional internal structure. This is what it means
physically that a scalar field assigns a simple number to each
space-time point, while a vector field assigns a vector. In the
simplest case, you can imagine that a scalar field is only able
to add or remove energy from another object, but a vector field
is additionally able to change the direction or internal state of
another object."” For example, a vector field (like the one that
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* In classical electrodynamics, the
force that acts on a test charge ¢
which is located at ¥ at time ¢, is
directly proportional to the electric
field at this point

F=qE(1,%).

The field strength determines the
magnitude of the force and the field
orientation determines the direction
of the force.

* In some sense, a scalar field can
also change the direction of objects.
Mathematically, we describe this by
using the gradient of a scalar field,
which is a vector field. This gradi-
ent vector field is not fundamental
since its structure follows directly
from the structure of the underlying
scalar field. So fundamentally, it’s
the scalar field that is responsible
for directional changes. But math-
ematically we describe them using
the corresponding gradient vector
field.
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2 Take note that we assume here
that the internal structure is every-
where the same. This is, of course,
rarely the case. We will learn later
that analogous to how there are ba-
sis vectors, there are basis solutions
(plane wave solutions) to our equa-
tion of motion for vector fields. Any
solution can be understood in terms
of these basis solutions. Moreover,
these basis solutions are charac-
terized by an internal structure
that is indeed completely frozen in
space and time. Thus, to unclutter
the notation, we will assume here
implicitly that we are dealing with
such a basis solution. In addition,
to unclutter the notation we ignore
that both factors here depend, in
general, on the four-momentum Pu
of the corresponding wave excita-
tion. In particular, the spacetime
structure of a basis solution reads,
in general f(x;, pu) = el

13 We will check later that if this
condition is fulfilled, the vector €
in the expansion of A, (x,) indeed
contributes nothing to the total field
strength.

4 Take note that any four linearly-
independent vectors can be used
as basis vectors. However, our
choice here is one of the simplest
ones. Moreover, don’t let yourself
get confused by the fact that eg
contains the imaginary unit i. We
will learn later that for physical
fields eg plays no role.
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we use to describe air) is able to stop a ball from rotating.

It is convenient to separate the spacetime structure and the
internal structure of a vector field by writing'?

(3-8)

Au(xy) = \ia\\ X f(x) -
I

) \

internal structure ~ Spacetime structure

The function f(x,) contains information about the field strength
at different locations, while the four-vector €, encodes the in-
ternal structure. It is conventional in this context to use four-
vectors that fulfill the normalization condition3

euel = —1. (3.9)

In principle, there are infinitely many possible internal struc-
tures of a vector field at each spacetime point. It is, however,
extremely convenient to describe these infinitely many possi-
bilities by using a few basic building blocks. This is possible
because we can write any four-vector €;, as a linear combination
of four basis vectors. A simple basis vector choice is™

=O
Il
o o o ~.
= =
Il
ER=NCN-)
=N
Il
o = o o
=W
Il
- o o o

(3.10)

We can check that these vectors fulfill the normalization condi-
tion (Eq. 3.9). For example,

1 0 0 0 i

. 0 -1 0 0 0
62(60)V2<1 00 O) 0 0 -1 0 0
0 O 0o -1 0

(3.11)



FIELDS

Analogously, we find

1 0 0 0 0
0 -1 0 0 0
20 2\p
en(€”) (0010) 00 -1 olf]l1
0 O 0 -1 0
J
=-1 v (3.12)
With a basis at hand, we can write any vector 4, as
ay = uoeg + 11162[ + azef, + a3ef,
D Eq. 3.10
i 0 0 0
0 1 0 0
_ 0 1 2 3
=ua 0 +a 0 +a 1 +a 0
0 0 0 1
2
ia®
1
a
=12l (3-.13)
i

where a* are coefficients that encode how much the vector
spreads out in the four basis directions.

Analogous to how it doesn’t matter which basis vectors we use
for our coordinate system, it doesn’t matter which basis vectors
we use to describe the internal structure of vector fields. How-
ever, since we are always free to choose a convenient coordinate
system, it often makes sense to align the basis vectors €§1 (for

i ={0,1,2,3}) and the coordinate axes, as we do it in Eq. 3.10.
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5 One important but quite com-
plicated example are circularly
polarized field configurations. The
polarization vectors that describe
circularly polarized field config-
urations are complex. A detailed
discussion of these more advanced
topics would lead us too far astray
here.

6 We will discover later that field
excitation typically behave like
waves.

7 For your convenience: Eq. 3.8
reads

Ay(xy) ey x fxy).

If we are dealing with a wave-
like structure that moves in the
z-direction, the second factor here
reads

fl) = e,

where p, = (Ep, P)T is the four-
momentum (Eq. 2.44) associated
with the field excitation, and

7 = (0,0, p) is the three-momentum
of a wave that travels in the z-
direction.

As mentioned above, somewhat naively we can imagine that
the internal structure encodes in which spacetime direction an
object gets pushed by our vector field. It is conventional to de-
scribe the internal structure of a vector field by using the word
polarization. In particular, the vectors €, that encode the inter-
nal structure in Eq. 3.8 are commonly known as polarization
vectors. The basis vectors in Eq. 3.10 describe configurations in
which the field is linearly polarized in the direction of one of
the coordinate axis. By using appropriate linear combinations of
them, it is also possible to write down four-vectors that describe
any possible polarization.'>

To understand a little better what it really means to say that a

field is polarized, let’s imagine a wave-like field excitation that
travels along the x3-axis.'® This property of the field excitation
is encoded by the second factor, f(x,), in Eq. 3.8. '7 Moreover,
let’s assume that the internal structure can be described by 6114'
The situation then looks as follows:

—'x/\

' =
P . >)(7
\ A
e v

We can see here that while the field excitation travels in the x3-

direction, it oscillates in the xj-direction. This is what we mean
when we say that a field is linearly polarized.

An important but quite subtle point is that not all polarizations
that we can write down mathematically, describe situations that
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we can observe in real world experiments. In general, only field
configurations that are solutions of the equations of motion for
the system at hand are physical configurations, i.e. something
that we can observe in the real world. In other words, an equa-
tion of motion not only tells us how a given field configuration
evolves in time, but also which configurations are physically
realizable.

This is especially important because in fundamental physics
we are not that interested in general vector fields. Instead, we
usually only consider models that involve gauge fields which
are a special kind of vector fields.

A defining feature of a massive gauge field is that there are only

three linearly-independent internal structures.’® For example, *® For a massive vector field a
mass parameter m plays a role

for a field excitation at rest (§ = 0), we can describe them using I ¢ s
in the equations of motion. In a

79

the basis vectors quantum context this implies that
the elementary particle associated

0 0 0 with the field is massive (e.g. the
1 0 0 W-boson). For a massless vector
1 — 2 _ 3 : .
€, = , €, = , €, = (3.14) field, there is no mass parameter
M 0 M 1 H 0 . . h
in the equation of motion and
0 0 1 the corresponding elementary
particle (e.g. the photon or gluon) is
. s . . less.
In other words, for a field excitation at rest configurations of the massiess
form
i
o_ |0
Ay e, = 0 (3.15)
0
are not physical.
For a massless gauge field, there are only two linearly-independent
internal structures. For a field excitation that moves in the x3-
direction, we can describe them by using the basis polarization
vectors®? 9 We discussed in Section 2.7 that

all field excitations of a massless

consider is an excitation that moves

0 0 vector field (massless particles) can
1 0 never be at rest. Therefore, one of
1 _ 2 the simplest situations that we can
€ = ol € = 1 (3.16) P
0 0

in the x3-direction.
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* In technical terms we say that
massless gauge fields cannot
have a longitudinal polarization.
Only transverse polarizations (i.e.
polarizations perpendicular to the
direction of motion) are allowed.

In words, this means that an excitation of a massless vector
field can never be polarized in the direction of its movement.*°
Here’s a somewhat naive but nevertheless helpful way to re-
member this curious fact of Nature. A field polarization in the
x3-direction implies that the field oscillates back and forth in
the x3-direction. But excitations of massless vector fields al-
ways travel at speed c. Therefore, if there were an excitation of a
massless vector field that moves in the x3-direction and is polar-
ized in the z-direction, parts of the field would have a velocity
faster than c. But this is in conflict with the fact that the speed
of light is an upper speed limit for everything in physics.

3.3 Scalars, Vectors, Tensors, and Spinors

A useful way to think about scalars, vectors and tensors is in
terms of how they react to transformations of our coordinate
system.

> A scalar remains completely unchanged.

> A vector transforms exactly like a position vector 7. For ex-
ample, if we rotate our coordinate system using a rotation
matrix R, i.e. 7 — R7, any vector ¥ gets rotated analogous to
how 7 gets rotated: 7 — R7.

The second statement may seem strange or even trivial. How-
ever, this definition is actually useful since, in principle, we can
write any three quantities below each other between two big
brackets. For example, we could write the pressure P, tempera-
ture T and entropy E of a gas between two big brackets

P
T
E

But even if we group these quantities together like this, the
resulting object is not a vector since it doesn’t transform like a
position vector.



These kinds of thoughts are especially important in the context
of special relativity. In special relativity our main focus are
events in spacetime, which we can describe using four-vectors
xy = (ct, x1, X2, x3)T.21

An event is characterized by a location (x1, x2, x3) and a point in
time f. It makes sense to define four-vectors in special relativity
since t and (x1, xp, x3) are mixed through transformations of
our coordinate system ("boosts"). As discussed in the previous
chapter, this means that two observers that are boosted relative
to each other, do not agree on the time that has elapsed between
two events. The mixing is analogous to how (x1, xp, x3) are
mixed through rotations but is a bit harder to grasp since time
and space coordinates are mixed. Nevertheless, the mixing im-
plies that we should write time and space coordinates together
as a vector.

Once we’ve understood this, the next crucial task in any theory
that respects the rules of special relativity is to find quanti-

ties that transform together like the prototypical four-vector

xu = (ct, x1,x2, x3)T. A famous example is the four-momentum
vector p, = (E/c,p1,p2,p3), where p = (p1,p2, p3) is the
ordinary, three-dimensional momentum vector, E the energy
and c, as always, denotes the speed of light. Energy and mo-
mentum get mixed in exactly the same way as space and time
coordinates. Another example is the electromagnetic potential
Ay = (¢/c, A1, Ay, A3), where ¢ denotes the electric potential
and A = (Aj, Ay, A3) the magnetic vector potential.

The electromagnetic potential is a perfect example to under-
stand why four-vectors are useful, so let’s go on a short tangent
here.??

The introduction of the electromagnetic potential A is moti-
vated by the observation that two observers do not necessarily
agree whether or not there is a non-zero magnetic field present
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** Reminder: the speed of light ¢
appears here and in other four-
vectors since all components of a
vector must have the same units
since otherwise we can’t mix them.
Since t has units [s], we multiply it
by the only fundamental velocity
that we have: c. The result ct has
units [ s]=[m] which is the same
as the other components.

2 If you're not yet familiar with
electrodynamics, feel free to skip
this tangent. Our return to the main
story is marked by a horizontal line.
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* Strictly speaking, there is just
one magnetic field and one electric

field which are present everywhere.

However, their field strengths are
in many regions zero or so tiny
that we can treat it as zero. Nev-
ertheless, especially in the context
of classical electrodynamics, it is
often convenient to act as if each
object creates its own electric field
and then add these contributions to
find the total electric field. A more
mature view, however, is that each
charge leaves a specific imprint on
the one electric field that is present
everywhere. The overall structure
of this electric field is the result

of the contributions from all the
individual charges.

in a system or not.?3> Whenever there is an electric charge in a
system, the electric field is non-zero. Moreover, whenever there
is a moving charge, the magnetic field is non-zero. The crux

is now that two observers do not necessarily agree whether a
given charge is moving or not.

Just imagine that there is one observer, let’s call her Sarah, who
sees a charge at rest and a second observer, let’s call him Tom,
who moves relative to Sarah. Tom sees a moving charge.
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Therefore, Tom will declare that the resulting magnetic field is
non-zero. In contrast, Sarah will not include a magnetic field
since she sees the charge at rest.
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The trick that allows us to develop a consistent description
that is valid for all observers is to allow that the electric and



magnetic field components get mixed through coordinate trans-
formations. In other words, just as for temporal and spatial
coordinates, we combine the magnetic and electric field into a
single object. The appropriate object that does the job is known
as the electromagnetic field tensor F,,.>* Moreover, an even
more convenient description is possible if we introduce the four-
vector A, which combines the electric and magnetic potentials
into a single object. The relationship between the electromag-
netic field tensor FHV and the electromagnetic potential Ay is%5

Fp = 0,Ay — 9y Ay (3.17)

The connection between the field-strength tensor Fy, the four-
vector field AV' the electric field E and the magnetic field Bis
summarized in the following diagram:

electromagnetic potential A,

Fvaa;llz v_avAy
Eiz—a,»AO —a(]Al‘

’ electromagnetic field tensor F,

El‘_Oi/ Bi:;é‘iﬂK

electric field E

Now back to our main story.

The message to take away so far is:
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By B Fp B3

oo Fo fo2 fo3
F}w = (f0 1 h2 I3
B0 F1 B I3

0 ~Ej/c  -Ey/c —Es/c
— [Ey/e 0 ~B3 B,
Ey/c By 0 -B;
E3/c  -By By 0

25 You can find a more detailed
discussion of the interplay between
the electric field, magnetic field,
electromagnetic field tensor and
the electromagnetic potential in my
book:

Jakob Schwichtenberg. No-
Nonsense Electrodynamics. No-
Nonsense Books, Karlsruhe, Ger-
many, 2018a. ISBN 978-1790842117

BiEEijka]'Ak

magnetic field B

Mathematical objects like a scalar or four-vector are defined

by their behavior under coordinate transformations.
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2 For example, the defining prop-
erty of a (rank 2) tensor is that it
transforms like two four-vectors at
once. Let’s denote the transforma-
tion of a four-vector v, by

v, — Ry ot

A (rank 2) tensor then transforms
under this transformation as

Fuv — RyuoRo FP.

This is exactly how the composition
v, wy of two arbitrary four-vectors
transforms. (Take note that this

is not the scalar product since

the indices are different. The

scalar product v,w! yields, as the
name suggests, a scalar which
doesn’t change under coordinate
transformations.

*7 The superscript s denotes "scalar”
and the superscript x indicates that
we rotate around the x-axis. The
notation here may look somewhat
awkward. I included an explicit
notation for the trivial transforma-
tions R(Sx), B(2) because this helps
to keep in mind that there is really
a transformation going on. It’s

just that this transformation looks
trivial when it acts on a scalar. But
if other objects, like a vector, live in
the same system, they are indeed
affected by the transformation. This
is discussed in more detail below.

A scalar doesn’t change at all, while a four-vector transforms
exactly like the prototypical four-vector x, = (ct, x1,x,x3)".
Completely analogously, we can introduce additional objects

that are also defined by their transformation behavior.2®

This is exactly how spinors, arguably the most mysterious ob-
jects in modern physics, enter the game. A spinor is a mathe-
matical object that transforms non-trivially under coordinate
transformations but not like a vector. Of course, as mentioned
above, as long as we stick to mathematics we are always free to
introduce new objects with incredibly weird or incredibly sim-
ple transformation rules. But spinors are different since they are
absolutely essential for our description of Nature at fundamen-
tal scales. For example, we need spinors to describe electrons or
quarks. Thus, they are not just some mathematical gimmick and
it makes sense to learn about their somewhat strange transfor-
mation behavior.

Before we talk about spinors, it makes sense to recap how
scalars and vectors transform.

A scalar remains unchanged by coordinate transformations.
Another way to express this is by saying that all coordinate
transformations look to a scalar like multiplication by the num-
ber 1, which leaves all objects unchanged. Thus under a rotation
around the x-axis a scalar ¢ transforms as®”

¢ = R, (3.18)
where
RGY =1, (3.19)
Analogously, under a boost along the z-axis, a scalar transforms
as
¢ — By, (3.20)
where again
BG?) =1. (3.21)

In contrast, a vector sees coordinate transformations as (4 x 4)
matrices. For example, the four-vector x; transforms under a



rotation around the x-axis as

Xy — R,(fix)xv , (3-22)
where®8
10 0 0
(), |0 1 0 0
Ry, 7 (0) = .
w (6) 0 0 cos(f) —sin(6) (3:23)
0 0 sin(f) cos(6)
Moreover, under a boost along the z-axis a four-vector trans-
forms as
xy = B, (3-24)
where (Eq. 2.51)
) 00 —v(v)B(v)
(vz) 0 10 0
By’ (v) = 0 0 1 0 : (3-25)
—7(@p@ 0 0 ()

With this in mind, we are ready to talk about spinors. Spinors
live somewhere in between a scalar and a vector.29

A fundamental spinor, often called a Weyl spinor, has two-
components. This implies that all fundamental spinors see
coordinate transformations as (2 x 2) matrices. Formulated dif-
ferently, when we want to calculate how a spinor looks like after
a rotation or boost, we can no longer use the (4 x 4) matrices
that work so nicely for four-vectors. Instead, we need (2 x 2)
matrices.

One small but important detail is that there are two kinds of
fundamental spinor. Both are two-component objects but behave
slightly different under coordinate transformations.

The first kind is known as left-chiral spinors x and transforms,
for example, under rotations around the x-axis as3°
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# This is the ordinary (3 x 3) matrix
that describes a rotation around

the x axis supplemented by an
additional row on top since time
coordinates are not affected by
rotations. (We have only zeroes

and a single 1 in the second row
because a rotation around the x-axis
leaves the x-coordinate of a vector
unchanged.)

*» One thing that can be extremely
confusing is that mathematicians
use the word vector quite differ-
ently. For them, any element of a
vector space is a vector. The defin-
ing characteristic of elements of a
vector space is that they follow the
same rules (axioms) as the little ar-
rows that we use to illustrate three-
component vectors. You can find a
complete list of all axioms that de-
fine a vector space, for example, at
Wikipedia (https://en.wikipedia.
org/wiki/Vector_space). Thus to
them, spinors are a special kind of
vector since spinors can be added
and multiplied by real numbers
just as the arrows you know from
highschool. In other words, mathe-
maticians call spinors vectors since
they live in a vector space. (The
vector space spinors live in is called
C2. The elements of C? are complex
column vectors with two entries.)
By vector, however, we mean (un-
less otherwise stated) a four-vector
that transforms under coordinate
transformations exactly like x,,.

3° For now, the names left-chiral
and right-chiral are just names that
we use to label certain objects that
transform similarly but differently
under Lorentz transformations.

We will later fill these names with
physical content.


https://en.wikipedia.org/wiki/Vector_space
https://en.wikipedia.org/wiki/Vector_space
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3* An noteworthy detail here is

that the correct (2 x 2) matrix that
describes how a left-chiral spinor
transforms under rotations contains
complex entries.

3 Rapidity is a parameter that is
used quite often in special relativity.
The strange definition of ¢ given
here often helps to simplify calcula-
tions. Moreover, the boost matrices
for vectors can also be rewritten in
terms of the rapidity:

B (9) =
cosh(¢)  —sinh(¢)
—sinh(¢p)  cosh(¢)
0 0
0 0

B;%y)(e) =
cosh(¢)
0

—sinh(¢)
0

B\ (6) =

cosh(¢)
0
0
—sinh(¢)

o= OO
o O
~

—_

cor o
(@}

o]

2]
=]
=

S

=
- o oo

[« Nei o)
o= OO
o

where

Xa — R%x))(b , (3.26)

where3?

isin(§) cos(§) (3.27)

Moreover, under a boost along the z-axis, a left-chiral spinor

R,%X)(G) _ (COS(%) ZSm(S)) '
2

transforms as

Xa — B

()bCZ)Xb ’ (328)

a
where

e% 0
B (¢) = ( ) ,
0 e 2

and ¢ denotes the rapidity of the boost which is directly related
to the velocity3?

(3-29)

tanh(¢) = B(v) =

(Y
[

¢ = artanh (%) . (3-30)

Similarly, a right-chiral spinor ¢ transforms under rotations
around the x-axis as
& — RS,

(@) gy _ cos($) isin(%))
Ry (0) <isin(g) cos(§) |

This is exactly the same matrix as in Eq. 3.27. Moreover, under a

(3-31)
where

(3-32)

boost along the z-axis, a right-chiral spinor transforms as

& — B®g,,

_9¢
B () = (6 %) .

(3-33)

where

(3-34)
0 ez

In general, left-chiral spinors and right-chiral spinors transform

equally under rotations but slightly differently under boosts.

The only difference in the transformation rules for boosts are

the swapped position of minus signs.
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There is also a third kind of spinor which, however, is not some-
thing fundamentally new but simply a combination of the two
kinds of spinors that we introduced above. A Dirac spinor is

a left-chiral and right-chiral spinor written below each other
between two big brackets:

X
¢

It is extremely convenient to introduce Dirac spinors for ex-

Y= (3-35)

actly the same reasons that we introduced four-vectors. We
introduced four-vectors because time and space coordinates are
mixed under coordinate transformations. Similarly, we intro-
duce Dirac spinors because left-chiral and right-chiral coordi-
nates are mixed under coordinate transformations. However,
the analogy is not exactly one-to-one. For four-vectors the mix-
ing between space and time coordinates happens under boost.
In contrast, the mixing of left-chiral and right-chiral spinors
happens when we mirror a system.

In general, transformations that mirror coordinate axes are
known as parity transformations.33 Mathematically, we have34 3 Take note that parity transfor-

87

mations are a completely new type

X piit)y —x. (3-36) of transformation. In particular, a

parity transformation cannot be
rewritten in terms of rotations.

34 The transformation t — —tis
known as time reversal.

v

Using this new terminology we can say that left-chiral and

right-chiral spinors are mixed under parity transformations.3> 3 Mixed is not really the right word
here since a parity transformation

is a discrete transformation. We

will discuss below in more explicit

terms what is really meant here.
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We can understand this by recalling that left-chiral spinors

and right-chiral spinors transform equally under rotations but
slightly differently under boosts. Moreover, if we mirror our
coordinate axes, a boost in the positive z-direction becomes a
boost in the negative z-direction. The key observation is that if
we consider the transformation law for a right-chiral spinor in a
mirrored coordinate system, we find exactly the transformation
law of a left-chiral spinor.

Let’s make this more concrete. The transformation laws for left-
chiral and right-chiral spinors under boosts (Eq. 3.29, Eq. 3.34)
are related by a flip of the sign of the boost parameter ¢. Math-
ematically, a boost of a right-chiral spinor along the positive
z-direction is described by (Eq. 3.34)

9

ez 0

By (9) = ( ¢> : (3:37)
0 ez

while the same boost in a mirrored coordinate system reads

_=9
w0 -(, %)

0 e

NS

er 0 (x2)
0 e

where in both cases ¢ is a positive number that describes how
much we boost our coordinate system. The key observation is
that Eq. 3.38 is exactly the matrix that describes the boost of a
left-chiral spinor in the z-direction. In other words, before the
parity transformation the transformation behavior of a right-
chiral spinor under a boost in the z-direction is described by
Eq. 3.34. But after the parity transformation, the transformation
is described by Eq. 3.38.

Therefore, analogously to how we always need to consider
space and time coordinates simultaneously to develop a de-
scription that remains valid for all inertial observers no matter
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how they are boosted relative to each other, we always need to
consider left-chiral and right-chiral spinors at the same time if

we want a description that remains valid under parity transfor-
mations. This is why we introduce Dirac spinors.

In particular, a Dirac spinor under a parity transformation

gy (X)) 9o (). .
<§>—> (7( (3-39)

To understand why, let’s consider the transformation behav-

transforms as

ior of a Dirac spinor explicitly. Since a Dirac spinor consists of
a left-chiral and right-chiral spinor below each other, we can
construct the correct transformation matrix by combining the
transformation matrices for left-chiral and right-chiral spinors.
For example, under a boost in z-direction, a Dirac spinor trans-
forms as

B(x2) 0
¥ ( O(<P) B(CZ>(¢)) ¥

B2 (¢) 0
()= ("3 ) (1)

B (¢)x
= (B(z;z) (4))5) : (3-41)

We can see here that if we combine the transformation matrices
for right-chiral and left-chiral spinors into one big matrix, we
indeed get the correct transformation behaviors:

x—BX(¢)x = Eq.3.28
& — B (¢)f = Eq.3.33. (3.42)

The question we want to answer is: how does a Dirac spinor
transform under parity transformations? We discovered in

Eq. 3.38 that B(°?) (¢) — B2 (—¢) = B2 (¢) under parity
transformations. Analogously, we have B(?) (¢) — B2 (—¢) =
B(62) (¢). Therefore, the transformation law of a Dirac spinor
under a boost along the z-axis (Eq. 3.40) becomes

B&(g) 0 :
o ( 0 B(x?) (¢)> T (3-43)

89
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3¢ This is not some deep revelation.

Instead, we are simply setting
up our formalism such that it
remains consistent under parity
transformations.

37 For your convenience: Eq. 3.25
reads

Aj(9)
cosh(¢) 0 0 isinh(¢)
B 0 1 0 0
- 0 0 1 0
isinh(¢) 0 0 cosh(¢p)

Since the positions of B(?)(¢) and B(¢?)(¢) are swapped if we
mirror our coordinate axis, we need to swap the positions ¢
and x too. This is exactly the transformation behavior given in

Eq. 3.39.3°

There is one final thing I want to emphasize before we move on:
Dirac spinors are not four-vectors even though they both have
four components. Four-vectors and Dirac spinors are both de-
fined by their transformation behavior and the way they trans-
form, for example, under a boost along the z-axis are completely
different.

The transformation law for a four-vector is given in Eq. 3.25,
while the transformation law for a Dirac spinor is given in
Eq. 3.40 and reads in more explicit terms3”

B(x2)
o (T el
\ 0 Eq.3.29,Eq.3.34
4000
S R (3.49)
0 0 7 0
o 0 o0 ¢

Spinors and vectors are completely different kinds of objects.
Another way to see this is by considering a rotation by 360° =
27 around some arbitrary axis. A vector, of course, remains
completely unchanged by such a full rotation. We can check
this explicitly by using, for example, Eq. 3.23 which describes a
rotation around the x-axis:
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1 0 0 0

vx 01 0 0

RLV )(271) “lo o cos(2m) —sin(2m)
0 0 sin(27) cos(2m)
D cos(2m) =1,sin(27m) =0
100 O
010 O
=100 1 o0 (3-45)

0 0 01

This is indeed the identity matrix and therefore a vector re-
mains, as expected, completely unchanged by full rotations of
the coordinate system.

Next, let’s consider the transformation behavior of a spinor
under a rotation by 360° = 27. The transformation of a left-
chiral spinor under a rotation around the x-axis is described by
Eq. 3.27. For 6 = 27, we find:

N

() 0y _ [ 0s(F)
Repy (2m) = (isin(zf) cos(%”)

D cos(m) = —1,sin() =0

(3-46)

This is not the identity matrix! In words, this means that a
spinor is not unchanged by a full rotation. Instead, it picks

up a minus sign. We therefore only get the identity matrix if

we rotate our system by 720° = 47. This means we need to
rotate a spinor twice by 360° to get it back to its initial configu-
ration. This strange behavior under full rotations is one of the
most famous properties of spinors and demonstrates clearly that
spinors are quite different from ordinary vectors.

One way to think about this curious fact is to imagine that

a particle (or field excitation) that is described by a spinor is
somehow connected to its surroundings. The connection to its
surroundings is flipped after a rotation by 360° and only returns
to its original configuration after a rotation by 720°.38

38 There are, of course, no threads
that connect particles to their
surroundings. Instead, particles
that are described by spinors are
connected to their surroundings
through gauge fields. And, in fact,
its only through the interactions
with gauge fields that we can
detect that a spinor indeed picks
up a minus sign after a rotation
by 360° (for example, in a neutron
interferometer).
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Q° 90° 180°

S 5 =R =~

230° 360° 450°

G40° 630° RO0°

What we’ve discussed in this section was probably a lot to swal-
low if you've never heard of spinors before. So maybe you find
it comforting that no one finds spinors particularly intuitive.
Even Michael Atiyah, winner of the Fields Medal and one of
the most influential mathematical physicists of the past century
declared that "no one fully understands spinors. Their algebra is
formally understood, but their geometrical significance is mysterious.
In some sense they describe the ‘square root’ of geometry and, just as
understanding the concept of /—1 took centuries, the same might be
true of spinors".

So let’s recap the main lessons before we move on.

The mathematical objects that we use to describe physical sys-
tems can be characterized by how they transform if we modify
our coordinate system. A scalar always remains completely
unchanged, while a vector changes in exactly the same way

as the arrows that we use to describe the location of objects in
classical mechanics. A third kind of mathematical object that is
essential to describe Nature are spinors. A spinor transforms
non-trivially if we modify our coordinate system but follows
different transformation rules than a vector. Moreover, there are
two kinds of fundamental spinors known as left-chiral spinors



and right-chiral spinors.39 Both are two-component objects

and transform equally under rotations but slightly differently
under boosts. In addition, if we mirror our coordinate axis, a
left-chiral spinor becomes a right-chiral spinor and vice versa.
This observation motivates us to introduce a new kind of object
known as a Dirac spinor which combines one left-chiral and
one right-chiral spinor into a single object. Dirac spinors are ex-
tremely convenient if we want to make sure that our description
remains valid no matter how we mirror our coordinate axis.4°
Since a Dirac spinor consists of two two-component objects, it
has four components. Nevertheless, it transforms completely
differently than a four-vector.

The most important loose ends that we will pick up in a mo-
ment are:

> The meaning of the adjective "chiral" which stems from a
physical property of particles known as chirality.

> The meaning of the word "spinor" which stems from a physi-
cal property of particles known as spin.

Once we’ve discussed these concepts, we can pick up arguably
the most interesting loose end: the meaning of spinor com-
ponents. For a vector, we can easily imagine that, for exam-
ple, v, = (0,0,0,1) represents an arrow that points in the z-
direction. In a physical context, as discussed for the electric field
above, this could mean that a test charge gets pushed in the z-
direction by the field which is described at the location of the
test charge by such a vector.#' A fundamental spinor, however,
has only two components and therefore there is no such direct
connection to spacetime directions. Moreover, even though a
Dirac spinor has four components, there is no direct connection
between its components and spacetime directions.

These are some of the deepest ideas in modern physics. But
before we discuss all of this in detail, let’s finish our discussion
of fields by talking really quickly about spinor fields.
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3 Reminder: The fundamental
two-component spinors are usually
called Weyl spinors.

4 Another reason why Dirac
spinors are extremely useful, is
that we always need to use a left-
chiral spinor and a right-chiral
spinor to describe a physical par-
ticle like an electron. Even if we
manage to prepare a particle such
that it can be described solely by a
left-chiral spinor, this description
only remains valid for a brief mo-
ment. All known particles that we
describe using spinors constantly
jump back and forth between a state
that we can only describe using a
left-chiral spinor and a state that
we can only describe using a right-
chiral spinor. This is illustrated

in the picture below in which an
electron e interacts with the Higgs
field, H. As a result, the electron
oscillates between a right-chiral and
a left-chiral state. We will discuss
this in more detail later.

-0

41 Recall that a vector field is de-
scribed by a vector "above" each
location. However, only the arrow
"above" the location of the test
charge is relevant for its description.
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+ Take note that we use the symbol
Y for Dirac spinors and ¢ for our
(two-component) spinor field here.

3.4 Spinor Fields

Completely analogously to how we introduced scalar and vector
fields, we can introduce spinor fields. As mentioned already in
the introduction:

A spinor field ¢ is a mathematical object that

eats a spacetime point x, and spits out a spinor, P (x;,).

Formulated differently, a spinor field assigns a spinor to each
spacetime point. Since there are different kinds of spinors, there
are also different kinds of spinor fields.

A left-chiral Weyl spinor field ¢ is a mathematical object
that eats a spacetime point x;, and spits out a left-chiral

Weyl spinor, ¢y (xy).

Analogously:

A right-chiral Weyl spinor field i is a mathematical object

that eats a spacetime point x;, and spits out a right-chiral

Weyl spinor, g (x).

Moreover:4?

A Dirac spinor field ¥ is a mathematical object
that eats a spacetime point x;, and spits out a

Dirac spinor, ¥ (x,).

Let’s consider a concrete example:

Pr(xu) = xxuxt, (3-47)
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where

X= (é) (3-48)

is a constant, left-chiral spinor. Since x,x# denotes the scalar
product, the formula in Eq. 3.48 indeed yields a spinor for each
spacetime point. For example, for x;, = (2,1,1,1)T we find

lpL((Z, 1,1, 1)T) = 7((22 —-12-12— 12) this is Eq. 3.47 for x, = (2,1,1,1)7
D

D Eq.348

1
= <o> (3-49)

Similarly, we can consider an explicit Dirac spinor field which

=X

assigns a Dirac spinor to each spacetime point. For example,

‘I’(x;,) = (2,() x},x”, (3-50)

X = (é) (3-51)

is a left-chiral Weyl spinor and

¢ = (2) (3-52)

is a right-chiral Weyl spinor. If we plug in the spacetime point

where

x, = (2,11, 1)T into Eq. 3.50, we find

¥(x,) = (’g) (221212 - 12)

_(x
¢
D Eq.3.51and Eq. 3.52

(3-53)

_= o O =
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4 In the following two sections,
we’ll discuss several ideas that

help us to understand spinors a bit
better. If you're already familiar
with spinors, spin and chirality, feel
free to skip ahead to Section 3.5.

4 1In contrast, Roman indices like
i,j,k etc. are conventionally used for
three-component vectors.

4 For your convenience: Eq. 3.25
reads

cosh(¢) 0 0 isinh(¢)
N 0 10 0
g 0 0 1 0
isinh(¢) 0 0 cosh(¢)

and Eq. 3.29 reads
¢
pa _ ez 0
a 0 e*% .

4 This was discussed in Chapter 2.

One thing that may confuse you if you look at the results in
Eq. 3.53 in isolation is that there is no way to tell that this is a
Dirac spinor and not a four-vector. Context matters a lot. Of
course, in principle you can apply the transformation rules

for four-vectors to Dirac spinors. The transformation rules are
(4 x 4) matrices and Dirac spinors look like four-vectors so there
is nothing that will look fishy at first glance. But if you do this,
you will produce results that no longer match what we observe
in experiments. We always need to make sure that every object
is transformed using the right transformation rules. Otherwise
our description becomes nonsensical.43

3.4.1 Spinor Formalism

An extremely convenient method to prevent errors is to intro-
duce so-called spinor indices. Just as we denote four-vectors
using subscript or superscript Greek indices (e.g. x;), we use
subscript or superscript Roman indices (that typically start at
the beginning of the alphabet) for spinors (e.g. x,).4* This helps
to make sure that we always use the correct transformation
rules. We say spinor indices transform differently than vector
indices. This simply means that the transformation matrix that
acts on a spinor needs to have spinor indices, while the transfor-
mation matrix that acts on vectors needs to have vector indices:

v
Xy — Ny

Xo — Aapx, (3-54)

where for a boost in the z-direction, A, is given by Eq. 3.25 and
Agp by Eq. 3.29.45 Moreover, since left-chiral spinors and right-
chiral spinors transform differently, we introduce dotted indices
for right-chiral spinors (e.g. ¢%).

Now you probably wonder why we introduce superscript in-
dices for spinors. The reason is exactly the same as for vectors.
It’s just a shorthand notation. For vectors a superscript index
means that there is an implicit Minkowski metric:4®

xt =ty (3-55)



Analogously, for spinors a superscript index means that there is
an implicit spinor metric:

X' =e"x (3.56)
where4”
0 1
e = 1o (3-57)

To understand why the spinor metric shows up quite often in
our calculation, recall why we introduced a short-hand nota-
tion for the Minkowski metric. The Minkowski metric shows

up in the scalar product of vectors. Formulated differently, the
Minkowski metric is exactly the tool that we need to combine
two vectors and get something that remains unchanged by coor-
dinate transformations (a scalar). We typically want expressions
in physics that remain valid no matter which coordinate system
we use. Thus it makes sense to introduce a short-hand notation
for the Minkowski metric.

The role of the spinor metric is completely analogous. It allows
us to combine two spinors in such a way that the result is un-
changed by coordinate transformation. This can be shown in
general but for now, let’s just look at a concrete example. The
claim is that

XaX" = Xa€"xp (3.58)

remains unchanged by transformations of the coordinate sys-
tem. In particular, this means that after every coordinate trans-
formation, we can write our expression x,e*x; (possibly after
some algebraic calculations) again as Xa€Cxp.

As a concrete example, we will consider a boost in the z-direction
once more. Using the explicit transformation rules for a left-
chiral spinor (Eq. 3.29), we find4®
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47 The symbol € is conventional
because the spinor metric is exactly
the two-dimensional Levi-Civita
symbol.

# An important subtlety is that the
object on the left of a scalar product
always needs to be transposed. This
transposition, however, is usually
not written explicitly if we use
index notation. The scalar product
of two (three-component) vectors,
for example, should be written

ﬁ-w:ﬁTzT):viTv]-,
The transposition turns a column
vector into a row vector and there-
fore, we need it here since only
rows multiplied by columns yield
a scalar and not a matrix. Analo-
gously, we need to transpose the
spinor to the left in a spinor scalar
product. For the spinor itself this
is not important when we switch
to index notation. But if we trans-
form the spinor using a matrix, the
transposition has an effect since
it means that the matrix needs to
be transposed and, in addition,
that the spinor and the matrix
switch places. (In general, we have
(M)T = MT%T. The same is true
for spinors.)
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b ! ab.
Xa€" Xp = Xa€™ X

(B (585,

NS

o

e
e

S Ne (=BT

NS

e

o

. (
. (
. (6
. (
(o
=xe (4
= xe€“ x4

= Xa€"xp

4 We say an object is invariant
if it is unchanged by a specific
transformation.

o Ea.329
Q0 transposition

) Eq.357
2 matrix product

2 matrix product

0 renaming indices

(3-59)

In words this means that thanks to the spinor metric et , the
two transformation matrices cancel exactly. This happens for
every rotation or boost matrix and also for right-chiral spinors.
Therefore, as promised above, the spinor metric is the tool that
we need to get expressions that remain unchanged.

An important point is that if we multiply a left-chiral spinor by
a right-chiral spinor, we only get something Lorentz invariant

if we complex conjugate one of the spinors.49 To understand
why, recall that a left-chiral spinor transforms under rotations as

(Eq. 3.26)
0 isin( @
x—x = (.CO.S<2) zsm(92)> X, (3.60)

Fo = (F".S(g) is”‘(ﬁ)) :. (561
2



Thus, only if we complex conjugate one of the spinors their
transformation behavior cancel exactly:>°
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5 Try to do the same calculation
without complex conjugation if
you're not convinced.

2 Eq.3.60. Eq. 3.61

D (AB)' =B'A"

D matrix product

D cos?x +sin®x =1

_ ot (cos(g) zsm(g)>+ (cos(g) zsm(g)> N
isin(§) cos($) isin(§) cos(§)
_ gt ( cos($) zsm(%)) (cos(g) lsm(g)>
—isin(§)  cos(§) isin(§) cos(§)
gt ( cos?(§) +sin?(§) icos(§)sin(§) —COS(Q)sin(3)> X
—isin(§) cos(§) + cos(§)sin(§) cos?(§) +sin?(§)
10
=¢' (0 1) X
=&'x v

This motivates us to define that complex conjugation turns a
dotted index into an undotted index and vice versa>'
1.
(Xa)" = Xa
()" =g (362)
With this notation, we find for the scalar product of a right-

chiral spinor with a left-chiral spinor:>*

scalar product of & and = &'y

D index notation

= (ga)JrXa _
D @E)t=¢
=C"Xa
, D & =e" Eq. 356
= Cpe""Xa - (3-63)

This is exactly the index structure for which we already checked
in Eq. 3.59 that it yields something invariant. Thus the defini-

5' We will see in a moment why this
notation makes sense. Moreover,
don’t worry, you don’t have to
remember all these rules about
spinor indices. At the few instances
where we need them, I will always
recite them explicitly.

52 As before, we must transpose
the left object in a scalar product
because only this way we get a
product of the form row times
column.
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53 Spin, mass and electric charge

are not only internal properties of
particles but of fields too. But it’s
much easier to discuss these notions
as something that is attached

to particles and since we will
discover later that particles are field
excitation, everything said here
remains valid for fields.

tions in Eq. 3.62 are exactly what we need to keep our notation
consistent.

The distinction between spinors and four-vectors is not only
important when we want to switch coordinate systems but also
when we want to interpret our results. As mentioned above
already, the way we think about the components of spinors is
quite different from how we think about the components of
four-vectors. This is what we will talk about next.

3.4.2 Spin

So far, we’ve treated spinors as some abstract mathematical
objects that are defined by how they behaves under transforma-
tions. Now it’s time to fill them with physical content.

To understand how we can interpret the components of a
spinor, we need to talk about one of the most important in-
ternal properties of elementary particles known as spin.>3 And
before we discuss spin, it may be helpful to recall how we think
about other intrinsic properties like the mass and electric charge
of a particle.

For example, we call light particles (n1, = 9.109 x 1073! kg)
with electric charge 1.602 x 1071 C, electrons. These labels
define what an electron is. In contrast, we call heavier parti-
cles (m, = 1.88 x 1072 kg ) with exactly the same electric
charge muons. And we call particles that carry 2/3 of the elec-
tric charge of an electron plus an additional kind of charge
known as color charge, up quarks.
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But particles cannot only carry different charges and a certain
mass. They can also spin as they move around.

The concept that allows us to describe how objects circle around
is angular momentum. While elementary particles can, of
course, also revolve around each other, here we are mainly in-
terested in the internal angular momentum that also exists in the
absence of other objects in the system.>* The internal angular
momentum of elementary particles is simply known as spin.

Analogously to how different particles carry different electric
charges, they can also carry different spins.

> We call a particle without spin, a spin-0 particle. The only
known fundamental spin-0 particle is the Higgs particle.

> We call a particle that "only spins a little", a spin-1/2 particle.
This name is motivated by the fact that the smallest possible,
non-zero value of the internal angular momentum of elemen-
tary particles is S = %h, where i = 1.055 x 10734 ] - s denotes
the reduced Planck constant. Famous examples of spin-1/2
particles are electrons, quarks, and muons.

> We call a particle that "spins a bit more", a spin-1 particle
since its internal angular momentum reads S = 17. Famous
examples are the photon and gluons.

An important fact about spin is that it cannot be changed. The
spin of an elementary particle is a fundamental unchangeable
property of it just like its mass or electric charge.
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5¢ The quantity that describes the
rotation of objects with respect
to each other is known as orbital
angular momentum.
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5 In this context, quantized means
that only integer multiples of a
certain quantity (here %h) are
possible. Another example of

a quantized quantity is electric
charge. For electric charge, the
fundamental quantum is %e, where
e denotes the electric charge of an
electron. All known elementary
particles carry an integer multiple
of this fundamental quantum of
charge.

All known elementary particles carry either a spin of 0, 1/2, or
1. Said differently, this means that spin is quantized.>> This is
rather surprising since for the angular momentum of macro-
scopic objects there is no such restriction. Therefore, it is not
surprising that historically, the quantization of spin was only
discovered experimentally.

Spin is one of the most important concepts in modern physics
because it’s the spin of a particle that determines which role it
plays in Nature:

> Since there is only one known spin-0 particle, we can’t yet
derive some general rule. The role of the one spin-0 particle
that we know of is quite special. It is responsible for the
masses of all elementary particles. Formulated differently,
without this spin-0 particle (or formulated more precisely,
without the underlying field) all elementary particles would
be massless.

D> Spin-1/2 particles are responsible for matter. In particular,
atoms consist of spin-1/2 particles (electrons, quarks).

> Spin-1 particles are responsible for the elementary forces. For
example, the photon is responsible for all electromagnetic
interactions and gluons for all chromodynamic interactions.

Moreover, the spin of a particle also determines which mathe-
matical tool we need to describe it:

> We describe spin-0 particles using scalars.
> We describe spin-1/2 particles using spinors.

> We describe spin-1 particles using vectors.

Before we move on, let’s take a brief break and talk about two
pressing questions that you may have at this point.



First of all, of course, we do not really believe that elemen-

tary particles are little balls that carry backpacks around. As
mentioned in the introduction above, according to our modern
understanding, elementary particles are excitations of fields.
But even in this more mature view of Nature at fundamental
scales, there is no good way to understand what it really is that
makes a particle more massive than another or why certain par-
ticles carry electric charge while others don’t. The situation is
quite similar for spin. It may be really tempting to think about
elementary particles as little spinning balls, but such a picture
quickly leads to paradoxical results.5®

Moreover, you might find that all this talk about internal prop-
erties is rather arbitrary. Sure, we can imagine that elementary
particles also spin around. But why don’t they also, let’s say,
jump a little and thus possess a label that describes how much
they jump around? It turns out that there is a beautiful and sys-
tematic way to derive which internal properties are relevant for
our description of elementary particles.5”

What happens when we measure the spin of a particle? Let’s
say we are dealing with a spin-1/2 particle. I've already men-
tioned that the spin of a particle cannot be changed. For a spin-
1/2 particle, it’s always 1/2%. This may not be too surprising
since it simply means that there is nothing that stops or accel-
erates the spin of elementary particles. But when it comes to
actual measurements, there is one additional property of spin
that is truly crazy.
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5 Historically, many physicists
took the spinning ball idea quite
seriously. The idea was attractive
because in classical electrody-
namics, the field energy of a point
particle that carries electric charge
would be infinite. Therefore, a
group of prominent physicists
assumed that, for example, the
electron is a little sphere of charge
and tried to understand its mass as
a result of the electrostatic energy
of the concentrated negative charge.
(You can find a nice discussion

of this picture and its problems

in Vol. 2 of the Feynman lectures,
http://www.feynmanlectures.
caltech.edu/II_28.html.) In

their calculations, they derived

an electron radius of around

e ~ €2/(mec?) ~ 10713 em. If

we now imagine that a sphere with
radius 7, spins in such a way that
its angular momentum is S = 71/2,
we find that points on the surface
of the sphere rotate with a velocity
of around v ~ hc/e? ~ 137¢ > c.
This violates the fundamental as-
sumptions of special relativity and
therefore the naive spinning sphere
picture was dismissed.

Nowadays, most physicists simply
accept that spin is some magical
property that we cannot really
understand in intuitive terms from
our macroscopic perspectives.
There are, however, two noteworthy
exceptions which are discussed
in [Ohanian, 1986] and [Hestenes,
1990]. In [Ohanian, 1986] a picture
is proposed in which spin can
be understood as a circulating
flow of energy in the underlying
field, while in [Hestenes, 1990]
spin is discussed as a result of
the permanent zigzag movement
("Zitterbewegung") of particles.

57 To spoil the surprise: each funda-
mental label like spin, mass, electric
charge or color charge is directly
related (via Noether’s theorem) to a
fundamental symmetry of Nature.
We discuss Noether’s theorem in
Chapter 4.3.


http://www.feynmanlectures.caltech.edu/II_28.html
http://www.feynmanlectures.caltech.edu/II_28.html
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When we typically describe rotations, there are two important
properties that we need to take into account:

> Around which axis the object rotates and

> how fast it rotates.

Therefore, if we measure the angular momentum of an object
around some arbitrarily chosen axis, we measure only one part
of the total angular momentum vector. Only if the choose the
object’s rotation axis as our measurement axis, we measure the
total length of the angular momentum vector.

2
L

But for spin the situation is different. The fundamental quan-
tum of spin is 1/2% and therefore, there is simply no value
closer to zero that we could measure. No matter which axis we
choose, there are always only two possible outcomes:

> Spin-up, which means S,y = 1/2%, or

> spin-down, which means S,yjs = —1/2k.

In geometrical terms this means that the spin of a spin-1/2
particle is always either aligned to the axis of measurement or
anti-aligned. There is nothing in-between.
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And this experimental fact suggests how we can interpret the
components of our fundamental two-component spinors. Since
we are always free to choose our coordinate system however
we want, it is conventional to choose it in such a way that the
measurement axis is directly aligned with the z-axis of the co-

ordinate sys’cem.58 If this choice is made, we can interpret our 58 This is just a choice and any other
choice would be equally valid but
would require a more complicated
description. We will talk about this
later in more detail.

spinor components as follows:

1
> A spinor of the form 0 describes a particle in a spin-up
state (with respect to the z-axis). This means, if we prepare a
1
particle such that it is described by the spinor o) e will

measure the value 1/2% for its spin along the z-axis.

. 0 . Lo .
> A spinor of the form 1 describes a particle in a spin-down
state (with respect to the z-axis). Therefore, if we prepare a
. a . 0
particle such that we can describe it by the spinor 1) we

will measure the value —1/2% for its spin along the z-axis.

Moreover, any spinor with a more complicated structure can be
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59 You can find a more detailed
discussion of spin measurements
in

Jakob Schwichtenberg. No-
Nonsense Quantum Mechanics. No-
Nonsense Books, Karlsruhe, Ger-
many, 2018c. ISBN 978-1719838719

6 Reminder: spin and chirality are
the two loose ends we wanted to
talk about in order to understand
why we use notions like left-chiral
spinor and right-chiral spinor.

rewritten as a linear combination of these basis spinors:

Ol om

In physical terms, the coefficients a and b are directly related to
the probabilities to measure a spin-up or spin-down configura-
tion respectively.>®

Next, let’s talk about chirality.®

3.4.3 Chirality

The defining property of a chiral object is that it looks different
from its mirror image. The prototypical example of a chiral
object is a human hand. The general structure of your right
hand is qualitatively different from the structure of your left
hand even if you ignore all details.
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In particular, it’s impossible to transform them into each other
by a rotation. If you observe your right hand in a mirror, how-
ever, it will look exactly like your left hand (again, that is, if
we ignore the fine details). In physics we say that the structure
of your left hand and your right hand are related by a parity
transformation.

A somewhat surprising fact about Nature is that some elemen-
tary particles are chiral objects too. We have already discussed
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in the previous sections that there are two kinds of spinors: left-

chiral spinors and right-chiral spinors. Both are mathematical

objects with a somewhat unusual transformation behavior un-

der coordinate transformations.®® Moreover, their names are 61 Recall that both, left-chiral and
right-chiral spinors, pick up a

. . . . . . minus sign when we rotate them
right-chiral spinor under a parity transformation and vice versa. by 360° and thus only return to

the original configuration after a
rotation by 720°.

motivated by the observation that a left-chiral spinor becomes a

In principle, we can write down all of our equations in such a
way that the particles which are described by left-chiral spinors
and the particles that are described by right-chiral spinors are
indistinguishable. If these equations would describe Nature
accurately, we probably wouldn’t be talking much about left-
chiral spinors vs. right-chiral spinors. Nature, however, clearly
distinguishes between left-chiral and right-chiral particles. The
experimental discovery of this curious fact of Nature was one of
the biggest surprises in modern physics. In technical terms, we
say that parity symmetry is broken which is an elaborate way
of saying that Nature treats left-chiral particles and right-chiral
particles differently.

You are probably wondering in what sense left-chiral particles
are different from right-chiral particles. For our hands we can
analyze quite easily what makes them chiral objects simply

by looking at them. For example, the position of our thumbs
plays a crucial role. One property that makes left-chiral particles
different from right-chiral particles is that only left-chiral parti-
cles carry an additional type of charge known as isospin. Only
particles that carry isospin take part in weak interactions, analo-
gous to how only particles that carry electric charge take part in
electromagnetic interactions. Thus formulated differently, only
left-chiral particles take part in weak interactions.

No one knows why this is the case. The curious connection be-
tween chirality and weak interactions is one of the longstanding
puzzles in modern physics and it shows that it is important to
keep left-chiral and right-chiral spinors separate.

After this quite long detour, let’s return to field theory because
there is one extremely important aspect that we haven't yet
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62 We don't split space and time in
any mathematical sense, only in our
language.

talked about.

3.5 Field Dynamics

So far, we talked about fields as mathematical machines that
attach a specific object to each spacetime point. Although it is
somewhat against the spirit of special relativity, it is sometimes
tremendously useful to split space and time.

In spacetime, nothing moves. Spacetime is frozen since it in-
cludes time as one of the axes. As humans, however, we are
used to thinking about the behavior of objects in space and
time. We typically say that an object moves from some location
A at time tg to another location B at time ¢1. Only by splitting
space and time like this can we use the language that we are all
familiar with.?

(‘l'/l[
N 2 sz(ﬁ, X)

So let’s do this and discuss how fields behave as time passes.

In general, at one point in time, a field assigns a specific object
to a point in space and at some later point it time, it possibly
assigns a different object to the same point in space. Formulated
differently, fields can change as time passes on.
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The key question is then of course how and why this happens.
We will discuss the equations that allow us to predict the behav-
ior of fields in the next chapter. But already here we can discuss
one extremely useful (and surprisingly accurate) model that
allows us to think about field dynamics in quite intuitive terms.

The main idea is to think about a scalar field as a spring mat-
tress. For our purposes here, a mattress consists of lots of
springs with a mass attached at the end of each spring.

The fundamental building block of a (mathematical) mattress (a
spring plus a ball at the end) is known in physics as a harmonic
oscillator.

S”Eﬂ ~{"e
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For simplicity, we assume that all of the springs can only bob up
and down and never bend or twist. We can describe each such
harmonic oscillator using a single number which describes the
ball’s position with respect to its equilibrium position.

(

lex->|

In other words, to describe such a mattress we need exactly one
number for each location at each moment in time. This aspect
of a mattress is therefore completely analogous to a scalar field.
The main difference is that a mattress only assigns a number to
certain location while a scalar field assigns a number to every
location.

A mattress therefore represents a discrete version of a scalar
field. The transition from discrete to continuous is possible by
adding more and more springs to the mattress model.
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Our mattress model only becomes really interesting once we
introduce connections between the individual harmonic oscilla-
tors. Without this coupling, each harmonic oscillator can move
up and down without any effect on its neighbors and thus, we
would be simply dealing with lots of independent harmonic
oscillators. So let’s imagine that there is a little elastic band
between neighboring harmonic oscillators:

reeetr?

\4

If we now move one of the balls away from its equilibrium po-
sition, the situation is far more interesting since this change will
affect all neighboring balls too. We can imagine, for example,
that the disturbance starts moving through the mattress like a
wave that is produced when we throw a stone into a pond. And
in fact, this is exactly what happens for a scalar field.

FIELDS

111



112 NO-NONSENSE QUANTUM FIELD THEORY

b 1
eeee | Tee

(V4

it

a—

In a physical context, we say that the field is excited if we put
energy into it. The excitation will then move through the system
in a predictable way. Predicting how a particular excitation
moves is one of the main goals in field theory.

3.6 Waves

The structures that emerge when we excite a field (put energy
into it) are wave-like. In particular, we will reveal below that the
equations of motion that describe the behavior of the various
kinds of fields are all wave equations. This is not too surprising
if we think about a field as a spring mattress. When we pull one
of the springs up, this disturbance will spread out through a
mattress somewhat similar to what happens when we throw a
stone into a pond. Therefore, it makes sense to talk about waves
in somewhat general terms before we discuss the nuances of
field theory.

We know that we are dealing with wave phenomena whenever



we encounter an equation of the form

(07 —c92) ¢ =0, (3.65)

which is known as the (one-dimensional) wave equation. Here,
c denotes a constant and we will understand its meaning in a
moment.®3

Solutions of the wave equation are typically of the form®4
plxt) =), (3.66)

where w describes the angular frequency, k = 27” the wave
number (or spatial frequency), and A denotes the wavelength.%
Moreover, functions of the form

¢(x,t) = cos(wt — kx) (3.67)

or
¢(x,t) = sin(wt — kx) (3.68)

work equally well. This follows from Euler’s famous formula

i

e = cos(x) +isin(x). (3.69)

i(wt—kx)

So in some sense, by using é* we can treat the sine and

cosine solutions at the same time.°® Moreover, working with

wt—kx)

ell is often far more convenient.

Solutions of the form given in Eq. 3.66 (and Eq. 3.67, Eq. 3.68)

describe plane waves. A plane wave is a structure that spreads
out all over space with exactly the same amplitude.

b4
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There are infinitely many plane waves that are characterized by
different values of w and k.
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% A constant necessarily appears

in an equation that involves spatial
derivatives like dy and a time
derivative 0t since dx = % has units
1/m, while ot = % has units 1/s.
Therefore the constant ¢ has units

% which implies that it’s a velocity.

% We will demonstrate this below.

% You can find a detailed discussion
of these notions in Appendix C.

% In particular, we can carry out

all of our calculations with e

and in the end consider the real
and imaginary parts separately to
recover what we would have found
using the cosine or sine functions
respectively.
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%7 We will talk about the meaning of
the word "dispersion” in a moment.

% There are also different dispersion
relations that we will discuss below.
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Therefore, it is conventional to label plane waves using w and k:

Pwk(x,t) = cos(wt — kx)
or: ¢(x,t,w, k) = cos(wt — kx) . (3.70)
Plane waves are the basic building blocks of all wave structures

as we will see below. But first, let’s verify that plane waves
indeed solve the wave equation.

If we plug Eq. 3.66 into the wave equation (Eq. 3.65), we find

0= a%q) — Czayzc(p this is Eq. 3.65

‘ ' D Eq.3.66
_ a%ez(wtka) _ CZaiel(wtka)
D atei(wt—kx) _ iwei(wt—kx)
_ i2w26i(wt7kx) _ i2C2kZei(wt7kx)
P
= —w? + K. (3.71)

Therefore, a function of the form given in Eq. 3.66 indeed solves
the wave equation as long as

w? = 2K, (3.72)
This formula is known as a dispersion relation.®” In general, a
dispersion relation is a formula that describes how the angular
frequency w and the wave number k are related.®®
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By using the angular and spatial frequency of a wave, we can

calculate its (phase) velocity 9 % This is explained in Ap-
pendix C.1. See, in particular,
w Eq. C.10.
V=7 (3-73)

If we plug the dispersion relation (Eq. 3.72) into this formula,

we find

o=

Tk
Eq. 3.72
_ ¢k !
Tk
J k

=c. (3.74)

This tells us that the constant ¢ that appears in the wave equa-
tion (Eq. 3.65) describes the velocity of the waves that are de-
scribed by it.

There is another kind of wave equation that is extremely impor-
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tant in modern field theory:7° 7°We will discuss fundamental
systems that are described by a
2 252 2 _ wave equation with dispersion in
(at ¢ ax +m ) Q= 0/ (375) Chapter 5.

This equation is commonly called the wave equation with dis-
persion. The only difference to the wave equation that we dis-
cussed above is an additional term m?¢.

If we plug our general ansatz (Eq. 3.66) into the wave equation
with dispersion (Eq. 3.75), we find

0= a%(p — Czajzc(p + m2q0 this is Eq. 3.65
‘ ‘ 4 D Eq.3.66
_ a%ez(wtka) _ CZaJZCez(wtka) + m2ez((ut7kx)
D atei(wf—kx) — iwei(wt—kx)
— i2w26i(wt—kx) _ iZCZkZei(wt—kx) + mZei(wt—kx)
S el 2 g
— 2 212 2
= —w" 4k +m". (3.76)

Thus again, we find that our ansatz indeed solves the equation,
but now the dispersion relation reads

w? = k% +m?. (3-77)
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7t We will discuss this in detail
below.

This implies that the velocity of waves described by our new
wave equation (Eq. 3.75) is no longer simply c. Instead, by using
the general formula for the (phase) velocity of a wave (Eq. 3.73),
we find

~| &

0 Eq.377

V2 ¥ m2
=" G78)

This little difference has extremely important physical impli-
cations. We discovered above that all waves described by the
ordinary wave equation (Eq. 3.65) travel at speed c. In contrast,
we discovered in Eq. 3.78 that waves which are described by the
wave equation with dispersion (Eq. 3.75) travel at different ve-
locities. The velocity of each wave depends on its wave number
k.

This is important because functions of the form ¢ = e!(@t—k¥)
(or equivalently cos(wt — kx), sin(wt — kx)) do not describe
something that we can really observe in Nature. As mentioned
above, these functions describe plane waves. However, in the
real world we can never create something that oscillates per-
fectly with equal amplitude everywhere. A much more realistic
wave form is a wave packet. The plane waves that we’ve dis-
cussed so far are the basic building blocks that wave packets
consist of.7*

The velocity of plane waves has direct implications for the be-
havior of wave packets. To cut a long story short:

> If we are dealing with a system that is described by the or-
dinary wave equation, all plane waves travel with exactly
the same velocity c. Therefore, a wave packet that consists of
these plane waves will keep its form as time passes.
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> In contrast, if we are dealing with a system that is described
by the wave equation with an additional m? term, all plane
waves travel with different velocities. As a result, the form of
a wave packet that consists of these plane waves will change
and the wave packet disperses.
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3.6.1 Wave Packets

To understand how wave packets are related to plane waves,
take note that we can construct further solutions by using linear
combinations of plane wave solutions. To understand why,

let’s assume we have two solutions of the wave equation with
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72 We can check this by performing
the same steps for an equation
which includes a ¢? term.

dispersion, @1 (x;)@2(x,), which implies that

(0f — 0% +m*)g; =0

(9F — 203 + m*)gp = 0. (379)
If we now consider a superposition of these two solutions:

Psup = @1+ @2, (3-80)

we find that it also solves the wave equation:

!
0= (a% — czai + mz)q)sup
D Eq.380
= (0F — c*03 +m?) (g1 + 92)
D rearranging
= (0f = 20} +m?) 1 + (9F — ?0% + m*) o
2 Eq379
=0+0 v (3.81)
Mathematically, this works because the wave equation is linear
in the field ¢ which means that no terms of the form ¢? or ¢*
appear in it.7?

This observation allows us to understand that plane waves

are the fundamental building blocks of all waves. By using a
linear combination of plane waves it’s possible to construct any
waveform you can imagine:

waveform __ plane wave
P = Z @i

1

= Y aicos(kj'xy) (382)

where a; denotes coefficients that determine how much each
individual plane wave contributes to the total wave form and
k? denotes different wave vectors that, however, all fulfill the

dispersion relation k,k* = m?.

If we add plane waves, we end up with a wave packet because
waves with different wavelength (and therefore different wave
numbers) only interfere constructively within a finite region.

If we consider a superposition of lots of waves, the positive
and negative slopes of the different waves average out almost
everywhere. As a result, a wave packet is localized within a
finite region.
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From a slightly different perspective, we can understand this
by looking at a given wave packet in wave number space. This
representation of a wave packet tells us directly which plane
waves contribute how much to the total wave packet:

Fofi\tiou Space  Wak Avinkee fpace
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To get a wave packet that is localized within a small region,
the plane waves that the packet consists of must be carefully

119
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73 Take note that although we

will talk about a mass term here,
strictly speaking m is not a mass
parameter. This follows directly
from a dimensional analysis. More
carefully, the additional term here
reads M254 , where ¢ is a constant
with the units of a velocity and

7 (another constant with units

@)A In this case, the parameter
M indeed has the correct units

to describe a mass. However, to
unclutter the notation, we ignore
this subtlety in the following
discussion.

74 There are important exceptions to
this rule. For example, an electron
is stable even though it is massive.
This is a result of electric charge
conservation. The electron is the
lightest particle carrying charge e
and thus there is no particle it could
decay into without violating electric
charge conservation.

arranged such that they overlap constructively. If we add plane
waves randomly, their amplitudes will most likely average out.

With this in mind, we can understand why a wave packet does
not change its shape if all of the plane waves it consists of have
the same velocity, while a wave packet consisting of plane waves
that travel with different velocities will disperse.

If all plane waves travel with the same velocity and we arrange
them such that they interfere constructively within a small re-
gion, they will continue to do so as time passes on. The only
thing that changes is the location at which this constructive in-
terference happens. In contrast, if the plane waves travel with
different velocities, the careful arrangement we used to con-
struct the wave packet will necessarily be destroyed. If we wait
long enough, the different plane waves will interfere destruc-
tively (almost) everywhere. Formulated differently, the various
pieces that the wave packet consists of will drift out of phase
as time passes and the packet will disperse. This is why wave
packets in a system described by a wave equation with a disper-
sion term will vanish after a while.

%@Fﬂ

In a modern field theoretical context, a dispersion term is com-
monly known as a mass term.”3 If we imagine for a moment
that a wave packet represents a particle, it follows that if there is
no dispersion term the particle can travel, in principle, infinitely
far. This is the defining characteristic of a massless particle like,
for example, a photon. In contrast, if there is a dispersion term,
the particle can usually only travel a finite distance.7+ In a parti-
cle context, we say that massive particles decay with time.
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In the context of quantum field theory, we say that the mass
parameter m of a field determines its correlation length 7 ~

L Roughly speaking, the correlation length 77 encodes how

far a field can typically spread its influence or similarly, how
large ordered structures within the field are. Therefore, this
interpretation is completely in line with what we just discussed.
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3.7 Field Spaces

There is one final aspects of fields that we need to talk about
before we can discuss the framework that allows us to describe
how fields evolve in time.

While it is often quite helpful to think about a field as some-
thing like a mattress, it is always important to keep in mind that
the fields we are talking about in this book do not really oscil-
late up and down, at least not in a spatial sense. Instead, field
oscillations happen in a somewhat abstract field space.

Abstract spaces are one of the most successful ideas in modern
physics. For example, the temperature within a room is a scalar
field T(X). Each location within the room ¥ is mapped using

a thermometer to a real number that we call the temperature.
Mathematically, temperatures live on the real line R which

we call, in this context, temperature space. Even though it’s
mathematically also a real line, temperature space does not
correspond to one of the spatial dimension (R¥,RY,R?). Instead,
it’s a surplus structure that we introduce to describe our system.

Similarly, we imagine that the numbers a fundamental scalar
field spits out for each location live in an abstract field space
too. In mathematical terms, a scalar field is a map

RY¥ S R: Xy — P(xy) - (3.83)

The space R in which field values live is not a part of spacetime
(R'3). The field values live in an abstract space "on top" of
spacetime. Formulated differently, the field is defined over
spacetime, but the value (or amplitude) of the field is along a
new axis.

A field is an object that glues this abstract space and spacetime
together. An important point is that there is a copy of the basic
field space (here R) above each spacetime point. The total field
space is all these individual basic field spaces taken together.
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While a field is a map from spacetime to the corresponding

field space, we often represent it through its values in field

space. In the figure above, these values are indicated by the gray

structure that lives in field space.”> It is often convenient to omit 7 This is analogous to how we can

the coordinate systems and we can then draw pictures like the represent a three-vector by using
. three numbers as soon as we’ve
following. picked a coordinate system.

In summary, instead of thinking of a field as an abstract map it
is often helpful to treat it as a bed sheet-like structure that lives
on top of spacetime.

Another important observation is that there is a different field
space for each field. For example, temperatures and the Higgs
field occupy different field spaces even though both are mathe-
matical scalar fields.
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Therefore it is important to keep in mind that the waves we will
talk about in the following sections also live in these abstract
field spaces and not in physical space. This is in contrast to wa-
ter waves or the waves that we can observe on a mattress which
certainly live in our physical space. For example, the ampli-
tude of a water wave describes its height above the equilibrium
sea level, while the amplitude of a fundamental field like the
Higgs field, is non-spatial and thus describes its "height" in the
corresponding field space.
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3.8 Local Coordinate Systems

In the previous section we discussed that we can think of a

field as the object that glues the corresponding field space to
spacetime. Moreover, we learned that there is a copy of the basic
field space (e.g. R) above each spacetime point. The total field
space consists of these individual basic field spaces.

The mantra we will focus on in this section is that Nature
doesn’t care about how we describe her. While this is a tru-
ism, we will see in a moment that there is a lot to be learned
from it.

For our field space construction, it implies that it doesn’t matter
which coordinate system we use to describe it. Let’s focus on a
scalar field. The corresponding basic field space is simply the
set of all real numbers which when taken together yield the
real line R. Our mantra tells us that nothing should depend

on where we put the origin of our coordinate system that we
use to describe the field values. If we move the origin of our
coordinate system, the field values are shifted. For example, we
can imagine that for one choice of coordinate system we find

¢(ay) =819, ¢(by) =121, ¢(cy) =356, .... (3.84)

We then move the origin of the coordinate system, which im-
plies ¢ — ¢’ = ¢ + 5. After the shift, we find

76 If this seems strange to you, it
4),(6!;4) =13.19, g{)/(b”) =6.21, 4)/(5]4) =856, .... (3.85) may be helpful to think about the
most famous scalar field, the electric
potential. The only thing that mat-
ters in electrodynamics are potential
differences. Therefore, we can al-
ways shift the electric potential
describe a given system since they describe the same field in without changing anything.

It shouldn’t make any difference whether we use ¢ or ¢’ to

different coordinate systems.”®
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While you may not be impressed by our discussion in this sec-
tion so far, I promise that things are about to get really interest-
ing.

If it is indeed true that Nature doesn’t care about how we de-
scribe her, it should also be possible to shift the coordinate sys-
tem that we use for individual basic field spaces. In the example
above, we shifted the origins of the coordinate systems for all
copies of the basic field space R by exactly the same amount. In
technical terms, we call this a global shift.

9loka |

shitf avigin of the

HH” — [HH[EJ (oZl covdlinale
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But local shifts should be equally allowed.

HHHEE i
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This is indeed the case. Its just a matter of mathematical inge-
nuity. In particular, all we need before we can use arbitrarily
chosen local coordinate systems is some sort of bookkeeper that
keeps track of how the coordinate systems at different locations
are related. Among mathematicians, these bookkeepers are
known as connections.

bbbl ST

To understand how connections work, we will assume for a
moment that spacetime is discrete and two-dimensional. This
will make it much easier to visualize what is going on. In this
case, we need at each spacetime point 7i two bookkeepers Ay ;
(i € {1,2}) which tells us how the coordinate system of the
field space at this point is related to its neighbors in the two
basis directions. We define that Aj; 1 encodes how much the
origin of the coordinate system at # is shifted relative to the
origin of the coordinate system at # + &1, where ¢ is a basis
vector. Analogously, A, encodes the relative shift between the
coordinates systems at 7i and 7i + &.

Let’s assume that we have some field value ¢(7) at one location
# and want to compare it to the field value ¢ (i + €;) at the
neighboring location 7 4 €. The correct way to compare them
is:

di (i) = ¢(1) — p(ii + &) — Aji1 - (3-86)

If we would compare the field values ¢ (i) and ¢ (7 + e1) di-
rectly without Ay 1, we couldn’t be sure whether or not the
difference we find is simply the result of a differently chosen
coordinate system. The additional term —Aj; ; subtracts the part
of the total difference that only results from a different choice of
coordinate system. If we use exactly the same coordinate system
at7i and 7i + ¢ we have Aj; ;1 = 0.
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77 This follows because ¢(i1) — ¢(7i +
¢;) yields the difference quotient in
the continuum limit.

Analogously, we can compare the field value at 7i with the field
value at 71 + &>:

da (i) = (1) — ¢(ii + &) — Ajin.- (3-87)

In summary,
di(7) = ¢ (i) — p(7i + &) — Az - (3.88)

From a slightly different perspective, we can therefore say that

a bookkeeper Aj ; allows us to "transport" a given field value

to a neighboring location such that we can compare the field
values in the same coordinate system. For example, ¢ (i) — Az 1
yields the field value that we would get if ¢(7i) would live in the
same coordinate system as ¢ (i + ¢;). This is why Ay ; is usually
called a connection.

With this in mind, let’s return to our usual continuous space-
time. In mathematical terms, we can switch from a discrete
description to a continuous description by taking the continuum
limit.

In this limit, Eq. 3.88 becomes””

D;(¥) = 9;¢ — Ai(X), (3-89)

where 9; denotes the partial derivative in the €; direction. More-
over, if we then switch from two dimensions to four dimensions,
we find

Dy (xy) = oup — Aplxp) - (3.90)

Connections are essential because we need to compare the field
values at neighboring points whenever we calculate derivatives.
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This follows from the definition of a derivative in terms of a
difference quotient:

axf(x) = lim (f(x+€) *f(X)) )

e—0 €

(3-91)

Therefore, what Eq. 3.90 is really telling us is that if we want the
freedom to choose arbitrary local coordinate systems, we need
to use the covariant derivative

Dyu(xu) = 0 — Au(xy) (3-92)

instead of the usual derivative d,,. This is necessary because
the usual derivative d,, compares the field values directly with-
out taking into account that differences can occur as a result of
differently chosen local coordinate systems. If we use 9, our
formulas only remain valid as long as we use the same conven-
tions for the local coordinate systems everywhere.

In summary, while a field ¢ glues the corresponding field space
to spacetime, a connection A, glues the individual copies of the
basic field space together.

This may not seem like a big deal. Of course, it’s nice to write
our equations in a way that remains valid no matter how we
choose our coordinate system. But is it real worth all the addi-
tional complications it brings with it?

In short, yes. In the following section we will discuss why.

3.9 Gauge Fields

A first key idea is that bookkeepers can be "imperfect”. To un-
derstand what this means, let’s go back again to our discrete
two-dimensional description.
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We start with one specific field value ¢(7i) at a given location #.

We can then use the connection Aj; ; to transport the field value

into the coordinate system of the field space at the neighboring

point 7 + 7

¢ (1) = (i) — Aj -

Moreover, we can use Aj 1 to translate a field value at 77 + ¢} into

the coordinate system at 7:

—

Pt +e) =+

We can again use Aj 1 and only need to use a different sign,

because this bookkeeper encodes the difference in the defini-

tions of the two coordinate systems which is, of course, equal

irrespective of if we look at it from the "right" or the "left".

This implies that if we move a field value back and forth, we

find the value we started with again:

¢(it) = ¢(ii) — Aj1 — (¢(7) — Aji1) + Asig = ¢(i)

This is not surprising since there is only one bookkeeper Aj

involved.

The situation gets more interesting if we transport a field value

¢(#) in a loop that involves different bookkeepers. For example,

let’s consider the following loop:

AR AlRve
S it

, 2
\/4,_(11?4 %

>
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As we move along the loop, the field value ¢(ii) changes as

follows:
P(ii) — P(ii) — Azn
= (9(i1) — Ajp) — Ajiye, 2
= ((@(7) = Az1) = Asiva ) + Aniara

We can rearrange the terms here as follows:

P(it) = ¢(il) — Ajie 0+ Aiip + Asivayn — Aiin
J
= ¢(ii) — ((Aﬁ+51,2 — Asip) — (Asive,1 — Aﬁ,l)) . (397)

If the exchange rates are perfect, we have
(i) = (7). (3.98)
By looking at Eq. 3.97, we can conclude that this implies

Fio(71) = (Ajive 2 — Aip) — (Ajige,1 — Asg) = 0. (3.99)

However, if there is some imperfection in the exchange rates,
it’s possible that we end up with a different field value after the

loop (¢(7i) # ¢(i1)). This implies Fy5 (i) # 0.

h
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7 This follows because Aj g, j — Ajij
becomes the partial derivative of the
j-component in the &; direction in
the continuum limit. Analogously,
Aﬁ+(7].,,' — Aj; ; becomes the partial
derivative of the i-component in the
€; direction.

Therefore, the quantity F,(i7) is a measure of the imperfection.
Moreover, analogously we can define the quantities

Fi5(i), F1(#), Fo1 (1), Faa (i) which correspond to different loops.
Thus we define in more general terms

Fij() = (Ajise,; — Aij) — (Aiye,i — Agji) - (3.100)

But take note that Fy; (i) and Fy,(#) are necessarily zero since
they involve the same exchange rates twice in opposite direc-
tions:

Fi1(7i) = (Asize,1 — Aig) — (Asize 1 — Asp)

D Aneri And
=0. (3.101)
Moreover, we have Fj;(#) = —F(#). In words, this follows

because F» (i) encodes the difference in the field value if we
move around the loop discussed above in the opposite direction.
Hence, if we move counterclockwise (Fj(7) > 0) and end up
with a larger field value, we will get a smaller field value if we
move in the same loop clockwise. Since the involved exchange
rates are the same, the total change in the field value is equal
and only the sign is different.

If we switch again to a continuous spacetime, the corresponding
quantities read”®

Fj(X) = 0;Aj(X) — 0;A;(X) . (3.102)

Moreover, in a four-dimensional continuous spacetime, we have

P;w(xy) = ayAu(xH) - aVAV (xll) . (3.103)

You might rightfully wonder how in the world there can be an
imperfection in the bookkeepers. Doesn’t this simply mean that
there is something wrong with our description?



There is a mathematical and a physical answer to this question.
In both cases the conclusion is that it’s perfectly reasonable to
consider scenarios in which F, (x,) # 0.

Let’s start with a mathematical answer. Geometrically, the quan-
tities Fy;(x;) are a measure of the curvature of the space under
consideration. The canonical example is a vector that is trans-
ported along a loop on a sphere. We can imagine that we walk
along such a loop while holding the vector in our hands. At
each step we make sure that the vector’s orientation relative to
us stays as it is.”9 But if we compare the orientation of the vec-
tor at the end of the loop with its orientation at the beginning,
we find that it’s different. This is how we can find out if we are
moving around on a curved surface.

J Flecend V

In field theory, we are talking, for example, about the curvature
of the field space of a scalar field. Instead of the orientation

of a vector, it’s the field value itself that is different after the
loop. From a slightly different perspective, we can say that
Fuy(xu) # 0 describes the fact that the individual basic field
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7 In mathematical terms, this means
that we parallel transport the vector.
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spaces are non-trivially glued together.

So mathematically it can make sense to consider scenarios in
which Fyy(x,) # 0. However, as usual, mathematics alone can-
not tell us whether or not Nature makes use of this possibility.

Thus, let’s talk about a physical reason to consider curved field
spaces.

In modern physics, the connections A, are not just mathemati-
cal bookkeepers but physical actors that we call gauge fields.

To understand how this comes about recall how we started. In
the previous section, we treated the connections A, as purely
mathematical tools that allow us to use arbitrary local coordi-
nate systems. In this case, they have no influence on anything.

Then we considered the possibility that F,, (x,) # 0. If this is
the case, the behavior of the scalar field ¢ is directly affected.
We can imagine that the connections provide a background
structure in front of which all the action happens. If F,;;(x,) # 0
this background is non-trivial and thus the dynamics of the
system in question are affected.

Thirdly, we can promote a connection A to a fully-fledged
physical actor by allowing that it evolves dynamically. In practi-
cal terms this means that we write down an equation of motion
that describes how the connections A, evolve in time. At this
stage we can study connections A, as completely independent
objects. For example, we can start with some given configura-
tion, i.e. values of A, at all locations x;,, and then study how it
involves in time.

This three-step promotion is summarized in the following dia-



gram:

’ mathematical bookkeeper ‘

|

Fuy (x4) #0

’ non-trivial background structure ‘

equation of motion

gauge field

Let’s make this a bit more concrete. It turns out that field spaces
are automatically curved through the presence of non-zero field
values.8° Moreover, the behavior of a scalar field is directly
influenced by the structure of the corresponding field space.?!

inhom. Maxwell equation

Curved Field Space Fy

Scalar Field

inhom. Klein-Gordon equation

Completely analogously, we have for a spinor field®>

inhom. Maxwell equation,

Spinor Field ¥

inhom. Dirac equation

Curved Field Space Fy

This interplay is the key idea at the heart of modern physics.

Lastly, take note that gauge fields are vector fields. We can see
this, for example, because the connection A carries a spacetime
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8 This is described by the famous
inhomogeneous Maxwell equation

a}ip}w = Iv(‘P) ’
where ], (¢) depends on the field
strength of the scalar field ¢. We
will discuss the inhomogeneous
Maxwel equation, the current J, (¢)

and its implications in detail in
Section 6.4.

8 This is described by the inhomo-
geneous Klein-Gordon equation

(DuD* +m*)p =0,

where D, is the covariant derivative

D, =0, —ieAy.
We will discuss this further in
Section 6.4.

82 Take note that in this case the
inhomogeneous Maxwell equation
reads

aﬂF}w = ]L’(‘Y) s
where the inhomogeneity on the
right-hand side now depends on the
spinor field Y.
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index p. A connection keeps track of how the coordinate sys-
tems in a field space change if we move around in spacetime.
For example, A3(x,) encodes information about how the coor-
dinate system in field space changes if we move from x,, in the
z-direction. Hence, A, necessarily contains information about
directions in spacetime and is thus a vector field.

However, as should be clear from the discussion in the previous
two sections, gauge fields are a very special kind of vector field.
We will discuss the differences between a general vector field
and a gauge field in Section 5.2.4 in more detail.

So far, we’ve only talked about the main actors in quantum field
theory. Next, we will make them dance.



4

The Lagrangian Formalism

In the next chapter, we will talk about the equations that de-
scribe how the various kinds of fields behave. We will start with
those equations that describe the behavior of free fields when
left alone. Afterwards, we will discuss how we can take the fact
that different fields often influence each other into account.

But before we talk about equations, we will talk about one
mathematical object, called the action, that is even more fun-
damental.” We will discuss the main ideas in the context of
particle theory since this makes it easier to build some intu-
ition. Afterwards, we will talk about the things that we need to
modify if we want to use the same ideas in field theory.

Three key ideas at the heart of modern physics are?

1. The dynamics within a physical system can be described by
using a mathematical object called the action functional. (For
different systems there are different action functionals.)

2. We can derive the action functional for a given system using

* At this point, you might want to
have a second look at the roadmap
on page 35 to understand how the
concepts discussed in this chapter
fit into the bigger picture.

2You can find a much more detailed
discussion of the Lagrangian
formalism and all related notions in
my book:

Jakob Schwichtenberg. No-
Nonsense Classical Mechanics : a
student-friendly introduction. No-
Nonsense Books, Karlsruhe, Ger-
many, 2019b. ISBN 9781096195382
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a small number of general principles.

3. The correct path (in configuration space) that describes how
a system evolves between two points in time is an extremum
of the action. By using this idea, we can derive the correct
equations of motion.

Let’s unpack these statements.

The action functional is, as the name suggests, not a function. A
function eats a number x and spits out another number f(x):

In contrast, a functional eats a function f(x) and spits out a
number F[f(x)]:

A functional is the appropriate tool here because we want a
mathematical object that tells us how a physical system evolves
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in time. In somewhat abstract terms, we can imagine that each
possible configuration our system can be in represents a point
in a mathematical space that we call configuration space.3 A
path in configuration space corresponds to a specific sequence
of configurations.

Our task is to figure out the correct path in configuration space
that accurately describes how our system evolves in time. Since
a path in configuration space is necessarily a function of ¢, the
mathematical tool we are looking for is a functional.

The key idea then is that there is a specific functional that sin-
gles out the correct path because it assigns either a minimum or
maximum value to it.4

S[a.0)-9m2"
S[ashJ-rn

Slanjsng”

SL4,)= 43

In other words, just as a function can have a minimum, a func-
tional can have a minimum too. The only difference is that a
function has a minimum at a particular location x, while a func-
tional spits out its minimum value for a specific function f(x)
(or path in this context).

Therefore, if we are successful in writing down such a func-
tional, our only task left is to use a few tricks to find the path

that yields the minimum (or maximum) value when put into the

functional. Formulated differently, we then only need to per-

3In a particle theory, a point in
configuration space corresponds to
a specific location for each particle.
The object that we use to describe
a point in configuration space
consists of all the location vectors
stacked together: § = (4, B¢ .. I,
where @ points to the location of the
first object, b points to the location
of the second object and so on.

In particular, this implies that for
N objects moving freely in our
system, configuration space is 3N-
dimensional. However, to unclutter
the notation we will usually denote
a path in configuration space
simply by g(t). We will discuss
below how this construction needs
to be modified for a field theory.

Physical £ pace W-divenional (ofiguralion spice

phyrical fpace Corfiguvabion Spae
N

+In some situations, saddle points
of the action also play an important
role. This is analogous to how, if we
search for the extrema of a function
by searching for points for which
the first derivative vanishes, we
sometimes also find a saddle point.
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form the mathematical steps required to find the extremum of
the functional.

Now, how can we write down the correct functional for a given
system?

The functional we are looking for is the integral over a function
L, called the Lagrangian:

Sla(] = [ at L(g(t), (1) 1) (41

The action functional S[g(t)] assigns a number to each path g(t):

In contrast, the Lagrangian L(g(t),4(t), ) is a function and
therefore yields a number at any moment in time. Since an
integral is basically just a finely-grained sum, Eq. 4.1 means that
we collect all the numbers the Lagrangian yields between two
given moments in time and this yields the total action of the
path in question:
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So our real task is to write down the correct Lagrangian for a
given system since the action is simply the integral over the
Lagrangian.

The idea that allows us to write down the correct Lagrangian
for a given system is that the dynamics of the system is gov-
erned by symmetry principles. A symmetry, in general, is a
transformation that leaves a system unchanged. For example,
if a system is unchanged by rotations, we say it’s rotationally
symmetric. We will discuss this in more detail in Chapter 17.2.
In this first part of the book we will simply assume that some-
one hands us the correct Lagrangians. This will allow us to
become somewhat familiar with the main ideas before we dive
into more detailed matters like the origin of Lagrangians.>

The final puzzle piece we need to talk about is how a La-

grangian is connected to the equation that describes a given
system.

4.1 The Euler-Lagrange Equation

As soon as someone hands you a Lagrangian, you can immedi-
ately calculate the corresponding equation of motion by plug-

5If we consider a concrete system,
we can certainly guess the correct
Lagrangian by brute force if we
compare the corresponding pre-
dictions with what we observe in
experiments. But a certainly much
more beautiful approach is to derive
Lagrangians using symmetries and
similar guiding principles.
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¢ For convenience, here and in the
following discussion, we will re-
strict ourselves to minima although
exactly the same arguments apply
for maxima and saddle points.

7 The following two sections are

an excerpt from my book No-
Nonsense Classical Mechanics. So
if you've already read this book (or
any other book that explains the
main ideas behind the derivation of
the Euler-Lagrange equation), feel
free to jump directly to Section 4.2.

ging the Lagrangian into the Euler-Lagrange equation:

oL d /oL
(%) =0 42

We can derive the Euler-Lagrange equation by using the idea
that the correct path is a minimum of the action.® Before we can
understand this derivation, we need to take a step back and talk
about a smart idea that allows us to calculate the minima of a
functional.”

4.1.1 Intermezzo: Variational Calculus

For an ordinary function f(x), we can find the minimum by
calculating the zeroes of its derivative:

d !
) Lo, 43)

For example, for f(x) = 3x2 + x, we calculate %(xx) =6x+1and

then find
6x +1 L 0 (condition in Eq. 4.3)
Y=g (4-4)

And indeed, a minimum of our function f(x) is located at x =
-1
T.

{ (x)=3x4y

2 X

/

Winimum
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This method works because the derivative tells us something
about the slope of f(x) and the slope at a minimum is necessar-
ily zero.

N\
s 5lopet zevg

~Ilopet 2evg

2 X

~
flope=2eng

Now the bad news is that this simple method does not work
for functionals like the action S[g(t)]. Instead, we need a new
method to calculate the minimum of a functional.

To understand this alternative method, we need to take a step
back and answer the question: what exactly characterizes a
minimum?

Let’s imagine that we have a function which describes the
height of some terrain and want to find out where exactly the
terrain height is a minimum.

Yo =
Na

The key observation is that if we stand at the minimum and
look around, we will notice that it’s going upward in all direc-
tions. This is necessarily the case because otherwise the point
we are standing at wouldn’t be a minimum otherwise.
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8 Take note that this criterion only
tells us that we are dealing with

a local minimum. There can be
much deeper minima in some other
region.

L0 =

(—-2—7

9 We do this to demonstrate how
the method works. In the following
section, we will use it to derive the
minimum of the action functional.

QQQ

«— 2’7

This means that a minimum is characterized by its neighbor-
hood. If all neighboring points lie higher, the point in question

is a minimum.8

Let’s use this idea to once more find the minimum of the func-
tion f(x) = 3x? + x that we have already considered above.?

We now pick one specific location x = a4 and start investigating
its neighborhood a — a + €, where € is an infinitesimally small
(positive or negative) number. In general, we call € a variation.

Putting this into the function yields

flat+e)=3(a+e)+(ate)
=3(a* +2ae +€*) +ate (4.5)
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If the location a is a minimum, we can’t get lower by going in
any direction e. Mathematically, this implies:*®

All terms first order in € must vanish.

