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Preface

The aim of science is not to open the door to infinite
wisdom, but to set a limit to infinite error.

Bertolt Brecht, Life of Galileo

This book is about a single mathematical object: the stress-energy tensor,
Tµν. Every graduate student in theoretical physics encounters it, usually in
several courses—general relativity, quantum field theory, fluid dynamics,
perhaps cosmology. In each course it receives a slightly different definition,
is motivated by a slightly different argument, and is derived by a slightly
different method. At some point the student asks the obvious question: Is
this the same Tµν?

The answer is yes. That “yes” is the subject of this book.
The stress-energy tensor is the local transport tensor of four-momentum.

Its (µ, ν) component describes how the ν-component of four-momentum
flows through a hypersurface whose normal points in the µ-direction. This
single sentence, properly understood, explains why Tµν appears in contin-
uum mechanics (where it encodes stress and momentum flux), in special
relativity (where it packages energy, momentum, pressure, and shear into a
Lorentz-covariant object), in general relativity (where it serves as the source
of spacetime curvature), in Lagrangian field theory (where it emerges from
translational symmetry via Noether’s theorem and from metric variation
via Hilbert’s definition), and in quantum field theory (where it becomes an
operator whose expectation value drives semiclassical gravity and whose
correlation functions encode the structure of conformal field theory).

This book tells the story of how different branches of physics, asking
different questions about apparently different problems, repeatedly discov-
ered the same mathematical object. It is not a textbook on general relativity,
nor on quantum field theory, nor on fluid dynamics. It is a textbook on Tµν

itself—on what it means, where it comes from, and why it occupies such a
central position in the architecture of physics.
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Prerequisites. The reader is assumed to have completed undergraduate
courses in classical mechanics (including Lagrangian and Hamiltonian for-
mulations), electrodynamics (at the level of Griffiths or Jackson), special rela-
tivity (four-vectors, Lorentz transformations), and basic quantum mechanics
(Hilbert spaces, operators, commutation relations). No prior knowledge of
general relativity, quantum field theory, or differential geometry is assumed,
though familiarity with these subjects will enrich the reading.

How to read this book. The twelve chapters are designed to be read in
sequence. Each chapter opens with a physical question and closes with a con-
ceptual summary, historical notes, and exercises. The early chapters build the
conceptual foundations slowly and carefully; the later chapters move more
quickly, relying on the framework established earlier. A reader comfortable
with continuum mechanics and special relativity may skim Chapters 1–3.
A reader whose primary interest is quantum field theory should nonethe-
less read Chapters 4–6, where the relationship between Noether’s canonical
tensor and Hilbert’s metric-variation tensor is developed in detail.

Exercises range from computational (“Derive the stress-energy tensor for
a massive scalar field in curved spacetime”) to conceptual (“Explain, without
equations, why pressure contributes to the gravitational field”). Both kinds
are important.

Conventions. We use natural units h̄ = c = 1 except in the early chapters
where factors of c are retained for pedagogical clarity. The metric signature
is mostly plus: ηµν = diag(−1,+1,+1,+1). Greek indices µ, ν, . . . run from
0 to 3; Latin indices i, j, . . . run from 1 to 3. We follow the curvature conven-
tions of Misner, Thorne, and Wheeler [1], so the Riemann tensor satisfies
[∇µ,∇ν]Vα = Rα

βµνVβ, and the Einstein equation reads Gµν = 8πG Tµν.

Acknowledgments. A book like this owes debts to many teachers, textbooks,
and colleagues. The spirit of the presentation is influenced by Weinberg’s
insistence on physical reasoning [2], Carroll’s pedagogical clarity [3], Wald’s
mathematical precision [4], and the historical sensibility of Pais [5]. The idea
that the stress-energy tensor deserves a unified treatment—across classical
mechanics, field theory, gravity, and quantum physics—seems obvious in
retrospect, yet no single textbook makes it the organizing principle. This
book attempts to fill that gap.

June 2026
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Chapter 1

The Local Ledger

Conservation as such is a consequence of a more profound
law—the law that nothing can happen instantaneously at a
distance.

adapted from Hermann Weyl

What does it mean for something to be conserved locally?

1.1 Water in a box

Imagine a box—an ordinary, invisible, mathematical box—sitting in the
middle of a flowing river. The box has no walls; it is merely a region of space
that we have decided to pay attention to. Water flows in through some faces
and out through others.

Ask a simple question: can the total amount of water inside the box
change?

Of course it can. More water can flow in than flows out, in which case
the amount inside increases. More can flow out than flows in, in which
case it decreases. But—and this is the crucial point—the amount of water
inside the box can only change if water crosses the boundary. Water does not
spontaneously appear or vanish within the box. It is not teleported. Every
drop that enters must cross a face; every drop that leaves must cross a face.

This seems trivially obvious. It is. But it is also one of the deepest
structural principles in physics.

Let us make it quantitative. Let the box be a small rectangular region in
three-dimensional space with sides ∆x, ∆y, and ∆z. Let ρ(x, t) denote the

1



Chapter 1. The Local Ledger

mass density of water (mass per unit volume) at position x and time t. The
total mass of water inside the box at time t is approximately

M(t) ≈ ρ(x, t)∆x ∆y ∆z. (1.1)

The rate of change of this mass is

dM
dt
≈ ∂ρ

∂t
∆x ∆y ∆z. (1.2)

Now consider the water flowing through the faces of the box. The water
has a velocity field v(x, t). The mass flowing through a small patch of area
per unit time is ρ v · n̂ dA, where n̂ is the outward-pointing normal to the
patch.

Consider the two faces perpendicular to the x-axis. The face at x has
outward normal −x̂, and the face at x + ∆x has outward normal +x̂. The net
outward mass flux through these two faces is approximately

[
ρvx
∣∣

x+∆x − ρvx
∣∣

x

]
∆y ∆z ≈ ∂(ρvx)

∂x
∆x ∆y ∆z. (1.3)

Adding the corresponding contributions from the y- and z-faces gives the
total net outward flux:

Net outward mass flux ≈
[

∂(ρvx)

∂x
+

∂(ρvy)

∂y
+

∂(ρvz)

∂z

]
∆x ∆y ∆z. (1.4)

The principle of local conservation says: the rate of decrease of mass
inside the box equals the net outward flux. That is,

−∂ρ

∂t
∆x ∆y ∆z =

[
∂(ρvx)

∂x
+

∂(ρvy)

∂y
+

∂(ρvz)

∂z

]
∆x ∆y ∆z. (1.5)

Dividing both sides by the volume ∆x ∆y ∆z and rearranging, we obtain

∂ρ

∂t
+

∂(ρvx)

∂x
+

∂(ρvy)

∂y
+

∂(ρvz)

∂z
= 0. (1.6)

This is the continuity equation. We have derived it from a single physical
principle: the amount of stuff in a region changes only because stuff crosses
the boundary.

2



1.2. The language of flux

1.2 The language of flux

Before introducing any additional mathematical notation, let us pause to
understand the structure of eq. (1.6).

The equation has two conceptual parts:

1. A storage term: ∂ρ/∂t. This measures how rapidly the density at a
fixed point changes in time. It is the local rate of accumulation.

2. A transport term: the sum of the three spatial derivative terms. Each
term ∂(ρvi)/∂xi measures how rapidly the flux ρvi varies along the i-th
direction. When more flux exits a region than enters it, the quantity is
being transported out.

The continuity equation says: the rate of storage plus the rate of transport
equals zero. What accumulates locally is exactly what stops flowing through.

Now let us introduce some compact notation. Define the mass flux vector
(or mass current density):

J ≡ ρ v. (1.7)

Its components are Ji = ρ vi. The physical meaning is: Ji is the mass flow-
ing per unit time per unit area through a surface perpendicular to the i-th
direction.

The transport term in the continuity equation is

∂Jx

∂x
+

∂Jy

∂y
+

∂Jz

∂z
. (1.8)

This combination of derivatives has a name. It is the divergence of J, written
∇ · J. But notice: we did not define the divergence and then use it. We
derived the physical content first, and the divergence emerged as the natural
mathematical packaging.

The continuity equation now takes its standard compact form:

∂ρ

∂t
+∇ · J = 0. (1.9)

Read it aloud: “The time rate of change of the density, plus the diver-
gence of the flux, equals zero.” This is the fundamental equation of local
conservation.

3
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1.3 The divergence theorem, physically

Before we move on, there is an important integral consequence of the conti-
nuity equation that deserves a physical derivation.

Suppose we integrate the continuity equation over a large but finite
volume V: ∫

V

∂ρ

∂t
d3x +

∫
V
∇ · J d3x = 0. (1.10)

The first integral is the time derivative of the total conserved quantity Q =∫
V ρ d3x, so

dQ
dt

+
∫

V
∇ · J d3x = 0. (1.11)

Now here is the physical point. We can think of the volume V as being
built up from many tiny boxes, like the one we analyzed in section 1.1. For
each tiny box, the contribution of∇ · J measures the net outward flux through
the faces of that box. When we stack two boxes side by side, the flux leaving
one box through their shared face is exactly the flux entering the other box
through the same face. These interior contributions cancel. The only faces
that survive are those on the outer boundary ∂V of the entire volume.

Therefore: ∫
V
∇ · J d3x =

∮
∂V

J · n̂ dA, (1.12)

where n̂ is the outward unit normal to the surface ∂V. This is the divergence
theorem (also called Gauss’s theorem).

Notice how the derivation works: the divergence theorem is not a lucky
identity from vector calculus. It is a direct consequence of the cancellation
of internal fluxes when you tile a volume with infinitesimal boxes. The
mathematics is a formalization of a physical fact about bookkeeping.

Substituting back, we find

dQ
dt

= −
∮

∂V
J · n̂ dA. (1.13)

This says: the total amount of Q inside V changes only because of the flux
through the boundary. If we take V to be all of space (or any region through
whose boundary no flux passes), then dQ/dt = 0, and Q is a globally
conserved quantity.

Global conservation says: the total amount of Q is constant. Local con-
servation says something much stronger: Q is constant because it cannot
jump—it can only flow, continuously, from point to point.

The distinction matters enormously. Global conservation is compatible
with teleportation: a particle could disappear from New York and reappear
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1.4. Generalizing: what else is conserved?

in Tokyo, and the total particle number would still be conserved. Local
conservation forbids this. The particle must traverse every point between
New York and Tokyo. Local conservation is the physical content of the
continuity equation.

1.4 Generalizing: what else is conserved?

The derivation in section 1.1 used water as the example, but nothing about
the logic depended on the substance being water. The same argument applies
to any quantity that is locally conserved.

Electric charge. Let ρe(x, t) be the electric charge density and Je = ρe v the
electric current density. If charge is locally conserved (and experiment tells
us it is), then

∂ρe

∂t
+∇ · Je = 0. (1.14)

This is the charge continuity equation. It is built into Maxwell’s equations:
take the divergence of the Ampère–Maxwell equation and use Gauss’s law,
and you recover eq. (1.14) identically. Maxwell’s equations are designed to be
consistent with local charge conservation.

Particle number. In a fluid of identical particles with number density n(x, t)
and velocity v, the particle number flux is Jn = n v, and

∂n
∂t

+∇ · Jn = 0, (1.15)

provided particles are neither created nor destroyed. (In relativistic physics,
particle number is not always conserved—pair creation and annihilation
violate it—but when it is, the continuity equation holds.)

Energy. Let u(x, t) be the energy density and S the energy flux (energy per
unit time per unit area). Then local energy conservation reads

∂u
∂t

+∇ · S = 0. (1.16)

In electrodynamics, u = 1
2 (ϵ0E2 + B2/µ0) and S = E× B/µ0 is the Poynting

vector. The energy continuity equation is Poynting’s theorem.

In every case, the structure is identical:

∂(density)
∂t

+∇ · (flux) = 0. (1.17)

This is the universal grammar of local conservation for scalar quantities—
quantities described by a single number at each point.
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Chapter 1. The Local Ledger

1.5 The conservation hierarchy

Let us pause and organize what we have found. For any locally conserved
scalar quantity, there is a hierarchy of objects:

1. A conserved quantity Q, which is a single number—the total charge,
total mass, total particle number.

2. A density ρ(x, t), which is a scalar field—the amount of Q per unit
volume at each point.

3. A flux J(x, t), which is a vector field—the flow of Q per unit time per
unit area through surfaces at each point.

4. A continuity equation ∂tρ +∇ · J = 0, which links the density and flux
and encodes local conservation.

We can write this hierarchy schematically:

scalar Q −→ scalar density ρ −→ vector flux J −→ ∂tρ +∇ · J = 0.
(1.18)

This hierarchy is the template. In chapter 2, we will ask: what happens
when the conserved quantity is not a scalar but a vector?

1.6 A preview: why the stress-energy tensor?

Here is the key question that motivates the entire book.
Charge is a scalar. Its density is a scalar field ρe. Its flux is a vector field Je.

The continuity equation ∂tρe +∇ · Je = 0 is a single scalar equation.
But momentum is a vector. It has three components px, py, pz. What is

the density of a vector? What is the flux of a vector?
The density of momentum is a vector field: three components, one for

each direction. That is familiar—it is the momentum density g(x, t), with gi

being the i-th component of momentum per unit volume.
But what about the flux? The flux of px is a vector—it has three compo-

nents, describing how px flows in the x-, y-, and z-directions. The same is
true for py and pz.

So the flux of momentum has 3× 3 = 9 components. It is a rank-two
tensor: σij, where the first index labels the direction of flow and the second
labels which component of momentum is flowing.

This tensor—the momentum flux tensor—is the stress tensor of contin-
uum mechanics. It was introduced by Augustin-Louis Cauchy in the 1820s,
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1.7. Conceptual summary

decades before any notion of relativistic spacetime. Cauchy was not thinking
about energy or four-vectors. He was asking a mechanical question: what
forces do neighboring parts of a material exert on each other?

When special relativity unifies energy and momentum into a single four-
vector pµ = (E/c, px, py, pz), the conservation hierarchy upgrades:

vector pµ −→ vector density T0µ −→ rank-two flux Tiµ −→ ∂µTµν = 0.
(1.19)

The density and flux together form a single 4× 4 object: Tµν. This is the
stress-energy tensor. Its physical meaning is precisely this:

Tµν =
flow of four-momentum component pν

through a hypersurface with normal in the xµ direction
. (1.20)

The entire book is an elaboration of this single equation.

1.7 Conceptual summary

• A quantity is locally conserved if it cannot appear or disappear at a
point—it can only flow from one point to a neighboring point.

• For any locally conserved scalar quantity, there exists a density ρ and a
flux J satisfying the continuity equation ∂tρ +∇ · J = 0.

• The time derivative is a storage term; the divergence is a transport
term. The continuity equation says that storage and transport are
complementary accounts in the same ledger.

• The divergence theorem is a consequence of canceling internal fluxes
when tiling a volume with small boxes. It implies that the total con-
served quantity changes only through flux at the boundary.

• Local conservation is stronger than global conservation: it prohibits
teleportation.

• The conservation of a vector quantity (such as momentum) requires a
rank-two tensor to describe its flux. The stress-energy tensor is precisely
this object for four-momentum.

oindent Each of these facts is a facet of the book’s central theme: the
stress-energy tensor tells us how four-momentum flows through spacetime.
The continuity equation is the simplest instance of that story—the case where
the conserved quantity is a scalar.
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Chapter 1. The Local Ledger

1.8 Historical notes

The idea of local conservation emerged gradually during the eighteenth and
nineteenth centuries. Leonhard Euler formulated the continuity equation for
ideal fluids in 1757 as part of his foundational work on hydrodynamics [6].
The equation appeared in a physical context—the conservation of mass in
a flowing fluid—before the mathematical machinery of vector calculus was
fully developed.

The divergence theorem was discovered independently by several mathe-
maticians. Lagrange proved a version in 1762; Gauss stated a form in 1813;
Ostrogradsky gave a rigorous proof in 1826; and Green used it implicitly in his
celebrated essay of 1828 [7]. It is sometimes called the Gauss–Ostrogradsky
theorem.

The distinction between local and global conservation became physically
important with the development of field theory. Maxwell’s equations [8],
formulated in 1865, build local charge conservation into the structure of elec-
trodynamics. The charge continuity equation is not an additional postulate;
it is an automatic consequence of Maxwell’s equations. This was recognized
clearly by Lorentz and, later, by Einstein.

The idea that local conservation requires a flux—not merely a conserved
total—was implicit in Fourier’s theory of heat conduction (1822) and became
explicit in the work of Cauchy on stress in continuous media, which we
discuss in detail in chapter 2.
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Chapter 2

The Flux of Force

The key question is not what forces act on a body, but what
forces act across a surface.

paraphrased from Augustin-Louis Cauchy

What is momentum flux?

2.1 Forces between neighbors

In the mechanics of point particles, forces act between objects separated by
some distance. The gravitational force between the Earth and the Moon acts
across the void between them. But in a continuous material—a steel beam,
a column of water, a pocket of gas—forces are transmitted through contact.
Every small parcel of the material pushes and pulls on its neighbors through
the surface they share.

Cauchy’s great insight, developed in a series of papers between 1822 and
1828 [9, 10], was to formalize this idea. Consider a surface element dA inside
a continuous medium, with unit normal n̂. The material on the +n̂ side of
this surface exerts a force on the material on the −n̂ side. Cauchy called this
the traction (or stress vector) t(n̂).

The force per unit area depends on two things: the location in the material,
and the orientation of the surface n̂. Cauchy’s fundamental question was: how
does t depend on n̂?

The answer—Cauchy’s theorem—is that the dependence is linear:

ti(n̂) = σji nj. (2.1)

The nine numbers σji form the Cauchy stress tensor. Let us derive this.
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Chapter 2. The Flux of Force

2.2 Cauchy’s tetrahedron

Consider a small tetrahedron inside the material, with three faces aligned
with the coordinate planes (yz, xz, xy) and one oblique face with outward
unit normal n̂ = (n1, n2, n3).

x

y

z

n̂t(n̂)

oblique face, area ∆A

Let the oblique face have area ∆A. Then the areas of the three coordinate
faces are ∆Ax = n1 ∆A, ∆Ay = n2 ∆A, ∆Az = n3 ∆A. (This is a geometric
fact: the projection of a tilted area onto a coordinate plane scales by the
corresponding component of the normal.)

The forces acting on the tetrahedron are:

1. the traction t(n̂)∆A on the oblique face,

2. the tractions t(−x̂)∆Ax, t(−ŷ)∆Ay, t(−ẑ)∆Az on the three coordinate
faces (the minus signs arise because the outward normals of these faces
point in the −x, −y, −z directions),

3. any body force (such as gravity) f ∆V, where ∆V is the tetrahedron’s
volume.

Newton’s second law for the tetrahedron reads:

ρ a ∆V = t(n̂)∆A + t(−x̂) n1 ∆A + t(−ŷ) n2 ∆A + t(−ẑ) n3 ∆A + f ∆V.
(2.2)

Now the crucial step: as we shrink the tetrahedron, the volume ∆V scales
as ℓ3 (where ℓ is a characteristic linear dimension) while the area ∆A scales
as ℓ2. In the limit ℓ → 0, the volume terms become negligible compared to
the surface terms. Therefore, in this limit,

t(n̂) = −t(−x̂) n1 − t(−ŷ) n2 − t(−ẑ) n3. (2.3)
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2.3. The physical meaning of stress components

By Newton’s third law, t(−êj) = −t(êj). Define the nine quantities

σji ≡ [t(êj)]i (2.4)

—that is, σji is the i-th component of the traction vector on a face whose
outward normal is êj. Then eq. (2.3) becomes

ti(n̂) = σji nj. (2.5)

This is Cauchy’s stress theorem. The traction on any surface is a linear
function of the surface normal, and the coefficients form a rank-two tensor
σji.

2.3 The physical meaning of stress components

Let us unpack what the components of σji mean.
Consider a surface with outward normal x̂ (an imaginary surface perpen-

dicular to the x-axis inside the material). The traction on this surface has
components:

σxx = force per unit area in the x-direction on a surface ⊥ x, (2.6)

σxy = force per unit area in the y-direction on a surface ⊥ x, (2.7)

σxz = force per unit area in the z-direction on a surface ⊥ x. (2.8)

The diagonal components (σxx, σyy, σzz) are normal stresses: they describe
compression or tension perpendicular to the surface. A positive σxx means
the material on the +x side of the surface is pulling the material on the −x
side in the +x direction—this is tension.

The off-diagonal components (σxy, σxz, σyz, . . . ) are shear stresses: they
describe forces tangential to the surface, tending to slide adjacent layers of
material past one another.

2.4 Stress is momentum flux

So far the stress tensor looks like it describes forces. But there is a deeper
interpretation that connects it directly to the conservation hierarchy of chap-
ter 1.

Consider Newton’s second law for a small parcel of material with volume
∆V, density ρ, and velocity v:

ρ
dvi

dt
∆V =

∮
∂(∆V)

ti dA + fi ∆V =
∮

∂(∆V)
σji nj dA + fi ∆V, (2.9)
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Chapter 2. The Flux of Force

where fi is the body force density. Applying the divergence theorem to the
surface integral on the right,∮

∂(∆V)
σji nj dA =

∫
∆V

∂σji

∂xj
d3x ≈

∂σji

∂xj
∆V. (2.10)

Dividing by ∆V, we obtain the Cauchy momentum equation:

ρ
dvi

dt
=

∂σji

∂xj
+ fi. (2.11)

Now write gi = ρvi for the i-th component of momentum density. With
some algebra (using the mass continuity equation), the left-hand side can be
rewritten as

ρ
dvi

dt
=

∂gi

∂t
+

∂

∂xj
(ρvivj). (2.12)

The term ρvivj represents the convective transport of momentum—the flux of
pi carried bodily by the flow in the j-direction.

Combining, and writing Πji = ρvjvi − σji for the total momentum flux
tensor (convective minus stress1), we obtain

∂gi

∂t
+

∂Πji

∂xj
= fi. (2.13)

In the absence of external forces ( fi = 0), this is a vector-valued continuity
equation: the rate of change of the i-th component of momentum density
equals minus the divergence of the i-th column of the momentum flux tensor.

Compare this with the scalar continuity equation ∂tρ + ∂j Jj = 0. The
structure is identical, except that the conserved quantity is now a vector (gi

instead of ρ), and the flux is now a rank-two tensor (Πji instead of Jj).
This confirms the hierarchy previewed at the end of chapter 1:

vector pi −→ vector density gi −→ rank-two flux Πji −→ ∂tgi + ∂jΠji = 0.
(2.14)

The stress tensor is not merely a description of forces. It is the momentum
flux tensor—it describes how momentum is transported through the material.
When you push on one end of a steel rod and the other end moves, what
happened is that momentum flowed through the rod, carried by the stress
field. The stress tensor is the current of momentum, just as the electric current
density is the current of charge.

1The sign convention is that σji represents internal forces that oppose the stress, while
ρvjvi represents momentum carried by the bulk flow. Different textbooks use different sign
conventions; the physics is the same.

12



2.5. Pressure: the simplest stress

2.5 Pressure: the simplest stress

The simplest stress tensor describes a fluid at rest, where the only internal
force is pressure—a force per unit area acting equally in all directions. In this
case,

σij = −P δij, (2.15)

where P is the pressure and the minus sign reflects the convention that
positive pressure is compressive (the force acts inward on a surface, opposite
to the outward normal). There are no shear stresses; the stress tensor is
proportional to the identity matrix.

For a perfect fluid in motion, the total momentum flux tensor is

Πij = ρvivj + P δij, (2.16)

and the momentum continuity equation eq. (2.13) becomes the Euler equa-
tion of fluid dynamics:

∂(ρvi)

∂t
+

∂

∂xj

(
ρvivj + P δij

)
= fi. (2.17)

This is one of the oldest and most important equations in physics. Euler
derived it in 1757 [6], more than a century before the stress tensor formalism
was fully developed.

The appearance of pressure alongside the convective term ρvivj is a con-
sequence of the fact that pressure transmits momentum. When gas in a
container exerts pressure on a wall, it is transferring momentum to the wall.
Pressure is momentum flux.

This observation—that pressure is a form of momentum transport—will
become physically crucial when we reach general relativity. It is the reason
that pressure gravitates: pressure contributes to the stress-energy tensor, and
therefore to the curvature of spacetime.

2.6 Symmetry of the stress tensor

The Cauchy stress tensor has an important property: it is symmetric, σij = σji.
This follows from the conservation of angular momentum.

Consider a small cube of material. The torque about its center is the sum
of the moments of the surface tractions. Shear stresses on opposite faces
produce torques. For the torque about the z-axis, the stress σxy on the +x face
produces a torque in one direction, and σyx on the +y face produces a torque
in the other. For the net torque to be finite as the cube shrinks to zero size (the
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Chapter 2. The Flux of Force

angular acceleration must remain finite, while the moment of inertia scales as
ℓ5 and the torque from shear stresses scales as ℓ3), we need the torques from
σxy and σyx to cancel, which requires

σxy = σyx. (2.18)

The same argument for each pair of indices gives σij = σji.
This symmetry reduces the number of independent stress components

from nine to six. It will have a relativistic counterpart: the stress-energy
tensor Tµν is symmetric, which we will derive from the conservation of
angular momentum in chapter 8.

