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-\ { 1
=F+')_’+'§_“+T+”.
3 ® (Riemann, George Friedrich Bernhard, '1826-1866)

—: ZetalRE —ERVNETR

EX: REZetaR# ¢ BEXTE R(s) >1 LHZAREN:

>, 1 11
¢(s) ::;F:1+2_"+3_’+m
EEAUTERMR:

1. ¢(s) FIBITEERNBETNETE LML AERE, ENXE s=1 AFRRA.
2. (RESE) BR ((s) MTE {(s) :=n*2D(s/2)¢(s) » XEB T RGammaF#. M {(s)
WRREFTE ((s) =L —s) -

4. (RBEER) () WEFABSLEES R(s) =% Iy

5.3 sc C HE R(s)>1 , HERHNENEFoHBEE AR A FTSEUlerRA
o :

(s) = in“’ =JIa-p'= JI a-(zm™)*= ] @a-k@)™™

n=1 pEH m:AR KR P:SpecZi F] =
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Dedekind Zetap# %X
EX: 18 K 288, EX#E K fIDedekind ¢ A
C(s) =) N =]Ja-Np™)™*
a p
XE o BUE O BIEFIEE, p BUE Ox W AKIEE (FEZFMNHEIERE) , N(a) :=|0x/q|

Heckefa T (k(s) ABMEFEMMBITER, THRENLAERE (x(s) (NE s =1 LBER
mo KU, BfIthBRBLGENRERR.

/Mo

Az AY ZetaR 1
EMX: & X B—1EREER over Z , EX X HZetal®E N
1
()= ]I 1- N(P)~’

P:X AR

XE N(P)=|k(P)| {7 X f£m P SLHOFIRES w(P) FHITTETEL

ERE ((8) = Cspecz(8) T Cx(8) = Cspecoy (5) -

EX: 1% X @ TEREEFover Fy , DA N, 18 | X(Fp)| , EX

Zx(T) == exp(ZNn%) — 1+ YN+ %(%Nn%z +oe € QT

n>1 n>1

FMtth:  Zx(T) 2—NHENTHRENFRE € Q[T
legZX(T) 1

ZX(O) = 1, T = anT" .

n>1
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ERRPTEXBUTREAR:

Wl IR X 2—1"ERE#EFover Fy , Ml X hE—1"EREER over z, BEANIE
Cx(8) = Zx(q7°)-
HFXNXER, HIMBIE Zx(T) A X BZetaig %

UFRR: FEELE, EATAILXETL FESIE X Ehkover Z _LAIBHE
X — SpecF; — SpecZ ,
BHE= I AHBIFAE L - Lol — Fy 155
1

¥ 2 8 X MM, 12 dego = n(@) Byl , BAMGIER 2x(T) =] 1y 2B o I

X BIETE IR BlIAE X(Fpn) HIETRE—TZET SpecFp = X | EIRXTEEIHIEGZE
z , WES—T Fq -[EZ 6(x) = Fgn . IC Nop(x) HAETE Fy -[EZ 6(x) = For 9T
T i B R a9Galois 2236 AT £

deg & #5 deg z|n
N,(z) = : |
0 JLA ST

B—FE, [ER log(

1 1 Tdegm = Z

T deg =

EEF
1 T deg «
logil_Tdegz —; —ZN (a:)—
EERVEGE X HIHRFAIBXIEE exp A/7F
1
Zx(T) = H P T

z

XEBE g*8® = N(z) , 2 (x(s) = Zx(q7*).

#ANEF, WM X =P} , WEETHEIHE
[ X(Fp)l =1+4"+¢" +---¢",

1
Zx(T) =

1-T)1~qT)--- (1~ ¢T)
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S O

FRBENFEAZAETF, BEAETRE/LOASHINZENER, TREENEIRNIMEAN
EARHALEFH 2RI BN ERESETNERTHRSER., XM IEERAEELR
Grothendieck R ESEE N TEZM T

19495, ATRIABEXTZetaR BN TIENELR, FIMRTEXTHRE F, LaICEGE
X H9Zetal ¥ Zx(T) M (x(s) , AITE X £ Fp B ENBERNE | XEp)| o LA
Fo TURBEMAREIR T, HUIERT Zx(T) HEMR:

1. Zx(T) RRERE.
2. R RETE.
3. ERARMBENEN. XELHRSRIRAELL.

FBERZNR, WF—RBEFEFEALHE LN ZetaRH, XEMREBSIEMIL. XLEFRIET
T HREEE XN HRNEARNE A ERNAIN 2 BI—TR iﬂﬂ*%o
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FRBRAAEE?