Otherwise, for a negative € the function value f(a + €) would
be smaller than f(a) and therefore,  wouldn’t be a minimum.
To understand this, take note that if € is an infinitesimally small
number, we have |€?| < |e|. This is true for any small number,
e.g., 0.12 = 0.01 < 0.1. Therefore, the negative shift due to a
negative € cannot be compensated by quadratic or even higher
order terms in €.

If we collect all terms linear in € and demand that they vanish,

3.20e+e=0
D cancel €
6a+1=0,
we find that 1

This specific location has exactly the property we are looking
for (in its neighborhood all first order variations in its neighbor-
hood vanish and, therefore, it goes upwards in all directions)
and we can conclude that we’ve found a minimum.

/N (vravd
dudowh

J 2

Of course, the result here is exactly equal to what we calculated
using the standard method (Eq. 4.4). Thus, what we’ve discov-
ered for ordinary functions is just another way of reaching the

© First order terms are all terms
containing € but not €2, 3, etc.

145



146 NO-NONSENSE QUANTUM FIELD THEORY

"' The Lagrangian is in general

a function of the path g(t) and
its velocity 4 but not of higher
derivatives like §, i.e., it does not
depend on the acceleration.

2 As before, we write ¢(t) instead of
g2 (t), etc., to unclutter the notation.
In other words, we use g(t) and

4(t) as a convenient notation for a
path and the velocity in the possibly
high-dimensional configuration
space.

same conclusion. However, the variational method of finding
minima can also be applied to functionals like the action S[g(t)],
not just functions. Take note that for functionals, our goal isn’t
to find a location like a which is the minimum of a function

but is instead to find a function q(t) which is the minimum of

a functional. And this is what we will talk about in the next
section.

But first, let’s summarize the main lessons learned in this sec-
tion.

> Minima are characterized by their neighborhood. If we are
dealing with a minimum, it has to go upward everywhere in
its neighborhood.

> Mathematically, this means that we can find minima by mak-
ing a specific choice x = a and then varying ita — a+e€. Ifa
is a minimum, all first order variations € must vanish.

> Through this condition, we can find locations a which are
minima.

4.1.2 Deriving the Euler-Lagrange Equation

We learned above that the main idea of the Lagrangian for-
malism is that the path of least action in configuration space
correctly describes how a given system evolves. Moreover, the
action functional™

sfa() = [ art.(a(0),40)

1

(4.7)

is a mathematical object which assigns a number to each possi-
ble path g(t) between two fixed configurations (q;(t;), q5(tf)).**

Therefore, our task is to find a method which allows us to cal-
culate the path gm (t) for which the action functional is a mini-
mum. This path gm (t) correctly describes the evolution of our
system. Luckily, we can derive a method which allows us to
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find g (t) for any system by repeating everything that we did
in the previous section.

Again, we start with a concrete choice ¢(t) and consider small
variations around this specific path

q(t) = q(t) +e(t), (4-8)

where € is again an infinitesimally small variation.

a4

TR

C ow@waiiov\ ([9“("

Moreover, since the Lagrangian not only depends on g(t) but
also on the velocity 4(t), we need to consider velocity variations,
too:

q(t) — g(t) +&(t) . (4-9)

We consider variations between two fixed configurations (g;(t;),
qf(tf)). Therefore, the variation € has to vanish at t; and t:

0=e(t;) = e(ty). (4.10)

Analogously to what we did in the previous section, we use
these variations explicitly

y . .
S= / dtL (q(t) +e(t),q(t) + e(t)) . (4.11)
The key idea is again that our specific path g(t) is a minimum
of the action if all terms that are first order in € vanish. This
yields a condition which allows us to identify the correct path

147
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3 The Taylor expansion tells us
that the value of a function at a
neighboring point is given approxi-
mately by the value of the function
at the original point plus the rate
of change times the distance we are
going. For a function which only
depends on one variable f = f(x),
this means that its value at the
point x + € is approximately

~ of

flx+e) = f(x) +ea.

If we are dealing with a function
which depends on multiple vari-
ables ¢ = g(x,y), we need to take
the rate of change in all directions
into account as we move from our
original point to the new point

J
g(x+ey+é) ~gxy) +e£
_0g
+€@.

Moreover, take note that to unclut-
ter the notation, we do not write the
arguments of @ = a(t), e = € = €(t),
etc., explicitly.

4 In particular, we can get rid of the
nasty integral.

g(t) that is a minimum of the action analogously to how in the
previous section we were able to find the location for which a
given function is a minimum.

We could do this for each possible Lagrangian L individually.
But since this is quite cumbersome, it makes sense to try to
move forward with a general Lagrangian. We can do this by
using the Taylor expansion'3

3L, oL
L(q—i—e,q—i—e)—L(q,q)—i-e@—i-ea—q_—i-...,

(4-12)
where the dots indicate higher order terms in the expansion.
Putting this Taylor expansion of the Lagrangian into the action
(Eq. 4.11) yields

5= /t_tf atL (q() + (1), (1) + (1))
] 2 Taylor expansion

ty , oL oL
7/ti dt(L(q,q)+ea—q+ea—q+...).

All additional terms in the Taylor expansion are proportional to

€2, €2 or even higher powers. Therefore, we already have every-
thing we need to use our idea that minima are characterized by

vanishing first order variations.

So again, we collect all terms first order in the variations and
demand that they vanish:

t
/fdt
t.

1

€— +é——| =0. (4.13)

oL aL7 1
dg 94

The path g(t) for which this is true is a minimum of the action.
The key idea is that we can rewrite this condition by using a
few mathematical tricks and derive a specific condition for the
function ¢(t) this way.’# This condition is the equation of mo-

tion which allows us to predict how systems evolve in general.

So, first of all, we integrate the second term on the right-hand
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side by parts
oL [t d \ oL
: dt‘ea—l7 _/ti dt (dte) %

oL |2 ty d (oL
. —/t‘ dt € (aq> . (4.14)

“aql,
Since the variation €(t) vanishes for t = t; and t = t¢ (Eq. 4.10),
the first term on the right-hand side in Eq. 4.14 vanishes:

oL

t
eaiq' —

=0. (4.15)

£

Therefore, we can write Eq. 4.13 as

t oL oL
dt |e— + é—
/ti [eaq +€84-

/tfdt ea—L—ei a—L -
b o “dt\9q)

t; o dt \dq /|

1

D Eq. 4.14 and Eq. 4.15

D factoring out €

I
o

(4.16)

Now we’re almost finished. We only need to recall that, if g(t)
is indeed the path of least action that we are looking for, the
condition must be correct for any possible variation € = €(t).
But this can only be correct if, in the last line of Eq. 4.16, the
expression between the two big square brackets vanishes:

oL d (JL\ 1

% () 0 17)
This is the famous Euler-Lagrange equation that I have already
mentioned at the beginning of this section. We can use it for
any given Lagrangian L to derive the corresponding equation of

motion."> Solutions of this equation of motion correctly describe 5 We will discuss below how this
how a system evolves. works concretely.

Before we discuss how we can use all of the ideas that we’ve
just discussed in field theory, it makes sense to pause for a mo-
ment and think about the meaning of the Euler-Lagrange equa-
tion within the more intuitive framework of classical mechanics.
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4.1.3 The Meaning of the Euler-Lagrange Equation

In classical mechanics, the Lagrangian is always of the form
L=T-V, (4.18)

where T denotes the kinetic energy and V the potential energy.

As soon as someone hands us this Lagrangian, we can calculate

the corresponding equation of motion using the Euler-Lagrange

equation. Let’s consider a concrete example.

The easiest example is, of course, a system which consists of

just one object with no external potential V = 0. For such a free
object, the Lagrangian reads

L=T-V=T= %qu. (4-19)

The Euler-Lagrange equation (Eq. 4.2) then tells us

D %6] = § and assuming m = const.

This is exactly the equation of motion for a free object that we
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also get by using Newton’s second law

d
aP =t
D F =0 for a free object
d
ar? =°
D p = mq is the momentum for a single object
d
- (mg) =0
dt
a. .
D %q = {j and assuming m = const.
mg=0.

This little calculation is not only an important consistency
check. It also allows us to understand the Euler-Lagrange equa-
tion a little better. In particular, we’ve seen that the first term

% yields zero if there is no potential because the kinetic energy
only depends on 4 and not on gq. Therefore, this term describes
the forces F in the system because it is only non-zero if there are
forces. In particular, for a general potential V = V/(g), this first
term yields

o A(T@W-v®@) gy

F. (4.20)

9 9q 9q

Moreover, we've seen that the second term % (%) yields the

time derivative of the momentum %p = %mq for a single object.
This motivates us to propose that the term between the brackets

describes, in general, the momentum:1©

)

= % . (4.21)

With this in mind, we can rewrite the Euler-Lagrange equation
as follows:

oL _d (ALY _

og dt\aog)
4 (aLy _aL
dt \9g) 9q

d
Ep =F. (4.22)

) rearranging

D Eq. 4.20 and Eq. 4.21

16 Take note that this quantity is not
always the usual momentum. We
will talk about this subtlety below.
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This is exactly Newton’s second law! We can therefore conclude
that the whole Lagrangian machinery indeed yields the correct
equation of motion.

Now that we have some rough understanding of how the La-
grangian formalism works, let’s move on to field theory.
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4.2 The Lagrangian Formalism in Field The-

ory

In a "particle" theory like classical mechanics, we describe the
dynamics within a system by using the locations of the var-
ious particles or objects. In a field theory, however, the main
actors are fields which exist everywhere in space at the same
time."7 This implies that we are interested in field configura-
tions instead of locations. A field configuration is a snapshot
of the field at a specific moment in time. At some locations, the
field strength will be zero, while at others it will be non-zero.
As time passes, the field strength at other locations becomes
non-zero and thus we are dealing with a different configura-
tion. Similarly, for a vector field the direction and length of the
vectors possibly change as time passes on

Therefore, in field theory, a point in configuration space repre-
sents a specific configuration for all fields that are present in the
system.18 Moreover, as time passes on, the field configurations
change and we can again describe this evolution using a path in
configuration space.

1/@@ - Coufigevakip, Spate
2 X

Q) %

) —_
9 X

[ 0(“11*\ _ -~
2 X

Posikin ¢ pace

These observations imply that in field theory, the Lagrangian is
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7 Recall that a field assigns a num-
ber, vector, spinor, or other math-
ematical object to every point in
spacetime. Hence, even if the field
strength is zero in most regions, we
technically still say that a field per-
meates all of space. In other words,
a field is not a localized thing like
a ball but spreads out everywhere.
Field excitations, however, can be
localized.

"0 (o)
~—

2 X
" (k)
——

A

A

2 X
T o
X

8 Technically, all fields are always
present everywhere. However, in
experiments we can shield tiny
parts of the universe sufficiently
such that we can focus just on one
or a few fields.
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9 We use a short-hand notation ¢
for all of the field configurations.
If there are multiple fields that

are relevant for our system, we
have ¢ = (¢1, 2, A; ...), where
¢1 denotes the configuration of
the first scalar field, ¢, denotes the
configuration of the second scalar
field, A;l, denotes the configuration
of the first vector field, and so on.
Moreover, take note that 9, is a

short-hand notation for %.

2 On the one hand, this seems
reasonable if we recall what we
learned about special relativity.
(Space and time are mixed for
different observers etc.) On the
other hand, the success of this
approach should be sufficient
motivation. You can, of course, try
to only include time derivatives
but won’t get very far if you want
to compare your equations with
experimental results.

no longer a function of the locations and velocities of all the
objects, but a function of the field configurations and their
derivatives, L = L(¢,9,¢)." An important difference is that

in a particle theory we describe the locations at different mo-
ments in time § = §(t). But in field theory, we describe field
configurations at spacetime points ¢ = ¢(x;,). In other words,
in field theory we can put time and space on an equal footing
because we no longer care about locations at specific moments
in time. Since we can do this, we should do it.*° That’s why the
Lagrangian not only depends on the time derivative of the field
configuration dyp¢ = 01 = aa—‘f but also on the spatial derivatives
019 = g—i, o = %’ d3¢p = 3—‘5. It is conventional to denote the
Lagrangian’s dependence on the time derivatives and spatial
derivatives simply by d,,¢.

It is also conventional to introduce the Lagrangian density

L= / d>x [’(47’ ay¢) (4-23)

because this helps us, in the spirit of special relativity, to put
time and space on an equal footing;:

S= /dtL = /d4x£(4),8y(p) (4-24)

In this formula, time is no longer treated differently and this
makes it particularly easy to find expressions that follow the
rules of special relativity.

If we then follow exactly the same steps that we discussed in
the previous sections for a particle theory, we can derive the
Euler-Lagrange equation for field theories:

oL oL
ap <a<ay¢>) =0 (4-25)

Once we have this equation, we can proceed exactly as in a
particle theory. First, we derive a Lagrangian or take it from
someone else and then plug it into the Euler-Lagrange equation
to find the correct equations of motion for the system. In the
following chapter, we will discuss several examples.



THE LAGRANGIAN FORMALISM 155

But first, we have to discuss one of the deepest results in mod-

ern physics that can be derived by using the Lagrangian formal-

1Sm.

4.3 Noether’s Theorem

In short, Noether’s theorem tells us:?!

The existence of a (continuous) symmetry implies that

there is a conserved quantity.

The most famous examples are:

>

Broadly, there are two kinds of transformation: spacetime trans-
formations and internal transformations. A spacetime transfor-

If the system does not change under rotations, we know im-
mediately that angular momentum is conserved. In other
words, if we can rotate our system without changing any-
thing, then angular momentum is conserved.

If the system does not change under spatial translations

x — x + €, we know immediately that momentum is con-
served. This means that if we change the position of the
whole system and nothing changes, then momentum is con-
served.

If the system does not change under temporal translations

t — t 4+ €, we know immediately that energy is conserved.
Formulated differently, if the system behaved yesterday ex-
actly as it does today, energy is conserved.

mation is, for example, a rotation or a translation to a different

spacetime point. An internal transformation is a modification of

the field itself which is unrelated to any spacetime transforma-

tion. If the system is invariant under a spacetime transforma-

tion, we say it has a spacetime symmetry. If it is unchanged by

an internal transformation, we say it has an internal symmetry.

Noether’s theorem allows us to derive conserved quantities for

both kinds of symmetries.

21 You can find a detailed discus-
sion, for example, in:

Jakob Schwichtenberg. No-
Nonsense Classical Mechanics : a
student-friendly introduction. No-
Nonsense Books, Karlsruhe, Ger-
many, 2019b. ISBN 9781096195382
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For spacetime symmetries, the corresponding conserved quanti-

ties are:
invariance under invariance under invariance under
rotations spatial translations temporal translations
Noether ’3 theorem Noether i theorem Noether’i theorem
angular momentum (linear) momentum energy
is conserved is conserved is conserved

For internal transformations, we find:

invariance under invariance under
field shifts phase rotations
Noether ’3 theorem Noether’i theorem
conjugate momentum (electric) charge
is conserved is conserved

Let’s start by discussing the consequences of the more familiar
spacetime transformations.
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4.3.1 Spacetime Symmetries

We are dealing with a spacetime symmetry if the Lagrangian
density £ ((cp(xy), up(xp), xy) remains unchanged by a trans-

formation:

Xy = X (4.26)

Mathematically, this means

6L = L((9(x0), dup(xi) x) = £((9'(x}), 049/ (x}), %, ) = 0.
(4-27)

Take note that we take into account here that, in general, a field

¢ can also be directly affected by a spacetime transformation:**

¢(xu) = ¢'(x,). (4.28)

If we want to explore the consequences of our symmetry con-
dition (Eq. 4.27), we need to recall how we can rewrite the total
change of a function that depends on other functions. If we
assume that our transformation is infinitesimal:

Xy = Xy, = Xy + 0xy
¢ ¢ =¢+dp

(Oup) = (0ud)" = (u) + 6(3u) (4.29)

we can use a Taylor expansion to rewrite the transformed La-
grangian:*3

c((¢’(x;),ay¢'(x;),x;) = ,c((<p(xﬂ),ay¢(xy),xy)

oL oL
) 6(9ud) + %59‘#‘

(4.30)

4>"’+<

If we plug this into Eq. 4.27, we find

»> We will discuss this in more
explicit terms below.

% This is analogous to the usual
formula for the total derivative of a
function

df(g(x), h(x),..) =

f&g—l— f5h+ +gf(5x
The total change of f is given by
the change rates (derivatives) times
the change in the corresponding
quantities itself. Maybe it helps to
compare this to the total change
of a function f(x,y,z) if we mod-
ify x,y, and z, which is given by
aféx + aféy + a’;éz Since we
are con51dermg an infinitesimal
transformation this "first order
approximation" is exact.
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oL = L((p(x), up(xu), 3 ) = £((9/(x)),9ut’ (x}), %,

D Eq. 4.30
= E(((P(xy),amp(xy),xy) - (ﬁ((‘f’(xy)ray‘lj(xy)/xy)
9L oL
4) R voerey ( (P) (alfl(p) + axyéxﬂ> K
D
9L oL
8(8 ¢)5(a up) — Eéxﬂ. (4.31)

* Reminder: the Euler-Lagrange
equation for a field ¢ reads
(Eq. 4.25)

%0 (1)
ap " \a(ue) )

oo L

=~ (5
= (5

Iud)

- (55,

)&p) — =—0xy. (4-32)

s —
36" " 30,

)

In words, this formula tells us that the total change of £ is given
by the rates of change if we vary one of the functions (¢, d,,¢) or
xy, itself multiplied by the total distance we move in the corre-
sponding "directions".

We can simplify this formula by using the Euler-Lagrange equa-
tion and the product rule:*4

oL 8[,
(0 V‘P) (5xy
c D EL equation, Eq. 4.25
oL 0
) oup) — s—0ox
)) = 30 ) oy, O

oL Ve Q0 8(3up) = (3,69)
)V¢a@@®”)xf%

D product rule

If we now assume that the transformation we are dealing with
(Eq. 4.29) is a symmetry, we have L = 0. We will see below
that this allows us to conclude that there must be a correspond-
ing conserved quantity.
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Let’s start with the simplest possible spacetime transformation:
a translation

r_
xy%xﬂ—xiﬂray

, 9
¢%¢:¢+5¢:¢—£%

(433)
where 4, is a constant four-vector and we used that we need

to take the rate of change of our scalar field aa% if we move the
system. If we plug this into Eq. 4.32 and assume that the system
in question is unchanged by translations, we find

oL oL
OL=—% <a<ay¢> ‘54’> "o,

D 6L =0 (symmetry), Eq. 4.33
ooy (2L B0\ 0L,
T\ 0(0,9) o axv v oxy !
oL _ op _ .,
D E = a”[,, E = E) (P

=9y (6 oL 8”4) av) —d'Lay
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D (55314 =0y, 0" Lay, = 0, La", 9"pay, = dy¢pa’

— oL H v
=0y (a(amav¢ —dy £> a (4-34)
We can therefore conclude that the quantity
oL
— _ sk
I =5 9) W — L (4-35)
fulfills a continuity equation
BHTV” =0. (4.36)

The newly defined quantity T} is called the energy-momentum
tensor. Take note that here we have four continuity equations,
one for each component v = 0, 1,2, 3. We find four continuity
equations because we can consider translations in four indepen-
dent spacetime directions.

What we’ve discovered here is interesting because a continuity
equation (without a source term) always implies that something
is conserved. For example, for v = 0 we find >

5 We integrated over an arbitrary
but large volume V. Then we use
the divergence theorem

/d3sz7:/ 237
14 %

which allows us to turn a volume
integral into a surface integral.
Here, 6V denotes the surface of the
volume V. (A very illuminating
proof of the divergence theorem
can be found at http://www.
feynmanlectures.caltech.edu/II_
03.html.) This is useful because it
allows us to use that field values
die off if we move sufficiently far
away. (A surface integral is like a
sum over the quantities” values on
the surface.)


http://www.feynmanlectures.caltech.edu/II_03.html
http://www.feynmanlectures.caltech.edu/II_03.html
http://www.feynmanlectures.caltech.edu/II_03.html
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% A quantity is conserved if it
doesn’t change in time. In mathe-
matical terms this means 9;Q = 0.

7 For your convenience: Eq. 4.33

reads

xv—>x/V:x,,+a1,

0=0,T)
) D sum convention
=Ty — 3;T}
rearrangin
. D ging

ATy = 9;T}

D vector notation and dg = d;
Ty = V]

d3
> [

/fxw@:/d%vf
1% %4

/d%aﬂg:/'fff
JV %

/d%aﬂg:o
14

D divergence theorem
D field vanish at infinity

D V is constant

ot /Vde Tg =0. (4-37)
We can therefore conclude that the quantity®®

Ez/fxm (4.38)
1%

is conserved. The conserved quantity we found here is called
the energy of the field. Analogously, we can derive forv =i €
{1,2,3} that the components of the momentum vector

P, = /Vd3x TlQ (4-39)

are conserved.

By looking at the explicit transformation law we started with
(Eq. 4.33)*7, we can see that for v = 0 we consider a temporal
translation

Xo — Xy = X0 + ag, (4.40)

while for v = i we consider a spatial translation.
Xj = X, = X;+a;. (4.41)

Therefore, we can conclude that if the system in question is
unchanged by temporal translations, energy is conserved. Simi-
larly, if the system is unchanged by spatial translations, momen-
tum is conserved. Analogously, we can derive that if the system
is unchanged by rotations, angular momentum is conserved.
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invariance under

rotations

Noether’j‘; theorem

angular momentum
is conserved

THE LAGRANGIAN FO

RMALISM 161

invariance under

spatial translations

invariance under

temporal translations

Noether ’i theorem

Noether ’i theorem

(linear) momentum
is conserved

energy
is conserved

Next, let’s talk about internal transformations.

4.3.2 Internal Symmetries

# This overview diagram appeared
already on page 156, but is shown
here again for convenience.

The possibility of internal symmetries is a novel feature of field

theories. For example, we discussed already in Section 3.9 that a

shift

0= =92

(4-42)

makes no difference to what we can observe in experiments and

is therefore indeed a symmetry. To investigate the consequences

of this symmetry, we again introduce the quantity

5L = L($,dup) — L(9+ 89,3, (¢ + A¢)

If the transformation in Eq. 4.42 is indeed a symmetry, we have

) : (4-43)

0L = 0. For simplicity, we assume that A¢ in Eq. 4.42 is in-

finitesimal, which implies (A¢)? = (A¢)® = ...

= 0. We

can then rewrite Eq. 4.43 by using the Taylor expansion of the

second term on the right-hand side:

0L = L($,up) — L9+ A9, (¢ + A9) )

)
= L(p,3u9) = L9+ 29,049+ Ap))
>
oL oL(¢p, 0,
—£<¢,8u4>>—<£<¢,ay¢>+ (‘gq) D) pp+ a(( F))ayA¢+...>
>
oL oL(¢
= £(p,209) — (£0p,p0) + G 0+ 2 )
)
__9L(¢,9u9) IL(¢, 9ud)
=- 84,” Ap— a(aﬂf;) AP (4-44)

symmetry: 6L =0

Taylor expansion

AP? =0,A¢9> =0,...
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» Reminder: the Euler-Lagrange
equation for a field ¢ reads

We can simplify this formula by using the Euler-Lagrange equa-

Eq. 4.
(Fa 429 tion and the product rule:*
%:a(jﬁﬂ
o " \ug) )
oL oL
0=——A¢p— ———09,A
29" 30
D EL equation (Eq. 4.25)
oL oL
:—8(>A - 9L G
\o@u) ) 2 5

=0, J"

3° Global means that we shift the
field value everywhere by the
same number. We talked about the
global and local transformations
in Section 3.9. The imaginary unit
i is included here only because it
simplifies the further discussion
and has no deeper meaning. We
could easily get rid of it by defining
€/ = ie. Moreover, take note that
for vector fields and spinor fields
there are also more complicated
transformations. For example, we
can consider transformations that
mix components.

oL
”(M%@)

2 product rule (3xf)g + f(9x8) = (9:/3)
A@
QD  definition
(4-45)

We have discovered here that if a Lagrangian density £ is in-
variant under a transformation of the form given in Eq. 4.42, we
know immediately that the Noether current

oL
JH= A¢, (4-46)
o) ! 44
fulfills the continuity equation
ouJtt =0. (4-47)

This is Noether’s theorem for internal symmetries in field theo-
ries.

Moreover, by following exactly the same steps as in Eq. 4.37, we
can derive that the quantity
Q= [ dx (449)

is conserved.

An important example is the global shift of a scalar field by a
small complex number ie:3°
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o= ¢ =¢—ie. (4-49)

By using Eq. 4.46 and Eq. 4.48, we can immediately conclude
that the corresponding conserved quantity reads:

QE/Vd3x]O

oL .
:/Vd3x 3(309) (ie) .

Since in this case i€ is an arbitrary infinitesimal constant, we can

this is Eq. 4.48,
D Eq. 4.46 with u = 0 and A® = ie

(4.50)

define the conserved quantity without it:

~_ Q
Q=%
Q o
atQ:atE D o0
=0. (4.51)

The integrand appearing in this simplified conserved quantity3*

(4-52)

is known as the conjugate momentum density. Even though
this quantity is somewhat abstract, we will see in later chap-
ters that it is essential for our understanding of quantum field
theory.3?

There is a second incredibly important internal symmetry.
Nothing changes if we multiply a spinor field ¢ by a phase
factor33

Py =T

pt oyt =yt (4-53)

31 We have Q = % = fv Bx a(goﬁ¢)
Jy Bxm.

32 Take note that this is not the usual
momentum density associated with
a field, which is given by

oL a9
P 3(do¢) 9x;

and is the Noether charge asso-
ciated with spatial translations

o(x) = ¢(x') = p(x +¢€). In con-
trast, we considered here a shift of
the field. Moreover, an important
example is the electric field E which
is the conjugate momentum density
associated with the electromagnetic
field.

3 Roughly this follows because
everything we can measure in
experiments is real and thus there
is necessarily some freedom if we
describe things by using complex
objects. This follows if we look

at the Lagrangian that we use to
describe spinor fields, which we
will discuss in the next chapter.
Since the Lagrangian is unchanged
by this transformation, it is indeed a
symmetry.
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3 The defining property of an
infinitesimal quantity is that it’s
so tiny that €2 = 0 and therefore
e =0 etc.

3 Reminder: we previously consid-
ered shifts of the form (Eq. 4.49)

¢ =¢—ie.

3 For your convenience: Eq. 4.42
reads

p— ¢ =¢—Ap (4.56)

Similarly, the multiplication of a complex scalar field ¢ by a
phase factor is a symmetry too:

99 =
¢t — ¢ =g’ (4-54)

If we restrict ourselves to infinitesimal phase shifts, we can
write this as34

9= ¢ =e 9 i
D ex:1+x+%+...
= (1—i€—|—...)<p
D €2 =0, =0 etc.
= ¢ —iep
([)+ — 4)/+ = (I)+ +i€([)+ €isreal. (4-55)

Take note that this is a different transformation compared to
what we considered before.3> If we compare this transformation
law to the general formula (Eq. 4.42) we can conclude:3°

Ap = —iep, A(])‘L = —l—ieq)*. (4-57)

We can plug this into our general formula for the Noether cur-
rent (Eq. 4.46)

w_ oL
H = 50,0
o 2 Eq.457
T
oL
k= 50,00
2 Eq.457
= _9L ie<p+
9(u¢™)
F=1+ L, (4.58)

where the total Noether current J# is the sum of the contribu-
tions from ¢ and ¢'. The fact that the total Noether current
is given by this sum follows if we repeat the steps that we
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performed in Eq. 4.44 and Eq. 4.45 for a Lagrangian that de-
pends on a complex field. This is demonstrated explicitly in
Appendix A.2.

If we now use Eq. 4.48, we can conclude that the corresponding
conserved quantity reads

Q= A Px ]O this is Eq. 4.48
D Eq 458
= [ Fx G+
D Eq.458
— 3 _
= o (5 * g ?’) 29
By redefining Q in order to get rid of the factor €, we find
- oL oL
_: [ 3 t
=i [ (5?3 (460)

This quantity is important, for instance, because if we multiply
it by the charge g each particle associated with the field carries,

3, 0L >
Zq/d ( 30¢+)¢ 8(3049)4) ’ (4:61)

we get the total electric charge carried by the field.37 In other %7 The conserved quantity in

words, the conservation of electric charge follows from the fact : !
ticle number" where we count
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Eq. 4.60 is usually called the "par-

that multiplying our fields by a phase factor (Eq' 4.53, Eq. 4.54) particles as +1 and antiparticles as
is a symmetry of Nature. —1. We will discuss antiparticles in

detail in Section 8.6.

In summary:38 3 This overview diagram appeared
already on page 156, but is shown
invariance under invariance under here again for convenience.
field shifts phase rotations
Noether ’3 theorem Noether i theorem
conjugate momentum (electric) charge

is conserved is conserved
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The Behavior of Free Fields

To unclutter the notation, from here on we will only work with natural
units. This means that weseth =1,c = 1.

In this chapter, we will discuss four of the most important equa-
tions of motion in modern physics:*

> The Klein-Gordon equation which describes how free scalar
fields evolve in time,

> the Dirac equation which describes how free spinor fields
evolve in time,

>> the Proca equation which describes how free massive gauge
fields evolve in time, and

> the Maxwell equation which describes how free massless
gauge fields evolve in time.

The following diagram summarizes the role of the four equa-
tions that we will discuss in this chapter:

* It once more probably makes
sense to revisit the roadmap on
page 35 to understand how this
chapter fits into the bigger picture.
Moreover, note that we can use all
of them either in a field theoretic
or in a particle theoretic context.
Formulated differently, we can use
each of them to describe particles
or to describe fields. Although this
is a book on quantum field theory,
we will sometimes use a particle
perspective to discuss certain
aspects. In quantum field theory
this is a perfectly valid approach
since we can always replace the
word particle with particle-like field
excitation.
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’Spin 1, Mass # 0‘ ’Spin 1, Mass = 0‘
described by described by descriLed by descrﬂLed by
in field theory in field theory in field theory in fieldvtheory
’ Spinor Fields ‘ ’Massive Gauge Fields ‘ ’Massless Gauge Fields ‘
dynamics described by dynamics szscribed by dynamics dtzscribed by dynamics dLscribed by

¥
’ Klein-Gordon Eq. ‘ m—0 Maxwell Eq.

We will assume that someone hands us these equations (or the

corresponding Lagrangian) and then discuss their meaning and
solutions.

There are, of course, lots of other equations we could write
down and discuss. But we will focus on the four equations
listed above because they are essential for our description of

2In fact, the equation of motion of Nature at fundamental scales. This aspect is especially impor-
a general vector field is simply the

Klein-Gordon equation for each . . . .
component of the vector field. fields (Proca, Maxwell) that we will discuss are certainly not

tant when it comes to vector fields. The two equations for vector

the easiest or most general equations for vector fields that we
can write down.> However, the Proca equation and Maxwell
equation are what we need to describe a certain type of vector

5 Reminder: For gauge fields, field known as gauge fields. This is important for us because all

the internal structure is typically known fundamental vector fields are gauge fields.
described in terms of polarizations.
In contrast, the internal structure

of scalar fields is trivial. In other
words, a scalar field has no internal
structure and is solely characterized
by a field strength at each spacetime
point.

For all equations we will make an ansatz of the form3

internal structure X spacetime structure. (5.1)
4 As an aside: a famous example
of a solution in which internal and

spacetime degrees of freedom are . .
coupled is the famous "hedgehog” degrees of freedom decouple. While there can be solutions that

solution that describes magnetic 't we cannot describe with this ansatz, for our purposes in this
Hooft-Polyakov monopoles.

In words this means that we assume that internal and spacetime

book it is completely sufficient.+
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Interestingly, the spacetime part is governed by an ordinary
wave equation for every type of field discussed in this book.
This implies that all we need to describe the spacetime structure
of scalar fields, spinor fields and gauge fields are plane waves.
Thus the only true novel information contained in the Dirac,
Proca and Maxwell equations compared to the Klein-Gordon
equation is what they tell us about the behavior of the internal
degrees of freedom.

In short:

> The Dirac equation tells us that left-chiral and right-chiral
configurations constantly oscillate into each other.

> The Proca equation tells us that a massive gauge field has
only three linearly-independent polarizations.

> The Maxwell equation tells us that a massless gauge field has
only two linearly-independent polarizations.

With these ideas in mind, let’s discuss the four equations one-
by-one.

169



170 NO-NONSENSE QUANTUM FIELD THEORY

5.1 Free Scalar fields and the Klein Gordon
Equation

Let’s assume that we want to describe a single scalar field ¢ and
that someone hands us the Lagrangian density

L= 309 — mg?). (52)

It is conventional to call the first term here the kinetic term and
the second term the mass term.

Using the Euler-Lagrange equation (Eq. 4.25), we can immedi-
ately derive the corresponding equation of motion

oL oL
0= -0y | 55—
ap (a(au‘l’))
3 (1 9 /1 ) Fasl
-3 (e -0) - s (o)
D %t =2x
= —m2p — 2, (") . (5.3)
The resulting equation
(80" +m”)g =0 (5.4)

is the famous Klein-Gordon equation that encodes the behavior
of a free scalar field.

Simply looking at the Klein-Gordon equation (Eq. 5.4) and

the Klein-Gordon Lagrangian (Eq. 5.2) is probably not very
5 Take note that the Klein-Gordon enlightening.> So let’s try to understand what they’re telling us.
equation is a four-dimensional

version of the wave equation that
we discussed in Section 3.6.
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5.1.1 The Meaning of the Klein-Gordon Equation

I've already mentioned in Section 3.5 that we can understand
a scalar field as being like a mattress. In this section, we will
make this idea a bit more concrete and develop a better under-
standing of the Klein-Gordon equation this way.

In our context, a mattress consists of lots of coupled harmonic
oscillators. Each oscillator only bounces up and down. We
describe an isolated harmonic oscillator in classical mechanics
using the Lagrangian

1, 1
Lo =T~V = ;M{* — Sk’ (5.5)

where g = g(t) denotes the position of the end of the spring
above or below the equilibrium position, M is the mass of the
object attached to the spring, k is a constant that characterizes
the spring and 4 = %. The first term T = %qu describes the
kinetic energy of the oscillator, while V = %qu describes the

amount of energy stored in the form of potential energy.

Compresed  equillviym (Hvetched
A
N ) A f\\

\ V(q)
0 ’4

If there are two uncoupled equal harmonic oscillators, we can
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use the Lagrangian

1 . 1 . 1 1
Lno=T-V= EM‘J% + QM‘J% - Ekﬂﬁ - Ekqg

= oMY df -k} a7, (5.6)

where g, describes the location of the first oscillator and g, de-
scribes the location of the second oscillator. We assume for sim-
plicity that both oscillators have the same mass M and consist of
a spring with equal spring constant k.

Analogously, for three uncoupled equal harmonic oscillators, we
can use

1 5 1. 5, 1. 5, 1 5, 1 , 1 ,
L3Ho:T—V:EMq1+§Mq2+§Mq3—§kq1—Equ—ik%
D
1 3 5 1 3 )
=-M)Y g —5k) qf. (5.7)
2 3 2 3

We can see here that if there are lots of oscillators, the sum
notation becomes extremely convenient.

The situation becomes more interesting once we consider cou-
pled oscillators:

In this case, the individual oscillators influence each other when
they bounce up and down and therefore, more complex phe-
nomena can emerge. In mathematical terms, we take the cou-
pling into account by writing down an additional potential
energy term.
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The potential energy stored in the rubber band between neigh-
boring oscillators depends on its total length. If both oscillators
are in their equilibrium position, the length of the band is | and

the potential energy stored in it is zero.®

¢

—

If one of the oscillators leaves its equilibrium position, the band
between them gets longer.

To calculate the potential energy stored in the spring, we need
to determine by how much it has extended.” We can determine

the total length of the band in this configuration of the system
by looking at the following figure.

Y L

~

Z Iﬁ,,:)ﬁ 0

N

6 Strictly speaking this is a defini-
tion since we can always redefine
potential energies by adding a con-
stant. This is possible because only
differences in potential energy are
important for the dynamics within
a system and not the absolute value
of the potential energy.) Neverthe-
less it is extremely convenient to
choose this constant in such a way
that the potential energy is zero
when a system is in its equilibrium
position.

7 This is easier for the two springs
because the oscillators only move
up and down and, therefore,

the potential energy is directly
given by Vi(q1) = —1kg? and
Vi(q2) = — 3ka3-
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8For g1 < I, we have I < 1.

9 We could consider different
mechanical models consisting

of oscillators and rubber bands.
However, we focus here on a
specific model that is described by
the Klein-Gordon equation in the
continuum limit.

The Pythagorean theorem yields

P=0P+q
DA
[=\/2+q
D)
2
_ 91
()
J
2
—1 1+”ZL21. (5.8)

If we assume that the excitation g; is much smaller than the
distance between the oscillators, I, we can approximate the

expression on the right-hand side using the Taylor series®
I=1/1+ ;72%
D mz1+2—zforx<<1
(3)
212
=1+ ﬁ . ’ (5.9)
21

If we compare this length of the rubber band to its length in the
equilibrium configuration, /, we find that it became longer. We
can calculate its total change in length as follows:

Al=1-1

D Eq.59
g
1+ o -
0 !
g
=9 (5.10)

For the sake of argument, let’s assume that we can describe the
energy stored in the rubber band by using the formula®

1
Vi2(q1,42) = 5 KAl
D Eq. 510

2

SK5) (5.11)
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where K is a constant that characterizes the rubber band.

Analogously, we can analyze a configuration in which both
oscillators are not in their equilibrium position.

~
=
0
1
&

[T 1 ?

\‘h‘: +

For this configuration, the Pythagorean theorem yields
P=01r+ (ql — qZ)z. (5.12)

If we then follow exactly the same steps as before and assume
again that the excitation of both oscillators is much smaller than
the distance between the springs (g1 — 42)? < I2, we find

1 _ 2
Via(q1,92) = EK%
1K ?
_1Ko
577 (01— 2) (5.13)

With this formula at hand, we want to write down the La-
grangian that describes this system.

The kinetic energy of the oscillators and the potential energy
stored in the two springs is unaffected by the fact that they're
now coupled. Therefore, we can write the Lagrangian for our
system consisting of two coupled equal harmonic oscillators by
adding these terms together

Lycnvo=Th+Th—-V1—-V,—Vp,
D Eq. 513 Eq. 56
2
1K
kY g7 — 55 (01— ). (5.14)
i—1 i—1 221

I
N
=
o
~.|
NI =
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> Here we consider only a one-
dimensional chain of coupled
oscillators and therefore only need
a variable x. In the two-dimensional
case, we would use ¥ = (x,y)7) to
label the oscillators in our oscillator
lattice. Moreover, take note that in
the following we are glossing over
several somewhat subtle aspects of
the continuum limit. For example,

a sum becomes not just an integral
but dl—x, since otherwise the
dimensions wouldn’t be equal and

[ is the only fundamental length
scale we have in the description.

We absorb this factor ! into the
definition of the continuum variable

.

As before, we can generalize this formula for 3 or, to be more
general, N oscillators. For N oscillators it is conventional to use
the notation

(5.15)

where the sum };; only goes over neighboring oscillators like
i=1lj=2o0ri=2,j=3.

The key idea that allows us to make the transition from a bunch
of coupled oscillators to a scalar field is that we imagine that
we add more and more oscillators in between every two oscil-
lators. In mathematical terms, this means that we shrink the
distance between each pair of oscillators ! further and further
and ultimately, take the continuum limit [ — 0.

€/
I
o090 ee

In the continuum limit we have an oscillator at every point in
space. Therefore, we no longer need additional labels (i, j) for
our oscillators but can simply use a continuous position variable
x to identify each oscillator. Moreover, it is conventional to use
the Greek letter ¢ to denote the excitation of each oscillator in
the continuum case:*°
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q:(t) — @(x,1). (5.16)

What happens to the various terms in the Lagrangian in the
continuum limit?

The kinetic energy term in Eq. 5.15 becomes

1 Y 1
SM Y30 = oM [ dx ¢%(x,1 (5.17)
i=1

because in the continuum limit, we need to replace the sum over
the discrete label i by an integral over the continuous variable

x. Analogously, the second term in Eq. 5.15 that describes the
potential energy stored in the springs at each location, becomes

lki Zélk/.dx 2(x, 1) (5.18)
2 Z‘:lqi 2 go 4 5

The continuum limit of the third term in Eq. 5.15 is a bit more
subtle and it is clever to rewrite it as follows before we consider
the limit**

1K 1Kl (g —q7)?
STt S M

If we now take the continuum limit, we find:
1K (qi—a)% 1 [ (3g(x))>
}%zz§pz—f/” “or (5.20)

because lim (4 q’)
1—0

quotient and therefore equal to

is exactly the definition of the difference
g (x,t)
ox

over the discrete indices once more needs to be replaced by

. In addition, the sum

an integral over the continuous variable x. Moreover, p is a

new constant that characterizes the interaction between our
oscillators in the continuum limit. Take note that as we consider
smaller and smaller distances between the oscillators (I — 0),
we need to make our spring constant K larger and larger in
order to get any noticeable effects from the coupling. Therefore,
we take the continuum limit (! — 0) in such a way that %l does
not go to zero but becomes equal to a constant.” Putting the

" We will see in a moment why this
is clever.

2 We could, of course, also consider
a system with a fixed value of the
spring constant K. But for such

a system, there simply wouldn’t

be any interactions between the
oscillations left in the continuum
limit.
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3 For your convenience: Eq. 5.2
reads

L= 3 @0~ M),

4 As always, you're free to consider
different systems. But the scalar
fields that we typically investigate
in field theory are not just some
arbitrary set of harmonic oscillators
coupled together, but a very special
kind. We have already seen this
above because we needed to assume
a very special potential energy

for the rubber band between the
oscillators. If we assume a different
kind of coupling between the
springs, we will end up with a
different kind of system in the
continuum which will not be equal
to a scalar field as we usually
encounter it in field theory.

1 0 1
LNCHO:/dx <2MC ( g;) E

three puzzle pieces (Eq. 5.17, Eq. 5.18, Eq. 5.20) together, we find
that the Lagrangian for our system of coupled oscillators in the
continuum limit reads

9 2
Lncho = /dx (;M(Pz(x,t) _ %k(pZ(x,t) _ %P ((pég;ﬂ) )
(5.21)

Now compare this to the Klein-Gordon Lagrangian density
given at the beginning of this section (Eq. 5.2)."3 An obvious
difference is that the Lagrangian density we derived here is
not written in Minkowski notation. In particular, in Eq. 5.2 the
derivatives only appear in the expression d, ¢d* ¢ which reads
in more explicit terms (Eq. 2.39):

o 2 ¢ 2 0 2 ¢ 2
oy — [ 2T N e N e _ [
e (cat> (ax) (ay> (az>

Motivated by this observation, we introduce an additional factor

(5.22)

¢ in Eq. 5.21:

) 1 1 [(9¢\?
LNCHOZ/dx ( Mc? < ;;) §k€02—§P (ai) ) . (5-23)

The constant factors Mc? and p have exactly the same units.
Moreover, we have not specified the actual value of p. I have
only mentioned that it must be some constant that KTI ap-
proaches in the limit [ — 0. In the spirit of special relativity,
time and space should be put on an equal footing and therefore,
we will now simply assume that we are dealing with a system
for which p = Mc?."4 Our Lagrangian density then reads:

1 (392
kqu—zp(af) )

D p— M
_ 15[\ 1, 1. ,(3)?
—/dx <2Mc <c8t> Ekgo EMC F

D Eq 522
—/dx ( Mczaypr)V(pk(p) (5-24)
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In this case, the index y in d;, only runs from 0 to 1. But if we
consider a two-dimensional lattice of coupled oscillators, we
find exactly the same formulas with y running from 0 to 2.
Moreover, if we consider a three-dimensional oscillator network,
u runs from 0 to 3.

As a final step to bring Eq. 5.24 in the form given at the begin-
ning of this section (Eq. 5.2), we rescale the field variable

¢ —¢=VM32gp. (5.25)

This transformation has no deeper meaning, but is simply a
clever trick to clean up the Lagrangian a little bit:

1 1
Lncho = /dx <2Mc2ayq)a;‘q) - zk(pz) this is Eq. 5.24
D Eq.525

D m? = % (definition)

- / dx (;awaﬂq)—;m%z) . (5.26)

This is exactly the Klein-Gordon Lagrangian (Eq. 5.2).

Let’s recap what we’ve discovered in this section. We started by
discussing a chain of coupled harmonic oscillators. Neighboring
oscillators influence each other through a rubber band although
each of the oscillators is only allowed to bounce up and down.
We then investigated what happens if we add more and more
oscillators to the chain and therefore shrink the distance ! be-
tween neighboring oscillators. In the continuum limit (! — 0),
we have an oscillator at each point in space. Taking this limit is
non-trivial because as the distance between the oscillators gets
smaller it's not immediately clear what happens to the rubber
band between them. But we discovered that if we make certain
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> We discuss the field space idea in
Section 3.7.

assumptions about the behavior of our chain in the continuum
limit, we end up with a Lagrangian that is directly analogous to
the Klein-Gordon Lagrangian.

We’ve therefore discovered that thinking about a scalar field
as some kind of mattress is not just a nice picture, but also
mathematically not too wrong. As long as we make certain
assumptions about the coupling between the oscillators, we
indeed end up with the correct Lagrangian for a scalar field in
the continuum limit.

This implies that if we want to understand the dynamics of a
scalar field, it may be a good idea to start by thinking about the
dynamics of a chain of coupled oscillators. For example, we
can imagine that if we move one of the oscillators up and then
release it, some kind of wave will move through our chain.

We will discover in the following section that the Klein-Gordon
Lagrangian indeed has wave-like solutions.

Many physicists will tell you that you shouldn’t think of a scalar
field as a network of coupled harmonic oscillators. However, as
far as I know, there is no better way to visualize a scalar field.
The alternative that is commonly proposed is to discard the
need for a picture and use scalar fields as abstract bookkeeping
devices. This is, of course, a perfectly valid approach. If you
don’t draw a picture, you certainly draw nothing wrong.

But we will see later that in the context of quantum field theory,
the oscillator picture will prove to be quite helpful again. Thus,
I'm convinced that as long as we don’t imagine that there are
really point masses that oscillate in physical space and instead,
imagine that the oscillation happens in an abstract field space,
the oscillator picture is more useful than confusing.'>
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5.1.2 The Meaning of the Klein-Gordon Lagrangian

With our coupled-oscillator-picture in mind, it makes sense to
take a second look at the Klein-Gordon Lagrangian (Eq. 5.2):

L—/d3x£ /d3 (0,91 p — m2?)

D summation convention
=[x 3 (20909 — g9 — mg?). (5.27)

Using the oscillator plcture, we can interpret the three terms in
this Lagrangian as follows:

D> The first term T = dy¢dp¢ describes the kinetic energies of
the oscillators (Eq. 5.17):

QMZ% - M/dxq) (x,t) = M/dx&ofpxt)ao(p(xt)

(5-28)

>> The second term V, = 0;¢0;¢ describes the potential energy
stored in the rubber bands that connect neighboring springs

(Eq. 5.20):
. 1Kl «— (qi —q]')z 1 ag(x,t) 2
M2zl - 20| & (Bx

1
= Ep./ dx dxp(x,1)0x¢(x,t). (5.29)

> The third term V; = m?¢? describes the potential energy
stored in the spring at each location (Eq. 5.18):

1.8, 1, 7 )
Equi — Ek/dx @ (x,t). (5.30)
i—1 '

Therefore, even though the Klein-Gordon Lagrangian looks
completely different from what we are used to from classical
mechanics, we can now understand that it in fact has the usual
form:

L—/d3 (0930 — 0igpdigp — m>¢?)

=T-V=T-V,+Vs)=T—-V, - V;. (5.31)

181



182 NO-NONSENSE QUANTUM FIELD THEORY

A second aspect of the Klein-Gordon Lagrangian that we can
now discuss is the meaning of the parameter m. In our oscillator
picture, the parameter m is directly related to the harmonic
restoring force of the spring at each point. Therefore, if we set

m = 0 we assume that there is no such restoring force and thus
no spring at each point. In other words, if we plug m = 0 into
our Lagrangian, we are dealing with a system of mass points
that are connected to their neighbors, while for m # 0 we
describe a system of connected mass points that are pulled back
to their equilibrium position through a harmonic force.

In the continuum limit our (one-dimensional) system of coupled
mass points becomes a string. For m = 0 this string can wiggle
freely, while for m # 0 there is a restoring force at each point.
But take note that for m = 0 the mass points at each location are
eventually also pulled down as a result of their connection to
their neighbors (string tension).

In intuitive terms, we can imagine that a field with a large mass
parameter m is analogous to a hard mattress, while a field with
a small mass parameter m is analogous to a soft mattress. This
follows because from the oscillator chain perspective, the pa-
rameter m is proportional to the stiffness k of the spring at each
location. Moreover, we will learn later that in quantum field
theory, the parameter m encodes, in some sense, a lower energy
threshold. If too little energy is available, there will be no no-
ticeable excitation in the field. In other words, for fields with a
large mass parameter m it’s much harder to cause any notice-
able field excitation, while a field with small m can be excited
quite easily. If there is not enough energy available to excite a
field with large m, the energy will go into fields with a small
mass parameter. Using our mattress picture once again, we can
imagine that we need much more energy to cause any notice-
able disturbance of a hard mattress, while it is easy to disturb a
soft mattress.

In addition, recall that I mentioned already in Section 3.6 that
for m = 0 all plane waves have the same phase velocity. This
implies that wave packets keep their shape as time passes on.
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But for m # 0, the phase velocity depends on the wavelength
and thus wave packets eventually dissolve. By using our rope
vs. rope attached to springs picture, we can understand how
this comes about.

Let’s start by considering an ordinary rope without springs. We
can imagine that this rope consists of individual mass points
which are connected to their neighbors by small strings. A

key observation is that for short wavelengths, the small strings
between neighboring mass points will be strongly distorted.
This implies that a given mass point moves quickly up and
down.

In contrast, for a wave with long wavelength, the small strings
between neighbors are almost not distorted. Hence, in this

case the individual mass points will move quite slowly up and
down. At the same time, for small wavelengths the wave repeats
faster in space. This is the definition of a small wavelength.

heavily W eakly
A\C’Mcj ditovte ]

— a A
Slod wave (engli, (6ng. Lave [e,\TU\

To understand the implications for the phase velocity, let’s focus
on one specific point on the wave, say a maximum. The phase
velocity tells us how far this point travels Ax during a time
interval At. While the mass points oscillate much quicker if

the wavelength is small, they don’t get very far during each
oscillation. In contrast, the mass points in a wave with long
wavelength oscillate slowly up and down but travel extremely
far during each full up-down-up cycle.

This implies that even though each individual mass point moves
only slowly up and down if the wavelength is large, the total
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distance Ax that our maximum travels during the time interval
At will be exactly the same as for a wave with small wavelength.
Hence, the phase velocity will be exactly the same.

pE

2

|

In summary:

> small A — small period T — phase velocity v = %,

> large A’ — large period T — phase velocity v = i‘—/’

Next, let’s try to understand how the situation changes if we
consider a string that is attached to springs. This system is dif-
ferent because the speed at which each mass point oscillates

up and down is now determined by the springs and the small
strings that connect it to its neighbors. Which of the two influ-
ences will dominate depends on the wave length. Therefore, the
phase velocity depends on the wavelength.
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To understand this in more explicit terms, take note that for
small wavelengths, \; < =, the oscillation is primarily driven
by the strings between neighboring mass points since they are
strongly distorted."® Mathematically this follows if we calculate

(271')2 — 12 LTI . . . X
the = ki > m* limit of the dispersion relation (Eq. 3.77):

M
wy = /K2 + m?
D K>m?

~ k. (5:32)

The relation w; = k;j is exactly what we have for a rope without
springs (Eq. 3.72).

For large wavelengths, A; > %, each of the small strings be-
tween neighbors is only a little bit distorted. Hence, the oscilla-
tion is primarily driven by the springs. Since the spring stiffness
is proportional to m, we can see this mathematically by noting

2
that for (2)7\? = k% < m? we have
2

w = \/k5+ m?
D w:,/k%+m2zm

R (5-33)

By using the definition of the phase velocity (Eq. C.10), we can
therefore conclude *7

6 As usual, notions like large and
small have no absolute meaning. If
we talk about small wavelengths
we must say in relation to what

it is small. Here, we can imagine
that a characteristic wavelength of
our system consisting of a string
attached to springs is encoded by
L This follows if we look at the
dispersion relation in which the
wave number k = 27" "competes”
with m.

7 Take note that the phase velocity
for short wavelength is 1 here
because we work in natural units
where ¢ = 1. In other units, we find
U1 =C.
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w1

k1
'U]_—ENH—].
=2 M
2"k k
=01 #02. (5-34)

We can conclude that the phase velocity indeed depends on the
wavelength for a rope attached to springs.

The subtle difference in the behavior of a system with and with-
out a dispersion parameter m, has many important implications
for modern physics. In particular, we will see in Chapter 6 that
the parameter m determines how far a field can spread its influ-
ence. For example, for large values of m, the influence of a field
disturbance dies off quickly. In some sense this follows from
the fact that for large values of m a wave packet will dissolve
quickly, while for m = 0 it doesn’t dissolve at all. Moreover, as
mentioned already in Section 3.6, in quantum field theory this
implies that heavy particles (=excitations in a field with large
m-parameter) usually decay more quickly than lighter ones
(=excitations in a field with smaller m-parameter).

A third aspect that is worth discussing are possible modifica-
tions of the Klein-Gordon Lagrangian. A Lagrangian represents
mathematically a model for a specific system. Therefore, we
need different Lagrangians for different systems. We encoun-
tered one interesting modification of the Klein-Gordon La-
grangian above already. If there is no restoring force that pulls
the field at each location back to its equilibrium position, we
use a Lagrangian without a mass term (m = 0). As discussed
above, it makes a big difference whether or not a mass term is
necessary.

But, of course, we can not only remove terms from a Lagrangian
but also add new terms.
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For example, we can imagine that the restoring force that pulls
our mass points back to the equilibrium originates in a more
complicated potential than simply V = kx2. As a concrete
example, we can consider the potential V = kx? — fix*, where
4! =4.3-2-1 = 24. In physical terms, we can imagine that this
means that we are dealing with a chain of coupled pendulums

instead of coupled oscillators.

The pendulum potential reads

V(0) = mgl(1 — cos(¢)) (535)

If we then assume that the pendulum only swings a little, we
can Taylor expand this formula:

V(0) = mgl(1 — cos(¢))

2 4
i (1-4))
P o RS

4

2
P cos(x):l—x——&-i

5 4!-i-...

In words, this means that our original formula (V = kx?) is
only a first order approximation for a pendulum. To describe a
pendulum more accurately, we need to take higher order terms
like % into account.

I /

havimoai(
 ofcilletor I pedolusa
Poteatial ! J< Pﬂ)\le‘\ J“u ‘

If we assume that our potential reads V = kx? — %x‘* and then

carry out the same analysis as in the previous section, we find

— Lsing
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8 This is Eq. 5.26 with an additional
q>4 term.

9 We will discuss this idea in more
mathematical terms in Chapter 17

in the continuum limit8
1 1 A
Lne = [ dx (50.09"0—sue*+ 56*) . (537)
2 2 4!
There are two extremely important lessons to be learned here.

Firstly, take note that, as usual in a sensible Taylor expansion,
higher order terms are less important than the first term. If we
ignore all higher order terms and only work with V = kx?, we
are already getting quite accurate results for most situations. If
we care a bit more about details, we can include the next term
in the expansion V' = kx? — %x‘* and so on. In particular, as
long as the system only oscillates a little bit, the approximation
V = kx? yields great results. At higher energies, higher order
terms like §;¢* become increasingly important.

The situation in modern field theory is quite analogous. To start
with, we work with the simplest nontrivial Lagrangians for our
fields (Eq. 5.2). However, it is now commonly believed that this
is just a first approximation and that there are infinitely many
higher-order terms (¢*, ¢°, .. .) that play a role. The reason why
our simple Lagrangians work so well is that these higher-order
terms yield contributions that are too small to be measurable
with present day technologies. We say that the best models

we currently have are only effective models that need to be
modified at higher energies.™

You might wonder why we don’t use the full potential

V(0) = mgl(1 — cos(f)). One reason is that the formulas we
find with this full potential are far too difficult to tell us any-
thing meaningful. A second and more important reason is

that when it comes to fundamental physics, we might not
know the correct formula for the potential. No one knows

if a scalar field is really analogous to a network of coupled
pendulums or if something far more complicated is going on.
Therefore, the best we can do is to start with some power series
V = a+ bx + cx? +dx> +ex* + ... and then use experimental
input to determine the parameters a,b, c,d, e, . ... Since lots of
potentials can be described quite accurately in a first approxi-
mation using the harmonic oscillator potential V = kx2, it’s not
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too surprising that fundamental scalar fields behave, in a first
approximation, like a bunch of coupled oscillators.*®

Another thing worth mentioning is that the Lagrangian in

Eq. 5.37 plays an incredibly important role in modern physics.
We will discuss later in Chapter 14, we can use it to implement
the spontaneous mass creation mechanism which is responsible
for the masses of all known elementary particles.

Next, to understand in mathematical terms how a scalar field
evolves in time, let’s talk about solutions of the Klein-Gordon
equation.

5.1.3 Solutions of the Klein-Gordon Equation

The Klein-Gordon equation is the three-dimensional version of
the wave equation with dispersion term that we discussed in
Section 3.6. Nevertheless, it makes sense to discuss its solutions
here since there are a few new aspects.

Let’s start by looking at the Klein-Gordon equation ( Eq. 5.4),
which I recite here for convenience

(90" + m2)¢ =0. (5.38)

In words, the equation tells us that we need a function ¢ = ¢(x;)

that yields the constant m? times the same function and a minus
sign when differentiated twice. The most famous functions that
yield minus itself when differentiated twice are sin(x), cos(x)
and e* 21 By recalling what we discussed in Section 3.6, we can
immediately write down solutions of the Klein-Gordon equa-
tion. For example,

(P(xy) = Cos(k#x”) (5:39)

* You might wonder why the
constant term a or the linear term
bx do not play a dominant role.
The reason is that a constant term
a and a linear term bx have no
influence on the dynamics and
can therefore be neglected. This
follows if we plug the Lagrangian
L=T-V = %ma‘czfafbxfxz
into the Euler-Lagrange equation

(Eq. 4.2):
oL _d (oL
9q  dt \ 94

—b—cx =mk.

We can simply shift our coordinate
system x — ¥ = x+ %. The
acceleration remains unaffected by
2(5_b .
this shift: ¥ = £ = £ _ &7

&x c d’x
a2 a2 T d2
Therefore, the equation of motion in

the shifted coordinate system reads

—b—cx =mi

mx

_ b
%fbfc(xfz)

~b—c¥+b=

—cX

=

m
m

it

This is exactly the equation of
motion that we find without the
constant term a and linear term bx.
In physical terms, the constant term
bx represents a constant force that
shifts the equilibrium position of
our oscillator. As we’ve seen above,
a shift of the equilibrium position
has no effect on the dynamics of the
system since it can be compensated
by a shift of the coordinate system.

** Take note that e* doesn’t work
since we don’t get a minus sign
here. Moreover, 92 cos(ax) =

9y (—asin(ax)) = —a?cos(ax)
since dy cos(ax) = —asin(ax) and
dyx sin(ax) = acos(ax)
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solves the Klein-Gordon equation, as long as the wave-vector k,
fulfills the dispersion relation

2
kukt = m=. (5.40)
The wave four-vector k, combines the frequency w and the

* Take note that we work here in usual wave vector k into a single object*?
natural units. In SI-units, the wave
vector reads w

w ky = R (5.41)

kp=15%]).
= (1)

Introducing this object makes sense in a relativistic object be-
cause w denotes the angular frequency and k the spatial fe-
quencies. Therefore, analogously to how space and time get
combined in a single four-vector x;, we combine here the an-
gular frequency (angle per second) and the spatial frequencies
(angle per meter) into a single four-vector k.

We can check explicitly that the function in Eq. 3.67 solves the
Klein-Gordon equation:

0= (ayal’l + mz)cp this is the KG equation (Eq. 5.4)
J Eq.3.67
= (0,0" + m?) cos(kyx")
D cos(ax) = —a® cos(ax)
= (—kuk" + m?) cos (kyx")
D kukt = m? (Eq. 5.40)

D
=0 Vv (5.42)

= (—m?* + m?) cos(k,x")

As discussed in Section 3.6, solutions of the form given in
Eq. 3.67 are known as plane wave solutions since they spread
out all over space with exactly the same amplitude.

Completely analogously, we can check that functions of the
form ¢(x;) = sin(k,x!") are also solutions of the Klein-Gordon
equation. Moreover, since only the length m of the wave vector
ky is important in the calculation above, we can conclude that
there are lots of different solutions which involve different wave
vectors k;;. We can put any four-vector ky, that fulfills the disper-
sion relation k, k! = m? into a cosine or sine function and get a
solution of the Klein-Gordon equation.
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In addition, as for the wave equation, we can construct wave
packets by using linear combinations of plane waves.

Next, let’s talk about the third function e’* which possibly plays
a role as a solution of the Klein-Gordon equation. Using Euler’s
famous formula

e'™ = cos(x) 4 isin(x) (5.43)

we can understand that the general structure of a solution
which involves e* is not too different from what we have just
discussed.

Moreover, we can check explicitly that
g(x) = e i) (5.44)
is a solution of the Klein-Gordon equation:

0= (ayaﬂ + m2)(]) this is the KG equation (Eq. 5.4)
D Eq.544

D)

= (90" + m2)e ")

= (—kuk" + mz)efi(k?‘x”)
D kukt = m? (Eq. 5.40)
= (—m? +m?)e {kn?)
P
-0 (5-45)

kyxt)

Analogously, we can check that ¢(x) = eil also solves the

Klein-Gordon equation.

A new aspect of these solutions compared to the solutions dis-
cussed previously (Eq. 3.67) is that here we are dealing with a
complex function.

In words, this means that the Klein-Gordon equation is not only
solved by real scalar fields but also by complex scalar fields. As
usual, mathematics alone cannot tell us what kind of solution
we should use. We always need experiments to tell us whether

191
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we need real solutions or complex solutions to describe a given
system.

Since it is often much easier to work with complex functions
and to stay as general as possible, we will turn our focus to such

% The only known fundamental complex solutions.>3 Mathematically, a real scalar field is a map
scalar field, the Higgs field, is
indeed complex. R® R (5.46)

while a complex scalar field is a map
R — C. (5.47)

Formulated differently, while a real scalar field eats a spacetime
point and spits out a real number, a complex scalar field eats a
spacetime point and spits out a complex number.

5.1.4 General Solution of the Klein-Gordon Equation

We can construct new solutions by using linear combinations
of known solutions. The most general solution of the Klein-

24 This is a continuous version of Gordon equation reads?4

Eq. 3.82. In Eq. 3.82, we sum over a

few specific wave vectors k;‘, while dict . " . ”

here we sum over all wave vectors. (])(x) = / (27_[)4 (a(ky)efl(ki’x ) + b(ky)el(kl‘x )) , (5.48)

where (277)* is a conventional normalization factor and a(k,),
b(ky) are coefficients that describe how much each individual
plane wave contributes to the total wave form. Since we sum
over all possible wave vectors k;, we are dealing with functions
of k; instead of a discrete set of coefficients.
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Take note that for a real scalar field only a small modification is
necessary. The defining condition of a real scalar field is ¢t =
¢.*> This implies that the corresponding expansion reads

dk#

P(x) = /W(a(ky)e#(k"x”) +a+(ky)ei(k%fxy)) (5.49)

since it now automatically fulfills the condition ¢ = ¢:

+

: (e xt ikt
¢+(x) = (/(;ji)zl(tl(k#>el(kyx?) +€l+(ky)el(k"x )))

25 Reminder: t denotes Hermitian
conjugation: A¥ = AT*. Fora
scalar field, transposition makes no
difference and therefore we have
¢' = ¢*. Nevertheless, we use +
here to get a uniform notation for
all kinds of fields.

> (e )t = e (ot =g

dk* | (et ikt
:/7(2@4(01 (ki) 4 a(k, e~ k)
=¢(x) v (5.50)

The notation in Eq. 5.49 is quite sloppy because we do not re-
ally sum over all possible plane wave solutions. Instead, we
only include those that fulfill the dispersion relation k,k# = m?
(Eq. 5.40).2% If we only want to include positive frequency solu-
tions and use the short-hand notation kx = k;,x", we can write
the general solution of the Klein-Gordon equation as

1 T\ a—ikx T\ aikx
P(x) = /dkBM (a(k)e 4 at(k)et* ) . (5.51)

This is demonstrated explicitly in Appendix A.3.%7 Take note
that in Eq. 5.51 new rescaled coefficients a(k), a’ (k) instead of
a(k), at (k) appear in the expansion wich are defined as

o o)
Ll(k) - Zwk
= TH (55

It is conventional to work with the rescaled coefficients a(E),

at (k) since this simplifies many calculations in later chapters.
The notation here is rather subtle and it probably would be
better to use, for example, d(k) instead of a(%). But the notation
in Eq. 5.52 is the standard one thus we will also use it in the
following.8

26 We will derive later that in
quantum field theory the zeroth
component of the wave vector k,
is directly related to the energy,
ko ~ E.

* The discussion in Appendix A.3 is
quite technical and you can skip it
on a first reading.

#1t’s often very tempting to in-
troduce an improved notation.
However, any change in notation
makes it much harder for readers
to compare statements made in
different books and are therefore
often more harmful than helpful.
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Similarly, we can write the expansion for a complex scalar field
as

o) = [ @ e (B 1 0B) | (55)

3 Zwk




THE BEHAVIOR OF FREE FIELDS 195

5.2 Free Spinor Fields and the Dirac Equa-

tion

As we did in the previous section, let’s assume that someone
hands us the Lagrangian density

EDiraC = T(i’)’%aﬂ - ﬂ”l)‘f, (5~54)

where ¥ is a Dirac spinor (Eq. 3.35), ¥ is a "conjugated” Dirac
spinor:*9

Y= (1) =) (5.55)
and3°
0010 000 1
o oo 01 oo 10
=11 00 0 =101 0 0
0100 1000
0 0 —i 0 0 01 0
00 0 i 0 00 —1
2 3
pr— pr— .6
U i 0 0 0 U 100 0 (5:56)
0 —i 0 0 0 10 0

Again it is conventional to call the first term in Eq. 5.54 the
kinetic term and the second term the mass term.

The conjugated Dirac spinor ¥ appears in the Lagrangian be-
cause the proper Dirac spinor scalar product reads ¥¥.3* To
see this, we note that the matrix g contains two (2 x 2) unit

matrices:
0 = 0 laa)
Ioxo 0

In addition, we recall that a Dirac spinor consists of two Weyl
spinors (Eq. 3.35) and we can therefore rewrite the product ¥¥
as follows3?

(5.57)

» The "dagger" t denotes Hermitian
conjugation which means complex
conjugation (x) plus transposition

(1).

3 Strictly speaking, this is only
one possible representation of the
gamma matrices known as the
chiral basis. We will discuss an
alternative representation and how
it is related to the chiral basis in
Section 5.2.3.

3 We need a scalar product in the
Lagrangian because the Lagrangian
itself is a scalar and is thus only
allowed to contain scalar terms.

3 Reminder: Eq. 3.35 reads

()
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3 We discussed spinor indices in
Section 3.4.1.

3 The index y labels different
gamma matrices. Moreover, there
are two spinor indices because
the result, if we act with a gamma
matrix on a spinor, r]i, is another

spinor: 711]17]' =7

3 The gamma matrices allow us to
construct a term that is invariant
under Poincaré transformations. In
physical terms this implies that the
term respects the laws of special
relativity. This line of thought

is spelled out in more detail in
Chapter 17.

3 The gamma matrices are also
sometimes called Dirac matrices.

Yy = ¢ 09

, ) Eq 335 Eq. 557
X 0 Tox2) (x
g 12><2 0 é‘

(e o) (¢

0 matrix product

=x'e+x. (5.58)

Both terms here are proper scalar products of a right-chiral
Weyl spinor and a left-chiral Weyl spinor (Eq. 3.63). We can
therefore conclude that the proper scalar product of a Dirac
spinor with itself can indeed be written as ¥'¥.

The gamma matrices y# show up everywhere when we do cal-
culations with spinor fields since they provide an essential link
between spinors and vectors. Such a link is essential because a
spacetime derivative d,, carries a vector index y, while spinors
carry spinor indices.33 The "four vector”" with gamma matrices
as its entries

70

—Imn
L P (5.59)
73

carries a vector index p and spinor indices. This follows since
each gamma matrix acts on spinors and thus carries (like any
matrix) two spinor indices.3* As shown in the Dirac Lagrangian
(Eq. 5.54), the gamma matrices allow us to write down a term
in the Lagrangian that involves a spacetime derivative d,, and
spinors.3>

There are important relations between gamma matrices that are
useful in many calculations.3® The most famous relation

{7} = 'y + 4Vt = 20" 1y (5.60)

is known as the Clifford algebra. The object on the left-hand
side is known as the anticommutator of two gamma matrices,
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n"*" on the right-hand side is the Minkowski metric (Eq. 2.30)
and 14,4 is the (4 x 4) identity matrix. We can check the va-
lidity of this formula by using the explicit form of the gamma
matrices (Eq. 5.56). For example, for y = v = 0, we find

P70 +9%9° = 20144
D 7% =1,seeEq. 230

> 4

2 Eq.5.56

29990 =214,y

707’ = 1454

= l4x4

S = O O
- o O O
o O O
S O = O
S = O O
- o O O
o O O
S O = O

D matrix product

=144 V (5.61)

o O O
S O = O
o = O O
= O o O

Before we can derive the equation of motion that follows from
the Dirac Lagrangian, we need to talk about an important sub-
tlety. We discovered in the previous section that there can be
complex scalar fields. Similarly, there can be complex spinor
fields and that’s why a "conjugated" Dirac spinor ¥ appears in
the Lagrangian. All spinor fields that have been discovered so
far are complex fields and thus we will assume here from the
start that our spinor field ¥ is complex.

For a complex field, it is conventional to treat ¥ and ¥ as inde-
pendent variables. This is motivated by the observation that we
can split a complex field, analogous to a complex number, into a

197

real and an imaginary part:37 37 A complex number z, can always

be written as

Y=Y, +i¥;, (5-62) z=a+ib,

where ¥, and ¥; are real spinor fields. Therefore, by using a where 4 is called the real part and b

complex spinor field we effectively consider two spinor fields at real numbers.

the imaginary part. Both a and b are
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oL

Ozﬁ

once. But instead of plugging Eq. 5.62 into the Lagrangian and
then consider ¥, and ¥; as independent fields, it is conventional
to work with ¥ and ¥.

If we plug the Lagrangian density given in Eq. 5.54 into the
Euler-Lagrange equation for ¥ (Eq. 4.25), we find3®

=0, Y"Y —m¥

31t is equally possible to consider
the Euler-Lagrange equation

oL oL

oy (a(a,,\lf) > =0
This yields the equation of mo-
tion for the field ¥. But since the
derivation and interpretation of
the resulting equation is a bit more

subtle, we consider here only the
equation of motion for ¥.

-0 9k this is E
M a(aﬂqf) is is Eq. 4.25
D Eq.554
8(‘?(1'77*8# - m)‘I’) a(l?(iway - m)‘P)
3% 9y 300, %)
¥
Q g1
(5.63)
The resulting equation
0y Y'Y —m¥ =0 (5.64)

is the famous Dirac equation.
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5.2.1 The Meaning of the Dirac Equation

One aspect of the dynamics of a spinor field is not too dissim-
ilar from the dynamics of a scalar field. As for a scalar field,
we have a field strength at each location that oscillates in a har-
monic oscillator-like manner. We will see below that there can
again be wave-like structures in the values of the field strength
that move through space.

Additionally, however, a spinor field has a rich internal struc-
ture. Lacking any deeper understanding, we describe this in-
ternal structure somewhat abstractly using the concepts of spin
and chirality. We will see that the Dirac equation not only tells
us how field strength values vary in time, but also which spinor
structures are permitted in Nature.

We discussed in Section 3.2.1 that it is often helpful to separate
the internal structure and the spacetime structure of a vector
field. Exactly the same idea can be applied to spinor fields.
Analogous to what we did for vector fields (Eq. 3.8), we will
write spinor fields as

Y= (9] x  [fl)] (565)
| |

internal structure spacetime structure

This is useful because the spacetime structure is completely
analogous to what we’ve already discovered for scalar fields. In
the following section, we will derive that the spacetime struc-
ture of solutions of the Dirac equation are again plane waves:

f(x}t) — p—tkuxt _ —i(koxo—kix;) _ efi(wtffc’-fé) . (5.66)

Therefore, the only new thing about the Dirac equation is what
it tells us about permitted spinor structures.

In Section 3.4.2, we already started to talk about how we can

199
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3 Spin up and spin down refers
here and in the following to spin
orientations in the z-direction.

interpret spinor components. Now that we have the Dirac equa-
tion, we can continue this discussion. But first, let’s recall the

main ideas:
> A Dirac spinor ¥ consists of two Weyl spinors yx, ¢:

X 6
LI = . .07

> We call x a left-chiral spinor and ¢ a right-chiral spinor.

> Each Weyl spinor is a two-component object:

_[x _ (&
) ) e

> The structure of a Weyl spinor determines the spin structure
of the corresponding field or particle:39

spin up: (é) , spin down: <(1)> (5.69)

In summary, there are four different basis field configurations:

X1 0
1 . . . 0 . . . X2
eft-chiral, spin up: o | left-chiral, spin down: ol
0 0
0 0
. . . 0 . . . 0
right-chiral, spin up: K right-chiral, spin down: 0
0 )
(5.70)

Moreover, there are superpositions which are described by
linear combinations of these basis spinors.

In the following section, we will derive that solutions of the
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Dirac equation are of the form

yi= (E) (5:71)
1

‘ 0 .
where® u; = 0 e " and uy = (1 e~ Moreover,

another kind of solution is of the form

~ —V;
P = ( Vf) , (5.72)
1
where v| = (é) et and v, = <(1)> etimt,

To understand what these solutions and therefore the Dirac
equation are telling us, let’s assume that our field starts in a
purely left-chiral configuration at one specific location with spin

up:

==

(5-73)

S O O

Since this is not a solution of the Dirac equation, we need to
rewrite it in terms of solutions to determine its time evolution:

1
=10
0
2

1 -1

1o 0

201 |1

0 0

~ D Eq. 5.71, Eq. 5.72
=¥1(t=0)-¥1(t =0) (5-74)

Writing ez like this is useful, because we know exactly how ¥

4 This is really a basis choice. The
only requirement is that the two u;
are linearly independent.
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and ¥, evolve in time:

Y(t) ="Y1(t) — ¥a(t)
D Eq.571,Eq 572

e (5.75)

N =
o~ o RV

For t = 0 this yields exactly the purely left-chiral spin up field
e?(0) = e{ (see Eq. 5.74). With this formula at hand, we find,
for example, that at t = .-

1 -1
7T 1 0 iz 0 i
) = = 2 — 2
Ge)=2[|1]® 1 ]°©
0 0
) e T = —j &% =i
-1 -1
_iffo] o
S22 |1 1
0 0
D)
0
0
=—i .76
i 1 (5.76)
0
The spinor that we find here
0
0
ep = 1 (5.77)
0

describes a right-chiral field with spin up.

Therefore, as promised above, the Dirac equation describes how
left-chiral and right-chiral configurations oscillate into each
other.

It may be helpful to rephrase everything we just learned into a
more familiar language.
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For clarity, let’s assume that the field strength is only non-zero
at one specific location X;. We can imagine that there is a lump
of energy localized at this location. At t = 0, the field assigns
the spinor ez (Eq. 5.73) to this location. For reasons that we
will discuss later in more detail, we call this lump of energy a
left-chiral electron with spin up.

The question we investigated above was: what happens to such
a specific field configuration as time passes on? Using the Dirac
equation, we discovered that after a while the field configu-
ration at X; is described by the spinor esz (Eq. 5.77). When we
considered the problem in the rest frame, the lump of energy
doesn’t move and hence the field strength everywhere else re-
mains zero. Nevertheless, the internal structure of our lump of
energy changes. It starts in a purely left-chiral configuration
and ends up in a purely right-chiral configuration. Moreover, at
different points in time, we will find a configuration that we can
describe as a mixture of left-chiral and right-chiral.

0o ¢
‘l’“’u:’() A "O

The rate at which a left-chiral configuration oscillates into a
right-chiral configuration and vice versa is determined by the
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4 We call this a spontaneous mass
creation mechanism, which is
closely connected to the phe-
nomenon known as spontaneous
symmetry breaking.

# Technically, vy is a Yukawa cou-
pling and v the vacuum expectation
value of the scalar field.

parameter m. In physical terms, we interpret the parameter

m as the mass of the lumps of energies (particles) associated
with the given field. If we only know the Dirac equation, this
may seem quite mysterious. But luckily, there is a beautiful
modern perspective that allows us to understand what is going
on here on a much deeper level. We'll learn in Chapter 14 that
we can understand the mass parameter m as a result of the
interaction between a scalar field and spinor fields.4* Moreover,
we will reinterpret the mass parameter m associated with a
spinor field as the coupling strength y between the scalar field
and the spinor field times a constant parameter v that describes
an important property of the scalar field: m = yv.4*> With this
in mind, we can imagine that a given spinor field constantly
interacts with the scalar field. Each time an interaction takes
place, the chirality of our spinor field configuration flips.

The coupling strength v of a given spinor field determines how
often an interaction takes place. For fields with a larger mass
parameter m, we also have a bigger coupling strength y. This
implies that for fields with a larger m, a change from purely
left-chiral to purely right-chiral happens much more quickly.

Therefore, from this perspective it’s no longer completely mys-
terious why the mass parameter m determines how quickly
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left-chiral and right-chiral configurations oscillate into each
other.

From a slightly more technical perspective, we can say that
chirality flips all the time because states with fixed chirality
(Eq. 5.70) are not solutions of the Dirac equation. Solutions of
the Dirac equation describe how spinor fields evolve in time.
Therefore, when we observe a spinor field in Nature we see a
configuration that corresponds to a solution of the Dirac equa-
tion. We call configurations that can be described by solutions
of the Dirac equation physical configurations. For example, a
physical electron field is neither purely left-chiral or purely
right-chiral but a mixture that can be described by a linear com-
bination like the one in Eq. 5.75.

Next, let’s discuss how we can derive these solutions of the
Dirac equation.

5.2.2 Solutions of the Dirac Equation

I mentioned already above that the basic building blocks that
describe the spacetime structure of solutions of the Dirac equa-
tion are plane waves. To show this, we start by noting that in
the Dirac equation (Eq. 5.64) the Dirac operator D = id,y* — m
acts on the spinor ¥ and the result has to be zero:

0= ia},’)/wf —mY this is Eq. 5.64
D b= i0uy" —m
=DVY. (5.78)

This is just a fancy way to think about the Dirac equation. This
way of thinking is useful for our purposes because we can now
consider what happens when we apply the complex conjugated

205

Dirac operator D* = —iay Y —m to DYy .43 4 We will see in a moment why this

is interesting.
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On the left-hand side of the Dirac equation, we will still have a
zero and therefore find

0=DY this is Eq. 5.78
x D*
D*0 = D*DY ’
D Do=0
0=D"DY. (5.79)

If we now calculate D*D explicitly, we discover something re-
markable:

D*D = (—iduy" — m)(idyy" — m)

= 20,7 9yy" — imdyy" + idyy'm + m?

D —imdyy’ +iduytm =0

= 9uy"auy + m?
11
) D yt5=1
5 (907" + 9,97 Y) + m?
D = =0

1 UAV UAV 2
5 (a‘uav')/ 7'+ 0oy ) +m

1
+ 5 (907" = 997" ")
1 D rearranging
5 (900 y"y” + 0,0y ") + m?

1
+ 5 (0p0 77" = 9uduy ")

D YA =AM

1
- §auav{7”/’yv} + m?

1
+3 (040 YY" — 0,0y )

O A=Aty =

1 1
- Eal"av{’)’yl ’YV} + m2 + Eaﬂav h’y/ 71/]

D 9,0, [7",7"] = 0, see below

1
= 500 {7", 7"} +m?

D {1""} =29, Eq. 5.60

= 8,,177“’81, +m?

= 9,9" +m?,

D Eq.236
(5.80)
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where we used that 9,0, [v", 7] = 0 which follows because 0,0,
is symmetric under the exchange of the indices # <+ v, while
the commutator [y#, "] is antisymmetric.#* We can check this
explicitly as follows;

0y 7", 7"] = 33y (V' — 1" ")
P
= 0udvy"7" = 9uduy
D renaming indices
— ayavr)/ﬂryv _ avay,)/y,)/v
D 9y0y = 9,0y
= 09y y" = 9udvy "y’
D Rl

=0 v (5-81)

If we plug Eq. 5.80 into Eq. 5.79, we can conclude that any so-
lution of the Dirac equation must fulfill the Klein-Gordon equa-
tion.4>

Therefore, the basic building blocks of the spacetime part of our
solution will again be plane wave solutions (Eq. 5.44):

flag) = e,

where the wave vector k, fulfills the dispersion relation (see
Eq. 5.40)

(5.82)

kuky = m?. (5.83)

Motivated by this fact, we make the ansatz

¥ = ekt (5.84)
and plug it into the Dirac equation (Eq. 5.64)
0= iay’)/}uf —mY¥Y this is Eq. 5.64
- . D Eq.584
— ia‘u,yylljefzkﬂx _ mlpefzk,,x | '
' ‘ D e = ik ek
_ —izky’y‘ulpeilk“x# _ mweﬂk},xl‘ |
D =1

= kuy"p —my. (5.85)

While the spacetime part of the Dirac equation doesn’t tell
us anything new, this remaining equation is something truly

4 This is an important general
result. Every time we have a sum
over something symmetric in its
indices multiplied by something
antisymmetric in the same indices,
the result is zero:

Y aibij =0
7

if aij = *aj,' and bij = b]z holds for
all i, j. We can see this by writing

1
2 aijbij = 3 (Zaijhij + Zﬂijbij)
ij ij ij

We are free to rename our indices
i — jand j — i, which we use in
the second term

1
= Layby = 5 (Lagby + Lajb;)
i 7 i

Then we use the symmetry of b;;
and antisymmetry of a;;, to switch
the indices in the second term,
which yields

1
= Lagby = 5 (Tagby+ 1 o by )

=—a;; =b;

1
——— aibi — Y abi) =0
2 (Zaybi 2 i)

4 To be more precise: each com-
ponent of the Dirac spinor ¥ must
fulfill the Klein-Gordon equation.
The converse statement is not true.
Solutions of the Klein-Gordon
equation are not automatically so-
lutions of the Dirac equation since
the Klein-Gordon equation is not a
spinor equation.
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novel. It tells us which spinor structures are permitted. As
usual, we are always free to write down any spinors we like.
But the Dirac equation tells us which spinor structures we can
really observe in Nature. So by using the ansatz in Eq. 5.84, we
have successfully isolated the information the Dirac equation
contains about spinor structures that we can observe in Nature.

So next, let’s try to understand what the Dirac equation tells us
about permitted spinor structures. Since the physical content is
the same in all frames of reference, we choose a frame in which
our description becomes especially simple. In the rest frame

(k = 0), the wave four-vector is given by (Eq. 2.44)

o))

Moreover, we can use the dispersion relation (Eq. 5.83) to deter-

mine w:
m* = ky k"
)
~B-R-B-K
) D rest frame: k;, = (w,0)T
= w". (5.87)

Therefore, in the rest frame Eq. 5.85 becomes

0=kuy'y —my

D Eq.586
= wyp — my
D Eq.s587
= my"yp — myp
DAY 4
=y —v. (5.88)

Moreover, the spacetime structure part of the solution (Eq. 5.82)
also simplifies to

fla) = e
. D Eq. 5.86, Eq. 5.87
= ¢t (5.89)
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To analyze the spinor structure further, we make the ansatz

p= @ , (5.90)

plug it into Eq. 5.88 and use the explicit form of 7° (Eq. 5.56)4 4157 denotes the (2 x 2) unit
matrix and 0y the (2 X 2) zero
0=7"p—vy this is Eq. 5.88 matrix.

D Eq. 5.56, Eq. 5.90
_ [ O2x2 Tax2) (X)) _ (X
Loz O2x2) \ € ¢
D matrix product
_(¢) (x
() () 590

We learn here that a constant spinor of the form given in Eq. 5.90
fulfills the condition in Eq. 5.88 as long as ¢ = x.

Therefore, if we now recall that the two-component spinors
inside a Dirac spinor describe the spin structure, we can imme-
diately write down two linearly-independent solutions of the
Dirac equation:

1
0] _; 1

Y, = 1 e imt Eq. 5.84, Eq. 5.91 with { = x = <0>
0
0
1 —imt . 0

Y, = 0 e Eq. 5.84, Eq. 5.91 with { = x = <1> (5.92)
1

Completely analogously, we can start with the ansatz*7 47 The only difference is a different

sign in the exponent.

¥ (xy) = pe™, (5.93)

()6 e

This implies that there are two further solutions of the Dirac

and then find
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equation:
1
0 imt i 1
B=lge Eq. 5.93, Eq. 594 with & = —x = (0>
0
0
1 imt ) 0
Tzl e Eq. 593, Eq. 5.94 with § = —x = (1> .
-1

(5-95)

Solutions of the Dirac equation are important because they
describe how physical particles and fields behave as time passes
on. Before we discuss, as we did for the Klein-Gordon equation,
a general solution of the Dirac equation, we will talk about

a smart trick that allows us to simplify the spinor structure
associated with physical particles.
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5.2.3 The Mass Basis

First of all, take note that the gamma matrices, 7, only appear
in combination with the Dirac spinor ¥ in the Lagrangian. This
makes it possible that we introduce terms of the form 1 =
N~IN between them and then absorb the invertible matrix N
that appears here into new definitions of ¥ and 7,:

NPy = a;ﬂpﬁ:ﬂ’w ﬁ:z_\[l[’

=1 =1
AT—1 -1 T D
=0y PN Ny N~ Ny = oyuipvy, ¢’ (5.96)
\YJH/_/V
= =y, =

This is a change of basis. The basis we used so far is called

the chiral basis or Weyl basis. Depending on which matrix

N we use, we can switch to quite different bases in which the
gamma matrices look completely different and in which the
components of a Dirac spinor have a quite different meaning.4®
A particularly useful basis is the mass basis or Dirac basis. The
change from the chiral basis to the mass basis is described by
the matrix:

—_
(e
—_

(5-97)

N
O = O =
=)

|
e 4

|
HO

The primary motivation behind a switch to the mass basis is to
diagonalize the matrix 7 that appears in the mass term of the
Lagrangian:

Ym¥ = Y*yom¥ . (5.98)

If we use that NN = %14X4 and therefore N~! = 2N, we can
check that N indeed diagonalizes yy:

211

# Reminder: in the chiral basis the

gamma matrices read (Eq. 5.56):

0
0
0 _
=11
0
0
0
1 _
= 1lo
1
0
0
2 _
L
0
0
0
3 _
=1
0

0

OrRr OO0 —~ OO

(el e )

OO RO OO O

oo ocooo

OO O~ OO RO

o O O = O

o O
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8 N’YShiralN_l
D Eq.5.97, Eq. 5.56
1 0 1 0 0 010 1 0 1 0
201 0 1 0 0 01 01 0 1
2110 -1 0 100010 -1 0
01 0 -1 01 00 01 0 -1
D matrix product
1 0 O 0
01 0 0
=10 0 -1 o (5.99)
00 0 -1

For this reason we say that the mass term ¥Ym¥ is diagonal in
the mass basis, which explains its name. This is really just a
useful mathematical trick that allows us to simplify some calcu-
lations. For some purposes the chiral basis is more useful, while
for others the mass basis is better suited. This is analogous to
how we sometimes use Cartesian coordinates and sometimes
use spherical coordinates.

