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97 Ոᩩݶԧᧆᒍ

ਜ

ፓ୯ғ

1. Zetaڍහ——ඳԪጱੜἎᜰ

https://www.zhihu.com/question/48510028
https://www.zhihu.com/people/li-man-jia-she
https://www.zhihu.com/people/li-man-jia-she
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Zetaڍහ

ӞғZetaڍහ——ඳԪጱੜἎᜰ

ਧԎғἑ่Zetaڍහ  ฎਧԎࣁ  Ӥጱقᕍڍහғ

ਙٍํইӥचᨶғ

.ຄᅩܔํ॒  ࣁහ҅ਙՐڍᥴຉԅෆӻ॔ଘᶎӤጱԵᕍݢ  .1
2. ҁڍහොᑕ҂ᘍᡤ  ጱਠ॓  ҅ᬯ᯾  ԅGammaڍහ̶ڞ 
ჿ᪃ڍහොᑕ  .

3. ྯӻᨮ؍හ᮷ฎ  ጱᵭᅩ҅ᬯԶᵭᅩᑍԅ  ጱଘٿᵭᅩ.

4. ҁἑ่ᦡ҂  ጱᶋଘٿᵭᅩࣁقፗᕚ  ӤѺ

5.   ჿ᪃  ҅ኧෆහሾጱᔰහࢩৼړᥴࠔӞ֜پᕆහلୗݢEulerᑌل
ୗғ

ᔰහ ຄय़ቘమ ጱᳮᅩ

https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/Gamma_function
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හጱࣀғRiemannᦡ

Dedekind Zetaڍහ

ਧԎғᦡ  ฎහऒ҅ਧԎහऒ  ጱDedekind  ԅ

ᬯ᯾  ᭭ݐ  ጱᶋᵭቘమ҅  ᭭ݐ  ጱຄय़ቘమҁᶋᵭጱᔰቘమ҂҅ 
.

Heckeᕳڊԧ  ࣁෆӻ॔ଘᶎጱᥴຉ҅ݸጱԵᕍڍහ  Րܔํ॒  ࣁຄ
ᅩ̶ᔄ֒҅ࣈ౯ժԞํڍහොᑕἑ่ᦡ.

༷୵ጱZetaڍහ

ਧԎғᦡ  ฎӞӻํᴴ༷ࣳ୵over  ҅ਧԎ  ጱZetaڍහԅ

ጱᳮᅩ

ᬯ᯾  ᤒᐏ  ࣁᅩ  ॒ጱ֟ۃᔄऒ  Ӿጱزᔰӻහ.

ဳ  ک  .

ਧԎғᦡ  ฎӞӻํᴴ༷ࣳ୵over  ҅զ  ᦕ  ҅ਧԎ

ᒵհࣈғ  ฎӞӻჿ᪃ইӥොᑕጱᕆහ 
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ӤᬿӷӻਧԎํইӥىᔮғ

ڞ҅  ғᦡ  ฎӞӻํᴴ༷ࣳ୵over᷌  ԞฎӞӻํᴴ༷ࣳ୵over ҅Ӭ౯ժํ 

ኧԭᬯӻىᔮ҅౯ժԞ  ᑍԅ ጱZetaڍහ.

ᦤกғԪਫӤ҅౯ժݢզ᭗ᬦইӥா  ፡౮over  Ӥጱ༷୵ғ
 ҅

ٌӾᒫԫӻாኧሾݶா  ᧑. 

ᦡ  ฎ  ጱᳮᅩ҅ᦕ  ҅౯ժਖ਼ᦤก  ҅ᬯ᯾  ݐ

᭭  ጱಅํᳮᅩ. ౯ժᎣ᭲  ጱྯӻᅩฎӞӻா  ҅ᦡᬯӻாጱ؟ฎ
.ா ጱӻහݶ-  ݶா  . ᦕ  ԅಅํӧݶ-  ਙଫӞӻڞ҅ 
ᎣݢኧํᴴऒጱGaloisቘᦞڞ

ᶶ  ҅ඳࢧӞොᶎ҅ݚ

 

ဳک

 

ള፳ӷᬟ᭭ݐ  ጱᳮᅩݐහ  ݢ

 

݈ဳک  ҅ඳ  

Ԉӻ່ৼ҅ڞ҅  ݐፗളᦇᓒݢ
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ᶣׁሖమ

ԫғᶣׁሖమ

ᶣׁሖమጱచՈԏ॒ࣁԭ҅ਙᕳڊԧդහ֜پӨಏԏᳵጱᘶᔮ҅ਙᵌތ፳ጱ၏ێಅᄶݎጱ
य़๗๕੪ฎಏᑮᳵጱӤݶ᧣ොဩݢզᭇአԭᓴӨ༷୵̶ᬯӻ๗๕ࣁஉय़ᑕଶӤኧ
Grothendieckٌ֢݊ݳᘏጱૡ֢ਫሿԧ̶

1949ଙ҅ኧԭکݑἑ่ىԭZetaڍහጱૡ֢ጱ҅ݎސᶣׁᎸᑪԧਧԎԭํᴴऒ  Ӥጱդහᓴ 
 ጱZetaڍහ    ҅զᦇᓒ  ࣁ  ऒӤጱํቘᅩጱӻහ  ̶ࣁใᕚ

ᴨᨬਫ਼ᓴӷᐿఘ٭ӥ҅ᶣׁᦤกԧ  ჿ᪃ᨶғ

1.  ฎํቘڍහ.
2. ჿ᪃ڍහොᑕ.
3. ᵭᅩํᐿᇙਧጱ୵ୗ. ᬯฎᕪَἑ่ᦡጱᔄྲ.