2.7 The stress tensor in a viscous fluid

For a Newtonian viscous fluid, the stress tensor includes a term proportional
to the rate of strain:

σij = −P δij + η

(
∂vi

∂xj
+

∂vj

∂xi
− 2

3
δij∇ · v

)
+ ζ δij∇ · v, (2.19)

where η is the shear (dynamic) viscosity and ζ is the bulk viscosity. The
momentum continuity equation with this stress tensor gives the Navier–
Stokes equations [11]—the governing equations for viscous fluid dynamics.

We mention this not because we will need the Navier–Stokes equations
later, but to emphasize that the stress tensor formalism is extraordinarily
general. Different materials correspond to different constitutive relations
between σij and the deformation or flow, but the underlying conservation
law—the momentum continuity equation—is universal.

2.8 Conceptual summary

• Cauchy’s stress theorem: the force per unit area (traction) on any
internal surface is a linear function of the surface normal, encoded in a
rank-two tensor σij.

• The physical content of the stress tensor is that it describes momentum
flux: σji (or more precisely the total momentum flux Πji) is the flux of
the i-th component of momentum in the j-th direction.

• The momentum continuity equation ∂tgi + ∂jΠji = 0 is the vector-
valued generalization of the scalar continuity equation.
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• The conservation of a scalar quantity requires a vector flux. The conser-
vation of a vector quantity requires a rank-two tensor flux. This is the
organizing principle of the entire book.

• Pressure is the simplest form of momentum flux. It will later explain
why pressure gravitates.

• The stress tensor is symmetric, σij = σji, as a consequence of angular
momentum conservation.

oindent The stress tensor, viewed as a momentum flux, is the non-
relativistic seed of the idea that will grow into the full stress-energy tensor:
the local transport tensor of four-momentum.

2.9 Historical notes

The concept of stress as a tensor was introduced by Augustin-Louis Cauchy
in his 1823 memoir on internal pressures in continuous bodies [9]. Cauchy’s
approach—considering the forces on a small tetrahedron—remains the stan-
dard derivation found in every textbook on continuum mechanics. Before
Cauchy, Euler had already derived the equations of motion for ideal fluids in
1757 [6], but Euler treated pressure as a scalar and did not develop the full
tensor formalism.

The interpretation of the stress tensor as a momentum flux tensor was
implicit in Cauchy’s work but was not emphasized until the development
of the kinetic theory of gases in the mid-nineteenth century. Maxwell [12]
showed that in a gas, the stress tensor components are momentum fluxes
carried by individual molecules, providing a microscopic justification for
the macroscopic continuum description. This kinetic-theory interpretation
makes the connection between stress and momentum transport vivid and
concrete.

The Navier–Stokes equations were developed independently by Navier
(1822), Poisson (1831), Saint-Venant (1843), and Stokes (1845). Each used
slightly different physical arguments, but all arrived at the same equations—
a testament to the robustness of the underlying conservation law.

15



Chapter 2. The Flux of Force

16



Chapter 3

Spacetime Demands a Tensor

Henceforth space by itself, and time by itself, are doomed
to fade away into mere shadows, and only a kind of union
of the two will preserve an independent reality.

Hermann Minkowski, 1908

Why does relativity require a rank-two tensor?

3.1 The unification of energy and momentum

In Newtonian mechanics, energy and momentum are different animals. En-
ergy is a scalar. Momentum is a three-vector. They obey separate conservation
laws, and there is no deep reason to package them together.

Special relativity changes this. The central insight is that space and
time are components of a single four-dimensional continuum, and physical
quantities that were separately three-dimensional must be reassembled into
four-dimensional objects that transform properly under Lorentz transforma-
tions.

The three-momentum p = (px, py, pz) and the energy E of a particle
combine into the four-momentum:

pµ =
(
E/c, px, py, pz

)
. (3.1)

(We retain factors of c in this chapter for pedagogical clarity.) Under a Lorentz
transformation, pµ transforms as a four-vector, just like the spacetime position
xµ = (ct, x, y, z). The invariant norm of this four-vector is

ηµν pµ pν = −E2/c2 + |p|2 = −m2c2, (3.2)
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where m is the rest mass. This is the relativistic energy-momentum relation,
E2 = (pc)2 + (mc2)2, in a Lorentz-invariant form.

The key point for our story is that energy and momentum are not independent.
They are components of a single four-vector. A Lorentz boost mixes them:
an object at rest has zero three-momentum but nonzero energy; boosted to a
moving frame, some of that energy becomes momentum. Any quantity that
involves energy must also involve momentum, and vice versa.

3.2 From scalar conservation to four-vector conservation

In chapter 1, we saw that the local conservation of a scalar quantity Q (such
as electric charge) is expressed by a continuity equation involving a four-
current:

Jµ = (cρ, J), (3.3)

where ρ is the charge density and J is the current density. The continuity
equation ∂tρ +∇ · J = 0 becomes, in four-dimensional notation,

∂µ Jµ = 0, (3.4)

where ∂µ = (∂t/c, ∇) and summation over repeated indices is understood.
The total charge is

Q =
∫

J0 d3x
c

=
∫

ρ d3x. (3.5)

This structure is Lorentz covariant. The four-current Jµ transforms as a
four-vector, ∂µ Jµ is a Lorentz scalar, and the conservation law has the same
form in every inertial frame.

Now ask: what is the analogous structure for the conservation of four-
momentum?

3.3 The tensor emerges

The conserved quantity is now not a scalar but a four-vector pµ. Following
the conservation hierarchy of section 1.5, we need:

1. A density: the amount of pµ per unit spatial volume. Since pµ has four
components, the density is a four-vector: we call it T0µ/c (the factor of
c is conventional).

2. A flux: the flow of pµ through surfaces. The flux of the ν-component
of four-momentum through a surface perpendicular to the i-th spatial
direction is Tiν. Since ν ranges over four values and i over three, this
gives 4× 3 = 12 components.
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3. A continuity equation: combining density and flux into a divergence-
free condition.

But in relativity, we should not treat time and space differently. The
density (what sits at a fixed time) and the flux (what flows through spatial
surfaces) should combine into a single covariant object. Consider a general
oriented hypersurface in spacetime, not necessarily a surface of constant time.
Let nµ be its unit normal (which could be timelike, spacelike, or null). The
flow of four-momentum component pν through this hypersurface is described by a
single object with two indices:

Tµν =
flow of pν through a hypersurface with normal in the xµ direction

.
(3.6)

This is a rank-two tensor on spacetime. Its 4× 4 = 16 components encode
the complete information about how four-momentum is distributed in space
and how it flows through spacetime.

The relativistic continuity equation for four-momentum conservation is

∂µTµν = 0. (3.7)

This is a set of four equations, one for each value of ν. The ν = 0 equation
expresses energy conservation. The ν = i equations express momentum
conservation. Together, they are the relativistic generalization of the scalar
continuity equation ∂µ Jµ = 0.

3.4 Interpreting the components

Let us carefully interpret each component of Tµν in a given inertial frame.

T00: energy density. T00 is the flow of p0 = E/c through a surface of
constant x0 = ct—that is, a snapshot of space at fixed time. But the “flow of
energy through a constant-time surface” is simply the energy sitting there at
that moment. Hence T00 is the energy density (with appropriate factors of c).

T0i: momentum density (or energy flux). T0i is the flow of pi through a
constant-time surface, which is the density of the i-th component of momen-
tum. Equivalently, Ti0 is the flow of energy (p0) through a surface perpen-
dicular to xi, which is the energy flux in the i-th direction. As we will see,
T0i = Ti0—the momentum density equals the energy flux (up to factors of c).
This is a deep relativistic identity.
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Tij: stress (momentum flux). Tij is the flow of pj through a surface perpen-
dicular to xi. This is exactly the momentum flux tensor—the stress tensor—
that Cauchy introduced in the non-relativistic context. The diagonal compo-
nents Tii are normal stresses (pressures), and the off-diagonal components
are shear stresses.

Collecting these, we can write Tµν schematically as a 4× 4 matrix:

Tµν =

(
energy density energy flux (= momentum density)

momentum density (= energy flux) stress tensor

)
.

(3.8)
More explicitly, in terms of the energy density E , the momentum density gi,
and the spatial stress tensor σij:

Tµν =


E c g1 c g2 c g3

c g1 σ11 σ12 σ13

c g2 σ21 σ22 σ23

c g3 σ31 σ32 σ33

 . (3.9)

(The precise factors of c depend on conventions; in natural units c = 1 these
simplify.)

3.5 Symmetry: why Tµν = Tνµ

The stress-energy tensor is symmetric: Tµν = Tνµ. The spatial part σij = σji

was derived in section 2.6 from angular momentum conservation. The mixed
part T0i = Ti0—the equality of momentum density and energy flux—is a
consequence of relativistic kinematics.

To see this, consider a system of particles. The energy flux in the i-
direction is the rate at which energy crosses a surface perpendicular to xi, per
unit area. For a single particle moving with velocity vi, this is E vi/A per unit
area, where A is the area. For a density of particles, it is E vi. The momentum
density, on the other hand, is gi = ρ vi · (E/c2) = E vi/c2. Thus (restoring
factors of c carefully) T0i ∼ E vi and Ti0 ∼ E vi—they are indeed equal.

More generally, the symmetry of Tµν is guaranteed by the conservation
of the relativistic angular momentum tensor Mµνρ, which we will discuss in
chapter 8.

3.6 The perfect fluid

The simplest relativistic matter model is the perfect fluid: a fluid with no
viscosity and no heat conduction, characterized by its energy density ρE
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(we use ρE temporarily to distinguish from mass density), pressure P, and
four-velocity uµ.

In the rest frame of the fluid, there is no preferred spatial direction. The
energy density is T00 = ρE, the momentum density vanishes (T0i = 0), and
the stress tensor is isotropic: Tij = P δij. Therefore, in the rest frame,

Tµν
rest =


ρE 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

 . (3.10)

Now we need a covariant expression that reduces to this in the rest
frame. In the rest frame, uµ = (c, 0, 0, 0), so uµuν/c2 = diag(1, 0, 0, 0) and
ηµν + uµuν/c2 = diag(0, 1, 1, 1). Therefore,

Tµν
rest = ρE

uµuν

c2 + P
(

ηµν +
uµuν

c2

)
. (3.11)

Since both sides are tensors and they agree in one frame, they agree in every
frame. In natural units (c = 1):

Tµν = (ρE + P) uµuν + P ηµν. (3.12)

This is the stress-energy tensor of a perfect fluid. Despite its simplicity, it
is the foundation for much of relativistic hydrodynamics and cosmology.

3.7 Conservation laws from ∂µTµν = 0

The four equations ∂µTµν = 0 unify energy and momentum conservation.
Let us extract their content in a given frame.

The ν = 0 component is

∂0T00 + ∂iTi0 = 0 =⇒ 1
c

∂E
∂t

+ ∂i(energy fluxi) = 0. (3.13)

This is the relativistic energy continuity equation, generalizing Poynting’s
theorem.

The ν = j component is

∂0T0j + ∂iTij = 0 =⇒ 1
c

∂gj

∂t
+ ∂iσ

ij = 0. (3.14)

This is the relativistic momentum continuity equation, generalizing Cauchy’s
equation.

So the single tensor equation ∂µTµν = 0 contains both energy conservation
and momentum conservation. Relativity demands that they come together,
because energy and momentum are components of a single four-vector, and
their conservation laws are components of a single tensor equation.
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Chapter 3. Spacetime Demands a Tensor

3.8 The conserved four-momentum

Given ∂µTµν = 0, we can integrate over all of space at a fixed time to obtain
the conserved total four-momentum:

Pν =
1
c

∫
T0ν d3x. (3.15)

Taking the time derivative and using the conservation law:

dPν

dt
=

1
c

∫
∂0T0ν d3x = −1

c

∫
∂iTiν d3x = −1

c

∮
Tiν ni dA. (3.16)

If the fields vanish at spatial infinity (or the system is enclosed), the surface
integral vanishes and

dPν

dt
= 0. (3.17)

The total four-momentum is conserved.
In natural units, the components are:

P0 =
∫

T00 d3x = total energy, Pi =
∫

T0i d3x = total momentum.

(3.18)

3.9 Example: the electromagnetic field

As a first non-trivial example, consider the electromagnetic field in vacuum.
The energy density, energy flux (Poynting vector), momentum density, and
Maxwell stress tensor are already known from classical electrodynamics.
Assembling them into a single relativistic tensor:

The electromagnetic stress-energy tensor is

Tµν
EM =

1
µ0

(
Fµα Fν

α −
1
4

ηµν Fαβ Fαβ

)
, (3.19)

where Fµν is the electromagnetic field strength tensor with components

F0i = Ei/c, Fij = −ϵijkBk. (3.20)

Let us verify some components. Computing T00 in terms of E and B:

T00 =
1
µ0

(
F0α F0

α −
1
4

η00 FαβFαβ

)
=

1
µ0

(
F0i F0

i +
1
4

FαβFαβ

)
=

1
2

(
ϵ0E2 +

B2

µ0

)
. (3.21)
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This is precisely the electromagnetic energy density. The off-diagonal compo-
nents T0i give the Poynting vector, and the spatial components Tij give the
Maxwell stress tensor. Everything is packaged into one object.

The conservation law ∂µTµν
EM = −Fνα Jα (where Jα is the four-current of

charges) generalizes Poynting’s theorem and the Lorentz force law simulta-
neously. In the absence of charges, ∂µTµν

EM = 0.

3.10 Why rank two?

Let us step back and ask a question that is rarely addressed explicitly: why
does the stress-energy tensor carry two indices? The answer has nothing to
do with general relativity or field theory. It is a consequence of pure logic:
the rank of a conserved current is determined by the rank of the conserved
quantity, and four-momentum is a vector.

Conserving a scalar

In chapter 1, we studied the conservation of a scalar quantity q (charge, mass,
particle number). Its density ρ = q/V is a scalar, and local conservation re-
quires specifying the flux of q through each face of a tiny volume. In d spatial
dimensions, there are d independent faces, so the flux has d components.
Packaging density and flux together into a single spacetime object gives a
four-vector:

Jµ = (ρ, J). (3.22)

The conservation law is one equation:

∂µ Jµ = 0. (3.23)

One conserved scalar, one continuity equation, one vector current.

Conserving a vector

Now suppose the conserved quantity is not a scalar but a vector qν with four
components. Each component qν (for ν = 0, 1, 2, 3) is individually conserved,
and each requires its own density and its own flux. The density of the ν-th
component is T0ν—how much of qν is stored per unit volume. The flux of the
ν-th component through the face perpendicular to xi is Tiν.

The full set of densities and fluxes requires two indices: one (µ) specify-
ing which surface the quantity flows through, the other (ν) specifying which
component of the vector is flowing. The result is a rank-two tensor:

Tµν = flux of qν through the surface perpendicular to xµ. (3.24)
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Chapter 3. Spacetime Demands a Tensor

The conservation law is four equations—one per component of the conserved
vector:

∂µTµν = 0 (ν = 0, 1, 2, 3). (3.25)

Four conserved components, four continuity equations, one rank-two tensor.

The punchline

The identification is immediate: set qν = pν (four-momentum), and the
transport tensor Tµν is the stress-energy tensor. Its rank is not a choice or a
convention. It is dictated by the fact that four-momentum is a four-vector:

Conserved quantity −→ Transport tensor

scalar (charge q) −→ four-vector Jµ

four-vector (four-momentum pν) −→ rank-two tensor Tµν

This hierarchy can be extended. If one conserved an antisymmetric tensor
qµν (as one does for angular momentum), the current would be a rank-three
tensor Mαµν—which is precisely the angular momentum tensor we discuss
in chapter A.

The stress-energy tensor is a rank-two tensor because four-momentum is
a four-vector. The two indices encode the two pieces of information needed
to describe transport: what is moving, and through which surface.

3.11 Conceptual summary

• Special relativity unifies energy and momentum into a four-vector pµ.

• The local conservation of a four-vector quantity requires a rank-two
tensor to describe its density and flux: this is Tµν.

• T00 is the energy density, T0i is the momentum density (equivalently,
the energy flux), and Tij is the Cauchy stress tensor (momentum flux).

• The conservation law ∂µTµν = 0 unifies energy and momentum conser-
vation into a single tensor equation.

• The stress-energy tensor of a perfect fluid is Tµν = (ρ + P)uµuν + Pηµν.

• The electromagnetic stress-energy tensor packages the energy density,
Poynting vector, and Maxwell stress tensor into one Lorentz-covariant
object.
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oindent Every component of Tmuu answers the same question: how
much of the u-th component of four-momentum flows through a surface
perpendicular to xmu? This is the central thesis of the book, now made
precise.

3.12 Historical notes

The four-dimensional formulation of electrodynamics, including the electro-
magnetic stress-energy tensor, was developed by Minkowski in 1908 [13]
following Einstein’s 1905 papers on special relativity [14]. Minkowski recog-
nized that the equations of electrodynamics take their most natural form as
tensor equations in four-dimensional spacetime. The stress-energy tensor ap-
peared in this context as the natural relativistic generalization of the Maxwell
stress tensor.

The perfect fluid stress-energy tensor was used extensively by Einstein in
his development of general relativity (1912–1915) [15]. Einstein recognized
early on that the source of gravity in a relativistic theory could not be mass
alone, nor energy alone, but must be the full stress-energy tensor. We develop
this argument in chapter 5.

The modern notation and index conventions for Tµν were standardized
gradually during the period 1910–1930. The term “energy-momentum tensor”
is perhaps more common in the physics literature, but “stress-energy tensor”
(or “stress-energy-momentum tensor”) better conveys the physical content:
the spatial part really is the stress tensor that Cauchy introduced, and all the
components describe the transport of four-momentum.
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Chapter 4

Symmetry Rediscovers the Ten-
sor

Every differentiable symmetry of the action of a physical
system has a corresponding conservation law.

Emmy Noether’s theorem, 1918 (paraphrased)

Why does translation symmetry rediscover the same object?

4.1 The action principle

We now change perspective. In the previous chapters, we built the stress-
energy tensor from physical reasoning: continuity equations for conserved
quantities, Cauchy’s analysis of forces in a continuum, the demands of
Lorentz covariance, and Einstein’s argument that the full tensor must source
gravity. In every case, we began with a physical system and asked what is
conserved. In this chapter, we take a radically different starting point: we be-
gin with a symmetry and discover that it automatically produces a conserved
tensor.

The bridge between symmetries and conservation laws is Noether’s theo-
rem, one of the most profound results in mathematical physics. To state and
derive it, we first need the action principle.

A classical field theory is specified by a Lagrangian density L(ϕ, ∂µϕ),
a function of the field ϕ(x) and its first derivatives ∂µϕ(x). (For now we
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Chapter 4. Symmetry Rediscovers the Tensor

consider a single scalar field; the generalization to multiple fields and fields
with indices is straightforward.) The action is

S[ϕ] =
∫
L(ϕ, ∂µϕ)d4x. (4.1)

The equations of motion follow from demanding that S be stationary
under small variations ϕ → ϕ + δϕ that vanish on the boundary of the
integration region. Under such a variation,

δS =
∫ [

∂L
∂ϕ

δϕ +
∂L

∂(∂µϕ)
δ(∂µϕ)

]
d4x

=
∫ [

∂L
∂ϕ

δϕ +
∂L

∂(∂µϕ)
∂µ(δϕ)

]
d4x. (4.2)

Integrating the second term by parts:

δS =
∫ [

∂L
∂ϕ
− ∂µ

(
∂L

∂(∂µϕ)

)]
δϕ d4x +

∫
∂µ

(
∂L

∂(∂µϕ)
δϕ

)
d4x. (4.3)

The second integral is a total divergence; by the divergence theorem it be-
comes a surface integral, which vanishes because δϕ vanishes on the bound-
ary. Setting δS = 0 for arbitrary δϕ gives the Euler–Lagrange equation:

∂L
∂ϕ
− ∂µ

(
∂L

∂(∂µϕ)

)
= 0. (4.4)

4.2 The idea behind Noether’s theorem

Noether’s theorem connects symmetries to conservation laws. Before deriv-
ing it formally, let us understand the logic.

A symmetry of the action is a transformation of the fields under which S
does not change (or changes only by a surface term). The key insight is: if
such a transformation exists, then there exists a current Jµ such that ∂µ Jµ = 0
whenever the equations of motion hold.

Why? Because the variation of the action under the symmetry transfor-
mation is zero (by definition of symmetry), but it can also be written as a sum
of two pieces: the equations of motion (which vanish on-shell) and a total
divergence. Setting these equal tells us that the total divergence vanishes
on-shell—which is exactly the statement that a current is conserved.
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4.3. Derivation of Noether’s theorem

4.3 Derivation of Noether’s theorem

Consider an infinitesimal transformation of the fields:

ϕ(x) → ϕ(x) + ϵ ∆ϕ(x), (4.5)

where ϵ is an infinitesimal parameter and ∆ϕ specifies the form of the trans-
formation.

Suppose this is a symmetry, meaning that the Lagrangian changes at most
by a total divergence:

L → L+ ϵ ∂µKµ (4.6)

for some Kµ. (If Kµ = 0, the Lagrangian is strictly invariant; if not, the
action still changes only by a boundary term, so the equations of motion are
unaffected.)

Now compute the variation of L directly:

δL =
∂L
∂ϕ

ϵ ∆ϕ +
∂L

∂(∂µϕ)
ϵ ∂µ(∆ϕ)

= ϵ

[
∂L
∂ϕ
− ∂µ

(
∂L

∂(∂µϕ)

)]
∆ϕ + ϵ ∂µ

(
∂L

∂(∂µϕ)
∆ϕ

)
. (4.7)

The first bracket is the Euler–Lagrange expression, which vanishes on-
shell (when the equations of motion are satisfied). Setting δL = ϵ ∂µKµ and
using the on-shell condition, we find

∂µ

(
∂L

∂(∂µϕ)
∆ϕ− Kµ

)
= 0. (4.8)

Therefore the Noether current

jµ =
∂L

∂(∂µϕ)
∆ϕ− Kµ (4.9)

is conserved: ∂µ jµ = 0.
This is Noether’s first theorem [16]. Every continuous symmetry of the

action yields a conserved current.

4.4 Translations and the canonical tensor

Now we apply Noether’s theorem to the symmetry that will produce the
stress-energy tensor: spacetime translations.
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Under an infinitesimal translation xµ → xµ + ϵµ, a scalar field transforms
as

ϕ(x)→ ϕ(x− ϵ) = ϕ(x)− ϵν ∂νϕ(x). (4.10)

So the variation of the field is ∆ϕ = −∂νϕ for a translation in the ν-direction.
The Lagrangian density L is also a scalar field on spacetime (it depends

on x only through ϕ and ∂µϕ), so under a translation,

L → L− ϵν ∂νL = L− ϵν ∂µ(δ
µ

ν L). (4.11)

This is a total divergence with Kµ = −δµ
ν L.

Substituting into the Noether current formula eq. (4.9), the conserved
current associated with translation in the ν-direction is

jµ

(ν)
=

∂L
∂(∂µϕ)

(−∂νϕ)− (−δµ
ν L) = −

∂L
∂(∂µϕ)

∂νϕ + δµ
ν L. (4.12)

We define the canonical stress-energy tensor (also called the canonical
energy-momentum tensor) as

Θµ
ν =

∂L
∂(∂µϕ)

∂νϕ− δµ
ν L. (4.13)

The Noether current is jµ

(ν)
= −Θµ

ν, and conservation reads

∂µΘµ
ν = 0. (4.14)

Raising the second index with the metric: Θµν = ηνα Θµ
α.

The conserved charges are the components of the total four-momentum:

Pν =
∫

Θ0ν d3x. (4.15)

This is remarkable. We started from a completely different place—not
from the physical idea of momentum transport through surfaces, but from
the abstract idea of translational symmetry of the action—and we arrived at
the same object: a conserved rank-two tensor whose integral over space gives
the total four-momentum.

Translation symmetry rediscovers the stress-energy tensor.

4.5 Example: the real scalar field

Consider a real scalar field with Lagrangian density

L = − 1
2 ∂µϕ ∂µϕ− 1

2 m2ϕ2 = 1
2 (ϕ̇

2 − |∇ϕ|2)− 1
2 m2ϕ2. (4.16)
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(We use natural units c = h̄ = 1 and the mostly-plus metric signature, so
∂µϕ ∂µϕ = −ϕ̇2 + |∇ϕ|2.)

The canonical momentum is

π ≡ ∂L
∂ϕ̇

= ϕ̇. (4.17)

The canonical stress-energy tensor components are:

Θ00 = π ϕ̇−L = ϕ̇2 − 1
2 (ϕ̇

2 − |∇ϕ|2) + 1
2 m2ϕ2

= 1
2 ϕ̇2 + 1

2 |∇ϕ|2 + 1
2 m2ϕ2. (4.18)

This is the energy density: kinetic energy ( 1
2 ϕ̇2) plus gradient energy ( 1

2 |∇ϕ|2)
plus potential energy ( 1

2 m2ϕ2). Precisely what we expect.