Using the explicit form of the matrix N (Eq. 5.97), we can calcu-
late what the remaining y-matrices look like in the mass basis:

0 0 0 1 0 0 0 —i
0 0 10 00 i 0
mass __ mass
M= lo -1 00| ™ 0 i 0 0
1 0 0 0 i 00 0
0 01 0
0 00 —1
mass __
BT 00 o (5.100)
0 10 0

In addition, we must remember that all Dirac spinors are af-
fected by such a basis change too (see Eq. 5.96):

ypmass _ N\}rchiral ) (5'101)

For example, the solution ¥; that we derived in the previous
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section reads in the mass basis:

mass — chiral
ymass = Ny
2 Eq 597, Eq. 5.92

1 0 1 0 1
1(0 1 1 O _imt
== e
21 0 -1 O 1
01 0 -1 0
2
1
_ 0 —imt
=10 e . (5.102)
0

Analogously, we can calculate that the remaining three solutions
(¥2,¥3,¥3) read in the mass basis:

0 0 0
Tanass _ (1) e—imt \I,rénass — (1) eimt Tznass _ g eimt_
0 0 1
(5.103)

Take note that, as in the previous section, these solutions are
only valid in the rest frame. However, we can derive the slightly
more complicated solutions in a general frame which I list here
only for completeness:#

— ik xt — ik xt
YT = uge ", WP = qpe

ik -
1{r13naSS — ,Ulel ux , TZII&SS — vzel ux , (5104)

where 11, 1, v1, vy are basis spinors

1 0
1
ul =n k3 4 1/[2 =n kl—ikz
w+m w+m
k1+lk2 —k3
w+m w+m
k3 k1 —iky
w-+m w+m
ky+iky —k3
vp=n| @t |, py=n[ wtm (5.105)
1 0
1

andn = % is a normalization factor.

4 These solutions can be derived by
boosting the rest frame solutions.
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5.2.4 General Solution of the Dirac Equation

Finally, let’s talk about the general solution of the Dirac equa-
tion. Since the Dirac equation is a linear equation, we can con-
struct new solutions by using linear combinations of known
solutions. Therefore, analogously to how we wrote the general
solution of the Therefore, analogous to what we did for the
Klein-Gordon equation in Section 5.1.4, we can write the general
solution of the Dirac equation as:

Y = i / ﬂ (c (k) uy (ke *n" 4 d, (K)o (k)e“kllxﬂ)
P (27_[)3 Zwk r r r r
=¥ 4+9. (5.106)

The main difference to the general solution of the Klein-Gordon
equation is that here we not only integrate over all possible
momenta, but also sum over all possible spin configurations.

5.3 Free Gauge Fields and the Proca/Maxwell equations

5 The equivalence of the two
forms of the Lagrangian density
given here is demonstrated in

Appendix A.1.

Analogous to what we did in the previous sections, let’s assume
that someone hands us the Lagrangian density>°

£Proca =

1 2
—5Fu P + m A, A
. D
—5 (1A O Ay — I ATDAy) + m*A, A, (5.107)

where F,, = 9,Ay — 9y Ay is the field strength tensor discussed
in Section 3.9. The first two terms are typically called kinetic
terms, while the third term is known as the mass term. As
usual, we can calculate the corresponding equation of motion
by putting this Lagrangian density in to the Euler-Lagrange
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equation (Eq. 4.25):

oL oL
E - aa (a(agAp>) . (5108)

However, evaluating the expression on the right-hand side is a
subtle business. For example, let’s consider the term>*

o <a(aim(8’*AV8ﬂAv))

5 Don’t worry if not all of the steps
here are immediately clear. The
formalism of special relativity takes
some time getting used to.

D product rule

DAY =1n""Ay (Eq. 234)

(" AY) 1 9(0xAY)
— o [ (0,A) 22 | (ara
(@ )a<aaAp> A A,
K V/\a(a A/\) ayAv a(a}lAV)
( 3(acd,) T >a<aaAp>> :
a‘,( sl + (aﬂAV)(sgfsﬁ)
)
= 9, (37 AP + 37 AP)
)
= 20,9 AP (5.109)

Similarly, we find for the second term in the Lagrangian density
(Eq. 5.107):

0
— (" A =20° v
o (B(BUAP) (HA BVAH)) 20°(9,A7) . (5.110)
The only term that is relevant for the left-hand side of the Euler-
Lagrange equation is the mass term m?A, A* and we can calcu-
late5>

9 (m*A,AV)

= 2APm?
A, "

(5.111)

d

since 2 x? = 2x but %yz = 0.53 If we now combine these puzzle

pieces, we find

oL _ ( oL )
04, " \9(9:Ap)

PATY.

this is Eq. 5.108

D Eq. 5.111, Eq. 5.109, Eq. 5.110

2m? AP = —20, (3" AP — (5.112)

52 The other terms in the Lagrangian
density yield no contribution to the

left-hand side of the Euler-Lagrange
since ﬁaaAp = 0, analogous to

9 . _
how 5% =0.

53 This implies that % yields
zero except for y = p. This is why
we get Af in Eq. 5.111.



216 NO-NONSENSE QUANTUM FIELD THEORY

5+ For example,

Daniel Fleisch. A student’s guide
to Maxwell’s equations. Cambridge
University Press, Cambridge,

UK New York, 2008. ISBN 978-

0521701471

55 Reminder: in some sense, gauge
fields are the bookkeepers for all
other fields. We discussed their role
in Section 3.9.

The resulting equation

m?AP = —9,(3" AP — 9P A7)

= —0,F° (5.113)

is known as the Proca equation and is the equation that we
need to describe massive gauge fields. If we want to describe a
massless gauge field, like the electromagnetic field, we use the
same equation without a mass term:

0= 0, (3"AP — P A?)

= 0,F°. (5.114)

This is the inhomogeneous Maxwell equation in the absence of
any external sources.

5.3.1 Meaning of the Proca and Maxwell Equations

It is certainly possible to construct some mechanical model
consisting of springs and rubber bands for which the corre-
sponding Lagrangian yields the Proca or Maxwell Lagrangian in
the continuum limit. However, such a model would necessarily
be quite complicated and involve many ad-hoc assumptions
that are hard to justify. Another way to approach the Maxwell
equations is by looking at their macroscopic manifestations.

But there are already many great books that discuss Maxwell’s
equations in the context of classical electrodynamics.>*

For our purposes, the most important observation is that we are
not using the much simpler Lagrangian

L=03,A,"A".

This Lagrangian describes an ordinary vector field, while the
Proca and Maxwell Lagrangians describe gauge fields.>> An
ordinary vector field is like four scalar fields at once, while a
gauge field has novel features that we will discuss below.
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It again makes sense to separate our field into a spacetime and
internal part:5°

Au(xy) = @ X fxy) .
\ \

spacetime structure

(5.115)

internal structure

As discussed in Section 3.2.1, €, contains all information about
the vector structure of the field, while f(x;) describes how the
field strength varies in space.

In short, the two key facts encoded in the Proca equation
(Eq. 5.113) are:>7

> The spacetime structure of massive gauge fields can be de-

scribed by plane waves f(x,) = e/ " where the wave vector

k,, fulfills the dispersion relation k, k¥ = m?.

> A massive gauge field has only three linearly independent po-
larizations. Two of them are orthogonal to the direction of
motion58, while the third one points in the direction of mo-
tion and in the temporal direction>. We say that a massive
gauge field excitation can either have a transverse polariza-
tion or a longitudinal polarization.

Similarly, the Maxwell equation (Eq. 5.114) tells us:*°

> The spacetime structure of massless gauge fields can be de-
scribed by plane waves f(x;) = e*n"  where the wave vector

ky tulfills the dispersion relation k, k¥ = 0.

> A massless gauge field has only two linearly independent
polarizations. For a specific field excitation that moves in the
z-direction, both are orthogonal to the direction of motion.%*
We say that a massless gauge field excitation can only have
transverse polarizations.

Let’s discuss how this comes about.

5 Reminder: only the basic building
blocks of all possible solutions look
like this. By using linear combi-
nations of these building blocks,

we can construct any physically
permitted gauge field structure. In
particular, we can construct config-
urations that do not have the same
vector structure everywhere.

57 We will derive this in Sec-
tion 5.3.2.

58 For a wave that travels in the z-
direction (k = (0,0,1)T)), one valid
basis choice is

0 0
1 0
1 2
=gl =11
0 0
59
Pz
m
=13
m
0

6o We will derive this in Section 5.3.3

61

=
[\
I
o~ oo

O O = O
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62 The fact that the sum over an
antisymmetric times a symmetric
object is always zero was already
discussed in Section 5.2.2.

5.3.2 Solutions of the Proca Equation

To develop some understanding of the structure of solutions
of the Proca equation (Eq. 5.113), we start by taking the four-
divergence on both sides:

m2 AP

—9,FP
2 %

D m = const., dpd FP =0

dpm* AP = —0,0,F7°

m*9, AP =0
) A
dpAP =0
?
a()A() - aiAl' =0
B ?
atAo —VA=0. (5.116)

This is known as the Lorenz condition. We used here that F7¢
is antisymmetric: F'P = —FF7 but 0,0, is symmetric: dpdy =
+0dy0p. Since we sum over p and ¢, we find®2

apag'F 70 = ag'FO—p + apagFU‘o
D [ = —Ff (see Eq. 3.103)

990 FP — 9,9, FP°

9pdoFP — 99, F7F
D 900y = dpdo
0p0sF7F — 0,0, F’F

(%
=l
=l
=%

2 renaming indices

o I\)M—* NM—* I\JM—* NM—‘

(5.117)

To understand the Lorenz condition, we can imagine that the
arrows that the vector field A assigns to each location represent
the flux of a hypothetical substance. The divergence of a vector
field VA at a specific point xy tells us the total amount of flux
entering or leaving the point.
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\J Ex0 VES0  7FA0
N Z
\7\, é‘ C— ‘ s /”/_1///}//’4

Therefore, the Lorenz condition tells us that the time-evolution
of the zeroth component of A is completely determined by this
influx or outflux. This implies that Ay is not an independent
dynamical variable. As soon as we know A', we can use the
Lorenz condition to determine Aj.

What we’ve therefore discovered here is that a massive gauge
field has only three independent internal degrees of freedom.
Thus once again, we have an equation of motion that tells us
which internal structures of a given field are physical. In par-
ticular, there is always a close connection between A and the
remaining components, which is somewhat analogous to how
there is always a close connection between the upper two and
lower two components of a physical Dirac spinor.

In addition, we can use the Lorenz condition to simplify the
Proca equation (Eq. 5.113):

—m? AP = ag(a‘TAP — aPA”) this is Eq. 5.113
D 9sigmad® = 9°9,
= 07d,AP — 379, AY
D 9"A7=0,Eq 5116
=070, A" (5.118)

What this resulting equation tells us is that each component of
our four-vector field A, must fulfill the Klein-Gordon equation

. 5.4). or example, tor the p = 1 component, we have 3 For your convenience: the Klein-
Eq. 5.4).9 F ple, for the p =1 P t h % For y he Kl
Gordon equation (Eq. 5.4) reads
—m?AP = 379, AP this is Eq. 5.118 (3,0 +m?)gp =0
J p=1

—m?Al = 979, A!
) rearranging

0= (070, + m?)A. (5.119)
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This is completely analogous to what we discovered for Dirac
spinors using the Dirac equation. Therefore, we can conclude
again that the spacetime structure of gauge fields can be de-
scribed by plane waves. Let’s make this a bit more concrete.

In Section 3.2.1, we already discussed that it makes sense to
decompose gauge fields as (Eq. 3.8)

Aulxy) = ch X flxu) - (5.120)

internal structure  spacetime structure

If we put this ansatz into Eq. 5.118, we find

—mzAp = a"aaAp this is Eq. 5.118
D Eq.s.120
—m? (epf(xy)) =070, (epf(xy))
Q€ # €plxy)
ep( —me(xy)) =€p (a“a(,f(x;,)) . (5.121)

This equation holds for any four-vector €, and therefore, we can
write it without it:

—m*f(x) = 370 f (%) (5.122)

This is exactly the Klein-Gordon equation (Eq. 5.4) and therefore
we can conclude that the basic building blocks of the spacetime
part of our solutions are plane waves:

flx) = et (5.123)
If we plug the plane wave ansatz (Eq. 5.123) into Eq. 5.122, we
find
—mzf(xy) =070, f (x)
D Eq. 5.123

1 M ] H
_mZezkyx _ aaagelkyx

i " . i "o,
D g = ik, " since 9y x = Sl

P

m? = k%, . (5.124)

1 ( . 1 M
7m261k;¢ xt leUkUeszx
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This is the dispersion relation for a massive gauge field. Here
we learn that plane waves indeed solve Eq. 5.122 as long as the
wave four-vector k, fulfills the dispersion relation (Eq. 5.124).

In addition, we learn here that the only information the Proca
equation contains about the vector structure of our field A,
(i.e. how different components are related) is contained in the
Lorenz condition (Eq. 5.116). We can separate what the Proca
equation tells us about the vector structure by putting our
ansatz (Eq. 5.120) together with the explicit expression for a
plane wave (Eq. 5.123) into the Lorenz condition:

0 =0,A° this is Eq. 5.116
0 Eq. 5120
D Eq. 5.123
0=0p (epeik/‘xy)
D Ao = ik e since dpxt = S
0 = ielkyeln"
= 1e7kp
D ek
0 =€k,
p
0 = egkg — €1k1 — exky — €3k3, (5.125)

where €, denotes the component of a four-vector that describes
the vector structure of our basis solution and k; denotes the
wave vector components. For concreteness, let’s assume that we
are dealing with a field excitation that travels in the z-direction.
This means in mathematical terms that the wave three-vector
reads k = (0,0,k;)". Using the dispersion relation (Eq. 5.124),
we can calculate the corresponding wave four-vector:

m* = kyky this is the dispersion relation (Eq. 5.124)

)

D k=(0,0k)T

=k —k-k

—G-&

D rearranging

D ko = w (angular frequency) and therefore ky > 0

ko = \/m%+ k2. (5.126)

221
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% We discussed polarization in
Section 3.2.1.

65

O O O =
_ O O O

% Thanks to the Minkowski metric
(Eq. 2.30), the other two polariza-
tion basis vectors also fulfill the

normalization condition €, = —1.

Therefore, the wave four-vector for an excitation of a massive
gauge field that moves in the z-direction reads

ky = (\/m2+1k2,0,0,k:)". (5.127)

If we plug this explicit wave four-vector into the Lorenz condi-
tion (Eq. 5.125), we find

0 = egky — €1k — €2kp — €3k3 this is Eq. 5.125

D Eqs127
= eom — €10 — €20 — e3k;
= eo\/m - €3kZ . (5128)

This implies that for a field excitation that travels in the z-
direction, the x-component and y-component of our four-vector
€, are not restricted, while there is necessarily a close connec-
tion between the zeroth component, kg, and the third compo-
nent, k3. In physical terms, this means that there are in total
three linearly independent polarization structures of a massive
vector field.%4 Tt is convenient to choose specific basic build-
ing blocks to describe all possible polarizations. Since there are
no restrictions on polarizations in the x-direction and in the
y-direction, we can work with

= O O

(5.129)

==
o O = O
=N

0

The remaining two naive building blocks®5, however, are not
suitable for a massive, physical vector field since they do not
fulfill the condition in Eq. 5.128. Instead, a suitable third lin-
early independent polarization basis vector is

ke
m
L 0
ey = 0 ’ (5130)
v/ m2+i2
m

where % is a normalization factor, which we can see as fol-

lows:00
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z 2 2
D
K2 (m?+K2)
- m? m2
) D
—m
=2 = -1 v (5.131)

Let’s check explicitly that the vector given in Eq. 5.130 indeed
fulfills the Lorenz condition (Eq. 5.128):

0 = ep\/m? + k% — e3k; this is Eq. 5.128

D Eq. 5.130
2 2
ke o Yk
m m k
D R

=0 Vv (5.132)

If the vector structure of a field A, can be described by eﬁ, we
say that the field is longitudinally polarized. The two remaining
polarization vectors (Eq. 5.129) describe transverse polarizations.

Take note that for a massive gauge field at rest, we have k= (0,0, O)T.
If we repeat the calculation in Eq. 5.126 for this wave three-
vector, we find

m? = kyky this is the dispersion relation (Eq. 5.124)
.. 2
=Kk k
D k=1(0,00)7
=K (5-133)

This implies that the wave four-vector reads k;, = (m,0,0, 0)T. 1f
we plug this into the Lorenz condition (Eq. 5.125), we find

0 = egkg — €1k1 — €xky — €3k3 this is Eq. 5.125
D ky=(m,0,0,0)7
= egm — €10 — €30 — €30
D)
= €. (5.134)
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%7 The other two polarization vectors
(Eq. 5.129) can still be used since
there is still no restriction on them.

Therefore in this case ¢y = 0 and we can use

(5-135)

=W
_ O O O

as our third polarization vector.®7

To summarize, we have learned that the Proca equation contains
two crucial pieces of information. Firstly, the spacetime struc-
ture of vector fields is described by plane waves. Secondly, there
are only three physical polarizations of a massive vector field.

In the next section, we will see that the analysis of the Maxwell
equation (Eq. 5.114), which describes massless gauge fields,
works quite similarly but is slightly more complicated.
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5.3.3 Solutions of the Maxwell Equation

First of all, take note that if we try to follow the same steps that
allowed us to understand the meaning of the Proca equation, we
will not get very far. If we calculate the four-divergence of the
Maxwell equation, we find

0 - 780‘F0—p
o %

D 0,0,F" =0 (Eq. 5.117)
0=0. (5.136)

O - _apag‘Fo-p

While this is a true statement, it doesn’t tell us anything new.
In contrast, when we calculated the four-divergence of the
Proca equation, we discovered the Lorenz condition 9, A¥ = 0
(Eq. 5.116).

Therefore, the discussion of the physical content of the Maxwell
equation is a bit more subtle. The key observation is that all

transformations of a massless gauge field A, that is described
by the Maxwell equation:

Ap(xu) — A;l(x]/l) = Au(xp) +0un(xu), (5.137)

where #(x,) is an ordinary function, leave everything we can

225

observe unchanged. This is known as gauge symmetry.®® In % Gauge symmetry is commonly

words, it means that we can always add the gradient of any
(well-behaved) function 9,7 (x;) to our field A, without chang- short summary in Appendix D.
ing anything.

We can see that the dynamics of a gauge field A, is invariant
under gauge transformations (Eq. 5.137) because the corre-
sponding Lagrangian remains unchanged:

discussed in the context of classical
electrodynamics. You can find a
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LMaxwell = %(aHAva;tAv ot AY avA;¢> Eq. 5.107 with m =0
S L peel] = %(am’va Al -0 A", A)
J Eq.5137
1
- (aﬂ (A +3")du(Ay + du17) — D (AY +37)dy (A, + ayn))
)
1(amvawq + 910V, Ay + O AVD, Dy + 019V 3,0
— OMAYD, Ay — 1 D, Ay — O AYD, 0y — 010D,y
D 0K =0
= —% (04 A0, A + 010 3y Ay + O A3, D1 + DD 2,00
— 1AV, Ay — 1 D, Ay — AV — 010 9,
. Q 01lydpan
= (aP‘A”aP,AV - a”A"aVAP,) = Lotawel] ¥ (5.138)

Take note that this only works if there is no mass term. To see
this, we calculate how a mass term changes under a gauge
transformation:

m? Ay Al —m* Al A

J Eq.5137
=m? ((AH +9un) (AF + 8“17))

p
= m? (A A" 4 3 A + A"y + 3,mdPy)

D)
# m? A, A" (5.139)

Therefore, gauge symmetry is a special feature of massless gauge
fields.

In summary, the defining feature of a massless gauge field is
that there are lots of different configurations that describe ex-
actly the same physical situation. If we’ve found (by solving
Maxwell’s equation (Eq. 5.114)) some field configuration A, (x,)
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that describes the situation at hand perfectly, we can immedi-
ately write down further configurations

A;l(x}l) = Au(xy) + a]m(x},) (5.140)

that describe the situation equally well. For any function #(x;)
we get a different configuration Aj,. Since the Lagrangian is
completely unaffected by gauge transformations (Eq. 5.137),
each configuration that differs from the original one by the
gradient of a function 7(x,) describes the same situation. In the
rest of this section, we will discuss the physical implications of

this curious fact.®9 % As mentioned above, we will

talk about the origin and meaning
of gauge symmetry in the next
chapter because this discussion
requires some understanding of
how different fields interact with
each other. In this section, we only
explore the immediate implications.

In the previous section, we discovered the Lorenz condition

d, A¥ = 0 (Eq. 5.125) and used it to simplify the Proca equation.
Moreover, we’ve learned above that for a massless gauge field
the Lorenz condition is no longer mandatory (Eq. 5.136).

However, we can use the freedom to transform our gauge field
Ay to make sure that we're only working with configurations
for which 9, A# = 0. Formulated differently, we can use the
gauge symmetry to impose the Lorenz condition.

Here’s how and why this works. As discussed above, all gauge
field configurations that are related by a gauge transformation
describe the same situation. Thus we can imagine that there

are equivalence classes related to each physical situation. The
members within an equivalence class are connected by a gauge
transformation. Each A, from a given equivalence class de-
scribes the situation perfectly well. But to describe the situation
one member from each equivalence class is already sufficient.
Thus, we can always pick the member for which our description
becomes particularly simple.



228 NO-NONSENSE QUANTUM FIELD THEORY

ohe Possible gau\g,t choice

?

_—
Y

‘ i] ‘ gq"%{ fle Tpace

equiva [e"\LQ dqg;

This is analogous to how we can always choose a coordinate
system such that our description becomes simpler. For example,
for a rotationally symmetric system it usually makes sense to
use spherical coordinates instead of Cartesian coordinates.

Motivated by our discussion in the previous section, we can
thus try to pick a member from each equivalence class that
tulfills the Lorenz condition. The configuration A, we start with
will, in general, not fulfill the Lorenz condition (9, A¥ # 0).
However, we can then use a gauge transformation (Eq. 5.137) to
find another member from the same equivalence class

that fulfills it:
0= 9,A"
D Eq. 5.141
= 9, (AF 4 0t7)
P
)
—0, Al = 0,0"1. (5.142)

Since Ay is a known configuration that we start with, this is an
equation that we need to solve for 77(x,). If we find a solution
11s(x), we can immediately write down a gauge field configura-
tion:

Ay (xp) = Ap(xp) + 0pms(xp) (5.143)
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that describes the situation at hand perfectly and, additionally,
fulfills the Lorenz condition 9, A" = 0.

Now here’s the cool thing. In practice, we don’t have to actually
solve Eq. 5.142. All we need to know is that it is mathematically
possible to find a gauge function 7s(x,) that allows us to calcu-
late gauge field configurations that fulfill the Lorenz condition.
Using this knowledge, we can simply choose to work only with
configurations that fulfill the Lorenz condition:7°

aﬂA}l =0. (5144)
While for a massive gauge field this was a mandatory require-
ment, for a massless gauge field the Lorenz condition is merely
a convenient gauge choice. We say that by choosing to only
work with configurations that fulfill the Lorenz condition, we
choose to work in the Lorenz gauge. Analogously, we can also
make different gauge choices. For example, it is also possible to
only work with configurations that fulfill the condition Ay = 0
or A3 = 0. These choices are known as the temporal gauge and
axial gauge respectively. But for now, let’s stick to the Lorenz
gauge.”"

If we choose to work in the Lorenz gauge, the Maxwell equation
simplifies to
0= ag(a”AP — aPA”) this is Eq. 5.114

D 9y = 0
= 0,0" AP — 99, A7

D 9y Al =0 (Eq. 5.144)
= 0,07 AP . (5.145)
We learn here that each component A has to fulfill the Klein-
Gordon equation without a mass term. This implies that we can
describe the spatial part of solutions of the Maxwell equation
using plane waves for which the wave vectors k;, fulfill the

dispersion relation:7>
kuk' =0. (5.146)

Let’s show this in more explicit terms by using once more the

7° This is really analogous to how
we can choose one specific coor-
dinate system for the system we
want to describe. However, here
we choose a coordinate system that
allows us to label gauge field con-
figurations instead of a coordinate
system that allows us to label space-
time points. Take note, however,
that there is still some gauge free-
dom even after we choose to work
with configurations that fulfill the
Lorenz condition. This is discussed
in Appendix D.1.

7! Just as it doesn’t matter for the
actual physics that we want to
describe which coordinate system
we pick, it doesn’t matter which
gauge we choose. Thus, we will
discuss the physical implications of
the Maxwell equation by using one
specific gauge choice. The physical
conclusions we derive this way are
valid for all gauge choices.

72 For the Proca equation we found
that each component A° has to
fulfill the Klein-Gordon equation
with mass term. Therefore, the
corresponding solutions were plane
waves with dispersion relation

kKt = m? (Eq. 5.40).
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ansatz

Aulxp) = (&) x [ flx) ) (5.147)
T \

internal structure  spacetime structure

that decouples the internal degrees of freedom from the space-
time degrees of freedom. Moreover, since Eq. 5.145 tells us

that each component of a massless gauge field has to fulfill the
Klein-Gordon equation, we know that the spacetime part of our
solutions can be described by plane waves

Flxy) = el (5.148)

Plugging the ansatz with a plane wave spacetime structure into
the Maxwell equation in the Lorenz gauge (Eq. 5.145) yields

0= agaUA‘D this is Eq. 5.145
D ansatz Eq. 5.147, Eq. 5.148
= 0507 (e”eik%"y>
| D e e (xy), B = ikt
= 2k kel ek (5.149)

Therefore, our ansatz indeed solves the Maxwell equation as
long as the dispersion relation (Eq. 5.146) is fulfilled.

Next, let’s talk about the internal degrees of freedom of a mass-
less gauge field.

For concreteness, we assume that we are dealing with a field
excitation that moves in the z-direction. In mathematical terms,
this implies that the wave three-vector k= (0,0, kz)T. Using the
dispersion relation, we can calculate the corresponding wave
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four-vector:

0= kyky this is the dispersion relation (Eq. 5.146)
L2
oy
D k=(0,0k)T
2 2
= K2 — K2
D rearranging
k2 _ kZ
00— "z
D ko = w (angular frequency) and therefore ky > 0
ko = k; (5.150)

Therefore, the wave four-vector for an excitation of a massless

gauge field that moves in the z-direction reads k;, = (k:,0,0, k)T,

Let’s plug this explicit wave four-vector into the Lorenz condi-
tion:

0= €0k0 — €1k1 — €2k2 — €3k3
D ky=(k:,0,0,k)T
= egok; — €10 — ;0 — €3k,
2

= €Okz - €3kz . (5-151)

We can conclude that transverse polarizations (Eq. 5.129) are
again permitted since there are no restrictions on €; and €,.73
Moreover, recall that the relation that we discovered in the pre-
vious section for a massive gauge field (Eq. 5.128) told us that
longitudinal polarizations (Eq. 5.130) are equally possible.74
What about longitudinal polarizations of a massless gauge
field? The relation in Eq. 5.151 seems to suggest that an analo-
gous construction might be possible.

In particular, the condition in Eq. 5.151 is fulfilled by a third
linearly-independent four-vector:

(5.152)

=~
S = O =

as we can check:

0 = epk; — €3k, this is Eq. 5.151
D e =1¢6=1(Eq 5152)

=1k, —1kz=0 v (5.153)

this is the Lorenz condition (Eq. 5.125)

73 Reminder: transverse polariza-
tions are described by (Eq. 5.129)

0 0

1 0
1 2 _
“w=lo| =|1

0 0

74 Reminder: a longitudinal polar-
ization of a massive gauge field
is described by the four-vector
(Eq. 5.130):

=

I

m

L _
[ IV e i

o

o=
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75 Take note that this follows not
just for an excitation that moves in

ane ! However, all field configurations that are proportional to el
the z-direction but in general. No H

matter how we choose k,, the third live in the same equivalence class as the trivial configuration
linearly-independent polarization Ay = 0.75 To see this, we start with a field configuration of the
vector for a massless gauge field
. . form
is always proportional to k,. And L L ik
this implies that all configurations Ay =€y etfn* (5.154)
that are proportional to it are gauge P
. . . i ik, xt
transformations of A, — 0. and use a gauge transformation with gauge function 17 = ~e™**":
M z
L L
Ay — Ay +0un .
D Eq.si154andy = kie"k%’xﬂ
. 4
. l .
= eﬁe’kyxﬂ + ayk—e’kﬂx”
z D et = ik e
2
_ Likuxt Y ikt
=€ye + K kye
D Eq.5.152 ky = (k;,0,0,k;)T
O g — L O ik
1 z | kz
0 0
DI 2
1 1 0
0 ik, x 0 ik, M 0
= el e = v 1
1 1 0 (5.155)
0 0 0

This works for any configuration that is proportional to eﬁ and

therefore, for a massless gauge field all possible configurations
with longitudinal polarization are physically equivalent to the
trivial configuration A, = 0. This, in turn, implies that all non-

76 Another argument against longi- trivial excitations are transversally polarized.76
tudinally polarized massless gauge
fields is that the corresponding

polarization vector ek (Eq. 5.130) is We can therefore conclude that a massless gauge field has only
not normalizable since: two physical polarizations (Eq. 5.129). This is in contrast to a
ep(eh) =12 -1 =0. completely general four-vector field which has four possible

polarizations. The fact that we can choose to work with config-
urations that fulfill the Lorenz condition (9, A* = 0, Eq. 5.144)
implies that there are only three linearly-independent configura-
tions. Moreover, we have just learned that only two of them are
realizable in physically nontrivial field configurations.
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Finally, let’s write down solutions of the Maxwell and Proca
equation in more general terms.

5.3.4 General Solution of the Proca and Maxwell equa-
tion

Since the Maxwell equation (Eq. 5.114) and the Proca equation
(Eq. 5.113) are both linear in A;, we can construct new solutions
by using linear combinations of known solutions. To be as gen-
eral as possible we write down a "sum" over all possible plane
waves and all possible polarizations. In addition, as discussed
in Section 5.1.4, we restrict ourselves to a sum over physically
permitted configurations and only consider real gauge fields

233

here:77 77 Analogous to what we discussed
23
in Section 5.1.4, our restriction to
real fields implies that the coeffi-

N a3 1 PN ikt 2 ik
Ay(x) = r;o/ (277_;;3% (eztar(k)eilkﬂx +€;ar+(k)elk”x ) ’ cients af, al in front of the etk

" 2
and e terms are related by

(5.156) complex conjugation.
where N denotes the number of polarizations and the index r

labels different polarization basis vectors.”8 7 Take note that Eq. 5.156 repre-

sents the Fourier decomposition of
a general wave excitation in terms

of plane waves.

Dancing alone gets boring after a while. So let’s see how we can
pair fields up and make them dance together.






Interacting Classical Fields

There are three important types of interactions in fundamental

physiCS:1 * As in the previous chapters, it
might make sense to have another
look at the roadmap on 35 to

> self-interactions, understand the context of this final
chapter of the first part of this book.

> Yukawa interactions, which describe how scalar fields interact
with spinor fields, and

D> gauge interactions, which describe how gauge fields interact

with spinor fields and scalar fields.? 2Reminder: a gauge field is a
special type of vector field that is
either described by the Maxwell

This is summarized by the following diagram:3 equation or by the Proca equation
depending on whether it’s massless

or massive.
selfinteractions
Gauge Field 3 Take note that self intera.ctions
- only take place for a special type of
gauge field known as non-abelian

gauge fields. For the most famous

N . - auge field, the electromagnetic

— —Yukawa interactions— — ?ielcig, no self-interactions ag:; pos-
sible. The mathematical reason for
this is that the corresponding gauge
group (U(1)) is abelian which im-

In this chapter, we will discuss these different kinds of inter- plies that there is no self-interaction

gauge interactions gauge interactions

self interactions

actions in a purely classical context.# In the second part of the term in the Lagrangian.

book, we will discuss them again but in a quantum context.
4 The discussion in this chapter is
inspired by a paper titled "Solving
Classical Field Equations" by Robert
C. Helling.
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6.1 Green’s Functions

Before we talk about the various kinds of interactions, I want
to tell you about an extremely useful mathematical idea that
we need all the time when we want describe how fields interact
with each other.

To illustrate the method, we will restrict ourselves to scalar

5 Reminder: the Klein-Gordon fields and the Klein-Gordon equation.> When the scalar field
equation (Eq. 5.4) reads in question interacts with other fields or with itself, there are
(940" +m*)p =0 additional terms in the Lagrangian, V(¢), that describe these
interactions:
¢ Here we use that conventional L= %(ay(pa”(p — mz(pz) +V(g), (6.1)

interaction terms only involve the
field ¢ but not its derivatives 9, ¢. . ” L.
If we put this modified Lagrangian into the Euler-Lagrange

equation (Eq. 4.25), we find a slightly modified Klein-Gordon

equation:®

oL oL
0= =0y | =~
ap " <a(aﬂ¢>>

5 1 D Eqs2
=9 (Z(aﬂq’a% —m*¢?) + V(‘P))
d 1 2.0
— <a(am (2(3;44’3%—"1(!’ )+V(<P)>) .
xxz =2x
1%
= —m*p + afp(p) — 9, (9¢9)
D V(g = % (definition)
V/(¢) = (aﬂaﬂ - mz) ¢. (6.2)

In general, for different interaction terms Vi (¢), Vo(¢p), ... we
will find different solutions ¢1, ¢y, . ... A key observation is that
if ¢y is a solution of the equation involving V;:

Vi = (00" +m?) ¢ 63)
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and ¢, is a solution for the equation involving V;

Vi = (90" +m2) ¢z, (6.4)

we know immediately that ¢1o = ¢1 + ¢» is a solution for the
equation with V| 4V on the right-hand side:

Vi+ Vg = (90" +m2) g :

$12 =1+ ¢
Vi+ V3 = (0,0 +m?) (g1 +¢2)

J

Vi +Vy = (0,0" +m?) ¢p1 + (0,0" + m?
1+ Y u o4} u ()

Eq. 6.3, Eq. 6.
VItVi=Vi+Vi v ’ T s
1TV =Vi+V .5)

Therefore, it might be possible to find basic building blocks
that all solutions consist of. This is possible if we can somehow
decompose all functions that appear on the right-hand side in
Eq. 6.2 in terms of "fundamental” functions:

Vi(¢) =) civi(9), (6.6)

where ¢; are numbers that encode how much each elementary
function v;(¢) contributes to the sum. If such a decomposition
is possible and we can solve the equations with these elemen-
tary functions on the left-hand side:

o = (3,08 +m) g1, 6.7)
we can write any solution in the form
¢ =) cidi- (68)
i

6.1.1 Delta Decomposition

One possible decomposition is in terms of Dirac delta distribu-
tions:

V(o) = [ayV (e0)o(xu-y) . (69)

In this decomposition 6(x;, — y,) represents our "fundamental
functions”, analogous to v; in Eq. 6.6. Take note that instead of a

237
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discrete index i, here we use a continuous parameter y,, to label
these basic building blocks. We get a different delta distribution
for each y,. This implies that we need to use an integral instead
of a sum and that we get a function V' (gb(yﬂ)) instead of a
discrete set of coefficients c;.

_S(%4,) ~§(x-4,)

f T _>
% 9, X

Although any mathematician will frown at the following com-
ment, here’s an intuitive way to think about this formula. The
delta distribution 6(x;, — y,) represents, in some sense, an in-
finitely narrow peak that is localized at y,,. Moreover, we can
imagine that any function can be decomposed in terms of sharp
peaks.

In mathematical terms this means that we multiply 6(x;, — )
by the required height of the peak at y,, V' ((P(yy)) , and then
sum over all possible locations y,, to get the total function

14 <¢(xp,)). In this sense, we can imagine that the delta distribu-

tions d(x;, — y,) at different locations y, represent the "atoms"
or basic building blocks of all functions.

With this in mind, let’s recall why we are interested in a decom-
position of V' (fp(x;,)). The main idea discussed above is that if

we want to construct general solutions ¢¢ using basis solutions
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¢s, we first need to solve the equation in question with the basis

building blocks 6(x, — y;) on the left-hand side:” 7 This is analogous to Eq. 6.7. In
particular, take note that these
(5(3{# — yy) = (ayal‘ + mZ) s (xl" yy) , (6.10) special solutions ¢ are labeled by
an "index" y, analogously to how
As soon as we’ve found the solutions ¢s(x,,y,), we know im- the special solutions ¢; in Eq. 6.7
. . . are labeled by an index i.
mediately that the solution of the equation
V(¢g) = (ayaﬂ n m2> bq, (6.11)
where V’ can now be any interaction term, is given by® ¥ We can compare this to Eq. 6.8,
. which I recite here for convenience:
4
po(xi) = [ Ay V' (4009 rum). 632 Y.
P ¢ - I(Pl
The argument of the "coefficient function" V' <¢g(yy)) has to
be the same as the argument of the interaction term on the left-
hand side. This follows from the decomposition in Eq. 6.9 and
because the coefficients in Eq. 6.6 and Eq. 6.8 have to be exactly
equal. An even better argument, of course, is that this expres-
sion is only a solution if V’ (([)g (yy)> appears in the integral in-
stead of, say, V' ((])5 (yy)). This can be confusing at first because
the solution we are looking for, ¢¢(x; ), appears on both sides
here and thus it is not immediately clear how we can evaluate
the right-hand side if we don’t know ¢, (x;,) yet.
We can check explicitly that Eq. 6.12 solves Eq. 6.11:
V' (@g(x)) = (360" + %) 9 ()
D Eq.612

= (ayay ‘H“Z) /dyll v’ (4’g(yy)>¢S(xwyy)
) v (‘P(W)) =V (4’(%4))3”
= /d43/ v’ (4’g(yu)> (auay + mz) s (X, Yp)
D Eqé610
= /d4y V' (¢g(yu)>5(xu ~ Yy
> [aufwstx -y = fx)
=V (4’g(xy)) v (6.13)
Before we can discuss in the following section using a concrete
example why the solution in Eq. 6.12 is useful although ¢ (x,)

appears on the right-hand side too, we need to talk about the
special solutions ¢s(x;,y,) in a bit more detail.
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6.1.2 Green’s Function of the Klein-Gordon Equation

To determine the special solutions gbs(xy, yy) we need to solve
Eq. 6.10. As you probably know, solving equations is an art.
Therefore, we will not focus on mathematical details and in-
stead imagine that an experienced mathematician hands us the
correct solution:

ke )
qbs(xy/y}l) _/ (27[)4 fkykf*+m2 (614)

This is known as the Green’s function of the Klein-Gordon
equation. First of all, let’s check if Eq. 6.14 indeed solves Eq. 6.10:

5(xﬂ - .l/}l) = (a}tay + mz) ¢s this is Eq. 6.10
D Eq.6.14

A4k efik?‘(xyfyy)
= 1 2
(a}ta +m )/(27.()4 _k‘uky_i_mZ

( ) O = ai#
d*k e~k (xu—yn
= 9. oM 2y -
/Qm4(” +m)—@W+m2
( D a)Z(efikx _ _kzgfikx
a4k e~ K (xu=yu)
= — ke Kkt 2y - -
/Qm4( " +m>—@w+m2
0 (=K m
4
- / LA O
(27)*
)
=0(xy—yu) Vv (6.15)
In the final step we used that [ (S:S + e (v is an integral

representation of the delta distribution é(x, — ;). This can be
understood as follows. The delta distribution é(x;, — y,,) rep-
resents an infinitely thin wave packet. We’ve already learned
that wave packets consist of plane waves, e~ K Cou—y) Thus, the
formula here tells us that to create a delta wave packet, we need
contributions from all possible plane waves with equal mag-
nitude. In general, the thinner a wave packet, the more plane
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waves must contribute. The delta wave packet is an extreme
case since it is infinitely thin and thus a superposition of all pos-
sible plane waves is necessary to describe it. We can understand
this by looking again at wave packets in wave number space:

[?Oﬁ'mtiw— spae WAk Avimie fpace
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Let’s try to understand what our special solutions ¢s(x;, y;)
describe in physical terms.® The defining property of the special ¢ Plural, because technically y,
solutions is that they solve the equation (Eq. 6.10) labels different special solutions.

8(xu =) = (3,0 + m?) ps(xy, ) (6.16)

This equation describes a scalar field that is almost free. The
only thing that disturbs it is a sharp peek at y,,. This is what the
delta distribution 6(x; — y,) on the left-hand side describes.

The fundamental solution ¢ (xy, yyu) therefore encodes how the
field value of a scalar field at x, is affected by a disturbance that
is sharply localized at y.
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(7.
\ V\/

This is extremely useful because we can decompose any dis-
© Reminder: Eq. 6.9 reads turbance in terms of sharp peaks (Eq. 6.9).”° Using the special

4 (qﬁ(x;,)) =
[V (#0)éx = v

solutions ¢s(x;, y,) we can then immediately calculate how
each isolated disturbance affects the field at x,,.

¢, (%, 12:)

/—_
/7 Q(x”l’..)....

If we then sum over y,, we find the contributions from all possi-
ble isolated disturbances and this yields the final disturbed field
value at x; (Eq. 6.12):

¢g(x;4) = / d43/ 14 (4’g(yy))¢5(xw3/y)/ (6.17)

where V'’ (cpg(yy)) describes the amplitude of the disturbance at
Yu-

Next, we try to understand the impact of a single completely
localized disturbance in more explicit terms. For simplicity, we
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assume that the disturbance is time-independent and restrict
ourselves to one spatial dimension. This means, we are now
interested in the solutions to the equation™

S(x—x') = (73,% + mz) ¢s(x,x). (6.18)
The solutions reads™?
dic e~ ik(x=x')
/ P —_— —
¢s(x,x') = K (6.19)

To understand the physical content of this solution, we need to
solve the integral. This, however, is only possible with lots of
mathematical machinery and thus we will simply assume that
someone hands us the solution:

e—mr

¢s(x, xl) = ’

T Ay

where r = |x — x'| = y/(x — x/)2. This function is sometimes
called a Yukawa potential.

(6.20)

As discussed above, a fundamental solution ¢s(x, x") encodes
the impact of an isolated disturbance localized at x’ on the field
value at x. We can see here, that the impact is quite large if x is
close to the location of the disturbance, x/, and small if x is far
away from x’.

¢_(&XIY\)
S
rl\
X ——

* This equation has the same
structure as Eq. 6.10 and we use

it here to understand the general
features of its solutions. We use the
notation x’ instead of y to make
clear that we mean another location
on the x axis.

> This is completely analogous to
the four-dimensional solution in
Eq. 6.14. Moreover, you can verify
that this is indeed a solution by
plugging it into Eq. 6.18.
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In addition, we can see that the parameter m determines how
quickly the impact of a disturbance dies off. For small values of
m, the disturbance affects field values significantly even if they
are far away. In the extreme case where m = 0, the impact of the
disturbance is noticeable across large distances. In contrast, the
function in Eq. 6.20 dies off almost immediately for large values
of m.

In summary, we learn that m encodes how far the "signal" that
there is a disturbance at some location can travel.

With this in mind, we can understand the general solution in
Eq. 6.12, which I recite here for convenience,

Pg(xy) = /d4]/ 4 (‘Pg(yy))fl’s(xwyﬂ>- (6.21)

from a slightly different perspective. In words, it tells us that
we modulate the disturbance V’ <¢g(yy)) at a specific location
yyu by a damping factor ¢s(xy, vy ). This damping factor takes
into account that the impact of a disturbance gets smaller if it

is far away from the location x; we evaluate the field at. The
total disturbed solution ¢g(x,) is the "sum" (integral) over these
modulated disturbances.

In the following section, we will discuss in more explicit terms
how the special solutions ¢s(xy,y,) help us to describe how
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fields interact. But first, let’s recap what we’ve learned so far in
a bit more general terms.

6.1.3 Summary

A common situation in physics is that we are dealing with a
homogeneous equation

Df(x) =0 (6.22)

where D is some derivative operator like, for example, D = 92
or D = 92 4+ m?. In field theory, homogeneous equations de-
scribe free fields. Moreover, we often want to calculate the solu-
tions of the corresponding inhomogeneous equation

Df(x) = h(x). (6.23)

In field theory, inhomogeneous equations describe how fields
behave when they interact with other fields or with themselves.
The idea that we talked about in this section is that we can
construct solutions to this inhomogeneous equation, no mat-
ter which term appears on the right-hand side, by using the
solutions fs(x,y) to the special inhomogeneous equation

Dfs(x,y) = d(x—y). (6.24)

In general, the solutions to an inhomogeneous equation with a
delta distribution on the right-hand side are known as Green's

245

functions.3 3 Mathematicians sometimes call

Green’s functions "fundamental

. . ” . solutions".
With the Green’s functions for a specific equation at hand, we

can immediately write down the solution for the inhomoge-
neous equation (Eq. 6.23) with any specific inhomogeneity h(x)
on the right-hand side:

fel®) = [y h(n)filxy). (625)

In the following section, we use the ideas discussed above to
describe field interactions.
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4 Reminder: the original Klein-
Gordon Lagrangian density
(Eq. 5.2) reads:

1
L= 5(0up2"p— m2p?).

Note that if we consider self-

interactions it is conventional to
call the parameter in front of the
quadratic term p? instead of m?.

*> For your convenience: Eq. 6.1
reads

Lint = 5 (099" — 19?) + V()

6.2 Self-Interactions

In Section 5.1.2, we discussed the possibility if adding higher-
order terms to the Klein-Gordon Lagrangian. We introduced the
Lagrangian density (Eq. 5.37):™4

1 1 1
L= 50u99"¢p E;&pz - I)‘4’4' (6.26)
It is conventional to call the additional ¢* term a self-interaction
term. In this section, we will understand why.

Before we can use what we’ve learned in the previous section,
we have to compare the Lagrangian density in Eq. 6.26 with
the more general density we discussed in the previous section
(EqQ. 6.1).15 This comparison tells us that here V(¢) = LA¢™.
Therefore, the modified Klein-Gordon equation for a system
described by the Lagrangian in Eq. 6.26 reads

(ayaﬂ + VZ) ¢ = a‘gfp@ this is Eq. 6.2
Q Vip) = %Mf
_ 3@t
0
’ D %x‘l = 48
= %My”
: 4 4 1
1 S W i1
=37 =V'(9). (6.27)

With this result at hand, we can use the formulas that we’ve
discussed in the previous section.

In particular, we can use Eq. 6.12 to immediately write down a
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solution to this modified Klein-Gordon equation:

(P(xﬂ) = /d4y 14 (‘P(}/y))(Ps(x;u]/y) this is Eq. 6.12
D Vi) = %A(IP (Eq. 6.27)
1 H
= / d*y §A¢3(yy)¢s(xy,yy), (6.28)

where ¢s(x,,yu) is the Green’s function of the Klein-Gordon
equation (Eq. 6.14).16 6 Reminder: Eq. 6.14 reads

FTVRR Te
A problematic aspect of this solution is that ¢(x, ), the function 950 ) = / (@)% —kykt +m?
that we want to determine, appears on the right-hand side too.
Thus we need another smart idea to make use of it.

Let’s try a perturbation ansatz for ¢:

P(xu) = Y A'u(xu) = Ao (x) + Al (x) + A2 (xy) + . ..
D Al=1
= o () + A1 (x) + A2 o (x) + ...,
(6.29)

where A is the coupling parameter that also appears in the in-
teraction term V(¢) = #A¢*. This ansatz is motivated by the
observation that the parameter A encodes the impact of the ad-
ditional term (the "perturbation”) in the equation of motion.

In particular, for A = 0 there is no additional term. Moreover,
the solution of the modified Klein-Gordon equation will cer-
tainly depend on A. What we do in Eq. 6.29 is to expand the
quite complicated solution of the modified Klein-Gordon equa-
tion around the known free solution ¢g. If we can ignore the
interaction term, we work with ¢y. If we want to include the
interaction term but don’t care much about details, we addition-
ally include A¢;. If we care more about details, we additionally

include /\(P2.17 7 This, of course, only works if
A is a small parameter (A < 1).
Otherwise, higher order terms in
A AN the contribution are more important
than lower order terms and the

‘b ~ wo (b o~ (po - A 4)4 ansatz becomes useless.

N |-

7
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To understand how this works, we plug the perturbation ansatz

8 We use here that (a + b)® = into the modified Klein-Gordon equation (Eq. 6.27):18
a® + 3ab + 3ab? + b®

(ayaﬂ + y2> ¢ = %Aqﬁ

D Eq 629
(aﬂaﬂ+y2>(0+A¢1+ ) !A(¢O+A¢1+...)3

P
(a#aﬂ + ;42) (¢0 + Ay + ) = A(¢8 + 3AGRP1 + 3N 22 + N33 + . )

D)
(30 +12) (90-+ A9+ ) = AR+ 2 2030 + 5 %003 + M3+ ). (630)

This is useful because the terms involving different powers of A
must be equal and thus we find

(allaﬂ + #2) $o=0 all terms without A
(auay + #2) ¢1 = %4% all terms o< A!
(aﬂay + P‘2) ¢ = %4’34’1 all terms o A2
(6.31)

This suggests that we can determine the terms in the perturba-
tive expansion (Eq. 6.29) iteratively. Once we know ¢y, we can
determine ¢;. Once we know ¢, we can determine ¢, and so
on. Moreover, the equation for ¢ is simply the Klein-Gordon
equation. Thus ¢y is given by the free solution that we dis-
cussed in Section 5.1.3.

To determine the higher order terms iteratively, we plug the
ansatz into Eq. 6.28:
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1
4’(%) = /d4]/ a)“PS(yﬂ)‘PS(xw]/y)

3
470+/\<p1+/\2¢2+...:/d4y %A(¢O+A1¢1+...> s

D Eq6.29

1
= [ty 55 (A0 + 3220861 + 307909 + A%9T 4. ),

(6.32)

where we again sorted the terms on the right-hand side by
powers in A. By comparing the left-hand side with the right-
hand side we can conclude

1
o =5 [ v gie.
3 1
0= 5 [ dy doigs = 5 [ dy dEnes

(6-33)

Thus, as promised, we can determine all terms in the perturba-
tion series (Eq. 6.29) iteratively.

Let’s try to understand a bit more systematically what we’ve
discovered here. Our goal is to determine the "shape" of the
scalar field ¢ by calculating its field value ¢(x,,) at all possible
locations x;,. At lowest order, we use the unperturbed solution,

¢ = ¢o.

Higher order terms in our expansion (Eq. 6.29) describe that
this solution is modified ¢ ~ ¢o + AP + A¢, as a result of the
interaction term.

For example, the first correction term reads (Eq. 6.33)"

1
#1(x0) = 51 [ 4 939 xu ). (634)

One way interpret this first non-trivial modification of the free
solution is shown in the following illustration.

' For clarity, I've again included the
arguments of the various fields.
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X, ¢ H/d‘::o
\4»0

In words, we can describe it as follows. The free field solu-

tion ¢y depends on how we prepare the system. For example,
we can imagine that we only excite the scalar field within a
small region. Mathematically, this means that ¢y is a small wave
packet. The factor ¢3(y,) in the integrand then describes the
contributions coming from this wave packet interacting with
itself at y,. The second factor in the integrand, ¢s(x,,y,), de-
scribes how the contributions coming from these points in the
wave packet influence the field values at x,,.

Since a field spreads out all over space, we need to sum over all
possible locations y, from which a contribution is possible.

The second term reads (Eq. 6.33)

4)2(3@,) = %/d4y 4’%(%)‘?1(%)4’5(%4/#)

D Eq 634
1 1 ! ! /
= 5/d‘ly 4>(2)(yy)<3!/d4y 4’8(%)4’5(%4/;4))4’s(xwyﬂ)

D rearranging

]' / / /
=5 / d*y / d*y" @5 (vu) 90 (V) s Yy Y1) s (Xp, v - (6.35)

We can interpret this term analogously to the first correction
term. The factor ¢3 (y) describes the contributions from the
field values of the wave packet interacting three times with
itself at y;,. Similarly, the factor ¢7(y,) describes the contri-
butions from the wave packet interacting twice with itself at
Yy In addition, we take into account how the field structure
at y, is affected by the field interaction at y;,. This is described
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by ¢s (Y, y;). As before, since our field spreads out over all of
spacetime, we integrate over all possible locations y;, for which
a contribution is possible.

Lastly, we take into account how the modified field values at
vy affect the field configuration at x,,. This is what ¢s(x;, y)
describes. And again, we need to integrate over y, to take con-
tributions from all possible spacetime points into account.

s
X Cpf Y d)

&S &=

You might not find these interpretations of the different terms
in our perturbation series very enlightening. But the message

to take away is simply that we can again decompose our now
quite complicated field structure in terms of plane waves. The
different terms in the perturbation series (Eq. 6.29) take more
and more and more ways into account how different plane wave
structures can affect each other.

251
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This is why we call a term like %474 in the Lagrangian an inter-
action term. Or, to be a bit more precise, since there is only one
field we call %474 a self-interaction term.

Next, let’s finally talk about how different fields interact with
each other.
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6.3 Yukawa Interactions

If we want to take into account fields other than scalar fields, we

need to include additional terms in the Lagrangian. For exam-
ple, if we want to consider one scalar field and one spinor field,
we simply add the two corresponding Lagrangian densities:

'Cscalar+spinor = Liree scalar + Ltree spinor

D Eq. 5.2, Eq. 5.54

1o o Mo, 2z
= 5(34’) B A pyrouyp —mypy, (6.36)

where m, is the mass parameter associated with the scalar field
¢ and my is the mass parameter associated with the spinor field
. This Lagrangian describes two completely independent free
fields and, therefore, we can learn nothing new here. In the real
world, however, scalar fields interact with spinor fields, and this
is where things become interesting. Mathematically, this implies
that we need to include at least one additional term in the La-
grangian which describes this interaction. The simplest term we
can come up with that couples a spinor field to a scalar field is
P1p¢ since a product of the form Py describe the scalar product
of two spinors.?® Therefore, the total Lagrangian density now
reads

Escalar+spinor+interacti0n = Lree scalar + Liree spinor + Lyukawa

* The Lagrangian is mathematically
a scalar. Therefore, all terms we
can write down in the Lagrangian
must be scalar too. This implies, for
example, that a term of the form
¢ is not allowed since we need

to multiply a spinor ¢ by another
spinor, § = 1p+'yo, to get a scalar.

D Eq.52Eq 554

1 my o
= 5 (00)* = L9 + 1Py — mpy + Py,

(6.37)

where the interaction term (¢ is called a Yukawa term and
the parameter g encodes how strongly ¢ and ¢ are coupled.
Moreover, we say ¢ describes Yukawa interactions.

If we now want to explore the implications of this additional
term, we can use all the technology introduced in the previous
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sections. On the one hand, we can use the Green’s function of
the Klein-Gordon equation (Eq. 6.14) to investigate how the in-
teraction term affects the scalar field ¢. On the other hand, we
can use the Green’s function of the Dirac equation to under-
stand how the interaction affects the spinor field .

Since we haven’t talked about the Green’s function of the Dirac
equation yet, let’s start by discussing the implications for the
scalar field.
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6.3.1 Scalar Field in the Presence of Yukawa Interac-
tions

The interaction term we are now interested in reads V(¢) = gpyp¢.

Therefore, the modified Klein-Gordon equation now reads:** 1 We find this equation of motion
by plugging the Lagrangian in
Eq. 6.37 into the Euler-Lagrange

0y oV equation (Eq. 4.25). However, all the
(aya” +m ) ¢ == this is Eq. 6.2 terms that only involve the spinor
a(P B field 1, yield no additional terms
a(gl[_Jl[J(P) 2 V(9) = gpye and thus we can simply plug V into
— Eq. 6.2.
9¢
)
=8Py (6.38)

Moreover, we can again use Eq. 6.12 to (formally) write down
the solution to this modified Klein-Gordon equation:

(P(xll) = /d4]/ 4 (4’(%)) (Ps(xy/ yy) this is Eq. 6.12
D Vg = % = gy (Eq. 6.38)
= [ @y gy 9(xiv), (639)

where ¢s(x,,yu) is the Green’s function of the Klein-Gordon

equation (Eq. 6.14).2 22 Reminder: Eq. 6.14 reads
d*k e )
As in Section 6.2, the next step is to make the ansatz (Eq. 6.29) 9 () = / (2n)* —kukt +m?

do(x) + g1 (xp) + &2 (x) + ...
po(xu) + g1 (xu) + 822 (xp) + ..., (6.40)

< <
—~~
= =
= =
~— —
(Il

where ¢o(x,) is a solution of the free Klein-Gordon equation
and the remaining terms (¢1, ¢, . . .) describe how it is modified
through interactions. Analogously, {p(x;) is a solution to the
free Dirac equation and (¢, §», . . .) describe corrections that
we will discuss in the following sections in more detail. We can
determine the correction terms ¢1, ¢», . . . iteratively
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¢ = / d*y gy s this is Eq. 6.39
Eq. 6.2
¢o+g¢1+g2¢2+...:/d4yg(1[70+g1/71+...)(lpo+glp1+...)¢s s
= /d4y 3 (Fovo + ghrtpo + ghos + &Piypr + ... )¢ D
= /d4y (89’70#’0 + 2Py + g Popr + S Prpr + .. )Gbs D (6.41)
Comparing coefficients, we find
o1(x0) = [ dy Gl po(v)s (0, ,) ol terms o

P2(xy) = /d4}/ (lpl(yu)%(]/y) "‘lpo(yy)lpl(]/y))‘i%(xwl/y) all terms o >

(6.42)

We can now interpret the first correction term ¢; that appears as
a result of the Yukawa term analogously to how we interpreted
the self-interaction corrections.

The factor o1y describes the product of the free spinor wave
packets. We evaluate the value of this product at the location y,
and the damping factor ¢s(x,,y,) tells us how it affects the field
value of ¢ at the location x,,.

X

X (pf ‘7r

T,
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Moreover, we integrate over all possible locations y, to take
the impact of the field structure of 1y and 9y everywhere into
account.

Before we can interpret the second correction term, we need to
talk about the correction ¢ to the free spinor field solution .

6.3.2 Green’s Function of the Dirac Equation

If we want to understand how interaction terms affect spinor
fields, we need to solve the modified Dirac equation. We can
derive a modified Dirac equation by considering the Dirac La-
grangian density (Eq. 5.54) plus an interaction term:

L=p(v'oy —m)p+V(p,9). (6-43)

We assume here that the interaction term depends on ¢, ¢ but
not on their derivatives. If we plug this Lagrangian density into
the Euler-Lagrange equation (Eq. 4.25), we find®3

oL oL
9% ~ % <a(aﬁ)>
3(F (i, —m)p+V(y,)) 3(§(iv"ay —m)p + V()
oY o (3, %)
(iv"0y —m)yp + avg’b' 9 _ 0

(i’Yyay —m)p = —V’(l,b, P). (6.44)

This is the modified Dirac equation that we need to solve if we
want to take interactions into account.

Analogous to what we did in Section 6.1.2 for the modified
Klein-Gordon equation, the key idea is to look for fundamental

3 The steps here are analogous

to what we did in Eq. 5.63. In
particular, recall that we treat { and
1 as independent fields.

J Eq.643
D)
> WD — vy,
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* This formula is analogous to
Eq. 6.12.

25 Recall that v* denotes (4 x 4)
matrices (Eq. 5.56). Moreover, there
is an implicit unit matrix behind
m. This is why (iy"9,, — m) carries
spinor indices. In addition, it has
one spinor index in common with
s since we are dealing with a
matrix product.

solutions ;. The defining property of these fundamental solu-
tions is that they solve the modified Dirac equation with a delta
distribution on the right-hand side. However, there is a subtlety.
The Dirac equation is an equation that determines the behavior
of a spinor . Therefore, the interaction term on the right-hand
side of the equation, —V’(¢, ), will be a spinor too. This is
necessarily the case because otherwise we would be comparing
apples to oranges. In more mathematical terms, we can say that
both sides of the modified Dirac equation carry a spinor index
a:

("9 — m)y" = =V"™(y,9), (6.45)

The index reminds us that we are dealing with four-component
objects. Therefore, the decomposition of the interaction V'* (1, 1)
now reads>+

vin) = [y 9P VP (400, 60)) . (646

where w?ﬂ (%4, yu) is now a matrix that encodes how each com-
ponent of the spinorial object V' (I[J(yﬂ), P(yy)) affects the
components of the Dirac spinor yg (xu). In other words, in-
stead of a single basis solution we now need a basis solution

for each spinor component. The object we are now looking for,
1p;"5 (%4, yu), contains the basis solutions for all four components.
Thus the defining equation reads

(i3 — m) P = —6(x, — yu) 6%, (6.47)

where %P is the (4 x 4) unit matrix.25 In words, this means that
we perturb each spinor component with a delta peak.

We will again simply assume that someone hands us the correct
solution s to the Dirac equation with the delta distribution on
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the right-hand side:

4 —Jk, P «p
wB _ d*k —ik¥ (xy—yv) ( kP’Y + m)
¥s (o) = / (2m)t© —knk 4 2

(6.48)
This is the fundamental solution or Green’s function of the
Dirac equation. In physical terms, this Green’s function repre-
sents again a damping factor that encodes how the impact of a
completely localized perturbation becomes smaller as we move
farther away from it.

Let’s check that it indeed solves Eq. 6.47:

—(5(3(’4 — yy)(saﬁ = (i’yl’lay - m)lwl,bgﬂ this is Eq. 6.47
) (kP )aﬁ D Eq.648
. a*k gy (Tkov? +m
— Hy ao ik¥ (xv—yv) (4
(1770 = m) / (2m)t © —kak + 2
; D = %
50—y (K2 + )7
— U wo ,—ik (x,/—yy)( o7
/ (770 —m)™e “kpkh + m?

D ) eikx _ ikeikx
. =

ikt (s (—kpy? )P
7 (077 (iky) — ) ) T T

/ d4k e_lkl Xo=1y) (f'y”ky — m)‘w(—kp'yf’ + m)"ﬁ
*k)\k)‘ + 1712
(6.49)

|
\

D i2=-1

* p and p are dummy indices

that we can rename freely and
26 x}ly?‘ = xty, = y}lx?‘. Therefore,

uct: mkpf)/.” = m/)/.“k%

The final puzzle piece here is that we need to evaluate the prod-
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(=M = m)* (k) + m)
_ (,y‘u)zxakykp(,yp)aﬁ + m(saakp(,yp)aﬁ _ (,.}/y)avkyméaﬁ _ maaaméaﬁ
d (7")%78% = (4")*F,

5&47(50;% — (5:1'[3
= (P") kuko ()P + mky ()P — (") Pheyym — m*6*F
MK
— k. k UN&T (A 0\OB _ 25aﬁ DW
= kyuko (Y)*7 (7") m
D kukpy"yP = kK" (Eq. 5.80)
= (kuk! — m?)o*P . (6.50)

If we plug this back into Eq. 6.49, we find

e )( Yhy — m)* (ko + m)7P

— ( y}, 5“’3 = R Yo this is Eq. 6.49
o
D Eq.6.50
/ —lkv xv yv) (kyky — mz)(sa‘B
1¢ —kok? + m2
s D kyt—=Tm
= _/ 4"k e—ikv("v—yv}(sl"ﬁ
)’ 4
4’k —ik" (xv—yv)
P / (2n)* !
=0(xy —yy)
—6(xy —yu)8*f v (6.51)

Now that we have some confidence in the validity of the fun-
damental solution in Eq. 6.48, we can evaluate the impact of
Yukawa interactions on a spinor field.

6.3.3 Spinor Field in the Presence of Yukawa Interac-
tions

To unclutter the notation, we will suppress all spinor indices in this
section. Just keep in mind that s is a matrix.
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We start by making a perturbative ansatz (Eq. 6.40)
¢(x) = o) + g1 (xu) + &2 () + ..
Y(x) = Yo(x) + 891 (0) +&2(x) +.o. (652)

where, as before, ¢o(x;) is a solution of the free Klein-Gordon
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equation and ¢ (x) is a solution of the free Dirac equation.?7 If %7 For y(x,) this follows when we

we plug this into our general formula (Eq. 6.46) and use that we

consider a Yukawa interaction term (Eq. 6.37), ¢0(x,) we saw this explicitly in
_ Eq. 6.30 and Eq. 6.31.
V= gpyg
oV _o(gPyP) o

we find

b= [dyyV'(v.9))

D Eq.653
bo = [ d'y g gve
D Eq. 6.52
Pot+ g1+ 872 = /d4y s g((ll?o +8P1+.. ) (Po+ 81+ .. .))
2
— [ty g g (g0 + grg0 + oggr + Ly + .. )
)
= /d4y Ps (glPofpo +g21/)1<P0 + 821P0<P1 + g31/)1<])1 +.. ) .
(6-54)
Comparing coefficients yields
lpl(x}l) = /d4}/ lPS(x]uyy) lpO(}/y)(PO(yy) all terms o g

2(xp) = /d4]/ ¥s (X, Yu) (lpl(yy)(l’o(yu) +1P0(]/14)<P1(]/14)) all terms o ¢*

(6.55)

We can interpret these correction terms as being analogous to
the correction terms in the previous section. The first correction

plug the ansatz into the modified
Dirac equation (Eq. 6.44). For
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term 11 (x,) takes into account how the scalar wave packet
$o(yu) and spinor wave packet ¢o(y,) overlap. To that end, we
calculate the product ¢, evaluate it at y, and then use the
Green'’s function s (x,,y,) to find out how it affects the spinor
field at x;. As usual, we take contributions from all possible
locations into account by integrating over y,,.

X

X (v \’f ‘70’

# We have here three different
integrals and therefore three inde-
pendent integration variables y,, y;,

y//.
' To interpret the second correction term, we rewrite it using the
explicit form of ; and ¢;:28
$a(x) = [ dy sl ) (#1000 0) + o)1 (4))
D Eq. 6.42, Eq. 6.55
= [ @y (o) (( [ & 90909 ) ) ()
+ o(yu) ( / d*y" o (v, wo (i) bs(vu, vy ))) (6.56)
Instead of using lots of words, let me simply refer you to the
* Analogously, you can now also following two illustrations.>9

interpret the second correction term
¢, in Eq. 6.42 using the solution in

Eq. 6.55.
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So far, we’ve discussed how a scalar field interacts with itself
and how scalar and spinor fields interact with each other. Next,
we will discuss how gauge fields enter the picture.
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3° We discussed in Section 3.9 that
gauge fields are bookkeepers that
keep track of local conventions.
Moreover, when we calculate a
derivative we necessarily compare
a function’s values at two different
locations. This follows from the
definition of a derivative in terms
of a difference quotient. Therefore,
we need to include the bookkeeper
Ay to make sure the difference in
the function’s values is not only a
result of differently chosen local
coordinate systems. In mathemat-
ical terms, this implies that we
need to replace the derivative d, by
the covariant derivative 9, — ieAy

(Eq. 3.92).

3t In short, we do this to make sure
that our equations remain valid no
matter which coordinate system
we use for the field space above
each spacetime point. The gauge
field A, is a bookkeeper that makes
sure that our description stays
consistent. In the third step, we
then promote the bookkeeper to an
independent physical field. This is
the hallmark of a gauge theory.

6.4 Gauge Interactions

For simplicity, we will restrict our discussion in this chapter to mass-
less gauge fields.

For most practical purposes it’s completely sufficient to only
know the following recipe:3°

1. Take the Lagrangian that describes a free scalar field (Eq. 5.2)
or alternatively, the Lagrangian that describes a free spinor
field (Eq. 5.54).

2. Replace the derivative d;, by the covariant derivative3*

Dy =0, —ieAy, (6.57)

where e is a parameter that describes the coupling strength.

3. Add the Lagrangian that describes a free gauge field Lyjaxwell

(Eq. 5.107 with m = 0).

The resulting Lagrangian describes perfectly how a gauge field
interacts with other fields.

As an example, let’s consider the interactions between a sin-
gle spinor field ¢ and a gauge field A,. Following the recipe
outlined above, we start by writing down the free Lagrangian
density for the spinor fields (Eq. 5.54):
Lpirac = @(irﬂ‘ay - m)ll’ . (658)

We then replace the derivative 9, with the covariant derivative
Dy:

I3

['Dirac+gauge interaction — 1,[_)(1")/# Dy - m)lp
J Eq.657

1/3(1'7”(8# —ieAy) — m)yb

_ 1/3(1'7%‘3;, +eytA, — m)l,b. (6.59)
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Lastly, we add the free gauge field Lagrangian (Eq. 5.107 with
m = 0):

EDirachgauge interaction+Maxwell = lp (i’)’y a]i + e'YVA]i - m) lzb

(0FAY0, Ay — ' A", Ay) .
(6.60)

1
2

This is one of the most famous and most successful Lagrangians
in all of physics. It describes correctly how the electromagnetic
field A, interacts with a spinor field ¢ like, for example, the
electron field.

Completely analogously, we can write down the Lagrangian
that describes how a gauge field interacts with a scalar field

1 2.2
EKlein-Gordongauge interaction+Maxwell — E (D 14 (PD H(P —m )

1
- E(ayAUa]/’AV - aPAVaVAI/’) .
(6.61)

Equipped with these Lagrangians, we can proceed exactly as in
the previous sections. By plugging the Lagrangian in Eq. 6.60
into the Euler-Lagrange equation for A;, we find the modified
Maxwell equation:3?

9u(FAY — Y AF) = ey p =] (6.62)

This is the Maxwell equation in the presence of an external
source JV = V'V = %.33

Similarly, if we plug Eq. 6.60 into the Euler-Lagrange equation
for ¢, we find the equation that describes how a spinor field
behaves in the presence of a gauge field A;:34

(iv'0, —m)p = —ey"Ayp = V' (6.63)

The only missing puzzle piece that we need before we can start
our perturbative analysis once again is the Green’s function of
the Maxwell equation.
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32 The steps here are analogous to
what we did at the beginning of
Section 5.1. The only additional
term that contributes to the equa-
tion of motion is the interaction
term V(A,) = epy" Ay since

9 _
AL —

3 It's conventional in this context

to use the symbol ] instead of

V', which is what we used in the
previous section for self-interactions
and Yukawa interactions.

3 The steps here are analogous

to what we did in Eq. 6.44. The
only difference is that we are now
dealing with a different interaction
term ey Ay ip.
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6.4.1 Green’s Function of the Maxwell Equation

The Green’s function of the Maxwell equation is defined as the
solution to the equation

3, (87 ALY — P ATY) = 8(xy — yp )P (6.64)

In words, this means that we need to find a solution to the
modified Maxwell equation (Eq. 6.62) in the presence of a
"delta"-source. As for the Dirac equation, the Green’s function
here, A? ’\, is a matrix. This follows because the Maxwell equa-
tion is an equation that encodes the behavior of a four-vector
field. Thus, we need a Green’s function for each component

of this four-vector field. On the right-hand side we have the
Minkowski metric 7" since this is the appropriate "unit matrix"
in Minkowski space.

Once we’ve found the matrix that contains these Green’s func-
tions, we can write the general solution of the modified Maxwell
equation as

AV(’%) = /d4]/ A:g(xw]/y)fé (lp(yy)rlp(yy)) . (6.65)

We will see below that Agg(xy, yu) « n', which is exactly
what we need to properly raise the index of J; such that we
have the same index on the left-hand and right-hand side of
the equation: 7% J = ]V (Eq. 2.34). This is another way to
understand why we included the Minkowski metric on the
right-hand side in Eq. 6.64. If instead we would search for a
solution to Eq. 6.64 with 7" replaced by the unit matrix 6%,
we would find A:g(xy, Yyu) 8v6. But this object is not what we
need in the expansion in Eq. 6.65.

As in the previous sections, we will assume that someone hands
us the correct Green’s functions

4 —ikM (X —yy)
v [ d*k e R
Ag (xy/]/y) = / (27_[)4 —kyky n. (6.66)

Let’s verify that it indeed solves the defining equation (Eq. 6.64).
For simplicity, we will restrict ourselves to configurations that
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fulfill the Lorenz condition (Eq. 5.144) 0, A¥ = 0. This is pos-

sible without loss of generality thanks to the gauge freedom in

Ay.35. The modified Maxwell equation (Eq. 6.62) in the Lorenz 3 This was discussed in Sec-
gauge reads tion 5.3.3.

J' =9, (3" AV — 3" AF)
D A =0
— 9,01 A" (6.67)

Therefore, the defining equation for the matrix Azé (Eq. 6.64)
simplifies to
35 (07 AEY) = 8(x, — vy )P (6.68)

With this simplified formula at hand, let’s verify that the pro-
posed matrix in Eq. 6.66 indeed solves it:

8(xy — yy)yPt = 8,07 AL
D Eq. 666

9,0 / Ph )
= Jdgs ]7

2m)4 —kykH

(27) ! .
axi‘@

D 9,07 =

0,0 7

/ a4k Ue_iky(xﬂ_yll) oA
(2% —kykt

D aieikx — 7k2€ikx

7/‘ d*k ' ye R =y oA
@mE " T k!
D =k

4
_ / <§ 134 ¢~k (=)
7T

- 4k -
/ / (2m)t e M) = 6(xy — yu)
=0(xy — yy)ﬂp/\ v (6.69)

Next, we want to understand the physical meaning of Eq. 6.66.
We can use it, for example, to evaluate how a gauge field is
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affected by a static and completely localized source:3° % These assumptions are analogous
to what we discussed in Sec-
qg( X—) tion 6.1.2 for the Green’s function of
0 the Klein-Gordon equation.
Ju (xy) = 0 . (6.70)
0

The delta distribution §(X¥ — ) indicates that our source g is
localized at ¥ = 4.
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37 Reminder: the Minkowski metric
reads (Eq. 2.30):

1.0 0 0
w_|0o -1 0 o
U 0 0 -1 0
00 0 -1

3 Reminder: Eq. 6.19 reads

, dk e~ ik(x—x")
S X) = [ on e
Moreover, take note that if we
start with the Proca Lagrangian
(Eq. 5.107) instead of with the
Maxwell Lagrangian, we find
exactly the Green’s function of the
Klein-Gordon equation here.

3 It is instructive to compare the
Coulomb potential to the Yukawa
potential (Eq. 6.20):

—mr

e(x,x) = ©

dmr *

The Yukawa potential becomes

the Coulomb potential in the limit
m — 0. For non-zero values of

m, the damping in the Yukawa
potential is much stronger than in
the Coulomb potential as a result of
the additional exponential factor.

If we plug this into the general solution of the modified Maxwell
equation (Eq. 6.65), we find

A" (xy) = /d4y A;/g]g(yy)
D Ji=J)»=]3=0(Eq. 6.70)
= /d4y AgOIO(J/;I)
2 Jo=q(Eq. 6.70)
— [y A o7~ 7). (671)
By looking at the explicit form of As (Eq. 6.66), we can see that
all components AY vanish except for v = 0. This follows be-
cause ALY o y# and " = 0 except for u = 1.37 Therefore,
we can focus on the 00-component, AQO, which describes how a
source affects the zeroth component of the four-vector field A,.
Moreover, for simplicity, we will restrict ourselves to one spatial
dimension:

dk e—ik(x—x") 00

AP (x,x") = this is Eq. 6.66 in 1D with v{ = 00

2 k2
D 7% =1 (Eq. 2.30)
dk efik(xfx’) ‘
= o @ (6.72)

This is exactly the Green’s function of the Klein-Gordon equa-
tion (Eq. 6.19) with m set to zero!38

Therefore, if we carry out the integration, we analogously find

AL (x,x) =

I (6.73)

this is Eq. 6.20 with m =0
where r = |x — x/| = \/(x — x’)2. This is the Coulomb potential
of a point charge g which is located at 4.39

Analogous to what we did in the previous sections, we could
now make a perturbative ansatz for the gauge field A, and then
evaluate in more explicit terms how it interacts with a spinor
field or a scalar field. However, there isn’t really anything new
to be learned here. The main lesson is again that we can under-
stand the structure of a gauge field in the presence of a scalar or
spinor field in terms of overlapping free solutions that happen
at specific isolated locations. To determine the overall structure
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of the gauge field we can then integrate over all possible loca-
tions. Since we’ve discussed the main ideas twice already in the
context of spinor fields and scalar fields, we will not discuss any
further details here.

We’ve now reached the point beyond which we can no longer
ignore that Nature at fundamental scales behaves quite differ-
ently from what we are used to from our everyday experiences.
Therefore, we move on to next part of the book in which we dis-
cuss the modifications that are necessary if we want to describe
fields in a quantum context.
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Part 1
What Everybody Ought to Know About
Quantum Field Theory

"The universe is full of magical things patiently waiting for our wits to
grow sharper.”

Eden Phillpotts

PS: You can discuss the content of Part I with other readers and give feedback at
www . hononsensebooks.com/qft/bonus.
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7

Quantum Mechanics

Our main goal in this part of the book is to discuss quantum
fields. However, we will start by talking about quantum me-
chanics because it makes sense to discuss the main features
of quantum theories in this simpler context first. Of course,

a full discussion of quantum mechanics requires more than a
few pages. Thus we will focus solely on those aspects that are

relevant for quantum field theory." Most paragraphs in the ' If you're already familiar with

quantum mechanics, feel free to

. skip this chapter. Moreover, if you

Quantum Mechanics". know nothing about quantum
mechanics yet, it probably makes
sense if you pick up a dedicated
quantum mechanics textbook after
finishing this book.

following sections are excerpts from my book "No-Nonsense

7.1 The Quantum Formalism
2 Jakob Schwichtenberg. No-

Nonsense Quantum Mechanics. No-
Nonsense Books, Karlsruhe, Ger-

In the standard formulation of quantum mechanics, we intro- many, 2018¢. ISBN 978-1719838719
duce an abstract object [¥) that describes the system in ques-

tion.3 In addition, we introduced quantum operators that we 3 In mathematical terms, |¥) is a
can use to extract information about the system. For example, vector in a Hilbert space.

if we want to know the momentum of a system, we use the
momentum operator p:

pl¥1) =p1¥1) - (7.1)
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+If you're unfamiliar with expec-
tation values, you can find a short
discussion in Appendix F.1.

However, we often do not get such a simple answer. Instead,
if we measure the momentum of equally prepared systems,
we could possibly end up with different results. Each possible
result occurs with a certain probability. In our quantum frame-
work, we describe such a situation using a linear combination
such as

¥) =al¥y) +0[¥2) +..., (7.2)

where |¥7) is a state with momentum py, [¥>) is the state with
momentum p;. The coefficients a and b are directly related

to the probability of measuring p; and py, respectively. For
example, |a|? is the probability of measuring the value p;.

We can understand Eq. 7.2 as the expansion of a general state
|'¥) in terms of states with definite momenta. These states with

definite momenta are commonly called momentum eigenstates.

The expansion is analogous to how we can expand an arbitrary
vector in terms of basis vectors,

1 0 0
e=|(0f, g=|(1], &=|0]. (7.3)
0 1
For example,
1 1 0 0
7= (3| =1ex+3¢,+5 =10 +3|1|+5]|0[. (74)
5 0 0 1

An important task in quantum mechanics is to calculate the
expectation value for a given observable and system.4 The basic
idea is that we "sandwich" the corresponding operator between
a ket |¥) and a bra (¥|:

(¥l =)= (¥)")". (7:5)
For example, the momentum expectation value reads

(FIp[Y) .
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A bra together with a ket denotes the scalar product between
two abstract vectors. This is analogous to (71|tp) = ¥ - 0.
Here we have (7| = 7] ('row times column"). But in quantum
mechanics we deal with complex vectors and therefore have
(¥]; = [¥1)" = |¥1)*". In addition, we can calculate the
probability of measuring one specific value. All we have to do is
multiply the ket which describes our system by the bra which
describes the system in a state with this particular value. For
example, the probability of measuring p; is | (¥1|¥) |2.

This procedure is analogous to how we can determine how
much a given vector spreads out, say, in the z-direction. All we
have to do is multiply the vector by the z-basis vector &,:

1
2-6:£6:(00 Q 3| =5.
5
We can make the analogy even more explicit by using the nota-

tion from Eq. (7.4):

Z‘ﬁzgz‘ (1EX+3E]/+5EZ)
)

D e ey =08-28&=1

—1x0+3x0+5x1=>5. (7.6)

— 12, - + 32, - & + 52, - &

Two additional ingredients that we need in our quantum frame-
work is an explicit form of the quantum operators like p and an
equation that describes how states evolve in time. This is what
we will talk about next.

One puzzle piece that allows us to understand quantum oper- 1/

ators a little better is Noether’s theorem which we discussed

already in Section 4.3.5 5> There are, in fact, two famous
theorems by Emmy Noether that

. . . . are relevant in this context. The one
The second piece we need is how symmetries are described I'm talking about is her first one

mathematically. that deals with global symmetries.
Her second one is about local
symmetries.
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®In fact, I've written a whole book
on exactly this topic:

Jakob Schwichtenberg. Physics
from Symmetry. Springer, Cham,
Switzerland, 2018b. ISBN 978-
3319666303

You are probably wondering what all this has to do with quan-
tum mechanics. As we will see in the next section, actually, a
lot! The mathematical ideas in the next section are exactly what
we need to find the explicit form of quantum operators. Most
importantly, this explicit form allows us to derive the famous
canonical commutation relation, and the Schrodinger equation.

7.1.1 Group Theory

The role and description of symmetries in physics is a huge
topic.® So there is no way we can cover all the details. However,
I will try to emphasize the basic ideas that are necessary to
understand quantum mechanics.

First of all: what is a symmetry?

Imagine a friend stands in front of you and holds an object in
her hands. Then you close your eyes and she performs a trans-
formation of the object (e.g. a rotation). Then you open your
eyes again. If you can’t tell if your friend changed anything at
all, the transformation she performed is a symmetry of the ob-
ject. For example, if she holds a perfectly round, single-colored
ball in her hands, any rotation is a symmetry of the ball. In con-
trast, if she holds a box in her hand, only very specific rotations
are symmetries of the box. Doing nothing is always a symmetry.

The bottom line is:

A symmetry is a transformation that

leaves the object in question unchanged.

The part of mathematics which deals with symmetries is called
group theory. A group is a set of transformations which fulfill
special rules plus an operation that tells us how to combine the
transformations. The rules are known as group axioms and we
can motivate them by investigating an intuitive symmetry like
rotational symmetry. We will not discuss details like this since
we don’t need them for what follows.
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Also, we only need one special part of group theory, namely
the part that deals with continuous symmetries. An example of
a continuous symmetry is the one I just mentioned: rotations
of a ball. Rotations are continuous because we can label them
with a continuous parameter: the angle of rotation. In contrast,
there are also discrete symmetries. The most famous examples
are mirror symmetries.

There is one property that makes continuous symmetries espe-
cially nice to deal with: they have elements which are arbitrarily

close to the identity transformation.” 7 The identity transformation is
the transformation that changes

. . . nothing at all. For example, for ro-
For example, think about the symmetries of a circle. Any ro- tations, the identity transformation

tation about the origin is a symmetry of a circle. Therefore, a is a rotation by o°.
rotation extremely close to the identity transformation, say a
rotation by 0.000001°, is a symmetry of the circle.

In contrast, an arbitrary group has, in general, no element close
to the identity.

For example, think about the symmetries of a square. The set
of transformations that leaves a square invariant comprises four
rotations: a rotation by 0°, 90°, 180° and 270°, plus some mirror
symmetries. But a rotation by 0.000001° is not a symmetry.

Mathematically, we write an element g close to the identity I as:

g(e) =1+eG, (7.7)

A
where € is a really, really small number and G is an object, (I+€ ()\ =
called a generator, that we will talk about in a moment. In the

smallest possible case, such transformations are called infinites- r
imal transformations.

Such small transformations barely change anything. However, if

we repeat an infinitesimal transformation many times, we end 9(7 V
)
0

up with a finite transformation. € =

Let’s return to our discussion about rotations. Many small ro-
tations in one direction are equivalent to one big rotation in the
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W

5

((X ru) A R

\/\/\/_\/\./\

8 Here 9, is a shorthand notation for

the derivative % .

same direction.

Mathematically, we can write the idea of repeating a small
transformation many times as follows

h(0) = (14 €G)(I+€G)(I+€G)... = (I +€G)F, (7.8)
where k denotes how often we repeat the small transformation.

If 0 denotes some finite transformation parameter, e.q., 50° or
so, and N is some huge number that makes sure we are close to
the identity, we can write Eq. (7.7) as

g(0) =1+ -G. (7.9)

The transformations we want to consider are the smallest pos-
sible, which means N must be the biggest possible number,
ie, N — co. To get a finite transformation from such an in-
finitesimal transformation, one has to repeat the infinitesimal
transformation infinitely often. Mathematically we can write
this as

0 N
h(0) = lim (H—NG) ) (7.10)

which is in the limit N — oo the exponential function

h(9) = lim (1+ %G)N e (7.11)

N—oo

The bottom line is that the object G generates the finite transfor-
mation /. This is why we call objects like these generators.

What do these generators explicitly look like?

Let’s consider a function f(x, t) and assume that our goal is to
generate a spatial translation such that Tf(x,t) = f(x + a,t).
The generator

Gxtrans = ax (7-12)

does the job:3
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2
a
euGXtmnsf(x/ t) = (1 + aGxtrans + ?Gxtrans2 +.. -)f(x/ t)

5 D Eq 712
= (1400, + 3%+ )f (x,1)

2 Taylor expansion

= f(x+a,t) (7.13)

Here we used the series expansion of e* = Y ° ’r‘l—y,l In the last
step, we used that in the second to last line we have exactly
the Taylor expansion of f(x + a,t). Alternatively, consider an
infinitesimal translation: 4 — € with € < 1. We then have

2
€
e€Gxnransf(x’ t) = (1 + €Gxirans + EGxtrarls2 + .. -)f(xr t)
D Eq7a2,e®~0,e ~0etc fore < 1

D)
= f(x,t) +edxf(x,t) = f(x+¢€t). (7.14)

~ (1+edy)f(x, 1)

Here 0, f(x, t) is the rate of change of f(x, ) in the x-direction.
If we multiply this rate of change by the distance € that we
move in the x-direction, we end up with the total change

of f(x,t) if we move by € in the x-direction. Thus, f(x,t) +
€0y f(x,t) really is the value of f at the location x + €.

The bottom line is: Gytrans = Jx generates spatial translations.

Completely analogously, Girans = 0t generates temporal transla-
tions:

f(x,t) == e“G“ra“Sf(x,t) = f(x,t+a).

What we have learned here is that generators are the crucial
mathematical ingredient that we need to describe continuous
symmetries. We can describe any continuous symmetry by
acting on the function in question with the corresponding gen-
erator many, many times.

So we can summarize:

The core of each continuous symmetry

is the corresponding generator.
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9 Note that there is an additional
imaginary unit i. This is just a con-
vention that physicists like to use.
The translation of a function then
works like this: e€Cwans f(x,t). So
all we have done is to introduce
two additional imaginary units that
cancel since i> = —1. The reason
why physicists like to introduce the
imaginary unit i is that we want

to interpret the eigenvalues of our
quantum operators as something
that we can measure in experi-
ments. Without the additional i the
eigenvalues would be imaginary.
Hence, we introduce an additional
i to make them real. However, this
is really just a convenient way to
make the framework easier to use.
In addition, we have an additional
minus sign for the momentum
operator. This is motivated by the
Minkowski metric of special rel-
ativity. However, it is clear that

we could also absorb it into the
parameter €.

This idea is already everything we need to determine what the
most important quantum operators look like.

7.1.2 Quantum Operators

We now put the puzzle pieces together. The pieces we have so
far are:

> We are looking for quantum operators. When we act with,
for example, the momentum operator on the ket [¥7) that
describes our system, we want to get p|¥1) = p1 [¥1)-

> Noether’s theorem tells us that there is a deep connection
between symmetries and the most important physical quanti-
ties: momentum, energy, etc.

> Group theory tells us that the essential objects which are
responsible for these symmetries are the corresponding gen-
erators.

The crucial idea is to take Noether’s theorem seriously. Instead
of saying that we get a conserved quantity if there is a sym-
metry, we say the operator responsible for the symmetry (the
generator) also describes the conserved quantity (the quantum
operator).

In slogan form:

quantum operator <> generator of symmetry (7.15)

This may seem like quite a stretch, but we will see that this idea
works incredibly well in the next section.

Now, let’s make the above statement explicit.