BOBRHRE, IEARERERRIZAIE A—Pierre Deligne@ X ##1789:

There were some previous theorems of Weil about curves in the one-dimensional situation.
There are many analogies between algebraic curves over finite fields and the rational
numbers. Over the rational numbers, the central question is the Riemann hypothesis. Weil
had proved the analogue of the Riemann hypothesis for curves over finite fields, and he had
looked at some higher-dimensional situations as well. This was at the time where one started
to understand the cohomology of simple algebraic varieties, like the Grassmannians. He saw
that some point-counting for objects over finite fields reflected what happened over the
complex numbers and the shape of the related space over the complex numbers.

As Weil looked at it, there are two stories hidden in the Weil conjectures. First, why should
there be a relation between apparently combinatorial questions and geometric questions
over the complex numbers. Second, what is the analogue of the Riemann hypothesis? Two
kinds of applications came out of these analogies. The first started with Weil himself:
estimates for some arithmetical functions. For me, they are not the most important.
Grothendieck'’s construction of a formalism explaining why there should be a relation
between the story over the complex numbers, where one can use topology, and the
combinatorial story, is more important.

Secondly, algebraic varieties over finite fields admit a canonical endomorphism, the
Frobenius. It can be viewed as a symmetry, and this symmetry makes the whole situation
very rigid. Then one can transpose this information back into the geometric world over the
complex numbers, it yields constraints on what will happen in classical algebraic geometry,
and this is used in applications to representation theory and the theory of automorphic
forms. It was not obvious at first that there would be such applications, but for me they are
the reason why the Weil conjecture is important.
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FRBRERR

R’ Q= QWEAE, z % z#&E Q NEHAE.
(BkBER) & x B F, LY 4 85K, N
1. (BEM) Zeta®i Zx(T) B—1MEEERH, B Zx(T) € Q(T) . BiEMitE, Zx(T) AIB
— e 2d i+t Pi(T)Ps(T) -+ Poyg1(T)
n REEMRRR:  Zx(T) = [[ PV = 2 , H
AT ERREROAN:  Zx(T) ];! (T) BB (D) Pu(T) B
P(T)=1-T § Pyu(T)=1—¢*T , MNTF 1<i<2d-1, PB(T)el+TZT] 2BAH

b;
2R, #EB P(T) & C[T] FEAIS@N H(l—aijT), a; €Z -

2. (@ﬁiﬁfz*ﬂlﬁ?]ﬂﬂ%iﬂ%) Zeta® ZX(T) WM TR ATE:

Zx(ﬁ) = eq™PT*Zx(T), Hrh e =+1 Fl x £ X MR SHhit, MRS

. A . - 1 -~ . A
Zx(T) = Zx(T)T** M {x(s) = Zx(q®) » W Zx(ﬁ)=€ZX(T) M ef(s)=C(d—s) -
3. (RERIZ) MFAEM 6,j 8 |ay| = ¢/
4. (Betti#]) & X BEXTEARMELRIS RcC LRNBEEK v & p D417, NN
i=0,---,2d , P(T) BIRE b; 79 Y(C) HIBetti#k.

S REBEIR (3) 2 (x(s) HRAEES R(e)=0,1,2,--,d b, BAEES
R(s) _% g . 2“_ I, 18 X B—RHBHARELE, T (x(s) = Zx(q) HE

HFH/E R(s) = 5 . s(mmﬁ. (3) B REEL HIER

BRIRFEMIBEMIL, HANEAIMUITE X £ Fpr B ENBEITE (X (Fp)|
(##iL) 1% X z Fq J:El’] d é’&;‘c%%ﬁ’ﬁ‘é Ty

bag
| X(Fg)| = Zagj - Zailj + Zagj -t Zagd,j’
j=1 j=1 j=1 =1
Hrp
° b() =1, b2d=1, Qo1 =1, a2dy1 =qd
« X i=0,---,2d , b €N AR byi =b; BX L, XEW b 2 ¢ -# LEEAREHIBettiZ].