ᶣׁሖమฎᳯ҅ԭӞᛱᶋ॰դහᓴӤጱZetaڍහ҅ᬯԶᨶฎވᬮ౮ᒈ. ᬯԶሖమᐏ
ԧํᴴऒӤਧԎጱդහᓴጱᓒ॔դහᓴጱಏԏᳵጱӞӻႮڰᘶᔮ̶

ᶣׁ

https://zhuanlan.zhihu.com/p/36798020
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ᶣׁሖమԅ֜᯿ᥝҘ

౯ஞፓӾጱᵜ҅ᦤกἑ่ᦡጱካՈ——Pierre Deligneฎᬯ᧔ጱғ

There were some previous theorems of Weil about curves in the one-dimensional situation.
There are many analogies between algebraic curves over finite fields and the rational
numbers. Over the rational numbers, the central question is the Riemann hypothesis. Weil
had proved the analogue of the Riemann hypothesis for curves over finite fields, and he had
looked at some higher-dimensional situations as well. This was at the time where one started
to understand the cohomology of simple algebraic varieties, like the Grassmannians. He saw
that some point-counting for objects over finite fields reflected what happened over the
complex numbers and the shape of the related space over the complex numbers.

As Weil looked at it, there are two stories hidden in the Weil conjectures. First, why should
there be a relation between apparently combinatorial questions and geometric questions
over the complex numbers. Second, what is the analogue of the Riemann hypothesis? Two
kinds of applications came out of these analogies. The first started with Weil himself:
estimates for some arithmetical functions. For me, they are not the most important.
Grothendieck’s construction of a formalism explaining why there should be a relation
between the story over the complex numbers, where one can use topology, and the
combinatorial story, is more important.

Secondly, algebraic varieties over finite fields admit a canonical endomorphism, the
Frobenius. It can be viewed as a symmetry, and this symmetry makes the whole situation
very rigid. Then one can transpose this information back into the geometric world over the
complex numbers, it yields constraints on what will happen in classical algebraic geometry,
and this is used in applications to representation theory and the theory of automorphic
forms. It was not obvious at first that there would be such applications, but for me they are
the reason why the Weil conjecture is important.

ᦤกἑ่ᦡጱካՈ——Pierre Deligne
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ᶣׁሖమጱᴯᬿ

ᦡ  ฎ  ጱդහᳮ۱҅  ฎ  ࣁ  ጱෆᳮ۱. 
ҁᶣׁሖమ҂ᦡ  ฎ  Ӥጱ  ᖌطჶᓴ҅ڞ

1. ҁํቘ҂Zetaڍහ  ฎӞӻํቘڍහ҅ܨ  . ๅᔜᏟٟݢ  ҅ࣈ

౮ইӥํᴴԻᲙᑌጱ୵ୗғ  ٌӾ 

҅ ᘒԭ҅     ฎෆᔮහ

ग़ᶱୗ҅ଚӬ  ࣁ  Ӿړݢᥴԅ ҅  .

2. ҁڍහොᑕଲےឯ؍҂Zetaڍහ  ჿ᪃ইӥڍහොᑕғ

 ٌӾ    ฎ  ጱཾᐏහ. ᒵհ҅ࣈইຎե 

.    ڞ҅  

3. ҁἑ่ᦡ҂ಅํጱ  ํ  .
4. ҁBettiහ҂ᝑ  ฎਧԎԭդහෆහሾ  Ӥጱطჶᓴ  ጱ“ཛྷ  ᕅ۸”҅ڞ 

 ҅  ጱེහ  ԅ  ጱBettiහ.

ဳᦕғἑ่ᦡҁ3҂ฎ᧔  ጱຄᅩࣁፗᕚ  Ӥ҅ᵭᅩࣁፗᕚ 

 Ӥ. ᇙ҅ࣈڦᦡ  ฎӞطჶጱդහใᕚ҅ڞ  ጱᵭ

ᅩჿ᪃  . ᬯ੪ฎᑍҁ3҂ฎ“ἑ่ᦡ”ጱܻࢩ.

ᦡᶣׁሖమ౮ᒈ҅౯ժਖ਼ݢզᦇᓒ  ࣁ  ऒӤጱํቘᅩጱӻහ ғ
ҁവᦞ҂ᦡ  ฎ  Ӥጱ  ᖌطჶᓴ҅ڞ

ٌӾ

•  
•    ҅  ჿ᪃  .ԪਫӤ҅ᬯ᯾ጱ  ฎ  -ᬰӤݶ᧣ᗭጱBettiහ.
•  ձጱ  ํ  ჿ᪃  .
•  ҁἑ่ᦡ҂ಅํጱ  ํ  .

ֺ1ғᘍᡤ  -ᖌᑮᳵ  . 
ፗളᦇᓒݢ
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ֺ2ғᘍᡤํᴴऒ  ӤጱԮ໒ԅ  ጱใᕚ . 
ኧRiemann-RochਧቘݢᎣ

ٌӾ
 .