Momentum is connected to symmetry under spatial transla-
tions. Therefore, we make the identification?



momentum p; <> generator of spatial translations (—ih9d;)

(7.16)
Analogously, energy is connected to symmetry under temporal
translations. Therefore

energy E < generator of temporal translations (if9;)

(7.17)
Take note that we have introduced a new fundamental constant:

h. This constant is known as the Planck constant’™ and encodes
the magnitude of quantum effects. We can understand the need
for a new constant by observing that momentum has dimen-
sions [p] = kg-m/s. However, 0; has the unit"* [9;] = 1/m.
Similarly, d; has the unit [d;] = 1/s, while energy has the unit
[E] = kg-m?/s%. Therefore, we need something to get the
same units on the right-hand and left-hand side of the equa-
tions. Using the units of energy, momentum and the differential
operators we can conclude that [fz] = kg - m?/s since'?

m m?2 1 m
[P]—kg';—[*lhal]—kg'?a—kg . v
mZ . m?21 m?

The Planck constant is one of the most important fundamental
constants and we need to extract its value from experiments:

i ~ 1.055-1073* kg - m?/s . Since there is no symmetry con-
nected to the conservation of position, the position operator
stays as is'3 £. In addition, using the definition of angular mo-
mentum (I = ¥ x f), we can, in principle, write down the
angular momentum operator by simply replacing g with the
corresponding quantum operator p.

Now, equipped with the ideas discussed in this section, we
are able to derive one of the most important equations in all of
physics.
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°To be precise 1 is the reduced
Planck constant (speak: "h-bar")
defined by 2}—’71 where 1 is the real
Planck constant.

1 Recall 9, = %. The symbol
dx, in some sense, simply means
a tiny amount of x and therefore
has the same unit as x. Therefore,
dy &« 1/0x has the unit 1/m.

> Reminder: square brackets
around a quantity mean that we
are talking about the units of the

quantity.

3 This may seem confusing at first.
But all this operator does if we

act with it on a function f(x) is to
multiply it by x, i.e., £f(x) = xf(x)
since x really is the location we
evaluate f(x) at.
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4 The Kronecker delta 51-]- is, by
definition, zero for i # j and one for

i=].

7.1.3 The Canonical Commutation Relation

A crucial new feature of quantum mechanics compared to clas-
sical mechanics is an inherent uncertainty. This uncertainty
comes about since the momentum changes every time we mea-
sure position and the position changes every time we measure
momentum. Mathematically, this statement means that it makes
a difference whether we first measure the momentum or first
measure the location: £p [¥) # p£ |¥). We can also write this
statement as (£p — p£) [¥) # 0. The shorthand notation for this
expression is

[%,p] = %p — px. (7.18)
a

To get an intuitive understanding for what it means for oper-
ators to have a non-zero commutator, compare the situation
where you first put on your socks and then your shoes with
the situation where you first put on your shoes and then your
socks. The outcome is clearly different — the ordering of the
operations "putting shoes on" and "putting socks on" therefore
matters. In technical terms, we say these two operations do not
commute. In contrast, it makes no difference if you put on your
left sock first and then your right sock or your right sock first
and then your left sock. These two operations do commute.

Now, using the explicit quantum operator p; = —ihd; (Eq. (7.16)),
we can actually derive that [p;, ;] # 0:

(Pi%j — %ipi) |'Y)

D Eq.7.16
(—ihd;%; + £;ihd;) |'¥)

D product rule

= —(ih3i%) [¥) — 51D T + 2B

= —ihd;j |¥) (7.19)

In the last step we used that, for example, dyx = 0 but dyy =
1.1 We didn’t assume anything about |¥), so the equation is
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valid for any |¥). Therefore, we can write the equation without
it, which makes the equation a bit shorter. However, we always
have to remember that there is an implicit ket in such equations
and we are only too lazy to write it all the time. In conclusion:

(i, ] = —ihd;; (7-20)

This little equation is known as the canonical commutation re-
lation. As the name already indicates this equation is extremely
important. In fact, many textbooks and lectures use it as a start-

ing point for quantum mechanics.”> s Formulated differently, many
textbooks use this equation as the
fundamental postulate of quantum
mechanics. For example, using this
equation, we can derive what the
momentum operator looks like etc.

As mentioned above, a second crucial ingredient that we need
in our framework is something that allows us to determine
how a given state evolves in time. In the following section, we
will discuss an equation that allows us to describe the time-
evolution of quantum systems.

7.1.4 The Schrédinger Equation

Mathematically, what we need is an equation of this form:
oY) =...

Here, 0; |'¥) is the rate of change of |'¥) if we move with respect
to t. In other words, d; |[¥) describes how |¥) changes as time
passes — exactly what we need! On the right-hand side, we
need something that contains specific details about the system
in question. Thus, the right-hand side will be different for each
system. Then, as soon as we have such an equation, we have to
solve it to understand how |¥) depends on t.

Luckily, we don’t have to guess. All we have to do is take a sec-
ond look at what we derived in the previous section. The main
actor here, d¢, is almost exactly the quantum energy operator
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¢ The index i is necessary because,
in general, we are dealing with
systems that can change in three
spatial dimensions. The index
takes on the values i = {x,y,z} or
equivalently i = {1,2,3}.

71f there is more than one dimen-
sion, we have £;.

ihd; (Eq. 7.17), only without the imaginary unit and Planck’s
constant. Therefore, we know that we have the energy on the
right-hand side of the equation:

ihd; |[¥) = E[¥) .

Is there anything else we know about energy?
In classical mechanics, the total energy is given as the sum of
kinetic energy and potential energy:

E=T+V = Kkinetic energy + potential energy. (7.21)

The usual formula for the kinetic energy is

T = Emv =1 (7.22)

since p = mv. We can turn this equation into a quantum equa-

tion by replacing the classical momentum, p, with the quantum

momentum operator, p; = —ihd;, which we derived above.®

The potential energy usually only depends on the position:
V = V(x). Therefore, we can turn it into a quantum operator by

letting x — %.77

Returning to our equation,
iho; [¥) = E|Y¥),

we can use the usual formula E = T + V and replace the classi-
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cal variables with the corresponding quantum operators:

ihoy |¥) = E|Y)
D Eq. 7.21
=(T+V)[¥)
Eq.7.22
p?
- (L +v)
D introducing operators
52
. _ (P N
= ihd:|¥) = <2m + V(x)) ['¥)
, D Eq.7.16
_ [ (=in9;) .
D it=-1
(v )
=5 % : (7.23)
The resulting equation,
1*0?
ihoy [¥) = —— = [¥) + V(2) |[Y), (7.24)

is the famous Schrodinger equation. Our main job in quantum
mechanics is usually to solve it for a given potential V(x) and
specific boundary conditions.

Note that for historical reasons, the energy operator on the

right-hand side of the Schrodinger equation is known as the
Hamiltonian operator,

. 707 A
H= (— 7 V(X)) - (7.25)

Therefore, in terms of the Hamiltonian operator, the Schrodinger

equation reads
iho; |¥) = H|¥) . (7.26)

This general form of the Schrédinger equation is also valid in
quantum field theory. The only difference is that we need to
replace H appropriately. We will discuss this in detail in the
next chapter.

285
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7.1.5 Time Evolution

A convenient alternative way to describe the time-evolution of
quantum systems is with the so-called time evolution operator
U(t). We define this operator through the following formula

[¥(x, 1)) = U(t) [¥(x,0)) . (7.27)

In words, this means that if we act with this operator on some
ket |'¥(x,0)), the resulting ket describes the system at time

t: [¥(x,t)). This operator is not merely an abstract thing.

We can write it down explicitly by putting Eq. (7.27) into our
Schrodinger equation:

ihd: ¥ (x, 1)) = H|¥(x,1))
D Eq. 7.27
ind U (t) [¥(x,0)) = HU(t) [¥(x,0)) (7.28)

This equation holds for any |¥(x,0)) and we can therefore write
it without it:

ihdU(t) = HU(t)

)
L 0 () .
ih 0] =H. (7.29)
This is a differential equation for U(t) and the general solution
is -
U(t) = ek R aHO (7:30)
since
L oU(t)
if aw - H
, D Eq. 7.30
. ate—%fgdt/H(t/)

nm——-
o= & Jo dMH()

it eskke )
b A
D at/odtH(t)fH

H=H Vv (7.31)

D 9 gikx _ ikeikx
x =



So the time-evolution operator is simply a convenient way to
write the information encoded in the Schrodinger equation a
bit differently. We will see in the next chapter that the time-
evolution operator plays an extremely important role in quan-
tum field theory.

7.1.6 Quantum Waves

An important aspect of quantum mechanics is that, in general,
different operators have different states with definite measure-
ment values (eigenstates).'® This means that we can expand a
general state vector in terms of different eigenstates:

[¥) =L bil0) = b1 o)) +b2l0) +..,  (732)

where |§;) are the eigenstates corresponding to a different oper-
ator O.

The key idea is that if we are interested in, for example, the
momentum of the system, we expand our general state vector
in terms of momentum eigenstates. If we are instead interested
in the energy of the system, then we would expand the state
vector in terms of energy eigenstates, and so on. The numbers 4;
and b; that we get by expanding a general state vector directly
tell us the probability to measure a given result. Formulated
differently, expanding a general state vector in this manner
yields coefficients (a; or b;) which are directly related to the
probability of measuring a given value.

The set of possible outcomes is not necessarily discrete. In the
case of a continuous set of possible outcomes, we must replace
the sum in Eq. 7.32 with an integral:'9

%) = [ doa(o) o) 73

Take note that our discrete coefficients a; are replaced by a func-
tion a(0). However, the basic idea is still the same. For each
possible measurement outcome o, we get a specific probabil-
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8 Take note that for operators which
commute

AB-BA=0
there is a common set of eigen-
states.

9 In some sense, an integral is
simply a sum over a continuous set
of values.
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* In principle, a vector is a little
arrow sitting somewhere in space.
Only by using a specific coordinate
system and therefore specific

basis vectors like €y, &y, &; can we
describe the vector using concrete
numbers 7 = (3,2,3)T. Take

note that for a different choice of
coordinate system or a different set
of basis vectors (e.g., spherical basis
vectors), we get different numbers.

21 The factors % are normalization

constants that make sure that our
vectors have length 1.

ity amplitude a(0). The probability of measuring the value o is
o) 2.

The function ¢ (x) that we get by expanding a state vector in
terms of position eigenstates

) = [ dx p(x) |x)

is usually called the wave function.

(7.34)

Analogously to how we can describe a given vector ¢ using the
specific coefficients for some given basis, we can use ¥(x) to
describe the system.?°

The magical tools which help us switch between bases are
called projection operators. These projection operators aren’t
unique to quantum mechanics. Projection operators also exist
for ordinary vectors. In the previous section, we used the most
common basis vectors €y, &y, & (Eq. (7.3)). However, an equally
good (orthogonal and normalized) choice for the basis vectors

is:2!
e L (! 0
a=—11]|, &=—|-1], &=10 (7-35)

How can we calculate what our vector & = (1,3,5)T looks like in
this basis?

We already discussed how we can determine how much a given
vector spreads out in any given direction. For example, to find
out how much 7 spreads out in the z-direction, we multiplied it
by €, (Eq. (7.6)). Here, Eq. (7.35) defines new axes relative to the
old ones. Therefore, to find out how much @ spreads out in the
direction defined by ¢;, we calculate the scalar product of the
two vectors.
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Analogously, we can calculate how much 7 spreads out in the
other two new directions:

5.v= — 11 ; 2
2 - = — — = —.
0\ (1
&a-7=10 3| =5.
1 5
This tells us that, in the new basis (Eq. (7.35)), our vector ¥ reads
as:
4
L4 v3
7= \f er + 5e3= 7
5 new basis

The general method to rewrite a vector in a new basis is there-
fore:

1. Calculate the scalar product of the vector with each new basis
vector.

2. Multiply each result with the corresponding basis vector.

3. The vector in the new basis is the sum of all of terms calcu-
lated in the second step.

So mathematically, we have

Unew basis — ;(Q)Ei : Z)) :

a number

(7-36)

To convince you that this formula is really correct, let’s again
consider our example from above:

Tnew basis = Z(a)(a : 5)
= (#1)(51 -7) + (qz)(é’z -7) +(&3)(&5 - 0)

+5E3 v

m

+&— (7.37)

xf V2

We use exactly the same method in quantum mechanics. We
have the ket in the momentum basis,

|¥) =al¥) +b[¥2), (7-38)

289
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2 An integral is, in some sense, the
continuum limit of a sum. If we
make the steps in a sum smaller
and smaller, we end up with an
integral.

» Take note that |¥) and therefore
also ¥(x) both depend on the time
t. Here we suppress this depen-
dence to unclutter the notation. We
will revisit this time dependence
later on. Keep in mind, however,
that wavefunctions generally de-
pend not only on position, but also
on time.

and want to calculate how it looks like in the position basis:

[¥) =clx1) +4d[x2) . (7-39)

In other words, we want to calculate the coefficients ¢ and d.
For simplicity, we assume that only two locations, x; and x;, are
possible. In addition, we use a more suggestive notation: |x1)

is the configuration of the system where we will definitely find
our particle at location x1, similar to how |¥;) corresponds to
the configuration with momentum py.

Using the algorithm we just discussed, we calculate

) = ¥ x3) (%)

= |x1) (x1[¥) + [x2) (x2[F)

=clx1) +d|x2),
where the probability amplitudes in the position basis are

c=(x|¥)
d= <X2|‘Y> .

In general, there is a continuum of possible locations and not
just a discrete set. Luckily, we can take this into account by
simply replacing this sum with an integral:>:

= /dx‘Y(x) Ix),

where ¥ (x) = (x|'¥). This function ¥(x) is analogous to the

(7-40)

coefficients we have discussed previously (i.e., a, b, ¢, and d).
But we now have one coefficient for each location x.23

Take note that we can read of Eq. 7.40 that

/dx|x><x|:1.

This means that we can insert a unit operator in the form of

(7-41)

[ dx |x) (x| anywhere in our formulas and this way get expres-
sions in terms of the position basis. In the jargon of quantum
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mechanics, it is conventional to say that we insert a complete
basis this way.

Often it will be easier to choose a specific basis before we solve
the Schrodinger equation. For example, we can use the posi-
tion basis and therefore the wave functions that we introduced
above. To unclutter the notation, we will restrict ourselves to
one spatial dimension. We are then left with

, n292
iho; |¥) = _me ['¥)
D Eq. 7.40
. h202
1h8t/dxlp(x,t) |x) = 5w /dxtp(x,t) |x)
D
n292
o (x, 1) = == Fp(x,t). (7-42)
One solution to this equation is
P(x, t) = e {(EE-pR)/h (7.43)
as we can check
: h202
ihosp(x, t) = — o P(x,t)
J Eq544
, 292 .
ihatefz(Etfpx)/h _ xefz(Etfpx)/h
2m
D
2
Ee—i(Et=—px)/h _ piefi(Etfpx)/h
2m
2 2 %
piefi(Etfpx)/h _ piefi(Etfpx)/h v, (7.44)

2m 2m

where in the last step we used the fact that E is the numerical

2
value for the total energy of a free particle: E = L.

291
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* Reminder: For a particle in a
potential V(x), the Schrodinger
equation reads

ihal = ﬁ azl
ot 2m ox?
The operator H is the energy
operator and it is directly related to
the classical energy = kinetic energy
plus potential energy.

V(x)Y.

7.1.7 de Broglie Relations

By comparing our usual formula for a plane wave (Eq. 5.44)

¢(x) = e ") = e~illoro kD) (7.45)

with the solution of the Schrodinger equation introduced in the
previous section (Eq. 7.43)

P, 1) = e EPD/M (7.46)
we can conclude
E=hw
p=nk. (7.47)

These are known as the de Broglie relations. In words, they tell
us that in a quantum context the angular frequency w is directly
related to the energy E, and the wave vector k is directly related
to the momentum p.

7.1.8 The Stationary Schrédinger Equation

For systems in which the potential does not depend on time, we
can split the Schrodinger equation into two simpler equations
and solve them separately. This trick is known as separation of
the variables and works as follows.

First, we split our wave function into two parts:

Y(x,t)=T()p(x). (7-48)
The first part T(t) describes how the wave function changes
over time, while the second part (x) describes how the wave
function depends on the location. We now put this ansatz into
the Schrodinger equation:*4

ihoyY (x,t) = HY (x,t)
D Eq. 7.48

D)

i T(1)p(x) = HT(H)(x)

7270 _ Hp()
HONNTEY
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In the last step we used that H only contains the spatial deriva-
tive 92 and T(t) only depends on t and not on x. In addition,
we used that the left-hand side only contains the derivative o;
while ¢(x) only depends on x.

Now what we are left with on the left-hand side is something
that only depends on f, and on the right-hand side something
that only depends on x. Still, both sides must be equal. This

is only possible if both sides are constant. If, for example, the
left-hand side is not constant, this would mean that we could
change its value by varying t. Since the right-hand side does
not depend on ¢ at all, there is then no way that both sides are
equal. Both sides of the equation are thus constant and equal to
the energy, E. We are then left with two equations as promised:

SOT() _ . Hp()
"I T EE )

SOT() _ . Hp() _
"ry =F M e TF

Written a bit differently,

indT(t) = ET(t)
Hy(x) = Ey(x).

(7.49)
(7.50)

The first equation is easy to solve and does not depend on the
specific problem at all. All information about the features of
the system is encoded in H. So the first lesson is that, as long
as V (and therefore also H) does not depend on ¢,?> the explicit

293

25 Remember that this was the cru-

time-dependence of the wave function is given by

T(t)=e 7.

(7.51)

cial restriction that I've mentioned
at the beginning. The whole trick
we used only works if H does not
depend on t. Otherwise, the ansatz
Y (x,t) = T(t)ip(x) does not help us.
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26 Take note that this equation

is really of the same type as the
equations we considered all the
time (an eigenvalue equation). The
energy operator H acts on ¥ and
what we get back is the energy E.

This equation can be derived as follows:

ihd;T(f) = ET(t) this is Eq. 7.49
iEt iEt 0 Fazst
ihdje™ & = Ee™ &
‘ 2
in <_;1E> e i = Ee W
2

__iEt __iEt

Ee "% =Ee nV
The second lesson is that all specific information about the
system is encoded in the solutions of the second equation which

only depends on x:2°

Hy =Ey (7.52)

This equation is known as the stationary Schrodinger equation
or time-independent Schrodinger equation. After we have
solved it for a specific problem (i.e., a specific H), all that is left
to do is to remember that the full solution reads

¥l t) = p()T(t) = px)e” 7. (7.53)

A solution of the stationary Schrodinger equation ¢(x) is
known as a stationary solution or a stationary state.

We already discussed that we can understand a field in many
aspects analogous to a mattress. The basic building blocks a
mattress consists of are harmonic oscillators. Therefore, if we
want to promote our classical fields to quantum fields, we need
to start by promoting our oscillators to quantum oscillators.
This is what we will discuss in the next section.

7.2 The Quantum Harmonic Oscillator

While it is possible to describe the quantum harmonic oscillator
in terms of wave functions, there is a much smarter method.
Although this method seems quite abstract at first, it turns
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out to be invaluable. In particular, we will see in the following
chapter that we can apply all the lessons we learn here directly
to quantum fields.

The potential of the harmonic oscillator reads (Eq. 5.5)
L
Vix) = Skx*, (7.54)
where k is the spring constant which characterizes the stiffness
of the spring. Alternatively, we write the potential often as
L 22
V(x) = smwx®, (7:55)
where w = +/k/m denotes the classical oscillation frequency
and m the mass at the end of the spring.
The stationary Schrodinger equation (Eq. (7.52)) reads
h? 9%y
Hy=Ep=——-—=+V
) Eq755
= 22y ey (7:56)
2m 2 '
We define the following two operators and then use them in-
stead of £ and ﬁ27 %7 Take note that a* is the Hermitian

adjoint of a, where t = *T, i.e,,

\/W . 1 ( ) conjugation plus transposition.
A=\ X+t 1l— .
% ok p 757

NECNR. (7.58)
2n V2mwh P 73

We will understand the physical meaning of these operators in a

Ll+

moment.

We can also invert these equations, which yields

Eq. 757+ Eq. 758 = a +at = 24/ %x
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and

1
Eq. 7.57 - Eq. 7.58 = a — at = 2i———p
2mwh

p=—i hmTw(a —a"). (7.60)

In addition, by using the canonical commutation relation

371t will become clear in a moment [x, p] = i we can calculate the commutator of a and a*:?8
why this is useful.

[a,a"] = aa® —a'a
J Eq.757
YV 2n \/mehp 2h th
2
_< mw 1 )(/Wx+l-1>
2% \/mehp 2 mehp
2 mwg 1 _4
= xP+zhp +2Tﬁ n xp+2h”x wn’
=+ (px—xp) = [P: x] = ﬁ[w] ﬂlh
=1 (7.61)

We can use these equations to rewrite the Schrodinger equation
for the harmonic oscillator (Eq. (7.56)) in terms of a and at

2 mew?

Elp:zp—ml/;Jr —ap

2 2
1 [, [mmw, 4 maw? h +
_2m<l 2 ‘“>> ‘“z( me(a+a)) v

D Eq. 7.59, Eq. 7.60

hw
1

7%4—11*{1—1-{1{1*—%)1/14-%) (ﬂd+a*a+aa*+ﬂ+/ar)tp

= F%d ata+ aa+) ' (7.62)



We can then use the commutator relation in Eq. (7.61) to sim-
plify the expression on the right-hand side as follows:

Ey = hTw (11+a + aa+) P
D —dfa+ata=0

= hTw( Yot aa® —ata+ata)y

hwo )+ t ’
= 7(2{1 a+la,a’))y

N D [aa']=1Eq 761
= 7(0 (2a+a+1)lp

) 2

_ t -
= hw (a a-+ 2) Y.

What we have on the right-hand side is the quantum energy
operator. As already mentioned, we usually call this operator
the Hamiltonian and denote it by H:

H = hw (a*a + ) . (7.63)

Acting with this operator on a state that describes our system
tells us the energy of the system?9:

H|E;) = E1 |Ey) - (7.64)

Now we want to understand these new operators a and at. The
most important thing for us is what 2 and a do when they act
on the ket that describes our system. To get a feeling for this,
let’s calculate the energy of such a new state3°.

Before we can do this, we need one more thing: the commutator
[H, a] as we will see in a second. Using Eq. (7.61) and Eq. (7.63),
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9 At least it does when the system
is in an energy eigenstate.

3° Acting with a on our state |Ej)
yields a new state. What we do now
is to check if the operators change
the energy. All this will make a lot
more sense in a moment.
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E +3Kw

E42hw

E+Rw

E-hw

£- 2w

ads|n>
aat ,V\>
atlny
[n>
aln>
aonlny

[0>

we find

[H,a] = Ha — aH

. D Eq.763
= (hw (a*a + 2)) a
1
_ tg4 =
a (hw <a a+ 2)>
2
= hw <a+aa + g —aa'a — g)
2
= hw (u*a — aa*) a
)
= hwla',ala
D laa")=—[a",q]
= —hwla,a’]a
J Eq.(761)
= —hwa.
(7.65)
Completely analogously, we can calculate
[H,a"] = hwa' . (7.66)

With this information at hand, we are finally ready to calculate
the energy of our new state a |E;):

H(a|E,)) = (Ha —aH +aH) |E;) —aH +aH =0
D Ha—aH=[H,a
=aH |E1) + [H, a] |E1)

X J Eq.764
=aky |Eq) + [H, 4]
D Eq.7.65
= (aEl—hwa> |E1)
2
= (E1 - hw) (a |E1>) . (7.67)
Analogously for at we find
Aa' |E)) = (E; 4 hw)a' |Ey) . (7.68)

What do we learn here?
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By looking at Eq. (7.67) we see that a |E;) can be interpreted as a
new state with energy E — fiwy!

Let’s make this more concrete. We define

|Eo) = a|Ey) (7.69)
with

H|Ey) = H(a|E1)) using Eq. 7.69
2 Eq.767
= (Ex — hw) [Eo) - (7.70)
Analogously, by looking at Eq. (7.68) we see that a' |E1) can be
interpreted as a new state with energy E + fiwy.

We have
|Ep) =a' |Er)
with
H |E2> = (El + hw) |E2> (using Eq. 7.68).
This is why a and a' are known as ladder operators. They allow
us to move between the energy eigenstates. Using a’, we can

jump to the next eigenstate above. Using a, we can jump to the
next eigenstate below it.

The non-trivial part of the Hamiltonian operator (Eq. (7.63)) is

N = a'a. (7.71)

With this definition, we can rewrite the Hamiltonian in the
form:

H:hw<N+;) ) (7.72)

So the operator N tells us in which energy eigenstate we cur-
rently are:

Nin) =nln), (7.73)

where we use 7 to label the n-th energy eigenstate with energy
E,. Tt is conventional to use the notation |1),|2),..., |n) for
these states. The operators a and a' let us move between them
in discrete jumps.

Let’s summarize what we have learned here:
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3' This leads to a curious result in
quantum field theory. As already
mentioned above, in some sense, a
quantum field is a set of infinitely
many harmonic oscillators. Now
we just learned that the ground
state energy of a single harmonic
oscillator is non-zero, Ey = hTw The
ground state energy of a system
consisting of two harmonic oscilla-
tors is therefore hiw, and the ground
state energy of a system consisting
of infinitely many harmonic oscilla-
tors is infinity. In other words, the
ground state energy of a quantum
field is infinitely large. However,
we can only measure energy dif-
ferences and since every field has
an infinite ground state energy, we
usually simply ignore this strange
feature of quantum fields.

> There is a state with the lowest possible energy Ey = hT‘*’ This
is the ground state energy of the Harmonic oscillator. Inter-
estingly it is non-zero, so there is always some fluctuation.3*

> All other energy eigenstates can be generated by acting with
the raising operator a' on this state with the lowest energy

+

multiple times. Each time we use a', we generate a new state

with an energy that is higher than the previous one by fiw.

> The energy spectrum is therefore discrete. The distance be-
tween the energy states is fiw.

With this in mind, we're finally ready to talk about quantum
fields.



8

Quantum Fields

In this chapter, we will finally start talking about quantum fields.
A quantum field is a field with an astonishing additional prop-
erty which can be described using a so-called canonical commu-
tation relation. The canonical commutation relation for a field
tells us that its fundamental excitations have exactly the prop-
erties that we typically associate with particles. In this sense,
particles are also important players in quantum field theory but
they are not fundamental. They merely represent a very specific
way in which a quantum field can be excited.

As for classical fields, the easiest thing we can study is how
quantum fields behave when left alone. Luckily, the equations
that describe free classical fields are useful for quantum fields
too.” We will therefore discuss in this chapter the meaning of
the solutions of these equations of motion in a quantum context
and how they allow us to describe particles. One of the most
important tools in this context are propagators. In general,

a propagator encodes how a given field varies in space and
time. Arguably the most important propagator, the Feynman
propagator, will play an essential role in our description how

* Take note that only the equation
(Maxwell’s equation) for one partic-
ular type of field (massless gauge
fields) is really used in a classical
context and a quantum context.
While the remaining equations

can, in principle, also be used in
classical models, there is nothing

in the real world that could be
described with them. Thus their
usage in the context of classical
field theory is merely an academic
exercise (although an interesting
one). One reason is that the only
known fundamental scalar field (the
Higgs field) is massive and thus
does not operate on macroscopic
scales. (Technically, the non-zero
mass corresponds to a finite corre-
lation length. More intuitively, we
can imagine that the excitations of a
massive field decay before they can
make a difference on macroscopic
scales.) Moreover, the fundamental
excitations of all spinor fields can
never occupy the same state and
thus cannot reinforce one another to
produce a macroscopic field. (This
is known as the Pauli exclusion
principle and we’ll discuss it in
more detail below.) In addition, all
known spinor fields are massive.
For all fields except for lightest ones
(electron, up-quark, down-quark)
this means again that the corre-
sponding field excitations decay
quickly. Finally, all gauge fields
except for the electromagnetic field
also cannot operate at macroscopic
scales. For the gauge field responsi-
ble for weak interactions, the reason
is again that it’s a massive field. For
the strong interaction field, the rea-
son is called "confinement” which is
a quite subtle concept and still not
fully understood. To summarize,
there are no classical macroscopic
fields except for the electromagnetic
field.
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quantum fields interact with each other.

Classical Field

Canonical Commuation Relations

Particl
’Quantum Field ’_> articles as

Field Excitations

Particle States

’ Retarded Propagator ‘

/

Propagators H Advanced Propagator ‘

’ Feynman Propagator ‘

The discussions for different kinds of fields are quite similar but
there are important differences that we need to talk about:

> For complex scalar fields there are two kinds of particles as-
sociated with them that are typically interpreted as particles
and antiparticles.

> For spinor fields, there are fundamental anticommutation
relations instead of commutation relations. In physical terms
these imply that there can never be two spinor particles in
exactly the same state.

> For gauge fields, we must be careful since not all four compo-
nents are independent, physical degrees of freedom. Since a
massive gauge field has only three possible physical polariza-
tions, we promote only three of its components to quantum
degrees of freedom. Moreover, to take into account that a
massless gauge field has only two possible polarizations, we
must use "transverse" commutation relations.



This is summarized in the following diagram:

’ Real Sca

lar Field ’—>

Canonical Commutation Relations

’ Complex Scalar Field ’—>

Canonical Commutation Relations
for Particles and Antiparticles

Canonical Anticommutation Relations

for Particles and Antiparticles

’ Massive G

auge Field ’—>

Canonical Commutation Relations
for Spatial Field Components

’Massless Gauge Field ’—>

Canonical Commutation Relations
for Transverse Field Components

QUANTUM FIELDS
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8.1 Quantum Fields vs. Classical Fields

Roughly speaking, while a classical field behaves like a network
of coupled harmonic oscillators, a quantum field behaves like a
network of coupled quantum oscillators. We discovered in the
previous chapter that for a quantum oscillator only a discrete
set of oscillation modes is possible. Moreover, the ground state
energy is non-zero. One way to interpret this is by saying that

a quantum oscillator is never really at rest. We can apply these
lessons directly to a network of quantum oscillators.

First of all, there is a minimum amount of energy that we need
to put into the network before we can see any excitation above
the ground state at all. In other words, we must put in enough
energy to push at least one of the oscillators into a higher oscil-

““%gm
e“:;

Secondly, the quantized spectrum of a quantum oscillator im-

lation mode.

plies that only a discrete set of excitations is possible for the
network. There is not just a discrete jump from the ground state
to the first excited state but also from the first to the second ex-
cited state, from the second to the third excited state and so on.
We have a ladder of allowed energy values for each oscillator in
the network.



h-0 Wns1 n=2

- @
o—>-
Q

Thirdly, since we consider a network of oscillators, a given quan-
tized excitation can move through the network. The adjective
"quantized" is important here. For a network of classical oscil-
lators we can imagine that if we excite one of the oscillators,
this disturbance will move through the system like ripples in a

o7 Trees
e T e
oot Tt

pond.

For a network of quantum oscillators, however, only a quantized

spectrum of energy values are possible and thus the dynamics
will not be so smooth.

QUANTUM FIELDS
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2 Take note that there is still an
aspect of field excitations that
dissolves. This has to do with

our probabilistic interpretation of
quantum theories. The function that
describes how likely it is to find a
given particle at a specific location
might diffuse over space as time
passes. However, no matter where
we find the particle, it will always
appear as a discrete undissolved
chunk of energy.

Ve
;

The most important observation here is that the excitations of a
network of quantum oscillators have all the properties that we
typically associate with particles. When we kick a quantum field
at one specific location, we excite one of the oscillators. From

a particle perspective, we say that we’ve created a particle at
this location. If we put more energy into the same location, we
create more particles of the same type. Depending on how we
create these particles, they start to move around afterwards. But
since there is an energy gap between the ground state and the
first excited state, we will always find discrete chunks even after
they’ve moved to different locations.?

Another important aspect is that our quantum oscillators are
not only coupled to their neighbors in the network but also to
members of different networks (i.e. different fields). Therefore, a
given excitation can spread from one network to another. Each
network has a characteristic energy gap between allowed states.
Therefore, one fundamental excitation in a network with a large
energy gap is able to cause many fundamental excitations in
other networks with lower energy gaps. From a particle per-
spective, we interpret this by saying that a heavy particle can
decay into lighter particles.
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In summary, in quantum field theory particles are localized de-
viations from the ground state. An interesting aspect of this way
of thinking about particles is that it explains why all particles

of a given type look exactly the same. For example, all electrons
we have ever observed have had exactly the same properties
(mass, charge, spin). From a field perspective this is no longer
mysterious because each electron simply represents a funda-
mental excitation of the underlying electron field.

Next, let’s discuss how we can describe these ideas mathemati-
cally.

8.2 The Canonical Commutation Relations

In the previous chapter I've mentioned that we can motivate
the explicit form of quantum operators like py = ihdy by in-
voking Noether’s theorem. This idea will again be our guiding
principle.

In Section 7.1.1, we discussed how we can describe each con-
tinuous transformation by using a generator G. A generator G
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is the non-trivial part of infinitesimal transformation operators
(Eq. 7.7)

gle) =1+eG, (8.1)
where g(€) describes an infinitesimal transformation and I the

identity transformation that changes nothing. The generator
which is responsible for an infinitesimal field shift (Eq. 4.42)

¢ — ¢ =¢—ie (8.2)
isG = —i%, because
¢’ =gle)¢
QD Eq77
= (I+€G)¢
> G--ig
= (1-ie )
P
> -
—p—ic v (8.3)

With this in mind, it’s time to recall our mantra (Eq. 7.15)

quantum operator <> generator of symmetry

We discussed in the previous section that the conserved quan-
tity associated with field shifts is called the conjugate momen-
tum density 7t. Therefore, we now propose

conjugate momentum density 7t <+ generator field shifts — iasz

(8.4)

This identification allows us to derive the following commutator



relation:
lp(t, %), (£, )] )
J

= o3, -] )

=i(Ex-7)y) - (8.5)

This calculation is analogous to what we did in Section 7.1.3.
In particular, we included a ket |¢) to remind us that operators

need to act on something. Moreover, we used g}rg; =0(X—7)

which is analogous to % = ¢;;. Since Eq. 8.5 is valid for any ket
]

|Y), we can write it without it:

[p(t,%), 7 (t, §)] = i6(X — §) (8.6)

8.7)

since partial derivatives commute dyd, = dydy. These are the
canonical commutation relations for a scalar field in quantum
field theory.

8.3 Field Operators

The most important message encoded in the canonical commu-
tation relation (Eq. 8.6) is that in quantum field theory, fields
and the conjugate momentum density are operators. This is

QUANTUM FIELDS

Eq. 84

[A,B] = AB — BA

product rule
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analogous to how in quantum mechanics the classical location
and momentum become operators.
Let’s try to use the canonical commutation relation to under-
stand the meaning of field operators. For simplicity, we focus on
a scalar field ¢(x;). We start by recalling some facts about scalar

fields that we’ve already discussed in previous chapters. The
Lagrangian density for a free scalar field reads (Eq. 5.2)

c:%@ww¢—mwﬂ. (8.8)

The corresponding equation of motion is the Klein-Gordon
equation (Eq. 5.4)

(90" +m*)p = 0. (8.9)

A general solution of the Klein-Gordon equation reads (Eq. 5.51)

1 ) o—i(kx Yl (kx
0) = [ @8 g (aBre ) 4 at M) . B0

Moreover, we can use the Lagrangian density (Eq. 5.2) to calcu-
late the corresponding conjugate momentum density (Eq. 4.52):

oL
= 30000)
0 D Eq.52
3((@ugap — n2g?))
- d(d
( 0¢) D sum convention
_ 94 (209209 — 0192, — m%9?))
9(do¢)

D o =2x
= do¢p. (8.11)
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Using our explicit solution (Eq. 5.51), we therefore find

T = do¢p

=a( [ I T o (a(B)e ) 4 at (R )

27‘()3 Zwk

D Eq. 5.51

D kx =koxo — k;x;, doe™0%0 = ikgekoxo

Zwk
( ) D kg = Wk
— 3 ! A k (T k
= / dk e a(K)wre ) — g% (k) wyell x)) )
k _
) O Ve
= /dk3 1)@ ( (K)e ko) — a+(z)ei(kx)) . (8.12)
The key question is now: which part of the conjugate momen-
tum density (Eq. 8.12 ) and the field itself (Eq. 8.10) is responsi-
ble for the non-trivial commutation relation (Eq. 8.6)
[p(t,%), ()] = i6(¥ =) ? (8.13)
The correct answer is that we can take the non-trivial commuta-
tion relation into account by assuming that the coefficients a(k)
and a' (k) fulfill the commutation relations3 3 You can find a verification of this

statement in Appendix A.4.

=0, [a'(k),a"(K)]=0. (8.14)

This implies that the expansion coefficients a(k) and a* (k) in
quantum field theory are operators.

The logical next question is therefore: what are the operators
a(k),a* (k) doing when they act on a ket that represents our
system? We will see below that a(k), a’ (k) are ladder opera-
tors analogous to those that we introduced in our discussion of

the quantum harmonic oscillator.* By looking at the field ex- 4+We discussed the quantum har-
monic oscillator in Section 7.2.
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pansion in Eq. 8.10 we can then conclude, as promised above,
that a quantum field can be understood as a network of quan-
tum oscillators. In physical terms, we say that a* (k) creates a
particle when it acts on a ket, while a(%) annihilates a particle.
Therefore, in the context of quantum field theory a' (k), a(k) are
known as creation and annihilation operators.

Let’s see how this comes about.
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8.3.1 Creation and Annihilation Operators

To understand the meaning of the operators a(k), at (k) it is
instructive to focus on an aspect of fields we have at least some
intuitive understanding of: their energy. But before we can
discuss how thinking about the energy stored in a field allows
us to understand the operators a(E), a*(E), we need to go on

a short tangent. This is necessary because there are several
somewhat subtle aspects of the formulas that we find for the
field energy in a quantum theory.

First of all, the energy of a field is the Noether charge that fol-
lows from invariance under temporal translations f — t + € and
reads (Eq. 4.38):

E= / d3x Tg. (8.15)
1%

In quantum field theory, this expression also becomes an opera-
tor which we call the Hamiltonian:

Hz/d3xT8

J Eq.435
"3 oL _
= /d X 78(80(1)) oo — L

D L= @009"9—n9?) (Bq. 52)
= / dx ((304?)2 - %(amba’*sb - m24>2))
( D 9,0" =9y — 9,9;
= %/d3x ((ao¢)2 + (0:9) + m2<p2)
1 D 0do¢ = (Eq. 8.11)
=5 / dx (nz + (9;9)% + m2<p2) : (8.16)

The integrand % (7% + (9;¢)* + m?¢?) describes the energy

density of a scalar field. By using the explicit formulas for the

conjugate momentum density (Eq. 8.12 ) and the field itself

(Eq. 5.51), the energy can be written as> 5 Note how similar this formula

is to the formula we derived for

313

H— % /dk3 Wy (a+ (E)H(E) i a(E)f (B) ' (8.17) the energy of a harmonic oscillator

(27-[)3 (Eq. 7.62):

H= h7w (a*a—&-aa*) .
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This is demonstrated in Appendix A.5. We can then use the
commutator relation (Eq. 8.14),

H= % & 2“7’5)3 (a" ®)a(F) +a(Era* ()
. o o o o D Eq.818
- E/dk e (o ®)a®) + @3k~ F) + " (Fa(B))
2
_ % / K (2“:)3 (24" (F)a(k) + (27)%6(0) )
D
= [ae 4 ot (B)a(®) + [ aPws(0) (8.19)
(2n)3 2 Jy O R 19

6 We discovered this in Section 7.2.

7 If we assume that spacetime is
continuous, there are infinitely
many points between any two given
points. Since we attach an oscillator
to each point, there are infinitely
many oscillators in our network.

This result is problematic. The second term on the right-hand
side yields infinity since 6(0) describes an infinitely high spike
and we integrate over infinitely many such spikes here.

We can understand this strange result by recalling that the
ground state energy of a harmonic oscillator in quantum me-
chanics is non-zero Ey = %’.6 Intuitively this means that a
quantum oscillator can never be completely at rest and always
oscillates a little bit. If we imagine a field as a network of oscil-
lators, we can therefore conclude that the ground state energy of
a field is non-zero too. Moreover, since we imagine that there is
an oscillator attached to each spacetime point, our field consists
of infinitely many oscillators.” From this perspective it’s not too
surprising that we find a field energy that is formally infinitely



large. But this is not a problem as long as we are only interested
in excitations above the ground state. In fact, in physics we are
usually only interested in energy differences. Each field config-
uration is characterized by its energy above the formally infinite
ground state energy.

For example, we can imagine that one field configuration is
characterized by the energy

1 ~
Ei=erts / dk3w,6(0) (8.20)
while a second field configuration is characterized by
1 ~
Br=e+s / Ak 5(). (8.21)

Formally, both field energies are infinite. But the information we
are usually interested in is how far the field is excited above the
ground state. This is described by ey, es.

A pragmatic solution is therefore to simply ignore the infinite
contribution from the ground state and focus on the contri-
bution to the total energy that characterizes non-trivial field

configurations:
_ 3 Wkt N (T
H= /dk (2n>3a (k)a(k) . (8.22)
The operator
H = wia (K)a(k). (8.23)

is commonly called the Hamiltonian density.

This approach works quite well for most applications in which
we can ignore the non-trivial ground state structure of quantum
fields. The ground state of quantum fields is an exciting topic in
its own right and we will revisit the issue in Chapter 14.

With this formula at hand, we can finally figure out the mean-
ing of the operators a'(k),a(k). A key ingredient is the commu-
tator:®

QUANTUM FIELDS

8 We will see in a moment why
knowing this commutator is really
useful if we want to understand the
meaning of a* (k).
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D Eq.822
1 oo "
= [(/dk3 (zn)g’wka*(k)a(k)),a’L(k’)]
D [AB]=AB-BA
- / A s (o Fpa()at (¥) - a* (K")a" (B)a(k))
. D la'(k),a"(K') =0 (Eq. 8.14)]
- / 4K G (a" Bpa(®rat (€) - a* (F)a" (F')a(F))
) D AB—BA=[A,B
— / dk3wwka+(k) [a(k),at ()]
D Eq.8.14
- / dkBwopa’ (F)8 (k — k)
> [a e —x) = ()
= wypa (k). (8.24)
Analogously, we can compute
[H,a(K')] = —wpya(K') (8.25)
In the quantum framework, we act with operators on abstract
objects |¢p) that describe the system in question. For example,
if we act with the energy operator H on a system that we pre-
pared in an energy eigenstate, we find
H|yE) = E|yg), (8.26)
where E denotes the energy of the system. What we want to
* The steps here are completely understand is what happens when we act with a field operator

analogous to what we did in
Eq. 7.67 to understand the meaning
of the harmonic oscillator ladder

or, equivalently, with a(k), a* (k) on a ket |).

operators. To that end, we check if a(k) changes the energy of a given

system:9
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H (a(®) [e)) = (Ha(k') —a(f)H +a(¥ ) H) [x) —a®)H +a(f)H =0
} ) Ha —aH = [H, 4]
= a(K')H |¢g) + [H,a(K')] [yE)
) B Eq. 8.26
= a(K')E |yE) + [H,a(K)] |yE)
Eq. 8.25
= (a(%’)E—wk/ﬂ(El)) [¥E)
?
= (B~ wp) (al®) lye)) (8.27)

In words, this means that the operator a;, lowers the energy of
the system by wy,. Analogously, we can compute

H(a'®) ) = (E+wp) (a®)lpe) ). (8:28)

Therefore, we can conclude that a* (k') raises the energy of the
system by wy.

Formulated differently, (a*(fc" ) \1/15)) describes a new config-

uration of the system with energy E + wy/, while (a(ic" ) \1/)5))
describes a new configuration with energy E — wy.

In an analogous way to the case of the harmonic oscillation dis-
cussed in Section 7.2, we can act with the operators a(k’) and

at (k') repeatedly on a given ket and move up and down the
energy ladder in this way. To understand all of this a bit better,
let’s assume that we are dealing with a completely empty sys-
tem which is described by |0). In field theory, this corresponds
to a ground state configuration of the field. If we act on |0) with
at(k), we get a configuration with an energy that lies wy above
the ground state energy:

a'(k)|0) = 1) with H[1;) = (Eo+wy) [13) , (8.29)

where Ey denotes the ground state energy which, as discussed
above, is set to zero. If we now act with a*(%) on the ket we
created this way, we find a new configuration with an even
larger energy:

at (k) |1) = |2;)  with H|2;) = (Eo+2wy) [2;) . (8.30)
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* Reminder: in quantum mechanics
the wave number k and the mo-
mentum p are directly related. We
discussed this in Section 7.1.7.

Moreover, if we act on the configuration we created this way
with an operator a' (k') that is labeled by a different wave vector
K, we find

at (k) |2) = [215)  with  H[2p1p) = (Eo + 2wy +wy) [2:15) -

We say that a*(E) creates a particle with momentum k.1 The
energy of a particle created this way is wy = Vm?2 + k2, which
is the relativistic energy-momentum relation (Eq. 2.43), E =
V/m2 4 P2, in disguise. Similarly, we say that a(k) annihilates

a particle of momentum k. We call a* (k) a creation operator
and a(E) an annihilation operator. An important property

of the annihilation operator is that if it acts on a completely
empty system |0) we find zero because there is nothing left the
operator could annihilate

a(k) |0) = 0. (8.31)

This is the defining property of the ground state |0).

It’s entirely normal to be a bit confused at this point. In par-
ticular, it’s natural to wonder: what about energy and charge
conservation? How can we create a particle in an empty system
without violating these fundamental conservation laws? Even
Richard Feynman was confused about this as he recalled in his
Nobel lecture:

"T remember that when someone had started to teach me about
creation and annihilation operators, that this operator creates an
electron, I said, "how do you create an electron? It disagrees with
the conservation of charge", and in that way, I blocked my mind
from learning a very practical scheme of calculation."

We will see later that creation and annihilation operators act in
quantum field theory in a way that makes sure that the funda-
mental conservation laws are respected. The operators a*(k) and
a(k) appear under an integral that represents a physical field
configuration. Moreover, they necessarily act on a ket |) which
describes the system that we prepared in a particular way. Em-
bedded in this context, there is nothing strange about the way
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creation and annihilation operators act. It’s only if we look at
them in isolation that they seem a bit strange.

By using this new interpretation of a*(k) and a(k) it is instruc-
tive to take a second look at the Hamiltonian operator (Eq. 8.22):

H= /V dk3(wk at (B)a(F). (8.32)

The result if this operator acts on a ket like |2;1;,) should be

(ignoring a possibly non-zero ground state energy E)
H[2:1) = Qg + wyr) [2¢15) - (8.33)

This suggests that N(k) = a'(k)a(k) is a number operator that is
able to extract the number of particles with momentum k from a

given ket.™* For example * Similarly, we defined the number
operator for the harmonic oscillator
N(K) 12¢15) = 21215) (834) MEaTT
and
N(k/) |2}'1j<‘/> =1 |2}‘1§/> . (835)
In general
N(k) [ngng,...) = ng|ngng, ...) (8.36)
The Hamiltonian operator in terms of the number operator
reads
Wi -
H= / i N (). 8.

We can understand the meaning of this formula as follows. The
number operator N (%) extracts the number of particles with
momentum k from the ket the Hamiltonian operator acts on.
Then we multiply the resulting number with the corresponding
energy associated with each such particle wy. In addition, we
integrate over all possible momenta, which makes sure that we
extract all particles from the given ket. This way, we can sum
over the energies of all of the individual particles and find the

total energy of the system.
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We’ve discovered that when we act with the creation operator
at (k) on the ground state ket |0), we get a ket that describes a

single particle with energy wy = v/ m? + k2:

1) =a' (k) [0) - (8.38)

The notation already suggests that |1;) describes a particle with
momentum k. As usual in the quantum framework, we can
check this by using the momentum operator P;. Momentum is
the Noether charge associated with invariance under spatial
translations x; — x; + €; and reads (Eq. 4.39):

_ 3 0
B = /V Px T
D Eq435
= d3
+ (g0~ 54) |
D L=..(Bq52),8=0
_/ % (9l — m>¢ )) N
@ L
- /l;d3x Qi
. D Eq811
:/Vd3x 7o . (8.39)

By using the explicit expansions of the conjugate momentum
density 7t (Eq. 8.12) and ¢ (Eq. 5.51), we can rewrite this in
terms of the operators a(k) and a' (K):

P = /V Wkiaf(ﬁ)a(k’). (8.40)

This is demonstrated in Appendix A.6. If we act with this mo-
mentum operator on our particle state [1;), we find
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D Eq.840

D Eq.814

D a(k')|0) =0 (Eq. 8.31)

> ‘/dx’f(x/)é(x—x’)
= f(x)

Q' (k)[0) = 1)
= k,’ |1E> v (8.41)

This tells us that [1;) is indeed a momentum eigenstate with
momentum .

In summary, we discovered that if we act with a creation opera-
tor a* (k) on the ground state ket |0), the result is an energy and
momentum eigenstate:

1) = a* (k) |0)
with H ‘1E> = Wg |1E> (this is Eq. 8.29) ,
Pi[1z) = ki [1z) (this is Eq. 8.41) ,
and a(k)|0) =0 (this is Eq. 8.31) . (8.42)

It is conventional to say that |1;) describes a particle with mo-
mentum k and energy wy. In the following section, we will dis-
cuss why and how this statement must be refined for real-world
particles.
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2 This follows because
and therefore (13| = (|1;

(a*(®) [0))* = (0] a(k).

{

I

(¥
1=

| =
Nt

|_zp>+

8.4 Particle States

We can define that the ground state |0) is normalized

(0lo) = 1. (8.43)

But what about all of the other kets that we get by acting with a
ladder operator a' (k) on this ground state?

By using the commutation relation in Eq. 8.14 and the fact that
1) = at (k) |0) implies2 (1] = (0 a(K), we can calculate

1) = (0la(k)a’ (K)[0)

D —at(®)a(k) +at(®K)a(k) =0

= (0| (a(R)a* (F') — a" ()a(k) + a* (®')a(F) ) |0)

D a(k)]0) = 0 (Eq. 8.31)

= (0l[a(K), a" (K')]|0)

Eq. 8.14
= (0l((27)*5 (k—F))[0)
p
= (@r)%(k-¥)) (0/0)
Lo 2 (0]0) =1 (Eq. 8.43)
= (2n)%5(k—K). (8.44)

In words, this means that the kets describing particles with
different momenta are orthogonal since &(k — k') yields zero
except for k = K'.

In addition, recall that we introduced a(k), a* (k) in Eq. 5.52 as
rescaled versions of the original coefficients:

a(k) = \/2wya(k)
at(k) = /2w (k). (8.45)
We can define
a' (k) 0) = [15) - (8.46)

These states are related to the particle states we worked with so
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far by

1) = a*(k) |0)

= 2wia (k) |0)

= V2w |1z) - (8.47)

This implies that states like |1;) are normalized as follows
Eq. 8.47
(k) =" 2y/wpy/wop (113)
= 2/ /Jwp (2m)35(k — k')
D S(k—K)=0fork#K

= 2w (2m)38(k — k). (8.48)

J Eq.844

What we just discovered is interesting because we learn that

we cannot observe the states described by [1x) or |1;) in the
real world. In quantum theories, we always use a probabilistic
interpretation. The probability to find a system in the state ¢,
if we prepare it in the state ; reads in the quantum framework
P(y1 — ) = | (¥2|1) |*. This probabilistic interpretation only
makes sense if the probability to find the system in the state
if we prepare it (at the same moment in time) in the state ¢; is
100%:

P(p1 — 1) = | (Yalyr) > = 1. (8.49)

In mathematical terms this implies that we need normalized
states in order to get sensible probabilities. But we just discov-
ered that

(Le|1) = 2wie(27)38(k — k) = 2w (27)38(0) . (8.50)

Since §(0) represents formally an infinitely large peak, there is
no way how we can normalize a state like |1;) (and analogously

1))

The physical reason for this strange fact is that [1;) describes
a particle with perfectly known momentum |k). In quantum
theories, however, this implies that we have no information

323

about the particle’s location due to the uncertainty relation.™3 3 We will discuss the uncertainty

relation in more detail in Sec-

Therefore this is not a realistic setup. How can we talk about a on 8
ion 8.4.2.

particle if we have absolutely no idea where it is located? Let’s
try to understand this difficulty a bit better.
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4 For simplicity, we evaluate our
field in this section at one specific
moment in time. We will discuss
the time evolution of fields in the
next chapter.

8.4.1 Plane Waves

We discussed in Section 7.1.6 that it is often illuminating to
expand a given abstract ket |¢) in terms of basis vectors. Mathe-
matically this is possible by inserting a complete basis:

9) = [ dx' 1) (1)
J w() =y
= [y ) (551

where we used that [ dx|x) (x| =1 (Eq. 7.41). Moreover, we can
project out the amplitude for one specific location x, as usual, by
using the corresponding bra (x|:

(xlg) = (o] ([ () 1x))

D we integrate over x’ not x
D (xlx) =48(x—x")

D [ e - ) = £()
=9(x). (8.52)

Thus it would be nice if we could somehow understand our
newly defined states [1;) similarly in terms of a concrete basis.

To that end, we do something that is long overdue: we discuss
what happens when a field ¢ (and not just one of the coeffi-
cients a' (k)) acts on the ground state |0). First of all, we intro-
duce the notation

1z) = ¢(%)10) - (8.53)
It is quite tempting to say that |13) describes a particle that
is localized at X¥. One motivation for this point of view is the
formal similarity between the operator (Eq. 5.51 with t = 0)™4

4 1 —i(k®) (7 (k%) t (7
$(%) Z/dk3m (e 0a(k) + &'t )ﬂ+(k)> (8.54)

and the position operator of a quantum mechanical harmonic

oscillator (Eq. 7.59)
x_\/T(a+a+> (8.55)
2mw ' '




Moreover, we will see below that we can use the basis vectors
|1z) defined in Eq. 8.53 quite analogously to how we use |x) in
Eq. 8.52.

However, there are still quite a few poorly understood technical
issues with such an interpretation. Most importantly, the state
that we label in quantum field theory by |13) is definitely not
the same state that we label by |¥) in quantum mechanics.*>

Nevertheless, let’s try to understand the state defined in Eq. 8.53
by using the explicit field expansion (Eq. 5.51)
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> Most standard textbooks tell their
readers that ¢(¥) |0) represents

a particle at X. This is certainly a
perfectly valid attitude if you're
just starting out. But if you're a bit
further in your studies it’s worth
going down the rabbit hole and
reading about the problems we
encounter if we try to interpret

[1z) = ¢(%) |0) this way. Technically,
the quantum-mechanical |X) is "§"-
localized, while |1z) is only almost
localized at a point. We will see this
more explicitly in Section 8.5. For
an extensive discussion see

T. Padmanabhan. Obtaining
the Non-relativistic Quantum
Mechanics from Quantum Field
Theory: Issues, Folklores and Facts.
Eur. Phys. ]., C78(7):563, 2018. DOI:
10.1140/ epjc/$10052-018-6039-y

1 B D Eq.551
_ (/dk3 P (efz(k Da(F) + elF f)a+®>) 0)
1 L D a(k)|0) =0 (Eq. 8.31)
:/dk3 (2n)3 2wke1(kx)”+(k)|0>
- D 1) =a'(k)]0) (Eq. 8:38)

Here, we act with the ladder operator at (k) on our empty state
ket |0). This way we create a field excitation with momentum
k. However, we integrate over all possible momenta k and thus
create a superposition of field excitations of all possible mo-
menta.

Schematically, we have

D a'(k1)|0) = 1) (Eq. 8.29)

Each field excitation in this superposition is weighted by a plane

(8.57)
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16 Take note that this does not mean
that |1z) consists of infinitely many
field excitations. Instead, we learn
that different field configurations
with definite momenta are in
principle possible if we prepare a
field in the state |1%).

7 Roughly, the (Heisenberg) uncer-
tainty relation tells us that the more
a particle is localized in space, the
less localized it is in momentum
space and vice versa.

8 Reminder: in quantum mechanics,
we have (Eq. 8.52)

(xlp) = 9(x),

where ¢(x) is the position represen-
tation of the abstract ket |¢).

Eq. 838

(el1p) =" (1] (2 R) [0))

wave factor e~/(ki ) 16

Therefore, we learn here that the state described by |13) is a
superposition of all possible field excitations with well-defined
momentum values. This means that for the state described by
|1z) it’s possible to measure, in principle any momentum value.
This is exactly what we would expect for a particle that is per-
fectly localized in space, as a result of the quantum mechanical
uncertainty relation.'”

But before we talk about uncertainty in more detail, let’s finish
our discussion of the definite momentum states |1;). In par-
ticular, as suggested at the beginning of this section, we want
to understand them better by expanding them in terms of a
concrete basis.

Motivated by the result in Eq. 8.52, we multiply |1;) by (1g[ in
order to determine the position representation of the abstract
ket |1E>318

D Eq.856and (y| = |1p)+

_ (/dk/3Mei(E’<f)a+(%/) ‘0> )+ (a'r(k‘) |0>)
/ dk’3 Zwk/e “0) (0] a(®)) (o (8) 10))

) 0] (a (R)a(R) + (276 (F

2 (Wlo= 0"y

1 D Eq.814
13 T
= [k e -5)) o)

D a(k)|0) =0 (Eq. 831)

- / dk”® \/;Tei@’%(ﬁ’—ﬁ) (0/0)
K .
> [ad e —x) = fx)
_ L iy (8.58)

\/Zwk

This is almost exactly the wave function that describes a particle
with momentum & in quantum mechanics (Eq. 5.44):

(8.59)



The only difference is the normalization factor 21@ We can get
rid of this factor by using the rescaled momentum eigenstates
that we already introduced in Eq. 8.45:

1) = V2w |17) = /2wia® (k) [0) - (8.60)

If we repeat the calculation in Eq. 8.58 with this modified state,
we find B

(1g]1;) = e 7%, (8.61)
In any case, what we’ve discovered here lends further support
to the idea that |1z) = ¢(X) |0) is at least somewhat analogous
to the position eigenstates |X) that we use in quantum mechan-

1Cs.

As a final comment, note that we can understand why it’s some-
times more convenient to work with a(k), a*(k), |1;) instead

of a(k), a® (), 1;). In the latter case, we have a simpler inner
product of momentum eigenstates (Eq. 8.44)

(1:115) = 2n)%s(k —K'), (8.62)
compared to (Eq. 8.48)
(1e|1e) = 2w (21)36(k — ') . (8.63)

However, if we use a(k), a*(k), |1;) we find proper plane waves
(Eq. 8.61)

—

(1z[1y) = e™** (8.64)

which we can compare with (Eq. 8.58)

y
(el = —5e ®3), (8.65)

Ultimately, it’s just a matter of taste which of the two conven-
tions we use as long as we keep everything consistent.

8.4.2 The Uncertainty Relation

Now let’s revisit the topic of uncertainty. On the one hand,
we've discovered that the ket |1z) which describes an (almost)

QUANTUM FIELDS
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localized field excitation can be thought of as a superposition of
infinitely many states with well-defined momenta (Eq. 8.56). In
physical terms, this means that while we can be quite certain to
find the field excitation at ¥, we have no idea what its momen-
tum is. Formulated differently, the field excitation is completely
delocalized in momentum space. On the other hand, we discov-
ered that a momentum eigenstate |1;) can be represented as a
plane wave (Eq. 8.58). A plane wave spreads out all over space
with equal amplitude. Thus, for a particle described by a plane
wave, there is no way to answer the question: where exactly is
the particle located?

This interplay between states with well-defined momentum and
states with well-defined position is a key feature of quantum
theories.

To understand why, let’s consider a rope. We can generate a
wave in a long rope by shaking it rhythmically up and down:

( /\“:. ‘cb«l

VAV AVE"

If someone were to ask us where the wave is, we wouldn’t have
a good answer since the wave is spread out. But if we are asked:
"What's the wavelength of the wave?", we could easily answer
this question and state: "It's around 6cm."

We can also generate a different kind of wave in a rope by jerk-
ing it only once.

). L R
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This way, we get a narrow bump that travels down the line. For
this kind of wave, we can easily answer the question: "Where
precisely is the wave?". But we have a hard time answering

the question: "What's the wavelength of this wave?", since the
wave isn’t periodic and it’s completely unclear how (or if) we
can assign a wavelength to it. Analogously, we can generate
any kind of wave in between these two edge cases and there is
always a trade-off. The more precisely the position of the wave
is localized, the more ambiguous the wavelength becomes, and
vice versa. To make this idea more precise, recall that we can
think of a localized wave as a superposition of dozens of other

waves with well-defined wave-lengths™9. 9 Such waves with well-defined
waves lengths are known as plane

. . . waves. The expansion of a general
If we add lots of waves with different wavelengths, they will bump in terms of such plane waves

average out almost everywhere. But we can arrange the waves is exactly the idea behind the
Fourier transform. The uncertainty

we end up with this way is a
This is true for all waves. Since in quantum theories, we de- general feature of waves and known
as the bandwidth theorem.

such that, in a small region, they don’t cancel each other out.

scribe particles as field excitations, it also applies here. In quan-
tum theories, the wavelength is directly related to its momen-
tum (Eq. 7.1.7)

A , (8.66)
The larger the momentum p, the smaller the wavelength A of
the wave that describes the particle. Therefore, a spread in
wavelength corresponds to a spread in momentum. What this
means in physical terms is exactly what we talked about above:
We can’t know the location and momentum of particles with
arbitrary precision:
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2° To unclutter the notation, we use
the rescaled momentum vectors
introduced in Eq. 8.60.

> If we consider dynamical fields,
we need to introduce a finite
spacetime volume. This means that
we imagine that our system lives in
a finite box of volume V and that
everything happens during a finite
time span T. The corresponding
spacetime volume reads VT.

The uncertainty relation that we arrive at tells us:

The more precisely we determine the location of
a particle, the less precisely we are able to

determine its momentum and vice versa.

8.4.3 Dealing with Non-Normalizable States

Above, we have learned that in the position basis the states with
perfectly known momentum are represented by plane waves
(1l1p) = e"¥ 20 As mentioned in the previous section, a prob-
lematic aspect of plane waves that already pops up in quantum
mechanics is that they fill the entire space with equal amplitude.
This implies that plane wave states are not normalizable.

At = [ dx (g1 (1el1p)
D Eq.861
o0 - —
:/ By o7 kT

- /_oo Bx1=oo. (8.67)

This nonsensical result shouldn’t be too surprising. Whenever
we talk about particles in the real-world we have at least some
idea where they are localized in space. Thus plane wave states
aren’t something that we can observe in Nature. In the follow-
ing section, we will discuss more realistic particle states. How-
ever, plane waves are extremely convenient from a mathematical
point of view and therefore it makes sense to discuss how we
can use them despite their problems.

One way out of this difficulty is to restrict ourselves to systems
with finite volume V.2! In this case, we find

(1) = /Vd3x (1x|1g) (1g|1x)

J

_ / Pr1=V. (8.68)
14
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Since V is some possibly large but finite number, we can nor-
malize our plane wave states. The idea to only consider finite
volumes is, of course, quite reasonable. In real-world experi-
ments we always isolate a tiny subsystem from the rest of the
universe and then try to predict what is going on within the
isolated box. In addition, the actual volume of the box doesn’t
matter since it drops out from all of our predictions. For exam-
ple, if we want to calculate the probability of finding the system
in the state f after preparing it in the state i, we can work with
non-normalized states as long as we restrict ourselves to ratios
of probabilities
: | (Lf1Uli) 2

PO I = Sl 869
where U is an operator that describes how |i) changes in time.
The factor (f|f) (i|i) in the denominator makes sure that all
dependencies on possible norms and thus on the spacetime
volume V drop out from our predictions.

If we recall the integral representation of &(k):

. - 43 2,
5) = | (gﬂ"p y (8.70)

we can use exactly the same steps as in Eq. 8.6y to derive a
relation that is used quite often in quantum field theory:

- © PBx  _5r
5(0) - </700 (27'[)3 ¢’

D
~tim [
T Vo v (27‘[)3
J
= L lim /
o (277.’)3 Voo JV
. J

This is often used to replace occurrences of (271)35(0) by V. If
we do this everywhere, the volume V drops out and we can
eventually take the limit limy_,,, without problems.
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The trick we just discussed is, in fact, standard practice in quan-
tum field theory. The whole procedure can be summarized as
follows:

1. We work with non-normalizable states like [1;) and infinite
spacetime volumes because this simplifies many calculations.

2. Once most of the work is done, we make sure that we don’t
predict nonsensical things like a probability ~ oo. Since a
cancellation £ is not a sensible mathematical thing to do,
we temporarily introduce a finite spacetime volume V which
allows us to cancel all occurrences of V.

3. Finally, we can go back to an infinite spacetime volume
(V — o0) if we want because V no longer plays a role in
our formulas.

This may sound quite awkward and cumbersome, but you
will quickly get used to it. Once we discuss explicit examples,
you will see that this procedure is actually simpler than the
alternatives.

In the next section, we will discuss an alternative way to handle
non-normalizable states which is mathematically a bit more
cumbersome but physically quite illuminating.

8.4.4 Wave Packets

When we observe and describe particles in the real world, we
have at least some idea where they are located and know their
momenta fairly well but not exactly. In the quantum frame-
work, we describe such a situation by using a superposition of
possible states

VP =Yalk) =ak) talf) .. 672
i
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where ¢; is the probability amplitude for the momentum vector
Ei. In words, this formula indicates that several values for the
momentum of the particle are possible. Realistically, we usually
only know that the momentum lies within some range around
some central value k. Therefore, we replace the sum by an inte-
gral and end up with

range dakl 77
197 = [ G f R 1) 573

where f (E, 4 ) is a smearing function that describes how certain
we are about different possible momenta. The most famous
example is a Gaussian smearing function

(kK2

fEUS(kK) = Ne 27, (8.74)

where N is a normalization constant. The ket in Eq. 8.73 repre-
sents a wave packet that encodes that we are somewhat certain
to find our particle with momentum k. The uncertainty is en-
coded in the width of the wave packet o. We can check that
|1)""8¢ is indeed properly normalized

range <1’_€ | 17{ > range

A3k’ B D Eq.873
— / (27{)3f( g ’) <1k’| ) (/ (Zn)af(k’ku) |14N>)
2
31! 3711 .
- (Czlyf)a / é?l;)sf( KD fU ) (M 1)
QD Eq.844

R
—
=
R\
=
R\
=
=
I
R\
Il
=
Na)

= (Zn)3f(k,k’)f(k,k’)
- D Eq.874
Bk, ERP2
~ et
21
D ooclxe”fz:\/%

—0o0

= (8.75)
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** This formula is only valid for

a fixed moment in time. More
explicitly we can write (t, ¥'|t,X) =
§(X¥' — ¥). In contrast, (¢, ¥'|t, X) for
t' # tis not necessarily zero for

¥’ # X since the particle can travel
from ¥’ to ¥ during the interval

At =t/ —t. For ' = t, the time
interval is zero and thus there

is no way our particle can travel
anywhere as a result of the speed
limit imposed by special relativity.

Therefore, we find

range (11,)18° — (8.76)

. 3/293 . . . .
if N2 = ”0732 The exact value of this normalization is not that

> range

important for us. Far more important is that |1; can indeed

be normalized as opposed to the more idealized states |1;).

In summary, we use a ket of the form given in Eq. 8.73 when-
ever we are somewhat uncertain about the particle’s momen-
tum. In the real world, this is always the case. There are, how-
ever, as discussed in the previous section, tricks that are often
used to avoid working with wave packets.

In the following section, we will talk about some of the most
powerful tools in quantum field theory.

8.5 Propagators

We have discovered in the previous section that it’s quite tempt-
ing to say that the ket (Eq. 8.53)

I1z) = ¢(x) |0) (8.77)
describes a particle located at ¥. In this section, we will see why
this is not quite right. In quantum mechanics, we can define a
position eigenstate |X¥) which describes a particle located at X. A
defining property of this ket is that for all position eigenstates
evaluated at equal times, we have

(8.78)

In words this formula encodes that the particle is localized ex-
actly at X since the probability amplitude to find it anywhere
else is zero.?* Therefore, to check if the field configuration de-
scribed by |1z) is localized, we need to evaluate (13|1z). This is
possible by using the explicit definition of |15) in Eq. 8.56:



)10))" ( (%)[0))
K’ o Zwk/ ez(E’~§’) |1F’>)+(/dk3(27f)31\/mei(w) |1%>)

-

(e
<
= (9 e 0 ) ™)

27'[ (271)3 20 Za)k/
1 R AT R
— dk/3 /dk3 —i(k"-x") Ji(k-X) 15, |12
27‘[)6 k/\/zwke ¢ < k| k>
1 ST 2l ST — -
_ dk/3 / dk3 —i(k"-%") Li(k-X) 2 3(5 k—K
/ (270)6~ 2c00 2005 (@) etk -~ k)

—ik-(¥' —%)

where, as usual, w; = V k2 + m2. The most important observa-
tion in Eq. 8.79 is that it is not exactly an integral representation
of the delta distribution, which reads

3 -
(8 =) = [ e HE (8.50)
The difference between Eq. 8.79 and Eq. 8.80 is the factor 2wy

in the denominator. This detail is important because it tells us
that (1z|15) is not equal to a delta distribution. Therefore, we
can conclude that the field excitation described by |13) is not
localized at a single point.

This becomes even more obvious if we believe our colleagues
from the math department who tell us that in the limit of large
distances r > 1 the complicated integral here behaves like e™"".

Moreover, they tell us that there is a singularity for r — 0.3
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D definition
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» To see that the integral diverges
for r — 0, we observe that r — 0
implies ¥ — ¥ and thus the integral
reduces to

/ LA JER

(271)32wy
_ di’
27‘[ 32wk

This integral diverges for the same
reasons the integral [~ dx m

diverges since wy, = VI2 + m2.

While this may seem problematic,
take note that the same comments
as for the result (Eq. 8.44) (1;[13) =
(2m)36(k — k') apply. We get
diverging probability amplitudes
because we consider unrealistic
states that we cannot observe in the
real world.
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 Note that the integral in Eq. 8.79
can be solved analytically

m
<1,;:/‘]f> = mKl(mr), (881)

where r = |¥ — ¥'| and K; denotes
the so-called modified Bessel
function. Since the Bessel function
cannot be expressed in terms

of elementary functions this is
probably not very illuminating.

Thus even though there is a peak at r = 0, we only find an
exponentially decaying amplitude if we move away from r = 0
and not a completely vanishing amplitude.

We can also see this more visually by evaluating the integral
numerically.># The result of such a numerical integration is
schematically shown in the following figure:

A

K,(nv)

>l

In physical terms this implies that there is a non-zero proba-
bility to find a non-zero field excitation at other locations ¥/,

as long as they are sufficiently close to ¥. For a real delta peak,
the probability is exactly zero except for ¥’ = X. In summary, a
particle-like field excitation is not completely localized in quan-
tum field theory.

8.5.1 Dynamical Propagators

In the previous section, we’ve talked about the probability am-
plitude of finding the particle at location x” at the same moment
in time that it was prepared at the location x. For the sake of
clarity, from here on we will say that |13) describes a particle X.
By using the particle language, we say that (13|13) is the prob-
ability amplitude to find the particle that we prepared at the
location ¥ at the same moment in time at the location ¥’.

The situation gets even more interesting if we consider the prob-
ability amplitudes for transitions between different moments in
time. Completely analogous to what we did in Eq. 8.79, we can
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calculate that this more general probability amplitude reads
1 Wi+ (t’ft)ffc’-(f’fa?))
D(,%,t,%) = (1p.4]1 /
( ) X ‘ tx T 32Wk
lkV(X —x#) 8 82
/ (2m 32wk (882)
This is the probability amplitude to find a particle that we pre-
pared at X at t, at the position ¥’ at t'. We call D(t/, ¥, t,¥) the
propagator.®> For equal times = #' this is exactly the am- 25 We will discuss several special

plitude that we found in Eq. 8.79. In words, the amplitude in
Eq. 8.79 contains information about the static structure of our
field, while the amplitude in Eq. 8.82 also contains information
about how a field changes dynamically.

Instead of studying the general amplitude in Eq. 8.82 it makes
sense to isolate the dynamical behavior by keeping the location
we consider fixed. In other words, analogous to how we consid-
ered the equal times (t = t) special case in the previous section,
we now consider the equal positions (¥ = X) special case of
Eq. 8.82. By using Eq. 8.82 we can immediately write down the
amplitude of finding the particle at a possibly different moment
in time at the same location:

D(t/,f, i’,f) = <lt’,f|1t,3?>
D Eq.882with¥=7%

_ / A i(wt-n-Fn)
(

2n)32wke

_ / di’ i (' =)
(2n)32wk
D w=\RR+m?
ei\/ %Zerzv(t’ft) (883)

- / (271)32V k2 + m?

This amplitude is very different from the static amplitude

(Eq. 8.79) that we considered in the previous section.?® This 2 For your convenience: Eq. 8.79

becomes especially obvious if we ask our friends from the math reads

propagators below. This is the basic
building block of all propagators.

_ kK’ —ik- (¥ %
<1t,>?"1t,f) */me



338 NO-NONSENSE QUANTUM FIELD THEORY

department once more who tell us that for long time spans
T = |/ —t| > 1, the integral in Eq. 8.83 behaves like 7.
In contrast, the static amplitude (Eq. 8.79) behaves in the long
range limit » >> 1 like e™"". The imaginary unit in the expo-

nent makes all the difference. While e ™"

—imT

is a rapidly vanishing

function, e oscillates up and down forever.

This makes perfect sense from a physical point of view. The fact
that the static amplitude (Eq. 8.79) vanishes rapidly tells us that
elementary field excitations are quite localized (but not com-
pletely). In contrast, the fact that the dynamical equal position
amplitude oscillates indefinitely means that its quite likely to
find an elementary field excitation at a different moment in time
at the same location.

We are almost ready to talk about the general amplitude (Eq. 8.82)
which encodes information about the likelihood that a particle
moves from one location ¥ at t to a different location ¥’ at a dif-
ferent moment in time #. But first, we need to talk about one
subtlety.

8.5.2 Advanced and Retarded Propagators

In the previous section, I've tried to be careful and only talked
about different moments in time and never about earlier or later
moments in time. In this section, we will try to introduce no-
tions like "earlier" and "later" into our formalism.

From a mathematical point of view, we can consider the ampli-
tude D(t,%',t,%) = (1 |1, ) (Eq. 8.82) for t' > t, for t = ' and
for t' < t without problems. But let’s try to put into words what
the amplitude describes in these cases:

> For t' > t, the amplitude D (', ¥, t,X) tells us how likely it is
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that we find the particle at ¥’ at some later point in time #' if
we prepare it at ¥ at time ¢.

> For t' = t, the amplitude D(t,¥,t,X) tells us how likely it is
that we find the particle at X’ if we prepare it at X at the same
moment in time ¢.

> For # < t, the amplitude D(#,X,t,X) tells us how likely it
is that the particle was at X’ at some earlier point in time ¢’ if
it is at X at time t. This case can be quite confusing because
here we consider a "final state" which is located at an earlier
moment in time.

If we want to use the amplitude (1, y|1; ¢) to predict how a
given field configuration evolves in time, we need to make sure
that ' > t. In contrast, for ' < t we can use the amplitude

(1p z|1; %) to find out where a given field configuration came
from.

Mathematically, we can describe this by using the so-called
Heaviside step function ®(x) which is zero for x < 0 and equal
to one for x > 0.27 This can be summarized by writing 7 In case it is needed, it is conven-
tional to define that ®(0) = 1.
0, x<0,
0= (8.84)
1, x>0.

Or graphically

0(x)

2K

With this new tool at hand, we can make sure that ' > t by
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# Take note that different books
call different objects the retarded

propagator. One object that is often

called the retarded propagator is

Dr(t,¥,t,X) =

Ot —t) (D(t’,f’,t, %) - D(t, % t, %

The reason for this definition is that

this object is a (retarded) Green'’s
function of the Klein-Gordon
equation, while the object I called
the retarded propagator is not a
Green's function. We will discuss
this more explicitly below in the

context of the Feynman propagator

which plays a more important role
in quantum field theory than the
retarded propagator. A closely

related way of motivating this more

complicated retarded propagator
is by recalling that we observed
that the elementary equal-time
propagator D(t, %, t, ¥’ )) behaves
in the long distance limit » =
V(¥ =X)2 > 1like e~"". This
is somewhat problematic because
it implies that distant points can
influence each other even though
no time passes which is against
the spirit of special relativity.

But if we consider the difference
D(t,¥,t,X) — D(t,%,t,X) we get
an object that vanishes in the long
distance limit since the two factors

of e™™" cancel. In words this implies

that the amplitude for a particle to

go from ¥ to ¥’ cancels exactly with

the amplitude for a particle to go

from ¥ to ¥. Thus, we get an object

this way that is no longer at odds
with the laws of special relativity.
For this reason the object defined

above is often also called the causal

propagator.

» The comments made in the
sidenote above about alternative
objects that are called the retarded
propagator also apply for the
advanced propagator.

writing

Dr(t,¥,t,%) = O —t)D(t',¥,t,%), (8.85)

which is called the retarded propagator. This amplitude is zero
for ' < t since in this case ' —t < 0 and therefore @(' — t) = 0.
Thus we can write it equivalently as

D(t',¥,t,X) t' >t

Dg(¥,¥,t,%) = .
0 th <t

(8.86)

In summary, by multiplying the general propagator D(t', ¥, t, X)
(Eq. 8.82) by the Heaviside function ©(t' — t) we can make

sure that we only consider final states which live in spacetime
at a future point in time. Formulated differently, the retarded
propagator allows us to understand how a field configuration

influences the field configuration in the future.?

Analogously, we can define the advanced propagator9

Da(t,¥,t,%) =0O(t—t"D(t,¥,t,X%). (8.87)

The only difference to the retarded propagator is that we
switched the place of ¢ and #' in the argument of the Heavi-
side function. Therefore, this amplitude is only non-zero for
' < t. We can write it equivalently as

t >t

Dr(t, @, t,%) = )
D(t,¥,t,X) t <t

(8.88)

We can use the advanced propagator to understand how a given
field configuration was influenced by field configurations in the
past.
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8.5.3 The Feynman Propagator

There is another propagator that we should talk about since it
will become incredibly important in subsequent chapters. We
will discover that if we want to calculate the probabilities of dif-
ferent scattering processes, we regularly encounter expressions

of the form3° 3° We will derive in Section 9.3 why
the time ordering operator enters

/d4 /d4 / 0|T(P( ) (/ _’/)|0> (8.89) our description.

where T is the time ordering operator that is defined as follows:

p(t,X)p(t, %) fort >+t

To(t,%)p(t, %) = . (8.90)
¢ ¢ p(,X")p(t,X) fort <t
This motivates us to consider the time-ordered propagator
De(t,®,t,X) = (0|T(t, X)p(t',%)[0) , (8.91)

which is commonly called the Feynman propagator.

To understand the Feynman propagator a bit better, take note
that we can write down time-ordered products in more explicit
terms by using the Heaviside function (Eq. 8.84):

To(t, B)9(F, ) = Ot )9 (t, Dp(t, ) + O — (¢, ¥ )p(t, 7).
(8.92)

This is correct because O(t — t') is only non-zero for t > ' and

therefore t' describes an earlier moment in time. Similarly the

Heaviside function that appears in the second term @(t' — t)

is only non-zero for t < t' and therefore ¢ (', X')¢(t, X) only

contributes something if ¢ is indeed an earlier moment in time.

Therefore, we can write the Feynman propagator as

De(t,¥,t,2) = O —t)D(¥,¥,t,%) + O(t —t')D(t, %, ', %) .

(8.93)



342 NO-NONSENSE QUANTUM FIELD THEORY

3" In fact, the Feynman propagator
is a Green’s function as we will
discuss below.

where D(t,¥',,%) = (0|¢(t, X)p(t,%)|0) = (1yx|1iz)
(Eq. 8.82).

/
/D(;',?I’/N,/’f;’) / | // (th.i//

It

In words, the Feynman propagator is the probability amplitude
that for ' > t a field excitation moves from X to ¥’ and that

for t > t’ an excitation moves from ¥’ to ¥. If we look at the
Feynman propagator in isolation it’s quite hard to understand
why we should care about this particular amplitude. However,
as mentioned above, we care about the Feynman propagator
because it appears in formulas that we use to calculate the prob-
abilities of different scattering processes. Thus it is important to
keep in mind that the role of the Feynman propagator is quite
different from the role played by the retarded propagator dis-
cussed in the previous section. We use the retarded propagator
to calculate the probability of finding a particle at a specific lo-
cation at a later point in time. In contrast, the role played by
the Feynman propagator is analogous to the role played by the
Green'’s functions discussed in Chapter 6.3

A Green’s function is a damping factor that allows us to calcu-
late how the field value at a specific location is influenced by the
field values elsewhere. The impact of non-zero field values gets
smaller if we move further away from the location in question.
How exactly the impact gets smaller depends on the field at
hand and is described in mathematically precise terms by the
corresponding Green'’s function.

The prototypical situation that we consider in quantum field
theory is two particles scattering off of each other. In our frame-
work, particles are field excitations and the Feynman propaga-
tor is, like the classical Green’s functions, a damping factor that
tells us exactly how the particles influence each other.



Let’s say particle A is located at Xj at time £, at X1 at time #;
and at X, at time fy, where ty < t; < tp. Moreover, we imagine
that a second particle B flies by and is at iy at time #y, at j; at

time #; and at i, at time #,.

Since in quantum theories we always make probabilistic pre-
dictions, we need to take all possible ways the two particles can
interact with each other into account if we want to describe the
scattering process properly. This means that we need to take
into account how the non-zero field value at iy, ij1, /> at differ-
ent times influences the field values at Xy, X1, X».32

To start with, let’s consider particle A at a fixed moment in time
t;. How is it influenced by the second particle B? A first idea
could be that we only need to know that the second particle

B is at t; at i/; and then use an appropriate damping factor to
calculate how this influences particle A. But this isn’t correct. To
understand why, let’s imagine that the two particles represent
quite localized spikes in the field that cause little ripples in

the field all the time. It’s through these ripples that particles
influence each other.33 But we know from special relativity that
there is an upper speed limit and thus these ripples need time
to travel from the location of particle B to the location of particle
A. Moreover, since particle B sends out these ripples all the
time, all of its past positions potentially play a role.

=

“shapshot ak 4,

thfﬂ\o# d Jto
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32 For the sake of argument, we
say that a particle corresponds to a
non-zero field value.

3 This is just an illustrative picture
and please don't take it too seri-
ously. In addition, take note that it
is conventional to talk about these
ripples by using the notion of vir-
tual particles. We will discuss this
in more detail below.
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Mathematically, this means we need to integrate over t in order
to take all the ways particle B influences particle A into account.
If we say for concreteness that ¥’, ¢ describe the spacetime point
of particle A and ¥, t describe the spacetime point of particle

B. The first term in the Feynman propagator (Eq. 8.93) ©(t' —
t)D(#,x',t,X) describes how ripples move from past locations
of particle B to the present location of particle A. The Heaviside
function makes sure that we only include past locations.

In contrast, the second term in the Feynman propagator (Eq. 8.93)
O(t — t')D(t,X,t',X') yields the probability amplitude that a

field excitation that starts at the location of A hits exactly the
future position of B. This may seem extremely puzzling at first
but can be understood as follows.

First of all, take note that a particle is not only affected when a
ripple hits it but also when it sends out a ripple. This is some-
what analogous to how the trajectory of a boat changes if it is
hit by a ball, but also when we throw a ball whilst we are stand-
ing on the boat.

.

fa

—

__

A key idea in our quantum framework is that while we can
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imagine that each particle sends out ripples all the time, only
those ripples that hit other particles have an impact on the parti-
cle that sent them.

Think of the ripples as probes that each particle sends out all
the time. This continuous process of sending out probes has
no immediate effect on the particle. If, however, one of the
probes hits another particle, the particle that sent the probe is
affected too. This makes sense if we think, for example, about
conservation of momentum. If one of the probes hits another
particle, its momentum gets changed and hence, if momentum
is conserved, the particle that sent the probe must provide the

required momentum and thus is also affected.34 3 As usual in quantum theory
it’s best to not take all of this

345

too literally. There are no probes

that are sent out continuously.

n > This follows because they have

. "’/ absolutely no effect unless they
e ' < ) °, hit another particle. We will see in

. ...-' — ® . the next chapter in mathematical
- terms how these "virtual particles”
(probes) enter the stage.
thfﬂ\o} at 11,‘ foiAo# at J‘l
L/. L

snapshot ak 4,

This is where the second term in the Feynman propagator
comes into play. As mentioned above, this second term is the
probability amplitude that a field excitation that starts at the lo-
cation of particle A hits exactly the future position of particle B.
Thus, this is precisely what we need to calculate (in probabilistic
terms) which probe will hit particle B and thus affects the state
of particle A.

The total effect on a particle is therefore determined by two
factors:
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> How it is hit by the probes that are sent out by other par-
ticles. We can calculate this contribution by using the first
factor in the Feynman propagator that encodes the probabil-
ity amplitude that a probe moves from a location in the past
to the present location of the particle.

> How the probes it sends out itself hit other particles. This
contribution requires that we calculate how the probes move
to different locations in the future. The second term in the
Feynman propagator encodes the probability amplitude for
this to happen.

For completeness, let me mention another way to think about
the Feynman propagator which is more standard but also

more puzzling. In this interpretation (known as the Feynman-
Stiickelberg interpretation), we imagine that particle A is af-
fected by "virtual particles” (ripples) that were sent out by parti-
cle B in the past and by virtual antiparticles that are sent out by
particle B in the future. In other words, in this interpretation we
imagine that particle A is only affected when it is hit by virtual
particles that are sent out by particle B. However, some of these
probes move backwards in time. They start from a future posi-
tion of B at some future point in time and then hit exactly the
location of particle A in the present.

Condrifution Condriu/Hom
foom o<k, Foom et
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We will talk about antiparticles in more detail in Section 8.6.

The Feynman propagator Dr(yy, x;) has an illuminating prop-

erty. It’s a Green function of the Klein-Gordon equation:35 3 To unclutter the notation we
define here x, = (t,X) and y, =
2 . ! = . . ..
(ayaﬂ +m ) Dr (]/y/ xy) = 15(95;4 - yy) i (8.94) (#,X'). Reminder: the defining

property of a Green’s function is
that it yields the delta distribution
if we plug it into the corresponding
into our definition of Dr(yy, x,). This is why the Feynman equation. In intuitive terms, a
propagator plays such an important role in our description of Green’s function encodes the fields
response to a delta-shaped source.
We discussed this in Section 6.1.2.

where the factor i is a convention that we could equally absorb

how quantum fields interact with each other.

We already learned in Chapter 6 that Green’s functions are
exactly what we need to describe how fields behave in the pres-
ence of interactions. We will see in the next chapter that this is
again true in quantum field theory. An important observation is
that it’s the time-ordering that makes the Feynman propagator a
Green’s function. One hint of why this is true is the fact that the
derivative of the Heaviside function is the delta distribution

d@;ix) =d(x). (8.95)

Intuitively this follows because the slope of ©(x) is only non-

zero at x = 0 where it is infinitely steep since the jump from 0 to
1 is discontinuous. We explicitly check in Appendix A.7 that the
Feynman propagator is a Green’s function.

In contrast, the elementary propagator (Eq. 8.82)3° 3 Take note that what I call the
elementary propagator here is
D(t’, Xt %) = (0|¢(t, f)qj(t’, f’) [0) = (1py |1, 2) (8.96) usually known as the Wightman
’ ’ function or two-point correlation
is not a Green’s function. This follows immediately if we plug function.

it into the Klein-Gordon equation, as shown in Appendix A.7.