Θ0i = π ∂iϕ = ϕ̇ ∂iϕ = −ϕ̇ ∂iϕ. (4.19)

This is the momentum density (or equivalently, the energy flux).
The spatial components are

Θij = ∂iϕ ∂jϕ + δij L = ∂iϕ ∂jϕ + δij(− 1
2 ∂αϕ ∂αϕ− 1

2 m2ϕ2) . (4.20)

These are the stress components—the momentum flux.
One can verify directly that the Euler–Lagrange equation (□−m2)ϕ = 0

(the Klein–Gordon equation) implies ∂µΘµν = 0.

4.6 Example: the electromagnetic field

The Lagrangian density for the electromagnetic field is

L = −1
4

Fµν Fµν, (4.21)

where Fµν = ∂µ Aν − ∂ν Aµ and Aµ is the four-potential. The canonical stress-
energy tensor is

Θµν
can =

∂L
∂(∂µ Aα)

∂ν Aα − ηµνL = −Fµα ∂ν Aα +
1
4

ηµν FαβFαβ. (4.22)

There is a problem. This tensor is not symmetric: Θµν
can ̸= Θνµ

can. Moreover,
it is not gauge invariant—it depends on the choice of gauge for Aµ, because
the term ∂ν Aα is not gauge invariant.
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Something has gone wrong. The physically correct electromagnetic stress-
energy tensor eq. (3.19) is symmetric and gauge invariant. The canonical
tensor is neither.

This discrepancy is a well-known issue. The canonical stress-energy
tensor from Noether’s theorem is conserved, but it is not necessarily sym-
metric, gauge invariant, or equal to the “physical” tensor. However, it can
be improved: one can add a term ∂αBαµν with Bαµν = −Bµαν (antisymmet-
ric in the first two indices) without spoiling the conservation law, because
∂µ∂αBαµν = 0 identically. The procedure for choosing this improvement term
to make the tensor symmetric is called the Belinfante improvement, and we
develop it fully in chapter 8.

For now, the key lesson is that Noether’s theorem gives us a conserved
tensor from translational symmetry, but this tensor may require modification
to match the physically correct stress-energy tensor.

4.7 Noether’s theorem for general fields

For a theory with multiple fields ϕA (where A labels the different fields), the
canonical tensor generalizes to

Θµ
ν = ∑

A

∂L
∂(∂µϕA)

∂νϕA − δµ
ν L. (4.23)

The sum runs over all fields in the theory. The conservation law ∂µΘµν = 0
still holds, by the same derivation.

For a field with spacetime indices, such as the electromagnetic potential
Aα or a spinor field ψ, the transformation under translations includes an
additional piece from the transformation of the indices themselves. This
leads to the spin contribution to the angular momentum and to the non-
symmetry of the canonical tensor. We discuss this systematically in chapter 8.

4.8 Generators of translations

The conserved four-momentum Pν =
∫

Θ0ν d3x has a beautiful interpretation
in both classical and quantum mechanics: it is the generator of spacetime
translations.

In classical mechanics with Poisson brackets, or in quantum mechanics
with commutators, the momentum generates translations. In the quantum
theory, the field ϕ(x) becomes an operator, and the four-momentum Pµ

becomes an operator. The statement that Pµ generates translations is encoded
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in the commutation relation

[Pµ, ϕ(x)] = −i ∂µϕ(x). (4.24)

This says: the commutator of Pµ with the field equals −i times the derivative
of the field in the µ-direction. Acting with eiaµPµ

on ϕ(x) translates the field:
eiaµPµ

ϕ(x)e−iaµPµ
= ϕ(x + a).

We can verify eq. (8.26) using the canonical commutation relations. For
the scalar field, [ϕ(x, t), π(y, t)] = i δ(3)(x− y), where π = ϕ̇ is the conjugate
momentum. Then:

[P0, ϕ(x)] =
[∫

Θ00(y)d3y, ϕ(x)
]

=

[∫ ( 1
2 π2 + 1

2 (∇ϕ)2 + 1
2 m2ϕ2)d3y, ϕ(x)

]
=
∫ [ 1

2 π(y)2, ϕ(x)
]

d3y

=
∫

π(y)
[
π(y), ϕ(x)

]
d3y

=
∫

π(y)
(
−i δ(3)(x− y)

)
d3y

= −i π(x) = −i ϕ̇(x) = −i ∂0ϕ(x). (4.25)

Similarly, [Pi, ϕ(x)] = −i ∂iϕ(x). The stress-energy tensor, through the four-
momentum, generates the very symmetry (translations) that gave rise to
it.

4.9 Conceptual summary

• Noether’s theorem states that every continuous symmetry of the action
yields a conserved current. We derived it from scratch, without quoting
it.

• Applying Noether’s theorem to spacetime translations produces the
canonical stress-energy tensor Θµν, which is conserved: ∂µΘµν = 0.

• The conserved charges Pν =
∫

Θ0ν d3x are the components of the total
four-momentum.

• Translation symmetry rediscovers the stress-energy tensor from a com-
pletely different starting point than the physical conservation-law argu-
ments of Chapters 1–3.
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• The canonical tensor is not necessarily symmetric or gauge invariant.
The Belinfante improvement procedure (Chapter 8) remedies this.

• In quantum mechanics, Pµ generates translations: [Pµ, ϕ(x)] = −i∂µϕ(x).

4.10 Historical notes

Emmy Noether proved her theorem in 1918 [16], at the invitation of Felix
Klein and David Hilbert, who were grappling with the problem of energy
conservation in general relativity. Noether actually proved two theorems.
Her “first theorem” connects continuous global symmetries to conservation
laws—this is the result derived here. Her “second theorem” deals with local
(gauge) symmetries and implies that the corresponding “conservation laws”
are not independent equations but identities—we discuss this in chapter 6 in
the context of diffeomorphism invariance.

The application of Noether’s first theorem to translations, producing the
canonical stress-energy tensor, was developed in the 1920s and 1930s, notably
by Bessel-Hagen (1921) [17] and later systematized by Wentzel, Pauli, and
others. The recognition that the canonical tensor is not necessarily symmetric
or gauge invariant, and the development of procedures to fix it, came with
the work of Belinfante [18] and Rosenfeld [19] in 1940.

Noether’s theorems are widely regarded as among the most important
results in mathematical physics. Despite this, Noether herself was denied a
full professorship for most of her career, a reflection of the institutional barri-
ers facing women in early twentieth-century academia. She held an unpaid
position at Göttingen until 1933, when the Nazi government dismissed her
along with other Jewish academics. She emigrated to the United States and
spent her final years at Bryn Mawr College, where she died in 1935 at the age
of 53. Einstein wrote in a letter to the New York Times: “In the judgment of
the most competent living mathematicians, Fräulein Noether was the most
significant creative mathematical genius thus far produced since the higher
education of women began.”

34



Chapter 5

Gravity’s Source

The energy of the gravitational field shall act gravitatively
in the same way as any other kind of energy.

Albert Einstein, 1912

Why did Einstein believe gravity should couple to the stress-energy tensor?

5.1 Mass is not enough

In Newtonian gravity, the source of the gravitational field is mass. Poisson’s
equation,

∇2Φ = 4πG ρ, (5.1)

determines the gravitational potential Φ from the mass density ρ. This works
well for slowly moving, weakly gravitating systems. But Einstein realized,
early in his path toward general relativity, that mass alone cannot be the
source of gravity in a relativistic theory.

The argument is simple and devastating.
In special relativity, mass is not a Lorentz scalar. The rest mass m of a

particle is invariant, but the mass density ρ is not a scalar: it depends on the
frame, because volume contracts under Lorentz boosts. If we tried to write
a relativistic field equation with ρ on the right-hand side, it would not be
Lorentz covariant—different observers would disagree about the source.

Perhaps we should replace ρ with the rest-mass density ρ0 measured in
the local rest frame? This is a scalar, but it misses most of the energy. A
box of photons has zero rest mass for each photon, yet it has energy (and
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therefore, by E = mc2, inertial mass). A box of gas under pressure has more
energy—and more inertia—than the same gas at rest. If gravity responds to
inertia (as the equivalence principle demands), then gravity must respond to
all forms of energy, not just rest mass.

So perhaps ρ should be replaced by the energy density E/c2? Closer, but
still not enough. The energy density is the time-time component T00 of a
tensor. If the left-hand side of the gravitational field equation transforms as a
tensor, then the right-hand side must be a tensor of the same rank. A single
component of a tensor is not a tensor.

5.2 The source cannot be a scalar

Einstein’s reasoning, which occupied him from 1907 to 1915, is worth fol-
lowing in detail. It is one of the great detective stories of physics: a chain
of physical arguments, each seemingly modest, that leads inexorably to a
conclusion no one anticipated.

The first question is: can the source of gravity be a scalar? In Newtonian
gravity it is—ρ is a scalar (in the Galilean sense), and the Poisson equation
works perfectly. A relativistic scalar source would be the simplest possible
generalization.

The natural candidate is Tµ
µ, the trace of the stress-energy tensor. For a

perfect fluid at rest, Tµ
µ = −E + 3P. At low pressures (P≪ E ), this reduces

to −E ≈ −ρc2, recovering the Newtonian limit. Einstein explored this option
in 1912, writing field equations of the form □Φ = −4πG Tµ

µ.
But a scalar field equation has a fatal problem: it cannot explain the

deflection of light. A photon gas has P = E/3, so Tµ
µ = −E + 3(E/3) =

0. If the source of gravity is the trace, then light does not gravitate—it
neither produces nor responds to a gravitational field. This contradicts the
equivalence principle, which demands that all forms of energy fall the same
way in a gravitational field.

There is a deeper problem. A scalar equation □Φ = −4πG Tµ
µ deter-

mines a single function Φ. But a relativistic theory of gravity must determine
the full metric gµν, which has ten independent components. A single equation
for ten unknowns is not enough. The source must carry enough information
to determine the geometry of spacetime, and a scalar does not suffice.

The source must be a tensor. But which tensor? The only symmetric,
conserved, rank-two tensor built from the matter fields is Tµν. This is the
conclusion Einstein reached: the gravitational field equation must couple a
geometric tensor (describing the curvature of spacetime) to Tµν (describing
the distribution of energy-momentum). We will see in chapter 6 that the geo-
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metric tensor is the Einstein tensor Gµν, and the equation is Gµν = 8πG Tµν.

5.3 Einstein’s chain of reasoning

Einstein’s reasoning, developed between 1907 and 1915, proceeded roughly
as follows.

Step 1: Mass to energy. E = mc2 means that all forms of energy contribute
to inertia. By the equivalence principle, gravitational mass equals inertial
mass. Therefore all forms of energy must gravitate.

Step 2: Energy to pressure. Energy alone is not a Lorentz-covariant source.
To see why, consider a box of gas. In the rest frame, the gas has energy
density E and pressure P. Now boost to a frame where the box is moving.
The boosted T00 is

T00
boosted = γ2(E + Pv2/c2), (5.2)

where γ is the Lorentz factor. The pressure P appears alongside the en-
ergy density. If gravity couples only to E , the coupling would be frame-
dependent—one observer’s “source of gravity” would differ from another’s.

This is unacceptable in a relativistic theory. The only way out is to couple
gravity to the entire stress-energy tensor, not just one component.

Step 3: Pressure to stress. If pressure gravitates, then so must all compo-
nents of the stress tensor—the off-diagonal (shear) components as well as the
diagonal (pressure) components. This follows from Lorentz covariance: a
boost mixes the pressure and shear components, just as it mixes energy and
momentum.

Step 4: Stress to tensor. The conclusion is that the source of the gravitational
field must be a symmetric rank-two tensor that contains energy density,
momentum density, energy flux, and stress as its components. This is exactly
Tµν.

Einstein arrived at this conclusion by physical reasoning, not by formal
manipulation. The logic can be summarized in a chain:

mass E=mc2

−−−→ energy boost−−→ pressure covariance−−−−−→ stress tensor−−−→ Tµν. (5.3)
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5.4 Why pressure gravitates

The idea that pressure gravitates is surprising and deserves a careful expla-
nation.

In Newtonian gravity, pressure does not appear as a source. The Poisson
equation ∇2Φ = 4πGρ involves only the mass density. The pressure of the
air in a room does not contribute to the room’s gravitational field. (More
precisely, the contribution exists in general relativity but is utterly negligible
at everyday pressures.)

But in general relativity, the source of gravity is Tµν, and pressure sits on
the diagonal of this tensor. The trace of Tµν in the rest frame of a perfect fluid
is

Tµ
µ = −E + 3P (in the rest frame). (5.4)

A relativistic version of Poisson’s equation (the trace of the Einstein equation)
gives

R = −8πG Tµ
µ = 8πG (E − 3P). (5.5)

For the weak-field, non-relativistic limit, the relevant component of the
Einstein equation gives an effective Poisson equation:

∇2Φ ≈ 4πG (E/c2 + 3P/c2). (5.6)

The source is E/c2 + 3P/c2, not E/c2 alone. Pressure contributes.
The physical reason is this: pressure represents momentum flux, and

momentum flux contributes to the gravitational field because momentum—
like energy—has inertia. A particle bouncing back and forth inside a box
transfers momentum to the walls with each bounce. This momentum transfer
(pressure) is a form of energy transport, and by E = mc2, it contributes to the
gravitational field.

This has dramatic consequences in astrophysics. In a neutron star, the
pressure that supports the star against gravitational collapse also increases the
gravitational field. At sufficiently high density, the pressure can cause more
gravitational attraction than it provides support, leading to the formation
of a black hole. This is a quintessentially general-relativistic phenomenon,
impossible in Newtonian gravity.

5.5 The weak-field coupling

Let us make the coupling between gravity and the stress-energy tensor more
precise.
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5.6. Toward the Einstein equation

In the weak-field limit, the spacetime metric is close to Minkowski:

gµν = ηµν + hµν, |hµν| ≪ 1. (5.7)

The perturbation hµν plays the role of the gravitational field.
The coupling of matter to gravity is encoded in the interaction term in

the action. When we expand the matter action Smatter in powers of hµν, the
leading interaction is

δSmatter =
1
2

∫
hµν Tµν d4x. (5.8)

Here Tµν is the stress-energy tensor of the matter fields evaluated on the flat
background.

This formula is the precise statement of “gravity couples to the stress-
energy tensor.” The gravitational field hµν couples to every component of
Tµν: to the energy density (T00), to the momentum density and energy flux
(T0i), and to the stress (Tij).

The factor of 1
2 is conventional. The key point is structural: hµν is a

symmetric rank-two tensor, and it couples to Tµν, also a symmetric rank-two
tensor. The interaction is the unique (leading-order) Lorentz-scalar formed
from the two.

In the quantum theory, this coupling means that the graviton—the quan-
tum of hµν—couples to Tµν. The graviton emission amplitude is proportional
to the matrix element of Tµν between initial and final states. This is why
the stress-energy tensor plays a fundamental role in quantum gravity, as we
discuss in chapter 12.

5.6 Toward the Einstein equation

The full Einstein equation relates the curvature of spacetime to the stress-
energy tensor:

Gµν = 8πG Tµν, (5.9)

where Gµν = Rµν − 1
2 gµνR is the Einstein tensor, built from the Ricci tensor

Rµν and the Ricci scalar R.
We will derive this equation properly in chapter 6 using the variational

approach. For now, let us understand the structure.
The left-hand side Gµν describes the geometry of spacetime—it is built

entirely from the metric and its first and second derivatives. The right-
hand side Tµν describes the matter content. The equation says: matter tells
spacetime how to curve, and (via the equations of motion that follow from
the curved geometry) spacetime tells matter how to move.
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Chapter 5. Gravity’s Source

The Einstein tensor satisfies the contracted Bianchi identity:

∇µGµν = 0, (5.10)

where ∇µ is the covariant derivative. Combined with the Einstein equation,
this implies

∇µTµν = 0. (5.11)

This is the covariant generalization of ∂µTµν = 0. The conservation of the
stress-energy tensor is not an additional postulate in general relativity—it is a
consequence of the geometric identity ∇µGµν = 0 and the Einstein equation.

Gravity does not merely couple to Tµν; it enforces its conservation.

5.7 The cosmological constant

Einstein’s equation admits a generalization that does not violate any of the
principles we have discussed. One can add to the left-hand side a term
proportional to the metric:

Gµν + Λ gµν = 8πG Tµν, (5.12)

where Λ is the cosmological constant. This is consistent because ∇µgµν = 0,
so the Bianchi identity is still satisfied.

Equivalently, we can move the Λ term to the right-hand side and interpret
it as a contribution to the stress-energy tensor:

Tµν
Λ = − Λ

8πG
gµν. (5.13)

Comparing with the perfect fluid form Tµν = (ρ + P)uµuν + Pgµν, this cor-
responds to ρ = −P = Λ/(8πG)—a “fluid” with equation of state P = −ρ.
This is the stress-energy tensor of the vacuum, or “dark energy.” The fact
that a cosmological constant can be interpreted as vacuum energy is another
illustration of the centrality of Tµν.

5.8 Conceptual summary

• Mass alone cannot be the source of gravity in a relativistic theory,
because the mass density is not a Lorentz scalar.

• Einstein’s reasoning proceeds: mass→ energy→ pressure→ stress→
tensor Tµν.
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• Pressure gravitates: in general relativity, the effective Poisson equa-
tion has source ρ + 3P/c2, not ρ alone. This is because pressure is
momentum flux, and momentum contributes to the gravitational field.

• In the weak-field limit, gravity couples to matter through δS = 1
2

∫
hµνTµν d4x.

• The Einstein equation Gµν = 8πG Tµν relates spacetime curvature to
the stress-energy tensor.

• The conservation law ∇µTµν = 0 follows from the Bianchi identity—it
is a consequence of the geometry, not an independent assumption.

oindent Einstein’s argument shows that gravity must couple to the com-
plete local description of four-momentum transport—not just energy, not just
mass, but the full tensor Tmuu.

5.9 Historical notes

Einstein’s path to general relativity, spanning from 1907 to 1915, is one of
the most dramatic intellectual journeys in the history of science [5, 20]. The
equivalence principle—the observation that gravity and acceleration are
locally indistinguishable—was Einstein’s starting point, and he called it “the
happiest thought of my life.” The role of the stress-energy tensor as the
source of gravity was clear to Einstein by 1912, well before the final form of
the field equations was known [21].

The final field equations were published by Einstein on November 25,
1915 [15, 22], just days after David Hilbert submitted a paper arriving at
the same equations from an action principle [23]. The priority question
has been much debated by historians [24], but the intellectual contributions
were quite different: Einstein reasoned physically, starting from the equiva-
lence principle and the requirement that Tµν be the source; Hilbert reasoned
mathematically, starting from an action and deriving the field equations
variationally. We discuss Hilbert’s approach in chapter 6.

The observation that pressure gravitates, and its consequences for stellar
structure, was developed in the 1930s by Tolman [25] and Oppenheimer and
Volkoff [26]. The Oppenheimer–Volkoff equation for the structure of neutron
stars includes the pressure contribution to the gravitational source, and it was
this contribution that led Oppenheimer and Snyder to predict gravitational
collapse to what we now call a black hole [27].
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Chapter 6

The Metric Variation

I assert. . . that for the physical phenomena it is only
necessary to set up one single variational principle, from
which the fundamental equations of both gravitation and
electrodynamics follow.

David Hilbert, 1915

Why did Hilbert redefine the stress-energy tensor through metric variation?

6.1 A different question

In chapter 5, Einstein arrived at the stress-energy tensor by asking: “What
should gravity couple to?” His reasoning was physical—from E = mc2 to
pressure, from pressure to stress, from stress to the full tensor. In chapter 4,
Noether arrived at the same tensor by asking: “What is conserved when the
action is invariant under translations?”

Hilbert asked a third question, different from both: “How does matter
respond to a change in the geometry of spacetime?” His answer came not
from physical reasoning or symmetry arguments but from a variational
principle. The result is a definition of Tµν that is automatically symmetric,
gauge invariant, and physically correct—without any need for improvement
procedures.

It is remarkable that these three questions—Einstein’s, Noether’s, and
Hilbert’s—lead to the same tensor. Einstein asked about the source of gravity,
a question about physics. Noether asked about symmetry and conservation,
a question about structure. Hilbert asked about the response to geometry, a
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Chapter 6. The Metric Variation

question about mathematics. That all three converge on Tµν is a deep fact
about the relationship between matter, symmetry, and spacetime. We will
make this convergence precise in chapter 8.

Hilbert’s approach is the one used in general relativity and in most mod-
ern treatments of field theory in curved spacetime. It starts from a simple
idea: the stress-energy tensor is defined by how the matter action responds
to a change in the metric.

6.2 Matter in curved spacetime

In flat spacetime, the matter action is

Smatter =
∫
L(ϕ, ∂µϕ)d4x. (6.1)

To couple this to gravity, we promote the flat metric ηµν to a dynamical metric
gµν(x). This requires two modifications. First, every appearance of ηµν in L
must be replaced by gµν. Second, the volume element d4x must be replaced
by the invariant volume element

√−g d4x, where g = det(gµν).
The curved-spacetime matter action is thus

Smatter =
∫
L(ϕ, ∂µϕ, gµν)

√
−g d4x. (6.2)

(For fields with spacetime indices, ordinary derivatives ∂µ must also be
promoted to covariant derivatives ∇µ, and the spin connection enters. We
set this aside for simplicity in this section.)

6.3 The Hilbert definition

Before writing the formula, let us understand the physical idea behind it.
Hilbert’s approach begins with a question: how does matter respond to

changes in the geometry of spacetime? The metric gµν determines all geometric
quantities—distances, angles, volumes, the rate at which clocks tick. Chang-
ing the metric changes the arena in which the matter fields live: it stretches
rulers, dilates clocks, and warps the volume element.

The matter action Smatter depends on gµν because the matter fields “know”
about geometry through contractions like gµν∂µϕ ∂νϕ and through the volume
element

√−g d4x. If we nudge the metric by a small amount gµν → gµν +

δgµν, the action responds: Smatter → Smatter + δSmatter. The linear response
coefficient—the “sensitivity” of the matter to a metric perturbation—is the
stress-energy tensor.
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6.3. The Hilbert definition

Why should this measure energy? Because the metric determines what
“at rest” means, and energy is the quantity that changes when you change
the notion of rest. More precisely, δg00 changes the rate of clocks, and the
response of the action to δg00 measures the energy density. δgij changes
spatial distances, and the response measures the stress. The full response
δS/δgµν gives all components of Tµν in a single variational formula.

The Hilbert stress-energy tensor is defined by

Tµν ≡ −2√−g
δSmatter

δgµν
. (6.3)

Here δSmatter/δgµν is the functional derivative of the matter action with
respect to the metric. The factor of −2 and the 1/

√−g are conventional,
chosen so that this definition agrees with the standard form of the Einstein
equation.

In other words, Tµν is defined by the requirement that

δSmatter =
1
2

∫ √
−g Tµν δgµν d4x (6.4)

for an arbitrary variation δgµν of the metric.
Let us unpack this. The variation of Smatter with respect to the metric

comes from two sources: the explicit dependence of L on gµν (through
contractions like gµν∂µϕ ∂νϕ), and the dependence of the volume element√−g on gµν.

Variation of
√−g. We need δ

√−g in terms of δgµν. Start from the matrix
identity

δ(ln det M) = tr(M−1 δM). (6.5)

For M = gµν (viewed as a 4× 4 matrix with eigenvalues that give g = det gµν),
and using gµν for the inverse:

δg = g gµν δgµν, (6.6)

so

δ
√
−g = 1

2

√
−g gµν δgµν = − 1

2

√
−g gµν δgµν. (6.7)

(The second equality uses δ(gµαgαν) = δ(δµ
ν) = 0, which gives δgµν =

−gµαgνβδgαβ.)
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6.4 Example: scalar field

Consider the real scalar field. In curved spacetime, the action is

S =
∫ (
− 1

2 gµν∂µϕ ∂νϕ− 1
2 m2ϕ2)√−g d4x. (6.8)

The Lagrangian density (not including
√−g) depends on gµν through the

kinetic term. Varying with respect to gµν, keeping ϕ fixed:

δS =
∫ [
− 1

2 δgµν ∂µϕ ∂νϕ
√
−g + L δ

√
−g
]

d4x

=
∫ [
− 1

2 (−gµαgνβδgαβ) ∂µϕ ∂νϕ
√
−g + L · 1

2

√
−g gµνδgµν

]
d4x

=
∫ √
−g
[ 1

2 ∂µϕ ∂νϕ + 1
2 gµν L

]
δgµν d4x. (6.9)

Reading off the definition eq. (6.4), we identify

Tµν = ∂µϕ ∂νϕ + gµνL = ∂µϕ ∂νϕ− gµν
(

1
2 gαβ∂αϕ ∂βϕ + 1

2 m2ϕ2
)

. (6.10)

Compare this with the canonical tensor Θµν from eq. (9.5). They agree.
For the scalar field, the canonical and Hilbert definitions give the same result.
This is because the scalar field has no spacetime indices, so there is no spin
contribution to worry about.