ๅᬪӞྍ҅  ჿ᪃ڍහොᑕ

ᦡ  ҅ݢզᦤก  ጱ  -ᬰBettiහԅ

ᶣׁሖమޞᦫ౯ժ    ҁ  ҂ֵ҅ಅํ 
 ํ

ᬯവᎣҁHasse-Weil bound҂

ᓒ  ಏ
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Frobenius

ӣғFrobeniusᛔݶா

ᦡ  ฎᇙԅᔰහ  ጱԻഘሾҁֺইෆሾጱᶋᵭᇙฎᔰහ҂. Frobeniusᛔݶா ਧԎԅ

ፗളḵᦤݢᎣᬯฎӞӻሾݶா. ਙٍํইӥचᨶғ

1. ᦡ  ฎӷӻᇙԅᔰහ  ጱԻഘሾ҅ڞ  .
2. ইຎሾ  ဌํᵭڞ҅ز  ฎܔ. ᇙ҅ࣈڦᝑ  ฎෆሾ҅ڞ  ฎܔ.
 ᶶӞӻऒ  ᑍԅperfect҅ইຎ  ࢧ .ฎӞӻऒ҅  ԞӧӞਧฎჿ  ֵܨ .3

 Ӭ  ฎӞӻᛔݶ. ֺইํᴴऒ᮷ฎperfectऒ.

ํᴴऒጱ“ᑍ”
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౯ժࢧᶶํᴴऒฎᳩՋԍৼጱ

ձᇙ  ጱํᴴऒ  ᮷ฎ  ጱํᴴಘୟ  ҅ᬯ᯾ . ਙ௴
অฎ  ጱړऒ҅ฎ  ጱGaloisಘୟ҅ଚӬݶࣁԎӥฎࠔӞᏟਧጱ.

ձጱԻഘ  -դහ҅ਧԎٌFrobeniusᛔݶா

ፗളḵᦤݢᎣ  Ꮯਫฎሾݶா. ݈ኧԭ  ҅ඳ  ฎ  -ᕚጱ. ձጱԻ
ഘ  -դහݶா  ҅౯ժԞํ  .
ሿࣁ౯ժࢧᶶํᴴऒጱGaloisቘᦞғ

ᦡ  ฎᇙԅ  ጱํᴴऒጱಘୟ҅Ӭ  . ڞ  ฎGaloisಘୟ҅ᗭ 
 ฎኧ  ኞ౮ጱ  ᴤሾᗭ. ๅᬪӞྍ҅ࣈྯӻ  ᮷ਂࠔࣁӞጱӾ

ᳵऒ  ֵ  ҅Ӭ  .

༷୵ጱFrobeniusᛔݶா

ᦡ  ฎӞӻᔰහ. ե    . ᘍᡤሾݶா 

ե  ฎፘଫ  ጱா. ڞ

1.  ฎᵞݳԏᳵጱᒵฉ҅֕ӧฎ༷୵ԏᳵጱᒵா.
2.  ฎӞӻ҅֕ӧฎ༷୵ԏᳵጱݶ.

ਧԎғࢴਧӞӻᔰහ  . ᘍᡤover  Ӥጱ༷୵  . ౯ժਧԎᕷFrobeniusா ԅӞӻ
ᛔݶா  ֵྯӻճৼᵞ  ҅  ଫሾா 

 .

ᕷFrobeniusாํইӥचᨶғ

1. ᦡ  ฎӷӻover  Ӥጱ༷୵ጱா. ڞ  .
2. ձ  ౯ժํ  .

ᦡ  ฎӞӻover  Ӥጱ༷୵  ฎӞӻ  -༷୵. ե 
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ٌӾ  ᑍԅፘFrobeniusா .

.ݶ᮷ฎ    Ӿࢶզᦤกݢ
ᦏ౯ժ፡፡ճጱఘ୵ፘFrobeniusாࣁ᧔Ջԍғ

ᦡ  ฎover  Ӥጱ༷୵҅  . ڞ 

ٌӾ  ฎኧ୵ই  ჿ᪃  . ݚक़҅ፘFrobeniusா 

ኧ  -դහݶா  ᧑҅ᘒ  ᔮහฉک  ེ҅ݒᰁ  ӧۖ.

ᦡ  over  Ӥጱդහᓴ҅ڞ

1. 

2. ᦕ  ԅ  ᧑ጱா. ᦡ  ҅  ፡౮ 

 ڞ 

3. ᵞݳ  ௴অฎ  ጱӧۖᅩᵞݳ. ᬯฎࢩԅғԭ  ҅౯ժํ 

 ݳঅฎᵞ௴ݳጱ  ེᬽդ֢አӥ  ጱӧۖᅩᵞ  ࣁ  ҅ࣈݶ .4

 .
5.  ฎེහԅ  ጱํᴴா.

ᶣׁሖమጱӤݶ᧣ᥴ᯽

ᥴ᯽᧣ݶғᶣׁሖమጱӤࢥ
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ᦡ  ฎ  Ӥጱ  ᖌطჶᓴ҅ᕅਧ  .
ጱᳯ᷌ғ֜پզ  ጱᦇහᳯ᷌۸౮ᕍݢሿݎ1936ଙ҅Hasseࣁ

 ா  . ᓴ  Ӥ  -ᅩᵞݶզਧԎFrobeniusᛔݢᓴ  Ӥ҅౯ժࣁ
 ௴অฎᛔݶா  ጱӧۖᅩᵞ.