Instead, we find that the elementary propagator is a solution

of the free Klein-Gordon equation.3”7 In other words, if we plug 7 Mathematically, D(, ¥, t, ¥) is
D(t,¥,t,X) into the Klein-Gordon equation, we find zero and the kernel of the Klein-Gordon

L . equation. In many cases the Green’s
not a delta distribution: function of an equation can be

) understood as the product of the
(a,,af‘ +m ) D (]/]4, xﬂ) =0. (8.97) kernel times a Heaviside function.
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38 For your convenience: Eq. 8.91
reads

Dr(yu, xu) = (0| T¢(t, ¥)p(y,)|0)
and Eq. 8.93 reads
Dr(yy, xu) = Ot — ) D(yp, )
+ Ot =)D (xp, yy)-
Take note that, as before, we use

the notation x, = (t,X) and
v = (F, 7).

3 An important hint is the integral
representation of the Heaviside
function:

@(tft’):i/

e 27T z+ie

ooy piz(t=t')

You can find an understand-

able discussion at http:
//www.quantumfieldtheory.info/
Derivation_of_the_Propagator.
pdf

4 Reminder: Eq. 6.14 reads

dik ek (u—yp)

¢s (X, yp) :/W m

Moreover take note that the con-
ventional form of the Feynman
propagator given here yields
—i6(xy — yyu) if we plug it into the
Klein-Gordon equation, while the
Green’s function in Eq. 6.14 yields

d(xy — yu). The additional factor —i

is really just a convention with no
deeper meaning,.

This is why the more complicated looking Feynman propagator
plays a more important role than the elementary propagator
for interacting quantum fields — even though, of course, the
elementary propagator is an essential building block of the
Feynman propagator.

A somewhat confusing aspect of the Feynman propagator is
that it has many faces. We have already encountered two of
them (Eq. 8.91, Eq. 8.93).3% The most popular way to write the
Feynman propagator, however, looks like this:

d*k i e My
D (Y, ) = / (2m)4 kykt —m2 +ie’ (8.98)

We will not discuss the steps that allow us to bring Eq. 8.93
into the form given in Eq. 8.98 since this requires a lot of math-
ematical machinery that we don’t really need for our modest
purposes in this book.39 However, we can understand the fi-
nal form of the propagator given here because we’ve discussed
above that the Feynman propagator is a Green’s function of the
Klein-Gordon equation (Eq. 8.94) and the formula given here is
almost exactly the Klein-Gordon Green'’s function (Eq. 6.14) that
we discussed in Section 6.1.2. 4° The only significant difference
is the term i€ in the denominator which encodes time-ordering
in an extremely sophisticated mathematical way.

Since we talked about quite a few similar but still different
notions in the previous section, it makes sense to quickly recap
what we’ve learned about propagators.


http://www.quantumfieldtheory.info/Derivation_of_the_Propagator.pdf
http://www.quantumfieldtheory.info/Derivation_of_the_Propagator.pdf
http://www.quantumfieldtheory.info/Derivation_of_the_Propagator.pdf
http://www.quantumfieldtheory.info/Derivation_of_the_Propagator.pdf

8.5.4 Summary

The basic building block of all of the propagators that we dis-
cussed in this section is the elementary propagator D(t', ¥, ¢, X)
(Eq. 8.82). This propagator is the probability amplitude for an
elementary field excitation to move from X at time ¢ to ¥’ at time
t'. We considered two special cases to get a better understand-
ing of it. Firstly, we discussed the static propagator D(t, X, t, X)
(Eq. 8.79), which is the elementary propagator for equal time

(t = ') but possibly different locations (X # X’).4* The static
propagator is the probability amplitude that we find an elemen-
tary field excitation that we prepared at ¥ at the same moment
in time at another location ¥’. Surprisingly, this amplitude is
non-zero for ¥ # X'. But this doesn’t mean that a particle can
move around even though no time passes which would imply

a velocity above the speed limit imposed by special relativity.
Instead, this result suggests that it’s impossible to localize a
field excitation in quantum field theory beyond a certain limit.4
Moreover, we discussed that D(t, ¥, t, X) vanishes like e ™" for
large distances r = |¥ — ¥'| > 1.

The second special case that we considered was for a fixed
position (¥ = ¥’) at different times (t # t'). The probability am-
plitude to find a field excitation at a later moment in time at the
same position is given by the dynamical propagator D(t, %, t, X)
(Eq. 8.83).43 In this case, we found that in the long timespan
limit T = |t — #'| > 1 the amplitude oscillates like ~ e~"T.
We then moved on and talked about other propagators that we
can construct by using the elementary propagator. An impor-
tant example is the retarded propagator Dg(t, %', t, ¥) (Eq. 8.85)
which describes the probability amplitude that a field excitation
moves from ¥ at time f to ¥’ at time #' and is only non-zero for
t' > t. Thus, the retarded propagator allows us to calculate how
a field excitation evolves in the future. A second example is the
advanced propagator D, (#,X',t,X) (Eq. 8.87)) which is only
non-zero for # < t and thus allows us to understand the past of
a given field configuration.
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4t Alternative names for what I call
the static propagator are equal-
times propagator or spacelike
propagator.

# A popular explanation is that this
is a result of the non-trivial vacuum
structure of quantum fields (think:
boiling sea) which we will discuss
in more detail in Chapter 14.

4 An alternative name for this
propagator is a timelike propagator.
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4 Just for completeness, take note
that there is also an anti-time
ordered propagator which is
commonly known as the Dyson
propagator.

4 We learned in Chapter 6 that
Green’s functions are essential
tools when we want to describe
how fields interact with each other
or with themselves. Moreover,
take note that it’s really the time
ordering which turns the Feynman

propagator into a Green’s function.

This is demonstrated explicitly in
Appendix A.7.

D(t,¥,t,%)
(static propagator, Eq. 8.79)

~e " forr =¥ —X| > 1

<t =t—

t>

—

Dr(¥,¥,t,X)
(retarded propagator, Eq. 8.85)

t/ P>t

The final propagator we talked about is the Feynman propaga-

tor Dr(t,%',t,%) (Eq. 8.91). We construct it by time-ordering the

elementary propagator.44 The Feynman propagator is primar-

ily important in scattering processes as we will see in the next

chapter. A strong hint for this role of the Feynman propagator

is that it’s, unlike the elementary propagator, a Green’s func-

tion of the Klein-Gordon equation.#> Although we postponed a

proper discussion of scattering processes to the next chapter, we

already developed some rough understanding of what the Feyn-

man propagator describes. First of all, the Feynman propagator

consists of two parts. The first one is the probability amplitude

that a field excitation starts at a specific location in the past and

ends up exactly at the location that we are interested in. The

second part is the probability amplitude that a field excitation

starts at the location that we are interested in and then moves

exactly to a specific location in the future. These two proba-

bility amplitudes are important if we want to understand how

different particles interact with each other. The first part of the

Feynman propagator encodes how a particle is affected by the

virtual particles that are sent out by a second particles. The

second part encodes how the particle is affected by the virtual

particles that it sends out itself which hit exactly the second

particle in the future. All of this is summarized in the following

diagram:

D(t,¥,t,X%)
(elementary propagator, Eq. 8.82)

solution of KG equation

—x =x—>

D(¥,%,t,X)
(dynamical propagator, Eq. 8.83)
~e T for T= |t —t] > 1

time ordering

Da(t,¥,t,X)
(advanced propagator, Eq. 8.87)

Dp(t,¥',t,%)
(Feynman propagator, Eq. 8.87)

Green’s function of KG equation




8.6 Complex Scalar Fields

So far, we’ve only talked about real (scalar) fields. In the real
world, however, complex fields are just as (if not more) im-
portant as real fields. While many of the things that we just
discussed also apply to complex fields, there is one major differ-
ence with incredibly important consequences. This is what this
section is about.

First of all, recall that a general complex solution of the Klein-
Gordon equation can be written as (Eq. 5.53)

P(x) = /dk3(271r)312wk (a(k')ef"kx + b(%)eikx> . (8.99)

The only difference to the real solution (Eq. 5.51) we discussed
so far is that the coefficients in front of e’** and e™** are in-
dependent of each other.4® For reasons that will become clear
in a moment, we adopt the usual convention and denote the

coefficient in front of ¥ by b* (k):

p(x) = /dk3(271)31\/27k (a(%)efikx + b+(%)eikx) . (8.100)

The corresponding expansion of the conjugated field ¢' reads
o'(x) = /dk3¥ (a*(%)eikx + b(z)e*ik"> . (8.101)
(27‘[)3 2(Uk

since (b")' = band (¢*)t = e~*. Equipped with these ex-
pansions of a complex scalar field and its conjugate, we can
repeat the same steps that allowed us to understand real-valued
quantum scalar fields.

First of all, by using that the Lagrangian for a complex scalar
field reads

L= ayqfaﬂ(p —m*pte, (8.102)
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4 For your convenience: Eq. 5.51
reads

' 1
P(x) = /dk3 273/ 2wr
X (u(E)e’ikx +af(E)eikx) .

Moreover, we checked in Eq. 5.50
that for b = a' our field is indeed

real (¢* = ¢).
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47 As before, we treat ¢ and ¢+

as independent fields. Thus fol-
lowing the same arguments as in
Section 8.2 we can derive these two
commutation relations.

# Compare the commutation
relations given here with those for a
real scalar field (Eq. 8.14):

[a(k), a* (k)] = (21)°6(k — K
(

[a(k),a(K)] =0, [a*(k),a"(K)] = 0.

we can calculate the corresponding conjugate momentum den-
sity (Eq. 4.52):

_dL
~ 9(0
( 04)) D Eq. 8.102
a(ayqﬁamp - m2¢+¢)
- 3(d
( 04)) D sum convention
3(209"209 — 3939 — m2¢"¢)
- (0
( O(P) D 9yx? = 2x
= Bocp*. (8.103)
Analogously, we find that
+ oL
9(dop")
p
= do¢p- (8.104)

By using these results and the canonical commutation relations
(Eq. 8.6)%7
[p(x), m(yu)] = i0(xp — yp)
[‘P+(x;4)/ 7T+(yy)] = i0(xp = yu), (8.105)

we find for the coefficients a,a’, b, b that appear in the expan-
sion of ¢ and ¢*:48

[a(k),a* (K)] = (2m)*6 (k= K'), [b(K), b7 (F)] = (27)%6 (k- k),
[a(k),a(k)] =0, [a"(k),a"(K)] =0, [a(k)b(K)] =0,
[b(K),b(K)] =0, [b7(k),b"(K)] =0, [a'(K),b"(K)] =0

[a(k),bt(K")] =0 (8.106)

This may look quite frightening but we just get the commuta-
tion relations that we are already familiar with twice. Thus we
can again interpret a,a, b, b" as creation and annihilation op-
erators. In physical terms, what we’ve just discovered is that
there are two types of particles associated with a complex scalar
field. The first kind is created by a' (k) and destroyed by a(k),
while the second one is created by b* (k) and destroyed by b(k).
Since both kinds of particles are related to the same field they
are closely related to each other.



8.6.1 Antiparticles

In particular, the particle states (c.f. Eq. 8.42)

Tp) =b"(K) [0) (8.107)
are extremely similar. Both describe a single particle with mo-

mentum k, mass #1, and energy wy = \/ K2 + m2. For the energy
this follows because the Hamiltonian for a complex scalar field
reads 49

A= / (a*(®)a(k) +b* (B)p(F) ), (8.108)

which we can calculate by using the general definition (Eq. 8.22).
This implies that the total energy is given by the number of a-
particles, as counted by N, = a'(k)a(k) (Eq. 7.71) plus the
number of b-particles, as counted by the number operator

N, = b (k)b(K), times wy. Thus each b-particle, just as each
a-particle, contributes wy to the total energy.>°

There is, however, in general a difference between a-particles
and b-particles. This difference becomes only apparent if we
consider another label associated with certain fields: electric
charge. We discovered in Section 4.3.2 that electric charge is the
conserved quantity that follows via Noether’s theorem from the
invariance under phase shifts.5" Moreover, we calculated that
the total electric charge carried by a complex scalar field is given

by (Eq. 4.61)

Y
lq/d * < 9(0o¢™) v a(ao¢)¢> ' (8109

where g is the electric charge parameter associated with the
fields. If we plug the Lagrangian (Eq. 8.102) and the explicit
expansions of ¢ and ¢ (Eq. 8.100, Eq. 8.101) into this formula,
we can calculate that

3 = N N =
Qq—q/ M7 (a" Ba(k) — b Bb(B)) - (8.110)

This is demonstrated in Appendlx A.8. In words, this result tells
us that each a-particle contributes a factor g to the total charge,
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49 Compare this to the Hamiltonian
for a real scalar field (Eq. 8.32)

W

— 3_%k ot
fi= [ ax "

(K)a(k).

5° In addition, the momenta of

the two states can be calculated

completely analogously to how we

did it in Eq. 8.41.

5! Reminder: a phase shift is a trans-

formation of the form (Eq. 4.54)

¢ — e

ot — e7iopt.

2
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while each b-particle contributes a factor of —g. In other words,
a-particles and b-particles carry opposite electric charges.

We call the particles that are created by b (k) the antiparticles
of the particles created by a* (k). For example, if ¢ describes a
pion field, the particles created by a* (k) are pions with electric
charge g while the particles created by b* (k) are anti-pions with

52 This is just a convention. We electric charge —q 52
could equally call the field excita-

tion with charge —e the pion and . . . .
the field excitation with charge e the The main point to take away is that there are two kinds of

anti-pion. particle-like field excitations associated with a complex scalar
field. We call them particles and antiparticles. One defining
difference between them is that they carry opposite electric

53 This is not only true for electric Charges.53
charge but also for all other "gauge"

charges like isospin or color charge. . . . ,
An important special case are fields that don’t carry any charge

that could allow a distinction between particles and antipar-
ticles. We then say that the associated particles are their own
antiparticles. Mathematically, we describe this by defining that
at(k) = b* (k) (and equivalently a(k) = b(k)), which implies that
the particles created by these operators are equal. If we plug
this into the field expansion (Eq. 8.100), we find

dk3 — o
qb(x) - / W (a(k)e_lkx + b+(k)elkx) this is Eq. 8.100
di D ') =b'(K)
:/m (a(E)efikx_i_a’r(E)eikx) _ (8.111)

This is exactly the field expansion of a real scalar field that we
discussed in the previous sections. From this perspective, we
say that the particle-like field excitations associated with a real
scalar field are their own antiparticles.

While, in principle, particles described by a complex scalar field
can be treated analogously to the real case, there is a subtlety
that we need to talk about.
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8.6.2 Complex Scalar Field Propagators

The elementary propagator of a real scalar field reads (Eq. 8.82)
D(t, %1, %) = (lp,p|lz) = Qlp(t, ¥)(t,%)[0) . (B.112)

Thus it seems natural that we try to use the same formula for
the elementary propagator of a complex scalar field. It turns
out, however, that (0|¢(t', ¥')¢(t,X)|0) is not a particularly in-
teresting quantity for a complex scalar field. To understand
why, we recall the general expansion of a complex scalar field
(Eq. 8.100)
¢(x) = /dk3(27_[>31\/27k (a(z)eflkx + b*(fc')e’k">

D definition
=¢, +4>Zr. (8.113)

The first term consist of particle annihilation operators while the
second term consists of antiparticle-creation operators.

This implies that

¢, 10)=0 since a |[0) = 0 (Eq. 8.31) (8.114)
Moreover,
0=(b0))"
o (wl=1ly)
= (0|b* (8.115)

and therefore
(0l¢y =0. (8.116)

Using these results, we can calculate
(0lp(, #)9(t,)[0) = (0l (¢ (¢, %) + ¢ (1/, %)) (47 (1.%) + ¢; (%)) [0}

= (0l¢q (£, X)¢p; (£, %)[0) + (Olgpy (', X)py (£, %)[0)
+(0lgy (¢, %)y (£, %)|0) + (0lg, (¢, )¢y (t,%)]0)

= (0lg, (¥, ¥)¢; (£,%)[0)

=0. (8.117)

D Eq.8.114 Eq. 8.116

D)
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5+ Alternatively, we can use that
[a,b%] = 0 (Eq. 8.106) and therefore

(Ol (¢, X9 (£, %)[0)
= (0lgy (£, %), (¢, F)
=0

since |¢, (#/,%')|0) = 0.

0)

To get to the final line, we used that 4); (t,X) creates an antipar-
ticle state and thus if we act with ¢, (¢, X’) on the resulting ket,
we try to annihilate something which isn’t there (a particle) and
thus get zero.>*

Only terms of the form (0|¢, (t/,¥')¢; (t,%)|0) and

(0l¢, (¥, %) (t,X)|0) would be non-zero, where ¢, ¢, con-
sist of creation operators while ¢,", ¢, consist of annihilation
operators. We have just seen that these non-zero terms are not
contained in (0|¢(#,X’)¢(t,%)|0). For a real scalar field, the sit-
uation is different. The expansion of a real scalar field contains
the creation and annihilation operator for only one type of par-
ticle at a time. Thus, we necessarily find the non-trivial term

(Ola (¥, %)¢s (£, %)[0) in (0l (', ¥')¢(t, X)|0).

For a complex scalar field, we can construct a non-trivial ele-
mentary propagator by using the conjugated field (Eq. 8.101)

¢+(x) = /dk3(27-[)312wk (a’r(k')eikx —I—b(%)eﬂ‘k")

D definition
= ¢ + ¢, - (8.118)

For example, let’s have a look at

(Ol (¢, ¥ )p(t, %)]0) = (O] (¢ (1, &) + 9y, (¢, %)) (¢ (1,%) + ¢/ (1,%) ) [0)

= (0lga (', )¢, (£, %)[0) + (0lgy, (¢, X)¢p, (t,%)|0)
+(0lga (¢, %)y (£,%)|0) + (0lg, (¢, )¢y (¢, %)|0)

= (0lg, (¥, %), (£, %)[0) #0. (8.119)

D aloy=o0

In words, (0|¢T (', ¥ )¢(t,%)|0) is the probability amplitude that
we prepare an antiparticle at X at time ¢ and find it at X’ at time
t'.

Similarly, we can consider

(Olg(t', )" (¢,7)|0) = (0lgy (', )¢l (1,%)|0) #0,  (8.120)
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which is the probability amplitude to find a particle at X’ at ¢’
that we prepared at ¥ at time .

Last but not least, we can consider the Feynman propagator for
a complex scalar field, which reads

Dr = (0|T¢(t, ¥ )¢t (t,X)|0) , (8.121)

where T is again the time-ordering operator (Eq. 8.90).

So far we’ve only talked about scalar fields. However, gauge
fields and spinor fields play an equally important role and thus
we will discuss them in a quantum context next.
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55 We do this because now d! (k) de-
scribes the creation of antiparticles
while ¢t (k) describes the creation
of particles. We could, of course,
continue to work with d,.(k) in the
expansion, but then need to live
with the fact that for antiparticles
it’s d,(F) and not df (k) that acts as a
creation operator. Since this is quite
confusing, we work with df (k) in
the expansion.

8.7 Quantized Spinor Fields

Most of the things that we discussed in the previous sections for
quantized scalar fields also apply to spinor fields. This is neces-
sarily the case because the spacetime structure of spinor fields
can also be described in terms of plane waves. In particular, the
general solution of the Dirac equation reads (Eq. 5.106)

¥oy / &k (erRyur()e™ " 4 dy (Ryo, (K)e ")
= (27_[)3 2wk r r r r

(8.122)

which is extremely similar to the solution of the Klein-Gordon
equation that we used in the previous sections. The main differ-
ence is the occurrence of basis spinors u,(k), v, (k). But before
we discuss the implications of this difference, we rename, for
exactly the same reasons as in the previous section, the operator
in front of e to dt (k):55

¥ = i / Ak (c (B)up (k)e~ " 4 df (K)o (k)eﬂkw”)
= (271_)3 Zwk r r r r

(8.123)

We will learn below that we can again interpret the coefficients
that appear in this expansion (cr(E), d}L(%)) as annihilation and
creation operators.

However, we start our discussion of spinor fields by talking
about a somewhat subtle but incredibly important property of
them that sets them apart from all other fields.

First of all, recall that a Dirac spinor consists of two Weyl

spinors (Eq. 3.35):
v=(1).
g

Moreover, the scalar product of two Weyl spinors reads (Eq. 3.63):

(8.124)

Ex = Cae"xy, (8.125)
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where € is the spinor metric (Eq. 3.57)

e = (01 (1)> . (8.126)

The scalar product of two Dirac spinors reads (Eq. 5.58)
Yy =¥y, (8.127)

All of this is important, if we want to think about how the
canonical commutation relations (Eq. 8.6,Eq. 8.7) apply to spinor
fields. In particular, Eq. 8.7 seems to suggest that spinor fields
commute

D [AB]=AB—BA

x(tX)x(ty) = x(ty)x(tX). (8.128)

On the other hand, if we use the explicit form of the spinor
product and swap the position of the two spinors to learn some-
thing about their commutation behavior, we find

x(t,D)x (L) = xalt, )e®xs (t, ) this is Eq. 8.125

) position swap
= (L 7)™ xa(t, T)
= —xo(t, e xa(t, %)

= —x(tyx(tX), (8.129)

359

where we used that the spinor metric is antisymmetric €T = —€.5% 5 Swapping the indices corresponds
to transposing a matrix: MaTb = My,.

We need to swap the indices in

We can reconcile these two seemingly conflicting equations order for them to match up and

by proposing that the components of spinor fields pick up an yield a proper product in index

iy . .. . iy notation.
additional minus sign if we swap their positions:>7

57 Below, we will talk about a more
physical reason why this should be

Xb(t’ g)xu (t’ f) = _Xu(t’ f)Xh(t/ g) ° (8'130) the case.
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If we now repeat the calculation in Eq. 8.129, we find

x(tX)x(tY) = xa(t, f)eabxb(t,?) this is Eq. 8.125
D position swap, Eq. 8.130
= —xo(t, )" xa(t, )
p) et — _gba
= Xo(L 7)€" xa(t, T) ;
= x(t,7)x(t,X). (8.131)

The anti-commutation relation (Eq. 8.130)

Xa(t, X)xp(t,7) + Xxp(t, ¥)Xa(t, X) =0
D definition

{Xa(t/f)r)(b(t’g)} =0 (8.132)

has wide-ranging consequences for the particles that are de-
scribed by spinor fields. Moreover, analogously we can derive
that

{7a(t,%), xo(t, 7
{7a(t, %), (8, )} = 0, (8.133)

where 71 denotes the conjugate momentum density (Eq. 4.52)

oL
T = 390 (8.134)

Since a Dirac spinor consists of Weyl spinors, we can imme-

diately write down the anticommutation relations for Dirac

spinors
{7a(£,%), Yo (t, 7)) = i6(X = §)dap
{ra(t, X), (8, 7) } =
{¥a(t, %), ¥s(t, )} =0, (8.135)
where
T= oL (8.136)
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Equipped with these anticommutation relations, we can discuss
the implications for the coefficients ¢, (k), df (k) that appear in
the general solution of the Dirac equation (Eq. 8.123). We start
by calculating the conjugate momentum density for a spinor
field (Eq. 4.52)

oL
T 30y
D Eq.554
ad (‘T’(i'y”ay — m)‘I’)
FIEIS3)
Yy
D ¥=¥""(Eq 5.55)
¥y
D %=1
=¥, (8.137)

Therefore, the first anticommutation relation in Eq. 8.135 reads

in more explicit terms

{a(t, %), Yo (t,§)} = i6(X — )0
D Eq.8137

>
{¥5, ¥ (t, )} = 6(%— ) - (8.138)

{195, %5 (8, )} = i6(F — §)dap

Moreover, by using the field expansion in Eq. 8.123 we calculate
that ¥* can be written as

Y= Z/ 27T SF ( ) (k)eik”xy +dj(E)Ur(k)eiik”xy> this is Eq. 8.123
ot

.
(Z/ 2m)3 (crByur (ke +dI<E>vr<k>e—”‘ﬂ"”)>

2 &k T — ik xt 7 ik,
-x/ W(cnkw%me e dy (fyol (e
(8.139)

The next step is that we conclude analogous to what we did for
scalar fields in Section 8.6 that the anticommutation relations in

Eq. 8.135 imply for the coefficients c, C+, d, dar.s8 51t is instructive to compare these
relations to the canonical commu-
tation relations for a complex scalar

field (Eq. 8.106).
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{e(k),c"(K)} = (2n)%6(k—K'), {d(k),d" (F)} = 2n)*s(k - F),
{e(®),c(®)} =0, {c"(F),c"®)} =0, {c(k),dF)}=0,
{d(k),d(®)} =0, {c*(k),d"(X)} =0, {d'(k),d"(K)}=0
{d<E)/d+(E/) =0, (8.140)

% The proof is completely anal-
ogous to the one discussed in
Appendix A.4.

6o Compare this to the Hamiltonian
for a real scalar field (Eq. 8.17) and
the Hamiltonian for a complex
scalar field (Eq. 8.108)

H=
/dk3
JV

Moreover, note that (as for scalar
fields) we simply ignore here a
potentially infinite contribution
to the total energy coming from
the non-zero ground state energy
of each harmonic oscillator. In
addition, there is an implicit sum
over the index r.

(2“7’53 (u*(E)a(E) + b*(%)b(%)) .

where, as before, {A, B} = AB + BA denotes the anticommuta-
tor.59

Before we can talk about the meaning of the operators c, ctd, df,
we need to talk about the spinor Hamiltonian.

8.7.1 Spinor Hamiltonian

The spinor Hamiltonian can be calculated by using the general
definition as the Noether charge following from invariance
under temporal translations ¢t — t + € (Eq. 4.38):

H= / Px T
v
o D Eq.435
= [ & oy — L 8.141
/ TR (8.141)
and reads in terms of the coefficients®
— 3 Wk TV~ (T tTNA (T
H= /V eyt (cFRyer (B) + df (R)dy (K) ) (8.142)

An interesting aspect of this Hamiltonian is that if we try to use
commutation relations instead of the anticommutation relations
in Eq. 8.140 in its derivation, we find

Wi
(27)3

erong = /V dk3 (C;‘: (E)C;/ (E) - d;]: (E)d,‘(E)) . (8143)
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In physical terms, this would imply that antiparticles contribute
negatively to the total energy. Luckily, this is not the case be-
cause otherwise energy wouldn’t be bounded from below.
Formulated differently, if we use (wrongly) commutation re-
lations instead of anticommutation relations, we find a formula
for the total energy that can be arbitrarily negative. This is bad
because there wouldn’t be any stable states if this were correct
as every state could decay into lower energy states forever. In
particular, there wouldn’t be any stable matter in the universe
because each particle it consists of could decay into more and
more antiparticles to lower the energy further.

This lends further support to the idea that spinor fields anti-
commute (Eq. 8.130).

Now that we have the Hamiltonian, we can start to investigate
the meaning of the operators ¢, c;r, dy, d;r

8.7.2 Spinor Particles

As in the Section 8.3.1, the first key ingredient is the commu-

tator of the Hamiltonian with the operators ¢!, d}. The result is

exactly the same as for scalar particles (Eq. 8.24)

A

A, ¢ (k)] = wicl (K)
[, df (k)] = wyd] (k). (8.144)

+

Therefore, we can conclude that c},d} are creation operators. We

say that c] creates particles, while d} creates the corresponding

antiparticles associated with the same spinor field.® 6 This is analogous to what we
discovered in Section 8.6 for a

. . complex scalar field.
It follows from the commutation relations (c.f. Eq. 8.25)

C
(A, d, (k)] = —widy (k) (8.145)

363
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that ¢,, d, are annihilation operators.

Therefore, we define the ground state through its property (c.f.
Eq. 8.31)

cr

+(k) [0)
d, (k) |0

(k) |0)
We then denote the one-particle state by
1) = cf (k) [0) (8.147)

and the one-antiparticle state by

=0
=0 (8.146)

1) = df (k) [0) . (8.148)

So far, everything seems completely analogous to what we’ve
already discussed for scalar fields. However, the fact that spino-
rial creation and annihilation operators obey an anticommu-
tation relation instead of a commutation relations leads to an
important feature of spinor field components.

The key observation is that if we evalulate the anticommutation
relation {c'(k),c"(K')} = 0 (Eq. 8.140) for equal momenta k = K/,
we find

0= {c"(k),c"(K)}
D {AB}=AB+BA

D ctec=2

RS YA D /2(
= B F). (5.149)

This implies, that if we act twice with the same creation opera-
tor on the ground state we find zero

cf (k)ef (k) [0) = 0 (8.150)

instead of a two-particle state.



This is famously known as the Pauli exclusion principle. In
words, it means
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There can never be two spinorial particles in exactly the same state.

This is not just some crude feature of our formalism but an
established experimental fact.

However, take note that we can create two particle states as long
as the momenta are different

ey (k)cf (F')10) = [1515) #0. (8.151)

We can also create particle-antiparticle states with equal mo-
menta

df (k)cf (k) |0) = |1;15,) # 0. (8.152)

Now that we’ve established a notation for spinorial particles, we
can investigate how they move around.

8.7.3 Spinor Propagator

Analogous to what we discussed in Section 8.5 for scalar fields,
we can talk about the spinor propagator. Since our spinor field
Y is complex, we know that the naive elementary propaga-

tor (0¥ (y,) ¥ (x)|0) vanishes.®? Instead, analogous to what
we discovered in Section 8.6.2 for a complex scalar field, the
correct non-vanishing elementary propagators are of the form
(O['¥ () ¥ (x,,)]0) and (O[¥ () ¥ (x,1)|0). If we plug in the ex-
plicit field expansions, we find

3 .
<0|‘F(yy)‘?(xi4)|0> = /(27_33];“)]{(](”7}[ _’_m)e*lk(xfy)

¥ d°k ik(x—y)
O (¥ (x)10) = [ ooz (k= m)e ) @153

62 Exactly the same arguments as in
Eq. 8.117 apply.
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% This definition is analogous to
the definition of the Feynman
propagator for a complex scalar
field in Eq. 8.121.

% We noted already in Section 8.5
that the Feynman propagator for
scalar fields is a Green’s function
of the Klein-Gordon equation and
can be written like the Green’s
function we considered previously.
The calculation for the fermion
propagator works analogously.

We can then define the spinorial Feynman propagator®

Ap (Y ) = OITY (y) ¥ (x)0) (8.154)

where T denotes the time-ordering operator (Eq. 8.90). This
propagator is known as the fermion propagator since the par-
ticles associated with spinor fields are usually called fermions.

Since we know already that there is a close connection between
Feynman propagators and Green'’s functions, it’s hopefully
somewhat plausible that the fermion propagator can be rewrit-
ten as®4

. d4k *ik}l(x _ (k ’)/p —l-m)
— —Yu) [
A (Yu, Xp) l/ (27m)4 ¢ n kykh —m? +ie

which is, except for the "time-ordering term" +ie and a conven-

(8.155)

tional overall factor of factor 7, exactly the Green’s function for
the Dirac equation (Eq. 6.48) that we discussed in Section 6.3.2.

So far, we have talked about quantized (real and complex) scalar
fields and spinor fields. The final puzzle piece that we will talk
about before we consider scattering processes are quantized
gauge fields.



8.8 Quantized Gauge Fields

For ordinary vector fields, we could proceed exactly as for scalar

fields. In modern physics, however, we are primarily interested
in a special kind of vector field known as gauge fields. We’ve
learned already in Section 3.9 that the defining property of
gauge fields is that they don’t have four independent polariza-
tion states. For massive gauge fields there are only three, while
for massless gauge fields there are two.

The main difficulty in talking about quantized gauge fields is
describing this fact consistently in the quantum framework.

For massive gauge fields, the procedure is relatively straight-
forward. But for massless gauge fields, the whole issue is subtle
due to gauge symmetry.®5 Thus we will start by talking about
massive fields.

8.8.1 Quantized Massive Gauge Fields

We learned in Section 5.3.2 that it follows directly from the
Lorenz condition (Eq. 5.116) that there are only three indepen-
dent polarization states.®® To understand why this is potentially
problematic in our quantum framework, we start by looking at
the Lagrangian for massive gauge fields (Eq. 5.107)

1
Lproca = _EF;WF”V =+ mszAy ’ (8.157)

where F,, = (9,Ay — dyAy) (Eq. 3.103) is the field strength
tensor. We observe that

Foo = (dpAg — dpAg) = 0. (8.158)

This implies that there is no dgAg term in the Lagrangian.
Therefore, the corresponding conjugate momentum density
(Eq. 4.52) vanishes:

d
o= %5 __o.

3(30A0) (8.159)
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% Reminder: we talked about gauge
symmetry in Section 5.3.3. The
main observation was that we have
the freedom to redefine our gauge
field as follows (Eq. 5.137):

Apu(xy)
— AL () = Ay (xp) +0u(xy)
(8.156)

where 77(x,) is an ordinary func-
tion.

6 Reminder: the Lorenz condition
is a direct consequence of the Proca
equation and reads 9, A" = 0.
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6 Reminder: in Eq. 5.115 we made
the ansatz

Au(xy) =
€y X JiEM)
N~ N——
internal structure spacetime structure

Thus, we run into a problem if we try to write down commuta-
tion relations for the massive gauge field A, (Eq. 8.6)

[Au(t, %), T (t,§)] = i6(X =), (8.160)
where
oL
(e
T FICYOR (8.161)

If we evaluate this formula for 4 = 0 and use that 7ty vanishes,
we find

[Ao(t, %), 2°(t, )] = i6( — )
D 7 =0 (Eq. 8.159)
[AO(tr f),O] = ié(ff 37)
D [A0=A0-04=0
0=1i6(X—1). (8.162)

This is a contradiction.

The source of the problem is that we wrote down the commu-
tation relations (Eq. 8.160) without thinking first. The result

o = 0 tells us something important. It occurs because there is
no dpAp term in the Lagrangian. Since dy = 9;, there is no ki-
netic term for the field Ag. This suggests that Ay is not a proper
dynamical variable. Therefore, we shouldn’t be surprised that

we run into a problem when we try to promote it to a quantum
field.

We have, in fact, discovered this already in Section 5.3.2. We
calculated that in the rest frame (E = (0,0,0)T), the Lorenz
condition implies ¢g = 0 (Eq. 5.134). Since €, encodes the
complete internal structure of our field (Eq. 5.115), this means
that in the rest frame a massive vector field has no temporal
polarization component, Ay = 0.7 While in other frames A #
0 it’s still not an independent variable. On the one hand, this
follows immediately because physics must be the same in all
frames of reference. Therefore, a boost to a different frame
cannot promote Ay from a vanishing quantity to an important
dynamical player. Instead, the fact that Ag # 0 in general frames
of reference is an artifact that occurs because a little bit of the
other field components is shifted to Ag. On the other hand, we
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checked this explicitly for a field excitation that moves in the z-
direction (E = (0,0, k;)T). In this case we found that the Lorenz
condition implies €y+/m? + k2 = €3k, (Eq. 5.128). Therefore, Ay
can be calculated immediately once Az and k, are known.

The resolution of the "paradox" that we’ve stumbled upon above
(Eq. 8.162) is therefore that we use

AL %), 7(8,5)) = i6(% — 7)oy (8.163)
instead of Eq. 8.160. This is exactly a three-dimensional ver-
sion of the scalar commutation relation (Eq. 8.14). We can then
proceed exactly as before.

In particular, we can use the general expansion (Eq. 5.156)

3 3
Ap(x) = r; / érgg,\/;% (eLa’(E)e”kV"F —i—e;a”(ﬁ)elkl"‘y) ,
(8.164)
to discover that the coefficients a’ (k), a’t (k) are creation and
annihilation operators. Moreover, it’s again possible to define
corresponding particle states and to write down various kinds
of propagator like the Feynman propagator

Dy (x,) = (0]TAu(x) Au(y)[0)
D cumbersome calculation
vl _ kUkE

Ak (- T = ke
= Yu)
1/ ) e w Y e (8.165)

This is again a Green’s function of the corresponding equation
of motion, which in this case is the Proca equation. In addition,

take note that this is quite similar to the Green’s function of
the Maxwell equation, except for the usual mass term —m?
and the time-ordering term —ie. The only surprising difference

is the factor (y*¥ — kk: }ip) in the numerator. This factor shows

up because when we calculate a product like A, (x)A(y), we
encounter sums over products of polarization vectors. These can

369
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68 Geometrically, the scalar product
¥ - @ is the projection of 7 onto .
In other words, 7 - @ tells us how
much 7 spreads out in the direction
in which @ points. For example,

by using @ - €; we can calculate
how much @ spreads out in the
x-direction. Thus if 7 - @ = 0 the
projection is zero which means that
the two vectors are orthogonal.

be rewritten by using the so-called completeness relation

3 kHkv
Y ehe) =— (17”” -2 kp) ) (8.166)
r=1 P

By using the explicit polarization vectors that we derived in

Section 5.3.2, we can verify explicitly that this relation is correct.
For example, for 4 = v = 0, we find
3
Y efel = €geq + €5eg + €qeq
r=1
D Eq. 5.130, Eq. 5.129

—oto+(k : (8.167)
= " , .167

which we compare with

070 070
(,700”) _ (1”)
K ko K kP

D kok? = m? (Eq. 5.124)

kOk0
= (1 - mz>
D Eq 5126
m? + k2
2
D
_ m?2  m?+ k% "
T o\m2 m2
k2 ?
= —22 v (8.168)
m

Of course, the completeness relation can not only be verified
on a case by case basis but also in general terms. But since the
proof is quite formal and not very illuminating, we will not
discuss it here.

There is, however, a nice way to understand Eq. 8.166. The first
puzzle piece is that the Lorenz condition implies (Eq. 5.125)
€ok? = 0. (8.169)

Geometrically this means that all allowed polarization vectors
are orthogonal to the wave four-vector k°, completely analo-
gously to how 7- @ = 0 implies that 7 and @ are orthogonal.®®



The second puzzle piece is that the sum that we defined in
Eq. 8.166 is a projection operator

pv =3 eney

D Eq.8.166
kHkY
— nv _
(17 kka> . (8.170)

We already talked about projection operators in Section 7.1.6.

In particular, we observed that we can rewrite any vector in
terms of a new basis by using the projection operator P = }_; €;¢;

(Eq. 7.36):%9:

Z_jnew basis — Py = Z(a)(a : T_j) . (8.171)

i

In index notation, this projection operator reads
P =Y el (8.172)
i

where i labels different basis vectors and a and b their com-
ponents. If P? acts on a vector component v;, we get the a-th
component in the new basis. Therefore, the sum on the left-
hand side in Eq. 8.166 is simply a four-dimensional version of
this projection operator.

Formulated more precisely, we can now understand that P*"
is a projection operator that projects any given vector onto the
subspace spanned by the polarization vectors. Since the po-
larization vectors are all orthogonal to the wave four-vector k,
(Eq. 8.169), we know that this subspace is given by all vectors
orthogonal to k. This implies that the projection operator P*"
allows us to "remove" from any four-vector v, all components
that are parallel to k;. In other words, if we act with P* on a
four-vector, the result is a four-vector that is orthogonal to k.

Now that we know that the operator P*¥, defined as the sum
Yo, €,€;, (Eq. 8.170), should have this property, we can check
that the expression given on the right-hand side in Eq. 8.166 has
the desired effect. To that end, we act with the expression given

on the right-hand side in Eq. 8.166 on an arbitrary four vector v,
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% Take note that there is no scalar
product of the two basis vectors.
Instead, the right basis vector

acts via the scalar product on any
vector 7 we throw at the projection
operator.
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7 Take note that there are many
problematic technical aspects of
massive gauge fields that we didn’t
talk about. In short, a quantum
theory of massive gauge fields is
not renormalizable. This means
that certain infinities cannot be
removed and thus it’s hard to make
sense of such a model. However,

it makes perfect sense to consider
massive gauge fields in the context
of the Higgs mechanism. Moreover,
take note that the propagator of a
massive gauge fields blows up as

m — 0 due to the kp% = m% term in
the numerator. This implies that the
transition from massive to massless
gauge fields is quite subtle.

and then check if the result is really orthogonal to k;,:

kMkY
o — | — p _ - -
Proy ( <'7 kpkp) )v”

ktkVo
= — | ot — v

(- 5%)

D definition
= vi . (8.173)

D Mo, =0t

If v’iky = 0 the two four-vectors are orthogonal and we can
conclude that the projection operator P*” works as expected.
Thus we calculate

|
0= viky
ktkYo
= ( - H_ v
( (U K kP ) ks

Kk, kVo
— | pHf, — ZOHE TV
(v ky kP )

= — (v'ky — k'vy)

D Eq. 8.173

) K

D K'v, =o'k,
=—(0) v (8-174)

This lends further support that the formula given in Eq. 8.166 is
indeed correct.

What we’ve just discussed may seem like a huge detour. In the
next section, however, we will see that projection operators of
the kind that we just discussed play an incredibly important
role for massless gauge fields.”°

8.8.2 Quantized Massless Gauge Fields

In the previous section we learned that we run into a problem
if we try to introduce quantized massive gauge fields in exactly
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the same way that allowed us to introduce quantized scalar
fields. The main difficulty is that we need to take into account
that for massive gauge fields there are three independent polar-
izations. We run into exactly the same kind of problem when
we want to talk about quantized massless gauge fields. We
discovered in Section 5.3.3 that for massless gauge fields there
are only two independent polarizations. Therefore, our main
task will be to figure out a way to take this into account in our
quantum framework.

For massless gauge fields the procedure is a bit more subtle
than in the massive case. To understand why, recall that we
discussed in Section 5.3.3 that our model of massless gauge
fields is invariant under gauge transformations (Eq. 5.137)

Aulxy) = A;:(xy) = Au(xy) +9un (xp), (8.175)

where #(x,) is an ordinary function. Depending on the context,
we can use this gauge freedom to accomplish different things.
For example, in Section 5.3.3 we used it to restrict ourselves to
gauge fields that fulfill the Lorenz condition 9, A# = 0 (see

Eq. 5.142), just as in the massive case. We say that in this case,
we work in the Lorenz gauge.

While it is also possible to talk about quantized massless gauge
fields in the Lorenz gauge, the discussion is much simpler if we
use the gauge freedom a bit differently. A first hint is that in the
Lagrangian for massless gauge fields

1
Laxwell = — EFVVFPW ’ (8.176)

there is, just as in the massive case, no term dpAp.”" This im- 7' This follows again since

plies that the corresponding conjugate momentum 7 = a(azfqo) Fao = (30 Ao — d9Ao) = 0.

vanishes and we can conclude again that Ag is not an indepen-
dent dynamical parameter. Thus it would be great if we could
use our gauge freedom to get rid of Aj altogether. This is, in
fact, possible. For any gauge field configuration it’s possible to
find a gauge function 7(x,) such that Ag = 0. This is known as

373

the temporal gauge.”* This is already a great first step because 72 The argument that this is possible

this way we effectively eliminate one degree of freedom from :
the use of the Lorenz gauge in

the gauge field. Only one more to go. Eq. 5.142.

is exactly the same one that justified
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73 Take note that the radiation

gauge is more restrictive than the
Lorenz gauge and really removes
all gauge freedom while the Lorenz
gauge leaves some residual gauge
freedom. In particular, field con-
figurations that fulfill the radiation
gauge condition automatically fulfill

the Lorenz condition 9, A¥ = 0
since a},AV = aoAO — al‘Ai =
300 — 8,»A,» =0.

74 Take note that since Ag = 0 we
only use this ansatz for the spatial
components.

Luckily, our gauge freedom is not completely exhausted by
fixing Ay. It's additionally possible to restrict ourselves to gauge
fields that fulfill 9;A; = 0 which is a three-dimensional version
of the Lorenz condition. The restriction d;A; = 0 is known as
the Coulomb condition and if we restrict ourselves to gauge
fields that simultaneously fulfill

Ayp=0, 0;A; =0, (8.177)
we say that we work in the radiation gauge.”3
If we plug our usual ansatz (Eq. 5.115)74
Ai(xy) = €;elkn (8.178)
into the temporal condition, we find
0=4
_ eoeikux" D Eq.8178
> e
=€ (8.179)

Therefore, all allowed polarization vectors have a vanishing
zeroth component. In words, this implies that massless gauge
fields can’t have a temporal polarization.

If we plug the ansatz into the Coulomb condition, we find

0= 3;A
Eq. 8.178
_ a,eleikyx“ D a
= 0i€;
o D axeikx _ ikeikx
= ik;e;en"
D el
= ki€; . (8.180)

For a field excitation that moves in the z-direction (E =(0,0,kz)"),
this implies

0= kl-el-
D k=(0,0k)

) K
=e€3. (8.181)

= k;€3
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We can therefore conclude again that massless gauge fields
cannot be polarized in the direction in which they are traveling.
In other words, massless gauge fields can only be transversally
polarized but not longitudinally. Since there is no restriction

on €1 and €; and we have ¢y = 0 as a result of Aj = 0, we can
conclude that for a field excitation that moves in the z-direction,
all allowed polarizations can be described by using the basis
vectors (Eq. 5.129)

(8.182)

_ -
=N
O = O O

S O = O

Now that we understand what we want to achieve, we can dis-
cuss how we consistently take this into account in the quantum
theory.

The condition Ag = 0 implies that we don’t write down a
canonical commutation relation for Ay. The commutation re-
lations for the remaining components A; is a bit more tricky.
Above, we’ve discovered that for a field excitation that moves in
the z-direction, we have A3 = 0. This seems to suggest that it’s
sufficient to only write down canonical commutation relations
for A; and A,.

However, if our field excitation moves in another direction, say,
the x-direction, we have A; = 0. Therefore, the commutation
relations we wrote down for the previous case are no longer
valid.

We need some tool that allows us to write down for all possible
cases that only transverse polarizations become genuine quan-
tum degrees of freedom. Luckily, we already know exactly the
right kind of tool: projection operators.

In the previous section we discussed that we can use the opera-
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tor (Eq. 8.170)

P = — [yt — Kk (8.183)
koke
to turn any vector v, into a vector ZJ‘,J[ = P*¥ o, that is orthogonal
75 We checked this explicitly in to ky:75
Eq.8.173 and Eq. 8.174. vkl = PVo, kM = 0. (8.184)

Now we need a projection operator P;; that removes from any
given three-vector A; all components that are parallel to k;. This
would allow us to write down a generally valid formula for the
physical degrees of freedom contained in A; that we can then
promote to quantum fields. Formulated differently, we want an
operator P;; such that Aiikl- = 0 where A} = P;jA;. As soon as
we have this operator, we can use it to isolate the two physical
transverse components among the remaining three components
of the gauge field A;.

The projection operator that we are looking for is completely
analogous to the one that we discussed above:

_ kik;

Pij = <(51] - k1kl> ’ (8185)
where §;; (the Kronecker delta) is the spatial part of the Minkowski
metric #*¥ (modulo a minus sign). We can check explicitly that
this operator has the desired effect:

0= Alk
QD Al = P4
- D Eq.8.185
_ i
= (5= g5 ) A
(an ki, ?
- 75 kik;
) ¥

kik;
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contains all of the physical degrees of freedom of the massless
gauge field. Therefore, we only introduce canonical commuta-
tion relations for A:.

We can calculate the commutation relations by recalling our
mantra (Eq. 7.15)

quantum operator <+ generator of symmetry.

In particular, we identify the conjugate momentum density with
the corresponding generator 71; = —i %. If we now repeat the

calculation in Eq. 8.5 for the physical field A}, we find

D Eq.84

D [AB|=AB-BA

D product rule

definition

=57 (X —7). (8.188)
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76 In this derivation we need the
three-dimensional version of the
completeness relation that we
discussed above (Eq. 8.166)

2
Zf,’*

<zy_

Kkl
kik!

) . (8.191)

The object that we defined in the final step, ¢ L (¥ —¥), is com-
monly known as the transverse delta. Moreover, the formula
that we derived here

[Af (%), mi(t,7)] = &; (% — 7)) (8.189)

is the canonical commutation relation for massless gauge fields
in the Coulomb gauge.

With this relation at hand, we can proceed exactly as in the
previous sections. We can use the general expansion of our
massless gauge field (Eq. 5.156)

3 N
~ 1 [ s (B s g )
(8.190)
to introduce the operators a’(k),a”t (k). By using Eq. 8.189 we

can then derive that the operators fulfill the usual commutation
relations7®

ot (k >] @r)3ss(k—K),
]=0, [a7k),a(K)]=0. (8.192)

[a” (K
[ (K), a*(

This means that a’ (k),a’t (k) are creation and annihilation op-

)
K

erators and we can again introduce a ground state and particle
states:

a’ (k) 0) =0
(k) [0) = [17) . (8.193)

Last but not least, we can once more introduce propagators and
in particular, the Feynman propagator

Dj; = (0|TA;(x) Aj(y)[0)

D cumbersome calculation

d4k i ( klk]> ik
5.. e 1 (]/ x) . 8.1 )

- 27r4k2+ze

With all the tools introduced in this chapter in line, we are
ready to discuss how we can use quantum field theory to pre-
dict things that we observe in experiments.
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Interacting Quantum Fields

So far, we’ve only talked about free quantum fields. In this sec-
tion, we start discussing how they interact with each other and
with themselves. However, we will only introduce the most im-
portant concepts that are commonly used to describe interacting
quantum fields and discuss further details in the next part of
the book. In other words, in this chapter we lay the groundwork
for practical applications of quantum field theory. In particular,
we will discuss:

> How we can calculate the probability that one given initial
field configuration evolves into a specific final configuration.

> How these calculations can be simplified by using the inter-
acting picture which allows us, in particular, to reuse every-
thing we learned about free fields in the context of interacting
fields.

> Moreover, we introduce the Dyson series which allows us
to calculate transition amplitudes using a perturbative ap-
proach.

>> Last but not least we have to discuss how the ground state
energy changes in the presence of interactions and how we
can get sensible results nevertheless.
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' In (somewhat abstract) words this
equation encodes the fact that the
Hamiltonian H is the generator

of temporal translations. This

can be understood because the
Hamiltonian is (for most systems)
the energy operator and energy is
the Noether charge associated with
temporal translations.

> We use two arguments for the time
evolution operator to indicate that
it takes us from t; = Oto ty = t.
These points in time are completely
arbitrary and below we start at a
different time (f; = —o0).

3 Reminder: we derived this by
plugging the ansatz in Eq. 7.27 into
the Schrodinger equation (Eq. 7.26).

9.1 Transition Amplitudes and Time Evolu-
tion

There are two puzzle pieces when it comes to time evolution.
Firstly, we’ve already discussed the equations of motion that
describe how free fields evolve classically. For example, the

time evolution of scalar fields is described by the Klein-Gordon
equation. Secondly, we discussed that the time evolution of state
vectors |¢) is described by the Schrodinger equation.

As we will see in a moment, this is all we need to know to un-
derstand how quantum fields evolve in time.

Let’s start by formulating what we want to achieve in mathe-
matical terms. The first ingredient is a ket |i(0)) that describes
the initial configuration of the system at some initial moment in
time f = 0. For example, we can prepare our system in a way
such that it contains one particle with momentum k and another
particle with momentum k’. We denote the corresponding ket
by |1k, 1). Our next task is to figure out how this ket evolves in
time. We discussed already in Section 7.1.4 that the time evolu-
tion of kets is described by the Schrédinger equation (Eq. 7.26)

ihde [i(t)) = HIi(t)) , (9:1)

where H denotes the Hamiltonian operator.*

Moreover, we discovered in Section 7.1.5 that it’s equally pos-
sible to describe the time evolution by using a time evolution
operator (Eq. 7.27)*

¥ (x, 1)) = U(0,£) [¥(x,0)) . 9-2)
In general, the time evolution operator reads (Eq. 7.30)3
U(0,t) = e # o a'H) 9-3)
Therefore, we have

i(£)) = U(0,1) [i(0)) , (9-4)
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where |i(t)) describes the system at a later moment in time ¢.

A hallmark of quantum theories is that there is an intrinsic
uncertainty that we seemingly can’t get rid of. This implies that
we are only able to make probabilistic predictions. As discussed
in Section 7.1 this is possible in the quantum framework by
acting with a bra (f ()| that describes a specific outcome on the

ket that describes the system:4 4 Reminder: this is analogous to
how we can determine how much a
P(i N f, t) = | <f(t) ‘1(t)> |2 , (9.5) given vector spreads out, say, in the

z-direction by multiplying it by the
where P(i — f,t) denotes the probability for finding the system  basis vector &:
in the state described by |f). By acting with the bra (f| = |f)" 1
on our ket |i(t)) we project out the probability amplitude we are i=0 01 ( ) =°
looking for. The absolute square of this probability amplitude
yields the corresponding probability.

This step is necessary because even if we prepare our system
in a specific configuration, after a while there will usually be
a non-zero probability amplitude for various different final
configurations. Schematically

i(t)) = c1lfi(t) +ealfa(t)) +e3lfa(t)) +...,  (9:6)

where f1, fo, ... describe different possible final configurations
and ¢y, ¢, ... are the corresponding probability amplitudes. By
calculating

W) = (AO] (alAB) +elfa(t) +eslfs(B) +-.. )
p

= (A1) +ca ()] (1) +c3 (fi(t)Ifs(t)) + ...
o) 2 (AMIAM) =1, (A®)AE) =0
- 9.7

we project out exactly the probability amplitude c¢; that we are
looking for.

In summary, we want to evaluate expressions of the form

P(i — f,t) = [ {(f(D)]i(1)) [* (9-8)
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5 This is the standard formula for
an expectation value in quantum
theories that we discussed on

page 274.

by using the time evolution operator U(0, f) = e~ o drH(Y)

The object (f(t) |e_% Joat'H(E) |i(0)) is known as a transition
amplitude.

At this point you might be wondering: where exactly do quan-
tum fields enter the stage here? The answer is: in the Hamilto-
nian H which depends on the fields. For example, we calculated
in Eq. 8.16 that the Hamiltonian operator for a free scalar field
reads

H= % /V dx (7‘(2 + (0;¢)? +m2<p2) . (9-9)

One of the main tasks in quantum field theory is to calculate
the transition amplitude for different initial and final configura-
tions. In the following section, we will talk about a smart trick
that is extremely helpful in these calculations.

9.2 The Interaction Picture

What we measure in experiments is not described by a ket
|¢), but by the product of a ket with a bra with possibly some
operator O in between>

A(t) = (f(1)] Oli(t)) - (9.10)

So far we’ve only talked about the Schrédinger equation which
describes how state vectors evolve in time, while there is no
equation of motion for the operator O. This is a perfectly valid
approach known as the Schrodinger picture. However, by using
the observation that we are usually only interestered in expres-
sions of the form given in Eq. 9.10 we can construct different
"pictures”. While this is merely a neat trick in ordinary quantum
mechanics, it is absolutely essential in quantum field theory. In
particular, in quantum field theory the fields are the operators
that we are interested in and therefore it would be nice if we
could somehow take their time evolution into account.



INTERACTING QUANTUM FIELDS 383

To see how this is possible we rewrite Eq. 9.10 by using the
time-evolution operator (Eq. 9.3):6 6 Reminder: (f| = |f)" and there-

fore (f(t)] = (f(0)|UT(t)
A = (f(0)|u*(0,£)0U(0,¢) |i(0)) . (9.11)

Now we can define that the time evolution of the operator O is
described by

O(t) = Ut (0,H)OU(0,t). (9.12)

In words this means that we absorb all the time dependence
into a new definition of the operator. This is interesting because
in this case there is no time dependence left for the states which
therefore stay as they are:

(FO)|u*(0,H0U(0,1)1i(0)) = (f(0)| OB [i(0)) . (9.13)

This is known as the Heisenberg picture.

There is a third picture which is a mix of the Heisenberg picture
and the Schrodinger picture. The idea is that we split the time
evolution operator U into two parts

U(t) = Ue(0,t)U; (0, t)
e~ # JodVH(E) — o= [y d! Hy(t) o= fo dt'Hi(t) , (9.14)
which is possible if we split the Hamiltonian into two parts
H(t) = Hy(t) + Hi(t). (9.15)

This splitting is motivated by the observation that the Hamil-

tonians we are usually interested in consist of a free part and

an interaction part. The free Hamiltonian H¢(t) describes the

system if all interactions are ignored, while H;(t) contains all

interaction terms.” 7 We discussed interaction terms in
Chapter 6.

We then let Uj(t) act on our state vectors and Ug(t) on the oper-

ators
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A= (f(0)|U"(0,))OU(0,1) |i(0))
R D Eq.9.14 (AB)" =B*A*
= (f(0)| U{ (0, )Uf (0, £)OUK(0, 1)U (0, 1) [i(0)) ,
definitions

= (fiHl 0B [ix(1)) (9-16)

where

9:(t) = UF (0, )OUE(0, £)
li:(t)) = Ui (0, 1) [i(0))
(i) = (FO)| U (0,1) (9-17)

denote the bra, ket, and operator in the interaction picture.

)
)
|

In words, this means that in the interaction picture the time
evolution of our operators is as if they were free, while the time
evolution of states is governed entirely by the interaction terms.

This is useful because as long as we stick to the interaction pic-
ture, we can use everything we learned about the time evolution
of free fields. For example, we can use that the time evolution of
free scalar fields is governed by the Klein-Gordon equation.

With this in mind, let’s go back to the problem that we really
want to solve.

9.3 The Dyson Series

The prototypical setup that we want to describe in quantum
field theory is a scattering process. We shoot particles onto each
other and then want to predict which particles are produced
this way. We start by preparing our system in a specific way

at an initial time t; and we want to predict what the system
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looks like at a later moment in time ¢ f.S In our framework, we 8 The subscripts "i" and "f"' denote
describe the system’s state at t; by |i(t;)) and a possible outcome ~ [nitial and final respectively.
at t¢ by (f(tf)|. Therefore, when we want to describe scattering

processes we calculate amplitudes of the form

Ali = f) = (f(Ep)]i(t)) (9.18)

In the interaction picture, these amplitudes read

A(i — f) = (f(tp) Uit tr)]i(t:))

o, D Eqo14
= (Fep)le R Oy (0.19)

where all fields that appear in the interaction Hamiltonian H;
evolve in time as if they were free.

It is convenient to consider the time evolution between t; = —oo
and tf = co. On the one hand this simplifies many calculations.
On the other hand, this choice is motivated by the observation
that we are usually not interested in what is going on during

a scattering process but only in the final outcome since this is
what we can observe in our detectors. So we start at {; = —oo
before scattering has happened and consider the final outcome
at ty = oo which symbolically represents a moment in time at
which all scattering is over.

A\

-—.J

/v

_l
| | — '
] =

Snapshokal 4=-o0 Shapshok at +=1=0

In addition, it is conventional in this context to use the symbol S

for the time evolution operator. Therefore, we now consider? 9 This is Eq. 9.19 with t; = —co and
oo tf = oo.
Ali = f) = (f(e0)e™ 1 o= i(—c0))

i
|
2
=
i

. ) )
= (fle™# Jou dEH(E)
2

= (f15li) . (9.20)
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A muon is a heavy cousin of

an electron. This means that all
properties of the muon are exactly
the same as for an electron, except
for its mass.

Schematically, the scattering operator S transforms a given
initial state into a sum of possible final states that are weighted
by the corresponding probability amplitudes. For example, let’s
assume that we start with two electrons

i) = lex,, ex,) (9.21)
where kq, ko denote their momenta. If we act on this initial state
with S, we find something of the form

Sli) = Seq, 00, €31, €0) + Segqeq, 1€g3,05) + - -
+ Sy, [Hp1s Bp2) + Sppgy [Hpsstips) +--o0 (9:22)

where g1, 42, ..., p1, p2 denote different possible momenta and
|tip,, Hp,) denotes a state consisting of two muons.’® Moreover,
5 €qy-52” -
possible outcomes which we can isolate by multiplying S |i) by
a bra like (e;,, g, |-

Sup, up, €tc. are the probability amplitudes for different

e
& l ’ %, Fﬂ?

77 T
= /o Y
‘h 'fl\e/ ‘——‘@q\,,
\) f\\cjlo ! )}'Mhqup

The difficulty in Eq. 9.20 is that the Hamiltonian and there-
fore our field operators appear in the exponential function.
Thus while we already understand what a single field operator
does, it’s not immediately clear how the exponential function
of such field operators acts on a ket. To make sense of such an
expression, we need to recall that we can write the exponential



function in terms of a series
4

n 20 30 4!

2 x™ 2 ¥«
=) =ttt
i=0 """

Therefore, the scatter operator S reads

8 = o1 Jowd Hi()

l o0
= _ﬁ _oodtlHi(tl)
1 [ee] [ee]
T ( - dtle(tl)) < - dtsz(t2)> -

9.3.1 Time-Ordering
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(9-23)

D Eq.9.23

(9-24)

There is, however, once more a subtlety. So far, we have writ-

ten the time-evolution operator as being completely analo-

gous to the one we use in quantum mechanics as U(—o0,00) =

e[S ) Byt this formula is no longer correct in quantum

field theory.!* Instead, we must use
Y

U(—00,00) = Te ' [ o' H(E)

7

" In fact, it’s not always correct in
quantum mechanics too. We will
understand in a minute why.

(9.25)

where T denotes the time-ordering operator (Eq. 8.90). To un-

derstand why, recall that we discovered in Section 7.1.5 that the

time-evolution operator fulfills the equation (Eq. 7.29)

iU (t) = HU(t) .

(9.26)

The time-evolution operator in the interaction picture, which

describes the time-evolution of states, fulfills analogously™*

i0:U;(t) = H;U;(t) .

> The derivation of this equation
is analogous to what we did in
Section 7.1.5.

(9-27)

.t
At first glance, it seems as if U;(t) = e Lo @ Hi(t) solves this
equation. This, however, is not necessarily the case. We only

notice this if we evaluate the equation carefully. Let’s focus on

the left-hand side first:
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iatul‘(f) = iate_i~ff§ di' Hy(t')
D e =...(Eq. 9.23)

t
= i0; (1 —1i / dtlHi(i’l)
JO

> o [ fnd = ()

D product rule

= H;(t) — o1 (Hi(t) ( Ot dt1H;(f) | + ( Ot dtlHi(tl)) H,-(t)) — .. (9.28)

To get to the last line, we used that we can rename integration
variables ("dummy variables") freely. Now compare this to what
we have on the right-hand side of Eq. 9.27

H;(B)U;(t) = H;(f)e~ fo @ Hilt)
D Eq.923

= H;(t) (1 — l'./otdﬁHi(h) +.. )
t
= Hi(t) = i (1) [ dtHi(t) — ... (9.20)

The first term on both right-hand sides of Eq. 9.28 and Eq. 9.29,
H;(t), coincides perfectly. But already the second term is prob-
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lematic. On the right hand side of Eq. 9.29, we get just one term
with H;(t) on the left-hand side of the integral fot dt1H;(t).
While in Eq. 9.28 we also have this term, there is an additional
term in which H;(t) sits on the "wrong" side of the integral."3
Therefore, the left-hand and right-hand side are only equal if
we can can move H;(t) past the integral such that this term also
becomes H;( ( fO dt1 H; t1)>. This, however, is only possible if
the Hamiltonian operator evaluated at different moments (here

t and t1) commutes with itself. Formulated differently, only if
[H;(t), H;(t')] = 0, we have

t)(/ot dtlHi(t1)> = (/OtdtlHi(tl)>Hi(t)-

This, in turn, implies that only in this case, the left-hand side

(9-30)

(Eq. 9.28) and the right-hand side (Eq. 9.29) are actually equal.
What can we say about [H;(t), H;(t')] in quantum field theory?

We already know that the Hamiltonian contains several prod-
ucts of the fields in question, which themselves are operators.™
Moreover, we discovered in Section 8.5.1 that

)

D Eq.883

ol VR 2. (H —t) (9.31)

B / di®
(277)32V/ K2 + m?

This implies

(Ollp(¢, %), (£, 2)]|0) = (0l (¥, %) (t,
B / di®
S (2m)32V K2 + m?

#0. (9-32)

We can therefore conclude that

[9(¢, ), p(t,7)] #0.

x)|0) — (0lg(t, X)(t', X)|0)
\/E2+m2-(t’—t)

szm
ol VR (t=t')

(9-33)

'3 Take note that even if we include
higher order terms in Eq. 9.29,
there is no comparable term. For
example, the next highest order
ylelds somethlng of the form

fO dtlH tl fO dt, H; tz))
wh1ch is certainly not equal to

(Jy dteHi(t) ) Hi(t).

4 Reminder: in Eq. 8.16 we found
that the Hamiltonian for a free
scalar field reads

H= 2/ Bx (n2+(8i¢)2+m2¢2) .

J Eqo31
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In words, this means that field operators at different moments
in time do not commute. Since the Hamiltonian consists of
fields, there is no reason why it should commute with itself at
different instants of time:

[Hi(t), Hy(t'")] #0. (9-34)

Therefore,

Hi(t)(/ot dtlHi(tl)) - (/Ot dtlHi(tl))Hi(t) (9-35)

and we conclude that the right-hand side (Eq. 9.29) and left-
hand side (c.f. Eq. 9.28) in Eq. 9.27 are not equal if we use
U(t) = e~ Jo #Hi(Y) I other words, U(t) = el Jo H(Y) g
not the correct time-evolution operator if the Hamiltonian at
different instants in time does not commute with itself.

As already suggested at the beginning of this section, the prob-
lem can be solved by using the time-ordering operator T. To
understand why this works, we write down explicitly what
time-ordering implies for the problematic second term

T [an rn) [ dnme)
> =L

t t t t
=7( [ an [ anHH ) + [Cdn [ din Hi)H(e)
1
D time ordering

ot f ot t
=Am1£demMMm+Am1szmwmmm (9:36)

>t th >H

We can combine theses two terms into a single term by noting
that £, > t; is equivalent to t; < t; and therefore, we have
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¢ t t ty
/o dty Hz‘(fz)Hi(f1) :/0 dty Hi(tZ)Hi(tl)
1

th >Hh f <t

renaming integration variables

By plugging Eq. 9.37 into Eq. 9.36 we find

T(/Ot dt; Hi<t1) /Ot di‘2Hi(t2)) = Z/Ot dty /Ot1 dt, Hi(i‘l)Hi(tz) .
(9:38)

Therefore, if we plug U;(t) = Te~ o #Hi(*) into the left-hand
side of our defining equation (Eq. 9.27), we find



392 NO-NONSENSE QUANTUM FIELD THEORY

iatlji(t)

— i3, Te i Jod'Hi(t)

t
:iatT<1—i/ dt H()
0

D e'=...(Eq9.23)

__;<A}qm@g>(éﬁhmag>—“>

— _2H,() —iatT<21! (/Ot dt1Hi(tl)> (/Ot dtzHi(tz)) ) —...
_at< / dty Hy(t) /Otldtsz(tz)) -

ot
Hi(t) = iHi(1) [ dta Hi(ta) -

H;(H)U(t)

does not depend on ¢

PN OIS
(9-39)

To get to the final line, we used 0; fo

f(t) =

integral also depends on ¢;. Thus after we take the derivative

(t1)dt; = f(t) with
H;(ty) fotl dty H;(tp) since the upper limit of the second

this upper limit becomes ¢. Moreover, we don’t need to use the
product rule since t only appears in the first integral.

We need to compare this to what we find when we plug U;(t) =
Te =" Jo @ Hil!) into the right-hand side of our defining equation
(Eq. 9.27):

_ Hl-Te_ifé At H;(t')

T(l—i/otdtlHi(tl)—...>

Hi(t) — iHi(1) /Ot dt H(ty) —

D Eq. 923

(9-40)
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Since the final lines in Eq. 9.39 and Eq. 9.40 are exactly equal,
we can conclude that the correct time evolution operator indeed
reads

U;(t) = Te~ i Jodt'Hi(t) (9.41)

This implies that the correct scattering operator $ (Eq. 9.24)

D Eq. 9.23

T(l —1i /'°° dtlHl’(tl)

(/ dt Hy(t > (/ dt,H, tz) ) (9.42)

We can therefore write the probability amplitudes that we are
usually interested in as

Ali = £) P22 (£18)i)

D Eq. 9.42

= () —itfl [ anHili

f|T</ dty Hy( t1>(/ dto H, t2)|>

— A0 L AW 4 A (9-43)

D definitions

This is known as the Dyson series. It is useful because it allows
us to evaluate the action of $ on the given initial state |i) by
considering the individual terms in Eq. 9.43 one after another.
Moreover, the interaction terms that appear in H; always involve
a coupling constant ¢ which, in many cases, is smaller than one.
This implies that higher order terms will contribute less and

393

less to the total probability amplitude.’> Thus we can calculate 5For 0 < g < 1 wehave g > g% >

approximately correct probability amplitudes by focusing on the g >

. For example, for g = 0.1,

we have g2 = 0.01 and g* = 0.001

first few terms in this series. etc.
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A final aspect that we need to take into account as soon as we
talk about interacting quantum fields, is that the ground state
gets modified. This is important because we interpret every
particle state as an excitation above the ground state |1;) =

a* (k) |0) (Eq. 8.46). In the following section we will see how we
can make this interpretation work for interacting models.

9.4 Ground State Energy in the Presence of
Interactions

We discussed in Section 8.3.1 that the energy of the ground state
|0) is formally infinite in quantum field theory (Eq. 8.19). Before
we discuss how the situation changes if we take interactions
into account, let’s recap what we’ve learned about this issue so
far. We discovered that if we plug our general field expansion

(Eq. 5.51)

1 PAYR] 7\, —1(kx
= /dkBM (a(k)el(kx) +at(k)e ik )) (9-44)

into the general definition (Eq. 8.16):

H= [ d < 309 E) (9.45)

we find (Eq. 8.17)

H= % /V i (2“7’5)3 (a (Bra®) +

a(®)a*(®)) . (9.46)

This implies that the expected ground state energy is infinitely
large:

(0]H|0) ~ oo. (9-47)
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We can see this because

(0la®a ©)[0) = (a*®)10) ) (a*(F) [0} )

D Eq.846
= (e (1))
2 (=)'
= (1¢[13)
L D Eq. 8.44
= (2m)35(k — k) = (271)35(0) ~ 0. (9.48)

Alternatively, we can also use the commutation relations (Eq. 8.14)

la(k),a" (K')] = (270)°5(k — k') (9-49)

to rewrite the Hamiltonian as follows (Eq. 8.19)

H = %/de3 (2(*7?)3 <2a+(E)a(E) + [Q(E),u-r(%’)])

2
—/dk3 wk at(K)a(k 2/ dk3ws(0). (9-50)

The first term depends on the configuration of the system in
question and yields zero if we apply it to the ground state since
a(k)|0) =0 (Eq. 8.31).

In contrast, the second term yields exactly the same number (in-
finity) for any state, even for the ground state. Thus we argued
that this is a constant energy offset that we can ignore since
what usually matters for us are energy differences. A constant
energy offset — even it is infinitely large — makes no differ-
ence.

This settled the issue for the free Hamiltonian. However, as
soon as we take interactions into account, we need to revisit the
issue.

If we take interactions into account, the Hamiltonian contains
new terms (Eq. 9.15):

H = H + Hj, (9-51)

395
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10 We discussed the ¢*-term in
Section 6.2. To derive the Hamilto-
nian, we can again use the general
definition (Eq. 8.16):

_ 3 oL _
H_/de (a(ao¢)a°¢ c).

If we plug the ¢*-Lagrangian
(Eq. 6.26)

1 1 1
— oy =242 - 4
L 26;44)8 ¢ 2;{ ¢ +4!)\¢ ,

into this formula, we find the

free Hamiltonian plus a new g;¢*
term which we call the interaction
Hamiltonian.

7 We will see in Chapter 10 that
we can ignore these additional
terms because they contain an
uneven number of creation and
annihilation operator terms and
therefore necessarily yield zero
when we sandwich them between
(0| and |0).

18 Feel free to jump directly to the
final line.

where H; is the Hamiltonian that we use if we ignore all inter-
actions and Hj contains all interaction terms. One example that
we already encountered is®

A
H; = 54’4 . (952)

If we now plug the general field expansion (Eq. 5.51) into this
formula in order to understand the interaction Hamiltonian
in terms of creation and annihilation operators, we find new
infinitely large contributions to the ground state energy.

To see this, we introduce the notation

(a@)e @ + o (7))

1
¢(x) :/dq% (zn)3m

=P1- + 1+,
(953)

where ¢;_ is an integral over annihilation operators and ¢4
an integral over creation operators. The interesting part of the
interaction Hamiltonian then reads

¢

4 Eq.9.53
= (

$1- + P14 ) (P2 + P21 ) (P3— + P34 ) (Pa— + Pay)

= Q14921 P35 Ps_ + P1-Po P31 Pay + P1_Po P3Pay

P12 P3P+ Pri P23 Puy PP P3Pyt
(9-54)

where the dots indicate terms that we ignore for the moment.'”
While the first term in this sum yields zero if we apply it to the
ground state since ¢_ |0) = 0, the second term, for example,
doesn’t.

However, analogous to what we did for the free Hamiltonian,
we can bring the remaining five terms into exactly the same
form as the first term by using the commutation relations
(Eq. 8.14). The price we have to pay for this are a "few" addi-
tional commutators.

For example, for the second term the calculation works as fol-

lows?8
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D12 daibar = 91 (@342 + 02 951]) bar
= P13 P2 Par + P2, P31 |1 Par

=P1-P3+ (¢4+¢2, + [<P27/<P4+])
+ (02 g5 ) (earpr + (01 9u])

= 1- P31+ ParP2— + P1-Pa1 (P2, Pari]
+ 2 P31 1Par 1 + (P2, P31 [P1-, Pay]

= (4’3+4>17 + [4’1f,¢3+])4’4+¢2—

+ (@31 + 01 95:]) [f2- 9]
+ [po—, P34 |Par o1 + [P, P53+ ][1—, Pat]

= 31+P1-Par P2 + [P1—, P3| Pay P
+ (P2, Par P31 + [P1-, P34 ] [P2—, Pay]
+ [p2—, P34+ ]Par 1 + [p2—, P31 ][P1-, Part]

= ¢3., <4>4+4>1_ + [¢1—/¢4+])¢’27

+[P1-, P34 |parpo + (P2, Pay )Pz pr1—
+ [P1-, 3+ )[P2—, Pas ] + [P2—, P3| Pat p1-
+ [4)27/ ¢3+] [4)1—/ 4)4+]

= ¢34 ParP1-P2— + [P1-, Pat | P34 P2
+ [p1—, Par]Par o + (P2, Pas |34 1
+ [P1-, P34 ][P2—) Pat] + (P2, P3| Pas 1
+ [po—, P34 ] [P1-, Pas ] (9:55)

The first term here has exactly the same structure as the first

term in Eq. 9.54, (¢14 P2+ ¢3—¢ps—), and yields zero if we apply it
to the ground state |0).

All the remaining terms formally yield infinitely large contribu-
tions to the energy of any state. This follows because the field
¢ is evaluated in the product ¢* = ¢*(x) four times at exactly
the same spacetime point x. Therefore, when we evaluate the
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[P1-(x), P2+ ()] = P1- (x) P2+ (x) —

_ / d‘hd‘h
(271)° 4wq1wq2

3 / dgidg3
(2m)® /4wy, wg,

_ / dgidq3 a
J (2m)®. [Awy, wy,

commutators in Eq. 9.55, we find

$2+ (x)p1— (x)

. JEq. 953
. —1 qlx t =\ Li(g2x)
/ Uieme ,/2%“ / 2%” (@)e )
1 .
- i(g2x 7 )e—i(q1%)
/ q2 (271)3 /2wy, quz )( zwaa(ql)e ) ,
a(ql)aﬂ‘(%)e—i(ql—qz)x
a* (f2)a(Fy)e (n—02)x
2
[a(d1), a" (7)) (n—2)
DEq. 8.14
d‘hd‘h 3502 = \a—ilq1—
- 27136 (a — i(q1—42)x
/ (2m)s 4(%% (< ™0~ 2 )e
2
—i(‘h—fh)
Dl =1
(9-56)

' We assume once more that a
trustworthy colleague from the
math department confirms that the
integral diverges, i.e. yields infinity.

This integral yields infinity if we integrate it from —oo to co
since wy, = /43 + m? and™

=log (\/m—i— x)

~ 00, (9-57)

—00

[ e

Therefore, all terms in Eq. 9.55 that involve a [¢p_ (x), ¢4 (x)]
commutator yield an infinitely large contribution to the energy
of any state. How can we handle this problem?

Infinitely large contributions to the energy levels of all states are
a general problem that occurs in different ways for all kinds of
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interactions. Thus it makes sense to develop a general strategy
that allows us to separate the terms that we are really interested
in (e.g. in the free case ata and ¢1  ¢p ¢3¢y ~ a'a’aain

the ¢* case) from the ones that represent constant, infinitely
large energy shifts. A strategy that works well in many cases is
normal ordering. We say that an operator product is normal-
ordered if all annihilation operators are located to the very

right. A few examples

aat :=a'a
cataat = atata
caataat : = atataa
et — ot
‘aaa’a:=a'aaa, (9.58)

where the colons denote normal ordering.

The general idea is that a given Hamiltonian in normal order
contains all the terms that we are really interested in. For exam-

ple
He: 3 s (ot a) + o’ )
>
-3/ s (" Baf) 42 alh)a’ ) :)
>
_ % e 2“’;)3 (a* (B)a(k) +a (B)a(k))
)
[ 48 st B, ©9)

which is exactly the Hamiltonian that we already identified in
Eq. 8.22 as the relevant one.

Similarly, we find for the relevant part of the ¢* interaction
Hamiltonian

399
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0t 2 g i Ps pa P Po Paiur P Paids
TP P31 Pa PP Pz Pay i+ PP P3Py

+...
J
= $14921P3-Ps + P31 s P1-P2 + P2 Pay P1-P3-
T P24 P34 P1-Pa + PryPay P2 Pz + P13 Pr-Pa + ...
D
=614 P24 P3-Pa ... . (9.60)

To get to the final line, we used that the indices 1,2, 3,4 only
label different integration variables (Eq. 9.53) that we can al-
ways rename freely. Moreover, we used that ¢_ is defined as an
integral over annihilation operators while ¢, is defined as an
integral over creation operators. Therefore : ¢p_¢p, : = ¢ ¢p_.

One observation that lends further support to the idea that
normal ordering our Hamiltonian may be the way to go, is that
a normal-ordered Hamiltonian yields zero if we sandwich it
between (0| and |0):

(0| : H:|0) =0. (9.61)

This follows because H is a sum over products of creation and
annihilation operators and in normal order, we either have

an annihilation operator to the very right and thus can use
a|0) = 0, or encounter terms that do not contain any annihila-
tion operators but can then use

(0]a* =0, (9.62)

which is true since (|0) a’)t = a|0) = 0. In words, Eq. 9.61 tells
us that the expected energy value for a system in the ground
state is zero. This is exactly what we want to be able to interpret
particles as finite energy excitation above the vanishing ground
state energy.
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In summary, whenever it is possible we should use normal-
ordered Hamiltonians to avoid infinitely large terms. This will
become especially important in the next section, since our prob-
ability amplitudes depend directly on the Hamiltonian. There-
fore, if our Hamiltonian contains infinitely large terms, we will
also find infinitely large contributions to our probability ampli-
tudes. This doesn’t make much sense and thus we will use : H :
instead of H.

Now it’s time to see how all this works in practice. In the fol-
lowing chapters, we will talk about some of the most important
applications of quantum field theory.

401
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Part 11

Essential Applications

"You can’t cross the sea merely by standing and staring at the water.”

Rabindranath Tagore

PS: You can discuss the content of Part II with other readers and give feedback at
www . nononsensebooks.com/qft/bonus.


www.nononsensebooks.com/qft/bonus
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One of the core ideas in modern physics is that we can dive
deeper into Nature’s secrets by smashing particles onto each
other. If we accelerate our particles sufficiently before the col-
lision, they "break" and we can get a glimpse of what lies be-
hind." Thus, in some sense, we can say that particle colliders are
the most powerful microscopes of our time.

—©0

o—

For this reason, applications of quantum field theory are often
focused around tools to describe scattering processes. Here, we
start with a given set of particles which we prepare in a collider
experiment, for example, two electrons. Then our task is to cal-
culate the probability for a given end result after the collision.
For example, two electrons with a different momentum or two
different particles like two muons. The main tool which allows
us to calculate these probabilities is the time-evolution opera-
tor. We evolve our initial state in time and then project out the
probability amplitude for the final state in question.

While this may sound simple, in practice it isn’t. In fact, we
can’t calculate the probabilities exactly but have to use a pertur-
bative approach. As we’ve seen in the previous part, we rewrite
our time-evolution operator in terms of a series expansion and
then evaluate the terms individually. To evaluate a given term,
we often use the fact that if two operators A, B do not com-
mute [A, B] # 0, we can still switch their position as long as we
include an additional term:?

[A,B] = AB— BA
AB = BA +[A,B].

Usually, the terms that we encounter contain not just two but
many operators. Hence, we must use this trick multiple times

* Of course, particles don’t really
break because we understand them
as excitations of quantum fields.
Therefore, what this really means
is that if the energy of the colliding
particles is sufficiently high, we
can excite additional quantum
fields. And theses new excitations
show up as new particles in our
detectors. Since it costs energy to
excite quantum fields, it’s possible
that the original quantum field
excitations (the colliding particles)
vanish.

> We will discuss in detail below
why switching the position of
operators is an important step. The
key idea is that we try to move
annihilation operators to the right,
where they annihilate the ground
state 2|0) = 0 (Eq. 8.31). This
implies that only the terms that we
get when we switch the operators
around (the commutator terms)
yield something non-zero.
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and get lots of commutator terms as a result. While it is pos-
sible to do this manually, it's much smarter to simplify the
calculation by using specific tools that we will discuss in the
subsequent chapter.

To understand how all of this works, let’s consider an example.
We will gloss over many important details here in order to build
some intuition for what is going on. Afterwards, we will refine
our understanding and improve the workflow step by step.



10

Scattering - a First Look

We imagine that we have isolated a small part of the universe
in such a way that we can focus on a single scalar field ¢.
Moreover, we assume that we can describe the field and its

self-interactions by using the Lagrangian density (Eq. 6.26)3 3 In comparison with Eq. 6.26 there
is an additional minus sign in
4 4 . . .
L= 7ayq>a,u¢ (P !AQD , (10.1) front of the ¢* term. This is purely

conventional since the minus sign
can be absorbed into a redefinition

that we discussed already in Sectlon 6.2. The corresponding of the parameter A

Hamiltonian reads

H = / dx ( (909)° (az«p)z + %m2¢2 + j,w)
D definitions
=H;+H;, (10.2)

which can be derived by following exactly the same steps as in
Eq. 8.16.

In this case,

Hﬁ;%/fxg%@2+@@f+m%ﬁ (10.3)

is the Hamiltonian that we would use if there were no interac-

tions (Eq. 8.16), and
_ 3. (1, 4
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0 0 0 0
A(rckl, Ty = Tlyr T,

)

is the interaction Hamiltonian. For the following discussion to
make sense, we assume that A is a small parameter. In physical
terms this implies that the field only interacts weakly with itself.

We call the particles associated with the field ¢ pions, 7°. A
typical situation is that we prepare two pions and assume that
their momenta (El, Eg) are well known. We then bring them
sufficiently close together and want to describe how they scatter
off each other.

Since we consider a single scalar field with only one possible
type of elementary excitation (that we call pions), we only ex-
pect to see pions (possibly with different momenta) after the
scattering processes.

In mathematical terms, we start by preparing \ngl, 7122> and
want to calculate, for example, the probability amplitude for
finding two pions with different momenta (Eg,, E4) after the scat-
tering process:

0 0 0 0 0 01&0 0
ATy, T, = Ty T, ) = (T T, [S1 70 7T, ) - (10.5)

Plugging in the series expansion for the scattering operator $
(Eq. 9.42) yields

D Eq 105

= <7‘[23, n24|§|n,(21, 7'(,?2>

2 Eq.9.24

= (md, 7|7 (1 —i/_oodtlH,-(tl) — )l )

(e}
= (r nly e ) — i (n, md| [ anHi) |, ) —

=A0 A0 4

D definition
(10.6)

Take note that the time ordering operator T makes no difference
for the first two terms.
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10.1 Zeroth-Order Approximation

If we assume that the momenta of the two pions are completely +This is only a first order ap-
proximation for the probability
0) o . amplitude since we ignore all
term, A\Y, is non-vanishing and we find* higher order terms. Thus we use

the symbol ~.

unchanged by the scattering process k1,ko = ks, ky, the first

0 0 0 07y~ A0
A(Tt, T, = Ty, Tgy) = A

D Eq 106

0 0 0 0
<7Tk] 4 nkz | nkl’ nk2>

(¢l (7 ) (17 178, )

O [t w2) = [w1) ly2)

D
= (1, | i) (e, |7,

D Eq.848
= (2wk1 (270)36(ky — k’l)) (2wk2(2n)35(k'2 - Ez))

P

2\ 2
:4wk1wk2((27{)3(5(0)) . (10.7)

This result doesn’t make much sense. But this is not surprising
since we started with the unrealistic assumption that the mo-
menta of the two pions that we start with are exactly known.
We discussed this issue already in Section 8.4.3. One solution
is to assume that the system we consider is confined to a finite
volume V.

If this is the case, states with exactly known momentum (plane
wave states) are, in principle, normalizable and instead of
(271)35(0) we get V (Eq. 8.68, Eq. 8.71). As discussed in Sec-
tion 8.4.3 it is conventional to rewrite all formulas in such a way
that the volume V drops out. For example, in this case we could
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write the probability for the transition 0 70— 70 70 ag
ky7 "ko k7 ko

0 0 0 0
P(nkl, T, = T "kz)
D Eq.8.69
B \A(ngl,ngz — 71,21,7122)\2
<7T21,7'(22|7T21,7T192> <7‘C21,7T22|7T191,7'(22>
D Eq.105
_ | <7.(’91’ 7-[22‘7-[21’ 7T’(<)2> |2
- 0 0 0 0 0 0 0 0
<7Tk1f ”k2|”k1f ”k2> <7Tk1f ”k2|777k1' ”k2>
D Eq 107
2
(v)
= 2
(v)
J
=1. (10.8)

This is really just a trick that allows us to avoid working with
wave packets. A second possibility is to use the more realistic
smeared initial and final states (Eq. 8.76) that we introduced in
Section 8.4.4. In this case, we find

(T r, o 0\T|_0\T
A 7, = ) ~ (| "l 1) (1) 7))
T, 0T/ 00 \r| 0T ?
= <7fk2\ <7Tk1|7fk1> |7sz>
T, 0 0\rT/ 0| 0\r ?
= (7, | 7,) <7Tk1|7Tk1>
2
=1, (10.9)

where we used that ' <7'£21 ]71?21 )F is a number and we can move
numbers around freely. If we allow that the momenta of the
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particles in the final state can be different, we find

0 0 0 0
A(nkl,ﬂkz — 7Tk3,7'[k4)

)

D Eq 106

~ A0

0 0 0 0
= <7Tk3’ nk4‘7rk]’ nk2>

0 0 0 0
CARANIE AN

(e, |7miy) ek i)

= (2 /@@g, (276 (F — Ka) ) (2 /@ir, (27)°5(R2 — Fa) )

(10.10)

D L) = 1) [¢2)

)

D Eq.848

This is only non-zero for E1 = %3 and k2 = 754, which is the case
we considered above.