Notice that the Hilbert tensor is automatically symmetric: Tµν = Tνµ.
This follows immediately from the definition, because δgµν is symmetric (the
metric is symmetric), so only the symmetric part of the functional derivative
matters.

6.5 Example: electromagnetic field

For the electromagnetic field in curved spacetime:

SEM =
∫ (
−1

4
gµαgνβFµνFαβ

)√
−g d4x. (6.11)

Varying with respect to gµν requires some care. We need δ(gµαgνβ):

δ(gµαgνβ) = gνβ δgµα + gµα δgνβ. (6.12)

After computation (contracting with FµνFαβ and using the antisymmetry of
F), the result is

Tµν
EM = FµαFν

α −
1
4

gµν FαβFαβ. (6.13)
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This is the symmetric, gauge-invariant electromagnetic stress-energy tensor—
exactly the tensor from eq. (3.19). No Belinfante improvement is needed. The
Hilbert definition produces the correct tensor directly.

The canonical tensor, recall, was not symmetric and not gauge invariant.
The Hilbert tensor avoids both problems because the definition eq. (6.3) does
not involve the gauge potential Aµ directly—it involves Fµν, which is gauge
invariant.

6.6 Conservation from diffeomorphism invariance

The Hilbert definition not only produces the correct tensor; it also automati-
cally implies conservation. The argument is based on the diffeomorphism
invariance of the matter action.

A diffeomorphism is a smooth, invertible map of the spacetime manifold
to itself. Under an infinitesimal diffeomorphism generated by a vector field
ξµ, the metric changes by the Lie derivative:

δξ gµν = ∇µξν +∇νξµ ≡ Lξ gµν. (6.14)

The matter action Smatter, being a scalar functional of the fields and the
metric, is invariant under diffeomorphisms (combined with the correspond-
ing transformation of the matter fields). When the matter fields satisfy their
equations of motion, the variation of Smatter with respect to gµν alone gives
zero for any diffeomorphism-induced δgµν:

0 = δξSmatter =
1
2

∫ √
−g Tµν(∇µξν +∇νξµ)d4x. (6.15)

By the symmetry of Tµν, this is

0 =
∫ √

−g Tµν∇µξν d4x. (6.16)

Integrating by parts (using ∇µ(
√−g) = 0 in the covariant sense):

0 = −
∫ √

−g (∇µTµν)ξν d4x + (boundary term). (6.17)

Since this must hold for every ξµ (with appropriate boundary conditions), we
conclude

∇µTµν = 0. (6.18)

This is the covariant conservation of the stress-energy tensor. In flat
spacetime (gµν = ηµν, ∇µ = ∂µ), it reduces to ∂µTµν = 0.

The derivation reveals a deep connection: the conservation of Tµν is a con-
sequence of the diffeomorphism invariance of the action, not an independent
physical assumption.
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6.7 Diffeomorphisms vs. translations

It is tempting to say that “diffeomorphisms are just local translations” and
that the Hilbert conservation law is “just” Noether’s theorem for translations.
This is roughly correct but requires care.

In flat spacetime, a global translation xµ → xµ + aµ is a special case of a
diffeomorphism with ξµ = aµ (constant). Noether’s theorem for global trans-
lations gives a conserved tensor, and the Hilbert definition in flat spacetime
gives the same tensor (for theories without gauge fields; for gauge theories,
the Hilbert version is automatically improved).

In curved spacetime, global translations generally do not exist—there
may be no Killing vectors. But diffeomorphisms always exist. The Hilbert
conservation law ∇µTµν = 0 holds even when there is no translational
symmetry. In this sense, it is more general than Noether’s first theorem.

The connection is most precisely stated through Noether’s second theorem:
the diffeomorphism invariance of the action (a local symmetry) leads to the
identity ∇µGµν = 0 (the contracted Bianchi identity), which, combined with
the Einstein equation, implies ∇µTµν = 0.

6.8 The Einstein–Hilbert action

To complete the picture, let us sketch how the Einstein equation emerges
from an action principle.

The total action is the sum of a gravitational part and a matter part:

S = Sgrav + Smatter. (6.19)

Hilbert’s choice for the gravitational action is

Sgrav =
1

16πG

∫
R
√
−g d4x, (6.20)

where R = gµνRµν is the Ricci scalar. This is the Einstein–Hilbert action—
the simplest generally covariant scalar constructed from the metric and its
derivatives.

Varying the total action with respect to gµν:

δS =
∫ √
−g
(

1
16πG

Gµν − 1
2 Tµν

)
δgµν d4x = 0, (6.21)

where we have used the result (which requires a longer computation involv-
ing the variation of the Ricci tensor) that

1√−g
δ(
√−g R)
δgµν

= Gµν = Rµν − 1
2 gµνR. (6.22)
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Setting δS = 0 for arbitrary δgµν gives the Einstein field equation:

Gµν = 8πG Tµν. (6.23)

The stress-energy tensor, defined by the response of the matter action to
metric variations, sits on the right-hand side of the equation that determines
the geometry of spacetime. This is the ultimate answer to the question “What
is the source of gravity?”

6.9 The Bianchi identity and the inevitability of conser-
vation

In flat spacetime, ∂µTµν = 0 is derived from Noether’s theorem applied to
translation invariance, or equivalently from the diffeomorphism invariance of
Smatter (section 6.6). In either route, conservation is an independent physical
statement about the matter fields.

Once we have the Einstein equation Gµν = 8πG Tµν, the situation changes
dramatically. The Einstein tensor satisfies the contracted Bianchi identity:

∇µGµν = 0. (6.24)

This is a purely geometric identity—it follows from the symmetries of the
Riemann tensor and holds for any metric, whether or not it satisfies the field
equations. It is the content of the second Bianchi identity,∇[λRµν]αβ = 0, after
two contractions.

The consequence is immediate: applying ∇µ to both sides of the Einstein
equation gives

0 = ∇µGµν = 8πG∇µTµν, (6.25)

and therefore ∇µTµν = 0 is not an additional postulate—it is a theorem that
follows from the field equations and the geometry of spacetime.

This represents a profound shift in the logical status of energy-momentum
conservation. In flat spacetime, conservation is an input: we assume transla-
tional invariance and derive the conserved tensor. In general relativity, con-
servation is an output: we write down the field equations from a variational
principle, and the Bianchi identity guarantees that the source is covariantly
conserved. There is no freedom to couple gravity to a matter tensor that fails
to satisfy ∇µTµν = 0; the geometry enforces it.

This fact has a beautiful interpretation. The contracted Bianchi identity
is the geometric expression of diffeomorphism invariance of the gravita-
tional action (just as ∇µTµν = 0 expresses diffeomorphism invariance of
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the matter action). The Einstein equation marries the two: the left-hand
side is automatically divergence-free by Bianchi, the right-hand side is auto-
matically divergence-free by diffeomorphism invariance of Smatter, and the
equation equating them is consistent precisely because both sides share this
property. Consistency is not a coincidence—it is a consequence of the single
overarching principle that the total action is diffeomorphism invariant.

It is worth noting what the Bianchi identity does not give. In flat space-
time, ∂µTµν = 0 can be integrated to yield globally conserved charges: total
energy and momentum are constant. In curved spacetime, ∇µTµν = 0 is a
covariant equation involving Christoffel symbols, and the Gauss-law trick
that converts the divergence to a surface integral fails in general (because
covariant divergence is not the same as ordinary divergence). Global energy
conservation in general relativity is a subtle and often absent luxury; it holds
only in spacetimes with timelike Killing vectors. The Bianchi identity guar-
antees local conservation—the local transport of four-momentum—but not
the existence of a single number called “the total energy of the universe.”

6.10 Conceptual summary

• The Hilbert stress-energy tensor is defined by Tµν = (−2/
√−g) δSmatter/δgµν.

• This definition is automatically symmetric (because gµν is symmetric)
and gauge invariant (because the action is gauge invariant).

• For the scalar field, the Hilbert tensor agrees with the canonical tensor.
For the electromagnetic field, it gives the correct symmetric tensor
without the need for Belinfante improvement.

• Conservation ∇µTµν = 0 follows from the diffeomorphism invariance
of the matter action.

• The Einstein equation Gµν = 8πG Tµν arises from varying the total
(Einstein–Hilbert + matter) action with respect to the metric.

• The contracted Bianchi identity ∇µGµν = 0 then implies ∇µTµν = 0
as a consequence of the field equations—conservation is no longer an
independent postulate but a geometric theorem.

oindent Hilbert’s construction reveals that the stress-energy tensor is the
response of matter to the geometry in which it lives. This is the variational
face of the same object that Cauchy found through forces, Einstein found
through gravity, and Noether found through symmetry.
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6.11 Historical notes

Hilbert submitted his derivation of the gravitational field equations to the
Göttingen Academy on November 20, 1915 [23]—five days before Einstein
presented his final equations to the Prussian Academy [22]. The question
of who deserves credit for the field equations has been extensively debated.
Recent historical analysis [24, 28] suggests that Hilbert’s original paper, as
submitted, did not contain the explicit field equations in their final form;
they were added in proof revisions after Einstein’s publication. Regardless
of priority, the approaches were fundamentally different: Einstein reasoned
physically from the equivalence principle and the requirement that Tµν be
the source, while Hilbert reasoned mathematically from an action principle.

The variational definition of the stress-energy tensor, Tµν = (−2/
√−g) δS/δgµν,

was made explicit by Hilbert in his 1915 paper and was developed further by
Einstein himself, by Lorentz, and by Klein. It became the standard definition
in general relativity and was adopted in quantum field theory in curved
spacetime beginning with the work of DeWitt [29] and others in the 1960s.
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Chapter 7

The Quantum Tensor

The correspondence principle requires that every classical
conservation law should survive quantization—but not
necessarily in the same form.

freely adapted

Why does quantum field theory promote the stress-energy tensor to an operator?

7.1 From classical fields to quantum operators

In the preceding chapters, Tµν has been a classical object: a set of functions
on spacetime built from field configurations. But in quantum field theory,
fields become operators on a Hilbert space, and any quantity built from fields
becomes an operator as well. The stress-energy tensor is no exception.

The promotion Tµν(x) → T̂µν(x) is conceptually straightforward but
practically subtle. The subtleties arise because quantum fields are distri-
butions, not ordinary functions, and products of distributions at the same
spacetime point are ill-defined. The stress-energy tensor involves such prod-
ucts (it is quadratic in the fields), and its definition requires renormalization—a
systematic procedure for making sense of these divergent products.

In this chapter, we develop the quantum stress-energy tensor carefully,
beginning with free fields where everything can be computed explicitly, and
then discussing the conceptual issues that arise in interacting theories.
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7.2 Review: canonical quantization of the scalar field

We begin with the free real scalar field in Minkowski spacetime, with La-
grangian density L = − 1

2 ∂µϕ∂µϕ− 1
2 m2ϕ2. The field and its conjugate mo-

mentum satisfy the equal-time canonical commutation relations:

[ϕ(x, t), π(y, t)] = i δ(3)(x− y), [ϕ, ϕ] = [π, π] = 0. (7.1)

The field can be expanded in plane-wave modes:

ϕ(x) =
∫ d3k
(2π)3 2ωk

(
ak e−ikx + a†

k eikx
)

, (7.2)

where ωk =
√
|k|2 + m2, kx = kµxµ = −ωkt + k · x, and the creation and

annihilation operators satisfy

[ak, a†
k′ ] = (2π)3 2ωk δ(3)(k− k′). (7.3)

The vacuum state |0⟩ is defined by ak|0⟩ = 0 for all k. A single-particle
state is |k⟩ = a†

k|0⟩.

7.3 The quantum stress-energy tensor

The classical stress-energy tensor for the scalar field is (from eq. (6.10))

Tµν = ∂µϕ ∂νϕ− ηµν
( 1

2 ∂αϕ ∂αϕ + 1
2 m2ϕ2) . (7.4)

When ϕ becomes an operator, Tµν becomes an operator too. But there
is an immediate problem: the expression involves products of fields at the
same point, like ϕ(x)2 and ∂µϕ(x) ∂νϕ(x). In quantum field theory, these are
divergent—they give infinite results when we try to compute expectation
values.

Consider the vacuum expectation value of T00—the energy density. Sub-
stituting the mode expansion and using the commutation relations:

⟨0| T00(x) |0⟩ = 1
2 ⟨0| ϕ̇

2 + |∇ϕ|2 + m2ϕ2 |0⟩

=
∫ d3k
(2π)3

ωk

2
. (7.5)

This integral diverges. Each mode contributes a zero-point energy ωk/2, and
the sum over all modes gives infinity.

This is the vacuum energy problem in its simplest form.
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7.4 Normal ordering

The standard prescription in flat-space quantum field theory is normal order-
ing: rearrange every operator product so that all creation operators a† stand
to the left of all annihilation operators a. Denote normal ordering by : (· · · ) :.
By construction,

⟨0| : Tµν : |0⟩ = 0. (7.6)

The vacuum has zero energy density, zero momentum density, and zero
stress.

The normal-ordered stress-energy tensor : Tµν : is the quantum version of
Tµν that we use in flat spacetime. It is well-defined as an operator, it satisfies
∂µ : Tµν := 0, and its matrix elements between physical states give finite,
physically meaningful results.

For example, the expectation value in a single-particle state |k⟩:

⟨k| : T00(x) : |k⟩ = ωk ·
1

(2π)3 2ωk
=

1
2(2π)3 . (7.7)

This gives a uniform energy density (because the single-particle state is a
momentum eigenstate delocalized over all of space), proportional to one
quantum per unit volume.

7.5 The four-momentum operator

The total four-momentum operator is

Pµ =
∫

: T0µ : d3x. (7.8)

Substituting the mode expansion and performing the integral:

Pµ =
∫ d3k
(2π)3 2ωk

kµ a†
k ak, (7.9)

where kµ = (ωk, k). The number operator a†
k ak counts the number of parti-

cles with momentum k, and kµ is the four-momentum of each particle. So Pµ

is the total four-momentum—the sum of the individual four-momenta of all
the particles.

Acting on a single-particle state:

Pµ |k⟩ = kµ |k⟩. (7.10)

The single-particle state is an eigenstate of Pµ with eigenvalue kµ.
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7.6 Translation generators revisited

In section 4.8, we showed that Pµ generates translations at the classical level:
[Pµ, ϕ(x)] = −i∂µϕ(x). In the quantum theory, this relation holds as an
operator identity. Let us verify it using the mode expansion.

Using the commutation relations eq. (7.3) and the expression for Pµ:

[P0, ϕ(x)] =
∫ d3k
(2π)3 2ωk

ωk [a†
kak, ak′e−ik′x + a†

k′e
ik′x] (7.11)

Using [a†a, a′] = −a′ δ and [a†a, a′†] = a′† δ:

[P0, ϕ(x)] =
∫ d3k
(2π)3 2ωk

ωk
(
−ake−ikx + a†

keikx)
= −i ∂tϕ(x) = −i ∂0ϕ(x). (7.12)

The stress-energy tensor, through the four-momentum, generates the transla-
tions of the quantum field.

Similarly, one can verify that the angular momentum tensor Mµν =∫
(xµT0ν− xνT0µ)d3x generates Lorentz transformations. The entire Poincaré

algebra is built from the stress-energy tensor.

7.7 Ward identities

In quantum field theory, conservation laws manifest themselves not only
through conserved charges but also through constraints on correlation func-
tions, called Ward identities.

The conservation law ∂µTµν(x) = 0 implies, inside correlation functions:

∂µ⟨Tµν(x)O(y1) · · · O(yn)⟩ = −
n

∑
i=1

δ(4)(x− yi)
∂

∂yν
i
⟨O(y1) · · · O(yn)⟩.

(7.13)
The right-hand side consists of contact terms: delta-function contributions
that arise when the point x coincides with one of the operator insertion points
yi.

This identity says that the divergence of Tµν inside a correlation function
is controlled by the response of the other operators to translations. It is
the quantum version of the conservation law, and it provides a powerful
constraint on the structure of the theory.

In particular, for the two-point function of Tµν itself:

∂µ⟨Tµν(x) Tαβ(0)⟩ = contact terms. (7.14)
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Away from coincident points, the two-point function is transverse: ∂µ⟨Tµν(x) Tαβ(0)⟩ =
0 for x ̸= 0.

Ward identities play a central role in conformal field theory, where they
constrain the form of correlation functions involving Tµν to a remarkable
degree. We return to this in chapter 10.

7.8 Operator ordering ambiguities

Normal ordering resolves the vacuum energy divergence in flat spacetime,
but it is not the end of the story. In curved spacetime, there is no canonical
notion of “positive frequency” and “negative frequency” modes (because
the mode decomposition depends on the choice of time coordinate), and
therefore no canonical normal ordering.

This means that the definition of the quantum stress-energy tensor in
curved spacetime is inherently ambiguous: different definitions can differ
by finite, state-independent terms proportional to geometric tensors (such as
gµν, Rµν, etc.). The resolution of these ambiguities requires renormalization
in curved spacetime, a topic we discuss in chapter 11.

Even in flat spacetime, the operator : Tµν : requires careful treatment in
interacting theories. The fields acquire anomalous dimensions, the opera-
tor product expansion produces additional divergences, and the renormal-
ized Tµν may differ from the classical expression by quantum corrections.
Most dramatically, the trace of the stress-energy tensor can acquire quantum
contributions that are absent classically—the trace anomaly, discussed in
chapter 10.

7.9 The stress-energy tensor of the Dirac field

The Dirac field ψ describes spin- 1
2 particles (electrons, quarks, etc.). Its

Lagrangian density is
L = ψ̄(i/∂ −m)ψ, (7.15)

where ψ̄ = ψ†γ0 and /∂ = γµ∂µ.
The canonical stress-energy tensor is

Θµν
can =

∂L
∂(∂µψ)

∂νψ− ηµνL = iψ̄γµ∂νψ− ηµνL. (7.16)

This is not symmetric. The Hilbert tensor (obtained by coupling to curved
spacetime and varying the vierbein) is

Tµν
Hilbert =

i
4

ψ̄

(
γµ
↔
∂ ν + γν

↔
∂ µ

)
ψ, (7.17)
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where ψ̄
↔
∂ νψ = ψ̄∂νψ− (∂νψ̄)ψ. This is symmetric and, on shell, gives the

same conserved charges.
When quantized, the Dirac field is expanded in terms of fermionic cre-

ation and annihilation operators, and normal ordering uses anticommutators
instead of commutators (reflecting the spin-statistics connection). The result-
ing four-momentum operator correctly counts the energies and momenta of
both particles and antiparticles.

7.10 The path integral perspective: potentiality, not ac-
tuality

Everything so far in this chapter has used canonical quantization: fields
become operators, and Tµν is an operator-valued distribution. But there
is a second formulation of quantum field theory—the path integral—that
reveals a deeper conceptual point about what the quantum stress-energy
tensor means.

In the path integral formulation, the expectation value of the stress-energy
tensor in a state |0⟩ is

⟨0|Tµν(x)|0⟩ = 1
Z

∫
Dϕ Tµν

cl [ϕ](x) eiS[ϕ], (7.18)

where the integral is over all field configurations ϕ(x), Tµν
cl [ϕ] is the classical

expression for the stress-energy tensor evaluated on a particular configura-
tion, S[ϕ] is the action, and Z =

∫
Dϕ eiS[ϕ] is the partition function.

The crucial point is the word “all.” The path integral does not sum over
configurations that “actually happen.” It sums over every conceivable field
configuration—every possible way that four-momentum could flow through
spacetime—weighted by eiS. Most of these configurations are wildly off-shell;
they do not satisfy the equations of motion. The classical solution is not
singled out. Instead, nearby configurations interfere constructively (because
their phases eiS are nearly aligned), while distant configurations interfere
destructively. The classical limit emerges from this interference, but the
quantum expectation value ⟨Tµν⟩ encodes contributions from all possibilities.

This is a fundamental conceptual shift. Classically, Tµν(x) tells us how
much four-momentum actually flows through the point x. Quantum me-
chanically, ⟨Tµν(x)⟩ tells us the amplitude-weighted average over all possible
flows—a statement about potentiality, not actuality.

More generally, the matrix element ⟨ f |Tµν(x)|i⟩ between an initial state
|i⟩ and a final state | f ⟩ is a transition amplitude: the amplitude for the
system to transition from |i⟩ to | f ⟩ with four-momentum flowing through x
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in a particular way. These matrix elements, not the expectation value alone,
carry the full physical content of the quantum stress-energy tensor.

7.10.1 The quantum Hilbert definition

The path integral formulation also reveals a beautiful connection to chapter 6.
In curved spacetime, the partition function depends on the metric: Z[g] =∫
Dϕ eiS[ϕ,g]. Define the quantum effective action W[g] = −i ln Z[g]. Then

the expectation value of Tµν is

⟨Tµν(x)⟩ = −2√−g
δW

δgµν(x)
. (7.19)

This is the exact quantum analogue of Hilbert’s definition, with the classical
action S replaced by the quantum effective action W. The Hilbert definition
is not merely a classical convenience—it is the stress-energy tensor, at every
level of the theory.

This perspective will become essential in chapter 11, where the semiclas-
sical Einstein equation Gµν = 8πG ⟨Tµν⟩ couples the classical geometry to
the quantum expectation value. The right-hand side is computed from the
path integral, and it encodes the back-reaction of all possible quantum field
configurations—not just the classical one—on the curvature of spacetime.

7.11 Conceptual summary

• In quantum field theory, Tµν becomes an operator built from quantum
fields.

• Products of fields at the same point are divergent; normal ordering
subtracts the (infinite) vacuum contribution in flat spacetime.

• The four-momentum Pµ =
∫

: T0µ : d3x is the generator of translations:
[Pµ, ϕ(x)] = −i∂µϕ(x).

• Ward identities are the quantum manifestation of ∂µTµν = 0: they
constrain correlation functions involving the stress-energy tensor.

• In the path integral, ⟨Tµν⟩ sums over all field configurations weighted
by eiS. The quantum tensor encodes the potentiality of four-momentum
flow, not its actuality.

• The quantum Hilbert definition ⟨Tµν⟩ = (−2/
√−g) δW/δgµν, where

W = −i ln Z, extends the classical Hilbert construction to the full quan-
tum theory.
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• In curved spacetime, the absence of a preferred vacuum state leads to
ordering ambiguities that must be resolved by renormalization.

• The Dirac field illustrates that the canonical tensor may not be symmet-
ric; the Hilbert definition gives the correct symmetric operator.

The quantum stress-energy tensor promotes the classical transport of four-
momentum to an operator statement: it tells us how four-momentum flows
through spacetime at the quantum level—not as a record of what happened,
but as a sum over all that might.

7.12 Historical notes

The quantization of the stress-energy tensor is as old as quantum field theory
itself. The zero-point energy problem was recognized by Pauli in the 1920s,
and normal ordering was introduced as a practical solution. The deeper
issue—that the vacuum energy might gravitate—was largely set aside, only
to reemerge as one of the central puzzles of modern physics when astronomi-
cal observations in 1998 [30, 31] revealed the accelerating expansion of the
universe, consistent with a small but nonzero vacuum energy density (the
cosmological constant).

Ward identities for the stress-energy tensor were developed in the context
of conformal field theory by Polyakov [32] and others in the 1970s, and they
have become fundamental tools in the study of two-dimensional conformal
field theory, string theory, and the conformal bootstrap program.
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Chapter 8

The Belinfante Bridge

The fact that so many roads lead to the same tensor is not
an accident. It is a sign that Tµν is not merely a useful
construct, but a structural feature of the theory itself.

freely adapted

Why are Noether and Hilbert secretly describing the same tensor?

8.1 The puzzle

We now stand at a crossroads. In the preceding chapters, we have constructed
the stress-energy tensor through three apparently independent routes:

Route 1: Noether’s theorem (chapter 4). Translation invariance of the action
yields the canonical tensor

Θµν
can =

∂L
∂(∂µϕa)

∂νϕa − ηµνL, (8.1)

which is conserved (∂µΘµν
can = 0) but not necessarily symmetric.

Route 2: Hilbert’s definition (chapter 6). Varying the matter action with
respect to the metric yields

Tµν
Hilbert = −

2√−g
δSmatter

δgµν
, (8.2)

which is automatically symmetric and conserved.
Route 3: Physical construction (chapter 3). Assembling the energy den-

sity, momentum density, and stress into a Lorentz-covariant object yields
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a symmetric tensor Tµν whose components describe the local transport of
four-momentum.

The first two constructions are purely formal—one uses translation sym-
metry, the other uses metric variation—and yet they give the same conserved
charges. Are they giving the same tensor, or merely the same integrals? And
if the tensors differ, which one is “right”?