WF:E’J 0§ B o €L BB agaij= qd/a,, .
(REEHIR) HAEN i) B |ay| = ¢

B EE 4 -H5P=E X=PF .

BIFITHEAS
[X(Fp)| =1+q" +¢" +-- g™
Zx(T) = =

(1—T)(1—¢ﬂ’)"'(1_‘1d1T)
¢x(s) = Zx(q™°) = 1—q*)1—g—)---(1—g)
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X=d+1, €=(_1)d
=)

qd_T — (_1)dqd(d+1)/2Td+1 ZX(T)

Zx(

- - )

fl2: ZEERE F, LHTERN 9 HZE X.
H Riemann-RochEEE =] 4

A
0= a-na-m
Hrh

P(T)=1+4¢,T+---+c,T% € Z[T] .
Bii—4%, Zx(T) HRERHHE

1
Zx(qp) = ¢ - T>7% . Zx(T).

29
% P(T)=][[(1—X\T) , FLAIEBR X #9 £ -#tBettifhy
i=1

=1, =2, b=L

FRBEERBN] =g 2 (G=1,---,29) T Apri —a/X (} i=1,--,g) , [EEXFA

n>1%8

|X(Fp )| =1~ (A + -+ X5) +¢".
X (Hasse-Weil bound)
|IX(Fp)| — g" — 1| < 2g(g")"/>.

BAR «—— #HF+
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AT e

=: FrobeniusHEE

R R BIFENZE p BOIRIE (FINBEFNETRILZEERE) . Frobenius EZ Fr EXA
F(a) = a?, Va € R
EEBRIEAMXZE-THES. ERBNTERMYR:

118 p:R— S BAMHENRE p BORIRIF, M poFp="Fgop .
2.MNFRA R IZARET, M Fr BH5. 157301, & R B2, N Fr S5

3.BME R B—MH, Fr BA—ERHE. B—1ME & FRAperfect, AR Char(k) =0 K
Char(k) =p >0 B F, 2— " BEREM. flWERIEEZperfectis.

BIRERY " IFFR"
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BATRIEA R ZE R AHFH

EEHHE p> 0 VBRI k 2 Fp :=Z/pL HIARY 3k Fy , X2 g=pll = k. EIA
FR X1-X NoRE, B F, BGaloisy 3k, HEERMWEXTEH—HTEMN.

SHERMIR Fy -UE, EXHFrobenius BAZ

Frg: A— A, z >zl

HEWEA A Fro BXRHES. XBET Ve elFy,z! =2, ) Fry & F, 24 SERHOR
#Fy -RHEAS ¢: A—> B, HIhE poFry(A) = Fry(B)oyp .

HEBAEHA RIFAGaloisiiE :

% E/F %N p>0 NERENYT K, H |[Fl=q .0 E/F ZGaloisf 5K, #*

Gal(B/F) £ Fr, S5 n=[E: F| WEFE. BE—5i, M8 dn HEEE—HOS
B)1 Ba ~Fpu (#15 [E:By)=d , B di|lds <= E4 D Ey, .

2B Frobenius B [E7

Bp 2~ 1TEH 2 q=p" M k=F, . BEHNES

(p:k[:cli"':wn]%k[wla"'awnL iL’i:IL‘f, Vi

R F: AL — A} BHHN ¢ 895 N
1. Fr BEEZENIESRE, EFEMREZBNIESSE.
2. F =18, ERZHEZEEN.

EX: BIE—TEH p>0 . EEover F, FHEH X . FA1E X B XfFrobenius Z57 9—1
BES Fx: X — X [FENEMESHTE SpecAC X, F WNHSH
A— A a—~ad,Vae A .

43t FrobeniusiSEI B U TE A4 /R :

1.8 f: X->Y 2@ Pover F, FHIMFASE. M foFx=Fyof .
2. WMER ze X BB Fx(z)==z .