The zeroth order term we considered in this section describes
the scattering of two particles if all interactions are turned off.
With all interactions turned off, there is a 100% probability

that the two particles have at the end of the scattering process
exactly the same momenta as at the beginning. The probability
for any other state (two particles with different momenta etc.)

is zero. This is true for the zeroth order term in any scattering
process and therefore it is conventional to isolate the trivial part
of the scattering operator by defining

S=1+iT, (10.11)

where 7 is known as the transfer operator.
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A

10.2 First-Order Approximation

It is instructive to evaluate the first nontrivial term in Eq. 10.6
explicitly since there are many new aspects

[ee]
i(m), | /_oo dt Hi(t)| 7, 7}, )

D Eq. 104
i(md, | oodt Bx l/\ )V 0, 20
ki Tkl S v 41 ¢ k17 Ty
—1 [e9)
4 /,oo d'x <7T21’7T792|(P4|7TI?1/7719 ) - (10.12)

0 0 | 44| 0 0
To evaluate <7rk1, ., | |7'(k1, 7y, ), we need to recall that our

general field expansion reads (Eq. 5.51)

P(x) = /dk3(2n)31\/27k (g(i(’)e*i(kx) + a‘r(j(')ei(kx)>

p
=¢ +94, (10.13)

where ¢_ is an integral over annihilation operators, while ¢ is
an integral over creation operators. The factor ¢* therefore reads

4 Eq. 10.13

¢ (- + ¢+) (- + ¢+ )(P— +P+)(p— +¢P4). (10.14)

Before we discuss more subtle aspects of this expression, take
note that most of the terms yield zero if we sandwich them be-
tween <7r,?1, 7r22| and |7r2], 7122). For example, let’s consider the
term ¢* . This terms contains a product of four annihilation
operators a*. Two of them are sufficient to annihilate the two
particles contained in a2 |7121, 7'[22) ~ |0). Afterwards, we are
left with the ground state and two additional annihilation op-
erators. When they act on the ground state, we necessarily find
zero: a|0) = 0 (Eq. 8.31). Similarly, a term of the form ¢ will
yield zero since it contains a product of four creation operators
a™. When they act on our initial state |7T21, 7122>, the create four

further particles. If we then act with the bra <7‘L’2], 7'[22 |, which
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describes a final state consisting of just two particles, on the
resulting state we find zero. Analogous arguments apply to all
terms that do not contain an equal number of creation and an-
nihilation terms. Only terms of the form ¢ ¢ ¢_¢_ ~ a'a’aa
have a chance of yielding something non-zero since they contain
products of an equal number of creation and annihilation opera-
tors.> The annihilation operators act on |7T]91, 7r22>, which leaves
us with the ground state |0) (times some numerical factors). The
remaining two operators a'a’ then act on this ground state and
create two new particles. Thus, we possibly find something non-
zero if we then act on this final ket with the two particle final
state <7T](31, 7122 |. If we want to evaluate the product in Eq. 10.14,
we need to recall that operators, in general, do not commute:

(Eq. 8.14)

=0, [af(k),a" (k)] =0. (10.15)

As in Section 9.4, we must use different integration parameters,
41,92, 93,94, when we expand the four field factors that appear
in ¢* and thus introduce the notation

1 . ,

= 3~ (a(@)e @) 4 gt (7,)ell0mx)
0 = [ 47t s T (a0 ' )l )
2

=p1- + P14 - (10.16)

Using this more careful notation, we write our product again as

4 Eq. 10.16

¢ (p1- + P14 ) (P2 + P21 ) (P3— + P31 ) (Pa— + Pay)

= P14 P21P3_Pa + P1_P2_P3 Pat + P1_Poy P3_Pay

+P1-P2 P34 Ps + P12 P3-Pay + P12 P3pPa ...
(10.17)

where the dots indicate all terms with an uneven number of cre-
ation and annihilation terms like, for example, ¢1_¢o_Pp3_Ps_.
Let’s focus on the first term here for a moment. The expression
we want to evaluate reads

<7TI(()1’ 7-[](()2 |¢1+¢2+¢37¢4_ |7TI(()1’ 7-[](()2> ° (10'18)

To that end, we need the definition of our initial state®

5 Take note that this is only the case
because we consider an equal num-
ber of particles in the initial and
final state. If we would consider,
for example, a transition from two
to three particles we would need a
term of the form ¢ ¢ ¢ Pp_¢p_ to
get something non-zero.

definitions

¢ The ordering of the opera-
tors here is not important since

[a* (k),a* (F')] = 0 (Eq. 8.14).
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7 Reminder: (| = [¢)*

8 Be warned that the following

calculation is quite cumbersome.
But it is worth the effort since it is
instructive to see everything spelled
out in explicit terms at least once.

) = a'(ky)a' (k) [0)
D Eq 847

= Q/Z(Ukla"-(k’])q /2wk2a+(7€2) |0) . (10.19)

Analogously, our final state is defined as”

<7T,(31, 7122| = (0 \/2wkla(%1)\/2wk2a(fz) . (10.20)

A smart idea is now that we use the commutation relations in
Eq. 8.14 to move the annihilation operators to the right side.
Once this is done, they act on the ground state and thus yield
zero (a|0) = 0, Eq. 8.31). What we are then left with, is the
contribution to the amplitude that we are looking for. This
surely sounds a bit strange at first, but will make a lot of sense

as soon as we go through the motions:®

(7, |1 @i s pu |, 7L,

= (<0\ \/ﬂa(ﬁ)\/2(47261(%2)>¢1+4’2+¢3—¢4—
x (\/@f(ﬁl)\/@a*(ﬁz) |o>)

= 4wy, wi, (0 a(kr)a(k2)p1s posps—pa_a’ (k1)a* (k2) |0)

= sy, @, (Ol a(k)a(k) ([ dad -

x (/dq% (2

x (/ da (2m

1

1

dg}

Eq. 10.19,
Eq. 10.20

. 2 Eq.953

)3 /2wy,

ot (7 )ei(w))

1

i E)ei) / AP — 1 a(da)e—ila0)
)3\/@” (’72)3 )( T3 (Zn)3ma(q3)e )

2 (q4X)>a+(F1)u+(E2) |0)

@ yam,

— / da3 / dg3 / dgj
"W ] erp 20, | @r) 20, | (2r)3 20 ) (270)% /2w,

x (0| a(ki)a(k2)a" (f1)a" (72)a(G)a(Fs)a’ (ky)a® (ky) |0) & Hi2=0s7d4)x. (10.21)

We now use the commutation relations (Eq. 8.14) to move the
annihilation operators to the right side. We have, for example,
- +,7 \7 Eq-8.14 3¢/7 5
[a(Fa),a" (k)] =" (2m) 6(ky — Ga)
D
a(y)at (k) = at(ky)a(Gs) + (2m)36(ky — Ga) . (10.22)
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This yields

(0l a(ky)a(Ro)a' (71)a" (72)a(ds)a(Ga)a" (Rr)a' () [0)
= (0la(ky)a(Ry)a" (71)a" (32)a @)(a*(ina@)+<2n>35<%lfqz))a*(kz)\w

0 Eq. 1022

D)
= (0] a(ky)a(kz)a® (71)a" (72)a(73)a (K1 )a(d.

4)at
+ (27)38(Ky — ) (0] a(kr)a(kz)at (71)a" (d2)a(73)a’ (k2) |0)

- -

= (O] a(k)a(k2)a" (71)a" (F2)a(@)a’ (K1) (a" (R)a(ds) + 276k, —da) ) [0)

+ (2m)%8(ky — @) (0] a(Ry)a(k)a" (7)a* @) (a" (R)a(@s) + (27 6(K: — 33) ) [0)

> al0)=0

= @) %6(k; — ) (0] a(k)a(k2)a" (71)a" (32)a(3a)a” () [0)

+ (2m)°3(ky — 7)0 (2 — ) (0 a(ka)a(ko)a' (71)a" (72) [0)
= 27)°6(k: — a)o(ky — @) (0] a(R)a(R)a’ ()a' (72) [0)

+ (27)%3(ky — 3)0(Rz — ) (0l a(k)a(ko)a* (71)a" (32) [0)

= (27)%0(k2 = 4)o(Fy = ) (0] a(ky) (a' (d)a(kz) + (27)°5(k2 — 1) ) a* (@) [0)

+ (2% (F1 = §a)o (R — ) (0] a(ky) (o @ )a(Ra) + (2)°0 (k2 — 1) )" 32)10)
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2 —{3) (0[0) . (10.23)

If we now use that (0]0) = 1 (Eq. 8.43), we are ultimately left
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+ (2m)28(ky — Ga)5(ky — 3)0 (k2 — 1)
+ (2m)28(ky — Ga)5(ka — 3)0 (k2 — 72)6(
+ (2m)126(ky — G)0 (k2 — §1)8(k1 — §2)0 (k2 — 3)

If we plug this into Eq. 10.21, we find

(TR, 7Ry |14 P24 P3| 7], 7L,

— dgp / dg3 / dg3 / dg
— Yk (27)3\ 2wy, J (21)3, 2wy, J (270)3\ /2wy, ) (270)3 /2wy,

x (0] a(ky)a(ky)a® (G1)at (§2)a(d3)a(Gs)at (ky)a® (Ky) |0) /(1 02—03—44)x

— dgp / dg3 / dg3 / dg;
— Rk (27)3\ 2w, J (21)3, 2wy, J (270)3\ /2wy, ) (270)3 /2wy,

—

X ((Zﬂ)%(%z — 74)0(ky — 3)0(ka — 72)8 (k1 — 1)

+ (2m)28(ky — §4)6(ky — G1)8(k1 — )6 (ko — qg) el(T1+a2-3-q5)x

Let’s focus on the first term

dg? dg3 dg? dg3
deon w / 91 / 92 / 93 / un
W | 2n) 20, ) 2r)3 2wy, ) )20y, ) (2r)3 /2w,

x ((27)28(K; — 7)o (Fy — §3)8(Ra — o) (1 — ) ) el a2—a=a0)%

J

1 oilkitha—ky—ky)x

= 4wy, w
e V201, /201, 1/ 20, /20,

=1.

f(x)

D Eq. 10.21

D Eq. 10.24

(10.25)

.dx’f(x/)(S(x —x)

(10.26)
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The result for the remaining three terms is exactly the same.
Therefore, we can conclude that

0 .0 0 .0
<7Tk1r Ty | P14 P2 P3P | Ty T,) = 4. (10.27)

For the remaining five contributing terms in Eq. 10.17 ($1_¢p2_ ¢34 Pa,
P1—Po+ P3_¢ay etc.), we need to recall from Section 9.4 that we

should work with normal-ordered Hamiltonians to avoid prob-

lems that stem from infinitely large contributions to the energy

levels of all states. In particular, we discovered for the relevant

terms in our ¢* model (Eq. 9.60)

9.54

Cpt 2 P o s a3 1o Pz an
TP P Pa tF PP P3Pay i+ PP Paips .

=614+ Pa_py_ +. ... (10.28)

This implies that if we work with : H; : instead of H; in the
Dyson series, we encounter six times the term that we already
evaluated instead of six different terms.

Formulated differently, if we work with H; in the Dyson se-
ries, we encounter six different terms that potentially contribute
something to the probability amplitude (Eq. 10.17 ). All of them
can be brought into the same form as the term that we evalu-
ated above (¢14¢2+$3_¢4_) by using the commutation relations
(Eq. 8.14). The price we have to pay for this is additional terms
that involve commutators of the form [ (x), ¢4 (x)]. But we
discovered already in Eq. 9.56 that this yields infinitely large
contributions. This is certainly not something that we want

in our probability amplitudes, just as we don’t want infinitely
large contributions to all energy levels. Thus we should really
work with normal-ordered Hamiltonians whenever it is possible
to avoid such problems.

We can therefore conclude that if we use the normal-ordered
interaction Hamiltonian in the Dyson series, the total result
reads

417
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[e¢]
) _ . .
AD = —i(nl 70 | /700 dty < Hit) : |, )
D Eq 1012
_ AT a0 0
=51/ . x(nk],nk2|.4> .|7rk1,7rk2>

i D 6x Eq.10.27, Eq. 10.28
_ AL © 4
= =(6+4) /_ood x

©
= —iAV. > futmy

(10.29)

The factor [*_d*x is formally infinite, which is again an artifact
of our non-normalizable states. We therefore only integrate over
a finite spacetime volume V which eventually drops out from
our predictions.

This was an extremely long-winded road to an almost triv-

ial result. However, I think it’s important to see at least once
that everything works even without any reference to theorems
and sophisticated arguments (although, admittedly, it’s a bit
cumbersome). We will talk about a helpful theorem and more
sophisticated arguments in the following chapter.

Let’s finish this section with a few short comments on what
we’ve just learned:

> By looking at Eq. 10.29, we can understand why it’s conven-

tional to define the interaction term /\%4 with a numerical
factor % as we did it above. A factor of 4! is exactly what we
need to cancel the combinatorial 4! factor that arises in our
calculations. This factor % in the definition of the Hamilto-
nian and Lagrangian is purely conventional since we could
easily get rid of it by redefining the coupling constant A = %.
However, especially at higher orders in perturbation theory,
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it’s often helpful to use a clever numerical factor to avoid
working with unnecessarily large factors.

Interestingly, our result in Eq. 10.29 is constant and only de-
pends on the coupling constant. In particular, there is no
dependence on the angle at which the outgoing particles
emerge. This implies that the scattering process happens in
all directions with equal probability. This is not too surpris-
ing since we are considering scalar particles which have no
internal structure (spin) that could help to single out specific
directions.

If we consider the closely related case in which we again get
two particles but allow different momenta (k3, ks # ki, kp) at
the end of the scattering process, the result is quite similar.
The only difference is that in Eq. 10.26 we find instead of
elllitke—ka=k1)x — 0 — 1 a factor e/(F1+k2—k3—k4)x 1f we then
carry out the spacetime integration in Eq. 10.29 this yields

a delta distribution é(k1 + ky — k3 — k4) which encodes the
conservation of momentum. To get real-world predictions,
we then typically integrate over some momentum region
for the final states. We will discuss this aspect of scattering
processes in more detail below.

We integrate over all possible locations within the system.
This is necessary since we are dealing with plane waves in
the initial and final state. This implies that the corresponding
particles are delocalized in space. Therefore, we must take
possible scattering processes at each possible point within the
system into account.

419






11

Amplitude Technology

The calculations in the previous chapter were quite cumber-
some. Moreover, if we want to include higher order corrections
in the Dyson series (Eq. 9.43) or describe how different fields
interact with each other the calculations are even more cumber-
some. Thus it makes sense to formalize our general strategy.

The main difficulty we’ve encountered so far is that even if
we use a normal-ordered Hamiltonian, we need to switch lots
of operators around. A typical contribution to the probability
amplitude reads schematically

A= (f|:H;:|i)=(0laa...: H;:...a%a™|0) . (11.1)

To evaluate it, we normal order the operator product between
(0] and |0). This is non-trivial because in the expressions we

start with only the Hamiltonian is normal-ordered. In partic-
ular, all annihilation operators that show up in our definition

of the final state must be moved to the very right.? If we use " Reminder: (| = |)" and there-
fore |) ~ at...a"|0) implies

) (| ~ (at...at o)t = (0]a...a
eventually find a normal-ordered term plus dozens of terms This is why annihilation operators

that involve commutators: show up in the definition of the
final state.

the commutator relations (Eq. 8.14) to reorder the operators, we
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A= (f]: Hj: i) ,
= (Olaa...: H;:...a'a'|0)
D AB=BA+[AB]
=(0|:aa...H;...a%a" : |0) + (0|[a,a']...[a,a"][0) +.... (11.2)

We've learned in the previous section that the reordering is
quite cumbersome if we do it by brute force.

Therefore, we will discuss in this chapter a tool that allows us to
simplify these kinds of calculations. The tool is known as Wick’s
theorem and allows us to understand the problem of switching
operators around as a pure combinatorics problem which we
can then solve systematically.

Additionally, we will learn that the combinatorics problem can
be simplified by using Feynman diagrams. Instead of thinking
about abstract combinatorics, we only have to draw all Feynman
diagrams that contribute to a given order in the perturbation se-
ries. Each Feynman diagram represents a specific "contraction"
term that appears if we apply Wick’s theorem. The only remain-
ing task is then to evaluate all basic contractions that can appear
in our formulas. As a final improvement, we will discover that
the basic contractions can be translated into so-called Feyn-
man rules. These rules allow us to deduce directly from a given
Feynman diagram the corresponding factors in the perturbation
series.

term in perturbation series ’fWick’s theorem contractions

brute force basic contractions

result Feynman rules;‘ Feynman diagrams

With this plan in mind, let’s dive in.
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11.1  Contractions

We discovered in the previous chapter that it's a smart strategy
to move all terms that contain annihilation operators to very
right. Let’s recap how and why this works. We again use the

notation that we introduced in Eq. 10.13
? Take note that in the previous
= =y g section, we considered the special
(a(k)e (k) + a’ (k)el(kX)) case of a point-like interactign
~ ¢(x)p(x)p(x)p(x) for which the
) fields in the product are evaluated
=¢- + ¢+, (11.3) at exactly the same spacetime point
x. In general, we can also encounter
where ¢_ is an integral over annihilation operators, while ¢ is products of fields evaluated at
different spacetime points. Thus we
consider the more general case here.

1
o) = [ AR s e

an integral over creation operators. Whenever we encounter a
product of the form ¢(x)¢(y), we can bring it into the desired
form at the price of introducing commutators®

P)PW) = (9- () +¢+(x)) (9- () + ¢+ (1))
p

O (#+9-¢9-)l0)=0

= ¢ (X)9-(y) + ¢+ ()¢ (¥) + ¢ (X)P+-(y) + ¢+ (x)¢+ ()

= ¢-(0)9—(y) + ¢+ (x)p—(v) + [p—(x), ¢+ (y)]
+ ¢+ (y)p—(x) + ¢+ (x) P+ (v)

= p)p(y) : +ip—(x), 9+ (). (11.4)

We say that we bring ¢(x)¢(y) into normal order which we

D definition

again denote by3

: p(x)¢(y) : = all annihilation operators in ¢(x)¢(y) moved to the right.
(11.5)

In words, Eq. 11.4 therefore tells us that the price we have to
pay for normal ordering ¢(x)¢(y) is the commutator [¢p—(x), ¢+ (v)].

3 We discussed normal ordering
already in the context of infinitely

] . ] . large contributions to the ground
ing amplitudes, we typically encounter products like ¢(x)p(y) state energy in Section 9.4.

sandwiched between the ground state (0|¢(x)¢(y)|0) and thus
all terms except for the commutator term [¢_, ¢ ] vanish. This

Normal ordering is useful because in our calculation of scatter-

follows because @ |0) = 0 (Eq. 8.31) which automatically implies
that
(0jat =0 (11.6)
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since (|0) ")t = a|0) = 0. That's the whole point of normal
ordering. Normal-ordered terms yield zero if we sandwich
them between (0| and |0):

(0] - ¢(x)¢(y) : |0) = 0. (11.7)

By using the explicit formula for the normal-ordered product in
Eq. 11.4, we can check this explicitly

(0] - ¢(x)¢(y) : |0)

D Eq. 11.4
= (0] (p-(x)p- () + 9+ ()9 ()
+ ¢+ (1)p- (%) + 9+ ()94 (v) ) [0)
p
=0sincea|0) =0 = 0sincea|0) =0
| |
= [(0l¢-()¢-()[0} |+ (0l¢+ (x)9-(y)I0)
+[(0l¢+ (1)9- (x)10) |+ (0l+ (x)+ (1) 0) |
| |
= 0 since a]0) =0 =0 since (0]at =0
p
=0. (11.8)

By using Eq. 11.4 and Eq. 11.8, we can conclude

(01¢()¢()]0) =4 (0] = () p(y) : +p— (x), ¢+ (1)][0) ;
= (0] : p(x)P(y) : [0) + (0[[¢— (x), ¢+ ()] |0) ;
= (0][¢— (x), ¢ ()]]0) - (11.9)

Moreover, if we use the definitions of ¢_(x), ¢4 () in Eq. 11.3,



AMPLITUDE TECHNOLOGY 425

we can calculate this commutator explicitly

[ (x), ¢+ ()] = ¢-(x)¢+ (¥) — P+ ()P (x)

D Eqi13
= 51 B)eitk) s L ki)
= (/dk 2 Za)ka(k)e )(/dq (27_[)3\/27qg (@)e qy)
- s Lt 3. 1 itk
o e 89 o
2
di® dg® —i(kx) oi z .
= | | o s e e e @)
d D Eq. 8.14
-// 27'( Zw 2n)q2w e e ((2m)5(k — 7))
)
:/ di o i(kn) gi(ky)
(271)% v/ 2wyey/ 2wy
2
di? ‘
- /Weilk(%w- (11.10)

This is exactly the elementary propagator that we already en-
countered in Eq. 8.83. This makes perfect sense if we recall that
we defined the elementary propagator as D(x,y) = (0|¢(x)$(y)|0)
and now plug Eq. 11.10 back into Eq. 11.8:

D(x,y) = (0l¢(x)¢(y)[0)

D Eq. 119
= [9-(x), ¢+ (v)]
4 D Eq. 11.10
_ —ik(x—y)
= /7(271)32@(8 L (11.11)

The point of all of this is that the general strategy we just dis-
cussed always works and not just for simple products of the
form ¢(x)¢(y). We normal order the fields and the price that we
have to pay for this are commutators. One of the main tasks in
quantum field theory is to formalize this process to make sure
that we don’t have to repeat dozens of steps each time and are
still able to figure out the correct commutators.

Before we discuss a general algorithm to accomplish this, we
need to discuss a small detail that we ignored in the calculations
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above. Usually in quantum field theory we don’t encounter
products of the form ¢(x)¢(y) but instead, time-ordered prod-

4 Recall that we derived in Sec- ucts T¢(x)p(y).4 Recall that (Eq. 8.90)

tion 9.3.1 that the time ordering

operator necessarily appears in the (x)¢(y) for xo > yo

Dyson series (Eq. 9.43). Tgb(x)gb ) = {z(y)z(i) for yo > x (11.12)
0 0

The result we calculated above (Eq. 11.11) is valid for xo > yo,

while for g > xp we find analogously
51 already warned you above that
the Feynman propagator has many, D(x,y) = (0l¢(y)¢(x)|0) = [p—(y), ¢+ (x)] . (11.13)
many faces.

If we sandwich T¢(x)¢(y) between (0| and |0), we get exactly
the definition of the Feynman propagator (Eq. 8.93) which we
again can write a bit differently>

Dr(x,y) = (0T (x)$(y)[0)

= 0(x0 — o) (0l¢(x)¢(y)[0) + 6(yo — x0) (Ol (y)P(x)|0)

= 0(x0 — yo) (0l (x), ¢+ (¥)]]0) + 6 (y0 — x0) (Ol[@~(y), ¢+ (x)1]0)
= 6(x0 — yo)[¢—(x), ¢+ ()] (00) + 0(yo — x0) ¢ (¥), P+ (x)] (0]0)

D explicit time ordering

D Eq 1111, Eq 11.13

2 {0]0) =1 (Eq. 8.43)

= 0(x0 = yo)[9-(x), ¢+ ()] + 0(yo — x0) [P (¥), -+ (x)]. (11.14)

This motivates the following new notation

fow =

0] forrozy |
¢

1Y+
(), ¢+ (x)] foryo>1xg

[

We call ¢(x)¢(y) the contraction of the two fields.

Take note that Eq. 11.14 tells us that

—

¢(x)¢(y) = Dr(xy)- (11.16)
Thus it may seem as if we’ve introduced just another way to
write the Feynman propagator. However, we will see in a mo-
ment that thinking in terms of contractions will help us to keep
track of cumbersome calculations.
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In summary, by using all the new notations introduced so far
we can write

[

Tp(x)p(y) =: p(x)¢(y) - +¢(x)P(y) . (11.17)

In words this formula tells us that we can rewrite a time-
ordered product of two fields as a normal-ordered product
plus their contraction. As discussed above, a formula like this is
useful because normal-ordered terms yield zero if we sandwich
them between (0| and |0) (Eq. 11.7):

O[Tp()p()10) “FZ7 (0] : p(x)p(y) : +(x)p(y)]0) :
= (0] : (x)9(y) : [0) + (Olp(x)p(y)]0)
S D Eq. 117
— (0 (x)p(y)[0) (11.18)

Thus all that’s left is the contraction which, as we’ve just seen,
we can understand in this case as the Feynman propagator.

As a final remark take note that, in more general terms, we can
also say that the contraction of two fields is defined as all the
terms that are left over when we compare the fields in normal
ordering versus time ordering

[

P(X)o(y) = Te(x)p(y)— : ¢(x)p(y) : - (11.19)

This implies that the contraction of two operators is equal to
what we find when we sandwich their time-ordered product
between (0| and |0):

(0p(x)p(1)[0) = (0] T¢(x)9(y)]0) — (0] : p(x)p(y) : [0} :
Eq. 11.7
(x)p(y) (0[0) = (0]Tgp(x)p(y)[0)
o D (Eq.843)
p(x)p(y) = (0] Te(x)p(y)]0) - (11.20)

In the next section, we will see why contractions are extremely
useful if we want to consider more complicated time-ordered

products.6 ¢ More complicated time-ordered
products routinely appear in calcu-
lations of scattering amplitudes. We
will discuss this explicitly below.
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11.2 Wick’s Theorem

The usefulness of the notion "contraction" primarily stems from
the general result:

~

TA,... A, =1A;.. A, +: all possible contractions :,

(11.21)
This is known as Wick’s theorem. In words, it tells us that
the difference between a time-ordered product and a normal-
ordered product of a given number of operators is given by a
sum over all possible contractions of the operators. Formulated
differently, if we switch from time-ordering to normal-ordering,
the price we have to pay is additional terms that we can un-
derstand as the sum over all possible contractions of the fields
that appear in the product. Moreover, all fields that appear in
the contraction terms that are not themselves contracted, are
normal-ordered too.

For a time-ordered product of quantum fields, Wick’s theorem
tells us

Tp(x1)...¢(xn) =: P(x1)...¢(xn) : + : all possible contractions :,
(11.22)
where x1,...x, denote different spacetime points.

Since for two fields ¢(x1)¢(x7) there is just one possible con-
1

traction ¢(x1)¢(x2), we have encountered one instance of Wick’s
theorem already in the previous section (Eq. 11.17)

[

Tp(x)¢p(y) =: p(x)¢(y) : +¢(x)p(y) - (11.23)

Moreover, for example, for a product of three fields at different
spacetime points (x1, x2, x3), Wick’s theorem tells us that
Tp(x1)P(x2)Pp(x3) =1 p(x1)P(x2)P(x3) : +(x1)P(x2)P(x3)
+ ¢ (x1)P(x2)p(x3) + p(x1)P(x2)P(x3)
(11.24)
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Since there is always only one field which isn’t contracted, there
is no need to normal order anything in the contraction terms.

In contrast, for a product of four fields we have
Tp(x1)(x2)¢p(x3)¢(x4)

1

= ¢(x1)¢(x2)p(x3)p(x4) : +: <¢(X1)<P(xz)¢(X3)¢(x4)

x1)p(x2)p(x3)p(xa) + P (x1)P(x2)p(x3)P(xa)

x1)p(x2)P(x3)p(xa) + P (x1)p(x2)P(x3)P(xa) + P(x1)P(x2) P (x3)p(x4)
— — —

+ ¢ (x1)p(x2)P(x3)p(xa) + P (x1)P(x2)p(x3)P(x4) + <P(x1)¢(x2)</>(x3)¢(x4)>

(11.25)
We can see here that there are many terms which contain two
fields that are not contracted. Thus it is important to include the
colons to indicate that they are normal-ordered. For example,

: <M<x2>¢<x3>¢<x4>> L= p(x)p(x2) : p(xa)p(xa) ¢

D Eq. 11.16
= Drp(x1,x2) : p(x3)P(xa) 1,
(11.26)

where we used that the contraction of two fields yields the
Feynman propagator (Eq. 11.16).

This is especially important if we recall that we usually consider
time-ordered products that are sandwiched between (0| and

|0). If we then recall that the Feynman propagator is a complex
function and thus has no effect on (0| and |0), we can pull it

in front of the brakets and are then only left with the normal-
ordered terms:

1

(0] : p(x1)P(x2)P(x3)P(x4) : |0)
= (0|Dp(x1,x2) : ¢(x3)¢(x4) : |0)

D Eq 1126

P
= Dr(x1,x2) (0] - ¢(x3)¢(x4) : [0)

D (0] Pp(x3)¢(xs) : |0) =0 (Eq. 11.7)
=0.

(11.27)

This means that only terms in which all fields are contracted
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contribute something to probability amplitudes. For example,
by using Eq. 11.25, we find

(01T (x1)p(x2)p(x3)¢p(x4)|0)

0 Eq.11.25
= (0] : ¢(x1)(x2)(x3)(xq) = [0)
0] (M(xﬂwxs)q)m) )P (r2)f(x3)p(xs) + bl ) (x2)(x3) (xa)
T () px2)p(x) 9 (xs) + 1) x2)p(a)(x1) + bl ) (x2)pl)(x1)
— — 1 ———
+ @ (x1)p(x2)p(x3)P(xa) + P(x1)P(x2)¢p(x3)(x4) + ¢(x1)4’(x2)4’(x3)¢(x4)> |0)
D Eq.117
— —F— 1 —
= (0] (x1)¢(x2)¢(x3)¢(x4)[0) + (0l¢p(x1)p(x2) ¢ (x3)(x4)10) + (0] (x1)p(x2)p(x3)p(x4)|0) .- ]
q. 11.2
= DF(JC],Xz)DF(X3,JC4) <0‘0> + Dp(xl,X3)D1:(XQ,X4) <0|0> + DF(X],X4)D1:(X2, X3) <0‘0> D -
q- 843
= Drp(x1,x2)Dr(x3,x4) + Dp(x1, x3) D (x2, x4) + Dr(x1, x4) Dp(x2, X3)
(11.28)

7 You can find a rigorous proof in

Luca Guido Molinari. Notes
on Wick’s theorem in many-body
theory, 2017

To get a bit more confidence in the validity of Wick’s theorem
beyond the two field case (Eq. 11.17), we check the three field
case Tp(x1)p(x2)P(x3) (Eq. 11.24) explicitly in Appendix B.1.
The proof for arbitrary field products works analogously and
the general formula can be proven by induction.”

11.3 Important Contractions

So far, we’ve only talked about one very special kind of contrac-
tion which we identified as the Feynman propagator (Eq. 11.16)

$(x)p(y) = Dr(x,y). (11.20)

Before we can really make use of Wick’s theorem, we need to
talk about other kinds of contractions. To understand why, take
note that in our formulas for scattering amplitudes we don’t get



expression of the form

(O[T (x1) - ¢(xu) 0) (11.30)
but rather something like
UITe(xr) - xn)li) , (11.31)

o[ . 0 0
where (f| denotes a specific final state, for example, <7Tk3' 7Tk4]
and |i) denotes the initial state, for example, |7T21, 7TI(<)2>' These
states are defined in terms of creation and annihilation opera-
tors that act on the ground state (Eq. 10.19)

|70, ) = \[2wg,at (k1) /2w at (k2) |0) (11.32)

and (Eq. 10.20)

<7'c,91, n,92| = (0] \/Zwkla(ﬁl)\/Zwkza(%z). (11.33)

Thus even though we get nicely normal-ordered terms by ap-

plying Wick’s theorem to the field operators (¢(x1)...¢(xn)),
there is a lot of work left to be done since we still need to move
these creation and annihilation operators around to get a fully
normal-ordered expression.

Schematically, we have
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(FITp(x1) - §(a) i) ~ (Ola(ks)a(Ry) (To(x1) ... p(xn) )a* (k1 )a' (o)1) -

(11.34)
A key observation is that the creation and annihilation operators

in these products automatically appear at the position at which
the time-ordering operator T would put them. The operators
that create the final state act at the final time t = co and thus
are already at the correct position to the very left. Similarly the
operators that are part of our definition of the initial state act at
time t = —oo and thus are correctly located at the very right.
This means that we can write

(0la(Ra)a(ks) (Tg(x1) .. ¢(xn) )a* (kr)a" (kz)|0)
= (0|Ta* (Rs)a* (Ka)p(x1) .. ¢ (xu)a" (Fr)a" (R2)[0) -

This is useful because we can now use Wick’s theorem to sim-
plify this time-ordered product. Wick’s theorem also applies to
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the creation and annihilation operators because the only part of
our fields that makes them non-commutative are exactly these
creation and annihilation operators. Thus, when we commute
a creation operator and a field, we also get commutators that
8 We saw this explicitly in Sec- we can denote as contractions. In other words, Wick’s theorem
tion 10. works for operators in general. Wick’s theorem is basically only
a combinatorial tool that allows us to keep track of all the com-
mutations we need to perform to bring a given time-ordered

product into normal order.

This, however, implies that we need to investigate the meaning
of a contraction between creation and annihilation operators

M1, -
(e.g., a(ky)at (ko)) and the meaning of a contraction between a

1, -
field and a creation or annihilation operator (e.g., ¢(x1)a’ (k)).

1, -
To calculate a contraction like ¢(x)a’ (k) we use the general
formula (Eq. 11.20)

 Reminder: Eq. 10.13 reads m+ (%) = <0|T<p(x)a+ (%) |0> . (11.35)

7)e i)

As mentioned above, factors like ¢(x)a' (k) are already time-

° Reminder: Eq. 8.14 reads ordered in our formulas since a' (k) creates the initial state at
[a(®),a* ()] = (21)%6(k — ) the earliest possible time that we consider. Moreover, we need
a@®,a(®)] =0, [a'®),a" @) =o0. the general field expansion (Eq. 10.13)? and the canonical com-

mutation relations (Eq. 8.14)™. By using these results, we find



1

¢(x)a’ (k) = (0|Tp(x)a’ (K)[0)
= (0l¢(x)a" (K)|0)
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D already time-ordered

D Eq 1013

3 . . -
—<m</cm;1@%(umeﬁm+meﬂM0>fwnw

3 . o
_/Cm¢7€W”wwmfww»

Ve
dg? i(gx 7 %
3 ‘ -
- / W%Ee'(q") (Ola(@)a’ (k)|0)
3 ‘ ~ -
_ /er;ili/ﬁel(qX) <0|(a+(k)a(7) + [a(ﬁ),a+(k)])\0>
_/m;%ﬁwﬂw<m@”fﬂ k)l0)
_ tix}(s g
/ qu U )
— Le*i(kﬂ. (11.36)
V2wy

In words, this represents an incoming wave. By using the defini-
tion of an initial state

1) = /2wia’ (k) |0) (11.37)

we can also define the contraction of a field with a ket
7 —, -
P()[17) = ¢(x) (V2wya' (k) 0) )
= Leii(kx) A /Za]k |0>

D Eq. 1136

\/Zwk
. D V26,
= e (k) |0) (11.38)

Analogously, we can calculate

£@ﬁw>=vé%aw> (11.39)

D (0]a" =0 (Eq. 11.6)

D al0) =0 (Eq.8.31), Eq. 8.14

D (0[0) =1 (Eq. 8.43)
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and

(Lelp(x) = (0], (11.40)
which represents an outgoing wave.
Another puzzle piece is the contraction of an annihilation op-
erator with a creation operator. To calculate this, we use once

more the general formula (Eq. 11.20) and then bring the right-
hand side into normal order:

a(@)at (F) "= (0| Ta(7)a* (K)[0)

. D already time-ordered
= (0la(7)a" (k)|0)
. R D AB=BA+[A,B]
= (0la" (K)a(q) + [a(7), a" (K)]|0)
. 2 a(@)0) = 0 (Eq. 831)
= (0lla(), a" (k)]|0)
D Eq. 8.14
= (0/(27)°6(7 — k)l0)
. )
= (27)°5(7 — k) (0[0)
o 2 (00) =1 (Eq. 8.43)
= (270)%(7 — k). (11.41)

This implies that when we contract a particle in an initial state
with a particle in the final state, we find

(g 1) P o, /20 (0]a(F) ... a® (K)[0)
= \/2wg\/2w;(0](271)%8(F — k) |0)
) Eq.843
= \/2wq/ 2wy (27)%6(7 — k). (11.42)

In addition, we need to consider the contraction of an annihila-

D Eqi1141

tion operator with an annihilation operator and the contraction
of a creation operator with a creation operator:

a(@)a(F) "2 (0| Ta(7)aF)[0)
— (0la(@)a(F)[0) ]
> a®)lo)=0

=0. (11.43)

D already time-ordered



This implies
(15,1l = 0. (11.49)
Analogously, we find
M1
a*(g)a" (k) = 0. (11.45)
This implies
|15, 1x) = 0. (11.46)

A final puzzle piece that we need to talk about is the contrac-
tion of a field with itself at exactly the same spacetime point,

gb(X) (x). Such contractions appear if we evaluate, for example,
¢* = ¢*(x) interactions. By using Eq. 11.16:

[

¢(x)¢(y) = Dr(x,y), (11.47)

we can immediately conclude that

P(x)p(x) = Dr(x,x)

D Eq. 8.93
=0O(x —x)D(x,x) + O(x — x)D(x, x)

D 0= %
= D(x,x)

D Eq.882
— / e—ik(x—x)

(271)32wwy, ;
=1

B di3 3
= / W . (11.48)

This is exactly the divergent integral that we already encoun-
tered in Eq. 9.56 in the context of infinitely large contributions
to the Hamiltonian operator. Therefore, we can conclude that
our restriction to normal-ordered Hamiltonians implies for
Wick’s theorem that we do not allow contractions of a field with
itself at the same spacetime point. We can also understand why
by noting that Eq. 11.15

=y {[¢_<x>,¢+<x>] forxo>yo

[ (x), ¢+ (x)] foryo > xo

AMPLITUDE TECHNOLOGY
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which are exactly the commutator terms that we encounter if we

* We discussed this in the text don’t work with a normal-ordered Hamiltonian.!?

below Eq. 10.28.

In summary

$(x)p(y) = D(x,y)
P(x)|1) = k) |0)
(Ll (x) = (0] i)
Ayl L) = /20y 20270 ~ F)
|171k> =0
<1T/1k| =0

(Eq.
(Eq.
(Eq.
(Eq.
(Eq.

(Eq.

11.16)
11.38)
11.40)
11.42)
11.46)

11.44)

(11.50)



11.4 Scattering - a Second Look

Equipped with Wick’s theorem and the formulas in Eq. 11.50

it is instructive to take a second look at the scattering process

0 0 0 0 . . . . .
T, T, = Ty, T, for a single scalar field ¢ with interaction

term ~ ¢* that we considered in Section 10.

Recall that we want to evaluate (Eq. 10.6)
0 0 0 .0
A(nkl, T, = Ty, rrk4)

= <7T23’ 7T24‘§|7T]({)1’ 7-(]92>

3
= <7‘[23,7‘[24‘T(1 _i/foodtl : Hi(tl) : —...)lﬂ]gl,ﬂ,({)2>
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D Eg 105

D Eq. 9.42

[ee]
= T<7123,7r,94|n,91,7122) — iT<7T]93,7'(]94| Kmdtl s Hi(f) : |7r,91,7122> — ...

=A0 4 A0 4 (11.51)

11.4.1 Zeroth-Order Approximation
Again, let’s start by focusing on the first term in the expan-
sion:*?
0) — 0 0.0 _0
A0 = T(nks,nk4|7rkl,7rk2>

0 0

: <7Tk3’ 7T24|7T](()1’ nk2> s <7T][()3’ 77:24‘”21’ 7T22>

[ 1, |
0 0 0 0 0 0 0 0
+ <7Tk3’ nk4|7rk]’ T[k2> + <7Tk3’ nk4‘nk1’ nk2>

[V 1, |
= (n23, 7'[24\7'(21, n,gz} + <7T23, 7[24|7I21, 7'[22>

D definition

> We neglect all terms in which not
of all of the operators are contracted
since we know already (Eq. 11.27)
that these yield zero.

D Wick’s theorem

D Eq 117, Eq 1146

= (205,201, @r)%5(ks — ) ) (2008, 200, (2776 (s — o))
(/200152001 (27063 — Ko) ) (2001, 200, (2705 (R — 1) )

(11.52)
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For the case that the final two particle have exactly the same
momenta as the initial two states (E3,%4 = El,Ez) this reduces to

A = 20, 200y, (271)05(ky — F1)6 (K — ko)
J
N2

This is exactly the same result that we found in Section 10.1
(Eq. 10.7). Admittedly, this calculation was not really simpler
than the naive approach in Section 10.1. The real power of the
more sophisticated approach only becomes apparent once we
consider higher order terms. Thus, let’s evaluate the first order
term A() next.

For simplicity, we focus in the following sections on the case
that the final two particle have exactly the same momenta as the
initial two states (753,%4 = 751,%2).

11.4.2 First Order Approximation

The next term in our expansion of the probability amplitude
then reads (Eq. 10.12)

—iA [
AWM = T/%O d4xT<7T,91,7r,92| Pt |7721,7r,9 ). (11.54)

We want to evaluate the time-ordered product that appears here
by applying Wick’s theorem. But first, let’s make some general
observations.

As before, we can neglect all terms in which some opera-

tors remain uncontracted since we know that they yield zero
(Eq. 11.27). Moreover, as before, we know that all contractions
of two particles in the initial state yield zero (Eq. 11.46). Simi-
larly, a contraction of the two particles in the final state yields
zero (Eq. 11.44). Therefore, all terms that contain such a contrac-
tion can be neglected.

But of course there are many contractions that do not vanish.
Luckily many of them yield exactly the same factors which
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makes our calculation much simpler. Since the four fields in the
product ¢* = ¢(x)¢p(x)p(x)p(x) are evaluated at exactly the
same spacetime point x, each contraction of the initial or final
state with one of the four fields yields exactly the same term.
For example

o To ] o T
(M}, L | 0pde| ), ) = (7} [l , 7)) (11.55)

Thus we only need to evaluate one of these terms

oo ]
(7R, 7%, |pppp| iy, 7))

D Eq 1150
_ ( (0| eiklxeikzx) (efikpcefikzx |0>)
D =1
= (0]0)
2 (00) =1 (Eq. 8.43)

=1. (11.56)

To count how many such terms there are, we start with the
particle 7121 in the final state, which we can connect to four
different fields. For the second particle in the final state 7122
there are then three uncontracted fields that it can still contract
with. For the particle in the initial state 71?21, there remain two
possible contractions. The contraction of 71,92 in the initial state
is then completely fixed by the previous contractions. Thus, in
total, there are 4! =4-3-2-1 = 24 contractions of this type.

All other terms in which all of the operators are contracted
involve contractions of the four fields contained in ¢* with each
other. For example

[ [ 11T [ \
(7R, 7, ool ) (), 7Y bl ey, )

(m}, 7 |ppdo| ), ) L (} ) || ), ) (11.57)

Or

T

[ I T LI ]
0o 1o 0 o 0o 1o o 1o
(Tthys Ty | PPPPI Tk, Tk, ) o (T, T, [ @PPPI Ty, T,) - (11.58)
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However, we’ve discussed already in Section 11.3 that if we
work with normal-ordered Hamiltonians these kind of contrac-
tions do not occur since they represent precisely the commu-
tators that are necessary to bring the Hamiltonian into normal

' Take note that only the Hamil- order.’3 In other words, the 24 contractions that we discussed

tonian is normal-ordered from the
start and we will need to normal

above describe already all physically relevant contributions to

order the complete expression in- the probability amplitude.
cluding the initial and final state by

using Wick’s theorem.

Therefore, we can conclude

0 0 | 440 0
T (70, T, |97 | 70 Ty ) , -
Wick’s theorem

—F1
4
= (m), mp o), )+ + (), L |ppplmy L)

o
0 0 0 0
+ (T, 70, [9PPPI T, T, ) A+
D 24x Eq. 1156
0 0 | 44,0 0
= (T, Ty |97 |, 7y ) ¢ +24
D Eq 11y
=24 (11.59)

If we plug this back into Eq. 11.54, we find

—iA
A = T/d”‘xT<7'(,?1,7r,(32|4>4|717({)1,71192)
= [ #+(®)

:—M/fx
D finite spacetime volume
= —iAV. (11.60)

D Eq. 11.59

This is exactly the same result that we already calculated in
Eq. 10.29.
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The calculation in this section demonstrates how useful Wick’s
theorem can be once we’ve organized all relevant puzzle pieces.
Instead of juggling dozens of commutators around, we just have
to do a bit of combinatorics. But it gets even better. The combi-
natorics part of the calculation can be tremendously simplified
by representing each possible term diagrammatically. We will
discuss how this works in the next section.

11.5 Feynman Diagrams

A powerful tool to make sense of long winded quantum field
theory calculations are Feynman diagrams. For a given initial
and final state, each Feynman diagram represents one term in

;/‘A fg

Aot A+

(4

the corresponding Dyson series.

A

The elements that Feynman diagrams consists of (external lines,
internal lines, and vertices) are directly related to the different
kinds of contractions that we discussed in Section 11.3:

> The contraction of a field with a particle in the initial state,
1
¢(x)|1x), yields an incoming external line that starts at some
external outside location and ends at x.

> The contraction of a field with a particle in the final state,

[
(1x|¢(x), yields an outgoing external line that starts at x and
ends at some unspecific external location.

441
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[
> The contraction of a field with itself, ¢(x)¢(y), represents an
internal line that goes from x to y.

> Moreover, we call each point at which different lines meet a
vertex and denote it by a dot.

By using these rules, we can immediately translate the terms
that we encountered in the previous sections into Feynman
diagrams. In general, an n-th order term in the Dyson series
corresponds to a Feynman diagram with n vertices.

For example, in our zeroth order approximation of the probabil-
ity amplitude for the process 7'[21, 7'(22 — 7'(,91, 7122, we found that

(Eq. 11.52)
rearmi [ o, |
A0 = ¢ LT ) 4+ (T I ) (11.61)

In diagrammatic form, the first term looks like this

ki ke

Ka Ky

while the second term looks like this
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Similarly, we can draw Feynman diagrams that represent the
various terms that contribute to our first order correction A(1).
In Section 11.4.2, we discovered that there is really only one
relevant type of contraction (Eq. 11.59)

renresh
(7}, 7}, |99l , 7, ) - (11.62)

In diagrammatic form, we represent this contraction as follows

k
by > 7 kb p

Nl 0k, kD

A diagram like this is known as a tree-level diagram.™# 4 More generally, a tree-level
diagram is a diagram without
loops. We discuss loops below.

Even though we’ve discarded terms that involve contractions

[
¢$(x)¢p(x) as mere artifacts, it is instructive to translate them

into Feynman diagrams.’> One example that we encountered s Reminder: we discarded all terms
that contain a contraction of a field
with itself at the same spacetime
(Eq. 11.57) point, because they represent
commutators that only occur if
we use a Hamiltonian that isn’t
(7(2] , 7T22 |(P¢(P¢| 71’21, 7(22> . (11.63) normal-ordered.

in Section 11.4.2 when we tried to calculate AW was the term

In diagrammatic form this term contains a loop that closes at
exactly the same location it starts at.

K A KL
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This is known as a self-loop diagram. In fact, all diagrams that
correspond to a term, which contains a contraction of the form

1
¢(x)¢(x), contain a self-loop. Thus we can say that when we
normal order the Hamiltonian, we remove all self-loop dia-

 We saw in Section 11.4.2 that this grams from the perturbation series.'® From a slightly different
is necessary because they yield perspective, we can say that self-loop diagrams represent the

an infinitely large contribution oo . .

to the probability amplitude and infinitely large contributions to the ground state energy that we
probabilities larger than 1 = 100% wish to ignore.

do not make sense.

)7:‘
-~
~
)x*
-~
~
)X‘
-~
~

If we evaluate higher order terms in the Dyson series, we en-
counter more complicated diagrams which, however, all consist
of the basic ingredients that we introduced above. The second
order correction A2, for example, reads (Eq. 9.43)

A(Z):_f:r </ dt Hi(h > (/ dt, Hy t2)|>
e T,

A2 [ .
= _%<5) /_oo dxt dx; T (f|p(x1)*¢(x2) i) - (11.64)

If we use Wick’s theorem to rewrite the time-ordered product

1
T (f|¢(x1)*¢(x2)*|i), we encounter contractions ¢ (x1)¢(x2). As
mentioned above, we represent these kinds of contractions in
our Feynman diagrams by internal lines that start at x; and end
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at xp. This implies that the diagrams that correspond to these
second order corrections involve loops and look as follows:

K K

X2

Xa

Ka Ke

On the one hand, Feynman diagrams are useful because they
allow us to develop some visual understanding of the various
terms in our perturbation series and to drape words around
them. For example:

> By looking at the diagrams that contribute to our zeroth-
order probability amplitude A(?), we imagine that the two
particles leave the system without any interaction going on.

ki ke

Ko Ky
no Thtevac llfov\

> If we include the first order correction A(l), we take into
account that exactly one interaction happens between the two
particles.

k; k
)( < one ib\l(’va(l-l.o"\
Veviex

Kq Ka

445
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> Some of the self-loop diagrams represent situations in which
a particle emits and then absorbs a virtual particle.

> Other self-loop diagrams represent situations in which the
particles enter and leave the system without any interaction.
At the same time, a vacuum-to-vacuum loop (a "vacuum
bubble") that is completely separated from the scattering
process happens. A popular way to describe these vacuum
loops is by saying that a virtual particle pair pops shortly into
existence before they annihilate each other again.

ke ke
& Valwm
oulble

k'\ K\

D> At higher order in perturbation theory there are new self-
loop diagrams that represent, for example, a situation in
which two vacuum bubbles pop in and out of existence.

> Moreover, we can describe the loop diagrams that appear at
higher orders in perturbation theory, by saying that the two
particles interact, create a virtual particle pair as a result of
their interaction, which then annihilates again and produces
this way the two particles that leave the system.

K, K+
X2
Vivkoal pavhile
paiv

Xa
Ka Ke

This use case is analogous to how we used diagrams to un-
derstand the terms that appear in our classical perturbation

7 We discussed a diagrammatic series.'”
interpretation of terms that appear

in our perturbation series that

describes interacting classical fields

in Chapter 6.
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On the other hand, the real reason why Feynman diagrams are
used everywhere in modern particle physics is that they allow
us to write down the correct terms that appear in our perturba-
tion series without referring to the complicated Dyson series at
all. In other words, usually we start by drawing Feynman dia-
grams and use them to deduce the correct terms that appear in
perturbation series. As soon as we know how to draw the cor-
rect diagrams, we can use the rules given above to write down
the corresponding perturbation series terms. But it gets even
better. Since we’ve already evaluated all of the relevant contrac-
tions (Eq. 11.50), we can immediately write down the correct
factor for each Feynman diagram element:'®

> Each incoming external line corresponds to a factor of e~ /P
(Eq. 11.38).

> Each outgoing external line corresponds to a factor of e/P¥
(Eq. 11.40).

> Each internal line corresponds to a factor of Dr(x,y) (Eq. 11.16).

> Each vertex corresponds to a factor of —iA. (Take note that
there is no factor ; because of the 4! ways the four particles
that meet at a ¢*-vertex can pair up with the four field fac-
tors ¢(x)p(x)p(x)p(x). We discussed this in the text below
Eq. 11.56.)

> Each line that enters and leaves the system without any
interaction, contributes a factor \/2wq /2w (27)%6(F — k)
(Eq. 11.42).

These are known as the Feynman rules for the ¢* model.?9

In most cases there is a natural hierarchy among Feynman
diagrams: the more vertices, the less important (at least if
0 < A < 1. In particular

> No vertex <+ no factor —iA <+ most important term in per-
turbation series (but only relevant if no momentum transfer
happens).

> One vertex <+ one factor —iA < first order correction in

447

¥ Take note that in addition, we
need to integrate over all possible
locations x at which the interaction
can happen. We saw this explicitly
in Section 10 and Section 11.4.2,
but we can also understand it in
more intuitive terms. As mentioned
before, in our initial and final state
we use particles with exactly
known momenta. According

to the uncertainty relation, this
implies that we have no information
about their location. Thus, in
principle the interaction can happen
anywhere in the system. In a
quantum context we take this into
account by summing/integrating
the probability amplitude that the
interaction happens at a specific
location x over all allowed values of
X.

1 Different models require different
Feynman rules. We will discuss this
in more detail below.
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perturbation series.

> Two vertices <> two factors —iA <+ second order correction in
perturbation series.

For a given number of initial and final particles, we then draw
all possible diagrams that involve a specific number of vertices.
These diagrams represent all possible terms that contribute to
the probability amplitude at the desired level of accuracy.

In summary:

what we did so far.

N

term in perturbation series ‘ ’ Feynman diagram

y\\new approach

In the following section, we will see how this works by using

the 0 , 79 — 70 70 example that we discussed two times
ki’ "y k1’ "Tky

already.

11.6 Scattering - a Third Look

Let’s forget for a moment everything we know already about

1 ; 0 0 0 0
the probability amplitude for the process 7t , 7t — 7 , 7Ty, .
In our new approach, we want to start by drawing Feynman

diagrams.

11.6.1 Zeroth order Approximation

At zeroth order in perturbation theory, there are exactly two
diagrams that we can draw.
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K’\ K'L K’\

+
ki K Ka g

In the first case, the first particle enters with momentum k; and
leaves with momentum k;. Similarly, the momentum of the
second particle remains unchanged, ko — k. In the second case,
the momentum of the first particle changes from k; — k, while
the momentum of the second particle changes from k, — kj.
This may seem odd because no interaction happens. However,
we are dealing with a quantum theory and the two particles
that enter and leave the system are indistinguishable except

for their momenta. Hence, there is no way for us to tell if it’s
the first particle that leaves with momentum k; or if it’s the
second particle. Therefore, we need to take both possibilities

into account.?® This is analogous to how we are unable to tell  This is, of course, just one way
to drape words around the fact
o that we need both diagrams to
need to take paths through both slits into account. get all terms that appear in the

perturbation series.

which path a particle takes in a double slit experiment and thus

By using the Feynman rules and assuming ki # kp, we find

A = first Feynman diagram + second Feynman diagram

= ((line ki — ki) x (line kp — kz)) + ((line ki — ky) x (line ky — k1)>

= (\/@\/@(2”)35@1 - El)) (\/267@\/@(2”)35@2 - Ez))
+ (/201 \ 201, @)%8(k1 = Ta) ) ((/205,1 205, (2706 (Ro — o) )

— 4oy, wy, ((zn)35(6))2. (11.65)

0 Feynman rules

This is exactly the same result that we calculated in Eq. 10.7 and
Eq. 11.53.
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11.6.2 First order Approximation

If we allow exactly one interaction vertex, there is one possible
2 Take note that switching k1 < k» diagram (at least, if we ignore self-loop diagrams):**

for the incoming or Outgoing

particles doesn’t lead to a new

diagram.
&— VeV e\~

K, Kj\\

hCom iL.g lines

By using the Feynman rules, we find immediately

AN = Feynman diagram

= incoming k; line X incoming k; line x vertex

x outgoing ki line x outgoing kj line

0 Feynman rules
_ /d4x ek gikax (i pikixpikox

D =1

D finite V
= —iAV. (11.66)

This is the result that we already found in Eq. 10.29 and Eq. 11.60.
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11.6.3 Second-Order Approximation

Let’s risk a quick glance beyond the first order approxima-
tion. Instead of a complete discussion, we draw just one viable
diagram with two vertices because this already reveals an im-
portant feature of higher order corrections.

kx k?

kr\ KL

Using the Feynman rules, we can write down the corresponding
contribution to the probability amplitude

(—ir)? /d4x1d4xz e~ *%1,=2X1 D (31, xp) DF (51, X7 )e3¥2¢ika¥2

D Eq.8.98
. ) ) g4 i e—iq(xa—x1) g4 ieir(—x1) | . .
— 2 4 4 —ikyx1 ,—ikpxq q / 4 ik3xy ikgxo
A /d x1d*xy e e (/ 2n)t qZ—mZJrie)( (2m)* p27m2+ie)e €
p
d4q dp o i o 1 1
a2 [ g4y g4 i(ky+hko—p—q)x1 gi(ks+hy—p—q)x2
A /d x1d 1 (27)% 2m)* € ¢ g2 — m? +ie p? —m? + ie
2
= /\2/ ML 2m)*o(ky + k2 — p — q)(27m)*6 (ks + ks — p — q) .
= (2r)* (270)4 1Py TR TP T T e p — i + e
2
:/\Z/d4q5(k3+k4—(k1+k2—q)—‘1) -
. g? —m? +ie (ky + ky — q)> — m? + ie
2

2 [ 4 1 1 e
_A/dqq27m2+i€(k1+k27q)27m2+i€5(k3+k4 ki — k). (11.67)

A key observation here is that the integral is non-trivial because
q doesn’t appear in the delta distribution. The delta distribution
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6(k3 4+ kg — k1 — kp) encodes momentum conservation: the total
four-momentum of the two incoming particles must be equal to
the total four-momentum of the two outgoing particles. Thus
we still need to integrate over the "loop momentum" g, which is
not restricted by the external momenta. This means, g can take
on any value irrespective of what the momenta of the incoming
and outgoing particles are.

Ka k‘r

9 K+k-9

K. K

A problematic aspect of the unconstrained loop momentum is
that it can take on arbitrarily high values, even g — co. For-
mally, the integration limits are, in fact, (—oco, ). Setting the
question if infinitely large momentum values make sense aside,
this fact is problematic because it implies that the integral in

2 Take note that In(c0) = oo Eq. 11.67 blows up. Roughly this follows, because®?
and In(—o0) = oo. Moreover, o 1 o
J 1=, |t~ ~ oo, 68
| g~ Inlh] | ~ o0 (11.68)
which implies that [ %q% ~ 0.

If we take this result seriously, we must conclude that the
second-order contribution to the probability amplitude is in-
finitely large. A probability of larger than 100% = 1 doesn’t
make sense and it therefore seems as if our approach breaks
down at this point. There are, however, ways to deal with this
issue.

One possibility is to introduce a finite upper limit A, which
encodes the maximum momentum value that is possible. The



general idea here is somewhat analogous to how we got rid of
infinities that we encountered previously by introducing a fi-
nite spacetime volume V. ?3 The exact magnitude of V turned
out to be unimportant because it drops out from our predic-
tions. Analogously, the maximum momentum limit drops out
if we handle our expressions properly. To understand how this
works, take note that for a finite upper limit the integral in

Eq. 11.67 yields**

1 1
v
“A qq2—m2—|—ie(k1+k2—q)2—m2+i€

.12 (kl + kz)z
—iA“Cln <A2
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23 We discussed the need for a finite
spacetime volume in Section 8.4.3.

2 As before, we will simply assume
that a trustworthy mathematician
hands us this correct integration
result.

D In%=Ina—Inb

b
= —iA2C < In ((k1 + k)2 — 1n(A2))>

D definition
= —i/\2C<ln(s) - 1n(A2)> (11.69)

where C is a constant factor that isn’t important for us here and
s = (k1 + k2)? encodes the energy scale at which the scattering
process happens. If we shoot the two particles with high en-
ergies onto each other, s is large, while for small energies, s is
small. This contribution to the scattering amplitude therefore
depends primarily on s and we denote it by

AP (s) = —iA’C (ln(s) - 1n(A2)> S(ks+ks—ki—ko)+...,

(11.70)
where the dots indicate possible additional contributions from
different diagrams. The total scattering amplitude for k1, k, #
ks, k4 then reads?5

- -V—-A(s) 1

As) = 28— — (fvf (AQ(s) + AW (s) + AD(s) + ..

A% 1A%

= i—i—)\—)\zc(ln(s) —ln(A2)> ¥

- —A—A%ln(%) ¥ (11.71)

where we divide by V to avoid working with factors of §(0).

25 This definition may look some-
what awkward but we’re basically
just getting rid of all the irrelevant
things.

.))

D Eq. 11.65, Eq. 11.66, Eq. 11.70

0 Inp=Ina—Inb
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While the second contribution to the scattering amplitude is
now no longer infinitely large, it’s still problematic because

it depends on the cutoff A. Luckily, as it was the case for the
finite spacetime volume V, we can make predictions that are
independent of A. To understand how this works, take note that
if we compare the scattering amplitude at two different scales
51,52, the unknown factor A drops out

A(s1) — A(sy) = (A,,Vc(hqﬁ)hﬂA%)>

—-(—Afﬂﬂc(hm@)—hmA%)>

J
:_Mc@m@quﬁg

2
:_Mcm(Z). (11.72)

This is encouraging. But what about the probability amplitude
at a given scale s? Isn’t | A(s)|? observable and should therefore

be finite even for A — 00?

To resolve this issue, we need to rethink the role of the coupling
constant A. In words, it encodes how strongly the scalar field
interacts with itself. To measure a coupling constant in an ex-
periment, we rely on scattering processes like the one that we
are considering here. Moreover, we saw in the previous section
that the parameter A that appears in the Lagrangian describes
the first order approximation perfectly. In experiments, however,
we never measure first order approximations but always the full
probability amplitude which includes all terms in the perturba-
tion series. This implies, that scattering processes don’t tell us
something about A but rather about the renormalized coupling

- s
Ar(s) = —A(s) = A+ A%Cln (F) +.... (11.73)
It’s this quantity which describes how different excitations of

the scalar field interact with each other, while A is only a first
order approximation. We can therefore start by measuring the
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scattering probability at a specific but arbitrary scale s:
- s
AR = —A(sg) = A+ A%CIn (/Toz) +.... (11.74)

The left-hand side is fixed by what we measure in the experi-
ment. Since what we measure in experiments are finite num-
bers, the right-hand side of this equation has to be finite too,
even if we send the cutoff to infinity, A — oo.

To understand why this is useful, let’s invert Eq. 11.74 by mak-

ing the ansatz2° 2 We will see in a moment why a
2 formula of this form will help us to
A=AR+arg+.... (11.75) get rid of the scale A altogether.

If we plug this ansatz into Eq. 11.74, we find

Ak :A+A2C1n(%) ..
D g ais

— (/\R+a)x§+...)+(AR+aA§+...)2CIn<%)+...
2

= Ar +aA% + A2Cln (%) ..., (11.76)

where we neglected all higher order terms. By comparing the
left-hand side with the right-hand side, we can conclude that

50
a=—-—Cln(—
2
(A ) . .
> —n(5)=m()
AZ
=Cln () . (11.77)
50
Therefore,

AP AR +ark + ..
) D Eq. 11.77

A

=Ar+Cln <s> AR 4. (11.78)
0

With this formula and a measured value of A at hand, we can

predict the scattering probability at any scale s without having

to refer to the cutoff A:
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A(s) ™' —A — A%CIn (%) +
D Eq 1178
AZ
S (AR +Cln (S> A%)
0
A%\ o, s
—(Ar+Cin (=) A% ) cn(5) +
0
P

7 An obvious question is: does
such a cutoff really exist? Presently,
nobody knows the answer to this
question. However, take note that
since energy scales are inversely
related to length scales in quantum
theories, an upper energy limit
implies a lower length scale limit.
In other words, the existence of a
cutoff A would imply that there

is a minimum length scale. This,

in turn, implies that spacetime is
not continuous but discrete. If the
minimum length scale is sufficiently
small there is no way to tell using
present day technologies if it exists.

2 In(ab) = In(a) +1In(b)

) A
(11.79)

Let’s drape words around what we’ve just done. We started

by calculating the second order correction for the probability
amplitude A<7T21’ n,?Z — 7'[,93, 7'(,?4). We noticed that the correc-
tion is formally infinitely large. Since this doesn’t make any
sense, we introduced a cutoff A and simply declared that no
momentum larger than A is possible. This step is known as reg-
ularization.?” As a result, the contribution of the second order
term we considered is no longer infinite, but now depends on
A. This is problematic because we have no idea what value we
should plug in for A, if such a cutoff really exists at all. We then
discovered that the dependence on A is an artifact that occurs if
we try to write down a probability amplitude that depends on
the parameter A.

This is a bad idea because A, which appears in the Lagrangian,
is not directly measurable. Instead, experimental outcomes only
depend on the renormalized coupling Ag(s). We can see this be-
cause in an experiment we always measure the (absolute value
squared of the) total probability amplitude which includes all
order corrections A = A(®) 4 AN + A@) - The Lagrangian



parameter A, however, only describes the coupling between two
excitations of the scalar field at first order A() ~ A. In contrast,
the renormalized coupling Ag(s) is an experimentally measured
value and thus takes all order corrections into account.?®

We then proceeded by using the experimental value of Ag(s)

at one fixed but otherwise arbitrary reference scale sp: A =
AR(so). In particular, we discovered that if we rewrite the proba-
bility amplitude as a series in Ag instead of A, there is no longer
any dependence on the cutoff A (Eq. 11.79). Thus, if we focus
on the coupling constant that we can actually measure (Ag) in-
stead of on the formal A parameter, the cutoff scale becomes
irrelevant and we can even take the limit A — occ.

For completeness, take note that there are two additional dia-
grams that contribute to the second order correction.

Using our Feynman rules and then following exactly the same
steps as in Eq. 11.69, it’s possible to derive that the correspond-
ing contributions read

2. Feynman diagram <« /\2C<ln(t) - ln(A2)>
3. Feynman diagram < —)\ZC(ln(u) - ln(A2)> , (11.80)

where t = (k; — k3)? and u = (k; — k4)?. These results are analo-
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# We will discuss this in more
systematic terms in the next section.
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gous to our result for the first Feynman diagram (Eq. 11.69):
1. Feynman diagram < —A%C <ln(s) - ln(A2)> , (11.81)

where s = (ki + ko)?. Since the general structure of the for-
mulas is so similar, we can regularize and renormalize them
analogously.

As a final comment, take note that by focusing on specific final
momenta k3 and k4 it’s possible to consider only processes for
whicht = (k; —k3)> = Oand u = (k; — kg)?> = 0, while

s = (k1 +k2)? # 0. This is known as probing the s-channel since
for these specific processes only the diagram that we discussed
above contributes something non-zero.

Let’s summarize what we’ve learned in this chapter.
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11.7 Summary

We started by noting that it usually makes sense to normal
order any given product that we encounter. A product of op-
erators in quantum field theory is normal-ordered when all
annihilation operators are moved as far as possible to the right

(Eq. 11.5):

:p(x)¢(y) : = all annihilation operators in ¢(x)¢(y) moved to the right
= normal-ordered ¢(x)¢(y) . (11.82)

We are interested in normal-ordered products, since they yield
zero if we sandwich them between (0| and |0) (Eq. 11.7)

(0] - ¢(x)¢(y) : [0) = 0. (11.83)

Moreover, the operator products that we are typically interested
in appear sandwiched between (0| and |0) because the proba-
bility amplitudes that we are interested in are defined as (i|S|f)
and we define particle states as excitations above the ground
state |1;) = a' (k) |0).

If we start with an operator product in arbitrary order, we can
normal order it by using commutation relations (Eq. 8.14). This
implies that if we want to switch from an arbitrarily ordered
product to a normal-ordered product, we find additional terms
that contain commutators. These terms do not vanish if we
sandwich them between (0| and |0) since a commutator yields
a complex function and can therefore be pulled out from the
braket. For example

(0f[p—(x), o+ ()]|0) = [p—(x), ¢+ (v)] (0]0) = [P (x), p+(¥)] -
(11.84)
Thus, in general, we find

P(x1) ... ¢p(xn) =: Pp(x1) ... ¢(x) : + commutator terms (11.85)
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and

(Olgp(x1) - - @(xn)[0) = (O] : p(x1) ... P(xn) : |0)

+ (0] commutator terms |0)

d Eq. 11.83,
Eq. 11.84
= 0+ commutator terms
)
= commutator terms. (11.86)

In words, this means that all relevant information is contained
in the commutator terms. We then noted that the products we
encounter are typically not in arbitrary order, but time-ordered.
This follows because the scattering operator $ involves the time
ordering operator T (Eq. 9.42). We discovered that the commu-
tator terms that we encounter when we bring a time-ordered
product to normal order, are exactly equal to the Feynman
propagator Df(x,y). This motivated us to define the contraction
of two fields as

[#—(x), ¢+ ()] for xo > yo
= , (11.87)
P {[cp(y)mxn for 1o > % i
where (Eq. 11.16)
P(x)¢p(y) = Dr(x,y). (11.88)

For a time-ordered product of just two fields we therefore write
(Eq. 11.17)

[

Tp(x)¢(y) =: ¢(x)¢(y) : +¢(x)¢(y), (11.89)

where now only the contraction term on the right-hand side is
non-vanishing if we sandwich the product between (0| and |0)
(Eq. 11.18)

[

(0IT¢(x)p(y)[0) = ¢(x)p(y) - (11.90)

This, in turn, implies that if we want to calculate the contrac-
tion of two fields, we simply have to evaluate their time-ordered
product (Eq. 11.20). Afterwards, we discussed that exactly the
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same general ideas hold true for more complicated time-ordered
products. No matter how many operators are contained in the
product, we can always bring it into normal order by using the
commutation relations. In addition, the commutators that ap-
pear when we rearrange a time-ordered product are precisely
the contractions we defined above. This general idea is formal-
ized by Wick’s theorem (Eq. 11.21)

TA,... A, =1A;... A, +: all possible contractions : .

The theorem is useful because if we sandwich the product be-
tween (0| and |0), it’s only the contraction terms that survive. In
other words, as long we’re interested in probability amplitudes,
the contraction terms contain all relevant information. Thus,
Wick’s theorem reduces the problem of calculating probability
amplitudes (time-ordered products sandwiched between (0| and
|0)) to a combinatorics problem (writing down all contractions).
We then studied all elementary contractions that we typically
encounter in our calculations (Eq. 11.50):

4)(x)4)(]/> = DP(x/]/) (Eq. 11.16)
— )

‘P(x)|1k> = eil(kx) |0> (Eq. 11.38)
1 .

<1k|¢(x> = <O| el () (Eq. 11.40)

<1q| R |1k> = qu 2(Uk(27'[)35(l7— E) (Eq. 11.42)

|1q/ 1k> =0 (Eq. 11.46)

<117/ 1k| =0 (Eq. 11.44)

Equipped with these general rules, we can immediately evaluate
the terms that we encounter after we’ve applied Wick’s theorem.

The final aspect that we talked about was a method to stream-
line the whole procedure and make it more intuitive. The key
idea is that we can represent each type of contraction that we
typically encounter by a graphical element. For example, the
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*» Take note that the Feynman
rules depend on the model at
hand. In the following chapter, we
will encounter different kinds of
Feynman rules. Moreover, don’t
worry if you're still a bit unsure
how to draw Feynman diagrams
and how to translate them. It
takes quite a bit of practice to get
this right and the only goal in

this chapter was to develop some
elementary understanding of the
main ideas, and not to turn you into
a skillful practitioner.

3> We discussed this in the text
below Eq. 11.56.

1
contraction ¢(x)|1x) is represented by an incoming line and

is interpreted as an incoming particle. Taken together, these
graphical elements yield a Feynman diagram that represents
one specific term in the perturbation series.

[ L —
<k)lk‘tH’,_] <k)lk‘tH,
o(x) P(x)

flk> Tk

A powerful idea is to turn the whole procedure on its head.
Instead of translating terms in the perturbation series into Feyn-
man diagrams, we start by drawing Feynman diagrams and

use them to deduce the corresponding terms that appear in the
perturbation series. For the ¢* model that we discussed several
times in this chapter, the Feynman rules that allow us to do this
are®)

> Each incoming external line corresponds to a factor of e~/P*

(Eq. 11.38).

> Each outgoing external line corresponds to a factor of ¢/P*

(Eq. 11.40).

> Each internal line corresponds to a factor of Dr(x,y) (Eq. 11.16).

> Each vertex corresponds to a factor of —iA. (Take note that

there is no factor % because of the 4! ways the four particles
that meat at a ¢*-vertex can pair up with the four field factors

P(x)P(x)p(x)P(x).)3°

> Each line that enters and leaves the system without any

interaction, contributes a factor /2wy /2wy (271)36(7 — k)
(Eq. 11.42).
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ik;x

¢
K, L/—E_—& cikt,)(

Ky

(S -9
< D‘-_ ov |
& e‘ikn(
Mo .

¢ KX

A

All of this is summarized in the following diagram:

Scattering Amplitude
A = (f15li)

Dyson Series
A=AD A0 4

Individual Term

Feynman Diagrams ‘

Feynman rules

e.g. A(1>

coniains

Time-Ordered Products
e.g. A ~ (0| Taag*a*at|0)

Eq. 11.50 @ctions

(0]:Ay...A4:|0)=0 (Eq. 11.7)

Normal-Ordered Product + Contractions
Wick’s Theorem>>|

e.g. (0|Taa¢*atat|0) = (0| : aag*atat : |0) + contractions

Lastly, we talked about a problem that occurs when we try to

evaluate higher order corrections. If we evaluate the expressions

naively, we find that higher order corrections that correspond
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to Feynman diagrams involving loops are infinitely large. The
solution to this problem is a two-step process known as reg-
ularization and renormalization. Regularization means that
we introduce an upper momentum cutoff A. This renders the
contribution finite. In a second step, we then argued that our
predictions are independent of A if we focus on the renormal-
ized coupling Ag that can be measured in experiments, instead
of on the "bare" coupling A that appears in the Lagrangian and
is therefore only a feature of our formalism.



12

Elementary Models

In the previous chapter, we already got a first glimpse at how
applications of quantum field theory work in practice. So far,
we’ve only discussed one specific scattering process (7123, 7124 —
7121, 7122) in one specific model H; ~ ¢*. Luckily, we can use
exactly the same procedure to calculate probability amplitudes
for all kinds of processes in different models too.*

But since there are, in principle, infinitely many models and
processes that we can consider it’s simply impossible to discuss
applications of quantum field theory exhaustively. Therefore,
we will focus in this chapter on just two additional types of
models:

> An elementary Yukawa model that describes the interactions
between a real scalar field and a complex scalar field.>

> An elementary gauge model that describes the interactions
between a spinor field and a gauge field.

These elementary models can be used to make real world pre-
dictions and are the basic building blocks of the standard model

* There are, of course, important dif-
ferences if we consider alternative
models. These primarily originate
because if we consider a model that
not only contains a scalar field, the
probability amplitudes automat-
ically contain more complicated
objects like spinors or vectors. We
will encounter some examples in
the sections below.

2 The Yukawa interaction between
a real scalar field and a spinor field
is extremely similar. However, to
avoid complications that arise as
soon as we consider spinors, we
consider here a complex scalar field
to illustrate the main features of
Yukawa interactions. At the end of
the section, we will discuss shortly
which parts of our formula need to
be modified if we consider spinor
fields.
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of physics. The full standard model is, however, a bit more com-
plicated as many types of interactions must be considered at

the same time. In addition, there are slightly more complicated
gauge interactions that allow transitions between different types
of particles (e.g, electrons <+ neutrinos) which is not possible

in the simple models that we consider here. Nevertheless, the
following discussion of two elementary models should give you
a solid foundation in case you want to dive deeper and study
more sophisticated applications of quantum field theory.

Let’s start with a useful general observation.

Usually, we define a model by writing down a Lagrangian. Each
Lagrangian consists of interaction terms and terms that describe
how the fields behave in the absence of interactions:

L= Lfree + Linteractions . (12-1)

In most cases, the interaction terms do not contain derivatives.
Thus, if we look at the general definition of the Hamiltonian
(Eq. 8.16)

H= / Px T
D Eq.435

—/d3 ( 804))804) £> (12.2)

we can conclude that the interaction Hamiltonian is in these
cases given by

Hinteractions = *Linteractions . (12-3)
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12.1  Yukawa Interactions

The Lagrangian that describes how a real scalar field ¢ interacts
with a complex scalar field i reads3

L = Liree real scalar + Liree complex scalar + Lyukawa
0 Eq. 52 Eq 8102

1 Mmoo o
= 5(049)" — 97 + 0" PRy — Mgy — gy (12.4)

The most interesting part of this Lagrangian when we want to
talk about scattering processes is the interaction term

Lyykawa = —gPP¢. The corresponding interaction Hamiltonian 3 This Lagrangian is analogous to
reads the one we discussed in Section 6.3.
The only difference is that we
12.3 consider here a complex scalar
Hyukawa = —Lyukawa field instead of a spinor field to
D simplify the discussion. This makes
it much easier to see the forest for

— 3.7
=38 / dxpye. (12.5) the trees because as long as we only
consider scalar fields, we don’t need

The remaining terms in the Lagrangian tell us that we can use to evaluate spinor products and

the free field expansions of the real scalar field ¢ and the com- spinor sums.

plex field ¢ that we discussed in Chapter 8:

K iy o
¢(x) = /M (ﬂ(k)el(kx) +a' (ke l(kx)> (Eq. 5.51)
3 o o
ll] - /(27_[)d3k2(b (C(k)elkyx} + d-}-(k)eilk;‘xp) (Eq 8.100)
K
3 . o
p=yt= /(2n)d3k2a; (c*(k)e‘lkzl"” + d(k)elkﬂx’) (Eq. 8.101),
k

(12.6)

where wy, = ,/E2+mé and @y = 1/k‘2+mz¢.

As before, we say that at (k) creates a pion of momentum k,
while a(k) annihilates a pion of momentum k. We denote pions
again by 71’. Moreover, for illustrative purposes we say that

¢ (k) creates a kaon, while c(k) annihilates a kaon. As discussed
in Section 8.6, this implies that d*(%) creates an anti-kaon, while
d(k) annihilates an anti-kaon. We denote kaons by K* and anti-
kaons by K,
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4 This is completely analogous
to what we did in Eq. 10.6. The
only difference is that we’re now

’ ey . + +
dealing with a different interaction Let’s calculate the probability amplitude for the process K iy Ky, —

Hamiltonian H;. In the previous K;', K;‘;
chapter, we considered (Eq. 10.4) 4
+ gt + gty — (gt k18R Kt
a1 A(KE KE = KK = (KE KEISIKE K ) (12.7)
H, = [ d&x 4'/\4)

We evaluate this amplitude by using the series expansion of the
scattering operator S (Eq. 9.42)*

while now we have (Eq. 12.5)

H; = g/dsxtﬁlp(p.

+ gt + ot
AKE K — KK

Eq. 10.5
= (K, K |S|KT, KF) )
ks’ kg ky” Nk
- D Eq. 9.42
_ (K,;,K;UT(l—i/_oodtl CHi(h) o+ )KL K
D

_ + oIkt kY Tkt kL g Rt 1t
= TS KLIKE K —iT (K KL [ dt () K K

T o0 o0
—5<K,j3,K,j4|/_wdt1:Hi(t1):/_wdtzzHi(t2) KK
D definition
=A0 4 A0 4 A@ 4 (12.8)

We want to evaluate this amplitude term-by-term. This is possi-
ble again by using Wick’s theorem. Once we’ve applied Wick’s
theorem our formula contains all kinds of contractions. Thus

it makes sense to calculate all possible elementary contractions
that can occur first.

12.1.1 Important Contractions

5 To understand why some con-
tractions vanish, take note that a As in Section 11.3, we can calculate all possible contractions that
contraction is what is left over when

we bring a time-ordered product can appear in our Yukawa model by using the general formula

into normal order. But if we con- (Eq 11.20)
sider a time-ordered product of —
two operators that commute, e.g. ¢(x)a+ (k) — (0|T<p(x)a+ (k)|0> . (12_9)

[¢, 9] or [c, ] = 0, there is nothing
left over and thus the contraction

vanishes. .
The results are completely analogous to what we found in Sec-

tion 11.3 and the only non-vanishing contractions are>



$(x)$(y) = Dr(x,y)
()¢ (y) = Dr(x,y)
§(x)|7f) = =104 |0)
P()[K) = e o)
¥ (x)[K) = e 109 o)
(Dl p(x) = (0] i)
(K{ 14" (x) = (0] e/
(Ki [9(x) = (0] /)
(7] |7D) = 200g /T (2)°5(7 ~ F)

(12.10)

where Dr is the Feynman propagator for a real scalar field and
Dr denotes the Feynman propagator for a complex scalar field
(Eq. 8.121).

With these contractions at hand, we can evaluate the different
terms in the perturbation series for the probability amplitude
immediately.

ELEMENTARY MODELS
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12.1.2 Zeroth-Order Approximation

For the zeroth-order approximation of our probability ampli-

tude (Eq. 12.8)

A0 — T (K, K K KE)

(12.11)

there are only two non-vanishing contractions. Therefore,

6 This calculation is completely anal- Wick’s theorem tells us that®
ogous to what we did in Eq. 11.52.

A0)

+ gkt Kkt
T (K, KL K K )

+ gttt + xtIgt kt
: <Kk3,Kk4|K 1'Kk2> T+ <Kk3,Kk4|K 1,Kk2>

— ] ]
+ ot gt 1t + ot kT
+ <Kk3’Kk4|K 1’Kkz> + <Kk3’Kk4|K 1’Kk2>

e + ot it K
(Ki, K, IK K )+ (K K TK K

4

(/201,208 (27026 (R = K1) ) (201, /2005, (2708 (s — o) )
+ (/201 200, 273 (K5 = Fa) ) ({200, 2005, (270) 0 (s — o) )

D Wick’s theorem

D Eq. 11.7,
Eq. 11.46

(12.12)

For the case that the final two particle have exactly the same

momenta as the initial two states (k3, kg = kq, k») this reduces to

A =20y 2wy, (27)°5(ky — K1)8 (ko — k2)

— awy, i, ((27)%0(0))

2
(12.13)

Thus at zeroth order, the result in our Yukawa model is exactly

the same as in the ¢* model we considered in the previous

chapter. In diagrammatic form, the term here corresponds again

to two lines that enter and leave the system without interaction

with each other.

If we consider higher order terms, however, there are notable

differences.
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12.1.3 First-Order Approximation

The first order correction to our probability amplitude reads
(Eq. 12.8)

AM = i (KK /dtlT CHi(h) KK

D Eq. 12.5
_ —i<1<,j3,1<,j;|/dt1T: (g/d3x¢¢¢) KK

P
= —ig (K, K{ | /d4x T:gypg: KL KL) (12.14)

Before we apply Wick’s theorem, we recall that whenever at
least one field is left uncontracted, the term yields zero when
we sandwich it between (0| and |0). This is necessarily the case
because all remaining factors that are contracted can be pulled
in front of the braket and we can then apply the normal-ordered
remaining operators to the ground state (either to (0| or |0)),
which yields zero. Since there are an uneven number of fields
(three) in the Yukawa interaction Hamiltonian and an even
number of particles in the initial and final state (four in total),
it’s impossible to contract all operators at the same time. At
least one operator always remains uncontracted. Thus we can
immediately conclude that A() = 0. We can interpret this result
as follows. The interaction operator {ip¢$ connects three lines.
Therefore, we can’t build a diagram with two incoming and two
outgoing lines using just one interaction vertex.

/L
<k)|kﬁ" k‘r

el
fi 5 X
‘kﬂ Kl> kL

The situation is less trivial if we consider the next term in the
Dyson series.

471
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12.1.4 Second-Order Approximation

The second order correction to the probability amplitude reads

(Eq. 12.8)
A(Z K+ K+|/ dty tl / dty : ‘K+, >
D Eq. 125
T (K, K| (/ dty : 8/d3x1¢(x1)¢(x1)¢(x1)> :
< [t (3 [ @opta)pmo) ) KE K
D
8 [ . Yo
. / dhxndba T (K K] < ) p(x)p(x) -
X 1 () P(x2)p(x2) = |KJZ,K,;;> (12.15)

If we now apply Wick’s theorem to this term, we find that it’s
possible to find terms in which all operators are contracted at
the same time. For example,

1 T

—— [ s
(K K [ ()b B (o)) [KE K (1216

This term is non-vanishing since:

> All operators are contracted.

> The particles in the final state contract with §. (A contrac-
tion of a particle in the final state with ¢ or ¢ vanishes. This
follows because the operator that generates a particle in the
final state is c(k) and ¥ is an integral over c¢(k) operators
(Eq. 12.6). Since [c,¢] = 0, this implies that the correspond-
ing contraction vanishes. In contrast, " contains ' and
[c,cT] # 0 (Eq. 8.106). Therefore, a contraction of a particle in
the final state with ¢' is non-zero. In addition, take note that
the situation is different if we consider anti-kaons in the final
state. )
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> The particles in the initial state contract with .

Moreover, we take the term into account because there is no
contraction of a field with itself at the same spacetime point (no
1

self-loop). The only contraction of a field with itself ¢(x71)$(x2)
involves two different spacetime points.

As a Feynman diagram, the term in Eq. 12.16 looks like this:

[ L —
hkilf_ <hkilt
o(x)P(x)

flk> Tk

By looking at this diagram we can understand why there is a
non-vanishing second order contribution. A second order term
involves two vertices and since each vertex in the Yukawa model
connects three lines, it’s possible to construct a diagram with
two incoming and two outgoing lines.

If we now use the explicit formulas for the transaction that are
listed in Section 12.1.1, we find

—— x \ { { \

1
T
(K Ky [ (o) () (1) P (x2) g (x2) p (2) K K )

D Eq. 12.10
= (0] 'ks¥1) (0] e!ks¥2) D (7, x5 )e 1 k1¥1) |0) e~ (K2%2) | )
, , , , 2 (0jo)=1
= ellbax)eilkax2) D (xy, xp ) e~ kax1) g —ilk2x2)
)
= ells—k)xgilki—k)¥2 pp(x) xy) . (12.17)

This implies that this term contributes to our second order
correction A2 (Eq. 12.15) a factor of
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' / dixyd¥x, efks—k)n ei(k47k2)x2DF(x1,x2) +...

(2m)*

4
= 1g2/ (57_[11)4 (5(k3—k1+6])5(k4—k2—4)

=ig%0(ks — k1 + (+ks — k)

= ig?5(ks + kg — k1 — ky)

s » : D Eq. 8.98
. . d e M\ix2—x
— 2 4 4 z(k3fk1)x1 l(k47k2)X2 / q
§ /d 1dx2 (e ¢ (2m)* ¢2 —mé—i—ie)
D
d* - - 1
_ ig2 /d4x1d4x2 q el (ka—k1+q)x1 oi(ky—k2—q)x2 _
> — mg + ie
D / (j:;; e~k (vu—yp)
1 =6(xu —Yu)
g% — mé + ie)
D [ e —x) = £()
1
(—ks+ k2)2 — mé + ie
2
1 D t=(ki—ka)
— (12.18)
t— U + 1€

7 The quantity we called here t is a
so-called Mandelstam variable and

often appears in amplitudes.

8In the previous term (Eq. 12.16),
we had k1 — k3, ko — ky since,
for example, K,j; and K,j; are both

contracted to fields evaluated at xy.

Take note that t = (kg — k»)? is equal to (k3 — k1)? as a result
of the delta distribution and describes the momentum transfer
between the two particles.” Moreover, the delta distribution
encodes momentum conservation.

There is one additional non-vanishing contraction:

S e ——

(K, K, [0 ) () () P ) (2) ) [ K

(12.19)

This term is non-vanishing for exactly the same reasons listed
above. In fact, the only difference is that in this process the
particle that starts with momentum k; carries momentum k4

at the end of the process whilst the particle with momentum

ko carries the momentum k3 at the end of the process. In short:
ki — kg,k — k3. This follows because here K,jl is contracted
with ¥(x1) and Kk+4 is contracted to ¥ (x1). This implies that the
transition k; — k4 happens at x7. In contrast, the transition from
Kkt to Kkt happens at x; since the corresponding operators are
connected to the fields evaluated at x,.8



The corresponding Feynman diagram looks like this

/L —
<k)|k‘tl+ <k)|k‘tl+

ek ik

Moreover, we can again use the explicit formulas listed in Sec-

tion 12.1.1, to rewrite the contraction as
—1 [

[
= T I
(K K () ()b () (x2) (x2)p (x2) [ K] KL )

D Eq. 12.10
= eills—k)xeitki—k)Mi D (xy, xy) (12.20)

By following the same steps as in Eq. 12.18, we can calculate
that this contraction contributes to our second order correction
A®) (Eq. 12.15) a factor of

. 1
ig?6(ks + kg — k1 — k) -

_— 12.21
- mé + ie ( )

where u = (ky — k1)? = (ks — k2)>.