This chapter resolves the puzzle. The answer is beautiful: Θµν
can and Tµν

Hilbert
differ by a total divergence—a term whose integral vanishes with appropriate
boundary conditions. There is a systematic procedure, due to Belinfante, that
adds to the canonical tensor exactly the right correction term to produce the
Hilbert tensor. The correction has a transparent physical meaning: it accounts
for the spin angular momentum of the fields.

8.2 Why the canonical tensor is not symmetric

Recall from chapter 4 that the canonical tensor arises from the Noether proce-
dure applied to spacetime translations. For a scalar field, the canonical tensor
turns out to be symmetric, but for fields with spin—vectors, spinors, or any
field carrying Lorentz indices—it generically is not.

The reason is physically clear. The canonical tensor is built from the
response of the Lagrangian to shifting the spacetime argument of the fields:
ϕa(x) → ϕa(x + ϵ). This is a pure translation. But for a field with spin, a
Lorentz transformation acts on both the spacetime argument and the internal
indices. The canonical Noether procedure, by treating only translations,
misses the internal part of the transformation.

Consider a vector field Aν(x). Under a translation xµ → xµ + ϵµ, only
the argument shifts. But under a Lorentz transformation, Aν also rotates:
Aν → Λν

σ Aσ. The orbital and spin parts of angular momentum correspond
to these two pieces. The canonical tensor, knowing only about translations,
sees only the orbital angular momentum; the spin angular momentum is
invisible to it.

This is why the antisymmetric part of Θµν
can is related to the spin of the

field. Let us make this precise.

8.3 Angular momentum and the spin current

The total angular momentum tensor of a field theory can be constructed
from Noether’s theorem applied to Lorentz transformations. For an infinites-
imal Lorentz transformation xµ → xµ + ωµ

νxν with ωµν = −ωνµ, the fields
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8.4. The Belinfante improvement tensor

transform as
δϕa = ωµ

νxν∂µϕa + 1
2 ωµν (Sµν)a

b ϕb, (8.3)

where (Sµν)a
b are the spin matrices appropriate to the representation of

the field. For a scalar field, Sµν = 0. For a vector field Aσ, (Sµν)σ
ρ =

ηµσδν
ρ − ηνσδ

µ
ρ .

Applying Noether’s theorem to this symmetry gives the conserved angu-
lar momentum tensor:

Mαµν = xµΘαν
can − xνΘαµ

can + Sαµν, (8.4)

where ∂α Mαµν = 0, and the spin current is

Sαµν =
∂L

∂(∂αϕa)
(Sµν)a

b ϕb. (8.5)

Note that Sαµν is antisymmetric in its last two indices: Sαµν = −Sανµ.
The first two terms in eq. (8.4), Lαµν = xµΘαν− xνΘαµ, represent orbital an-

gular momentum. The third term Sαµν represents spin angular momentum—
the intrinsic angular momentum carried by the field’s internal degrees of
freedom.

Now impose conservation, ∂α Mαµν = 0. Using ∂αΘαν
can = 0, we find

0 = ∂α(xµΘαν − xνΘαµ + Sαµν)

= δ
µ
α Θαν − δν

αΘαµ + ∂αSαµν

= Θµν
can −Θνµ

can + ∂αSαµν. (8.6)

This gives us a fundamental identity:

Θµν
can −Θνµ

can = −∂αSαµν. (8.7)

The antisymmetric part of the canonical tensor is not zero—it is determined
by the divergence of the spin current. For a scalar field, Sαµν = 0, and the
canonical tensor is symmetric. For a vector or spinor field, Sαµν ̸= 0, and the
canonical tensor acquires an antisymmetric part.

8.4 The Belinfante improvement tensor

Belinfante’s insight (1939) was that the canonical tensor can be “improved”
to a symmetric tensor by adding a judiciously chosen total divergence. The
key observation is that adding ∂αXαµν to Θµν, where Xαµν = −Xµαν (antisym-
metric in the first two indices), does not change the conservation law:

∂µ(Θµν + ∂αXαµν) = ∂µΘµν + ∂µ∂αXαµν = 0 + 0 = 0, (8.8)
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since ∂µ∂αXαµν = 0 by the antisymmetry Xαµν = −Xµαν (the contraction of a
symmetric pair of derivatives with an antisymmetric tensor vanishes).

Moreover, the conserved charges are unchanged:

∫
∂αXα0ν d3x =

∫
∂iXi0ν d3x =

∮
Xi0ν dSi = 0, (8.9)

where the last equality holds for fields that fall off sufficiently fast at spatial
infinity.

So we are free to add any such improvement term without changing the
physics. Belinfante showed that there is a unique choice that makes the tensor
symmetric. Define the Belinfante tensor:

Tµν
Bel = Θµν

can + ∂αBαµν, (8.10)

where the Belinfante superpotential is

Bαµν = 1
2 (S

µαν + Sναµ − Sαµν) . (8.11)

Note that Bαµν = −Bµαν by construction (antisymmetric in the first two
indices), as required.

Proof that Tµν
Bel is symmetric. We need to show that Tµν

Bel − Tνµ
Bel = 0. From

eq. (8.10),

Tµν
Bel − Tνµ

Bel =
(
Θµν −Θνµ

)
+ ∂α

(
Bαµν − Bανµ

)
. (8.12)

From eq. (8.11):

Bαµν − Bανµ = 1
2 (S

µαν + Sναµ − Sαµν)− 1
2 (S

ναµ + Sµαν − Sανµ)

= 1
2 (−Sαµν + Sανµ) = Sανµ, (8.13)

using Sανµ = −Sαµν. Therefore,

Tµν
Bel − Tνµ

Bel =
(
Θµν −Θνµ

)
+ ∂αSανµ = −∂αSαµν + ∂αSανµ = 0, (8.14)

where in the last step we used eq. (8.7) and the antisymmetry of Sαµν in its
last two indices.

The Belinfante procedure is algorithmic: given any Lagrangian and its
spin matrices, we can compute Sαµν, then Bαµν, and then Tµν

Bel. The result is
always symmetric and conserved.
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8.5 The electromagnetic field: a worked example

Let us carry out the Belinfante procedure for the electromagnetic field, whose
canonical tensor we found in chapter 4 to be non-symmetric and non-gauge-
invariant:

Θµν
can = −Fµα∂ν Aα − ηµν

(
−1

4
FαβFαβ

)
. (8.15)

The electromagnetic field Aσ is a vector field. Under a Lorentz transfor-
mation, δAσ = ωµν(Sµν)σ

ρ Aρ, where (Sµν)σ
ρ = ηµ

σδνρ − ην
σδµρ. (We work

with Aσ as carrying a lower Lorentz index.)
The spin current is

Sαµν =
∂L

∂(∂α Aσ)
(Sµν)σ

ρ Aρ

= −Fασ(ηµ
σδνρ − ην

σδµρ)Aρ

= −Fαµ Aν + Fαν Aµ. (8.16)

Rather than evaluating the superpotential from its general definition
(an exercise in combinatorial bookkeeping), the cleanest route compares the
canonical and Hilbert tensors directly and reads off the improvement term.

Recall the canonical tensor from chapter 4:

Θµν
can = −Fµα∂ν Aα +

1
4

ηµνFαβFαβ, (8.17)

and the Hilbert tensor from chapter 6:

Tµν
Hilbert = FµαFν

α +
1
4

ηµνFαβFαβ. (8.18)

The 1
4 ηµνF2 terms are identical, so the entire difference lies in the first term.

To relate −Fµα∂ν Aα to FµαFν
α, decompose ∂ν Aα using the definition Fν

α =

∂ν Aα − ∂α Aν:
∂ν Aα = Fν

α + ∂α Aν. (8.19)

Substituting into the canonical tensor:

−Fµα∂ν Aα = −FµαFν
α − Fµα∂α Aν. (8.20)

The second term becomes a total divergence on shell. By the product rule,

∂α(Fµα Aν) = (∂αFµα)Aν + Fµα∂α Aν = Fµα∂α Aν, (8.21)

where the source-free Maxwell equation ∂αFµα = 0 eliminates the first term.
Assembling the pieces:

Θµν
can = −FµαFν

α − ∂α(Fµα Aν) +
1
4

ηµνF2. (8.22)
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Comparing with the Hilbert tensor:

Θµν
can = Tµν

Hilbert − ∂α(Fµα Aν). (8.23)

The Belinfante improvement tensor is therefore Bαµν = Fµα Aν, and its re-
quired antisymmetry is immediate: Bµαν = Fαµ Aν = −Fµα Aν = −Bαµν.
Thus:

Tµν
Bel = Θµν

can + ∂αBαµν = Θµν
can + ∂α(Fµα Aν) = Tµν

Hilbert. (8.24)

The Belinfante procedure converts the non-symmetric, gauge-dependent
canonical tensor into the symmetric, gauge-invariant Hilbert tensor. The
correction ∂α(Fµα Aν) is a total divergence, so the conserved charges—the
total energy and momentum of the field—are unchanged.

8.6 The general equivalence theorem

The electromagnetic example illustrates a general result. For any Lagrangian
field theory in flat spacetime whose action can be coupled to a curved metric,
the Belinfante tensor equals the Hilbert tensor (on shell). More precisely:

Theorem 8.1 (Rosenfeld–Belinfante equivalence). Let L(ϕa, ∂µϕa) be a Lorentz-
invariant Lagrangian density in flat spacetime. Let Θµν

can be the canonical stress-
energy tensor from Noether’s theorem, and let Tµν

Bel be the Belinfante tensor obtained
by adding the improvement term ∂αBαµν. Let Tµν

Hilbert be the Hilbert tensor obtained
by minimally coupling the theory to a metric, varying with respect to gµν, and then
setting gµν = ηµν. Then, on the equations of motion,

Tµν
Bel = Tµν

Hilbert. (8.25)

We will not give a fully general proof (which requires careful treatment
of the coupling to curved spacetime for fields with spin), but we outline the
key ideas.

The Hilbert tensor arises from varying the metric, which enters the action
through:

1. The metric determinant factor
√−g in the volume element.

2. The metric gµν used to contract indices.

3. For fields with spin, the vierbein and spin connection.

The first two contributions are straightforward and reproduce the or-
bital part of the canonical tensor. The third contribution—from the spin
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connection—produces exactly the Belinfante improvement term. Intuitively,
the spin connection encodes how the local Lorentz frame rotates as one moves
through spacetime, and varying the metric with respect to it probes the spin
degrees of freedom—precisely the information that the canonical tensor, built
from translations alone, misses.

This equivalence was first established by Rosenfeld in 1940 [19], building
on Belinfante’s 1939 work [33]. It is one of the deep structural results of
classical field theory.

8.7 The Great Unification

We have arrived at the conceptual climax of this book. Three questions, posed
in different chapters, have converged to a single answer.

8.7.1 Question 1: What generates translations?

In chapter 4, we derived the canonical stress-energy tensor from Noether’s
theorem applied to translation invariance. The conserved charges are

Pµ =
∫

T0µ d3x, (8.26)

and they satisfy
[Pµ, ϕ(x)] = −i∂µϕ(x). (8.27)

The stress-energy tensor is the machine that builds the generators of space-
time translations.

8.7.2 Question 2: What couples to gravity?

In chapters 5 and 6, we showed that the gravitational field couples universally
to the stress-energy tensor:

δSmatter =
1
2

∫ √
−g Tµν δgµν d4x. (8.28)

In the weak-field limit, gµν = ηµν + hµν, this becomes δS = 1
2

∫
hµνTµν d4x.

The stress-energy tensor is the source of gravity.

8.7.3 Question 3: What expresses local conservation?

In chapters 1 and 3, we showed that the local conservation of four-momentum
requires

∇µTµν = 0. (8.29)
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This is the statement that four-momentum is neither created nor destroyed,
but only transported from one region of spacetime to another. The stress-
energy tensor is the bookkeeper of four-momentum.

8.7.4 The punchline

These are not three different tensors that happen to share a name. They are
three aspects of a single mathematical object. The Belinfante–Rosenfeld
equivalence theorem guarantees that the tensor obtained from Noether’s
theorem (after improvement) is identically the tensor obtained from metric
variation. And the conservation law ∇µTµν = 0 follows from both the
translation symmetry (via Noether) and the diffeomorphism invariance of
the matter action (via Hilbert).

Why should this be so? At the deepest level, the three roles of Tµν are
related because they all stem from the same geometric fact: the matter action
depends on the spacetime metric. This dependence has three consequences:

1. Invariance under translations (a subgroup of diffeomorphisms) gives
the conserved current→ Noether.

2. The response to metric variations defines the source of gravity →
Hilbert.

3. The full diffeomorphism invariance implies the conservation law→
Bianchi.

The stress-energy tensor sits at the intersection of symmetry (Noether),
geometry (Hilbert), and bookkeeping (conservation). This is why it was
repeatedly rediscovered: different physicists were probing different aspects
of the same structure.

The miracle is worth stating plainly. It is not remarkable that conserved
currents exist, or that gravity has a source, or that symmetries generate
charges. What is remarkable is that all three roles are played by the same
tensor. One could imagine a universe in which the conserved current for
translations, the source of gravity, and the generator of spacetime translations
are different objects, requiring separate constructions and separate equations.
In our universe, they are one. This coincidence is one of the deepest structural
facts in theoretical physics.
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Translation symmetry
→ Noether tensor

Pµ =
∫

T0µ d3x

Metric variation
→ Hilbert tensor
δS = 1

2

∫
Tµνδgµν

Local conservation
∇µTµν = 0

“Bookkeeping”

Belinfante

Noether Bianchi

One tensor, three roles.

8.8 What the tensor is

With the Great Unification established, we can now state with full confidence
what the stress-energy tensor is.

Tµν is the local transport tensor of four-momentum. Its components
answer the question:

How much four-momentum component pν flows through a hy-
persurface oriented normal to the xµ direction, per unit area per
unit time?

This is the definition we gave in chapter 3, motivated by physical reason-
ing. But now we know that this same object also:

• generates spacetime translations (because translations move four-momentum
around),

• sources gravity (because four-momentum—including all forms of en-
ergy and stress—curves spacetime),

• satisfies a local conservation law (because four-momentum is neither
created nor destroyed).

These are not additional definitions. They are consequences of the transport
interpretation, combined with the structure of spacetime symmetry.

8.9 An analogy

Consider electric charge. The charge Q has three roles:
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1. It generates gauge transformations: [Q, ψ] = −eψ.

2. It sources the electromagnetic field: ∂µFµν = Jν.

3. It is locally conserved: ∂µ Jµ = 0.

These three roles of Q are related because the matter action is gauge-invariant
(it depends on the gauge connection Aµ).

The stress-energy tensor is the analog for spacetime symmetry. Replace
the gauge connection Aµ with the metric gµν, and gauge invariance with
diffeomorphism invariance. The pattern is identical:

Charge Energy-momentum

Symmetry Gauge (U(1)) Diffeomorphisms
Connection Aµ Γα

µν (via gµν)
Current Jµ Tµν

Source equation ∂µFµν = Jν Gµν = 8πG Tµν

Conservation ∂µ Jµ = 0 ∇µTµν = 0
Generator Q =

∫
J0 d3x Pµ =

∫
T0µ d3x

The difference in rank—Jµ is a vector, Tµν is a rank-two tensor—reflects
the fact that diffeomorphisms are parametrized by a vector field ξµ(x) (four
functions), while gauge transformations are parametrized by a scalar α(x)
(one function). Four symmetry parameters give four conserved currents, and
each current has four components: 4× 4 = 16 components, packaged as a
symmetric tensor with 10 independent components.

8.10 Conceptual summary

• The canonical tensor Θµν
can from Noether’s theorem is not symmetric for

fields with spin. The antisymmetric part is related to the spin current
Sαµν.

• The Belinfante improvement adds a total divergence ∂αBαµν to the
canonical tensor, producing a symmetric, conserved tensor Tµν

Bel without
changing the conserved charges.

• The Rosenfeld–Belinfante equivalence theorem states that Tµν
Bel =

Tµν
Hilbert on shell: the Noether and Hilbert constructions give the same

tensor.
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• The Great Unification: translation generator, gravitational source, and
local conservation law are three manifestations of one object—the stress-
energy tensor.

• The pattern mirrors the relationship between electric charge, gauge
symmetry, and the electromagnetic field, but elevated from a rank-one
current to a rank-two tensor.

8.11 Historical notes

Frederik Belinfante (1914–1991) was a Dutch-American physicist who in-
troduced the symmetrization procedure in 1939 [33] while studying the
spin angular momentum of quantum fields. His work was motivated by
the observation that the canonical tensor of the electromagnetic field is not
gauge-invariant—a situation he found physically unacceptable.

Léon Rosenfeld (1904–1974), a Belgian theoretical physicist, indepen-
dently arrived at the equivalence between the Belinfante-improved canonical
tensor and the metric-variation tensor in 1940 [19]. Rosenfeld’s work was
more general and mathematically rigorous, covering arbitrary spin. His
paper is a masterpiece of clarity, and it established the result in its definitive
form.

The importance of the equivalence theorem was not widely appreciated
for decades. In many textbooks, the canonical and Hilbert tensors are pre-
sented as alternatives without emphasizing that they give the same object.
The unification perspective presented in this chapter—that the equivalence is
a deep structural fact, not a mere technicality—owes much to the pedagogical
writings of Weinberg [34] and Wald [4].
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Chapter 9

The Tensor in Action

The value of a general theory is measured by the quality of
its special cases.

freely adapted

What does the stress-energy tensor look like for the fields that actually appear in
nature?

9.1 Purpose of this chapter

The preceding chapters developed the stress-energy tensor as a general
concept—through physical reasoning, Noether’s theorem, Hilbert’s vari-
ational definition, and the Belinfante equivalence. Now it is time to compute.
In this chapter, we work out Tµν in complete detail for four important sys-
tems: the real scalar field, the Dirac field, the Maxwell field, and the perfect
fluid. For each, we derive the tensor, verify its conservation, compute its
trace, and discuss its physical content.

These are not exercises in formalism. Each field theory illustrates a differ-
ent aspect of the stress-energy tensor, and each computation reveals physical
insights that the general theory alone cannot provide.
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9.2 The real scalar field

9.2.1 Setup and stress-energy tensor

The action for a real scalar field ϕ with mass m in curved spacetime is

S = − 1
2

∫ √
−g

(
gµν∂µϕ ∂νϕ + m2ϕ2)d4x. (9.1)

Varying with respect to the metric using the Hilbert definition (eq. (8.2)):

Tµν = ∂µϕ ∂νϕ− 1
2 gµν

(
∂αϕ ∂αϕ + m2ϕ2) . (9.2)

In flat spacetime with coordinates (t, x):

T00 = 1
2 ϕ̇2 + 1

2 |∇ϕ|2 + 1
2 m2ϕ2 = H, (9.3)

T0i = ϕ̇ ∂iϕ = −ϕ̇ ∂iϕ, (9.4)

Tij = ∂iϕ ∂jϕ− δij( 1
2 ϕ̇2 − 1

2 |∇ϕ|2 − 1
2 m2ϕ2) . (9.5)

The physical interpretation is immediate. T00 is the energy density: ki-
netic energy ( 1

2 ϕ̇2), gradient energy ( 1
2 |∇ϕ|2), and potential energy ( 1

2 m2ϕ2).
T0i is the momentum density (or, equivalently, the energy flux). Tij is the
momentum flux, or stress.

9.2.2 Conservation

The equation of motion is □ϕ − m2ϕ = 0, where □ = −∂2
t +∇2. Let us

verify ∂µTµν = 0 explicitly for ν = 0. In our mostly-plus convention, ∂0ϕ =

η00∂0ϕ = −ϕ̇ and Ti0 = ∂iϕ ∂0ϕ = −∂iϕ ϕ̇ (since ∂i = ∂i for spatial indices).
Therefore:

∂µTµ0 = ∂tT00 + ∂iTi0

= ϕ̇ϕ̈ +∇ϕ · ∇ϕ̇ + m2ϕϕ̇−∇ · (ϕ̇∇ϕ)

= ϕ̇ϕ̈ +∇ϕ · ∇ϕ̇ + m2ϕϕ̇− ϕ̇∇2ϕ−∇ϕ · ∇ϕ̇

= ϕ̇
(
ϕ̈−∇2ϕ + m2ϕ

)
= −ϕ̇

(
□ϕ−m2ϕ

)
= 0, (9.6)

using the Klein–Gordon equation.

9.2.3 Trace

The trace is

Tµ
µ = ηµνTµν = ∂µϕ ∂µϕ− 2

(
∂αϕ ∂αϕ + m2ϕ2) = −∂µϕ ∂µϕ− 2m2ϕ2. (9.7)
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Using the equation of motion □ϕ = m2ϕ, we can write ∂µϕ ∂µϕ = −ϕ□ϕ +

∂µ(ϕ ∂µϕ) = −m2ϕ2 + ∂µ(ϕ∂µϕ). Up to a total derivative,

Tµ
µ = m2ϕ2 − 2m2ϕ2 = −m2ϕ2. (9.8)

The trace vanishes when m = 0. This is the first hint of a connection between
masslessness and conformal symmetry, which we will explore in chapter 10.

9.3 The Dirac field

9.3.1 Setup

The Dirac field ψ is a four-component spinor describing spin- 1
2 fermions. In

flat spacetime, its Lagrangian is

L = ψ̄
(
iγµ∂µ −m

)
ψ, (9.9)

where ψ̄ = ψ†γ0 and the gamma matrices satisfy {γµ, γν} = −2ηµν (in
mostly-plus signature).

9.3.2 The Hilbert tensor

To compute the Hilbert tensor, we must couple the Dirac field to curved
spacetime. This requires introducing the vierbein ea

µ (relating the curved-
space metric to the flat Minkowski metric: gµν = ηab ea

µ eb
ν) and the spin

connection ωµ
ab. The covariant derivative of the spinor is

∇µψ = ∂µψ +
1
4

ωµ
abγaγb ψ. (9.10)

The action in curved spacetime is

S =
∫ √

−g ψ̄
(
iγµ∇µ −m

)
ψ d4x, (9.11)

where γµ = eµ
aγa are the curved-space gamma matrices.

Varying with respect to the vierbein (and using the relation between
vierbein variation and metric variation) gives the symmetric Hilbert tensor:

Tµν =
i
4

ψ̄

(
γµ
↔
∇ν + γν

↔
∇µ

)
ψ, (9.12)

where ψ̄
↔
∇νψ = ψ̄∇νψ− (∇νψ̄)ψ.

In flat spacetime, this reduces to

Tµν =
i
4

ψ̄

(
γµ
↔
∂ ν + γν

↔
∂ µ

)
ψ. (9.13)
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9.3.3 Components

The energy density is

T00 =
i
2

ψ̄γ0
↔
∂ 0ψ =

i
2

(
ψ†ψ̇− ψ̇†ψ

)
. (9.14)

Using the Dirac equation iγ0ψ̇ = (−iγi∂i + m)ψ, we can rewrite this as

T00 = ψ†(−iα · ∇+ βm)ψ = H, (9.15)

where α = γ0γ and β = γ0. This is the Hamiltonian density of the Dirac
field, as expected.

The momentum density is

T0i =
i
4

ψ̄

(
γ0
↔
∂ i + γi

↔
∂ 0
)

ψ. (9.16)

9.3.4 Trace

The trace of the Dirac stress-energy tensor is

Tµ
µ = iψ̄γµ∂µψ− 4 · i

4
ψ̄γµ∂µψ + (symmetrized terms). (9.17)

A more efficient calculation uses the equation of motion directly. On shell,

Tµ
µ = mψ̄ψ. (9.18)

Again, the trace vanishes for massless fermions—another instance of the
conformal symmetry connection.

9.4 The Maxwell field

9.4.1 Setup and stress-energy tensor

The electromagnetic field strength is Fµν = ∂µ Aν − ∂ν Aµ, and the action is

S = −1
4

∫ √
−g gµαgνβFµνFαβ d4x. (9.19)

The Hilbert tensor is

Tµν = FµαFν
α +

1
4

gµνFαβFαβ. (9.20)

This tensor is symmetric, gauge-invariant, and conserved (on the free-field
equations of motion ∇αFαµ = 0).
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9.4. The Maxwell field

9.4.2 Components in terms of E and B

In flat spacetime with the identifications Ei = F0i and Bi =
1
2 ϵijkFjk:

T00 = 1
2

(
|E|2 + |B|2

)
, (9.21)

T0i = (E× B)i = Si/c, (9.22)

Tij = −EiEj − BiBj + 1
2 δij(|E|2 + |B|2) . (9.23)

These are the classical results of electromagnetic theory:

• T00 is the electromagnetic energy density (equally shared between
electric and magnetic fields in a radiation field).

• T0i is the Poynting vector—the flux of electromagnetic energy. Equiva-
lently, it is the momentum density of the electromagnetic field.

• Tij is the Maxwell stress tensor, first written down by James Clerk
Maxwell. The diagonal components give the radiation pressure; the
off-diagonal components describe shear forces.