Lefschetzӧۖᅩਧቘ

 ਫၞ୵҅ړᶶᕪَጱLefschetzӧۖᅩਧቘғᦡ  ฎӞӻᔲஙࢧԭӧۖᅩᵞጱᦇᓒ҅౯ժى
 ฎӞӻஙړฉ҅  ጱӞӻӧۖᅩ ฎӞӻᅩ  ֵ  . ԭ  ጱ

Ӟӻӧۖᅩ  ҅ஙړ  ฎڔᑮᳵ  ጱӞӻᕚݒഘ. ᑍӞӻӧۖᅩ  ฎᶋᭅ۸ጱ
ҁnondegenerate҂҅ইຎ  ฎݢᭋጱ. ҁᬯӻկฎ᧔ᬯӻӧۖᅩٍํ“᯿හ  ”҂. ڞ
Lefschetzӧۖᅩਧቘฎ᧔ғইຎ  ጱಅํӧۖᅩ᮷ฎᶋᭅ۸ጱ҅ڞ  ጱӧۖᅩӻහ

ᶣׁӧۖᅩᥴ᯽ԅ  ࢶ  ጱፘԻහғ

ಅզ౯ժ๗๕ԭํᴴऒӤጱ  ਧԎ“ྋᏟ”ጱӤݶ᧣ᦞֵ҅Lefschetzӧۖᅩਧቘጱᔄྲ౮
ᒈ̶

ᶣׁӤݶ᧣

ᬯᐿ“ྋᏟጱ”Ӥݶ᧣੪ฎᶣׁӤݶ᧣ғ
ᕳਧऒ  ҁձᇙ҂  ҁᇙԅ  ҂҅ᦕ  Ӥطჶᓴጱዀ  ེ҅ړ  դහ
ጱዀԅ  . ਧԎᶣׁӤڍ᧣ݶৼԅڍݒݍৼ  ҅ಅํ  ᖌ
ᓴ  ҅ჿ᪃ইӥلቘғ

1. ҁํᴴلቘ҂  ᮷ฎํᴴᖌ  -ᕚᑮᳵҔ
2. ҁၾဌلቘ҂  ҅ᴻᶋ  Ҕ
3. ҁਧلݻቘ҂  Ҕ
4. ҁଲےឯ؍҂ਂࣁᶋᭅ۸ᯈ  ;
5. ҁKunnethلୗ҂ํَݶ  Ҕ Ӥᬿ5لቘฎӞᛱӤݶ᧣
ᦞጱو҅౯ժ๕ᶣׁӤݶ᧣ᬮᚆᕳڊդහ֜پᇙํጱ

6. ҁᳮ᱾ฉ҂ᦕ  ԅ  Ӿ֟ᖌහԅ  ጱդහᳮ᱾ጱํቘᒵհᔄಅୟ౮ጱ  -ᕚᑮ
ᳵ. ᥝਂࣁᳮ᱾ฉ  ჿ᪃ڍৼ҅ӨKunnethلୗፘ҅ଚࣁ 
ᭅ۸ԅܔᅩᕳف્ڊ  .

7. ҁ୧Lefschetzਧቘ҂

https://zhuanlan.zhihu.com/p/37323529
https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/Weil_cohomology_theory
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8. ҁ୩Lefschetzਧቘ҂

4ᐿᕪَጱᶣׁӤݶ᧣

ᦡ  ฎӞӻऒ  Ӥጱطჶᓴ. ե  ҅ᬯ᯾  ฎ  ጱړݢᳮ۱.

1. ҁBettiҁ॰҂Ӥݶ᧣҂ইຎਂڞ҅  ف્ࣁਧԎ  ጱBettiҁ॰҂Ӥݶ᧣ԅ 

2. ҁդහঢӤݶ᧣҂ইຎ  ҅ڞਧԎ  ጱঢӤݶ᧣ԅ 

3. ҁl-ᬰଘӤݶ᧣҂ӨBettiӤݶ᧣౮܋/ᕅ۸ጱىᔮ.
4. ҁส֛Ӥݶ᧣҂դහঢӤݶ᧣ጱ“ཛྷ  ᕅ۸”҅զWittݻᰁԅᔮහ.

ਙժԏᳵํইӥىᔮғ

•  ॰Ӥݶ᧣ӨঢӤݶ᧣ 
•  ॰Ӥݶ᧣ӨଘӤݶ᧣ 

Lefschetzӧۖᅩਧቘ

ԪਫӤ҅Lefschetzӧۖᅩਧቘጱ౮ᒈՐՐׁᩢԭᶣׁӤل᧣ݶቘҁ1҂-ҁ6҂.
ᦡ  ฎӞӻᶣׁӤݶ᧣҅  .
౯ժํڞ

ҁLefschetzӧۖᅩਧቘ҂ᦡ  ฎӞӻᛔݶா. ڞӧۖᅩጱӻහԅ

ᶣׁሖమӾ“ํቘ”҅“ڍහොᑕ”“Bettiහ”ጱᦤก

ᦡਂࣁӞӻᶣׁӤݶ᧣  . ౯ժਖ਼ᦤกᶣׁሖమӾ“ํቘ”ڍ“හො
ᑕ”.ᦡ  ฎ  Ӥጱ  ᖌطჶᓴ҅ᕅਧ  .