Thus, we can conclude
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AR T g2 / dxdtxy T(KE K| :¢<x1>¢<x1>¢<x1> :
x 1 P(x2)yp(x2)P(x2) : [K, K)
: )
P [ a + ot | | - | | ‘+ +
= 7./(1 xyd x| (K, K [ () (1) (1) (x2) 9 (x2)p (x2) Ky K )
— R
+ (K K [ () () () (x2) 9 (x2)p (x2) K Ki) )
Eq. 12.17,
J Eq. 12.20
= g;/d4x1d4x2 (ei(k3_k1)xlei(k4_k2)x2Dp(xl,xz) —I—ei(k3_k2)x2ei(k4_k1)xlDp(xl,x2)>
Eq. 12.18,
J Eq. 12.21
g? 1 g 1
= 1?5(](3 + k4 - kl - kz)w - 135(k3 + k4 - kl - kz)w (12.22)

12.1.5 The Non-Relativistic Limit

To understand the amplitude that we calculated in the previous
section a bit better, let’s assume that our particles move quite
slowly (7% < m?). This is known as the non-relativistic limit. In
this limit, we can write the four-momentum of each particle as

)0 (59

P P p
D Vitxmlforx<1
m
~|_]. (12.23)
P

Moreover, let’s assume that the momenta of the two particles
change during the process. This implies that the zeroth-order
term (Eq. 12.12) yields zero and the first term in the perturba-
tion series that contributes to the amplitude is the second-order
term A(?) (Eq. 12.22). We focus on the first term in Eq. 12.22 for
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a moment:
1
AP =ig?5(ks + ks —ky —kp) ———— + 12.2
8 ( 3 4 1 ) P mé +ie ( 4)
In the non-relativistic limit, the quantity ¢ = (ks — k)? simplifies
to
2 0 2
m m
t = k - k 2 12:23 —;ll] — _‘IIJ = - -
(kg —k2) ks A R —TFo
D Minkowski metric
= —(ky — k2)*> = —AK>. (12.25)
Therefore, if we ignore the delta distribution, which only en-
codes the conservation of momentum and becomes important
when we integrate over a specific momentum range for the fi-
nal particles, and the factor +ie which is not important in this
context, we find that the amplitude reads
+ g+ + )~ AQ)
A(Kklkaz —+ K 3ka4) ~ A
. 2 D
i
= tgiz +...
—m3
D Eq. 12.25
1 g2 ° The imaginary unit vanishes as
) e (12.26) soon as we calculate the absolute
—AkS — mg value, which is necessary to calcu-
late the corresponding probability.
We learn here that the scattering amplitude is damped by a Moreover, the dots indicate the
2 i i -
SOATN . — g .. . contribution from the second con
factor V(Ak) = AR .9 This is exactly the Fourier transform of traction which, however, is similar.
82 pmyl7
V(F) = —-2—=e M™l"l, 12.2

which is the Yukawa potential (Eq. 6.20) that we discussed in
Section 6.1.2. This is shown in Appendix B.3.

12.1.6 Further Comments

In the previous sections, we’ve discussed one out of many pos-
sible scattering processes. For example, instead of K;q, K,:; —

+ xt
K, K

. + — + — J— —
K, We can consider Kkl,Kk2 — Kk3, Kk4 or Kk1' Kk2 —
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K,; , Kl;, and, of course, also pion scattering. Moreover, we can
again define Feynman rules as a map between terms in the per-
turbation series and Feynman diagrams.

Each incoming external line corresponds to a factor of e~ *P~.
Each outgoing external line corresponds to a factor of e/P¥.
Each internal pion line corresponds to a factor of Dr(x, ).
Each internal kaon line corresponds to a factor of Dr(x,y).

Each vertex corresponds to a factor of —ig.

v VvV VvV vV V V

Each line that enters and leaves the system without any
interaction, contributes a factor /2w, /2w (271)36(7 — k)

(Eq. 11.42).

Using these building blocks we can create all Feynman dia-
grams with a given number of vertices and then translate them,
using the Feynman rules, into the corresponding expressions
that appear in the perturbation series.

At the beginning of this section, I've mentioned that we con-
sider a simplified version of the "original" Yukawa model. In
the "real" Yukawa model, we describe the interaction of a spinor
field with a scalar field. The general features, however, are ex-
actly the same. The only difference is that each incoming and
outgoing spinor particle brings with it a spinor that we need to
take into account. This is necessarily the case, because if we re-
place the complex scalar field ¢ with a spinor field ¥, we must
use the expansions (Eq. 8.123)

a3k - ik xt + /7 T, xH
e 521/ (271)3 /2wy (cr(k)ur(k)e T Ay (R)or(k)ett )
2 3
g 555 gt d°k /7N - ik, xH 7N\ = —iky xH
Y=t _sg/ (273 /200r ( y ()it (k)™ + dy (K)o, (k)e ™" )



for the fields that appear in the interaction Hamiltonian

Hinteractions = g/d3x‘?‘i’4) . (12.29)

This implies that the Feynman rules become™®

> Every incoming external spinor particle with momentum p
and spin s corresponds to a factor of u,(p)e~P*. For example,
s = 1 corresponds to a particle with spin up.

> Every outgoing external spinor particle with momentum p
and spin s corresponds to a factor of i, (p)e'P*.

> Every incoming external anti-spinor particle with momentum
p and spin s corresponds to a factor of 7,(p)eP*.

> Every outgoing external anti-spinor particle with momentum
p and spin s corresponds to a factor of v,(p)e’P¥.

> Every internal spinor line corresponds to a factor of Ar(x,y),
which we defined in Eq. 8.155.

For the sake of argument, let’s call the spinor particle we con-
sider here an electron. If we then consider an (electron + elec-
tron) — (electron + electron) scattering process, the result is al-
most exactly the same as in the (kaon + kaon) — (kaon + kaon)
case that we considered above. If there is a non-zero momen-
tum transfer, the first order term vanishes. Moreover, the first
order correction yields zero because there are again three fields
in the interaction Hamiltonian but four external particles. Thus
it’s impossible to contract all operators at the same time. The
first non-vanishing contribution is therefore given by the second
order term A(?), which reads analogous to what we found in
Eq. 12.22™

A(Z) = igzé(kg) +ky — k1 — kz)ﬁr(k?))us (kl) Uy (k4)u5,(k2)

t—m

— N

+ig%0 (ks + ky — ky — ko) iy (ka)us (ky) p— ir (k3)ug (k2),
Y
(12.30)
where 7,7/, s, s’ label the spin configuration of the two incoming
and outgoing particles. The corresponding Feynman diagrams
are
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© There are a few subtleties we are
glossing over here. For example,
there are in some cases factors of
—1 which occur because spinors
anticommute.

1 To unclutter the notation, I've left
the factor +ie out.
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At this point, you've probably already noticed that the general
story is always the same. Thus, let’s quickly discuss just one
additional model.
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12.2 Gauge Interactions

In Section 6.4, we’ve already discussed the Lagrangian den-
sity that describes how a spinor field interacts with a massless
gauge field (Eq. 6.60):

_ 1 _
L= (iy" 9y —m)¥ — JFuF" + ¥y, Y
D definitions
=Li+ L. (12.31)

The free part of the Lagrangian density, £ s tells us that we can
use the usual field expansions (Eq. 8.123, Eq. 5.156)

2 3
— d k 7 — ik, xH t /7 iklx?‘
T_Zl/w(cr(k)ur(k)e w4 dt (K)o, (k)e'ks )

%)

2 3
v 555 gt d’k TN (1) ikt T\ (1) ikt
¥ 22 gt ; / P (et Ry (k)™ + d, (Ryo, (k)e ")
3 3
d p 1 Sy i - )
A _ ra (k ikyx rrt % ik x
u(x) r_zl/(zﬂ)3\/270(eﬂa() + et (fe”)
(12.32)
The interaction term, £;, tells us that the interaction Hamilto-
nian reads
H 2 -1
D Eq. 12.31
= —e/d%‘?’y”Ay‘Y. (12.33)

Instead of going through the usual steps, let’s just consider di-
rectly the Feynman rules for this model which are completely
analogous to the rules that we discussed in the previous sec-
tions.

> Every incoming external spinor particle with momentum p
and spin s corresponds to a factor of u,(p)e F*.
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12 — — - - 3
In contrast, Ek1’Ekz — .ek3,ek4 is
known as Moller scattering.

> Every outgoing external spinor particle with momentum p

and spin s corresponds to a factor of ii,(p)e F*.

Every incoming external anti-spinor particle with momentum
p and spin s corresponds to a factor of 7,(p)e’P*.

Every outgoing external anti-spinor particle with momentum
p and spin s corresponds to a factor of v,(p)e’P*.

Every incoming vector particle with momentum p and polar-
ization r corresponds to a factor of €J,( ple iPx,

> Every outgoing vector particle with momentum p and polar-

ization r corresponds to a factor of €} (p)e'**.

>> Every internal vector line corresponds to a factor of D#,

which we defined in Eq. 8.194.

> Every internal spinor line corresponds to a factor of Ap(x,y),

which we defined in Eq. 8.155.

> Every vertex corresponds to a factor of —iev’.

With these building blocks at hand, we can start drawing dia-
grams. For example, we can consider an (electron + positron)
— (electron + positron) process, which we denote by ¢, ,e]jz —
ek '€k+4' This is known as Bhabha scattering.’> One of the sim-
plest diagrams we can draw for this process includes two ver-
tices and looks like this:

e e’

¥ e’

Using the Feynman rules, we can immediately write down the



corresponding contribution to the probability amplitude:

A(ek’l,ek*2 — ek’s,e,;) ~ /d4x1d4x2 o~ ikax1 55 (kz)( _ Z-e,yi) uS(kl)efiklxl

X D (x1, 22)i” (ka)e™%2 (= e ) o* (kg2

+.... (12.34)

12.2.1 The Non-Relativistic Limit

To evaluate this contribution further, let’s introduce the notation

b =" (k3)y/v° (ky). (12.35)

These two factors describe the incoming spinor current and
outgoing spinor current respectively. They depend on how

we prepare the electron and positron at the beginning of the
scattering experiment and which kind of final configuration
we try to detect. Let’s say we are working in the mass basis
and that we start with an electron and positron in a spin-up
configuration.” The spin-up electron and the spin-up positron
are described by the spinors (Eq. 5.105)

ky+iky
w-+m

w+m
k1 +ik2

v = —— | wtm || (12.36)

Moreover, to simplify our calculation we assume that we are
dealing with particles with very small momenta R < m?
which implies that w ~ m (see Eq. 12.23) and % ~ 0. In this
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3 We discussed the mass basis in
Section 5.2.3.
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non-relativistic limit, the spinors simplify to

1 1
"y ~ m+m |0 _ 0
2m 0 0
0 0
0 0
oy =/ L =Y (12.37)
2m 1 1
0 0

These formulas allow us to calculate each component of the
incoming current a;. For example, for i = 3, we find

D Y=¥"(Eq. 555

7073us(k1)

D Eq. 12.37, Eq. 5.99,

Eq. 5.100

1 0 O 0 0 01 O 1
01 0 0 0 0 0 —1 0
00 -1 0|[-100 o]0
00 0o -1/\o 10 0/\0

2

(12.38)

Similarly, we find that al =0,a%2=0.

Further, let’s say that we are interested in the probability ampli-
tude to detect at the end of the scattering process again a spin-
up electron and a spin-up positron. This implies that we can use
exactly the same basis spinors to calculate the outgoing current
b’ and thus can calculate analogously that b! = 0,62 = 0,b% = 1.
Thus in summary

a=(0, 0,1)T, b= (O,O,l)T. (12.39)

With these results at hand, we can evaluate the complete contri-
bution to the probability amplitude:
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- — ot
A(ekl,ek2 — €k3,€k4)

D
_ 762/d4x1d4x2 E—ikleuie—iklxlDﬁeik3x2bjeik4x2 .
0 Eq.8.194
_ _Ez/d4x 4y gie—ilkatk)x / d*k i S — % e ik(a—x1) | pilka+ke)xapj 4
1% m)r 2 +ie "7 kik
2
Sf fodq 4 i g gk i(ks+k
v )i 1 e (“'bf a7 >e_]( T )
191
D
) d*q i L o> a4igiq;b; 4 4
=—¢ / Bnf e ib-— o S(kz +kr — q)(27)"0 (k3 + kg — q)(277)
0 Eq. 1239
i i
S T ) P
D

ie?(27mr)* s3
=i 1—? 5<k3+k4—(k1+k2))+.,.
) R <m? =K

~ 2 g 1 e
~ e“(2m) s+ie(5(k3+k4 ki —kz), (12.40)

where s2 = (k; + k)2 = (k3 +k4)2,5 = kj + kpand s3 =

(k1 + k2)3. The delta distribution encodes, as usual, momentum

conservation: the total four-momentum of the two incoming

particles must be equal to the total four-momentum of the two

outgoing particles. Moreover, if we assume that the two par-

ticles have no momentum component in the z-direction (e.g.,

move in the x-direction and —x-direction), we have s3 = 0.4 1 The z-axis is singled out because

The quantity s = (k; + k2)2 reads in more explicit terms we éssumed that we 'deal.with
particles whose spin is aligned

up with respect to the z-axis. We

5= (k1 + k2)2 = k% + k% + 2k1ky = mg + mg + 2k1ko did this by using the spinors in
D Eq. 12.36. For spin up and spin
T down configurations with respect
_ 2 Wi, Wiy \ 2 > P to different axes, different spinors
- Zme v < El > < EZ B Zme T 2wkl “Wky + Zkl “ka must be used.
)
= 2m? +2\/m3 +k§\/m§ + k3 4 2k; - ky
2 2 2 D
~ 2my +2m; ~ 4m; . (12.41)

The total contribution to the probability amplitude is therefore



486 NO-NONSENSE QUANTUM FIELD THEORY

approximately

2

ie
5+ (12.42)
e

- — o)~ —
A(ekl,ek2 — ek3,ek4) o

12.2.2 Further Examples

There are many subtle aspects of gauge interactions that we
haven’t discussed. In fact, there are whole books dedicated

to discussions of how gauge fields interact with other fields
and it’s impossible to summarize them on just a few pages. So
if you want to learn more about gauge interactions, you are
encouraged to pick up one of these dedicated books. You can
find several reading recommendations in Chapter 19.

The general ideas, however, are always the same. We start with
a Lagrangian, deduce the Feynman rules and then calculate
probability amplitudes by drawing diagrams for specific pro-
cesses. The following figure shows a few famous examples of
scattering processes that involve electrons, positrons and the

photon field.
¢ ¢ ¢ e €+ déte
T MuUe‘,
¢ P ¢ ¢ Ialle ikg
e ¥ S
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Scattered Comments

Applications of quantum field theory is a vast field and we’ve
barely scratched the surface. So let’s finish this part with vari-
ous comments that should give you some orientation for your
further studies.

Here’s what we will discuss in the following section:

> People commonly use the concept of virtual particles to de-
scribe Feynman diagrams. We will discuss a few examples
that demonstrate how this language can be useful.

> So far, we've only talked about the simplest terms in the per-
turbation series and the simplest kind of scattering processes.
Thus it makes sense to discuss shortly what changes if we
consider more complicated terms or processes.

> We will shortly go over a few conventions that are commonly
used to describe scattering processes.

> We will revisit the topic of regularization and discuss its
importance and meaning in more detail.

> Another topic that we’ve only briefly touched upon so far are
renormalized couplings. Since this is an incredibly important
topic, we will discuss their interpretation and implications.
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With this rough plan in mind, let’s dive right in.

13.1 Virtual Particles

It is certainly not mandatory that we use words to describe
Feynman diagrams. But words can help to make sense of them,
just as Feynman diagrams help us to make sense of the pertur-
bation series.

Let’s consider again, for example, the diagram that represents
a contribution to the second order correction to the scattering
amplitude A(K; K\ — K, K ).

ik;x
¢
K /—r&ciw

< -~y
S D,._.(x“xl)

=1
&~ kY

ka I, el. :
¢ KX

The corresponding term reads (Eq. 12.22)

X

A2 gz/d4x1d4x2 elka—k)n D (xy xo)eikak)x  (13.1)

The external "legs" of the diagrams represent factors that de-
scribe the incoming and outgoing particles. The internal line
represents the Feynman propagator Dp(x1, x2).

We know already that Feynman propagators are Green'’s func-
tions. Moreover, we know that Green’s functions represent
damping functions that encode how physical effects get weaker
as we move farther away from a source (e.g. a particle). This
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alone is sufficient to interpret the Feynman diagram and the
corresponding term in the perturbation series, analogously to
how we interpreted the diagrams that we drew for a classical
theory.

The incoming two particles are field excitations which influence
each other. Each particle is described by a specific structure in
the field. The trick that we exploit in perturbation theory is that
we act as if the two particles were free and take modifications
which occur as a result of the interaction as small corrections
into account. In the first correction to the completely free ap-
proximation, we take into account how the non-zero field values
that correspond to the second particle affect the field structure
that describes the first particle and vice versa. Moreover, the
Feynman propagator is the damping factor that tells us how
strongly the non-zero field values at two specific locations x1, xp
affect each other depending on their distance.

A somewhat subtle aspect is that we are dealing with initial

and final states with exactly known momenta. This implies

that the particles are described by plane waves which are com-

pletely delocalized within the system. That’s why we need to

integrate over x; and xp. In other words, both particles are de-

scribed by field structures that spread out all over the system.

Thus to investigate how they influence each other, we need to

take the field values at all possible locations into account and

damp them accordingly. In the context of quantum field theory,

however, it is conventional to describe the diagram as follows.

The two particles enter the system. They then interact by ex-

changing a virtual ¢ particle and leave the system again. In

this story, the virtual ¢ particle is described by the propagator.

This is an essential point. Virtual particles are not particles in

the usual sense. They are just a convenient way to drape words

around the Feynman propagator.” Real particles correspond to " Now may be a good point to

very different mathematical objects (plane waves in this con- ¢ )
L. . . man propagator discussed in

text). Moreover, it is important to take note that this story is Section 8.5.3.

only complete if we say that the two particles exchange a virtual

particle at each possible location x1, x; of the two particles, since

we integrate over x1 and x.

reread the meaning of the Feyn-

489
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*In a four-dimensional Euclidean
space, the correpsonding relation
reads

RR=x3+x3+x34+43,.

3 We noticed this Section 11.6.3.

The story gets even more interesting once we consider higher
order corrections. For example, let’s consider the diagram that
corresponds to a second order correction:

ky K¢
Vi V\lva
/ Pavticle
P(Mb
k1 KL

A popular interpretation of this kind of loop diagram is that
the two particles that enter the system annihilate each other
and create a virtual pair of ¢ particles. This pair of virtual ¢
particles annihilates quickly afterwards and produce a new
particle pair.

An important feature of this virtual ¢ particle pair is that
it doesn’t play by the usual rules. We know that the four-
momentum of a real particle fulfills the relation (Eq. 5.40)

m? =k*=wi -k -k K. (13.2)

In this context this relation is also known as the mass-shell
condition. This name is motivated by the observation that the
formula
2_,2_.2_ .2 .2
R* = x5 —x7 — x5 — x3 (13.3)

is the condition that points which lie on a sphere of radius

R in Minkowski space must fulfill.> But in the integral that
describes the loop, we integrate over all possible momentum
values without any restriction.3 It is conventional to say that vir-
tual particles can be off-shell, while real particles are necessarily
on-shell. This is jargon for the observation that real particles
fulfill Eq. 13.2, while virtual particles not necessarily do.

The question of how seriously we should take these kind of pic-
tures remains a hotly debated topic and you're encouraged to
read about the arguments on both sides. In any case, however,
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it is important to keep in mind that, first and foremost, stories
involving virtual particles are useful mnemonics that allow us
to put some meaning on the perturbation series. A Feynman
diagram is just a convenient way to represent a term in the per-

turbation and is not a picture of the physical process.4 +1t’s often tempting and sometimes
even illuminating to treat Feynman
diagrams as actual pictures of the
process. We will encounter a few
instances where this is the case
below.

13.2 Loops and Legs

As you’ve probably noticed by now, quantum field theory is
really an infinite playground. There are infinitely many scatter-
ing processes that we can consider and for each process there
are infinitely many terms in the perturbation series that we can
evaluate. Whether it makes sense to consider these processes or
terms is, of course, a different question.

To get some understanding of the phenomena that occur in a
given model, it is often sufficient to consider 2 — 2 scattering
processes and the first non-vanishing term in the perturbation
series. However, there are hundreds of professional physicists
all around the world who spend all of their time evaluating
more complicated processes and higher order terms in the
perturbation series. For many higher order corrections, these
calculations are month-long projects and can only be done in
team efforts using dedicated software tools. One reason is that
there are hundreds and sometimes even thousands of Feynman
diagrams that contribute to higher order corrections. The gener-
ation of all Feynman diagrams that contribute to a given order
in perturbation theory can be automated and nowadays there
are many tools available. So the more important reason that
higher order corrections are hard to evaluate is that they involve
complicated integrals that are hard to solve, even numerically.
Thus in addition to dedicated computer clusters, clever new
methods must be developed to bring the expressions into a
more manageable form.
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For many processes, two-loop corrections are the maximum that
have been evaluated fully so far. However, partial results also
exist for certain models and processes up to the five-loop level.
Calculating multi-loop amplitudes is really an art in itself and
requires a specialized set of tools. As far as I know, the only
way to learn how to carry out the calculations is to join one

of the research groups. But there are also dedicated textbooks
that you can read to get at least some understanding of the
general methods. One popular book is, for example, "Evaluating
Feynman Integrals", by Vladimir A. A. Smirnov.

13.3 Scattering Conventions

There are many conventions and simplifications that are com-
monly used to describe scattering processes in quantum field
theory. For example, it makes sense to factor out further factors
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that we encounter in every scattering amplitude. We’ve learned
in the previous chapters that amplitudes always contain a delta
distribution é(p1 + p2 + ... — pu) that encodes momentum con-
servation and a factor (277)*. Therefore, it is conventional to
define

T=ent) _pM, (13.4)

where ) p denotes a sum over the momenta of all initial parti-
cles minus a sum over the momenta of all final particles.

In addition, you should be aware that experimentalists usu-
ally don’t talk about scattering probabilities or amplitudes but
instead about cross sections. A cross section is directly propor-
tional to the probability that a given process happens and the
general concept stems from a time when particles were thought
to be hard balls. There are many further conventions which

are commonly used in the definition of cross sections and you
are encouraged to pick up a dedicated particle physics book

to learn more about them. My favorite is "Introduction to Ele-
mentary Particles" by David J. Griffiths. Another great choice is
the "Introduction to Elementary Particle Physics" by Alessandro
Bettini.

13.4 Regularization

In Section 11.6.3, we’ve briefly talked about regularization. We
discovered that higher order corrections can yield an infinitely
large contribution if we evaluate the integrals that we encounter
naively. The reason for this divergence is that we integrate over
all possible momentum values, all the way up to cc. This moti-
vated us to introduce a cutoff A. If we integrate from —A to A
instead of from —oo to oo, we find finite contributions instead of
diverging ones. Moreover, we learned that the actual value of A
is not important since the cutoff drops out from quantities that
we can measure in experiments. This implies that at the end of
the calculation we can even take the limit A — oo without en-
countering problems. Since this whole procedure surely seems a

493
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5> The following discussion is based
on

Fredrick Olness and Randall
Scalise. Regularization, Renormal-
ization, and Dimensional Analysis:
Dimensional Regularization meets
Freshman E&M. Am. ]. Phys., 79:
306, 2011. DOI: 10.1119/1.3535586

bit mysterious at first glance, it makes sense to discuss how the
same procedure works in a more familiar setup.>

Let’s say we want to calculate the electric potential that occurs
in the vicinity of an infinitely long wire. We choose a coordinate
system such that the wire points in the y-direction. Moreover,
for simplicity we consider only two spatial dimensions (x,y)
since this is sufficient to understand the main features of the
system. We denote the constant charge density on the wire by

_4Q
A= E (13.5)

In words this means that there is AQ = AAy Coulombs of
charge on each Ay-long piece of the wire. We know that a point
charge g generates the potential

_1
V= oy (13.6)

where r = /x% + y? denotes the distance from the point charge.
This implies that each infinitesimal charge 4Q on the wire gen-
erates a potential

av = 22
r
\d D Eq. 13.5
= A4y
=— (13.7)
The wire as a whole therefore generates a potential
V(x) = / av
’ Eq. 13.7
- My D
—0 r
D r=4/x24?
[e ) dy
= A/ — 13.8
o Vi (13.8)

where we integrate over the total length of the wire from —oo to
co. Since for y > x



> +/x% +y? ~ y, and additionally, we have

> [dy % =In(y),
> In(co0) = o0, and

> In(—o0) = oo,

the integral diverges

© g
V(x) = A/_w 7%% — co. (13.9)

This result is not necessarily problematic because the electric
potential is not observable. Instead, it’s only a tool that we use
to calculate observable quantities like, for example, the work
done if we move a charge e in the vicinity of the wire from x; to

X2:6

Wiz x1) = q(V(x2) = V(x)). (13.10)

At first glance, however, it now seems as if the work done is
always zero since Eq. 13.9 tells us that V(xp) = coand V(x;1) =
co. This is clearly a wrong result. Energy is always necessary to
move a charge in the vicinity of a charged wire, no matter how
long it is.

The error we are making here is that infinity has some curious
properties like co + ¢ = oco. This would imply that cc — 0 = ¢,
depending on how the two infinitely large numbers that appear
in this formula are defined. This implies that the work formula
can yield a correct non-zero result even though V(xp) = oo
and V(x1) = oo. The key question then is, of course, what
number do we find in Eq. 13.10 if we subtract two infinitely
large numbers?

This is a well-defined question that we can answer by regulariz-
ing the troublesome integral. We assume for a moment that our
wire has a finite length 2L. The formula for the electric potential
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¢ Another example of an observable
quantity that we derive from the
potential V is the electric field
E=VV.
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7 Similarly, it can be shown that the
electric field is finite:

E(x) — faV(x)zé L

ax X VIZ+x2
— A
L—oo X ’

8 We encountered boundary effects
when we introduced a finite length
2L. All terms in the work formula
that depend on L are a result of the
finite length. For a long wire these
effects become tiny but are still non-
vanishing. Only in the limit L — oo
these terms vanish completely and
this is why it often makes sense to
consider such idealizations.

then yields

o[y
V(x)—A/_L\/W s
dy ———
N

+L+ VL2 +x?
. (13.11)

—L+ VL% +x?

This is a finite result, but yields infinity in the limit L — oo.

=Aln

However, if we plug the regularized potential into the work
formula, we find that the result is finite even in the limit L — oo

— x2
W (x2, xl)LH00 gAIn [; : (13.12)

*2
This is demonstrated in Appendix B.2.7 Thus by introducing
a cutoff L, we are indeed able to extract finite results for ob-
servable quantities. In other words, by regularizing infinitely
large quantities we can answer questions like "oco —co =?"in a
mathematically meaningful way.

Let’s compare the steps that we used to make sense of the in-
finitely large wire with those discussed in Section 11.6.3. In both
cases, we encountered an infinitely large number that occurs
because we consider idealizations. We assumed that the wire is
infinitely long although, of course, no infinitely long wire exists
in nature. An infinitely long wire is a useful idealization that
allows us to ignore boundary effects that occur for finite length
wires.8 In other words, saying that we consider an infinitely
long wire is analogous to saying that we consider a wire that is
so long that boundary effects do not matter.

Similarly, we assume that infinitely large momenta are possible
when we allow that the limits of the Feynman propagator in-
tegral are —oo and 0. As for an infinitely large wire, a particle
with infinitely large momentum doesn’t exist in nature. But this
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doesn’t matter because we only use k — oo as a useful idealiza-
tion. Of course, we have to be careful whenever we are dealing
with infinitely large numbers. If we take the limit k — oo too
soon, we get nonsensical answers. Nevertheless, it’s usually
worth the extra effort to treat infinities that occur in our calcu-
lations carefully because, as for the wire, it allows us to avoid
boundary effects.

Maybe you're wondering what the boundary effects are in this
context. The short answer is that if there is a finite physical
cutoff A, there are new terms in the Lagrangian that are propor-
tional to inverse powers of A. For example, for a complex scalar

field, we have? 9 This is discussed in a bit more
detail in Chapter 17.

2
L= iyt — ity + Soutyptp 4 (13.13)

These terms describe the boundary effects that occur if there is a
finite physical cutoff, analogous to how terms that depend on L
describe boundary effects that occur for a finite length wire.

In fact, many physicists believe that there is a physical cutoff
A that encodes the energy scale at which the Standard Model

of particle physics becomes invalid.’® But since no one knows ®° There are various reasons why
this should be the case like, for

. . . . example, dark matter, neutrino
want to include additional terms in the Lagrangian that only masses or the baryon-antibaryon

for certain which value we should plug in for A, and we don’t

become relevant at scales close to A anyway, we often work asymmetry.

with A — 0. ™! )

" Popular contenders for physical
cutoff scales are the Planck scale
mp ~ 10'® GeV and the so-called
unification scale m, ~ 10 GeV.
Moreover, take note that there

are research groups that add all
kinds of higher order terms to the
In summary, the main issue is that we encounter diverging Standard Model Lagrangian and
then try to find hints for effects
caused by these terms in collider
data.

integrals like

®
/0 x—lg—ca = [In(x+a)]y = co. (13.14)

We can regularize them by introducing a cutoff A:

x+a =In a (13.15)

/A dx (A+a)
0
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> You can find an illuminating
discussion of dimensional regular-
ization in

Fredrick Olness and Randall
Scalise. Regularization, Renormal-

ization, and Dimensional Analysis:

Dimensional Regularization meets
Freshman E&M. Am. ]. Phys., 79:
306, 2011. DOIL: 10.1119/1.3535586

While this quantity is finite, it still diverges in the limit A — co.
However, we can take a look at

/A dx _/A dx —>ln§ (13.16)
0 x+a 0 X+b Ase a 3

which is finite in the limit A — oo, although

/‘A dx —
1)
Jo x+a A—ow

/Adix T o (13.17)
0 X+b A—o0 ) 317

As a final comment on this topic, take note that there are vari-
ous ways to regularize an infinitely large quantity. An extremely
popular alternative to the cutoff regularization discussed above
is dimensional regularization. The main idea is that integrals
which diverge in four-dimensions become finite in a different
number of dimensions. Thus the integral is solved in 4 + €
dimensions which renders the result finite. This is a viable pro-
cedure as long as we take the limit e — 0 at the end of the
procedure. But this is really just a mathematical convenient
trick, since the results are always the same no matter which
regularization method we use.’?

13.5 The Renormalization Group

A second important feature of quantum field theory that we
stumbled upon in Section 11.6.3 is that the parameters that
appear in the Lagrangian are not necessarily directly related to
experimentally measurable coupling strengths. In particular,

we argued that the Lagrangian parameter A only describes

the coupling between particles in a first order approximation,
while experimental results always correspond to the complete
amplitude and not just isolated approximation terms. Motivated
by this observation we introduced the renormalized coupling



(Eq. 11.74)
~ S
Ar(s0) = A(so) = A + A2Cln (A—Oz) .., (13.18)

which can be extracted directly from the experimental scattering
results at a specific scale sp. With this definition, we can say that
the two particle scattering process at the scale sy has amplitude
—iAR(so) since, by definition, Ag(sp) includes already all order
corrections. In this sense, Ag(sp) is the physical coupling that
we measure in experiments.

We then discovered that if we rewrite our amplitude in terms of
Ag all dependence on the cutoff scale A drops out (Eq. 11.79)

Ao(s) = —Ar(s) — Cln (:O) A (s0) + ... . (13.19)

Let’s try to understand a bit better what is going on here.
We’ve argued that it doesn’t matter which reference scale sy
we choose. But what exactly happens if we choose a different
scale 51? The corresponding renormalized coupling reads

~ s
Ar(s1) = A(s1) = A+ A%Cln (Aiz) +.... (13.20)

Moreover, the amplitude in terms of Ag(s1) reads

Ai(s) = —Ag(s1) — Cln (:) A:(sy) +.... (13.21)

1
This suggests that
- . s 2
Ay (s) — Ao(s) = (— AR(s1) = Cln (=) A1) + )
- ( ~ Ar(s0) — Cln (S) A2 (s0) + .. )

S

0= —Ag(s1) —Cln ( > AR(s1)

4+ ARr(sg) + Cln <SS) A% (sg) + ...
0

51

Arls1) = Axs0) +CIn (2 ) 2Gs0) — Cn (2 ) a(sn)

(13.22)
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 Reminder s = (k; + k)2 encodes
roughly the energy scale at which
the two particles interact.

Take note that Ag(s1) still appears on both sides of the equation.
However, we can solve the equation iteratively for Ag(sq):

Au(s1) = Ax(so) + Cn (2 ) Ah(so) ~Cin () 4kGs0)

> Eq 1322
— Ar(so) + Cin £ ) 2 0)
—Chn <%> (—AR(SO)+Cln (%) A2 (s0)
—c1n(;)A§(sl)+...>2+...
:)\R(so)—&-Cm(%) &@@-cm(i) A2(s0) + ... ’
Ina —Inb
=In?
= Ar(so) + Cln (;(?))Aﬁ(so)+... b
= Ag(s0) + Cln (2—;) Ak(s0) + .-, : #<13.23)

where we neglected all higher order terms « A% which, how-
ever, can be rewritten similarly. Thus we can conclude that in a
first order approximation, the equation

Ar(s1) = Ag(sp) + Cln (z(l)) A%{(so) (13.24)

describes how the renormalized coupling is modified if we
change the scale from sg to s;. This is an important result be-
cause it implies that the renormalized coupling depends on the
energy scale at which we probe it. We say that couplings run
with the energy scale and therefore are not constant. Formu-
lated differently, the numerical value of the parameter that en-
codes how two particles interact depends on their momenta.™3
There is a beautiful way to understand how this comes about.
But first, let’s discuss how we can bring Eq. 13.24 into a more
conventional form. If we take the derivative with respect to sy,
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we find
d
EAR(Sl) ™ (AR(SO) +Cln (t) A%z@o))
J
= 4 MR (50) +C (dl In (:J) )A%{(so)
el O
- c(j)ﬁaso)
1
) D Eq. 13.23
= E <AR(51) 4+ CIn (SO> /\%2(50) —+ .. >
51 51
D)
= E)\%(Sl) +...
51
p D X8y
$1 EAR(Sl) ~ CA%(s1). (13.25)

where we again ignored higher order terms. This differential
equation tells us how the coupling Ag changes with the scale s;.
It’s conventional to call the scale in this context y and thus we
write

d
M@/\R(ﬂ) ~ CAR(p). (13.26)

This is known as the one-loop renormalization group equation
of the ¢* model. This name is motivated by the observation
that Eq. 13.26 allows us to calculate how the model behaves at a
different scale y given its behavior at some reference scale p."4
The switch from pg to p is a scaling transformation

B = apo, (13.27)

where a is a real number. An important property of scaling
transformations is that the combined action of two scaling trans-
formations is again a scaling transformation:

o — 1 = S1(po) = a1po

H1 — p2 = Sa(p1) = azmy
3 )
= ap(ai1py) = apo = S(po) - (13.28)

4 As usual, an initial value is
necessary to get a unique solution
of a differential equation.
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In words, this means that the outcome of the scaling transfor-
mations from p to yq to yo is equivalent to a single scaling
transformation p to yp. In mathematical terms

Sl © 52 = S'/ (1329)

where o denotes the operator that allows us to connect trans-
formations (here ordinary multiplication). This property of a
set of transformations — called closure — is one of the hall-
marks of a group. A group is a set of transformations that fulfill
a special set of conditions (axioms) and closure is one of them.
Analogously, it can be checked that scaling transformations ful-
fill the remaining group axioms and this motivates the name
renormalization group equation.

13.5.1 The Meaning of the Renormalization Group Equation

5 Equivalently, we could solve
Eq. 13.26 with a specific initial value
ARr(po) at a reference scale py.

To understand the running of the coupling A () a bit better,
let’s put some numbers into Eq. 13.24:'5

3
- 16m?
so = 10 GeV
A(sg) =0.3. (13.30)

In this model, the change of Ar as we move to higher energy
scales s; looks schematically like this:

A

2

In words, this means that the physical coupling Ag(s1) gets
stronger at higher scales s;. But it does so very slowly. By look-
ing at Eq. 13.24, we can see that its growth is logarithmic. For
example, at a scale sy = 10000 GeV it has only increased to
AR(10000 GeV ) =~ 0.312. Here’s one way to understand how
this comes about.



Recall that we want to describe how two particles that we in-
terpret as field excitations of the scalar field ¢ interact with
each other. For concreteness, we call these particles pions. In
the lowest order approximation, the pions meet at a point and
then scatter off again. If we take higher order corrections into
account, we notice that the interaction between the two parti-
cles is far more complicated. For example, the two incoming
particles can annihilate each other, produce a virtual pion pair
which then annihilate and produce the final outgoing pion pair.
Higher order corrections correspond to even more complicated
ways in which the two particles can interact while they are in
the system.

We have introduced the renormalized coupling Ag(sg) at some
reference scale sy in such a way that interactions can be de-
scribed completely by the simple diagram with just one interac-
tion vertex.

K K¢
é"/\K

KA K,

But if we move to another energy scale s, we must take cor-
rection terms into account which correspond to the more com-
plicated diagrams given above. In our perturbation series with
expansion parameter Ag(sp), these corrections only yield zero
for s; = s since In(1) = 0 (see Eq. 13.24)."® Moreover, higher
order corrections become more and more important as we move
to higher energy scales since for s; = 2sp, we have

In (Sl) =In (ZSO> =1In(2) = 0.7, (13.31)

50
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=

N
=~
’-ﬁ

16 For your convenience, Eq. 13.24
reads

Ax(s1) ~ Ag(s0) + Cln (j—;) Ra(so).
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while s; = 10sy, we have

In (Sl> =In (1OSO> =1n(10) = 2.3. (13.32)

50 50

We can therefore imagine that by investigating processes at
higher energy scales s1, we start to probe the more complicated
ways in which the interaction can happen. At sq, the interaction
is described completely by the almost trivial Feynman diagram.
At some slightly higher scale, e.g, s; = 25y, Feynman diagrams
with two interaction vertices become noticeable, while at even
higher scales , e.g, s; = 10sp, more and more complicated
diagrams start to contribute significant corrections.

i ki +k=5=5,

Als)2 K}“‘q

3

H k+k=5#5 "

NLAY4
AU«): %Q—{_ka

13 kq
T eee

i
k

A popular way to drape words around this observation is by
saying that if we shoot particles into each other at higher en-
ergies, we probe the detailed substructure of the interaction.
This, in turn, allows us to understand why Ag(s1) gets larger at
higher energy scales, s;.

The diagrams that describe the first correction to the one-vertex
interaction, involves one virtual pion pair. Higher order terms
involve two or even more virtual pion pairs. Moreover, we
imagine that each virtual pion carries the charge Ag(sg). Thus
at low energies, there are just the two incoming and outgoing
particles.



SCATTERED COMMENTS

At higher energies, however, we start to see a cloud of virtual
pions, each of which carries charge Ag(sp).

Thus the net charge involved in the process, Ar (51), is larger
than Ag(sp). As we move to higher energies, we start to see
more and more virtual pion pairs and thus the net charge
ARr(s1) grows. This is known as anti-screening of the charge
A

What we’ve discussed in this section is not a special feature of
a scalar field with ¢*-self interaction term. Similar calculations
lead to exactly the same conclusions in different models. In
particular, running couplings are a general feature of quantum
field models. But how exactly a given coupling changes with
the scale at which we probe it, depends on the model at hand.
Some coupling parameters get stronger as we move to higher
energy scales, while others get weaker. A famous example is
the electric charge e which is the coupling parameter that en-
codes how the electron field interacts with the electromagnetic
field. Since the electron field is a complex spinor field, there are
not just electrons but also anti-electrons known as positrons.
Thus, when we probe the interaction of two electrons at high
energies (again, relative to some reference scale), the effects of

505
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7 In the 1980s, when grand unifica-
tion was first proposed the gauge
couplings were not measured very
precisely and it seemed plausible
that the three couplings meet at

a common point. Nowadays, the
couplings are measured much more
precisely and it is well known that
there is a significant mismatch at all
scales. This, however, can be inter-
preted as a hint for new particles
between the electroweak and the
unification scale. You can find a
recent discussion in

Jakob Schwichtenberg. Gauge
Coupling Unification without
Supersymmetry. Eur. Phys.

J., C79(4):351, 2019a. DOI:
10.1140/ epjc/$10052-019-6878-1

virtual electron-positron pairs become noticeable. Through the
presence of the incoming electrons, the virtual electron-positron
pairs are polarized, analogous to what happens in a dielectric
medium.

®
o
e ® © Oc¢
© (+]
°
:oe ©
-]

This leads to a screening of the charge. At higher energies, the
effect of more and more virtual electron-positron pairs becomes
noticeable and there is a more pronounced screening effect. This
suggests that the electric charge gets weaker at higher energy
scales, which is indeed observed in experiments.

Let’s finish this section with a quick glance beyond. An exciting
implication of the fact that charges run differently is that they
can meet at a common point. In particular, the couplings associ-
ated with the three gauge forces (weak, strong, electromagnetic)
meet approximately at around Mgyt ~ 10'° GeV.17
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This has motivated the idea that the three gauge forces have a
common origin. One popular framework to realize this idea is
known as grand unification.

Now that we’ve developed some understanding of how we can
use quantum field theory in practice, it’s time to discuss several
more advanced aspects.
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Part 111
Get an Understanding of Quantum
Field Theory You Can Be Proud Of

"Is the purpose of theoretical physics to be no more than a cataloging of all
the things that can happen when particles interact with each other and
separate? Or is it to be an understanding at a deeper level in which there
are things that are not directly observable (as the underlying quantized
fields are) but in terms of which we shall have a more fundamental
understanding?”

Julian Schwinger

PS: You can discuss the content of Part III with other readers and give feedback at
www . nononsensebooks.com/qft/bonus.


www.nononsensebooks.com/qft/bonus




In this final part of the book we will talk about several aspects
of quantum field theory that go beyond the perturbative treat-
ment of individual models discussed in the previous part:

> We will start with a discussion of symmetry breaking. In
particular, we will see why spontaneous symmetry breaking
leads to spontaneous mass generation.

> Afterwards, we will talk about the path integral formulation.
We will discuss the main idea in the context of quantum
mechanics and only afterwards discuss quickly the path
integral formulation of quantum field theory.

> The path integral formulation is important because it allows
us to describe phenomena that we miss in a perturbative
treatment. As an explicit example of such non-perturbative
phenomena we will discuss instantons which can be un-
derstood as a tunneling process from one ground state to
another.

> Lastly, we will talk shortly about the origin of the Lagrangians
that we used in the previous chapters.






14

The Living Vacuum

"Philosophers are people who know less and less about more and more
until they know nothing about everything. Scientists are people who
know more and more about less and less until they know everything
about nothing." - Konrad Lorenz

"In classical mechanics three objects are already too difficult, in quan-
tum mechanics two, in quantum field theory zero." - Unknown

"No point is more central than this, that empty space is not empty. It
is the seat of the most rich and surprising physics." - John Wheeler

"Anatoly Larkin, posed a challenge to two outstanding undergraduate
teenage theorists, Sacha Polyakov and Sasha Migdal: 'In field theory
the vacuum is like a substance; what happens there?”" - from The
Infinity Puzzle by Frank Close

One of the most interesting aspects of quantum field theory is
the ground state of different quantum fields. Naively, we would
imagine that the ground state of a field looks like a perfectly
calm sea:
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* We calculated this in Eq. 8.19.

This is, in fact, true for classical fields which we can understand
as networks of coupled classical oscillators. In contrast, for a
network of quantum oscillators it is suggestive to imagine the
configuration with the lowest amount of energy as something
more similar to boiling water:

There is simply no way to make it any smoother since the
ground state energy of each oscillator in the network is non-
zero. Moreover, the standard deviation of observables like the
position Ax and momentum Ap are always non-zero for a quan-
tum oscillator. This is necessarily the case because otherwise the
uncertainty relation AxAp > % would be violated. In words,
this means that if we measure the location of a quantum oscilla-
tor in its ground state we don’t always find it at its equilibrium
position. Instead, sometimes we will find it a bit above and
sometimes a bit below it.

We already stumbled upon this curious property of the ground
state of quantum fields when we discovered that the energy of
the ground state is infinitely large.” There are many, sometimes
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heated, discussions about how seriously we should take this
result and what role is played by virtual particles. For example,
it’s very tempting to draw a connection between the vacuum
bubble diagrams that we discarded by normal ordering our

Hamiltonians and ground state fluctuations.? These vacuum 2 We discussed the need for normal-
ordered Hamiltonians in Section 9.4

bubble di lly described by stories al th
ubble diagrams are usually described by stories along the and discovered in Chapter 11 that

lines of "particle-antiparticle pairs constantly pop in and out the contractions that we remove
of existence". This language is problematic because even if we this way correspond to self-loop
diagrams.

don’t discard vacuum bubble diagrams altogether, internal
lines in Feynman diagrams always correspond to Feynman
propagators which is not what we use to describe particles.

Instead, Feynman propagators are damping factors that tell us
how a non-zero field value affects the non-zero field value at a
different location, while incoming and outgoing "real" particles
are described by plane wave-like functions.

In addition, we only encounter an infinitely large energy be-
cause we start with the classical theory and then quantize it. But
quantum theories are more fundamental than classical theories.
Thus it makes more sense to start with a quantum theory that
matches our observation and then dequantize it appropriately.
In contrast, the quantization of a classical theory is necessarily
plagued by ambiguities. To understand why, take note that the
process of zooming out (quantum — classical) is usually pos-
sible without problems. But zooming in (classical — quantum)
is often not possible in a unique way using theoretical methods

alone.3 3 Experiments can help to decide
which fundamental model is

. the right one. But zooming in
There are many new details at a more fundamental level that purely using mathematics leads to

are washed out when we zoom out. Thus there are usually ambiguities.
many fundamental models that lead to the same less-fundamental

model when we zoom out. The difference between these funda-

mental models are details that are washed out when we zoom

out. This implies that the process of zooming in is not possible

without ambiguities. In principle, we can end up with any of

the more fundamental models that lead to the less-fundamental

model after zooming out.
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To make this a bit more concrete, recall how we ended up with

the conclusion that the ground state energy in quantum field
theory is infinitely large. We started with the classical Hamil-
tonian and the classical field expansion. We then promoted the
coefficients a(k), at (k) in the field expansion to operators by im-
posing the canonical commutation relations. Then we plugged
the quantized field expansion into the formula for the Hamil-
tonian and, using the canonical commutation relations, found
that

w -
H= /V 4K @ n") at (B)a(k) + 5 / Ak 8(0). (14.1)

But what if we rewrite the Hamiltonian first and then quantize
it? We can plug the classical field expansion into the formula
for the Hamiltonian and since in this context a(k), a* (k) are just
ordinary functions that commute, we find

H= /dk3 wk at(K)a(k) . (14.2)

If we now quantize the field, there is no infinitely large term in



the Hamiltonian. In summary

’ classical field expansion Fplug into

impose commutation relations rewrite
’ quantized field expansion ‘ ’no infinitely large term‘
plug into impose commutation relations
’ quantized Hamiltonian ‘ ’ quantized Hamiltonian ‘
infinitely large finite
ground state energy ground state energy

Which route is the right one? Or equivalently, which Hamilto-
nian describes energy in the quantum theory correction? There
is simply no way to answer these questions using purely the-
oretical arguments and thus it makes sense to work with the
more convenient one until experiments tell us otherwise.#

But luckily, there is also a lot of interesting physics associated
with the ground state of quantum fields that is a lot less contro-
versial.

One of the most important phenomena associated with the
ground state of quantum fields is spontaneous symmetry break-
ing. Before we discuss spontaneous symmetry breaking, we
should talk about symmetry breaking in more general terms
first.

14.1 Symmetry Breaking

Speaking colloquially, a symmetry gets broken when an object
becomes stiff. For example, let’s consider a gas of molecules
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41t is often argued that the experi-
mentally confirmed Casimir effect
demonstrates that the vacuum en-
ergy density is non-zero. The idea is
to calculate the energy between and
outside of two plates. Since they
are not equal, there must be a force
F=- % that acts on the plates,
which is known as Casimir force.
This explanation is controversial
because the Casimir force can also
be understood as a van der Waals
force. In particular, by saying that
the electric field vanishes on the
plates is analogous to saying that
electronic fluctuations on the planes
become synchronized. This is ex-
actly how we describe the origin

of the van der Waals force which
has nothing to do with "vacuum
fluctuations" or "vacuum pressure”.
For discussions see, for example,

Kimball A. Milton. The Casimir
effect: Recent controversies and
progress. J. Phys., A37:R209, 2004.
DOTI: 10.1088/0305-4470/37/38/Ro1;
R. L. Jaffe. The Casimir effect
and the quantum vacuum. Phys.
Rev., D72:021301, 2005. DOI:
10.1103/PhysRevD.72.021301; and
H. Nikolic. Proof that Casimir force
does not originate from vacuum en-
ergy. Phys. Lett., By61:197-202, 2016.
DOT: 10.1016/j.physletb.2016.08.036
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which is certainly not stiff. A result of the non-stiffness is that a
gas is rotational symmetric and translational symmetric.

The situation changes if we cool the gas. At some point it will
become fluid and eventually it will freeze and become solid.
After each step the molecule system becomes more stiff. As a
result, the system is no longer symmetric under all transforma-
tions.

° .. [ ] .‘ ,.\ /.\ /.
° .0 ¢ i-‘)OK ’.’\ ’/\ Pie o
° ° o . > .\ ,,’: ,\'\\\ /,.
° [ ] %a S [ ) [ ] [ ] l(e

For example, we can only rotate an ice crystal by very special
angles like, say, 120 degrees or 240 degrees without inducing
notable changes. In contrast, a gas can be rotated arbitrarily and
always looks the same.

Here’s one way of looking at the situation. Imagine that you
want to perform an experiment with a substance that is located
in a box. Before you perform the experiment, you hand the box
to a friend who possibly rotates the substance within the box. If
the substance in question is ice, the orientation of it inside the
box can make a big difference. Therefore, you will immediately
notice whether or not your friend rotated the substance. But if
the substance in question is a gas, there isn’t even a way to talk
about it’s orientation and hence it doesn’t matter. In this sense,
a block of ice has less symmetry than a gas.

/4
pas-1 e Fo
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The two rules of thumb to take away are:

> Objects are less symmetric if they are stiff.

> Objects become more stiff when we cool them.

If we combine these two observations, we can conclude that it’s
quite reasonable to expect that it is possible for symmetries to
be broken when we cool a system. Moreover, if we increase the
temperature within a system we typically expect that symme-
tries are restored.

high temperature H non-stiff system

symmetry restoration symmetry breaking

lower temperature stiff system

In the following section, we will discuss exactly the same ideas
in the context of fields.

14.2 Explicit Symmetry Breaking

The Lagrangian that describes a free scalar field reads (Eq. 5.2)

L= 3 (09"~ mPg?) (143)

An interesting observation is that if there is no mass term (m =
0), the Lagrangian is unchanged by field shifts

¢p—¢' =¢+e, (14.4)

519
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5In the formula m = LZ, the
constant M describes the mass of
the object attached at the end of the

spring.

where € is a constant. We can check this explicitly:

1
L:E%WWW

QD Eq 144
:%@(¢+QW(¢+Q

D 0,e=0
= 293" ¥ (14.5)

In contrast, the mass term is changed by a field shift

m?¢’? = m? ((,b + 6)2 =m? (4)2 +2e¢p + 62) #m?p?.  (14.6)

Thus we can summarize:

> If there is no mass term (m = 0) a field shift is a symmetry.

> If there is a mass term (m # 0) a field shift is not a symmetry.

This suggests that the mass parameter m describes the stiffness
of the field. If we recall from Section 5.1.1 that we can under-
stand a scalar field as a coupled network of oscillators, this
interpretation makes perfect sense. In particular, we derived
that the mass parameter m is directly related to the spring con-
stant k associated with each oscillator (m = ﬁ, Eq. 5.26).> For
m = 0, we therefore have k = 0 which implies that the springs
have zero stiffness. In other words, if m = 0 we are dealing with
a network of coupled mass points. In the continuum limit, this
network behaves like a rope (at least if we restrict ourselves to
one spatial dimension).

o o ¢ 0o o o O

In contrast, for m # 0, we are dealing with a network of mass
points which are attached to springs. In the continuum limit,
this becomes a rope attached to springs

SR EARER
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With these pictures in mind, we can understand why a scalar
field is less symmetric if m # 0.

> If m = 0 we can raise or lower the rope as a whole (Eq. 14.4)

¢ ¢ =¢+e (14.7)
without changing anything.
o 3 oo 2 29
o9 ¢ ¢ o o9 —2
> If m # 0, this is no longer possible. The springs keep track

of the position of the rope and we must stretch them to move
the rope.

rﬁfﬁﬁ”umm

In summary, the mass parameter m encodes the stiffness of a
field. Moreover, if m # 0 the field shift symmetry (Eq. 14.4) is
broken.

So far, we’ve tuned the parameter m by hand. But we can also
imagine that the parameter m changes dynamically analogous
to how a gas becomes more stiff if we cool it.

14.3 Spontaneous Symmetry Breaking

Let’s consider once more a self-interacting scalar field which we

describe by the Lagrangian (Eq. 6.26)6 ® We discussed this Lagrangian in
Section 6.2. However, for reasons
1 1 ) 1 4 that will become clear in a minute
L= an(PaV(P - EV ¢ — E}Kb : (14.8) we call the parameter in front of ¢?

now 2 instead of m?.
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The corresponding Hamiltonian reads (Eq. 10.2)
5. (1 g Lo 1) 4
H= /d x (509" + S22+ A0Y) . (149)

In this formula, the first term encodes the kinetic energy while
the second term encodes the potential energy:

V(p) = %yngz + %)\4)4. (14.10)

If we assume that potential parameters (42, 1) are positive, the
potential looks like this

T V@©)

)

The minimum of the potential is at ¢ = 0. While the model is
not invariant under field shifts (Eq. 14.4), it is unchanged by the
transformation

d— ¢ =—0. (14.11)

In other words, this is a symmetry of the model.

The situation changes dramatically if we replace y?> — —pu?. The
Lagrangian in this case reads

1 1 1
_ 1 Py 2,22 L4
L zawpa ¢+ Pl ¢ 4!)\4) . (14.12)
This implies that we are dealing with the potential
1 1
V(p) = =519 + A", (14.13)

which looks like this



V()

N4 DA

We can see that the minimum of the potential is no longer at
¢ = 0. To calculate the new minima, we look at the zeroes of the
derivative of the potential”

oL aV(e)
=
i ) ) D Eq 1413
_ AL 14
- d4>( L +4!”)
> =3
1 41 3
= —1p+ 5797
?
2, 1,0
= 9(— 2+ 570). (14.14)
By looking at the figure above, we can see that while for ¢ = 0
we also find d‘g—g”) = 0, this field value now corresponds to

a maximum of the potential. The two minima correspond to
the field values for which the expression between the brackets

vanishes:
0= —u?+ l)t(l)z

. 3 D 31=3.2-1=6

|
Xﬂz = ¢

2V
6u? |
+ % =¢. (14.15)

As shown in the figure above, there are two minima in this
scenario. This result is important because we want to describe
particles and we understand particles as field excitations above
the ground state configuration. The ground state configuration
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7 This is the standard method to cal-
culate the maxima and minima of a
function. The derivative describes
the slope of the function and the
defining feature of a maximum or
minimum is that the slope is zero.



524 NO-NONSENSE QUANTUM FIELD THEORY

is, by definition, the configuration with minimum energy. In
the previous scenario with +4? in the potential there was no
subtlety since the potential minimum corresponds to ¢ = 0. As
before, we can interpret the parameter y as the mass associated
with the field.

However, in the scenario with —u? in the potential we must be
more careful. The minimum of the potential now corresponds to

2 2
either ¢ = 6% or g = — 6%. This makes it difficult to think
of particles as small excitations.

Moreover, formally the switch y> — —u? implies that we are
dealing with a field with an imaginary mass parameter:

p—in o - -t (14.16)
These observations suggest that we are looking at the model in

the wrong way. But it’s not too hard to remedy the situation.

For concreteness, let’s assume that the field ends up in the min-

imum at ¢ = %. We then define a new field by shifting the
original field

6 2
o (14.17)

SN
|
<=
|
>

This is a smart idea because the relevant minimum of the po-
tential corresponds to ¢ = 0. Moreover, we can check that the
redefined field ¢ has a real mass parameter. To that end, we
rearrange the terms in Eq. 14.17

¢ =\ (14.18)



and plug this into the Lagrangian (Eq. 14.12)

L= f8u¢8”4>+2u4> 4,A4>4

2o (2o (580 4 B3+ /20)°
e )

= %ayqsal‘qﬂ <4> +6%+24> i )
1 26P‘ ou2  (6p7\?
—4!A<4> +4¢° +64> +4gy/ & +(T) )

6
= Lo+ g+ I 12 [0

Ll 1 ~3,/6L_% 272 6p? _%&4
T AR TEAUA Vi wiir v 3'A A 4 A

2
= Do — i+ 2 g - g [P o)

We can see that the parameter in front of the ¢* term appears
here with a minus sign which is the usual case and implies a
real mass. Thus we conclude that if the mass term appears with
a positive sign in the Lagrangian (= negative sign in potential),
we should switch to a description in terms of the shifted field ¢
(Eq. 14.17).8 This has many important implications. But before
we discuss them, let’s try to paint a bigger picture of what is
going on here.

According to the generally accepted big bang scenario, there
was a time when the universe was extremely hot. As the uni-
verse expanded in the billions of years after the big bang, it
gradually became cooler. This, in turn, suggests that funda-
mental systems like quantum fields became more stiff as the

THE LIVING VACUUM

D Eq. 1418

8 Reminder: the relationship be-
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tween the interaction Hamiltonian
and the interaction Lagrangian is

(Eq. 12.3)

Hinteractions = _Linteractions .

Thus a negative sign in the interac-
tion Lagrangian becomes a positive
sign in the interaction Hamiltoni-

an/potential.
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universe cooled down and gradually became less symmetric. If

we imagine that the parameter y# changes as the universe cools
down, we can describe this idea in mathematical terms by using
what we’ve just discussed.

In the early universe, the scalar field ¢ is properly described by
a Lagrangian with a negative factor in front of the ¢? term:

1 1 1
—— Hp =242 - 4
L 28y4)a ¢ oM ¢ 4!)\90 . (14.20)

Then as the universe cools down, the factor u? changes and
eventually becomes negative.

This transformation is best described through the change of the
potential (Eq. 14.10)

V(p) = 5297 + A0 (14.21)

The shape of the potential for different signs of the y? term is
shown in the following figure:

V=+wtdY .. V=— ..
N\ \ A\
\\T/ 7 v A

We can see that as long as there is a positive sign, there is just

one minimum which corresponds to ¢ = 0. For 2 < 0, however,
the shape of the potential is completely different and there are
two different minima. What happens to the field ¢ if we assume
that it was in its ground state (¢ = 0) in the early universe?
Since the shape of the potential changes, the field will try to
settle in one of the new minima. The previous minimum at

¢ = 0 is no longer a minimum if there is a minus in front of y?



and the field spontaneously undergoes a phase transition into
one of the new minimum energy configurations. In other words,
we imagine that the field is pushed through the cooling process
(as parametrized by the change of the y? term) into one of the
two new minima, analogous to how a marble rolls down if we
put it on top of a sombrero.

VAW,

Moreover, we imagine that particles are always field excitations
above the ground state.

This explains why it’s a good idea to use a description in terms
of the shifted field ¢ after the phase transition.

An important observation is that as soon as the field leaves the
previous ground state configuration (¢ = 0), the symmetry

(Eq. 14.11)

¢— ¢ =—¢ (14.22)
is broken by the new ground state configuration. The previous
ground state was unchanged by this transformation because

$Pmin =0=—0= —Pmin- (14.23)
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9 Take note that the Lagrangian
written in terms of ¢ (Eq. 14.19) is
not invariant under the transforma-
tion § — —¢. However, it is still
invariant under the original sym-
metry of the Lagrangian ¢ — —¢,
which implies for the shifted field
¢ — —¢ — \/6Au2. It is conven-
tional to say that the symmetry is
only hidden in the Lagrangian but
broken by the ground state. This is
a defining feature of spontaneous
symmetry breaking. A symmetry
is explicitly broken if there is a
term in the Lagrangian that isn’t
unchanged by the transformation.

But if the field settles in the minimum energy configuration

2 2 2 2
Pmin = 6%, we have ¢nin, = \/6% — —1/ 6% =+ 6%. Since
the field ends up in one of the two minima, there is necessarily
an element of the theory (the ground state) that does not respect
the symmetry. We say, the symmetry is spontaneously broken.9

Before we move on, let me emphasize the difference between
spontaneous symmetry breaking and explicit symmetry break-
ing. One of the famous examples of spontaneous symmetry
breaking is the bending of a rod. If we put no pressure on the
rod, the system has a perfect rotational symmetry. However, if
we apply a force in the longitudinal direction on the rod, it will
bend and the symmetry is spontaneously broken.

—_

J,F

The key point here is that the rod and the force that we apply
are both rotationally symmetric. Nevertheless, the system settles
spontaneously in a new non-rotationally symmetric state.

We can, of course, also bend the rod by applying a force in
the horizontal direction. In this case, the symmetry is broken
explicitly by the non-symmetric force.



In the previous section, we’ve discussed that the stiffness of a
field is encoded by the mass parameter and that the stiffness of
a system is related to its symmetries. Moreover, we’ve seen in
this section that changes in the stiffness parameter y are directly
related to the process of spontaneous symmetry breaking. In the
following section, we will see that the situation becomes even
more interesting if we consider how the phase transition of the
scalar field ¢ affects other fields it interacts with.

14.4 Spontaneous Mass Generation

Let’s consider once more the interaction between a real scalar
field ¢ and a complex scalar field ¢. The Yukawa term in the
Lagrangian that describes this interaction reads™

Lyukawa = 7g¢¢¢ (14.24)

We learned above that if the scalar field ¢ undergoes a phase
transition, we should use the shifted field (Eq. 14.17)

- 62
P=¢—\ 5 (14.25)
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©We discussed Yukawa interactions
in Section 6.3 and Section 12.1.
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The Yukawa term reads in terms of the shifted field

‘CYukawa = —gl/_Jlngb
D Eq 1418

= —8¢y (43+ %)

S 6u2 _
= —g g — g\ -y (14.26)

On the one hand, this implies that the interaction between ¢
and ¢ is described by the same coupling parameter g. On the
other hand, we can see that there is an additional term which
has exactly the structure as a mass term of the field ¢. There-
fore, we conclude that if the field ¢ is massless before the phase
transition, it will be massive afterwards. Its mass

612
my = g1/ % (14.27)

is directly related to its coupling strength ¢ to the real field ¢.
This implies that the mass 1 is caused by interactions between
¢ and . Therefore, we have here a dynamical model of how
fields become massive. Analogous to how we say that a symme-
try gets spontaneously broken, we say that we’re dealing with a
spontaneously generated mass, 1.

It is again instructive to rephrase what we’ve discovered here
in big picture terms. First of all, we imagine that in the early
universe ¢ was massless. Then as the universe cooled down,
the field ¢ undergoes a phase transition. A byproduct of this
phase transition is that the field ¢ becomes massive. Moreover,
we can imagine that there are other fields ; that also interact
with ¢. To describe each of them appropriately after the phase
transition of ¢, we need to include a mass term for them in the
Lagrangian. Each mass parameter that is generated through the
phase transition can be written as

612
my, = gi\/ % , (14.28)



where g; encodes the coupling strength between 1; and ¢. This
implies that the stronger a field ¢; interacts with ¢, the bigger
its mass will be after the phase transition.

Next, we want to understand better what a spontaneously gen-
erated mass really is. In the previous sections, we've treated
the field ¢ entirely as classical and luckily, roughly the same
conclusions apply to quantum field theory. An important hint
is that the expectation values of quantum operators behave like
classical variables.!* In our context here, we write!?

(0[¢[0) = Pco - (14.29)

The expression (0|¢|0) is commonly called the vacuum expec-
tation value of ¢. In words, Eq. 14.29 tells us that ¢y describes
the field values that we expect on average if the field is in its
ground state, |0)."3 Moreover, this formula implies that our
(classical) conclusions from the previous sections apply in the
quantum theory to the vacuum expectation value, (0|¢|0), of the
field ¢.

Before the phase transition we found that the minimum of the
potential is at ¢ = 0 and thus we have

(0l¢l0) = 0. (14:30)

After the phase transition, the minimum is at ¢ = + % and
we can conclude™
612
(0]l0) = 1/ 2= (1431)
The existence of two minima implies that there are two different
ground states of the field ¢:

_jep?
(071pl0™) =/ =~

612

(07 [plo) = -/ (14.32)
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" In quantum mechanics this is
known as the Ehrenfest theorem.

> The following paragraph
shouldn’t be taken too seriously
and is primarily a heuristic story,
not a rigorous discussion. There are
many subtleties that we are glossing
over here. In particular, the vacuum
expectation value is usually defined
with respect to the interacting vac-
uum state |()) which, in general, is
different from the free vacuum state
|0).

1 Recall that (|O|) denotes the
expectation value of the operator O
if we prepare the system in the state
|1). Here, we prepare the field in its
ground state, |0) and the field ¢ is
the operator that we consider.

4 Formally, this can be derived
by considering the classical limit
(i — 0) of the path integral

(0[pl0) =
= lim / Dget 4Ll

h—0
= (Pmin .

We discuss the path integral in the
next chapter.
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5 Massless particles always travel
with velocity ¢, while massive
particles travel with a velocity

v < c. This fact is closely related
to our observations in Section 3.6
that all plane waves in a field
without dispersion travel at the
same velocity c.

Moreover, by looking at Eq. 14.31 we can conclude that, on
average, we expect to find a non-zero field value if the field is
in its ground state. One way to interpret this result is by saying
that after the phase transition, the vacuum is filled with "¢-
substance". Before the phase transition we found (0[¢[0) = 0
and thus we can imagine that vacuum was, on average, empty.
After the phase transition, we are dealing with the shifted field
¢ and we found (0|¢|0) # 0. This implies that the vacuum is no
longer empty but filled with ¢ excitations.

We can use this to understand why other fields acquire a mass
through the phase transition. Before the phase transition,
(0]¢|0) = 0 implies that a given field excitation (particle) can
travel through space without being affected by ¢.

(¥ ] ->
0‘7

G %

However, after the phase transition, each excitation of a field
that interacts with ¢ is constantly affected by it since (0|¢|0) #
0.

Q/'VL/:? .. . °
0 _~ ’ T

The constant interaction with the "¢-substance" causes the par-
ticles to slow down, which we describe effectively through a
non-zero mass.'> Some particles have little problem moving in
the "¢-substance” since they couple only weakly to ¢. There-
fore, we say that they have a small mass. Other particles interact



strongly with the "¢-substance" and therefore, effectively, have

a large mass. Moreover, there are also particles that are not af-
fected by the "¢-substance" since they don’t interact with ¢ (e.g.,
photons 7). These particles remain massless.

In this chapter, I've only sketched some of the key ideas behind
symmetry breaking in quantum field theory. In particular, in
addition to explicit and spontaneous symmetry breaking, there
is anomalous symmetry breaking. This term is used to describe
the phenomenon that a symmetry of the Lagrangian (a sym-
metry of the classical model) does not survive the quantization
procedure. Moreover, we’ve only discussed the spontaneous
breaking of the discrete symmetry ¢ — —¢ (Eq. 14.11). Far
more important in modern physics is the spontaneous breaking
of continuous symmetries."® An interesting side-effect of the
spontaneous breaking of a continuous symmetry is the emer-
gence of massless particles, known as Goldstone bosons. This
connection is formalized by the so-called Goldstone theorem.
Moreover, there is a famous loophole in Goldstone’s theorem
that is known as the Higgs mechanism. In the Higgs mecha-
nism the spontaneous breaking of global symmetry happens in
the presence of long-ranged interactions. In this case, there are
no Goldstone bosons and the long-ranged interaction becomes
short-ranged. From a particle perspective this happens because
the gauge bosons that are responsible for the interaction become
massive.
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6 A continuous symmetry is a

set of transformations that can be
parametrized by a continuous pa-
rameter which leaves the model in
question unchanged. A prototypical
example are rotations which can

be parameterized by a continuous
rotation angle. Another impor-

tant example is the phase shift
symmetry (Eq. 4.53)

gy =e Ty

that we discussed in Section 4.3.2.






15

The Path Integral Formula-

tion

An important feature of all fundamental theories of physics is

that there is more than one formulation of them. For example,

for classical mechanics there is the Newtonian formulation, the

Lagrangian formulation and the Hamiltonian formulation. The

status of alternative formulations of quantum field theory is not

quite as clear as for the other theories. But one well-established

alternative to the canonical formulation we have considered so

far is known as the path integral formulation. The path integral

formulation is in many regards a lot more complicated than the

canonical formulation. In particular, it’s extremely hard to eval-

uate the path integral for a given system explicitly and many

sophisticated ideas are necessary to make progress. Neverthe-

less, it makes sense to understand at least the main idea behind

the path integral formulation because it offers an alternative

perspective that is invaluable in many applications.” In the fol- *We will discuss a concrete example
lowing section, we discuss how the path integral formulation in the next chapter.
works in quantum mechanics. Afterwards we take a short look

at the path integral in quantum field theory.
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15.1 The Path Integral in Quantum Mechanics

2 The following thought experiment
is due to Anthony Zee and appears
in his brilliant book titled Quantum
Field Theory in a Nutshell. Moreover,
this section is an excerpt from my
book

Jakob Schwichtenberg. No-
Nonsense Quantum Mechanics. No-
Nonsense Books, Karlsruhe, Ger-
many, 2018c. ISBN 978-1719838719

3 Take note that this is not the same
as |91 (B)P? + [2(B) . The impor-
tant difference is the interference
term 11 (B),(B) which is responsi-
ble for the interference pattern.

We start with a thought experiment that illustrates the general
idea.?

Our starting point is once more the double slit experiment. In
the standard wave function formulation, we have a probability
amplitude ¢ (B) that our particle travels from A through slit 1
and then ends up at the location B on our screen. Analogously,
we have an amplitude i, (B) that it travels through slit 2 and we
then detect it at the location B. The total probability is then the
sum of the amplitudes squared3

Pag = [ ap| = [¢1(B) + ¢2(B)|*. (15.1)

A ‘|
Now, here’s a clever series of thoughts which starts with the

question: What happens if we drill another slit into our wall?

Well, in this case we simply have

Pag = [ ap| = [$1(B) + y2(B) + y3(B)|*. (15.2)

Al B
4 1

The next clever question is: What happens if we add another
wall with holes in it behind the first one?
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Again, we need to include all of the possible ways that the
particle can get from A to B. For example, we now have an
amplitude for the path from slit 1 in the first wall to the slit 1/
in the second wall, another amplitude for the path from slit 1 in
the first wall to slit 2" in the second wall and so on.

A 2\ Z"

The crazy thing is what happens when we take this game to the
extreme: We add more and more walls and drill more and more
holes into them. At some point there will be no walls left since
we drilled so many holes into them. However, our discussion
from above suggests how we have to calculate the probability
that the particle starts at A and ends up at B: we have to add
the amplitudes for all possible paths to get from A to B. This is
true even though there are no longer any walls since we drilled
so many holes into them. The final lesson is therefore that in
empty space without any physical walls, we have to consider
the probabilities of the particle taking all possible paths from
one point to another instead of just one path. This is the basic
idea behind the path integral formulation of quantum mechan-

L=t

K
Ay

ics.

We will translate exactly this idea into a mathematical form and
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4+ We discussed the quantum frame-
work in Chapter 7.

5 We use the shorthand notation
[$(q)) = |g) and, for simplicity
assume that the Hamiltonian is
time-independent, which is the case
for a free particle. Otherwise, we
have to write the integral all the
time: U(t) = e # e HE) Also, we
neglect the factor 71 to unclutter the
notation.

then see how the name path integral comes about.

What we are interested in is the probability that a particle that
starts at a point A ends up after some time T at another point B.
Using the standard quantum framework, we can immediately
write down the corresponding probability amplitude*

(BI¥(A,T)) - (15.3)

Using the time evolution operator (Eq. (7.27)) we can write this
as’

(B[¥(A,T)) = (BJU(T)|A)
= (Ble7HHT|A) .

The thought experiment from above suggests how we can cal-
culate this: We slice the spatial region between A and B and the
time-interval [0, T] into many many pieces. Then, to calculate
the probability that the particle moves from A to B, we have to
sum over the amplitudes for all possible paths between A and
B.

For example, let’s consider one specific path where the particle
travels from A via some intermediate point g1 to B.

f
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The corresponding probability amplitude is
(Ble= T ) (gafe~114)

where #; is the time the particle needs to travel from A to the
intermediate point 4.

However, according to our thought experiment, it is not enough
to consider one specific path. Instead, we must add the ampli-
tudes for all possible paths. This means that we need to take
into account the probability amplitudes that after #; seconds the
particle is at any possible locations g

>
5 7
And mathematically this means that
Y- (Ble T gp) (q1]e~ M1 A) . (15.4)

n

In general, there is not just a discrete set of possible locations
after t; seconds but instead a continuum. Therefore, we have to
replace the sum with an integral

Eq. (15.4) — / dgy (Ble ™M(T=1)|g,) (g1e=Hh]A) . (15.5)
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® Once more we use the series
n

expansion e¥ = Y7 o &

So far we’ve only taken the probability amplitudes into account
that the particle is at some specific point in time ¢; at all possi-
ble locations. However, to consider all possible paths we have
to do the same thing for all points in time between 0 and T. For
this purpose, we slice the interval [0, T] into N equally sized
pieces: 6 = T/N. The time evolution operator between two
points in time is then U(6) = e "¢ and we have to sum after
each time evolution step over all possible locations:

Mathematically, we have completely analogous to Eq. (15.5) for
the amplitude 4_,p that we want to calculate

Yan = [ dan-- gy (Ble™™ qnoa) (gl e gy 2) -+
(e A) (15.6)

Our task is therefore to calculate the products of the form

—iHé _
<q,-+1| e’ |q]'> = Kq/ﬂ,q/'

We expand the exponential function in a series since J is tiny6
. 1 55
Kq]-+1,q]- = <‘7j+1| 1—iHé6 — EH oc - |L]]'>

= (qjralap =0 @l Hlgj) + ... (15.7)
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The further evaluation of the propagator is quite complicated
and needs many tricks that look extremely fishy at first glance.
So don’t worry if some steps are not perfectly clear since, as
often happens, you simply need to get used to them.” If you're
not in the mood for a long calculation, it also makes sense to
jump directly to the final result in Eq. (15.13).

With this said, let’s continue. The first term in the sum is a delta
distribution since our eigenstates are orthogonal

APj in(gii1—a;
@1l ) = 6qjea —q) = [ LT sy

In the last step we rewrote the delta distribution in terms of its
explicit integral representation®.

Next, we evaluate the second term in Eq. (15.7). The crucial idea
is to recall the explicit form of H o« p?/2m + V(x). To get rid of
the operator p, we need to switch to the momentum basis®

~2
iM%ﬂHm=w%m<5+V@>m>

. p? ) [ 9P
= —i0 {qj1] (;n + V(q)> / 5 1pi) pjlag)
—_—

=1

2m

. [ dp; [ pf? o

_rdp; (v
= —1(5/E ( +V@jt1) | @i+l py) (pilaj)
2m

(15.9)

where we again used the orthogonality of the basis states and
the explicit integral representation of the delta distribution.

So in summary, our propagator (Eq. 15.7) reads

7 The following quote by John von
Neumann seems quite fitting here:
"Young man, in mathematics you
don’t understand things. You just
get used to them."

8 This can be motivated as follows:
recall that we construct a wave
packet as a linear combination of
plane waves. The delta distribution
is, in a sense, an extreme wave
packet which is infinitely thin but
at the same time infinitely high.

To construct such a wave packet
using plane waves we have to use
every plane wave that exists. This is
basically what we wrote down here.
For more on this, see Appendix E.

9 This is analogous to how we

switched from an abstract |¥)

to the explicit position basis in
Section 7.1.6.

D (pjlay) =e P
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Kgjivq; = (qj+11q;) — 10 (g1 H |q;) +

D Eq. 158
dp; .
:/Tfrlezm(qm—w)_i5<qj+l\H|qj>+
D Eq 159
:/@eim(w+1—w>
2r
- 5/ il ( +V(q]+1)> P 4
2
dp:
:/Tzezmwzﬂ—w ( —i6 (pf +V(q]+1)> +. )
. )
AP ip-(ai—a: ) ‘
:/z—l:;elp](qfﬂ qJ)exp (—15 <Zn+v(%+l)>>
2
i ipi(ai1-4; j
:/Tnzel’/(%ﬂ qj)exp (—léH(Pj,ﬂjH)) (15.10)

With this at hand, we are finally ready to go back to Eq. (15.6)
and evaluate the amplitude ¢4_,p. In total, we get N times such
a propagator Ky, , 4.

N-1
Ya g = / H dngtml,%‘
j=1
D Eq 1510

_ / H dq]/z— exp (15 2 ( M _ H(pj,q].)>> . (15.11)

Now, in the limit N — oo our interval é becomes infinitesimal.
Therefore, in this limit the term M becomes the velocity

© This is the definition of the 4."° So the term in the exponent reads pg — H. If we then ex-
?,ent"at“’e as the difference quo- ecute the integration over dp and recall that the Lagrangian L
lent.

is exactly the Legendre transform of the Hamiltonian, we can
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rewrite the amplitude as

m \N/2 pN=1 N-1
YaAp = (m) / 11 dgjexp (i ) (L(g;)) ). (15.12)
i=1 =0
It is conventional to then write the amplitude in the following
more compact form™"  We have included the so-far
neglected 7 again in this final
formula.
Yasp = /DQ(f)els["(t)]/h (15.13)

where S[q(t)] is the action that we always use in the Lagrangian
formalism and Dgq(t) is the so-called path integral measure.

In words, this equation tells us that in quantum mechanics
we can calculate the probability amplitude that a particle goes
from A to B by summing over all possible paths between A

and B and weight each path by the corresponding action. This is in 2 This is the whole point of the
Lagrangian formalism. For each

. . path between two points, we can
mechanics, we also calculate the path an object takes between calculate the corresponding action.

two fixed points A and B by considering all paths and using the =~ Since Nature is lazy, she always
takes the path with minimal action.

The paths with minimal action
the path with minimal action™. correspond to solutions of the
Euler-Lagrange equations, which

. . . . are therefore our equations of
Now, in quantum mechanics we act as if the particle takes all motion. (In some cases the action

possible paths and the classical path with minimal action is is not minimal and a more correct
statement would be to talk about

paths with stationary action.)

stark contrast to what we do in classical mechanics. In classical

action. But in classical mechanics, there is only one correct path:

therefore only one path out of many.

Take note that the path integral formulation not only works
for the probabilities of a particle which travels between two
points. Instead, we can use the same method to calculate the
probability that a system in a given configuration evolves into
another configuration at a later point in time. In this case, we
are talking about paths in configuration space.

The explicit evaluation of the path integral (Eq. 15.13) for con-
crete systems is notoriously difficult. For almost any system,
clever approximation schemes are needed to get any informa-
tion out of it. For this reason, we will not talk about any details
here.
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3 Once more we can understand
this using Euler’s formula

z=¢?

= cos(¢) +isin(¢)
= Re(z) +iIm(z)

4 On a real clock it would point to
the 3.

Instead, we will discuss a helpful visual way to understand
the path integral which was popularized mainly by Richard
Feynman. The main idea is that the action is just a number for
any given path. Some paths require a lot of action (i.e., S[g(t)]
is large for these paths between A and B) while others require
only a little action. The action appears as the argument of the
complex exponential function: ¢/514(t)],

In general, since the action S[g(t)] is an ordinary number this is
a complex number with absolute value 1. In the complex plane,
these numbers lie on the unit circle'3.

The contribution of each path to the total path integral is there-
fore simply a unit complex number. The total path integral is a
sum over infinitely many unit complex numbers.

Therefore, it is useful to imagine that there is a little stopwatch
attached to the particle as it travels a given path. At the begin-
ning of each path the dial points directly to the right'4. In the
complex plane this corresponds to z = 1 = ¢’. Now, the clocks
move as the particle travels. At the end of each path, the dial
points to one specific number on the clock.

For example, for one path the situation may look like this:
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While for another path we have

A
x
XA @ B
0
2
XA

To calculate the path integral, we have to add the little arrows
for each path like we would add vectors. The total value of the
path integral is then the resulting arrow.
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RS

The black arrow here is what we get if we connect the starting
point of the first gray arrow with the final point of the third
gray arrow.

Since the resulting arrows do not necessarily all point in the
same direction, the resulting arrow can be quite small. Here, we
have three paths but to get the final result we have to include
all possible paths, not just three. The final result depends on the
points A and B. For some final point B most of the arrows can-
cel each other. The resulting arrow is tiny. In physical terms this
means that the probability to find the particle at this location is
tiny. For a different final point, lots of arrows point in the same
direction and the resulting arrow is large. This means that it is
quite probable that we find the particle at this location at the
end of our time interval.

15.1.1 The Classical Path

What we have learned above is that the probability of a given
final position depends crucially on the relative positions of the
final arrows. If the arrows point mostly in the same direction,
we get a long final arrow. In such a situation we say that we
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have constructive interference. If the final arrows point wildly
in different directions, they mostly average out and we end up
with a short total arrow. This is known as destructive interfer-
ence.

This observation allows us to understand why the path of least
action is so important in classical mechanics.

In our quantum context, the classical path is just one path out
of many. But we can understand why the classical path is so
important in classical mechanics by exploring the contributions
of neighboring paths. For concreteness, let’s consider two neigh-
boring paths ¢(t) and g'(t) where the second path is a variation
of the first one ¢'(t) = q(t) + (t), and where 7(t) denotes a
small variation.

q_/\

The first path contributes ¢/5l9()]/7 while the second path con-
tributes /514" (0]/" We can expand the action of the second path
around the first one

Slq') = Sl -+l = Slal+ [ dy(t)5 b +O0P).

Now, if g(f) is the path with minimal action g (t), the first

order variation vanishes™ s Reminder: the minimum of the
action functional is characterized by
a vanishing first order variation. We
discussed this in Section 4.1.1.
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6 This is the case for macroscopic
objects which we describe in classi-
cal mechanics.

7 In some sense, by dividing the
term in the exponent by a, in com-
parison, tiny number 7 differences
become especially significant. (Di-
viding by a tiny number is equal to
multiplying by a huge number.)

S(q) = Slga -+ 1) = Slaa + [ din() 5ok +007)
—————
=0 for q(t)=q(t)

= S[ga] + O(7?).

The physical implication for our path integral is that paths in
the neighborhood of the path with minimal action g (t) yield
arrows that point in approximately the same direction since
S[q'] = S[gq]- In other words, paths around the classical path
interfere constructively.

This is why the classical path is important. In contrast, for an
arbitrary path far away from the classical path, the resulting
arrows of neighboring paths vary wildly, and we get destructive
interference.

Ci N\ paths interfere ﬂ(/ (‘H

constructively

— paths interfere
destructively

)

This effect becomes even more dominant if we consider systems
in which the action of each path is much larger than Planck’s
constant S[g(t)] > 1.%® Since the probability amplitude associ-
ated with each path is

¥ = S/ (15.14)
we can see that for S[g(t)] > h even tiny differences in the
action of neighboring paths lead to vastly different probabil-
ity amplitudes.”” And paths with vastly different probability
amplitudes interfere destructively.
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Therefore, for systems for which S[g(t)] > h, the only paths
which interfere constructively are those surrounding the clas-
sical paths of least action. The limit S[g(t)] > h is known as
the classical limit because for macroscopic objects, the energies
involved are much higher than for elementary particles and
therefore lead to much larger values for the action functional

S[g(®)].

15.2 The Path Integral in Quantum Field The-
ory

Completely analogously to how we are able to describe quan-
tum mechanical systems using path integrals, we can also de-
scribe quantum fields using path integrals. In quantum field
theory we primarily want to describe how fields evolve in time.
Thus the most basic question we can ask is: given a field in

a specific configuration ¢o(X) at top what does it look like at a
later point in time 7? In the quantum framework, we answer
questions like this by calculating probability amplitudes like

(p(X), T|po(X), to) , (15.15)

where ¢(X) is a specific final configuration. In the path integral
formulation of quantum field theory, we calculate the amplitude
by evaluating a path integral

o YD ®
($(%,7)|9(%,0)) = / Do(t, %) ehSPED]

$(0,%)=¢o (%)

(15.16)

This formula is completely analogous to the path integral for-

549

mula that we derived for quantum mechanics in Eq. 15.13.7® In 8 For your convenience: Eq. 15.13

words it tells us that to find the probability amplitude that a reads

specific initial field configuration ¢o(X) evolves into a specific Yasp = / Dy(t)eSatl/n
final configuration ¢ (X), we have to consider all sequences of

field configurations that connect the two.
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9 You can find a discussion of
configuration space and how it
relates to other mathematical arenas
like path space and Hilbert space

in

Jakob Schwichtenberg. No-
Nonsense Classical Mechanics : a
student-friendly introduction. No-
Nonsense Books, Karlsruhe, Ger-
many, 2019b. ISBN 9781096195382

o
)

This is analogous to how we have to consider all paths that are
possible between a fixed initial position A and a fixed final po-
sition B for a single particle in quantum mechanics. Moreover,
we still consider paths but not in physical space but in configu-
ration space.’ Each point in configuration space corresponds to
a specific configuration the field can be in.

4).,0() COM#:’gwa«LfoL, Spate

N

0. ()

—

2 X
Poitien space

In Eq. 15.16, we integrate over all possible paths in configura-
tion space that connect the configuration space points ¢o(X) and

P (¥).
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A L oo,

9 X
Poikin pace

Moreover, as was the case in quantum mechanics, each possible
path contributes a phase factor to the total path integral.

The path integral in quantum field theory is extremely diffi-
cult to evaluate. We can find much quicker answers to most
questions by using the canonical formulation of quantum field
theory that we considered so far in this book. However, one
reason why the path integral is nevertheless useful is that it
allows us to understand phenomena that cannot be described
in the perturbative canonical approach. We will discuss these
"non-perturbative” phenomena in the next chapter.






16

Non-Perturbative Phenom-

€na

So far, we’ve calculated amplitudes by using a perturbative
approach. Schematically, we have

O = ch/\n , (16.1)
n

where g is a coupling constant. We’'ve discovered that some of
the terms that show up in this series are infinitely large if we
evaluate them naively. Moreover, we’ve learned that we can
solve this problem through regularization and renormalization
of the model. Interestingly, the story of infinities in quantum
field theory does not end here. Even if we handle all terms
appropriately such that each of them yields a finite contribution,
the series as a whole diverges

ch/\” ~ . (16.2)
n

In particular, the series only converges up to order n ~ % For

example, if A = 0.2, terms beyond the fifth term (n = oli =5)in

the series give increasingly large contributions.
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i ’n

In mathematical terms, a series with this kind of behavior is
known as an asymptotic series. The argument for why the per-
turbation series in quantum field theory is an asymptotic series

" You can find a discussion at is subtle and would lead us too far astray here." Far more in-
www. jakobschwichtenberg.com/

, , , teresting for us is the physical reason why we find yet another
divergence-perturbation-series-qft.

infinity in quantum field theory.

As usual, the occurrence of an infinitely large result indicates
that we're doing something wrong. The problem in this case is
that the perturbative approach is unable to describe all physical
phenomena that can occur in quantum field theory. In par-
ticular, there are interesting field configurations that require

a different approach. While we often get away with ignoring
these configurations, we ultimately have to pay the price for this
negligence in the form of yet another divergence.

One way to see that we are missing something in the perturba-
tive approach is by calculating the Taylor series expansion of the
function e around A = 0. The general formula yields


www.jakobschwichtenberg.com/divergence-perturbation-series-qft
www.jakobschwichtenberg.com/divergence-perturbation-series-qft
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1 1 d _1 1( d? 1
TA=e A —e 1 )\‘ | —=se % )\2‘
¢ ¢ A_o+<dge > /\_O+2<d)\2e ) o

- le i(1-2A
—et| +57a ,M;\z‘
A=0 A2 =0 2 A4 A=0
D e l=e™=0
=0+0+0+... (16.3)

1
Here we used that e™ 1 goes much faster to zero as the contri-
bution from the polynomial in the denominator grows in the

limit A — 0.> This implies that the Taylor series method fails for 2 This can also be shown in rigorous
terms, but as usual we assume

. . . that a trustworthy mathematician
say that the function contributes nothing for small values of A. confirms that each term in this

functions of the form e™ 7. If we trust the series expansion, we

But this is wrong since if we consider the function directly, we Taylor series expansion yields zero.
find that it’s clearly non-zero for every A # 0.