9.4.3 Trace

The trace in d spacetime dimensions is obtained by contracting Tµν with gµν,
using gµνgµν = d:

Tµ
µ =

4− d
4

FαβFαβ. (9.24)

In four dimensions (d = 4), the trace vanishes:

Tµ
µ

∣∣
d=4 = 0. (9.25)

This is a reflection of the conformal invariance of Maxwell’s equations in four
dimensions. The electromagnetic field is classically a conformal field theory.

9.4.4 A plane wave

For a plane electromagnetic wave propagating in the z-direction with electric
field E = E0 cos(kz−ωt) x̂ and magnetic field B = E0 cos(kz−ωt) ŷ:

T00 = E2
0 cos2(kz−ωt), (9.26)

T0z = E2
0 cos2(kz−ωt) = T00, (9.27)

Tzz = E2
0 cos2(kz−ωt) = T00. (9.28)

The energy density, momentum density (in the propagation direction), and
pressure (in the propagation direction) are all equal. The time-averaged
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radiation pressure is ⟨Tzz⟩ = 1
2 E2

0, which equals the time-averaged energy
density—a well-known result of classical electrodynamics.

This also illustrates the tracelessness: Tµ
µ = −T00 + Txx + Tyy + Tzz. For

the plane wave, Txx = Tyy = 0 (no transverse stress), and Tzz = T00, so
Tµ

µ = −T00 + T00 = 0.

9.5 The perfect fluid

9.5.1 Motivation

A perfect fluid is an idealization in which the fluid has no viscosity, no heat
conduction, and no shear stress. In its local rest frame, the only stress is
isotropic pressure. Despite its simplicity, the perfect fluid is the workhorse
of cosmology and astrophysics: stars, galaxies, and the universe itself are all
modeled (to first approximation) as perfect fluids.

9.5.2 Construction from first principles

In the rest frame of a fluid element, the stress-energy tensor must take the
form

Tµν
rest = diag(ρ, p, p, p), (9.29)

where ρ is the energy density and p is the pressure. There is no momentum
density (the fluid is at rest) and no shear stress (the fluid is perfect).

To write a covariant expression valid in any frame, we introduce the
four-velocity of the fluid uµ, normalized so that uµuµ = −1. In the rest frame,
uµ = (1, 0, 0, 0). The only rank-two tensors we can build from uµ and the
metric are uµuν and gµν. The projection tensor onto the spatial hypersurface
orthogonal to uµ is

hµν = gµν + uµuν, (9.30)

which satisfies hµνuν = 0 and hµ
µ = 3.

In the rest frame, uµuν = diag(1, 0, 0, 0) and hµν = diag(0, 1, 1, 1). So we
can write eq. (9.29) as

Tµν
rest = ρ uµuν + p hµν = (ρ + p) uµuν + p gµν. (9.31)

Since this is a tensor equation that holds in the rest frame, it holds in every
frame:

Tµν = (ρ + p) uµuν + p gµν. (9.32)

This is the stress-energy tensor of a perfect fluid.
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9.5.3 Components in a general frame

Consider a fluid moving with three-velocity v in the x-direction. The four-
velocity is uµ = γ(1, v, 0, 0) with γ = (1− v2)−1/2. Then:

T00 = (ρ + p)γ2 − p, (9.33)

T0x = (ρ + p)γ2v, (9.34)

Txx = (ρ + p)γ2v2 + p. (9.35)

In the non-relativistic limit v≪ 1:

T00 ≈ ρ + (ρ + p)v2 + · · · , (9.36)

T0x ≈ (ρ + p)v + · · · , (9.37)

Txx ≈ p + (ρ + p)v2 + · · · . (9.38)

The momentum density T0x ≈ ρv (for p ≪ ρ), which is just mass density
times velocity—the familiar non-relativistic result. The factor (ρ+ p) replaces
ρ relativistically because pressure contributes to inertia. This is the origin of
the statement that “pressure gravitates” (chapter 5).

9.5.4 Conservation and the Euler equation

The conservation law ∇µTµν = 0 applied to the perfect fluid gives two
equations. Projecting along uν:

uµ∂µρ + (ρ + p) ∂µuµ = 0. (9.39)

This is the relativistic continuity equation: the rate of change of energy
density (following a fluid element) is balanced by the expansion of the fluid,
weighted by the enthalpy density ρ + p.

Projecting orthogonally with hα
ν:

(ρ + p) uµ∂µuα = −(gαν + uαuν)∂ν p. (9.40)

This is the relativistic Euler equation: the inertia of the fluid (on the left, with
inertial mass density ρ + p) equals the pressure gradient force (on the right,
projected onto the spatial directions orthogonal to the flow).

In the non-relativistic limit, eq. (9.40) reduces to the familiar Euler equa-
tion of fluid mechanics:

ρ

(
∂v
∂t

+ (v · ∇)v
)
= −∇p. (9.41)

The stress-energy tensor, through its conservation law, encodes all of fluid
dynamics.
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9.5.5 Trace and the equation of state

The trace of the perfect fluid tensor is

Tµ
µ = −ρ + 3p. (9.42)

This vanishes when p = ρ/3, which is the equation of state for a gas of
ultrarelativistic particles (radiation). The connection to conformal invariance
is again visible: a conformally invariant fluid has a traceless stress-energy
tensor.

Common equations of state:

Matter type p = wρ Tµ
µ

Dust (non-relativistic) w = 0 −ρ

Radiation w = 1/3 0
Cosmological constant w = −1 −4ρ

Stiff matter w = 1 2ρ

The cosmological constant is special: its stress-energy tensor is Tµν =

−ρ gµν (with ρ > 0), proportional to the metric. This is the unique Lorentz-
invariant stress-energy tensor—it looks the same in every reference frame.

9.6 Comparison and patterns

Several patterns emerge from these computations:
Trace and mass. For every field theory, the trace of the stress-energy tensor

is proportional to the mass (or mass-squared) parameter. Massless fields have
traceless stress-energy tensors at the classical level. This pattern, which we
will understand more deeply in chapter 10, reflects the connection between
scale invariance and conformal symmetry.

T0i as momentum density and energy flux. In every case, T0i serves a dual
role: it is the density of the i-th component of momentum, and simultaneously
the flux of energy in the i-th direction. This duality is not a coincidence—it
is a consequence of the symmetry Tµν = Tνµ, which is guaranteed by the
Hilbert definition.

Pressure and inertia. In the perfect fluid, the combination ρ + p appears
as the effective inertial mass density. This explains why pressure gravitates:
in general relativity, the source of gravity is not ρ alone but the full Tµν,
including the pressure components.

Wave equation and conservation. For every field, the conservation law
∂µTµν = 0 is equivalent to (or a consequence of) the field equations. The
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stress-energy tensor packages the dynamical content of the theory into a
conservation law.

Field Spin Tµ
µ (on shell) Conformal?

Scalar (m ̸= 0) 0 −m2ϕ2 No
Scalar (m = 0) 0 0† Yes†

Dirac (m ̸= 0) 1
2 mψ̄ψ No

Dirac (m = 0) 1
2 0 Yes

Maxwell 1 0 Yes
Fluid (p = ρ/3) — 0 Yes

†The massless scalar is conformal only after conformal improvement of Tµν; see
chapter 10.

9.7 Conceptual summary

• The scalar field stress-energy tensor is the simplest: it is automatically
symmetric, and its components directly express kinetic, gradient, and
potential energy.

• The Dirac field requires vierbein coupling to curved spacetime; its
stress-energy tensor is symmetrized by the Hilbert procedure.

• The Maxwell stress-energy tensor is gauge-invariant, traceless, and
encodes the energy density, Poynting vector, and Maxwell stress tensor
of classical electrodynamics.

• The perfect fluid tensor Tµν = (ρ + p)uµuν + pgµν is the foundation of
relativistic hydrodynamics and cosmology. Its conservation law yields
the relativistic Euler equation.

• A universal pattern: the trace Tµ
µ is controlled by mass parameters,

and vanishes for massless or conformal theories.

oindent Despite their different dynamics, each field produces a Tmuu

that answers the same question: how does four-momentum flow through
spacetime in this theory?

9.8 Historical notes

The Maxwell stress tensor was introduced by Maxwell himself in the 1860s [8]
as part of his mechanical model of the electromagnetic field. He conceived
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of it as representing actual mechanical stresses in the luminiferous aether—
tensions along the field lines and pressures perpendicular to them. The
modern interpretation as momentum flux came only with the understand-
ing that electromagnetic fields carry momentum (Poynting, 1884; Abraham,
1903).

The relativistic perfect fluid was formalized by Einstein and others in the
development of general relativity. The combination ρ + p as the effective
inertial density was one of Einstein’s key insights [15], and it played a crucial
role in his argument that the stress-energy tensor, not just the energy density,
must source gravity (chapter 5).

The stress-energy tensor of the Dirac field in curved spacetime requires
the vierbein formalism, developed by Weyl (1929) and Fock (1929) indepen-
dently. The subtlety of coupling spinors to gravity—which requires local
Lorentz frames rather than coordinate frames—remains one of the conceptual
highlights of mathematical physics.
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Chapter 10

Conformal Symmetry and the Trace

Conformal invariance places such severe constraints on a
theory that the stress-energy tensor is determined almost
entirely by symmetry.

freely adapted

Why is the trace of the stress-energy tensor so important, and what happens to it at
the quantum level?

10.1 Scale transformations and the trace

In the previous chapter, we observed a striking pattern: the trace Tµ
µ vanishes

for every massless field theory. This is not a coincidence. The trace of the
stress-energy tensor controls the response of the theory to scale transformations,
and massless theories possess (at least classically) a scale symmetry that forces
the trace to vanish.

Under a rigid scale transformation xµ → λxµ, a field of scaling dimension
∆ transforms as ϕ(x) → λ−∆ϕ(λ−1x). The infinitesimal version (with λ =

1 + ϵ) is
δϕ = −ϵ

(
∆ϕ + xµ∂µϕ

)
. (10.1)

If the action is invariant under this transformation, Noether’s theorem gives
a conserved dilatation current. The key identity relating this current to the
stress-energy tensor is:

Jµ
D = Tµνxν, (10.2)
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whose divergence is

∂µ Jµ
D = (∂µTµν)xν + Tµνηµν = Tµ

µ, (10.3)

using ∂µTµν = 0.
Therefore, the dilatation current is conserved if and only if Tµ

µ = 0. The
trace of the stress-energy tensor is the “charge density” of scale invariance.

This result makes physical sense. A nonzero trace Tµ
µ introduces a scale

into the theory (for instance, through a mass m), breaking scale invariance.
When Tµ

µ = 0, there is no preferred scale, and the theory is scale-invariant.

10.2 From scale invariance to conformal invariance

A conformal transformation is a coordinate change that preserves the metric
up to a local rescaling:

gµν(x)→ Ω2(x) gµν(x). (10.4)

In d > 2 dimensions, the conformal group consists of translations, rotations,
boosts, dilatations, and special conformal transformations (SCTs). The dilatation
is a global rescaling xµ → λxµ; the SCTs are more intricate, involving an
inversion, a translation, and another inversion.

The infinitesimal SCT is xµ → xµ + 2(b · x)xµ − x2bµ, with parameter bµ.
The associated Noether current is

Kµν = 2xνxαTµα − x2Tµν. (10.5)

Its divergence is
∂µKµν = 2xνTµ

µ. (10.6)

Again, conservation requires Tµ
µ = 0.

For d > 2, there is a remarkable result due to Polchinski (1988): under
mild technical assumptions, scale invariance implies conformal invariance.
More precisely, if Tµ

µ = 0 as an operator equation (not just on shell), and the
theory is unitary and Poincaré-invariant, then the full conformal group is a
symmetry. In two dimensions, the conformal group is infinite-dimensional,
and the constraints on Tµν are even more powerful.

10.3 Conformal improvement of the scalar field

We noted in chapter 9 that the massless scalar field has Tµ
µ = 0 on shell. But

there is a subtlety: the standard scalar stress-energy tensor is not quite the
right one for a conformally invariant theory. It needs an improvement.
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Consider the massless scalar in four dimensions, with Tµν = ∂µϕ ∂νϕ−
1
2 ηµν∂αϕ ∂αϕ. Its trace is Tµ

µ = −∂µϕ ∂µϕ, which vanishes on shell (by the
equation of motion □ϕ = 0, together with the identity ∂µϕ ∂µϕ = ∂µ(ϕ ∂µϕ)−
ϕ□ϕ). But for conformal symmetry, we need Tµ

µ = 0 to hold as an operator
identity, not merely on the equations of motion.

The conformal improvement consists of adding a term proportional to
∂µ∂νϕ2 − ηµν□ϕ2:

Tµν
conf = Tµν − 1

6
(∂µ∂ν − ηµν□) ϕ2. (10.7)

The improvement term is a total divergence (it is ∂αXαµν for a suitable X), so
it does not change the conserved charges. But it does change the trace. In four
dimensions, the unimproved trace is Tµ

µ = −∂µϕ ∂µϕ, and the improvement
term contributes − 1

6 (□− 4□)ϕ2 = 1
2□(ϕ2). Expanding □(ϕ2) = 2∂µϕ ∂µϕ +

2ϕ□ϕ:

Tµ
conf µ = −∂µϕ ∂µϕ + ∂µϕ ∂µϕ + ϕ□ϕ = ϕ□ϕ. (10.8)

This vanishes by the equation of motion □ϕ = 0. But more importantly, it
vanishes as an operator equation in the quantum theory if we define the theory
with the conformally improved tensor.

The improvement can also be understood from curved spacetime. The
conformally improved tensor corresponds to adding a non-minimal coupling
ξRϕ2 to the action, with the specific value ξ = 1

6 (in four dimensions) that
makes the action Weyl-invariant. The improved scalar action is

S = − 1
2

∫ √
−g

(
gµν∂µϕ ∂νϕ +

1
6

R ϕ2
)

d4x, (10.9)

and the Hilbert tensor of this action is precisely Tµν
conf (evaluated at gµν = ηµν).

The coefficient 1
6 is not arbitrary. In d spacetime dimensions, the conformal

coupling is ξ = d−2
4(d−1) , which gives 1

6 for d = 4. This is the unique value for

which the action is invariant under gµν → Ω2gµν, ϕ→ Ω−(d−2)/2ϕ.

10.4 The trace anomaly

The trace anomaly is one of the most important results in quantum field
theory. It states that classically conformal theories can have a nonzero trace at the
quantum level. The quantum trace is not zero—it is a specific, computable,
geometric quantity.
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10.4.1 Why an anomaly?

Consider a classically conformal field theory (say, massless QED in four
dimensions). Classically, Tµ

µ = 0. But in the quantum theory, the fields
must be regulated—by a cutoff, by dimensional regularization, or by any
other method—and every regulator introduces a scale. The renormalization
procedure removes the divergences but can leave behind a finite, regulator-
independent violation of the classical symmetry.

The trace anomaly is the statement that

⟨Tµ
µ⟩ ̸= 0 (10.10)

in a classically conformal quantum theory, and that the right-hand side is
determined by the geometry of the background and the field content of the
theory.

This is closely analogous to the chiral anomaly (the Adler–Bell–Jackiw
anomaly), which breaks the classical conservation of the axial current. In
both cases, the anomaly is a one-loop effect, universal (independent of regu-
larization scheme), and has profound physical consequences.

10.4.2 The general formula

In four dimensions, the trace anomaly for a conformally coupled field theory
on a curved background takes the form

⟨Tµ
µ⟩ =

1
(4π)2

(
c CµναβCµναβ − a E4 + b□R

)
, (10.11)

where:

• Cµναβ is the Weyl tensor (the conformally invariant part of the Riemann
tensor).

• E4 = RµναβRµναβ − 4RµνRµν + R2 is the four-dimensional Euler density
(the integrand of the Gauss–Bonnet theorem).

• □R is a total derivative term.

• c, a, and b are numerical coefficients that depend on the field content.

For a single real scalar field:

c =
1

120
, a =

1
360

, b′ = − 1
180

. (10.12)
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10.5. The stress-energy tensor in conformal field theory

For a Dirac fermion:

c =
1
20

, a =
11
360

, b′ = − 1
30

. (10.13)

For a massless vector (Maxwell) field:

c =
1
10

, a =
31
180

, b′ = − 1
15

. (10.14)

The coefficient a is particularly significant: it decreases along renormal-
ization group flows from UV to IR fixed points. This is Zamolodchikov’s
c-theorem in two dimensions (1986), and the a-theorem in four dimensions
(proved by Komargodski and Schwimmer in 2011).

10.4.3 Physical consequences

The trace anomaly has remarkable physical consequences:
1. Running coupling constants. In non-abelian gauge theories, the trace

anomaly is related to the beta function:

Tµ
µ =

β(g)
2g

Fa
µνFaµν + (fermion masses), (10.15)

where β(g) = µ dg/dµ is the Callan–Symanzik beta function. The trace
anomaly tells us that the quantum theory knows about the running of cou-
pling constants—the violation of scale invariance is measured by how the
coupling changes with energy.

2. Conformal field theory data. In a conformal field theory, the trace anomaly
coefficients a and c are central charges that characterize the theory. They de-
termine the two-point function of the stress-energy tensor, the entanglement
entropy, and much more.

3. Cosmology. The trace anomaly contributes to the stress-energy tensor
of quantum fields in curved spacetime. In the early universe, this can drive
inflation (Starobinsky inflation, 1980) or modify the expansion rate.

4. Hawking radiation. As we will discuss in chapter 11, the trace anomaly
plays a role in deriving the Hawking temperature of black holes through the
computation of ⟨Tµν⟩ near the horizon.

10.5 The stress-energy tensor in conformal field theory

In a conformal field theory (CFT), the stress-energy tensor occupies a privi-
leged position. It is the unique spin-2 conserved current of the theory, and its
correlation functions are highly constrained by the conformal symmetry.
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10.5.1 Two-point function

In a d-dimensional CFT, the two-point function of the stress-energy tensor is
fixed by symmetry up to a single constant CT:

⟨Tµν(x) Tαβ(0)⟩ = CT

x2d I
µν,αβ(x), (10.16)

where Iµν,αβ(x) is a specific tensor structure built from xµ/|x| and δµν that
is symmetric, traceless, and transverse. The constant CT is a measure of the
number of degrees of freedom in the theory.

For a free scalar field in d = 4: CT = 40/(4π)4 · 3 = . . . The exact
normalization depends on conventions, but the point is that CT is computable
and characterizes the CFT.

10.5.2 Ward identities in CFT

The Ward identity for translations (eq. (7.13)) becomes, in a CFT:

∂µ⟨Tµν(x)O1(y1) · · · ⟩ = −∑
i

δ(d)(x− yi) ∂ν
yi
⟨O1(y1) · · · ⟩. (10.17)

The Ward identity for dilatations gives

⟨Tµ
µ(x)O1(y1) · · · ⟩ = −∑

i
∆i δ(d)(x− yi) ⟨O1(y1) · · · ⟩, (10.18)

where ∆i is the scaling dimension of the operator Oi. Away from coincident
points, ⟨Tµ

µ⟩ = 0, as expected.
The Ward identity for special conformal transformations provides addi-

tional constraints. Together, the conformal Ward identities determine the two-
and three-point functions of the stress-energy tensor completely (up to the
central charges a and c in four dimensions).

10.5.3 The stress-energy tensor generates conformal transforma-
tions

In a CFT, the stress-energy tensor generates not only translations but all
conformal transformations:

Pµ =
∫

T0µ d3x (translations), (10.19)

Mµν =
∫ (

xµT0ν − xνT0µ
)

d3x (Lorentz), (10.20)

D =
∫

xµT0µ d3x (dilatation), (10.21)

Kµ =
∫ (

2xµxαT0α − x2T0µ
)

d3x (SCT). (10.22)
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10.6. Two dimensions: the Virasoro algebra

The entire conformal algebra— (d+1)(d+2)
2 generators in d dimensions—is built

from a single object: the stress-energy tensor. This is the ultimate expression
of the theme running through the whole book: Tµν is the master object from
which spacetime symmetry generators are constructed.

10.6 Two dimensions: the Virasoro algebra

In two spacetime dimensions, conformal symmetry is especially powerful.
The conformal group becomes infinite-dimensional: any holomorphic coordi-
nate change z→ f (z) is conformal. The generators of infinitesimal conformal
transformations form the Virasoro algebra.

Using complex coordinates z = x1 + ix0 (in Euclidean signature), the
stress-energy tensor has components Tzz(z), Tz̄z̄(z̄), and Tzz̄ = 0 (by traceless-
ness). The Laurent modes

Ln =
∮ dz

2πi
zn+1 Tzz(z) (10.23)

satisfy the Virasoro algebra:

[Lm, Ln] = (m− n) Lm+n +
c

12
m(m2 − 1) δm+n,0. (10.24)

The first term is the classical part (the Witt algebra). The second term is
the central extension, with central charge c. This central extension is the two-
dimensional incarnation of the trace anomaly: c equals the coefficient of the
trace anomaly in two dimensions, ⟨Tµ

µ⟩ = − c
24π R.

The central charge c counts degrees of freedom: a free boson has c = 1,
a free fermion has c = 1

2 . For the bosonic string, c = 26 fields are needed
to cancel the Weyl anomaly (anomalous variation of the worldsheet path
integral under local rescalings of the worldsheet metric). This is the origin
of the critical dimension d = 26 for the bosonic string—an almost miracu-
lous consequence of the trace anomaly of the two-dimensional stress-energy
tensor.

10.7 Conceptual summary

• The trace Tµ
µ controls the response of the theory to scale transforma-

tions. Scale invariance requires Tµ
µ = 0.

• Massless field theories are classically scale-invariant, but quantization
can break this symmetry through the trace anomaly.
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• The trace anomaly ⟨Tµ
µ⟩ = 1

(4π)2 (c C2 − a E4 + b□R) is universal,
scheme-independent, and encodes deep information about the theory.

• The conformal improvement of the scalar field (ξ = 1
6 in d = 4) makes

its stress-energy tensor traceless off shell.

• In conformal field theory, Tµν generates the full conformal algebra and
its correlation functions are determined by symmetry up to central
charges.

• In two dimensions, the Virasoro algebra arises from the Laurent modes
of Tzz, with a central extension equal to the trace anomaly coefficient c.

oindent The trace of Tmuu measures whether the transport of four-
momentum is sensitive to the overall scale of spacetime. When the trace
vanishes, the flow of four-momentum is conformally invariant; when the
trace anomaly appears, quantum effects break this invariance.

10.8 Historical notes

The trace anomaly was discovered independently by Capper and Duff [35]
and by Deser, Duff, and Isham in the mid-1970s. Its connection to the running
of coupling constants was elucidated by Collins, Duncan, and Joglekar (1977)
and by Adler, Collins, and Duncan.

The role of conformal symmetry in constraining quantum field theory
was pioneered by Polyakov [32], who recognized that conformal invariance
fixes the structure of correlation functions in a way that is useful far beyond
the conformal limit.

The conformal improvement of the scalar field was discussed by Callan,
Coleman, and Jackiw (1970) [36], who showed that the improved tensor is
the unique symmetric, conserved, traceless tensor that can be built from a
massless scalar field.

The modern conformal bootstrap program, which uses the constraints
of conformal symmetry (including the structure of the Tµν two-point func-
tion) to solve strongly coupled CFTs numerically, was initiated by Rattazzi,
Rychkov, Tonni, and Vichi (2008) and has led to spectacular results, including
the most precise determination of critical exponents in the three-dimensional
Ising model.
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Chapter 11

Semiclassical Gravity

Quantum fields know about the geometry of spacetime in
ways that would have astonished Einstein—and perhaps
troubled him as well.

freely adapted

What happens when quantum fields meet curved spacetime?

11.1 The semiclassical program

Throughout this book, we have treated gravity classically and matter either
classically or quantum-mechanically. In previous chapters, the quantum
stress-energy tensor appeared as an operator in flat spacetime. Now we ask:
what happens when we place quantum fields on a curved background?

The semiclassical approximation treats the gravitational field gµν as a fixed
classical background and the matter fields as quantum operators propagating
on that background. The Einstein equation becomes

Gµν + Λgµν = 8πG ⟨Tµν⟩ren, (11.1)

where ⟨Tµν⟩ren is the renormalized expectation value of the quantum stress-
energy tensor in the chosen quantum state.

This equation is neither purely classical nor fully quantum. It is a hybrid:
the left-hand side is the classical geometry, the right-hand side is the quantum-
corrected source. The semiclassical approximation is expected to be valid
when the curvature is small compared to the Planck scale (R ≪ ℓ−2

Pl ), but
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Chapter 11. Semiclassical Gravity

quantum effects are nevertheless important—for instance, near black hole
horizons or in the early universe.

The central object of this chapter is ⟨Tµν⟩ren: the renormalized expecta-
tion value of the stress-energy tensor in curved spacetime. Computing it is
technically demanding and conceptually illuminating.