ቘғᦡ  ฎํᴴᖌᕚᑮᳵ  ጱᛔݶா҅ڞ

https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/Cohomology
https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/De_Rham_cohomology
https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/%25C3%2589tale_cohomology
https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/Crystalline_cohomology
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ቘғᦡ  ฎӞӻᇙԅ  ጱऒ. ᦡ  ҅ڞ  ୮ӬՐ୮ਂ

ୗڜಅํ  Hankelᤈֵ    ෆහࣁ

ԅ  .

ҁํቘ҂Zetaڍහ  . ๅᔜᏟٟݢ  ҅ࣈ౮ইӥํᴴԻᲙᑌጱ୵ୗғ

 ٌӾ   

 ҅ᘒԭ ҅  ฎ
ෆᔮහग़ᶱୗ.

ᦤกғኧਧԎᎣ

 .

Ꭳݢԅ  ጱӧۖᅩጱ᯿හ᮷ฎ  ҅ಅզኧLefschetzӧۖᅩਧቘࢩ

.ڊኧӤᬿӷӻቘᕳݢ᷌ڞ

ҁڍහොᑕଲےឯ؍҂Zetaڍහ  ჿ᪃ইӥڍහොᑕғ

 ٌӾ    ฎ  ጱཾᐏහ.

ᦤกғࢩԅFrobeniusᛔݶா  ጱེහԅ  . ಅզ  ጱྯӻᳮᅩ  ํ  

ᬯݢኧଲےឯ؍ਧቘവᎣ.

ᕮӞӥ҅౯ժሿࣁጱፓຽฎғ

ํ“ቘᦞ҅ᥝჿ᪃ҁ1҂-ҁ6҂҅ᬯ౯ժ੪ᚆᦤก᧣ݶᇙԅ  ጱऒӤ᭜ӞӻᶣׁӤࣁ  •
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ቘ”҅“ڍහොᑕ”“Bettiහ”ԧѺ
•  ਙᬮᚆჿ᪃ҁ7҂ҁ8҂҅ๅႮفጱቘᦞ҅զᦤกἑ่ᦡѺ

ଚ҅᧣ݶԧส֛ӤڊᬮਧԎ҅᧣ݶᔮහԅ  -ᬰऒ  ጱଘӤڊ1960ଙ҅GrothendieckਧԎࣁ
ᦤกᬯᐿӤݶ᧣ჿ᪃ᶣׁӤݶ᧣ጱᥝ̶ᬯ҅Grothendieck੪ᦤกԧᶣׁሖమጱڹӷ᮱̶ړ
ԭᶣׁሖమጱᒫӣ᮱ړ——ἑ่ᦡ҅Grothendieckଚဌํᦶࢶፗള݄ᦤก҅ᘒฎݻԧๅԅ਼
ᴒጱᥤᰀ̶Ḓ҅ضGrothendieckڊԧMotiveቘᦞ҅ᆐࣁ҅ݸྌचᏐӤ୵౮ԧ՜ݷጱ“ຽٵሖ
మ”̶ᬯ҅ইຎᚆड़ᦤก“ຽٵሖమ”҅ᮎԍ“Ոժ੪ݢզ᭗ᬦአᓴጱMotiveቘᦞ๊դใᕚጱᵝظ
ྲ҅ਖ਼ᶣׁىԭใᕚఘ୵ጱᶣׁሖమጱᦤกಘکձᖌጱդහᓴጱఘ୵”҅ݢܨവڊἑ่
ᦡ̶

Ᏺၹᄤኞ

ԲғଘӤݶ᧣——Ᏺၹᄤኞ

᭜ᶣׁӤݶ᧣ଚӧฃ̶౯ժ፡SerreጱӞӻֺৼғ
ᘍᡤ༠ࢺใᕚ  ጱᛔݶாሾ  ҅  ࣁ  ᖌᕚᑮᳵ  ӤํӞӻᛔᆐ
ጱ֢አ̶ԭਧԎࣁ  Ӥጱ᩻॰༠ࢺใᕚ  ҅  ฎ  Ӥጱݢᴻزࢥහդහ҅
ጱᔮහᶳᥝ᧣ݶᖌᤒᐏ̶Ԟ੪ฎ᧔҅ᶣׁӤ  ࣁӤ҂ӧਂ  ࣁӤҁᘒ  Ӥ  ࣁᘒࢩ
.Ӿತ  ࣁ

ଘಏ

https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/%25C3%2589tale_cohomology
https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/Crystalline_cohomology
https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/Motive_(algebraic_geometry)
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ᶶ༷୵Ӥጱଘಏғࢧ

ਧԎғᦡ  ฎӞӻ༷୵. զ  ᦕԅଘா  ҅ாԅ  -ா 
ҁӞਧฎଘா҂ጱዀҔӞӻଘᥟፍฎӞ෧  -ா  ჿ᪃ 

 . ᬯਧԎԧӞӻGrothendieckಏ҅ᑍԅ  ጱҁsmall҂ etale site҅ᦕԅ 

.

 -ᬰӤݶ᧣ᦞ

᧣ݶᶣׁӤڊᕳވᴴऒ  Ӥጱᓴ  ҅Ӟӻᛔᆐጱమဩฎ  ᚆํکࢧ
——ᬯᤩᦤกฎӞӻ०ᨳጱᦶ̶ݚӞොᶎ҅GrothendieckӨٌ֢ݳᘏ౮ࣈۑ᭜ԧಅ᧲ጱ  -
ᬰӤݶ᧣ᦞғ

ਧԎғᦡ  ฎӞӻ༷୵҅  ฎᔰහӬ  . ྯӻ  ҅ਧԎ

զ݊ਧԎ

ᑍԏԅ  ጱ  -ᬰӤݶ᧣ᗭ.