This observation is important because each sequence of field
configurations in the path integral contributes a factor ehSPtr)]

where S[¢(t, X)] denotes the action.3 Therefore, if there are 5 Reminder: the path integral

sequences of field configurations that contribute something (Eq. 15.16) reads

proportional to } to the action, their contribution is completely (9% )|47(x 0))

lost if we use a perturbative approach. / (1, %) ohSlo(T)]
=¢o(¥)

In general, we call phenomena that contribute a factor to the

action with a vanishing Taylor expansion (e.g. ~ — 1 or ~ )
non-perturbative phenomena. The question now is, of course,
are there really non-perturbative phenomena? And if yes, how

can we interpret them?
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16.1 Instantons

In quantum theories, factors of the form ~ e 1 are usually
associated with tunneling phenomena. The easiest way to un-
derstand this is by considering a concrete example. Therefore,
let’s take another look at a self-interacting scalar field. To sim-
plify the following discussion we now write the Lagrangian
density a bit differently:

1 A
L= 50upd"¢ — 1(772 —¢?)?

= %ayq‘)a”(p - (v4 +¢t - 2v2¢2)

> o>

1 A A
_ py o4 N4 A 20
dupdtp 4 ¢+ ZvPT. (16.4)

This is almost exactly the ¢*-Lagrangian that we’ve already
discussed several times. The only differences are that we are
using slightly different symbols for the parameters and that
there is an additional constant term — %04. However, constant
terms in the Lagrangian do not change the physics described
by it and therefore, the model described by this Lagrangian is
equivalent to the physics described by the ¢* Lagrangian we
considered previously (Eq. 6.26):

1 1 1~
—— Hp =242 - 4
L= 53upd"p — 5p°¢7 + ;49"

By comparing this Lagrangian with the one in Eq. 16.4, we see

2
that > = —A02. This implies v* = — L. Moreover, we have
A_A
4 4 41
; T
A
A= ~3 (16.5)
and therefore v? = 6;2. This explains why we introduce v in

Eq. 16.4 since ¢min = £v = £/ 6;2 are exactly the minima of
the potential that we found in Eq. 14.15.
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As usual, we call the first term in Eq. 16.4 the kinetic term and
the remaining terms the potential

V(p) = %(v2 — q>2)2. (16.6)

This potential has its minima at ¢ = £v.

N

V(¢)

/. e

We’ve discussed in Chapter 14 that (classically) the scalar field’s
ground state corresponds to the these two minimum potential
energy configurations. Therefore, let’s assume that the scalar
field is in the ground state ¢(X¥) = —v everywhere at f = —co.

An interesting question is if it might be possible that the field
undergoes a sequence of field configurations such that it is in
the second ground state ¢(¥) = +v everywhere at t = +oo.

In other words, is it possible that the field tunnels through the
potential barrier that separates the two minima? This is in fact
possible and exactly the kind of process that we miss if we use a
perturbative approach.

V(¢)

/A e

The standard method for analyzing these kinds of problems is
based on the observation that tunneling processes correspond
to classical paths in configuration space if we use an imaginary
time variable. This surely seems like a wild idea, so let’s discuss
the individual puzzle pieces involved here:

557
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4 This name is motivated by the
observation that a Wick rotation
implies for the spacetime distance
between two events (Eq. 2.4):

As? = PAP — Ax® — Ay? — AZ?
= 2(iAT)? — AX® — Ay? — AP
= —AT? — Ax? — AP — AZ?
A = PATE 4+ AXE + Ay + A2,
In words, this means that a Wick

rotation turns Minkowski space into
Euclidean space.

> The first ingredient in our analysis is that we perform a Wick

rotation t — —i7. While this transformation might look quite
suspicious, the motivation behind it from a physical point of
view is that it flips the potential upside down.

N

V()

+—>ir>
. - -> D
L 3

70

To understand why, consider the classical action

ty dx\ 2
S[x]g:/tl [’Z (Cl’t‘) ~V(x)| dt.
If we perform a Wick rotation, we find
2
st = | l’; <‘Z> _V(x)| dt
) D t— —iT
d .
:/ [rg (—iZT) —V(x)| (—id1)
, D iF=-1
d
:i/ [”21 (df—) +V(x)| (dT)
) D SE[X} = 718[3(]
Se[x] :/ ['Z (Zi) FV(x)] dr, (16.7)

where we call Sg the Euclidean action.4 We can see that
switching to an imaginary time variable has the effect of
flipping the potential.

As soon as the potential is flipped, there is a classical path in
configuration space that connects the two points which were
the minima of the potential before the Wick rotation:
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D

NN
7

This suggests that we can find the sequence of field configu-

rations that connects the two minima by solving the classical
equation of motion that follows from the Wick rotated action.

With these ideas in mind, let’s return to our self-interacting
scalar field. After the Wick rotation, we are dealing with the
Lagrangian density (Eq. 16.4 with V — —V)

L= %awamp LV (#), (16.8)

where V(¢) is defined in Eq. 16.6.5 As usual, we calculate the 5 For your convenience: Eq. 16.6
equation of motion by plugging the Lagrangian density into the reads V(9) = § (v — ¢*)’

Euler-Lagrange equation (Eq. 4.25):

oL _ o <8£>
ap " \3(0,0)

D Eq 1638
2(10,9949 +V(9)) ; 2(30,09"9 + V(9))
a9 = 2(0u)
V@) _, o D
O ¢ (16.9)

For simplicity, we assume that ¢ has the same constant value
everywhere. This implies that d;¢ = 0 and therefore d,,0"¢ =
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93¢. The equation of motion for this special case therefore reads

a‘g((;)) =05 (16.10)

Instead of solving the second order equation in Eq. 16.10, it is
sufficient to solve the first order equation

2V(¢) = (9o)>. (16.11)

This follows because each solution of Eq. 16.11 is automatically

a solution of Eq. 16.10 since

2V(¢) = (30¢)? ,
)
dv(¢) _ d 2
’ aT _E(aocp) D chain rule
zavafij”)aw — 2039009
- D 29
85/)4)) = 8%4). (16.12)

If we plug the explicit form of the potential into Eq. 16.11, we

find

\/Z(UZ —¢?) = ¢ (16.13)
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To solve this equation, we separate the variables

V- =%
\/Z‘”: (Uzd_q}z)
\/g/‘” =/ <zd_¢¢z>
\FT: tanh (%)
2 v

v tanh (U\/ZT) =¢. (16.14)

This solution describes a sequence of field configurations that

starts at T = —oo with ¢(—o0) = —v and ends at T = oo with
Pp(—00) =v:
A
¢(—o00) = vtanh (v\/;(—oo))
D tanh(—o0) = —1
=—-v Vv
A
¢(c0) = vtanh (v\/;(oo)>
D tanh(eo) =1
=v Vv (16.15)

Thus we can conclude that tunneling processes from one ground
state to the other can happen. We call the sequence of field
configurations described by Eq. 16.14 an instanton solution or
simply an instanton.

This name is motivated by the observation that the energy as-
sociated with the solution is localized in time but not in space.
During a short period in time, the energy becomes non-zero
as the field undergoes a transition from —v to v. At T = —o0
and T = oo the energy of the field is zero since it is in its
ground state. Moreover, since the transition happens every-
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¢ Take note that in an instanton pro-
cess the field tunnels through the
potential barrier that separates dif-
ferent ground states. Nevertheless,
the field energy becomes non-zero
during the process which can be
calculated by considering the field
energy explicitly. If a field carries
sufficient energy it can also move
across the potential barrier instead
of right through it. Such ground
state to ground state transitions are
known as sphaleron processes.

S PL‘q‘ﬂm'

7 We use here the symbol Q) for the
spatial volume to avoid confusion
with the potential V(¢).

where equally, we are dealing with a lump of energy that is

localized in time but not in space.®

V(o)

W 7

For the solution given in Eq. 16.14 the instanton is localized
around ¢ = 0. However, this is not necessarily always the case.
This follows because there can be a non-zero integration con-
stant in the third line of Eq. 16.14. This constant determines the
location of the instanton in time, i.e. when exactly the transition
from —v to v happens.

As a final step, let’s check that this is indeed a non-perturbative
phenomenon. To that end, we calculate the contribution of the
sequence of field configurations described by Eq. 16.14 to the
total action. Since we assume that ¢ has the same constant value
everywhere, the spatial part of the action integral will simply
yield the total spatial volume of our system, (2.7 The only non-
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trivial part is therefore the dt integration

Se[o] :'/d‘*xﬁ Y Eq168
= [atx (Rauee + vig) > o=ttt
_ /d4 ~(30¢)? (<P)) > p—e)
= a [ar (5097 4’)) 3 Eq a6z
-0 / ar ( 304’ 30‘1’) ?) 5
:Q/ﬁ@wf

> -

=0 [a () > e
_ Q/d(p Z,—f

D 2V(¢p) = (3047)2, Eq. 16.11

D Eq 166
- Q/dcp \/2%(02 _g2)2

D
~afap i)

> [ap

N
S
I

>

= 8\/50% . (16.16)
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We can see here that the contribution to the action is in fact
proportional to % This, in turn, implies that the correspond-
ing contribution to the path integral is ~ et and is therefore
invisible if we use a perturbative approach. In other words,
the transition from —v to v is indeed a non-perturbative phe-
nomenon.

In summary, we’ve learned in this chapter that there are phe-
nomena that we cannot describe using the methods discussed
in Part II. These phenomena are non-perturbative since their
contribution is invisible in a perturbative approach. This follows
because the Taylor series method fails for functions of the form

~ ei. Moreover, we’ve discussed an explicit example of a non-
perturbative phenomenon: the tunnelling of a scalar field from
one ground state configuration to another. While the contribu-
tions of such phenomena to observables are often quite small,

8 A famous example that they are still an essential part of quantum field theory.®
demonstrates why non-perturbative

phenomena are important

is the strong CP problem.

You can find a discussion at

http://jakobschwichtenberg.com/

demystifying-the-qcd-vacuum-part-1/


http://jakobschwichtenberg.com/demystifying-the-qcd-vacuum-part-1/
http://jakobschwichtenberg.com/demystifying-the-qcd-vacuum-part-1/

17

Effective Field Models and
the Origin of Simplicity

The Lagrangians that we use to describe elementary fields are
astonishingly simple. For example, the Lagrangian for a single
scalar field reads (Eq. 5.2)

L= %(awamp — m*¢?). (17.1)

In principle, there are infinitely many additional terms that we
could add to it:

7 — %(a}@amp — m?¢?) + ad® + bg* +c¢® +de® + ... (17.2)

But for some reason, the simplest non-trivial terms for each type
of field are already sulfficient.

Nowadays, most theoretical physicists are convinced that at
higher energy scales (= smaller length scales) the correct La-

grangian contains lots of additional terms.” However, these *When two particles collide at
higher energies, they sometimes

. create heavier particles. As men-
out. Therefore, no matter how complicated and ugly the La- tioned before, in this sense, colliders

higher-order terms become less and less important as we zoom

grangian is at high energy scales, at the low energy scales that are essentially large microscopes
which allow us to look deeper. The

higher the energy of the colliding
simple Lagrangians.2 particles, the deeper we can look.

we can probe using present-day technology, we are left with

2 The following figure should not be
understood as a subtle promotion
of string theory.
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3 For simplicity, we again use the
notation yt = §.

4Recall that roughly, the mass
parameter associated with a field
describes a minimum energy
threshold that is necessary to excite
a given field.

5 The following discussion is very
sketchy. Everything stated here can
be shown in much more rigorous
terms and the study of effective
field models is a beautiful and
important subfield in itself. Some
great resources are listed below.
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So the reason that simple and beautiful Lagrangians work so
well is not that Nature prefers simplicity for some magical
reason, but instead, that if we look at something from a distance
it usually appears simpler.

To make this a bit more concrete, we consider a complex scalar
field ¢ that interacts with a real scalar field ¢ which has an
incredibly large mass parameter 1, compared to my. As in
Section 12.1, the Lagrangian density reads3

L= 3G, — 5 — g9+ 5 (3,9 — " )
2" 2

The key idea is that as long as we consider processes at energy

scales far below my, we can safely ignore the effects of the real

scalar field because there is simply not enough energy in the

system to disturb it.# To use this idea mathematically, we calcu-

late the equation of motion for the heavy field ¢.

As usual, we do this by plugging the Lagrangian density into
the Euler-Lagrange equation (Eq. 4.25):
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oL oL
0=2%_5, (-5
ap (a(aufl’))

s ) J Eq173
= g — gy — '
2
—gyp = (1 +0,0")¢. (17.4)
This equation is formally solved by
R S (17.5)
as we can check
—§Py = (mf +9,0")¢
D Eq. 17.5
1 _
— (2
= (mg + 0y0") <—8W¢¢>
J (mi4op

=—gpyp v (17.6)

For small energies, the kinetic term (d,,0") is much smaller
than the mass term (mé) of this expression and we can use the

formula
1 1 1 1 1 b [b\?
= = - ~—(1—- - .
a+b a(1+%) a14? a( a+(a> + )'(177)

which is valid for 4 > b. For our formal solution this implies

1
U P W TA
2
_ L1t o
1 90" i}
=g =5 -L-+... ] op. 8
g<m§) mé + >¢¢ (17.8)

We can use this formula to remove the field ¢ from the La-
grangian (Eq. 17.3):

. . . 1 9y0F .
Lot = 0G0y p — niyfyp — gy (—g <n12 - +) ww) o
¢ ¢
(17.9)
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where the dots denote the mass term and kinetic term of the ¢
field that we no longer care about. What we are left with here,
is an effective Lagrangian density that only depends on the
light field 1. The only remaining trace of the heavy field ¢ are
additional terms which, however, are suppressed by inverse
powers of mg. In particular, in the limit my — oo, we end up
with the much simpler Lagrangian

Lege = 0" P — myGyp. (17.10)

We say that the Lagrangian in Eq. 17.10 describes an effective
model that remains valid as long as we consider processes at
scales far below my. If we consider processes at scales close to
my we must include at least some of the additional terms given
in Eq. 17.9. In other words, my is a physical cutoff scale for

the effective model above which it must be replaced by a more
complete description that involves the additional field ¢.

17.1 Dimensional Analysis

In the discussion above we assumed that new physical effects
that occur above the cutoff scale can be described by additional
heavy particles. Moreover, we assumed that it’s again suffi-
cient to only include the simplest non-trivial terms to describe
these heavy particles. But it’s also plausible that the physics
above some cutoff scale is much weirder. Maybe our framework
is simply no longer feasible above the cutoff scale. For exam-
ple, we can imagine that infinitely many (possibly much more
complicated) higher-order terms in the Lagrangian would be
necessary to incorporate all the effects.

An interesting observation is that even if this is the case, we can
understand why the simple Lagrangians that we use at low en-

ergies work so well. This follows from dimensional arguments.

In the following, we discuss how this comes about.

The action is defined as the spacetime integral over the La-
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grangian density
s= [axc.

What can we say about the units of the action? In the path in-

(17.11)

tegral formulation, the action appears as the argument of the
exponential function ~ ¢’5. The argument of the exponential
function has to be dimensionless. This follows from the defini-
tion of the exponential function in terms of a series:

(i5)*

is ;
e +i5+ 5

+ ... (17.12)

The first term in this series has no dimension. Therefore all
other terms must be dimensionless too since otherwise we
would be adding apples to oranges. Therefore, we can conclude
that (in natural units) the action is dimensionless.®

By looking at Eq. 17.11, we can then conclude that the La-
grangian density has units L™*, where L is the unit we measure
lengths in (e.g. meters). In natural units, lengths are measured
in inverse powers of energy:”

[x,] =E"'. (17.13)
Since dx means "a little bit of x", it also has units E~! and d*x
has units E~%. Therefore,

(L] = E* (17.14)

such that [S] = 1:

[S] = /[d4x] [L]=E*E*=1 v (17.15)
This allows us to deduce the dimensions of a field. For example,
let’s have a look at the Lagrangian for a free scalar field (Eq. 5.2)

L= %(awaw — m2¢?). (17.16)

The derivative operator 9, = % has the same units as - since

dx* also means "a little bit of x#" :

Jd 1713

[0,] = Pl % =E. (17.17)

¢ In non-natural units, we have
factors of the form ~ ¢'5/". This
implies that S has the same units as
the Planck constant 7.

7 The notation [quantity] is used to
denote the units of the quantity.

In natural units we have by
definition ¢ = % = 1. To derive the
units of a quantity in natural units,
we start by observing that

_ [length] _ [L]
[c] =

[time]

implies

[L] = [T].
Moreover, the (reduced) Planck
constant 7 has units

[M][L]?
[T]

(n) =

which, using [L] = [T], yields
(1] = [M][L].
Since by definition # = 1 this
implies
1
L= —.
L=

The final step is to use the energy
momentum relation E2 = p% + m?c*
(Eq. 2.43) to deduce

(E] = [M] = [7].
Therefore, lengths are measured in
inverse powers of energy

1

[L]:E.



570 NO-NONSENSE QUANTUM FIELD THEORY

8 As mentioned above, this follows
from the relativistic energy mo-
mentum relation E2 = §? + m?c*
(Eq. 2.43) which, in natural units
(c =h =1),yields

[E] = [M] = [#].

9 Take note that by using the same
arguments we can deduce that the
constant A in front of a ¢* term is
dimensionless and a constant in
front of a ¢ term has units E.

©We learned above that if there is

a cuttoff scale (which in this case

is denoted by my), we find that
effects from "higher scale physics"
are suppressed by inverse powers of

Mg

at lower scales (Eq. 17.9).

This allows us to deduce the dimension of ¢:

[£] = ([0u]l¢][0"][¢] + - -

D Eq. 17.14, Eq. 17.17

E* = E[¢][¢]E ;
E? = [¢][¢]
p)
E=[¢]. (17.18)

This also makes sense if we look at the second term in the La-
grangian, mchz, and use that the dimension of a mass parameter
m in natural units is E.3 The result in Eq. 17.18 is extremely use-
ful. For example, let’s imagine that we want to add higher order
terms to the Lagrangian density:?

L= 30— ng?) +ergd + e v+ (17.19)

Since all terms must have the same dimensions, we can immedi-
ately conclude that the constants ¢y, ¢2, ¢, must be measured in
inverse powers of E:

(L] = ..+ [ea[¢] + [ea [9]° + [es][@) + ...
> maas
E* = ...+ [c1]E° + [2] E® + [c3]E7 + ... . (17.20)
We can conclude:
() =E!
[Cz] = E72
[es] =E° (17.21)

That’s how far we can get using dimensional analysis alone. But
if we additionally use some physical understanding, we can go
further. What we learn in Eq. 17.21 is that there must be at least
one additional constant with dimension E that is responsible

for the dimensions of the coefficients. This constant must be
somehow related to these higher order terms and it is thus very
tempting to identify it with a cutoff scale A. The cutoff scale A
encodes the boundary above which new physical phenomena
can no longer be ignored and from which these higher order
terms originate.’® We therefore write
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A
A=y
_ A
2=
A
=733 (17.22)

where Ay, Ay, A3 are dimensionless. The Lagrangian then reads

1
L= E(a;,(paw — m?¢?) 4 c1¢° + c20° 4+ c3¢” + ...
D Eq. 17.22

As (/’)7 +... (17.23)

A3

We can see here that higher order terms are suppressed by

1 A A
= 5 (@updp — mg?) + T® + 1590 +

inverse powers of the cutoff scale A. If we assume that A is
some large number, we can understand why at low energies
only the simplest terms in the Lagrangian play a role.

In summary, using dimensional analysis we discovered that
higher order terms are necessarily related to at least one new
energy scale. The discussion in the previous section motivated
us to interpret the new energy scale as a cutoff scale. Thus,
higher order terms are strongly suppressed and we can under-
stand why simple Lagrangians work so well.

A downside of what we’ve just discovered is that the implica-
tions of high-scale physics are extremely hidden at lower energy
scales. The effects of all higher order terms that could hint to-
wards particular new phenomena are strongly suppressed by
inverse powers of the cutoff scale. Thus, on the one hand it’s
certainly great that high energy phenomena decouple from phe-
nomena at lower energies because this allows us to describe
Nature in relatively simple terms. But on the other hand, it im-
plies that we must come up with much more powerful methods
to accelerate particles before we can hope to see first glimpses of
phenomena that happen beyond the cutoff scale.

For example, a popular contender for a physical cutoff scale
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is the Planck scale mp ~ 1018 GeV. In contrast, the most pow-
erful collider that we presently have, the LHC, is only able to
probe processes up to ~ 10* GeV. Moreover, using present-day
technology, a collider that could probe particle collisions at

~ 10'® GeV would need to span the entire solar system. To end
this discussion on a positive note, take note that the authors of
[Chen and Noble, 1997] argue that this is "not an inconceivable
task for an advanced technological society."

17.2 The Origin of "Fundamental" Lagrangians

! Jean-Marc Levy-Leblond. One
more derivation of the Lorentz
transformation. American Journal of
Physics, 44(3):271-277, 1976. DOI:
10.1119/1.10490

In Chapter 5, we assumed that someone hands us the Klein-
Gordon Lagrangian, the Dirac Lagrangian and the Proca La-
grangian and then talked about the corresponding equations of
motion and their solutions. By using what we’ve learned in the
previous section, we can understand a bit better how we end up
with these Lagrangians.

In general, writing down a Lagrangian description of a physical
model is a two step process:

> First of all, we need to clarify which mathematical objects we
should use.

> Afterwards, we need to answer the question: Which terms
involving these objects do we write into the Lagrangian?

The most powerful tools that we can use to answer these ques-
tions are symmetries. For example, we know that our models
should respect the laws of special relativity. Jean-Marc Levy-
Leblond once summarized this nicely as follows™":

"We believe that special relativity at the present time stands as a
universal theory describing the structure of a common space-time
arena in which all fundamental processes take place. All the laws of
physics are constrained by special relativity acting as a sort of "super

7

law’.
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We've discussed in Section 2.8 that this implies that our funda-
mental models should be unchanged by Poincaré transforma-
tions (rotations, boosts and translations). Thus the first step is
to identify objects with well-defined transformation behavior
under Poincaré transformations.

This is possible through a branch of mathematics known as

group theory. A cornerstone of group theory is representation

theory which allows us to deduce which kinds of objects a given

set of symmetries can act on. Applying representation theory to

the Poincaré group allows us to derive that the simplest objects

Poincaré transformations can act on are: scalars, spinors and

four-vectors.™ This is the answer to the first problem outlined 2 You can learn more about how
above. this works in detail in my book

Jakob Schwichtenberg. Physics
from Symmetry. Springer, Cham,
Switzerland, 2018b. ISBN 978-
volving scalars, spinors and vectors we can write into a La- 3319666303

The second step is that we need to determine which terms in-

grangian. Again, the most important restriction is that our
model should respect the laws of special relativity. For the La-
grangian this implies that we are only allowed to write down
terms that are invariant under Poincaré transformations. If the
Lagrangian is unchanged by a given set of transformations, the
model described by it respects the corresponding symmetries.

However, there are still infinitely many terms that fulfill this
requirement. This is where what we learned in the previous sec-
tion becomes important. Usually, we only include the simplest
possible, nontrivial terms in the Lagrangian. In summary:

’Which mathematical objects? ‘ ’Which terms in the Lagrangian?

representation theory of the Poincare group

terms must be invariant under Poincare transformations

’ Scalars, Spinors, Vectors, . .. ‘ and only the simplest terms contribute at low energies

EKlein—Gordonr ‘CDiraC/ ‘CProca

To understand a bit better how this works, let’s consider a single
real scalar field ¢. A scalar field is left unchanged by all trans-
formations and thus we can write down all kinds of terms into
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> Whenever an object remains
unchanged by a transformation, we
say it’s invariant. The derivative
operator %’Cu, just as xy, itself, is
changed by rotations.

4 We checked this explicitly in
Eq. 2.57. In contrast, a term like
09;,¢9,¢ would not be invariant.

the Lagrangian:

L(p, ¢, 1) = ap +bp* +cp> + ... (17.24)

What about derivatives? A term like d,,¢ is certainly not invari-
ant.3

For example, under a rotation it becomes (Eq. 3.22)

o — R;,?,X)E)ch . (17.25)

A term that remains unchanged, however, is the scalar product
of such a term with itself d,,¢0¥¢."4 Therefore, we can also
include additional terms that include derivatives of the scalar
field into the Lagrangian:

L(},$,t) = ag + bp? + c¢” + do, 0" ¢ + e(d, " P)* + ...
(17.26)

This may not seem particularly helpful. While we were able
to exclude a few terms from the Lagrangian, there are still in-
finitely many that are allowed. So symmetries are not enough
and we need a second guiding principle. However, as we’'ve
discussed in the previous section, higher order terms are sup-
pressed by inverse powers of an energy scale and can therefore
usually be neglected if we only want to describe Nature at low
energy scales.

The final question we therefore need to answer is: which terms
are the simplest non-trivial terms? The simplest term a¢ has no
influence on the dynamics since it only yields a constant if we
plug it into the Euler-Lagrange equation:

-5 (2)

J L=ap
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A constant has no real effect in the equations of motions and
therefore, the term a¢ can be neglected from the Lagrangian.
The terms quadratic in ¢ and its derivative d,¢, however, have
something more exciting to offer. So let’s assume that our La-
grangian density reads

L =bg* + do,pot'e, (17.28)

and that we can ignore all higher order terms. If we plug this
Lagrangian into the Euler-Lagrange equation, we find

oL oL
0= -0y | =~
ap <a<ay¢>)

_ (bg? +dougdtg) . (3(bg? +ddugdg)
o ' 9(3y)

D Eq 1728

D)
= 2b¢ — do, "¢ (17.29)

A final important observation is that we are always free to mul-
tiply the Lagrangian by a constant £ — const. x £ since such
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a constant cancels in the equation of motion.”> This implies 5 This can be seen because we have

that only one of the two constants in the Lagrangian is really

a zero on the right-hand side of the
Euler-Lagrange equation. Therefore,

necessary. If we then give the remaining constant its conven- if we plug const. x £ into it, we can

tional name m? and introduce a conventional factor of 1/2, the cancel const. immediately.
Lagrangian reads

£ = 50,999 — m*g?). (17:30)

The corresponding equation of motion becomes

oL oL
0= =9y | =m—
ap (a@ycp))

J (1 d 1
0= % (2(314453#45 - m2¢2)> — oy (E)(E)M (2(8;@8}“? - m2¢2))>

0= (3,0" +m*)¢. (17.31)

D Eq. 17.30

This is the Klein-Gordon equation in its conventional form.
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6 As mentioned before, this story is
discussed in detail in

Jakob Schwichtenberg. Physics
from Symmetry. Springer, Cham,
Switzerland, 2018b. ISBN 978-
3319666303

7 One hint of why it contains the
term F,, F*V is our discovery in Sec-
tion 3.9 that it’s the field strength
tensor Fy, which encodes imper-
fections in the "exchange" rates
between different local coordinate
systems. You can find a more ex-
tensive discussion of gauge models
in

Jakob Schwichtenberg. Physics
from Finance. No-Nonsense Books,
Karlsruhe, Germany, 2019c. ISBN
978-1795882415

Similarly, we can also derive the Dirac equation. All we have
to do is to identify the simplest possible non-trivial terms that
respect our fundamental symmetries.’® The Proca Lagrangian,
however, is a bit more subtle since we are not interested in
ordinary vector fields but in gauge fields."”
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Outlook

An often recounted piece of physics history is that Lord Kelvin

declared around 1900 that*

"There is nothing new to be discovered in physics now. All that
remains is more and more precise measurement.”

What followed shortly afterwards were the revolutionary dis-
coveries of special relativity, quantum mechanics, and general
relativity.

Even though this story is well-known, the general attitude of
most physicist nowadays is not too different. The only differ-
ence is that Newton’s theory of mechanics has been replaced
by quantum field theory as the supposedly ultimate and final

theory of nature. The details that still need to be worked out are
a few smaller puzzles like the strong CP puzzle or the dark mat-

ter puzzle. The standard strategy to tackle these puzzles is to

add one or several new fields to the standard model of particle

physics. However, it shouldn’t be surprising that with suffi-

cient ingenuity it’s possible to tackle almost any puzzle within a

given framework.

* There is actually no evidence that
Lord Kelvin ever said or wrote
this. Instead, it is now believed
that the quote is misattributed to
Lord Kelvin and is a paraphrase of
Nobel laureate Albert A. Michelson
who stated in 1884: "..."it seems
probable that most of the grand
underlying principles have been
firmly established ... An eminent
physicist remarked that the future
truths of physical science are to

be looked for in the sixth place of
decimals." Either way, these quotes
are often used to summarize the
general attitude at that time.
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2 One example is a rigorous defini-
tion of the path integral. Another
example is Haag’s theorem which
roughly states that the interaction
picture of quantum field theory
cannot be consistently defined. For
a readable discussion of Haag's
theorem see

John Earman and Doreen Fraser.
Haag’s theorem and its implications
for the foundations of quantum
field theory, December 2005. URL
http://philsci-archive.pitt.
edu/2673/

A useful analogy is the epicycle model of the solar system. The
idea is that if we add enough epicycles to the geocentric model
of the solar system, we can explain many of the planetary mo-
tion puzzles that we can observe. But this doesn’t mean that
planets move in epicycles. Ultimately, the epicycle model has
been replaced by a much simpler model with the sun at the
center and no epicycles are necessary. Of course, I can’t predict
the future but maybe quantum fields will turn out to be the
epicycles of our time.

Quantum field theory is a beautiful and extremely flexible
framework. However, it also has severe limitations. The most
famous example is that no generally accepted theory of quan-
tum gravity exists. Moreover, there are still problems in putting
various aspects of quantum field theory on a mathematically
precise basis.?

Moreover, one of the most important lessons in physics is that
different frameworks are necessary to describe nature at differ-
ent scales:

020

> At galactic scales (Imjiky way ~ 107" m), we need general

relativity.

> At everyday scales (~ 1 m), classical mechanics works per-
fectly.

> At atomic scales (I, ~ 1071% m), we need quantum mechan-
ics.

> At present-day collider scales (ILgc ~ 107" m), quantum
field theory is a suitable framework.

Thus it seems reasonable to assume that to describe nature at
even smaller scales, for example, around the Planck scale (Ip ~
10735 m), we need to invent at least one additional framework.
In particular, take note that between everyday scales and atomic
length scales there are "just” 10 orders of magnitude and we
need completely different frameworks to describe what happens
at these scales (classical mechanics and quantum mechanics).

In contrast, between the Planck scale and the scales that we


http://philsci-archive.pitt.edu/2673/
http://philsci-archive.pitt.edu/2673/
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can presently probe in colliders there are roughly 16 orders of
magnitude. Thus I would say it’s quite optimistic to assume that
quantum field theory remains the best suited framework across
these 16 orders of magnitude.

In other words, in my humble opinion, it’s quite unlikely that
we have already discovered the ultimate framework to describe
nature at fundamental scales. But please don’t ask me which
framework will eventually supersede quantum field theory.
Unfortunately, details get lost when we zoom out and thus the
inner workings of nature at the Planck scale are hidden from us.
This is demonstrated by the fact that there are infinitely many
models that yield the standard model of particle physics in the
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low energy limit.3 Thus it’s impossible to deduce from low 3 This follows from the observations

energy data alone what is really going on at smaller scales. discussed in Chapter 17.

To quote Howard Georgi:# 4http://www.people.fas.harvard.

edu/~hgeorgi/weak.pdf

"Local field theory is a useful idealization. The only way we
know to describe the quantum mechanical interactions of a finite
number of types of particles in ordinary space-time is in a local
quantum field theory characterized by a local Lagrangian density,
with the interactions described by products of fields at the same
space-time point. We strongly suspect that this picture is only
approximate. It would be astonishing if our naive picture of

the space-time continuum, or quantum mechanics, or anything
else that the human mind can imagine, continued to make sense
down to arbitrarily small distances."

Of course, we can try to guess which framework will supersede
quantum field theory. While there are several contenders (string
theory, Xiao-Gang Wen'’s qubit theory, "pointless” frameworks
like twistor theory, the noncommutative geometry framework,
...), there is currently no experimental evidence that one of
them is the correct one. In fact, I don’t think that the odds are
very high that someone will guess the correct next framework
without new experimental data. But it’s certainly not impossi-
ble as demonstrated by Einstein and his discovery of general
relativity.


http://www.people.fas.harvard.edu/~hgeorgi/weak.pdf
http://www.people.fas.harvard.edu/~hgeorgi/weak.pdf

580 NO-NONSENSE QUANTUM FIELD THEORY

5> Xiao-Gang Wen. Quantum field
theory of many-body systems : from the
origin of sound to an origin of light and
electrons. Oxford University Press,
Oxford New York, 2004. ISBN

9780199227259

In summary, quantum field theory is the best provisional de-
scription of nature at scales that we can currently probe. At
some point in the future, new experimental data will probably
force us to adopt a new framework. But until this happens, it
certainly makes sense to focus on quantum field theory. There
are still many aspects of nature that we can explore using quan-
tum field theory and there remains much to be learned about
the framework itself. At the same time, it’s important to avoid
"to be trapped by the formalism and to become a 'slave’ to the formal-
ism" as Xiao-Gang Wen puts it>. To make truly revolutionary
advances, we must allow for the possibility that quantum field
theory is not the ultimately theory of nature.

I personally think there is still much to come. Future devel-
opments will be extremely interesting and I hope you will
continue to follow the story and maybe contribute something
yourself.
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Further Reading Recommen-

dations

There are many amazing books on quantum field theory. Be-
sides the usual textbooks that discuss the general ideas, there
are lots of books that focus on special topics. But let’s start with
a few comments on books you can read to get alternative per-
spectives on the topics discussed in this book.

Textbooks written in the same spirit as this book are

> Student Friendly Quantum Field Theory by Klauber,

> Quantum Field Theory for the Gifted Amateur by Lancaster
and Blundell.

These books should be your first choices if you want to get a
second opinion on the topics discussed in this book.

More advanced but still readable textbooks are

> Quantum Field Theory and the Standard Model by Schwartz,
which is a new and extremely authoritative reference that
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"http://www.damtp.cam.ac.uk/
user/tong/qft.html

*>https://arxiv.org/abs/1110.
5013

is often my first choice if I want get a second opinion on a
topic.

> Quantum Field Theory by Srednicki is very well-organized
and useful as a reference.

Additionally, there are various lecture notes that are freely avail-
able online and can also be quite helpful. Two noteworthy ex-
amples are

> David Tong’s lecture notes’, and

> Sidney Coleman’s lecture notes?.

Further textbooks that are often mentioned but are far less
student-friendly are An Introduction To Quantum Field The-
ory by Peskin and Schroder and The Quantum Theory of Fields
by Steven Weinberg. The book by Peskin and Schroder primar-
ily focuses on how to carry out calculations, while Weinberg
focuses on the "Whys" behind quantum field theory.

Great places to start learning about the path integral formula-
tion of quantum field theory are

> Quantum Field Theory in a Nutshell by Zee. However, take
note that it’s quite difficult to understand most of Zee’s argu-
ments unless you have already a solid grasp on what quan-
tum field theory is all about.

> Quantum Field Theory by Ryder.

Regarding non-perturbative phenomena, my favorite books are


http://www.damtp.cam.ac.uk/user/tong/qft.html
http://www.damtp.cam.ac.uk/user/tong/qft.html
https://arxiv.org/abs/1110.5013
https://arxiv.org/abs/1110.5013
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> Solitons and Instantons by Rajaraman,
> Topological Solitons by Manton and Sutcliff,

> Classical Solutions in Quantum Field Theory: Solitons and
Instantons by Weinberg,

> Classical Theory of Gauge Fields by Rubakov.

To learn more about effective field models, try

> Effective Field Theory by Georgi3,

> Section 9 in Grossman’s Lectures on Flavor Physics*

Last but not least, there are great books to learn more about the
history of quantum field theory. My favorites are

> The Infinity Puzzle by Frank Close,
> QED and the Men Who Made It by Silvan Schweber.

3http://www.people.fas.harvard.
edu/~hgeorgi/review.pdf

4https://www.physics.uci.
edu/~tanedo/files/notes/
FlavorNotes.pdf


http://www.people.fas.harvard.edu/~hgeorgi/review.pdf
http://www.people.fas.harvard.edu/~hgeorgi/review.pdf
%20https://www.physics.uci.edu/~tanedo/files/notes/FlavorNotes.pdf
%20https://www.physics.uci.edu/~tanedo/files/notes/FlavorNotes.pdf
%20https://www.physics.uci.edu/~tanedo/files/notes/FlavorNotes.pdf




One Last Thing

It’s impossible to overstate how important reviews are for an
author. Most book sales, at least for books without a marketing
budget, come from people who find books through the recom-
mendations on Amazon. Your review helps Amazon figure out
what types of people would like my book and makes sure it’s
shown in the recommended products.

I'd never ask anyone to rate my book higher than they think it
deserves, but if you like my book, please take the time to write
a short review and rate it on Amazon. This is the biggest thing
you can do to support me as a writer.

Each review has an impact on how many people will read my
book and, of course, I'm always happy to learn about what
people think about my writing.

PS: If you write a review, I would appreciate a short email with
a link to it or a screenshot to Jakobschwich@gmail.com. This
helps me to take note of new reviews. And, of course, feel free
to add any comments or feedback that you don’t want to share
publicly.
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A

Cumbersome Calculations
from Part o and Part I

A.1x Rewriting the Proca Lagrangian

L= %F”VFW
. 2 Eq.3103
= Z(B”A” —"AM) (0, Ay — 0y Ay)
. p)
= (1A, A, — 3" A", A,
P

— VA3, A, + 3" AFI,A,)

D renaming dummy indices

1
= (@ A" A, — A3, A,

— AV, Ay + A, Ay) ’
. 2
= (20" A%9, A, — 201 A0, Ay)
) 2
= (@A A, — A, A)) (A1)
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A.2 Noether Current for a Complex Field

In this appendix, we want to show that if the Lagrangian den-
sity depends on a complex field ¢, the Noether current is given

by the sum
V5ﬁ+g, (A.2)
where
n_ oL A
H= 50,9
L
1= 50,00 "

are the currents that would follow if we consider ¢ and ¢ in

isolation. The steps here are completely analogous to what we
* Reminder: the Euler-Lagrange

equation for a field ¢ reads

did in Eq. 4.44 and Eq. 4.45. The only difference is that we now

have to consider the variations of ¢ and of ¢t. We treat the field (Eq. 4.25)

¢ and ¢' as independent fields and thus must consider the oL oL

variations of them separately. This is really just a shortcut to op " (W)

consider two scalar fields at once. Instead of ¢ and ¢' we could Analogously the Euler-Lagrange

treat the real and imaginary parts as independent fields. equation for the field ¢" reads
oL oL

We start again by using the symmetry condition. gt (3(3;«4’*)> '

= £(9,349,9",0,9") — L9+ 84, 0,(p + A9), 9" + 897, 3, (¢ + AgT))

D Taylor expansion

L L oL oL
- (L+£A¢+ o) 20+ g Apt + (a(P)Aayqﬁ)
aL aL aL o B0 =0
=0 g (A

We can simplify this formula by using the Euler-Lagrange
equation and the product rule:

oL oL oL
0=- a¢ Ap— a( (P)al' ¢ — 847* ‘P - (a 4,1“) #A4’

(L ) - L ¢ L ;
af‘(e(em))A"’ 3(opp) A7 aﬂ(e(em))“’ 39" A0

oL oL
= o (a@up) A"’) * O <a<ay‘¢+> A"’)

=0, )" = 0uJ} + 0]} . (A.5)

2 EL equation (Eq. 4.25)

D (0xf)g+ f(0xg) = (9xfg)

D definition
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2 In Euclidean space, a sphere is
defined by the condition x* +
y2 + 22 = R2. Here, we have the

. 2121212 _ .2
condition k§j — k] — k5 — k§ = m*.

3 If you're unfamiliar with the
delta distribution, have a look at
Appendix E.

4From a purely mathematical point
of view, negative energy solutions
are solutions of the Klein-Gordon
equation too. They are just not
useful to describe the physical
systems that we observe in nature.

We can therefore see that the total Noether current is given by
the sum of the two contributions coming from the variation of ¢
and ¢

A.3 Rewriting the General Solution of the
Klein-Gordon Equation

First of all it is conventional to use the short-hand notation
kx = kyx#. Our general solution in Eq. 5.49 then reads

4 . .
$(x) = / (;17’;)4 (a(k)e”(kx) +a+(k)el(k")) . (A8

Secondly, take note that the notation in Eq. A.6 is still quite
sloppy. A general solution of the Klein-Gordon equation doesn’t
include an integral over all wave vectors k. Instead, only
four-vectors are permitted that fulfill the dispersion relation

(Eq. 5.40)
kuk = m?, (A7)

where m is the mass parameter that appears in the Klein-
Gordon equation. In field theory, Eq. A.7 is known as the
mass-shell condition. We can understand why by noting that
Eq. A.7 is exactly the defining condition of a sphere of radius m
in Minkowski space.?

A mathematical tool that allows us to incorporate the condition
in Eq. A.6 is Dirac’s delta distribution 6(k? — m?):3
4

PWpmysica = [ 57202 =) (e 4 ()
(A.8)

The delta distribution makes sure that only wave vectors k;, that

fulfill the condition in Eq. A.6 make a non-zero contribution to

the total wave form ¢(x)physical-

Another physical constraint is that only positive energy solu-
tions are physical.# We will learn later that in quantum field
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theory there is a close connection between frequency and en-
ergy: ko = w = % For our wave four-vector components this
implies that we have the condition ky > 0. The mathematical
tool that allows us to include this condition in our formula for
the general solution is the Heaviside function. The Heaviside
function is defined as follows:

1 ifx>0
O(x) = (A.9)
0 ifx<0

Therefore, we can include the positive energy condition by
introducing © (ko) into the expression for the general solution:

P Wi = | Tk = m2)0(k0) (alle )+ ()
(A.10)

This expression looks quite ugly and therefore it makes sense to

massage it a bit using a few mathematical tricks. In particular,

we rewrite the factor dk*s(k* — m?)® (k) as follows:

dk*o(k* — m*)@(ko) = dk*s(kk* — m*)@ (ko)
D Kkt =K — K2
= dk*s(k} — &2 — m?)© (ko)
D w 2 = k2 4+ m? (definition)
= dk*3(k§ — w;)O (ko)
) (a=b)a+b)=a -1
= ak* (ko — wi) (ko + ) ) O (ko)
8(x —aj)

with f(ai) =

— di* Zio ( (ko — wk) + 5(’(0 + wk))®(k0)
D) (k0+wk) #Oforko >0

1
= dk4m6(k0 — wy)
D dik* = diidk

>/

> [dxdx-a)f) = f0)
_/dk3 Sy (A.11)

1
3 —
=dk dko 2k0 5(’(0 (Uk)

/dk4 O(ko) = /dk3dk0—5(k —wy)

Using this formula, we arrive at the following expression for a
general solution of the Klein-Gordon equation:
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Kkt o, Zilkx) | oty ai (k%) .
(%) physical = / 2t~ )8 lk) (alk)e ) + gt (k)el(k)) this is Eq. A.10
5 D Eq. A.11
= / (32)3230 (a(k)e*i(kx) +a*(k)ei(kx)> . (A.12)
k

In addition, it is conventional to absorb a factor of 1/+/2wy into

5 This step has no deeper meaning the definitions of a(k) and at (k):5
but leads to easier formulas in the

following chapters. i (E) — a(k)
Zwk
+
+py — a (k)
k) = . A.
a’ (k) T (A.13)

Our general solution then reads

de® 1 ikx kx
‘P(x)physical = /WTCU]( (a(k)e (kx) —|—g+(k)e (k. ))
D \/27“/@ = Zwk

di? —i(kx) |t (1) i (kx)
_/ FW( a(k)e +a'(k)e )
P
(AR 1 ak) g, a'R) ez‘(kx))
(27)3 2w \ 2wy V2w
J 1 D Eq A13
(o s e @

Thus we end up with

1 L o
= /dk3m (a(k)eﬂ(kx) +a+(k)el(k")> . (A.as)
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A.4 Verifying the a(k), a' (k) commutation re-
lations

In this appendix, we verify that if the coefficients a(k), af (k)
fulfill the commutation relation in Eq. 8.14, the canonical com-
mutation relations (Eq. 8.6) are automatically fulfilled:

i6(X =) = [9(t, %), 7(t,7)] , t[ljsli;? ]Eq.ASB6 o

0 Eq.5.51,Eq.8.12
akefi(wktfk»f) T a}tei(wkf—k»)?)) )

: —i\/wy —i ¥ t i((wyt—K'5))
x </dk’3 (akre Hewpt=k9) _ gt oil(wpt=K"g )
(2m)3v2
B (/ K3 (_i);:]f (aweitwt 9 — gl eilwtF0) )

(uke—i(wkt—?-z) + alte(wkt—%-f)) >

1
" </ W e van

— 33173
— [l 5

2
/dk3 k/3( 27-()1 ﬂkak’e —i(wg— wk/t i

k3 /3 —i
+/d =

agay e i(wptwp )t ez‘(%-fw 7) )

akak/e i(wWp—wpr )t 1 (—k-X+K -7 )

a /dk3dk/3(ﬁ“k“k/e(“’k+wk’ )ik T+R

>'<1

_ </dk3dk/3( 2_i62ﬂk’”ke i(wy +we)t g i(K -7k
7T

+ /dk3dk’3<(2;;52ak’ake i(wy — wk)t i(K i(.)?)

)

—/dk3dk’3 2;;62%/“1@ (W —wy )t i (—F -G+ ))

_ /dk3dk/3 < (2;;62 ﬂZ/ﬂ/te (W +wp)ty —i(K-j+k- x)))

D AB— BA = [A, B] (see next page)
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= [ aar? (—(2;;62 lag, oy it i EE D))

_ /dk3dk/3 —i 7i(wk7wk’)tei(%'z’?']7)>

_ +
(27‘()62 [llk/ llk/]e

(271)62
(2;)62

+ / e dk’ ( = laf, ayJe(@x e )tel(FTE9)
( e

,/ddekB i(wptwp )t 71’(%«5(41??))

[af. apJe

— [aare( - (0)e(ertapeilEr )

(27)%8(K — ') e~ len - tel 3K )

(@l
+ /ddek“( i ( — )3k — }/))ei(wk—wk,)rei(%ﬂzhg))
(s

O) ei(wk+wk/)te—i(ﬁ-f+f’-j))

2
=is(x—7) (A.16)
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A.5 Rewriting the Scalar Field Energy

In this appendix we want to demonstrate that the energy stored
in a scalar field (Eq. 8.16)

= %/d3x (nz + (9;0)* + m24>2> (A.17)
can be rewritten as (Eq. 8.17)
1 1 o o .
H= / dk3wwk (" @a(®) +a®a'®) . (A18)

To that end, we plug the explicit formulas for the conjugate mo-
mentum density 7t (Eq. 8.12) and the scalar field ¢ (Eq. 5.51)
into Eq. A.17. To unclutter the discussion, we look at the three
terms in Eq. A.17 in isolation and combine the results after-

wards.
%/de‘xﬂ2
| 2 0 Eq.8.12
_ % / dsx< / aK® (;\)/3‘7\% (a®re 0 — ot freit) )
) 2=-1
= i/ds —(dk )‘7 NN <a( Ve~ ),a’r@)ei(kx)) (a(ﬁ)e*"('m 71;({7)6’,(%))
P

/d3 —di® dq \/—\/—< (}') —i(kx) (Ei»)e—i(qx) _a+(k‘)ei(kx)a(q»)efi(qx)

D see next page
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et rf( Fa(@e 0 — a Bya(g)e o)

_ ﬂ(%)ﬁﬁ (q»)efix(qu) + at (E)a+ (qo) eix(k+q)>

3 -
=3/ k?q Ve < (Ra@(k + )e 0 ten) — at @)a(@)o(k — g)eo( )

_ ﬂ(?)f(q’)&(k _ q)efi.m(wk*wq) + a*(%)a*(q’)é(k + q)eixo(wk+w,,)>

- —di3 . o I
| G Vi (u(k)a(k)ewkw ~ af (Ba(Bein e

_ a(%)a‘r (E)efixo(wk—wk) + a‘r (F)u‘l' ( _E) eixo(wk +wk)>

> =1
43 . .
- % / (zil;ka (a(k)u(—k)e’ZxU‘*’k ot (Fya(®)
—a(K)at (k) + a*(%)a*(l?)e’zxﬂ‘“k> (A.19)
Analogously, we find
[ @x(aigr?
2 Eq 551
3 72
- ;I; 3 4I:uk ( (K)a(=K)e 0<% + a* (k)a(F)
+ a(k)at (k) + a*(%)a*(—?)eizxﬂ“’k) (A.20)
and
/ dBxm?p?
2 Eq.5.51

3 w2 (. L o
:/ (dk)S 4wk< (B)a(—F)e 0% 1 gt (F)a(F)

+a(k)at (F) + a+(E)u+(%)ei2x0wk) . (A.21)
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If we put these puzzle pieces together, we find

H= % /d3x (7‘[2 + (9;9) + m2¢2)
' Eq. A.19, Eq. A.20,

¢ Eq A2
-3/ éiﬁss w (a@m—ﬁ)eﬂw —a' @)
— a(®)at () + a+@>a+(ﬁ)eaxowk>
[ s o (s 4t
T a(B)a" () + a*(k)f(_aeaxowk)
] s g (-
+a(k)a' (k) + u*(E)a+(_E)ei2xowk>
p
=/ (;71;3)3 ri;k (wf + R+ m?) (at (Bra(k) +a(Fa" (F))
* / (;1715)3 41@ (—wp+ R+ m?) (a(®)a(—Rje 20 + at (R)a" (—R)eo )

) E2+m2:w,%

- / S (@ ) + a6 (A22)

This is exactly Eq. A.18.

A.6 Rewriting the Scalar Field Momentum

In this appendix we want to check that the formula which we
derived for the scalar field momentum (Eq. 8.39)

P = / Px 70;¢p (A.23)

can be rewritten as (Eq. 8.40)

A a3k e o
b= | 2oy K Ba(®) (A2g)

599
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if we use the explicit expansions of the conjugate momentum
density 7t (Eq. 8.12) and ¢ (Eq. 5.51):

A,:/ xna(])

O kg
~ [ ( faes, SV m)e —f<kx>a+@)ef<kx>)>
o) < / dq3m (a@e +a" @)e) )
»
= [ (o s e )
x < / df(zn)ﬁim (a@(—ig)e +a*(q><iqi>efkq)>
= 3 [ S (alRre B~ B1) (el + a' @) D
1 - dk3dq6 ql< a(®)e- a(@e 1 + ot (B k) a(g)e :
+a(Bje )t g)ett a*<%>ef<"x>u*<ﬁ)e"kﬂ>
p

> A i - .
=3[ d>q6 "f( a®ja(@e = 1 gt a0

+a(y* @e 1) - a*(F)u*(ﬁ)e”(””)

3443 R . )
>/ G ( — a(B)a(@)o(k +qg)e 0k )+ o (Bya()3(k — geiler=en

+a(k)a’ (7)o (k —q)e ”Wk“q)a*(l?)ﬁ(q)(s(k+q)e"m<wk+wq>>

3 - o I
/ dk qi<_a(k)a(_k)e1x0(wk+wk)+a+(k)a(k)e1xo(wkwk)

+a (k‘)a’r (E)e—ixo (w—wi) _ gt (E)a’r ( 7E)eix0 (wWtwy) >

/ (%W(a(%)a(ﬁ)eﬁxowua*(k) (B +a®)a’ (F) - a (B)a’ () lzxowk> "
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To simplify this expression, we note that k;a(k)a(—k) and

kia® (k)a*(—k) are antisymmetric with respect to k; — —k;.
Therefore, the integral over k;a(k)a(—k) and k;at (k)a® (—k) van-
ishes since we have a symmetric integration interval. If we use
this in Eq. A.25, we find

3 — - -
b= [ ( ><k>+a<k>a*<k>>
D AB=BA+[A B
3 — - — —
3] Gk ( (Ra(F) + [a(k»a*(k)})

dk3 D Eq.8.14
_ / at (B)a(F) + / dk® F6(0 (A.26)

The first term is exactly what we wanted to derive (Eq. 8.40).
The second term is an infinite constant contribution that we
choose to ignore, analogous to what we did for the energy.

A.7 Demonstration that the Feynman Prop-
agator is a Green’s Function

In this appendix we want to check if the Feynman propagator
(Eq. 8.93)

Dr(t, %@, t,X) =O(t —t)D(t',¥,t,X) +O(t —t')D(t, %, t',X)

(A.27)
is indeed a Green’s function of the Klein-Gordon equation.

This is true if we find a delta distribution when we plug the
Feynman propagator into the Klein-Gordon equation since this
is the defining condition of a Green'’s function (Eq. 8.94):

(8;,8}‘ + mz) Dr(yu, xu) = i6(xy — yu) - (A.28)

We need several puzzle pieces in the following calculation:

> The derivative of the Heaviside function ©(x) (Eq. A.9) is
exactly the delta distribution

dO(x)
dx

=4(x). (A.29)

601
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Intuitively this follows because the slope of ®(x) is only
non-zero at x = 0 where it is infinity since the jump is discon-
tinuous.

The "fundamental" propagator D(#, %', t,X) (Eq. 8.82) is a
solution of the free Klein-Gordon equation. We can check this
explicitly

(8 o +m ) D(yu, xu)

D Eq.882
dk3 ;
= 1z -t oMy
( I’ +m ) (/(27'()32wke } V)
D a%eikx — _kZEikx
- / 2n) 32a) (k- m?) 0
k
D kukt = m? (Eq. 5.40)
— 2 2\ LikH (yu—2xy)
= —m-+m )e B
3
27'( Z(Uk D P =0
=0 Vv (A.30)

®In mathematical terms, we assume
that f(x) has compact support. This
means f(x) is only non-zero within
a finite region.

T {(x)

| ”

From a physical point of view, this
can be motivated by saying that
physical fields have to vanish at
infinity. This requirement follows
from the observation that an in-
finitely large amount of energy
would be necessary to create a field
excitation that spreads all the way
to infinity.

> The product rule for double derivatives reads

dd;f ddx (dxfg>

d
=5 (fe+£2)
D product rule
d d
=5f ‘s + o/ 4
D product rule
=f's+f§+f¢+fg"
)
=fs+2f'g +fg" (A31)
where f' = % and " = %
Distributions like J(x) are always only defined under an
integral. This becomes important when we want to evaluate
the expression %(xx) f(x), where we assume that f(x) vanishes
at infinity.®

If we introduce the necessary integral and then integrate by
parts, we find
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) o D (o) = f(-e0) =
__ /°° dx o(x) L) (A.32)
—o0 dx
If we then go back to our usual sloppy physics notation, we
can write
do(x) o\ _ df (x)
>> The relation in Eq. A.33 is important when we want to cal-
culate the second derivative of the Heaviside function which
appears if we put the Feynman propagator into the Klein-
Gordon equation.
If we assume again that we are dealing with a function f(x)
that vanishes at infinity, we can calculate:
d? Eq.A29 / d
(220 f(x) =" (8(x) ) f(x)
1) 2 Eq.A33
x
= —0(x)=7 (A.34)
> To unclutter the notation, we introduce the following short-
hand notations:
DY = D(yy, xy)
DY = D(xu,yu)
e''=0( —1t)
e =o(t-t). (A.35)

With these puzzle pieces in place, we are ready to check if the
Feynman propagator is indeed a Green'’s function.
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i6(x = yy) = (90" +m?) Dr(yy, )

= 0,9" D (yy, xu) + m* D (yy, xp)

= (3§ — ) D (yy, xu) + m* D (yy, xp)

= (8- }) (0"*D¥* + @ D) + m D (yy, x,)

= 30" DV — @"2DY + B30 DY — @ BZDY + m*Dr(yy, x,)

— (0" D + 0t (D) +2(200") (99D*)

+ (930 ) D + @ (D) +2(2,0" ) (90D)
— @"2DY — @' R2DY + mDr (yy, )

= (30" D + 0" (9,0 D) +2(290"" ) (3D¥)

+ (ag(a”’) DY + @' (SHE)VDW) n 2(309”’) (aOny)
+mDr (Y, %)

- (ag@’f) DY 4 @f’t( - mZDW) n 2(ao®f’f) (aODW)
+ (90" )0 + 0" (— m2D™) +2(20"") (9,D%)
+ 1 D (Y, xy)

= (30"") D +2(3,0"*) (3,D*)

+ (930 ) D +2(300"") (3D
+m? D (Y, X)) — m* D (yy, xp)

= (Be"") D +2(2,0") (9D)

+ (90" ) D*¥ +2(200" ) (30D ) .

this is Eq. 8.94

0,0 = 2% — o7
Eq. 8.93, Eq. A.35
2,0 =0

Eq. A31

9,0 =R — a2

Eq. A30

Eq. 8.93

We can simplify this further by using the facts about the deriva-

tives of the Heaviside functions that we discussed above:



(ag(af’f) D¥* 4 z(ao(af’f) (aODyX)
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+ (33@)”’) DY 42 (30@)“’) (aony)

- (a%®t/t)Dyx + 2<5(t/ a t)) (aoDyX)

+ (age)“’)DW +2(5(t _ t’)) (aOny)

= —(8(' = H)aoD¥* +2(5(t' — 1)) (30"
- (5(t - t’))aOD"y + 2(5(t - t’)) (aODW)

=6(t' —t)9gD¥* + 6(t — t')9yDYY

de® iy,
= (S(t/ _t)ao(/me (Yu n))

+6(t —t')dg ( / (dkgeik”ww)>

271)320wy

dk3

=0(t' —t) / Wiwkeik"(yﬂ*x;«)
k

dk3

#0lt=) | gy e

this is Eq. A.36

Eq. A.29

Eq. A34

91"t = jwe'™!, ko = wy

S —t) t="

605
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A.8 Total Charge in Terms of Creation and
Annihilation Operators

In this appendix, we want to demonstrate that the electric
charge (Eq. 4.61)

- [ L 4 AL
Q=i [P (saan? ~stg?) - 4

can be written as

3
Q=1 [ G (" 0a) ~ 0 (00E) . (A9

if we use the Lagrangian (Eq. 8.102) and the explicit expansions
of ¢ and ¢.

First of all, we calculate

oL
9(do¢)
D Eq 8102
o (ugtarg —migte))
9(do9)
D)
= 80¢+ =7 (A.40)
and
oL
9(35¢)
D Eq 8102
o (ugtarg —mete))
N 9(39)
D)
= dop = rt, (A.41)

where 7 is the conjugate momentum density (Eq. 8.104). The
charge operator therefore reads

Qq = iq/d3x (71*47* — mp) . (A.42)
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Moreover, the conjugate momentum density reads in more
explicit terms

it = ¢
1 0 Eq.8.100
= ( | e (a(Rye ™ + bt (R)e™) )
2
-/ dk3(2n)312u]k (al®)(—iko)e™™ + bt () (iko)e™)
D ko = wy
/ 2n 3\/» —a(k)e * 4 b+(E)eik") . (A.43)
This implies
T = ao¢+
, 2
= / dk3(217\t/)(:756 <a+(ﬁ)eikx — b(fc’)e_ikx) . (A.44)

Let’s focus on the last term in Eq. A.42:

/d3x g

2
~ [@x ( / dk3(217\r/);7f6 (a*(%)eik"—b(%)e_ik")>
</dq 27’[)31\/2@ (El((?)e 1qx —|—b+(¢7)equ>>
p
_ / By 1(251%23 2%( (ai-(E)eikx _ b(k’)e—ikx) (a(q»)e—iqx + pt (q»)eiqx) )
D

idi3 . , . ,
- [ S (o D@ — e

+ a‘r(E)b‘r (q»)eix(k+q) _ b(k’)b‘r(ﬁ)efix(qu))

D (see next page)
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\

—

a

=

@

Q.
3

@»

5
=
/N

at E)a(ﬁ)eixo(wk—wq)g(ﬁ _ 17) _ b(k’)a(q’)e—ix()(wk-&-wq)&(k’ + 17)

+at (F)b* (7)™ (k + ) — b(R)b" (F)e ol s (k - 17))

)
=/ édf;s z@—'} (a (Bra(®re 0 — p(F)a(~Rjeolrto
a+(E)b+(—7€) ixo(wr+wy) _ (k)b+( Je —zxo(wk—wk))
)
. 3 . . . . ) . .
= / (12d7];)3;(a+(k)a(k) —b(k)u(_k)eﬂZxowk +a ( )b’r( ) 2xwy _ b(k)b+(k)) (A.45)
Analogously, we find
/d3x T
2
_ 3 3 Z\/aTk (T a—tkx 7\ aikx
_/dx</dk (2n)3ﬁ( a(F)e= ™ 1 bt (K)e ))
1 2\ algX =\ —igx
X </dq3(27’7)3\/27q (aJr(q)eq +b(g)e " ))
)
idi3
= [ G (— ot @ + 8 @ (e
—a(B)p(—R)e >0+ b (Rb(E) ) (A46)
Therefore we can rewrite Eq. A.42 as
Q= iq/d3x (n*qff - mp)
2

=iq (/ idk® 1 ( —a(%)qu(E) +b+(k‘)a+(f}’)ei2x0‘”k

I
2

a(k)b(—R)e~ 2% + b ()b (k) )

3 o - o
_/ idk 1(ﬂ+(k)ﬂ(k)—b(k)ﬂ(—k)8712xowk

at ()bt (—k)eok — b(ié)b*(i?)))

D see below
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) AB=BA+IA,B]

+ [a(R), a* (B)] + [b(R), b* (R)] ) - (A47)

The first two terms here are exactly what we wanted to derive.
The remaining two terms yield an infinitely large constant offset
that we already encountered for other Noether charges like

momentum or energy. Thus if we ignore these constant terms,
we find

3
Q=1 [ G ("0 —0(BE) . (Asd

Take note that we used in the calculation above that

T L 3 o
/(Si)3b+(k)ﬂ+(k)elzx0wk/ dk a+(k)b+(—k)e12x0“’k

(27)3 .
k— —k

. dk3 +/7\ .1 N\ 2 dk3 + .
= / (27r)3b (k)a'(—k)e xowk_/ (271)3a (—K)bt (K)eiZowx

. .
= [ A et (-Remoer — [ Ayt Ryt (e S
[ R [ @D

2

—0

Moreover, by the same argument b(k)a(—k)e 2%« and a(k)b(—k)e 2%k
cancel.






B

Cumbersome Calculations
from Part II and Part 111

B.1 Validating Wick’s Theorem For Three Field
Products

To build some confidence in the validity of Wick’s theorem, we
want to bring ¢(x)¢(y)¢(z) into normal order by hand and then
compare the result to what we get by applying Wick’s theorem
(Eq. 11.24). First of all, take note that, without losing generality,
we can assume that xo > yo > zo. This is possible because in
quantum field theory, we always integrate over our spacetime
variables. Therefore, we could write the time ordered product
by using theta functions. However, since we integrate over our
spacetime variables, we can then relabel these spacetime vari-
ables such that we are only left with one time ordered term.
Formulated differently, the terms with different time ordering
(yo > xo > zp, etc) yield exactly the same result. Thus it is suf-
ficient to consider consider the case xg > yo > z¢. To simplify
the calculation, we introduce the notation ¢(x) = ¢x, ¢(y) = ¢y,
¢(z) = ¢,. We then find
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T(Px(i’y(i’z = ¢x T(Py(i’z

_ J Eq1v1y
= g1 9yg: : +9,9:)
_ p
= P : Gy - T2 0 (B.1)

* Reminder: in Eq. 10.13 we defined
¢ = ¢~ + ¢, where ¢~ is an

integral over annihilation operators . ] R
and ¢+ is an integral over creation ¢y¢-. The second term in the final line is already one of the

In the first line we used that yg > zo which implies T¢y¢. =

operators. terms that we expect from applying Wick’s theorem (Eq. 11.24).
Thus let’s focus on the first term, which we still need to bring
into normal order. This is possible by using the explicit field
splitting in terms of creation and annihilation terms (Eq. 10.13):"

Gu i utz = gu i ((0y +7)) (9 +(97)) :

?
= ¢x: (By 9 + 0y 97 + 9797 + 9y 97 ) :
p
= ¢x (B 97 + 6705 + 697 + 497
?
= (95 +¢7) (05 ¢ + 07 by + 9y 97 + 9797
?
= Px Py Pz + P b Py + Ox Py +Pu by O
F O Py P LI Py + PPy P+ Or Py P
p
= pr 9y 9z + (07 0x + [ox.971) 9y
+ (o5 +[or,051) 9z + (95 ox + (o5 917
F O P P IO Py + PPy +Pr Py P
p

= ¢r ¢y ¢ + 7P dy +r 2 gy

Ty or s +(r dy 1o

+ oy (0795 +197,¢71) + o7, ¢y 197
R N R S N N S N

D seenext page
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= (¢, oy 1(9z + ) + o, 010y + )
TPy Pz + PTG Py + Py Py Pz

R A e RN N
TPy ps Yy P

2
= [9x 9y 10 + (9, 97 1Put - Paygz :
S S D Eq. 11.15
= ¢(x)P(y)pz + ¢(x)P(z)Py+ : PxPypz . (B.2)
If we plug this back into Eq. B.1, we find
Txpypz = bz = Py : +4’X4;PZ
D Eq.Ba2
= ¢(X)p(y) ¢z + ¢(x)P(2)Py+ : Pxpypz : +Pxy Pz
(B3)

This is exactly what we get if we use Wick’s theorem (Eq. 11.24).
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B.2 Work in the Vicinity of an Infinitely Long Wire

In this appendix, we want to show that if we plug the regular-
ized potential (Eq. 13.11)

V(x)_)\/L _dy

=In (ery)

+L+ VL2 +x2
. (B.g)

—L+ VL% +x?

into the work formula (Eq. 13.10)

=Aln

Wz, 1) = q(Vix2) = V(1)) (B5)

we get a finite result, even in the limit L — co. Thus we start by
plugging the regularized potential into the work formula:

Wi, x) 20 g(V(x) = V()

2
~q(AIn L+ y12 o ~Aln +L+m])
_—L+m —L+\/m
" _L(1+\/1+f—§) 1 L(1+ 1+ii) )
= n —In
! _L(—1+ 1+%§) L<—1+ 1+%%)
D L
_ 2
:q)\(ln H—— Vl—f—zé —In ﬁ ) (B.6)
_—1+\/1+%§ —14+ 1+§

To understand why this is finite in the limit L — oo, take note
that in the limit L — oo, we have L2 > x% and L2 > x%.
Therefore, we can use the approximation /1 + € =~ 1+ §, which
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2 2
is valid for ¢ < 1. In our case, % < 1and % < 1 and we
therefore find

2
B 14+ 1+% 1+ 1+ﬁ
W(x2,x1) = gA( In a In
X 2
-1+ 1+L% —14+ 1+%
D \/1+ez1+§,
1+(1+"2> 1+(1+"%)
217 2L
zq/\(ln " —1In 2 )
—1+<1+2L22> -1+ 1+2L1)
(24 23 2+ 2 ] ’
:q/\(ln 22L2 —In 2L” )
X il
L 2L2 212 a
D lnaflnbzlng
r X2 x2
=gAln 2+ o az
1 3 |\, A
L 212 212 5
_2 B b
— gl |22 (22
q A
L= 212 \212
Pl
WP >
=gAln ZXL% (3{;) . (B.7)
2+ 502 \72/

2 2
In the limit L — oo, we have 2% — 0 and 2% — 0 and the work
formula therefore reads

2 (3 x2
W(xp,x1) = gAln lz (x%)] =gAln [x% , (B.8)

which is indeed finite.
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* We stumbled upon this factor in
Eq. 12.26.

B.3 Fourier Transform of the Yukawa Poten-
tial

In this appendix, we want to show that*

VE) =28 (B.9)

is the Fourier transform of the Yukawa potential (Eq. 6.20)
g :
V(%) = -2 _e Ml (B.10)

To see this, we use that the Fourier transform f(k) of a function
f(x) is defined as

fk) = /dx ek f(x). (B.11)

For the Yukawa potential, this formula yields

V() = / Px e TR (3)

_ /d3x efia?-%(

D Eq.Buao

g efqum)

| x|

D spherical coordinates

N I .
= /dr d6 de 1 sin(6) e~ IKlIXI cos(®) (Te*mwxl)

47t|X

D xl=r

2 -
= A%T /dr a6 d¢ rsin(0) p—ilK|r cos(6) ,—myr

> [

2 -
= %27‘[/(# d6 rsin(0) o ilklr cos(6) ,—myr

D / do (see next page)
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2 =
_& 0=m

0=0
2 - -

g_‘ /d?’ (ez|k|r _ e—l|k\r)e—m¢r

2i[F|

g2 . N
- / dr sin(|k|r)e~"o"

L_,/d?’ e*i\_k‘|rcos(9)efm¢r
2 ilk]

D cos0=1,cosm = -1

D sin(x) = o (e — o)

D /dr

2 e (my sin([K|r) — || cos(lfc’lr))

g r:w

T -+ kP e
. D e ®=0,¢"=1,cos(0) =1,sin(0) = 0
_ 8 K
|k| m42, + |k|?
2 o M

_ % (B.12)

mg, + |k|

This is exactly Eq. B.9g.






C

Wave Properties

In this appendix, we talk about the various quantities (E, w,+, l:fo, 0)
which appear in solutions of the wave equation

f(x) = Acos(kx + wt +9). (C.1)

> We typically call the argument ¢ = (kx & wt) of our periodic
function cos ¢ the phase of the wave. A phase of zero ¢ = 0
means we are at the top of our waveform since cos(0) = 1 If
the phase is ¢ = 7, we are at the bottom since cos(7r) = —1.

One full wave cycle starts at ¢ = 0 and goes on until ¢ = 2.
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* Take note that it is conventional
in theoretical physics to measure
angles in multiplies of 7, e.g.
180° <+ 7 and for a full circle
360° < 2.

2 Formulated differently, K| tells us
how much the phase changes as we
move one meter along the wave at
one fixed point in time.

3 This is in contrast to the temporal
angular frequency w, which tells us
how many oscillations there are per
second.

4207t/2m =107t/ m

5 Formulated differently, the wave-
length is the distance between
adjacent identical parts of the wave.

A periodic wave repeats itself after 271 since cos(¢ + 27m) =
cos(¢).t

If we are dealing, with a three-dimensional system, our solu-
tion reads

f(x) = Acos(k- %+ wt+0). (C.2)

The vector k is usually called the wave vector. The direction
of k tells us in which direction the wave is traveling.

The length of the wave vector |l?| describes how many oscilla-
tions there are per meter. To understand this, imagine that we
could stop the time, i.e. keep f fixed and then move through
space. As we move along the axis defined by k we count how
many full wave shapes we encounter per meter. This number
is the wave number. One full oscillation is over as soon as the
phase of the wave has increased by 27r. Hence, we can say

a bit more precisely that |k| measures how many 277 cycles
there are per meter.? For this reason, |E| is known as spatial
angular frequency or wave number.’

For example, if we move 2 meters and observe that the phase
changes by 207, we know that the wave number is 107t radi-
ans per meter.4

The wave number is directly related to the wavelength A:

2

A=
K]

(C3)

The wavelength is defined as the spatial distance that we
need to move until the phase of the wave has changed by
275



A .

The constant w is known as temporal angular frequency or
simply angular frequency. The angular frequency describes
how many oscillations there are per second. To understand

it, imagine that we are at one fixed point in space and time
moves on. We now observe how the wave moves up and
down at this one particular point. We count how often it
undergoes a full oscillation, i.e. from maximum to maximum.

0 Z I} i Pall
O O Q O O
r T T 7
}=0s 135 §=9s F=1y =16y
| I =AC¢ :

The result is the angular frequency of the wave. Formulated
differently, w tells us how much the phase changes during
one second. For example, if we observe the wave for two
seconds and the phase changes by 207, i.e. we observe 10 full

WAVE PROPERTIES
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/)

\_/

wave cycles, we know the angular frequency is 107t radians

per second.

The angular frequency is directly related to the period T and

ordinary frequency f of the wave

21
= — =2nf.
w=— nif

(C4)

The period T is the time the wave needs for one full oscilla-

tion.

The factor A in front of the oscillating function encodes the

peak magnitude of the oscillation:

>> The sign between the two terms in the cosine function deter-

mines whether our wave moves up or down on the axis de-

fined by k. For example, a solution of the form E = E(x — ct)

describes a wave which moves to the right on our x-axis,
while a solution of the form E = E(x + ct) describes a
wave which moves to the left. This interpretation comes

about since if we focus on a fixed point in our wave shape

E(x — ct) and t increases, x also has to increase in order to

keep E(x — ct) at the same value. In other words, this means

that if we focus on a specific point in our wave shape, at a

later point in time (a larger t), we will find it at a larger x.

AN VA

—>

Analogously, a solution of the form E = E(z — ct) describes a

wave that moves up on our z-axis.



> The absolute phase ¢ encodes the phase of the wave at 7 = 0
and t = 0.

/\/J:O{/[:g

- d
Vi \\ . \
\ , \
\ A
A W
/ N

This quantity isn’t measurable since it depends on how we

choose our coordinate system. However, it is still important
if we consider superposition of waves. If we add two waves,
their relative absolute phase crucially determines if the am-
plitude of the resulting wave is larger

A§=(

AYaVAYA

in which case we speak of constructive interference or
smaller

AS=TT
NN\
YA/

in which case we speak of destructive interference.

Now that we have a rudimentary understanding of the basic
quantities associated with waves, we can talk about the most
important of the more advanced properties.

WAVE PROPERTIES
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C.1 Advanced properties

> An extremely important question that we haven’t answered
so far is: how fast are waves traveling?
Let’s focus on a specific point on our wave. In particular, to
determine the velocity of the wave, we follow the movement
of a point.

/\Esm —> /\:(ESM
N AN

To simplify the discussion, we restrict ourselves to a wave

that moves in one-dimension. With this in mind, we can
calculate the velocity by using a basic solution

E = Acos (kx - wt) = Eycos (k(x - %t)) . (C.5)

We assume that the specific point in our waveform Espec we
are interested in is at t = #1 at x = xq:

- - w
Egpec = Acos (k(x1 = h)) - (C.6)

At a later point in time ¢t = ¢, we will find our specific point

Espec at some new location x = x»:

. S w
Espec = A cos (k(xz - ?tz)) ) (C.7)

This means that in the interval At = t, — t; our specific point
has traveled the distance Ax = x; — x1. Therefore, our point
travels with velocity

_Ax xp—xq

= = . C.8
TA T h-h (©8)
Since we are considering the same specific point Espec in
Eq. C.6 and Eq. C.7, we can conclude
Xo— Ly =x1 — 2t
2- ph=x—1h
W Xp—X ?
2 — X1
hadp . C.
K~ hot (C.9)



By comparing Eq. C.8 with Eq. C.9, we can conclude

w
0= .

T (C.10)

In words, the velocity of each point in our wave form is given
by the ratio of the angular frequency w and the wave number
k.

We can also understand this from a different perspective. A
velocity has units of meters per second. The only combina-
tion of our basic wave quantities discussed in the previous
section with units meter per second is®

(C.11)

v=—
T

since the wavelength A is measured in meters and the period
in seconds. In words, this equation tells us that a wave travels
one wavelength A per period 7. We can rewrite the velocity
of the wave v in terms of the angular frequency w and wave
number k = |k| as follows

A 2n/k w

= T ek (C.12)

This is exactly the equation, we already derived above (Eq. C.10).
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¢ To be a bit more precise: the
velocity we talk about here is

the phase velocity. This name is
used to make clear that it’s also
possible to associate a different
kind of velocity, called group
velocity, to wave packets. The
group velocity is the speed at which
the envelope moves forward, while
the phase velocity is the speed of
the individual plane waves inside
the packet. The group velocity and
phase velocity are not always the
same.






D

Gauge Symmetry in Classi-

cal Electrodynamics

Interpreting the actual meaning of a massless gauge field

Ay (xy) is a delicate and subtle business. There are various ways
to understand why. In this section, however, we will restrict our-
selves to just one explanation which nicely illustrates the most
important ideas.

The first key fact is that we can’t observe gauge fields directly.
This is something that is well-known from classical electro-
dynamics although the terminology used is a bit different. In
electrodynamics we call A the electromagnetic four-potential:

¢
¢ Cc
A=) =], (D.1)
A) 7 | A
Az

where ¢ is the electric potential and A the magnetic potential.
Neither the electric potential ¢ nor the magnetic potential A are
directly observable.” Instead, what is measurable is the electric
field E and the magnetic field B. These three-vector fields are
related to A (in natural units with ¢ = 1) by?

* Here’s an alternative perspective:
Only potential differences are mea-
surable. But potential differences
remain unchanged by shifts of the
potential

(P(xy) — ‘P(xy) +A
Ap = (/)(’1;1) - ‘P(by)
= 8¢ = (9(a) + A) — (¢(by) + A)

= ‘P(”;t) - ‘P(by)
=A¢, (D.2)

where g, and b, denote two differ-
ent spacetime points and we shifted
the electric potential by a constant
amount A.

21t is often more convenient to write
equations in index notation. In
index notation, the cross product

A x B reads €ijxAiBj, where €;j is
the Levi-Civita symbol. In vector
notation, these formulas read



628 NO-NONSENSE QUANTUM FIELD THEORY

E; = —0;Ap — 9o 4;

B; = €ijx0jAx . (D.3)
If we combine these puzzle pieces, we discover that there are
many different four-potentials A that lead to exactly the same
electric and magnetic field configurations and thus describe

exactly the same physical situation. In particular, we can shift
the potentials by a constant amount

Ao—)A6:A0+17
A= Al = A+ & (D.3)

without altering the electric field and the magnetic field. Let’s
check this explicitly:

E;j = —9;Ao — 9o A; — E{ = —9;Aj — dA;
D Eq.Dy4

D)

D 9 =00 =0

= —0;(Ao+1) —0o(A; + &)
= —0;Ap — 9j11 — I A; — doGi
= —0iAg — dpA;

J Eq.D3
=E V (D.5)

where we used that ¢; and 7 are constants. Analogously, we
find

B; = €i]‘ka]'Ak — Bl/ = €l]ka]A]/<

D Eq. Dy
= €ijx0j (Ax + Ck) ,
= €ijk0j Ak + €;jk9jCk
0 9l =0
= €ijka]'Ak
D EqDj3
=B V (D.6)

Motivated by this discovery, we can try to find even more com-
plicated transformations of the four potential A, that leave the
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electric and magnetic field unchanged. If we look at the for-
mulas for a while, we can discover that we can not only add
constants to the potentials but also derivatives of an arbitrary
scalar function #(x, ). In particular, the electric and magnetic
field strengths remain completely unaltered by the transforma-
tions3

Ao(xu) — Ao(xy) + or (xp)
Ai(xy) = Ai(xy) — 9im(xy) - (D.7)

Again, we can check this explicitly:
Ej = —0;Ag — 90A; — E; = —9;(Ag + do1) — do(A; — 9i17)
—0;Ag — 9i907 — doA; + dg9j1]

—0;Ag — 00877 — o A; + Q]
—0;Ag — A,
E v (D.8)

and

B; = €i]'ka]‘Ak — Ei = eijkaj(Ak + ak”)
= €;jx0j Ak + €;jx0j0k1]
\—\/—/
=0
= €jx0j Ak
B v (D.9)

where we used that €;;; is antisymmetric but 00y is symmetric
under the switching of the indices j <+ k.4

The fact that everything we can measure remains completely

unchanged by the transformations in Eq. D.7 is known as gauge
freedom.>

D.1 Partial Gauge Fixing

By choosing to work with configurations that fulfill the Lorenz
condition we have not exhausted our gauge freedom completely.

3 Take note that we only have this
freedom for massless vector fields.
For a massive vector field, only
transformations of the from Eq. D.4
are permitted. The electromagnetic
field, however, is a massless vector
field since the corresponding
particles (photons) are massless.
Therefore, we have this freedom in
classical electrodynamics. We will
discuss this later in more detail.

4 As mentioned above, every time
we have a sum over something
symmetric in its indices multiplied
by something antisymmetric in the
same indices, the result is zero:

Y aijbij =0
7

if Lll‘]' = _aji and bij = bji holds for
alli,j.

5 As mentioned above, a symmetry
always refers to a set of transfor-
mations which leaves our system
unchanged.
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® Mathematicians call a function
f(x,y,z,...) that fulfills the condi-
tion

Bf(x) = RF() +Bf(x) +... =0

a harmonic function. Moreover, the
condition 9,,0"7] = 0 is sometimes
called the d’Alembert condition.
Since there are infinitely many
functions 7j that fulfill this condi-
tion, there are infinitely many field
configurations that fulfill the Lorenz
condition and solve the Maxwell
equation for a specific system.

7 The configurations describe the
same physical situations because
Ay and A;‘ are related by a gauge
transformation. In particular, take
note that the transformation in
Eq. D.10 is a gauge transformation
(Eq. 5.137) , although a special one
since the gauge function has to
fulfill an additional condition.

There are, in fact, still infinitely many members in each equiva-
lence class that describe the situation at hand and that fulfill the
Lorenz condition. Here’s why.

Let’s assume that we’ve found one configuration A, that de-
scribes the situation (i.e. solves the Maxwell equation) and
fulfills the Lorenz condition. We can now write down infinitely
many new configurations A}, that fulfill these two criteria:

Agl(x%) = Au(xy) +9pufi(xy), (D.10)

where 7j(x,) is no longer completely arbitrary but has to fulfill
the condition®

9,0"7j = 0. (D.11)

Let’s check this explicitly:

Eq. D.10

0, A" T=""0, (AF + 0t)

D)

D 0,0'] =0 (Eq. D.11)

— 9, A +9,0"7]

= 9,A"

D initial A, fulfills the Lorenz condition

=0. (D.12)

We can see here, as promised above, that as long as we restrict
ourselves to gauge functions 77(x; ) that fulfill the condition
9,0"7j = 0 we can still write down lots of physically equivalent
gauge field configurations Aj,(x) that also fulfill the Lorenz
condition.”

In technical terms, we say that the Lorenz condition only par-
tially fixes the gauge and that there is still residual gauge free-
dom.



E

Delta Distribution

The delta distribution was invented as a tool that allows us to
describe point sources. For example, in electrodynamics, an
electron is a point source of the electromagnetic field. Usually,
in electrodynamics, we describe the locations of charges using a
quantity called charge density p(¥). A charge density encodes
the amount of charge per unit volume. Hence, if we integrate

it over some volume, we get the total charge contained in the
volume

total charge inside V = / p(X)dV . (E.1)
v

Now, how can we describe that there is only a single charge
at one particular location? In other words: what’s the charge
density for a single point charge? We write the charge density
of a point charge as

pp(¥) = q6(¥ — Xo), (E.2)

where g is the charge of the point charge, Xj its location and
J(X — Xp) the delta distribution. The defining property of the
delta distribution is that any integral over a volume V; which
contains the location of the point charge, yields exactly g:

total charge inside V; = / pp(¥)dV = / go(X — Xp)dV =¢q
(E-3)
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but an integral over a different volume V, which does not con-
tain the point X yields exactly zero:

total charge inside V, = / pp(X)dV = / go(x¥ — Xp)dV =0.
Vs Vs

(E-4)
a \/\\/4 Ve -~ ‘\A.'
| / 2
\@\ _ ‘\ .- A — V

This means that the 6(X¥ — ¥p) yields zero for all ¥, except for
X = Xp.

* The delta distribution is not really A good way to understand the delta distribution’ (also known

a function in the strict mathematical
sense and therefore a new word

as the Dirac delta) is to recall a simpler but analogous math-

was invented: distributions. ematical object: the Kronecker delta ¢;;, which is defined as
follows:
S = 1 ifi=j (E.5)
T lo ifi £ 2
2 For example, in two-dimensions In matrix form, the Kronecker delta is simply the unit matrix>.
(1 0 The Kronecker delta §;; is useful because it allows us to pick one
toxa = (0 1) (6 specific term of any sum. For example, let’s consider the sum

3
Z aibj = alb]‘ + azb]' + 11317]' (E7)
i=1

and let’s say we want to extract only the second term. We can
do this by multiplying the sum by the Kronecker delta &,;:

3
Z(Szlﬂ,‘b]' = dy alb]- + azb]' + o3 a3b]- = azbj. (E.8)
i=1 =0 =1 =0

In general, we have

3
Z (Sikﬂl‘b]' = lebj. (Eg)
i=1
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The delta distribution é(x — y) is a generalization of this idea

for integrals instead of sums.3 This means that we can use the 3 To unclutter the notation, we

delta distribution to extract specific terms from any given inte- restrict ourselves to one-dimension.

gral:4 4 Take note that this implies the
/dxf(x)&(x . ]/) _ f(}/) (E.10) statement made above for f(x) = g:

) o ) /dxq&(x—y):q.
In words, this means that the delta distribution allows us to :

extract exactly one term - the term x = y - from the infinitely
many terms which we sum over as indicated by the integral
sign. For example,

/ dxf(x)6(x —2) = f(2).

Now, one example where the Kronecker delta appears is

axi — 5

— (E.11)
an gl

The derivative of dyx = 1, whereas dyy = 0 and 9,z = 0.

Completely analogously, the delta distribution appears as fol-

lows:
g;g;g — 8(xi — x7). (B.12)
The delta distribution is also often introduced by the following
definition:
5(x—y)—{ go ﬁz;y/ , (E.13)

which is somewhat analogous to the definition of the Kronecker
delta in Eq. E.5. Moreover, when we use a constant function in
Eq. E.10, for example, f(x) = 1, we get the following remarkable
equation:

/ dx16(x —y) = 1. (E.14)

The thing is that Eq. E.10 tells us that if we have the delta dis-
tribution (x — y) together with a function under an integral,
the result is the value of the function at y = x. Here, we have a
constant function and its value at y = x is simply 1.
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In words, these properties mean that the delta distribution is

infinitely thin (only non-zero at ¥ = x) and also an infinitely

high function that yields exactly one if we integrate it over all
space.

E.1 Integral Representation of the Delta Distribution

In this appendix we want to derive the integral representation
of the delta distribution
1

dx—y) = oy /j; eVt gt (E.15)

The two puzzle pieces that we need are the formula for the
Fourier transform of a function f(t)

F(x) = /f(t)e*i"tdt (E.16)
and the formula for the inverse Fourier transform
£(t) = % [ Feax. (E.17)
By combining these two formulas, we find
F(y) = / f(t)e Widt this is Eq. E.16
- D Eq. E.1y

= /oo i/oo F(x)e*tdxe ¥ dt

= %/ F(x) dx/ el¥ et dt

D rearranging

- - eae—h _ ea—h
= % /700 F(x)dx /700 e V)t gt (E.18)
The defining property of the delta distribution is
F(y) = /_ _F()é(x — y)dx. (E.19)

If we compare this formula with Eq. E.18, we can read off

dx—y) = % /j:o eVt gt (E.20)

which is exactly what we set out to prove.
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Statistics

F1 Mean

One of the simplest but at the same time most important statis-
tical tools is the so-called mean. Alternative names for the mean
are: expected value, expectation value or simply the average.

The mean of a quantity is the average value we obtain when we

repeat a given experiment many times. We use it whenever we

are forced to make probabilistic predictions.* * Think: flipping a coin, or tossing a
die.

For example, imagine the following situation: A friend offers to

play a game. She flips a coin. If it lands on tails, she pays you

$1.5. But if it lands on heads, you have to pay her $1. By cal-

culating the expectation value for the outcome, you can decide

whether or not you should play this game.

> The probability that a coin lands on heads is p; = 50%. In
this case, the outcome for you is: x; = —$1

> Equally, the probability that a coin lands on tails is p, = 50%.
In this case the outcome for you is: xp = +$1.5
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The mean is defined as the sum over each outcome times the
probability of the outcome

mean = inpi = X1P1 + X2P2
i
= —$1 x 50% + $1.5 x 50% = $0.25. (F.1)

So, if you play this game many times, you will make a profit.
On average, you make $0.25 per game. For example, let’s say
you play the game only twice: you win the first time and lose
the second time. For the win in the first game, you get $1.5. For
the loss in the second game, you lose $1. In total, you therefore
win $o.5 in two games. This equals $0.25 per game.

Of course, the system here is so simple that we could have
guessed this without calculating anything. But for more compli-
cated systems the situation quickly becomes messy.

To summarize: the mean is the average of the outcomes if we
play the game many, many times. A common mathematical
notation for the mean of a quantity x looks like this: (x).
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