11.2 Quantum fields in curved spacetime

Consider a free scalar field on a general curved background with metric gµν.
The action is

S = − 1
2

∫ √
−g

(
gµν∇µϕ∇νϕ + m2ϕ2 + ξRϕ2) d4x, (11.2)

where ξ is the curvature coupling (ξ = 0 for minimal coupling, ξ = 1
6 for

conformal coupling in d = 4).
The equation of motion is(

−□g + m2 + ξR
)

ϕ = 0, (11.3)

where □g = gµν∇µ∇ν = 1√−g ∂µ(
√−g gµν∂ν) is the covariant d’Alembertian.

To quantize, we expand the field in modes: ϕ(x) = ∑i(aiui(x) + a†
i u∗i (x)),

where {ui} are a complete set of solutions to the field equation, and the ai, a†
i

satisfy [ai, a†
j ] = δij. The vacuum |0⟩ is defined by ai|0⟩ = 0 for all i.

But here is the crucial difference from flat spacetime: the choice of mode
functions is not unique. In Minkowski spacetime, Poincaré invariance singles
out the positive-frequency modes e−iωt+ik·x, giving a unique vacuum state
(up to phase). In a general curved spacetime, there is no preferred notion of
“positive frequency” because there is no preferred time coordinate.

Different choices of mode functions give different vacua, and the particle
content depends on the choice. What one observer calls “vacuum” may
contain particles for another observer. This is not a failure of the theory—it is
a feature, with profound physical consequences.

11.3 The vacuum energy problem revisited

The expectation value ⟨0|Tµν|0⟩ is formally divergent, just as in flat spacetime.
But the situation is worse in curved spacetime: there is no canonical normal
ordering prescription to remove the divergence, because normal ordering
depends on the choice of vacuum, which depends on the choice of mode
functions.
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11.4. Particle creation in expanding universes

The divergences take a specific form. Using dimensional regularization
or proper-time regularization, one finds that the divergent part of ⟨Tµν⟩ in
four dimensions is

⟨Tµν⟩div =
1

(4π)2

[
Λ4

reg.
gµν + α1 Gµν + α2 H(1)

µν + α3 H(2)
µν

]
, (11.4)

where Λ is a cutoff, Gµν is the Einstein tensor, and H(1)
µν and H(2)

µν are spe-
cific rank-two tensors quadratic in the curvature (derived from varying∫

R2√−g d4x and
∫

RµνRµν√−g d4x with respect to the metric).
The key insight is that every divergent term has the form of a geometric tensor—

it is a local functional of the metric and its derivatives. This means that
the divergences can be absorbed by renormalization of the gravitational
coupling constants:

• The Λ4gµν divergence renormalizes the cosmological constant Λcosm.

• The Gµν divergence renormalizes Newton’s constant G.

• The H(1,2)
µν divergences renormalize higher-derivative gravitational cou-

plings.

After renormalization, the finite remainder ⟨Tµν⟩ren is the physical, mea-
surable quantity. It depends on the quantum state, on the geometry, and on
the renormalization conditions (which fix the finite parts of the counterterms).

11.4 Particle creation in expanding universes

One of the most striking consequences of quantum fields in curved spacetime
is cosmological particle creation. If the universe expands from one static
phase to another (through a period of time-dependent expansion), the vac-
uum state of the early phase is not the vacuum of the late phase. An observer
in the late phase detects particles—real, physical particles created from the
vacuum by the gravitational field.

The mechanism is the time-dependence of the mode functions. During
expansion, positive-frequency modes of the early phase become mixtures of
positive- and negative-frequency modes of the late phase:

u(in)
i = ∑

j

(
αij u(out)

j + βij u∗(out)
j

)
, (11.5)

where αij and βij are Bogolubov coefficients. The number of particles created
in mode j is

⟨Nj⟩in = ∑
i
|βij|2. (11.6)
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The stress-energy tensor carries the energy of these created particles. The
expectation value ⟨Tµν⟩ in the “in” vacuum includes the energy density and
pressure of the created particles, which in turn affect the expansion of the
universe through the semiclassical Einstein equation eq. (11.1).

11.5 The Unruh effect

Before discussing black holes, we consider a simpler but equally remarkable
effect: the Unruh effect (1976).

An observer accelerating uniformly through Minkowski spacetime, with
proper acceleration a, perceives the Minkowski vacuum as a thermal state at
temperature

TU =
a

2π
(in natural units). (11.7)

In SI units, TU = h̄a/(2πckB). For everyday accelerations, this temperature
is utterly negligible (TU ∼ 10−20 K for a = 9.8 m/s2), but the conceptual
implications are profound.

The Unruh effect demonstrates that the particle content of a quantum field
is observer-dependent. The stress-energy tensor expectation value ⟨Tµν⟩ in
the Minkowski vacuum is zero for an inertial observer (by normal ordering),
but the accelerating observer measures a thermal distribution of particles.
The resolution is that the two observers use different time coordinates and
therefore different mode decompositions.

For the stress-energy tensor, the Unruh effect means that ⟨Tµν⟩ depends
not just on the state of the field but on the observer’s trajectory. More precisely,
what the accelerated observer calls the “energy density” is not the component
T00 in inertial coordinates but Tµν ûµûν, where ûµ is the observer’s four-
velocity.

11.6 Hawking radiation

The most celebrated application of the quantum stress-energy tensor in
curved spacetime is Hawking’s discovery (1974) that black holes radiate [37].

11.6.1 The physical picture

Consider a star collapsing to form a Schwarzschild black hole. Before the
collapse, spacetime is approximately flat, and the quantum field is in the
Minkowski vacuum. After the black hole forms, the spacetime geometry is
dramatically different: there is an event horizon at r = 2GM, beyond which
nothing can escape.
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11.6. Hawking radiation

Hawking showed that the mode functions that are positive-frequency in
the distant past (the “in” modes) become a mixture of positive- and negative-
frequency modes in the distant future (the “out” modes), with Bogolubov
coefficients that give a thermal particle spectrum at the temperature

TH =
1

8πGM
=

κ

2π
, (11.8)

where κ = 1/(4GM) is the surface gravity of the black hole.
This is the Hawking temperature. A black hole of solar mass has TH ∼

10−8 K—far below the cosmic microwave background temperature of 2.7 K,
and hence unobservable for astrophysical black holes. But the result is of
enormous conceptual significance: it establishes that black holes are thermo-
dynamic objects with a temperature, an entropy (the Bekenstein–Hawking
entropy S = A/(4G), where A is the horizon area), and an evaporation rate.

11.6.2 The role of ⟨Tµν⟩

The stress-energy tensor tells us where the energy goes. Hawking’s calcula-
tion shows that far from the black hole, ⟨Tµν⟩ describes an outgoing thermal
flux of particles—the Hawking radiation. Near the horizon, ⟨Tµν⟩ has a nega-
tive energy flux directed inward, which causes the black hole to lose mass
and shrink.

This is a case where the quantum stress-energy tensor has a direct gravita-
tional effect: through the semiclassical Einstein equation, the negative energy
flux near the horizon causes the black hole to evaporate. The backreaction of
Hawking radiation on the geometry—the time-dependent shrinking of the
black hole—is governed by ⟨Tµν⟩ren.

11.6.3 Connection to the trace anomaly

In two-dimensional models of black holes (where the calculation is technically
tractable), the Hawking flux can be derived entirely from the trace anomaly.
The logic is as follows:

In two dimensions, the trace anomaly fixes ⟨Tµ
µ⟩ = − c

24π R. Combined
with conservation ∇µ⟨Tµν⟩ = 0 and appropriate boundary conditions, this
uniquely determines ⟨Tµν⟩. The resulting outgoing flux at infinity gives
exactly the Hawking temperature.

This is a remarkable application of the ideas developed in chapter 10:
the trace anomaly, which we derived as a property of the quantum stress-
energy tensor in conformally invariant theories, directly yields the Hawking
radiation. The anomaly, far from being a pathology, is the source of one of the
most important results in theoretical physics.
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11.7 Stress-energy tensor near a black hole

The computation of ⟨Tµν⟩ren near a Schwarzschild black hole is technically
involved (it requires numerical evaluation of mode sums and careful renor-
malization), but the qualitative features are instructive.

In the Hartle–Hawking vacuum (the thermal state at the Hawking temper-
ature, which represents a black hole in thermal equilibrium with its radiation),
the renormalized stress-energy tensor is regular on the horizon. This is a
nontrivial requirement: the classical stress-energy tensor of a freely falling
particle diverges at the horizon in Schwarzschild coordinates, but ⟨Tµν⟩ren in
the Hartle–Hawking state remains finite.

In the Unruh vacuum (which represents a black hole formed by collapse,
with outgoing radiation but no incoming radiation), ⟨Tµν⟩ren has a negative
energy flux near the horizon:

⟨Tr
t⟩ ∼ −

πT2
H

12
(near the horizon), (11.9)

where TH is the Hawking temperature. This negative energy flux is the
mechanism by which the black hole loses mass.

The Boulware vacuum (the state with no particles at infinity) has a diver-
gent ⟨Tµν⟩ on the horizon—reflecting the fact that the Boulware vacuum does
not correspond to a physical state near a black hole.

These three vacuum states—Hartle–Hawking, Unruh, and Boulware—
illustrate how different quantum states lead to dramatically different stress-
energy tensors, even on the same background geometry.

11.8 The information paradox (briefly)

Hawking’s calculation raises a profound puzzle. If a black hole forms from a
pure quantum state and evaporates completely into thermal radiation, the
final state appears to be a mixed state. This would violate the unitarity of
quantum mechanics—the principle that pure states evolve into pure states.

The resolution of this “information paradox” has been the subject of
intense research for five decades. We will not attempt to resolve it here,
but we note that the stress-energy tensor is central to the discussion: the
backreaction of ⟨Tµν⟩ on the geometry determines the evaporation process,
and any resolution of the paradox must account for how information is
encoded in the correlations of the outgoing Hawking radiation.

Recent developments (the “island formula” for entanglement entropy, the
Page curve, and the role of replica wormholes) suggest that the semiclassical
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stress-energy tensor captures the leading behavior but misses subtle non-
perturbative effects that are essential for restoring unitarity. We touch on this
further in chapter 12.

11.9 Conceptual summary

• In the semiclassical approximation, gravity is classical but matter is
quantum: Gµν = 8πG ⟨Tµν⟩ren.

• In curved spacetime, ⟨Tµν⟩ has UV divergences that are absorbed by
renormalization of gravitational constants (cosmological constant,
Newton’s constant, higher-derivative couplings).

• The particle content of a quantum field depends on the observer. The
Unruh effect shows that an accelerating observer sees thermal radiation
at T = a/(2π).

• Hawking radiation: black holes radiate thermally at TH = κ/(2π). The
quantum stress-energy tensor carries the energy of this radiation.

• In two dimensions, the trace anomaly alone determines ⟨Tµν⟩ and
correctly reproduces the Hawking temperature.

• Different quantum states (Hartle–Hawking, Unruh, Boulware) give
dramatically different ⟨Tµν⟩, illustrating the state-dependence of the
quantum stress-energy tensor.

oindent Semiclassical gravity shows that the quantum expectation value
langleTmuuangle carries physical information about four-momentum trans-
port even in the vacuum—and this transport curves spacetime, creating
particles and radiating black holes.

11.10 Historical notes

The theory of quantum fields in curved spacetime was developed primarily in
the 1960s and 1970s, by DeWitt, Parker, Zel’dovich, and many others. Parker
(1968) first showed that the expansion of the universe can create particles
from the vacuum.

The Unruh effect was discovered by Unruh in 1976 [38], building on
earlier work by Fulling (1973) and Davies (1975). It is closely related to
the thermal nature of the Rindler vacuum, first observed by Bisognano and
Wichmann (1975) in the context of axiomatic quantum field theory.
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Hawking’s 1974 paper [37] “Particle Creation by Black Holes” is one of the
landmarks of twentieth-century physics. It united general relativity, quantum
field theory, and thermodynamics in a single calculation. The result—that
black holes have a temperature—came as a surprise even to Hawking, who
had initially set out to prove the opposite.

The renormalization of the stress-energy tensor in curved spacetime was
developed by Christensen, Wald, and others in the late 1970s. Wald’s ax-
iomatic approach [39] established the conditions that any reasonable ⟨Tµν⟩ren

must satisfy, and showed that the renormalized stress-energy tensor is unique
up to the addition of local geometric terms.
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Chapter 12

The Modern Landscape

We began with water flowing through a box. We end with
the possibility that spacetime itself emerges from the
stress-energy tensor of a quantum field theory.

this book

Why does modern theoretical physics keep returning to the stress-energy tensor?

12.1 Looking back and looking forward

This book has traced the stress-energy tensor from its origins in nineteenth-
century continuum mechanics to the quantum theory of fields in curved
spacetime. Along the way, we have seen Tµν appear in three distinct roles—
as the generator of translations, the source of gravity, and the expression
of local conservation—and we have shown that these are three aspects of a
single mathematical object.

In this final chapter, we survey several areas of modern theoretical physics
where the stress-energy tensor continues to play a central role. The treatment
is necessarily less rigorous than in the preceding chapters: some of these
topics are at the frontier of research, and the final answers are not yet known.
But the recurring appearance of Tµν in such disparate contexts underscores
the central thesis of this book: the stress-energy tensor is not merely a useful
device, but a structural pillar of theoretical physics.
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12.2 The AdS/CFT correspondence

The most dramatic appearance of the stress-energy tensor in modern physics
is in the AdS/CFT correspondence (Maldacena, 1997 [40]). This is a conjec-
tured equivalence—a duality—between two seemingly unrelated theories:

1. A theory of quantum gravity in (d+ 1)-dimensional anti-de Sitter (AdS)
spacetime.

2. A conformal field theory (CFT) living on the d-dimensional boundary
of AdS.

The most studied example is the duality between type IIB string theory on
AdS5× S5 andN = 4 supersymmetric Yang–Mills theory in four dimensions.

12.2.1 The stress-energy tensor and the metric

In the AdS/CFT dictionary, bulk fields in AdS correspond to operators in the
boundary CFT. The stress-energy tensor Tµν of the CFT is dual to the metric
gµν in the bulk. This is the most fundamental entry in the dictionary:

Tµν
CFT ←→ gµν

∣∣
boundary. (12.1)

More precisely, consider a perturbation of the boundary metric δg(0)µν .
This perturbation propagates into the bulk as a graviton, which satisfies
the linearized Einstein equation in AdS. The response of the CFT partition
function to this perturbation defines the one-point function of Tµν:

⟨Tµν⟩ = − 2√
−g(0)

δ ln ZCFT

δg(0)µν

, (12.2)

which is exactly the Hilbert definition applied to the CFT generating func-
tional.

The two-point function ⟨Tµν(x) Tαβ(0)⟩CFT is computed on the gravity
side by solving the linearized graviton equation in AdS with appropriate
boundary conditions and reading off the normalizable mode coefficient. The
result agrees with the CFT prediction from conformal symmetry, with the
central charge CT determined by the AdS radius L and Newton’s constant G:

CT ∝
Ld−1

GN
. (12.3)

In the prototypical example of N = 4 super-Yang–Mills with gauge group
SU(N), CT ∝ N2, reflecting the N2 degrees of freedom of the gauge theory.
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12.2.2 Holographic stress-energy tensor

The stress-energy tensor of the boundary CFT can be computed directly
from the bulk geometry using the holographic renormalization procedure
(Henningson and Skenderis, 1998; de Haro, Skenderis, and Solodukhin,
2001). One solves Einstein’s equation in the bulk, expands the metric near
the boundary, and reads off the stress-energy tensor from the normalizable
falloff:

gµν(x, r) ∼ L2

r2

(
g(0)µν (x) + r2 g(2)µν (x) + · · ·+ rd g(d)µν (x) + · · ·

)
, (12.4)

where r→ 0 is the boundary. The coefficient g(d)µν determines the stress-energy
tensor:

⟨Tµν⟩ ∝ g(d)µν + (local terms from lower orders). (12.5)

The holographic stress-energy tensor automatically satisfies the Ward
identities of the CFT, including the trace anomaly. The bulk Einstein equation
ensures ∇µ⟨Tµν⟩ = 0, and the holographic trace anomaly reproduces the
correct a and c coefficients of the boundary theory.

This is a remarkable circle of ideas: the stress-energy tensor of the CFT—
originally defined through Noether’s theorem or metric variation in flat
spacetime—is now computed from the asymptotic behavior of a higher-
dimensional gravitational field. The three roles of Tµν (generator, source,
conservation) are all encoded in the bulk geometry.

12.3 Emergent spacetime

The AdS/CFT correspondence suggests a radical possibility: spacetime itself
may emerge from the dynamics of the stress-energy tensor (or, more broadly, from
the quantum entanglement structure of the boundary CFT).

12.3.1 The Ryu–Takayanagi formula

Ryu and Takayanagi (2006) [41] proposed that the entanglement entropy of a
region A in the boundary CFT is given by the area of a minimal surface γA in
the bulk:

SA =
Area(γA)

4GN
. (12.6)

This formula connects quantum information (entanglement entropy) in the
boundary theory to geometry (minimal surfaces) in the bulk. Since the
stress-energy tensor is the primary source of spacetime geometry, the Ryu–
Takayanagi formula implies that the entanglement structure of ⟨Tµν⟩—and of
the CFT state more generally—determines the bulk geometry.
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12.3.2 Einstein’s equation from entanglement

Lashkari, McDermott, and Van Raamsdonk (2014) showed that the linearized
Einstein equation in the bulk can be derived from the first law of entangle-
ment in the boundary CFT:

δSA = δ⟨HA⟩, (12.7)

where δSA is the change in entanglement entropy and δ⟨HA⟩ is the change
in the modular Hamiltonian. The modular Hamiltonian for a ball-shaped
region in a CFT is a specific integral of Tµν:

HA = 2π
∫

A

R2 − |x− x0|2
2R

T00(x)dd−1x, (12.8)

where R is the ball radius and x0 its center.
So the stress-energy tensor, through the modular Hamiltonian, encodes

the entanglement structure of the CFT, which in turn determines the bulk
geometry through the Ryu–Takayanagi formula. In this picture, Einstein’s
equation is not a postulate but a consequence of quantum entanglement in the
boundary theory.

This is perhaps the most profound modern perspective on the stress-
energy tensor: it is not merely a source term in Einstein’s equation, but the
object whose quantum properties give rise to spacetime and gravity.

12.4 Energy conditions and quantum violations

In classical general relativity, the stress-energy tensor is often assumed to
satisfy certain energy conditions—inequalities that capture the idea that
“energy is positive.” The most important are:

Weak energy condition (WEC): Tµνuµuν ≥ 0 for all timelike uµ. Physically:
every observer measures a non-negative energy density.

Null energy condition (NEC): Tµνkµkν ≥ 0 for all null kµ. This is weaker
than the WEC but equally important; it underlies the singularity theorems
and the area theorem for black holes.

Strong energy condition (SEC): (Tµν − 1
2 Tα

αgµν)uµuν ≥ 0 for all timelike uµ.
This implies that gravity is attractive.

In quantum field theory, all classical energy conditions are violated. The
Casimir effect gives a negative energy density between conducting plates.
The Hawking effect produces a negative energy flux near the black hole
horizon. Even the NEC can be violated pointwise.

However, not all hope is lost. Quantum energy conditions have been
formulated that constrain the averaged or integrated stress-energy tensor. The
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quantum null energy condition (QNEC), proved by Bousso, Fisher, Koeller,
Leichenauer, and Wall (2016), states that

⟨Tµνkµkν⟩ ≥ 1
2π

S′′out, (12.9)

where S′′out is the second derivative of the entanglement entropy of the region
outside a null surface. This bound, which involves both the stress-energy ten-
sor and entanglement entropy, is a genuinely quantum gravitational result—
and the stress-energy tensor sits right at its center.

12.5 Wald’s Noether charge and black hole entropy

In chapter 6, we defined Tµν by varying the matter action with respect to
the metric, and in section 6.9 we saw that the contracted Bianchi identity
guarantees its covariant conservation. Wald’s Noether charge formalism [? ?
] reveals both of these facts as instances of a single, deeper structure—one
that also explains why black holes carry entropy.

12.5.1 The identity

Consider a generally covariant Lagrangian L = L ϵ (where ϵ is the spacetime
volume form), built from a metric gµν, its Riemann tensor, and matter fields ψ.
For any smooth vector field ξµ, the diffeomorphism-invariance of the action
implies an off-shell identity:

dJ[ξ] = −Eg · Lξ g− Eψ · Lξψ, (12.10)

where Eg = 0 and Eψ = 0 are the equations of motion for the metric and
matter fields, Lξ denotes the Lie derivative along ξ, and J[ξ] is the Noether
current (d− 1)-form associated with the diffeomorphism generated by ξ.

When the equations of motion hold, dJ = 0, so J is closed and—by
the Poincaré lemma on a contractible region—exact: J[ξ] = dQ[ξ]. The
(d− 2)-form Q[ξ] is the Noether charge.

This is the variational identity behind conservation. For Einstein grav-
ity with a matter action Smatter, the metric equation of motion is Gµν =

8πG Tµν, and the Eg term in eq. (12.10) encodes both the Bianchi identity
and ∇µTµν = 0. The Wald identity thus unifies the Hilbert definition of Tµν

(as δSmatter/δgµν) with the Noether construction of conserved charges (as
integrals of Q).
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12.5.2 Conserved charges

For a Killing vector ξµ of the background spacetime, the Noether charge
yields the associated conserved quantity. If Σ is a Cauchy surface with
boundary ∂Σ, Stokes’ theorem gives

Q[ξ] =
∮

∂Σ
Q[ξ]. (12.11)

For a timelike Killing vector ξ = ∂t in an asymptotically flat spacetime, Q[∂t]

reproduces the ADM mass—the same total energy that, in the linearized
theory, equals

∫
T00 d3x. For a rotational Killing vector, Q gives the total

angular momentum. The Wald formalism thus provides a covariant, surface-
integral expression for precisely the conserved quantities that Tµν encodes
locally.

12.5.3 Black hole entropy

The deepest application comes from evaluating Q on the horizon-generating
Killing field χ = ∂t + ΩH∂φ of a stationary black hole. For Einstein gravity,
the result is

SBH =
2π

κ

∮
H

Q[χ] =
A

4G
, (12.12)

where κ is the surface gravity and A is the horizon area—the Bekenstein–
Hawking entropy.

For a general diffeomorphism-covariant Lagrangian L(gµν, Rµναβ, . . .), the
Wald entropy is

SWald = −2π
∮
H

∂L
∂Rµναβ

ϵ̂µν ϵ̂αβ dA, (12.13)

where ϵ̂µν is the binormal to the horizon cross-section. For a Gauss–Bonnet
Lagrangian L = R+ α(R2− 4RµνRµν + RµναβRµναβ), the Wald entropy differs
from A/4G by a topological correction proportional to the Euler characteristic
of the horizon.

The conceptual arc is this: the Hilbert definition of Tµν (chapter 6) asks
how the matter action responds to a metric variation. The Wald formalism
asks how the total action—gravitational plus matter—responds to a diffeo-
morphism. The Noether current packages both responses into a single object,
and its charge on a horizon computes the entropy. Black hole thermodynam-
ics is not an analogy; it is a consequence of the same variational structure
that defines the stress-energy tensor.
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12.6 The stress-energy tensor in string theory

In string theory, the stress-energy tensor of the worldsheet (the two-dimensional
surface swept out by a propagating string) plays a fundamental role.

The worldsheet action is

S = − 1
4πα′

∫
d2σ

√
−g gab∂aXµ∂bXµ, (12.14)

where gab is the worldsheet metric, Xµ(σ) are the spacetime coordinates
of the string, and α′ is the Regge slope (related to the string tension by
T = 1/(2πα′)).

The worldsheet stress-energy tensor is

Tab = −
1
α′

(
∂aXµ∂bXµ − 1

2 gab gcd∂cXµ∂dXµ

)
, (12.15)

and the classical equations of motion include the Virasoro constraints Tab = 0.
At the quantum level, the trace anomaly of the worldsheet stress-energy

tensor gives ⟨Ta
a⟩ ∝ (d − 26)R(2) for the bosonic string, where d is the

number of spacetime dimensions and R(2) is the worldsheet Ricci scalar.
Consistency (Weyl invariance of the quantum theory) requires d = 26—the
critical dimension of the bosonic string. For the superstring, the critical
dimension is d = 10.

The critical dimension of string theory—one of its most striking predictions—
is thus a consequence of the trace anomaly of the worldsheet stress-energy
tensor.

12.7 Looking ahead: quantum gravity

What happens to the stress-energy tensor in a full theory of quantum gravity,
where the metric itself is a quantum field?

In perturbative quantum gravity (treating the metric as gµν = ηµν + κhµν

and quantizing hµν), the stress-energy tensor plays a dual role: it is both
the source of the graviton field hµν and a composite operator that receives
quantum corrections. The vertex for graviton-matter coupling is determined
by Tµν, and the graviton propagator is constrained by the Ward identity
∂µTµν = 0.

In non-perturbative approaches—loop quantum gravity, causal set theory,
or the asymptotic safety program—the role of Tµν is less clear. The metric
may not be a fundamental field, and the concept of a smooth spacetime may
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break down at the Planck scale. But even in these approaches, the stress-
energy tensor (or some generalization of it) appears as the object that couples
matter to geometry.