զᦤกᬯӞӻզ  ԅᔮහጱݢ  -ᬰӤݶ᧣  ฎӞӻᶣׁӤݶ᧣. ౯ժᶳ҅ڊ
 -ᬰӤݶ᧣ጱ᭜զ݊ᶣׁӤݶ᧣ጱҁ1҂-ҁ8҂ጱḵᦤᕷӧฎᓌܔጱ.

https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/Grothendieck_topology
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Motive——Grothendieckጱమ

ғMotive——Grothendieckጱమم

౯᧔ׁᆐฎ๋॰ও̵๋꧌ࣁሠᕳӮՈጱහԪᇔӾ҅Motiveጱਫޝሿଚݎಅํ౯ํଛࣁ
ჿᐟᑃጱ——ਙኜᛗฎ“֜پ”Ө“ᓒ”ࣁႮ੶ེӤጱݶӞಅ̶ࣁᘒMotiveጱ߽......ᦜฎ౯
֢ԅӞӻහਹጱՈኞڹ๗ಅݎሿጱ๋୩ํێጱറᔱૡ̶ٍ
——Grothendieck

ԅՋԍӧਂࣁդහጱ  -ᔮහӤݶ᧣Ҙ

౯ժ૪ᕪ፡҅کᵋ፳ᔰහ  ጱ҅ۖݒտᕳڊᨶਠقӧݶጱऒ  ӤጱӤݶ᧣҅ᬯ౯ժ੪ํ
ॡग़ጱӤݶ᧣ቘᦞ̶Ոժᛔᆐտᳯ҅ฎވᚆᔄྲԭդහಏӾጱ  -ᔮහӤݶ᧣҅զ᧑ڊಅํ
ጱ  -ᬰӤݶ᧣ޫҘᒼໜฎވਧጱ̶ᮎԅՋԍဌํ  -ᔮහӤݶ᧣ҁܨطჶᓴዀེړک 

 դහዀጱڍݒݍৼ҂զ᧑ڊಅํጱӧݶ  -ᬰӤݶ᧣ޫҘ

1. ᒫӞᐿᥴ᯽ҁᭇአԭᶋᵭᇙጱ  ҂ғ ᦡ  ฎऒ  Ӥጱ༠ࢺใᕚ҅ڞ 
ᴻդහᚆ֢አԭٌӤጱ๋ੜݢᴻդහ. ᬯᐿݢེ  ᚆฎ  Ӥጱݢ 

ጱ  -ᕚᑮᳵฎ  ᖌጱ. ࢩྌӧਂࣁ  -ᕚᑮᳵ  ֵ 
 ҁ֢ԅ  -ཛྷ҂

2. ᒫԫᐿᥴ᯽ҁᭇአԭձᇙጱ  ҂ ғ ᦡ  ฎᇙ  ጱդහᳮऒ  Ӥጱᶋ॰ᓴ. ୮
౯ժݐਧӞӻ્ف  ҅౯ժܨکӞӻ॔ၞ୵  ҅ᆧᎣ

 ഘݙᦾ᧔҅ྯӻ્ف  ᏟਫݱࣁӻӤݶ᧣ᗭӤਧԎӞ
ӻ  -ᕮ. ᆐᘒ҅ӧݶጱ્ݢفզᕳڊਠقӧݶጱ  -ᕮ.

፳กด᭜ํܩጱӮኴ҅ਙժݶӧقฎ҅ੱᓕ  ฎਠݢ .ࣁଚӧਂ᧣ݶྌᬯጱ  -ᔮහӤࢩ
Ӥጱᔄ֒. ԭӧݶጱ  ಅԾኞጱਧቘ҅୵ୗӤฎਠقӞጱ. ಅզ҅ଫᧆਂࣁӞᐿӧׁᩢ  ጱ
ӳӳ. ྋইMilneಅ᧔҅෬ᆐӧਂࣁӞᐿ  -ᔮහӤݶ᧣ᦞզ᧑ڊGrothendieckಅਧԎጱಅํᬯ
ԶӧݶጱӤݶ᧣ቘᦞ҅֕ฎ౯ժ݈ই֜ᴏ᯽ᐿᐿᭃ᮷ดᐏٌ֒ԒਂࣁጱᬯӞԪਫޫҘ
GrothendieckጱࢧᒼጱฎMotiveቘᦞ. 

ՋԍฎMotiveҘ

౯ᑍԅ  ӤጱMotiveฎ؟  Ӥդහ༷୵ጱ  -ᬰӤݶ᧣ᗭӞጱӳᥜ҅֕ܩᦊԅٌӨ  ෫
 .ڊਙٍํෆᕮฮᦡํ  ᕮ҅ਙኧդහ᱾ቘᦞ҅ى
——Grothendieck

Grothendieckጱమဩฎ҅ଫᧆਂࣁӞӻӡํӤݶ᧣ቘᦞٌݐ꧊ԭኧMotive౮ጱ  -ዀ 
ғᦕ  Ӥطჶᓴጱዀԅ 
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•   ଫᧆฎํ؟ᴴᖌ  -ᕚᑮᳵዀᮎጱዀҁ֕ଚӧਠقፘ֒҂. ᇙ҅ڦாᵞ 
 ଫᧆฎ  -ᕚᑮᳵҔਙଫᧆฎӞӻᴨᨬਫ਼ዀҔਙଫᧆฎӞӻ  ӤጱTannakaዀ.