In the AdS/CFT correspondence, as we have discussed, the boundary
stress-energy tensor defines the bulk geometry. This suggests that in a final
theory of quantum gravity, the stress-energy tensor may be more fundamental
than the metric itself: spacetime emerges from the dynamics of Tµν and
its quantum correlations, rather than Tµν being defined on a pre-existing
spacetime.

Whether this vision is correct remains to be seen. But the journey of
the stress-energy tensor—from Cauchy’s stress in elastic bodies, through
Maxwell’s field stresses, Einstein’s gravitational source, Noether’s conserved
current, Hilbert’s variational derivative, and the quantum operator of modern
field theory—shows no sign of ending. Every generation of physicists has
found new reasons to study Tµν, and every new perspective has deepened
our understanding of what it means.

12.8 Coda: one tensor, many questions

We began this book with a simple question: what does it mean for something
to be conserved locally? We end with a collection of questions that remain
open:

What is the vacuum energy? The cosmological constant problem—the
discrepancy between the predicted and observed vacuum energy density—is
arguably the deepest unsolved problem in physics. It is, at its core, a question
about ⟨Tµν⟩.

What is dark energy? The accelerated expansion of the universe is driven by
a component with Tµν ≈ −ρ gµν. Is this a cosmological constant, a dynamical
field, or a modification of gravity?

How does spacetime emerge? If the AdS/CFT correspondence is a guide,
the bulk spacetime is encoded in the entanglement structure of the boundary
CFT, with Tµν playing the role of the modular Hamiltonian. Can this be
extended beyond AdS?

What replaces Tµν at the Planck scale? In a theory where spacetime itself
fluctuates quantum-mechanically, the concept of a tensor field on a smooth
manifold may break down. What structure takes its place?

These are questions for the next generation of physicists. But whatever
the answers turn out to be, they will involve the stress-energy tensor—or
whatever emerges from it—at their core.
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Behind all of these open questions lies a deeper one: which is more
fundamental—geometry, or the transport of conserved quantities?

General relativity suggests that geometry comes first. The metric gµν

determines the stage; the stress-energy tensor Tµν enters as the source that
tells the stage how to curve. In this picture, Tµν is defined on a pre-existing
spacetime, and its conservation ∇µTµν = 0 is guaranteed by the geometry
through the Bianchi identity.

Quantum field theory offers the opposite perspective. On flat spacetime,
Tµν is constructed from fields and their derivatives, with no reference to
dynamical geometry. It generates translations, builds conserved charges, and
governs the flow of four-momentum—all without knowing anything about
gravity. The metric is a passive background, and Tµν is an autonomous object
defined by the matter alone.

Semiclassical gravity occupies an uneasy middle ground. The metric is
classical but responds to ⟨Tµν⟩, the quantum expectation value. Geometry
and transport are coupled, but not on equal footing: one is classical, the other
quantum.

The AdS/CFT correspondence suggests the most radical possibility of
all. In the boundary CFT, there is no bulk spacetime—only a quantum field
theory with a stress-energy tensor. The bulk geometry emerges from the
quantum correlations of Tµν and other operators. In this picture, the stress-
energy tensor is not defined on a spacetime; it creates spacetime. Transport
precedes geometry.

Whether this vision extends beyond anti-de Sitter space, and whether
it captures the full structure of quantum gravity, remains to be seen. But
the trajectory of two centuries of physics points in a consistent direction:
every new framework gives Tµν a deeper role than the last. Cauchy’s stress
tensor described forces in a solid. Maxwell’s tensor described energy in the
field. Einstein’s tensor sourced gravity. Noether’s theorem revealed it as
the universal consequence of translation symmetry. Hilbert showed it arises
from metric variation. Quantum field theory promoted it to an operator. And
AdS/CFT suggests it may encode the geometry of spacetime itself.

The local transport tensor of four-momentum is here to stay.

12.9 Conceptual summary

• In the AdS/CFT correspondence, the boundary CFT’s stress-energy
tensor is dual to the bulk metric. The Hilbert definition of Tµν becomes
the fundamental entry in the holographic dictionary.
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• The Ryu–Takayanagi formula connects entanglement entropy to geom-
etry, and the linearized Einstein equation can be derived from the first
law of entanglement—with the modular Hamiltonian built from Tµν.

• Classical energy conditions are violated in quantum field theory. The
quantum null energy condition provides a quantum replacement,
relating ⟨Tµνkµkν⟩ to entanglement entropy.

• Wald’s Noether charge formalism unifies the Hilbert definition of Tµν,
covariant conservation via the Bianchi identity, and black hole entropy
into a single variational structure. The Bekenstein–Hawking entropy
A/4G and its generalization to higher-derivative gravity are Noether
charges of the horizon-generating Killing field.

• The critical dimension of string theory (d = 26 or d = 10) follows from
the trace anomaly of the worldsheet stress-energy tensor.

• In modern quantum gravity, Tµν may be more fundamental than the
metric: spacetime could emerge from the quantum dynamics of the
stress-energy tensor.

12.10 Historical notes

The AdS/CFT correspondence was proposed by Maldacena in 1997 [40] and
developed by Gubser, Klebanov, and Polyakov [42] and by Witten [43]. It has
become the most cited result in theoretical physics, with applications ranging
from condensed matter physics to quantum information theory.

The holographic computation of the stress-energy tensor was developed
by Henningson and Skenderis (1998) and refined by Balasubramanian and
Kraus (1999) and de Haro, Skenderis, and Solodukhin (2001).

The Ryu–Takayanagi formula [41] was proposed in 2006 and proved
(in the classical gravity limit) by Lewkowycz and Maldacena in 2013. The
connection between entanglement and Einstein’s equation was established
by Lashkari, McDermott, and Van Raamsdonk (2014), building on the earlier
insight of Van Raamsdonk (2010) that “entanglement builds spacetime.”

The quantum null energy condition was conjectured by Bousso et al.
(2016) and proved by Balakrishnan, Faulkner, Khandker, and Wang (2019)
using techniques from the conformal bootstrap and the modular theory of
von Neumann algebras—a striking convergence of quantum field theory,
quantum information, and algebraic methods.

Wald’s Noether charge formalism was developed in a landmark paper [?
] and extended with Iyer [? ]. The result that black hole entropy equals
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a Noether charge was a conceptual breakthrough: it showed that the laws
of black hole mechanics are not merely analogous to thermodynamics but
follow from the same variational and symmetry principles that underlie all of
field theory. Wald’s approach also settled the question of black hole entropy
in higher-derivative gravity theories, where the Bekenstein–Hawking area
law A/4G receives corrections that the Noether charge formula computes
exactly.
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Appendix A

The Family of Noether Currents

Each symmetry of the laws of physics implies the existence
of a conserved quantity.

Emmy Noether, paraphrased

The stress-energy tensor is one member of a family. Who are the others?

Throughout this book we have focused on a single conserved current: the
stress-energy tensor Tµν, the Noether current associated with spacetime trans-
lations. But a relativistic field theory typically possesses many symmetries,
and each one generates its own conserved current. This appendix surveys the
most important members of the family, emphasizing their physical content
and their relationship to Tµν.

The pattern is always the same: a continuous symmetry of the action
yields, through Noether’s theorem, a current whose divergence vanishes on
shell. What differs from case to case is the type of charge being transported.
For an internal symmetry, the conserved charge is a scalar (electric charge,
baryon number, color), and the current is a vector Jµ. For translations, the
conserved charge is a vector (four-momentum), and the current is a rank-
two tensor Tµν. For Lorentz transformations, the conserved charge is an
antisymmetric tensor (angular momentum), and the current is a rank-three
tensor Mαµν. The richer the symmetry, the more indices the current carries.

A.1 The Noether machine, revisited

In chapter 4 we derived the canonical stress-energy tensor by considering
translations xµ → xµ + aµ. Here we give the general construction for an
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arbitrary continuous symmetry, so that all the currents below emerge from a
single framework.

Consider a field theory with action S =
∫
L(ϕa, ∂µϕa)d4x and an infinites-

imal symmetry transformation

ϕa(x)→ ϕa(x) + ϵ ∆ϕa(x), (A.1)

where ϵ is a constant parameter and ∆ϕa specifies how the field changes. If
the Lagrangian changes at most by a total divergence—∆L = ϵ ∂µKµ for some
Kµ—then the action is invariant and Noether’s theorem gives the conserved
current

jµ =
∂L

∂(∂µϕa)
∆ϕa − Kµ, ∂µ jµ = 0 (on shell). (A.2)

The associated conserved charge is Q =
∫

j0 d3x.
For a symmetry with multiple generators—labeled by an index A—there

is one current jµ
A and one charge QA per generator. The algebra of the

symmetry group is encoded in the commutation relations of the charges,
[QA, QB] = i fAB

CQC, which in turn constrain the structure of the currents.
This single formula generates every conserved current in the theory. What

changes from case to case is the form of ∆ϕa: for internal symmetries it is
a linear mixing of field components; for translations it involves ∂µϕa; for
Lorentz transformations it involves both ∂µϕa and the spin representation
matrices. We now work through the most important cases.

A.2 Internal symmetries and vector currents

A.2.1 The electromagnetic current

The simplest and most familiar Noether current arises from a global U(1)
symmetry. Consider a complex scalar field with Lagrangian

L = −∂µϕ∗ ∂µϕ−m2ϕ∗ϕ. (A.3)

The action is invariant under ϕ → e−iαϕ, ϕ∗ → eiαϕ∗, with constant α. The
infinitesimal form is ∆ϕ = −iϕ, ∆ϕ∗ = iϕ∗, and ∆L = 0 (so Kµ = 0). The
Noether current is

Jµ =
∂L

∂(∂µϕ)
(−iϕ) +

∂L
∂(∂µϕ∗)

(iϕ∗) = i(ϕ∗∂µϕ− ϕ ∂µϕ∗) . (A.4)

The conserved charge Q =
∫

J0 d3x is the total electric charge (up to a cou-
pling constant e).
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The physical content is transparent. J0 = i(ϕ∗ϕ̇ − ϕϕ̇∗) is the charge
density: the rate at which the phase of ϕ rotates, weighted by the amplitude.
The spatial components Ji are the charge current: the flux of charge through
a surface. The continuity equation ∂µ Jµ = 0 says that charge is locally
conserved—it can flow from place to place, but it cannot appear or disappear.

For a Dirac field, the same U(1) symmetry ψ→ e−iαψ gives

Jµ = ψ̄γµψ, (A.5)

the vector current that couples to the photon in QED.

A.2.2 Comparison with Tµν

The electromagnetic current Jµ and the stress-energy tensor Tµν are struc-
turally parallel, and the comparison illuminates both:

EM current Jµ Stress-energy Tµν

Symmetry Phase rotation U(1) Translation xµ → xµ + aµ

Conserved charge Electric charge Q Four-momentum Pν

Charge type Scalar Vector
Current indices One (flux of scalar) Two (flux of vector)
Conservation law ∂µ Jµ = 0 ∂µTµν = 0
Coupling To photon Aµ To graviton hµν

The key difference is that Jµ transports a scalar charge (one number:
how much charge crosses a surface), while Tµν transports a vector charge
(four numbers: how much of each component of four-momentum crosses a
surface). This is why Tµν has an extra index.

A.2.3 Non-abelian currents

For a theory with non-abelian symmetry group G, the fields transform in a
representation of G: ϕa → ϕa + iϵA(TA)

a
b ϕb, where (TA)

a
b are the generator

matrices. Each generator A gives its own current:

Jµ
A = −i

∂L
∂(∂µϕa)

(TA)
a

b ϕb. (A.6)

For QCD with gauge group SU(3), there are eight conserved color currents
Jµ
a (a = 1, . . . , 8). When the symmetry is gauged, the currents are no longer

independently conserved—they satisfy Dµ Jµ
a = 0 (covariant conservation

with respect to the gauge connection) rather than ∂µ Jµ
a = 0. This is the non-

abelian analogue of the fact that, in general relativity, Tµν satisfies∇µTµν = 0
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(covariant conservation with respect to the Christoffel connection) rather
than ∂µTµν = 0.

For the approximate SU(2) isospin symmetry of the strong interaction,
the three conserved currents are the isospin currents. In the quark model,
with the doublet q = (u, d)T:

Jµ
i = q̄ γµ τi

2
q, i = 1, 2, 3, (A.7)

where τi are the Pauli matrices. The conserved charges Ii =
∫

J0
i d3x are

the components of isospin, and their algebra [Ii, Ij] = iϵijk Ik is the su(2) Lie
algebra. When the quark masses are unequal (mu ̸= md), the symmetry is
broken and ∂µ Jµ

i ̸= 0: isospin is only approximately conserved.

A.3 The angular momentum tensor

A.3.1 Lorentz symmetry and its current

Translations are not the only spacetime symmetry of a relativistic theory.
Lorentz invariance—the symmetry under boosts and rotations—generates
its own conserved current: the angular momentum tensor.

Under an infinitesimal Lorentz transformation xµ → xµ + ωµ
νxν (with

ωµν = −ωνµ), a field with spin transforms as

∆ϕa = ωµ
ν

(
xν∂µϕa + (Sµ

ν)a
b ϕb

)
, (A.8)

where (Sµν)a
b are the spin matrices of the representation (antisymmetric in

µν). For a scalar field, Sµν = 0 and the transformation is purely orbital. For a
Dirac spinor, Sµν = 1

4 [γµ, γν]. For a vector field, (Sµν)α
β = ηµ

αηνβ − ην
αηµβ.

Since ωµν is antisymmetric, there are six independent parameters (three
rotations, three boosts) and therefore six independent conserved currents.
Packaging them into a single object antisymmetric in µν:

Mαµν = xµTαν − xνTαµ + Sαµν, (A.9)

where Tαν is the canonical stress-energy tensor from chapter 4 and Sαµν is the
spin current from chapter 8:

Sαµν =
∂L

∂(∂αϕa)
(Sµν)a

b ϕb. (A.10)

The conservation law is
∂α Mαµν = 0. (A.11)
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The physical interpretation is direct. The conserved charges

Mµν =
∫

M0µν d3x =
∫ (

xµT0ν − xνT0µ + S0µν
)

d3x (A.12)

comprise six quantities: the three spatial components Mij are the angular
momentum (Jk = 1

2 ϵkij Mij), and the three mixed components M0i encode
the center-of-energy motion (the relativistic analogue of the center-of-mass
theorem).

A.3.2 Orbital and spin angular momentum

The decomposition eq. (A.9) splits angular momentum into orbital and spin
parts:

Mαµν = Lαµν + Sαµν, Lαµν = xµTαν − xνTαµ. (A.13)

The orbital part Lαµν depends on the “moment arm” xµ and is built entirely
from Tαν: it describes angular momentum arising from the spatial distribu-
tion of energy and momentum. The spin part Sαµν is independent of position
and describes the intrinsic angular momentum carried by the field at each
point.

For a scalar field, Sαµν = 0: scalars carry no spin, and all angular momen-
tum is orbital. For the Dirac field, Sαµν ̸= 0, and the spin current describes
the intrinsic half-integer angular momentum of the electron. For the elec-
tromagnetic field, Sαµν is the spin angular momentum of the photon—the
quantity responsible for the circular polarization of light.

A.3.3 The connection to Belinfante

Now comes the punchline that ties this appendix back to the main story of
chapter 8.

Expand the conservation law ∂α Mαµν = 0:

0 = ∂α Mαµν = δ
µ
α Tαν + xµ∂αTαν︸ ︷︷ ︸

=Tµν+0

− δν
αTαµ − xν∂αTαµ︸ ︷︷ ︸

=Tνµ+0

+∂αSαµν, (A.14)

where the terms xµ∂αTαν and xν∂αTαµ vanish by the conservation of Tαν itself.
What remains is

Tµν − Tνµ = −∂αSαµν. (A.15)

This is the result we used without full proof in chapter 8: the antisymmetric
part of the canonical stress-energy tensor equals the divergence of the spin current.
For a spinless field (S = 0), the canonical tensor is automatically symmetric.
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For a field with spin, it is not—and the Belinfante improvement procedure
adds ∂αBαµν to absorb the spin contribution and produce a symmetric tensor.

The angular momentum tensor Mαµν is thus the missing piece that ex-
plains why the Belinfante procedure works. Conservation of angular momentum—
not just energy-momentum—is the physical requirement, and the spin current
Sαµν is the thread connecting Mαµν to the symmetry of Tµν.

A.4 Conformal currents built from Tµν

If a theory has more than Poincaré symmetry—if it is a conformal field
theory—then Tµν generates additional conserved currents. The remarkable
fact is that all conformal charges are built from Tµν itself; no new dynamical
current is needed.

A.4.1 The dilatation current

Scale transformations xµ → λ xµ (with λ = 1 + ϵ, infinitesimally) generate
the dilatation current

Dµ = xνTµν. (A.16)

Its divergence is
∂µDµ = Tµ

µ + xν ∂µTµν︸ ︷︷ ︸
=0

= Tµ
µ. (A.17)

The dilatation current is conserved if and only if the stress-energy tensor is
traceless: Tµ

µ = 0.
The conserved charge is

D =
∫

xνT0ν d3x = −
∫ (

t T00 + xiT0i
)

d3x. (A.18)

Physically, D generates scale transformations on the fields: [D, ϕ(x)] =

−i(xµ∂µ + ∆)ϕ(x), where ∆ is the scaling dimension of ϕ.
This is the Noether-current perspective on the results of chapter 10. The

trace Tµ
µ is the “anomalous divergence” of the dilatation current. In a

classically conformal theory that develops a trace anomaly at the quantum
level (section 10.4), ∂µDµ = ⟨Tµ

µ⟩ ̸= 0: scale invariance is broken by quantum
effects, and the dilatation current leaks. The rate of leaking is controlled by
the β-function of the coupling constants.

A.4.2 Special conformal currents

The conformal group in d ≥ 3 dimensions includes, beyond translations,
rotations, boosts, and dilatations, four additional generators: the special
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conformal transformations xµ → (xµ − bµx2)/(1− 2b · x + b2x2). Their con-
served currents are

Kµν =
(
2xνxα − x2δν

α

)
Tµα. (A.19)

A short computation gives

∂µKµν = 2xνTµ
µ, (A.20)

which again vanishes when Tµ
µ = 0.

In d = 4 dimensions, the full conformal algebra so(4, 2) has fifteen genera-
tors: four translations (Pµ), six Lorentz transformations (Mµν), one dilatation
(D), and four special conformal transformations (Kµ). Every one of the asso-
ciated conserved charges is built from Tµν:

Pν =
∫

T0ν d3x, Mµν =
∫

M0µν d3x, D =
∫

xνT0ν d3x, Kν =
∫

K0ν d3x.

(A.21)
In this precise sense, Tµν is the master current of conformal field theory: it
single-handedly generates the entire conformal algebra. This is why the
two-point function ⟨Tµν(x) Tαβ(0)⟩, determined by conformal symmetry up
to a single number (the central charge c), encodes so much of the physics of a
CFT.

A.5 The axial current and the chiral anomaly

A.5.1 Classical conservation

The Dirac Lagrangian for a massless fermion,

L = iψ̄γµ∂µψ, (A.22)

has two independent U(1) symmetries. The vector symmetry ψ → e−iαψ

gives the electromagnetic current Jµ = ψ̄γµψ, as in section A.2. The axial
symmetry ψ→ e−iβγ5 ψ gives the axial current

Jµ
5 = ψ̄γµγ5ψ. (A.23)

Classically, ∂µ Jµ
5 = 2imψ̄γ5ψ, which vanishes for m = 0. The conserved

charge Q5 =
∫

J0
5 d3x = NR−NL counts the difference between right-handed

and left-handed fermions: chirality is conserved.
A mass term mψ̄ψ mixes left- and right-handed components and breaks

the axial symmetry explicitly: ∂µ Jµ
5 = 2imψ̄γ5ψ ̸= 0. Chirality is no longer

conserved when fermions are massive, just as isospin is no longer conserved
when up and down quarks have different masses.

117



Appendix A. The Family of Noether Currents

A.5.2 The ABJ anomaly

In the quantum theory, even for m = 0, the axial current is not conserved.
The one-loop triangle diagram—a fermion loop with two vector vertices and
one axial vertex—produces a finite, unambiguous violation:

∂µ Jµ
5 =

e2

16π2 Fµν F̃µν, (A.24)

where F̃µν = 1
2 ϵµναβFαβ is the dual field strength. This is the Adler–Bell–

Jackiw (ABJ) anomaly, discovered independently by Adler and by Bell and
Jackiw in 1969.

The right-hand side is a total divergence (FF̃ = ∂µKµ for the Chern–
Simons current Kµ = ϵµναβ AνFαβ), so the anomaly is topological in nature:
it counts the winding number of gauge field configurations. The integral∫

FF̃ d4x is an integer (in appropriate units), and the change in axial charge
is quantized: ∆Q5 = 2n for gauge fields with instanton number n.

A.5.3 The parallel with the trace anomaly

The chiral anomaly and the trace anomaly of chapter 10 are siblings. Both are
classical conservation laws that fail at one loop:

Axial current Dilatation current
Classical symmetry Chiral U(1)A Scale invariance
Current Jµ

5 = ψ̄γµγ5ψ Dµ = xνTµν

Classical conservation ∂µ Jµ
5 = 0 Tµ

µ = 0
Anomaly ∂µ Jµ

5 = e2

16π2 FF̃ ⟨Tµ
µ⟩ = 1

(4π)2 (. . .)
Origin Triangle diagram One-loop effective action
Physical consequence π0 → γγ Running couplings, a-theorem

Both anomalies arise because the regularization procedure needed to
make the quantum theory finite cannot preserve all classical symmetries
simultaneously. In the axial case, dimensional regularization preserves vector
current conservation but breaks the axial one. In the trace case, it preserves
diffeomorphism invariance but breaks Weyl invariance. The anomaly is not
an artifact of a bad regularization scheme—it is a genuine physical effect,
independent of the method used to compute it.

A.5.4 Physical consequences

The ABJ anomaly has dramatic experimental signatures:
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Neutral pion decay. The dominant decay π0 → γγ proceeds through the
axial anomaly. Without it, the amplitude would vanish by symmetry argu-
ments (a pseudoscalar cannot decay into two photons in a chirally symmetric
theory). The predicted decay rate, computed by Adler and by Bell and Jackiw,
agrees with experiment to within a few percent—one of the earliest and most
striking confirmations of quantum field theory.

Baryon number violation. In the Standard Model, both baryon number (B)
and lepton number (L) have anomalies of the form ∂µ Jµ

B ∝ WW̃, where W
is the SU(2) gauge field. At zero temperature, the instanton-mediated rate
is exponentially suppressed (∼ e−16π2/g2

), but at the high temperatures of
the early universe, thermal fluctuations over the energy barrier (sphalerons)
make B + L violation rapid. This is a key ingredient in theories of baryogene-
sis: the matter-antimatter asymmetry of the universe may owe its existence
to an anomaly.

The proton spin puzzle. The axial charges g(q)A =
∫

q̄γ0γ5q d3x measure
the contribution of quark spin to the proton’s spin. Deep inelastic scattering
experiments (EMC, 1988) found that the total quark spin contribution is
much smaller than expected. The anomaly plays a role in resolving this
puzzle: the gluon contribution enters through the anomalous divergence of
the flavor-singlet axial current.

Each of these phenomena traces back to the failure of a single conservation
law: ∂µ Jµ

5 ̸= 0.

A.6 The landscape of currents

We can now survey the full family of Noether currents in a relativistic field
theory, organized by the symmetry that generates each one:

Symmetry Current Conserved charge Chapter

Internal U(1) Jµ Electric charge Q —

Internal SU(N) Jµ
A Color / isospin —

Translation Tµν Four-momentum Pν 4–8

Lorentz Mαµν Angular momentum Mµν 8

Dilatation Dµ = xνTµν Scale charge D 10

Spec. conformal Kµν Conformal charges Kν 10

Chiral U(1)A Jµ
5 Chirality Q5 = NR − NL —

The stress-energy tensor occupies a special place in this family for three
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reasons. First, every relativistic theory has it: Poincaré invariance is a prereq-
uisite of the framework, not an optional feature. Internal symmetries may or
may not be present; conformal symmetry is special to particular theories; but
Tµν is universal. Second, it is the source of gravity: no other current couples to
the metric. Third, it generates the conformal currents: Dµ and Kµν are built
from Tµν without any additional dynamical input.

The angular momentum tensor Mαµν runs a close second in importance,
because its conservation law is what forces the symmetry (or asymmetry) of
Tµν—the central drama of chapter 8. And the axial current Jµ

5 , though it be-
longs to a different branch of the family tree (internal rather than spacetime),
illuminates the trace anomaly by providing a parallel example of a classical
symmetry broken by quantization.

Together, these currents form the conserved backbone of relativistic field
theory. Every one of them is a different answer to the same question that
opened chapter 1: “What is locally conserved, and how does it flow?”
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