•  ଫᧆਂࣁӡํӤݶ᧣ቘᦞ  ᇙྯ҅ڦӻᶣׁӤݶ᧣ଫᧆᚆࠔӞ᭗ᬦ 
.ᥴړ 

᧣ݶଚਖ਼ٌአ֢ӞᴤӤྲظใᕚጱᵝفใᕚఘ୵ጱᶣׁሖమጱᦤกӾ҅ᶣׁጱጱԆᥝమဩฎࣁ
ጱು๊դ̶ᬯ੪ฎ᧔҅ᨶӤใᕚጱMotive੪ฎใᕚጱᵝྲظ. ᬯᐿଶ፡҅Grothendieck
فMotiveጱӞӻܻࢩ੪ฎMotive፡౮ใᕚጱᵝྲظጱṛᖌᔄྲ.

ᒼғࢧԭ What is a motive? ጱىDeligne҅ݸ๋

A surprising fact about algebraic varieties is that they give rise not to one, but to many
cohomology theories. Among them the l-adic theories, one for each prime l different from
the characteristic, and in characteristic zero, the algebraic de Rham cohomology. These
theories seem to tell the same story, over and over again, each in a different language. The
philosophy of motives is that there should exist a universal cohomology theory, with values
in a category of motives to be defined, from which all these theories could be derived. For
the first cohomology group of a projective non-singular variety, the Picard variety plays the
role of a motivic  : the Picard variety is an abelian variety, and from it the  in all
available cohomology theories can be derived. In this way, abelian varieties (taken up to
isogeny) are a prototype for motives.

A key idea of Grothendieck is that one should not try to define what a motive is. Rather,
one should try to define the category of motives. It should be an abelian category with
finite dimensional rational vector spaces as Hom groups. Crucially, it should admit a tensor
product, needed to state a Künneth theorem for the universal cohomology theory, with
values in the category of motives.

If only the cohomology of projective non-singular varieties is considered, one speaks of pure
motives. Grothendieck proposed a definition of a category of pure motives, and showed that
if the category defined had a number of properties, modelled on those of Hodge structures,
the Weil conjectures would follow.

For the proposed definition to be viable, one needs the existence of “enough”algebraic
cycles. On this question almost no progress has been made.
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դහᳮ᱾

.౯ժᵱᥝᥴ᯽ӞӥՋԍฎդහᳮ᱾҅ڹᦎᦞMotiveጱ᭜ԏࣁ

ਧԎғᦡ  ฎऒ  Ӥጱطჶᓴ.  Ӥጱᔰ᱾ҁprime cycle҂ฎ  ጱӞӻӧݢᕅᳮ
ৼᓴ.  ጱ֟ᖌහԅ  ጱդහ᱾ᗭ  ฎኧ֟ᖌහԅ  ጱᔰ᱾ኞ౮ጱᛔኧᴨᨬਫ਼ᗭ. ই
ຎ    ᮷ฎᔰ᱾҅ڞ

୮ᒵୗ౮ᒈ҅౯ժᑍ    ฎ፥ፘԻҁproperly intersect҂Ҕӷӻդහ᱾    ᑍ
ԅ፥ፘԻ҅ইຎ  ጱྯӻᔰ᱾Ө  ጱྯӻᔰ᱾፥ፘԻ. ࣁᬯᐿఘ୵ӥ҅ਧԎਙժጱԻᑌ
ҁintersection product҂  ԅӞӻ֟ᖌහԅ  ጱ᱾Ҙ.

ֺইғ

ᬯ౯ժکԧ᮱ํړਧԎጱฉғ

ԅԧࣁکෆӻᵞݳӤํਧԎጱฉ҅౯ժդහ᱾ਧԎইӥ  ᐿᒵհىᔮғ

1. ᑍ  ጱӷӻդහ᱾  ฎํቘᒵհҁrationally equivalent҂҅ইຎਂࣁ 
Ӥጱդහ᱾  ֵ  ฎ  ࣁ  Ӥጱᕃᖌ̵  ฎࣁ  Ӥጱᕃᖌ . ౯ժզ  ᤒᐏፘ

ଫጱࠟᗭ. դහ᱾ጱํቘᒵհᔄ౮ሾ  ҅ਙᑍԅ  ጱChowሾ.

2. ᑍ  ጱӷӻդහ᱾  ฎහ꧊ᒵհҁnumerically equivalent҂҅ইຎಅํդ
හ᱾  ҅ํ  ҁইຎᜉਧԎጱᦾ҂. ౯ժզ  ᤒᐏፘଫጱ

ࠟᗭ. դහ᱾ጱහ꧊ᒵհᔄ౮ሾ  .

3. ᑍ  ጱӷӻդහ᱾  ฎդහᒵհҁalgebraically equivalent҂҅ইຎਂࣁӞӻ
ใᕚ    Ӥጱդහ᱾  ֵ  ҅ձ  . ౯ժզ 

 ᤒᐏፘଫጱࠟᗭ. դහ᱾ጱդහᒵհᔄ౮ሾ  .

ᒵհ᧣ݶԭ  ฎى  ᑍ  ጱӷӻդහ᱾ .  ᧣ݶਧӞӻᶣׁӤݐ .4
ҁhomologically equivalent҂҅ইຎ  . ౯ժզ  ᤒᐏፘଫጱࠟᗭ.

դහ᱾ጱํቘᒵհᔄ౮ሾ  .

ਙժํইӥىᔮғ
ํቘᒵհ  դහᒵհ  ݶ᧣ᒵհ  හ꧊ᒵհ
ฉғےզᦤกԻᑌਧԎԧӞӻݢ
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ᬯ᯾  ฎํቘ/դහ/ݶ᧣/හ꧊ᒵհ.

Motiveጱ᭜

ሿࣁ౯ժ  Ӥطჶᓴጱዀԅ ҅ݎڊᦶࢶ᭜Motiveዀ  . ԅྌ҅౯ժᦶࢶ
ፗളಘय़ዀ  ҅౯ժᵱᥝ؉ӷկԪғ

1. ኧԭդහᓴԏᳵጱாஉ҅౯ժଫᧆ꧋ᦜ“ग़꧊ฉ”҅ᘏๅٵᏟࣈ᧔҅ฎ“ଫ
ҁcorrespondence҂”.

2. ਙද᭜౮“ᬪ֒ጱᴨᨬਫ਼ዀ”.

ਧԎғ  ک  ጱ  ེଫҁcorrespondence҂ᗭਧԎԅ

ᦕ  ҅
ᬯ᯾  ฎํቘ/դහ/ݶ᧣/හ꧊ᒵհ.

౯ժݢᓌࣈܔਖ਼  ਧԎԅᬯጱዀғ  Ӥጱطჶᓴ  ํ  ҅ᘒாਧ
Ԏԅ

ாጱ॔ݳԅଫጱݳ౮. ᆐᘒᬯӧฎӞӻᴨᨬਫ਼ዀ. 

ሿࣁ౯ժਧԎ  ਧԎԅᬯጱዀғਙฎ  ٌ҅Ӿ  ฎ  Ӥጱطჶᓴ҅ 
 ฎሾ  ጱᒵ҅زாฎ 
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ใᕚጱMotive

ຽٵሖమ——Grothendieckጱమ

౯ժ૪ᕪ፡کMotiveጱ᭜ฎஉᓌܔጱ. ਫᴬӤ҅GrothendieckറᔱԧMotiveጱๅग़ጱႮ੶ᕮ
̶ଫԭᤩMotiveਫሿጱӤݶ᧣ሾጱེړᕮ҅GrothendieckവమMotiveଫᧆᵌތ፳Ӟᐿᔄ֒
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ྯӻMotive᮷ଫᧆํӞӻፗړᥴ҅ଚӬ᭗ᬦᬯړᥴጱፗᶱݢզਫሿ૪ᕳᑮᳵጱಅํᴤහጱ
Ӥݶ᧣.

ӠғDeligneἑ่ᦡጱᦤก

Grothendieck attempted to deduce the Riemann hypothesis in arbitrary dimensions from the
curves case, but no “devissage” worked for him. ´ After he announced the standard
conjectures, the conventional wisdom became that, to prove the Riemann hypothesis in
dimension > 1, one should prove the standard conjectures. However, Deligne recognized the
intractability of the standard conjectures and looked for other approaches. In 1973 he startled
the mathematical world by announcing a proof of the Riemann hypothesis for all smooth
projective varieties over finite fields. How this came about is best described in the following
conversation.

GOWERS: Another question I had. Given the clearly absolutely remarkable nature of your
proof of the last remaining Weil conjecture, it does make one very curious to know what gave
you the idea that you had a chance of proving it at all. Given that the proof was very
unexpected, it’s hard to understand how you could have known that it was worth working on.

DELIGNE: That’s a nice story. In part because of Serre, and also from listening to
lectures of Godement, I had some interest in automorphic forms. Serre understood that the 

 in the Ramanujan conjecture should have a relation with the Weil conjecture itself. A lot
of work had been done by Eichler and Shimura, and by Verdier, and so I understood the
connection between the two. Then I read about some work of Rankin, which proved, not the
estimate one wanted, but something which was a  off — the easy results were  off
from what one wanted to have. As soon as I saw something like that I knew one had to
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understand what he was doing to see if one could do something similar in other situations.
And so I looked at Rankin, and there I saw that he was using a result of Landau — the idea
was that when you had a product defining a zeta function you could get information on the
local factors out of information on the pole of the zeta function itself. The poles were given in
various cases quite easily by Grothendieck’s theory. So then it was quite natural to see what
one could do with this method of Rankin and Landau using that we had information on the
pole. I did not know at first how far I could go. The first case I could handle was a
hypersurface of odd dimension in projective space. But that was a completely new case
already, so then I had confidence that one could go all the way. It was just a matter of
technique.

GOWERS: It is always nice to hear that kind of thing. Certainly, that conveys the idea that
there was a certain natural sequence of steps that eventually led to this amazing proof.

DELIGNE: Yes, but in order to be able to see those steps it was crucial that I was not only
following lectures in algebraic geometry but some things that looked quite different (it would
be less different now) the theory of automorphic forms. It was the discrepancy in what one
could do in the two areas that gave the solution to what had to be done.

GOWERS: Was that just a piece of good luck that you happened to know about both
things.

DELIGNE (emphatically): Yes.
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