% S @—Tover F, FRMAEAM X 2—1 S -#2. € X0 .= X xg 8
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HAf Fyg: X - X T74 185Frobenius 557 .
AIBGERREH Fx/s fl o #EE.
IEHNEE G HAERBX FrobeniusiS SRR T4

1% S =Spec A Rover F, M2, X =Spec Alzy,---,z,]/T . NI
X(P) = Spec A[ml’...,mn]/I(P)
= T Za’%"w Zaw”el :
Hep 1) 2EA2A . vl SHERE ~ v . B4, tB3FFrobeniusiSEt
14S ve
Fxs: X X0 /B A-RHEES o — o BT, M o BRI p XE, TE = T

1% X over F, FRORER, T

1. X®) = X, Fx = Fxg,

2.8 Fx : X5, = X5, 7 Fx BESHEH. RIZ X =Spec Alzy,---,z./I , 1€ X5, BN
Xz, ={(a1,"-+,an) €Fq| Play,+,a,) =0, VP €I} W Fx(ay,---,a5) = (af,---,al)

3. &5 X(F,) 1432 Fx : X5, = X, MARES. XREN: ¥T zeF, , BB
2eF <= 2=z

4. FEH, X§, 7 Fy B n RERERT F;:Xﬁq — Xg NAshREERTFEESE
X(Fp) .

5. Fx: Xg — Xg BIRER ¢imX BB RESE.

Pq: FUFER L EEER
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R’ X ZF, £ d BHBEIRE, UE X=X xF, .
7E1936%F, Hasse RMAJLAME X(Fgn) B9THERIGIRRSE (AR 4L (E) R :

ESIEHE X b, BAITTE N FrobeniusEEZS Fy, FL,FL,--- . 518555 X £ Fp -2
X(Fp) BIFEEES Fo: X » X HFHSE.

LefschetzA & &S EIE

XTI ENITE, HEAZHEMLefschetz A REE: & X E—NEMH IR,

[ XX B—TROBE, F—1TFaHRRE" TR zecX #18 flz)=2 . WF X B

—MAR ¢z, #MD df, RUV=E T,X N—PEMER. R— TS ¢ BIEELH
(nondegenerate) , MR 1-df, BrIFH. (XTEHBHZXTMANSEFERH 1) W

LefschetzA s mEEEW: MR f WABEA RSB I2IERMLTHN, W 5 ARIRDE

N =) (1) 'Tr(f*|H'(X,Q)).

>0
FKEFNRERN A NE Ty (IR

FRAEAIHAES FRMRE LA x EXIEH"M ERNEIE, (£fSLefschetz iR EERIZELER

-
M,

Fik LR

XM ERRRY” EEEME BRI

SLEE k (EESHE) M K (TR 0) , iC k LEBSRERETER V() , 98 K (&
HIEEER GrVect(K) . EXFHRLEEARFARTRF H* : V(k) » GrVect(K) , WFIH d %
Bk X, WEMTAE:

BIRAE) H(X) MEERE K -ZIEZ(E);

HRRE) H(X)=0, FRIF0o<i<2d;

EEAE) H¥(X)=K ;

EINZEXB) FHEIFRTEY H(X) @ H#(X) » H4(X)=K ;

. (KunnethAR) HHBEN H*(X) H*(Y) » H*(X xY) ; LRSENEE—/K FFEE
M, BNFEHEREEREEALRBLEEEN

6. (HIBEBREY) iC Ci,(X) R X PREFN i WRBARNBESNEMKRN K -ZHT
8], ERFEATEME clx : C,(X) - H*(X) HREAFM, SKunnethARNED, HE X
B RESRAEBRN Q— K .

7. (35LefschetzEIE)

O R ®N 2
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8. (sBLefschetzEIE)

AFpL2 EE F 4K L[]

‘X2 LREBHER. R X=Xxk? , XB '? B k WS HE.

1. (Betti (FHR) LEA) MREFEHAN k= C, WEX X KBetti (%) LEEN
2. (REBUBHAIBEENE) MR Char(k) =0 , MENX X HEHIB ERIRERN
Hip (X, k) = H'(Q

%/k)

3. (F#FRLEREE) SBetti L EEMBRA/AHMHXE.

4. (RALEE) CREAE EERENE p A", UWitmDERHRE.
ENZBEBNMTXAR:

- HREFEBASEAEEEE H(X,Q) ®q C ~ Hi,(X,k) ®; C.
- FRIABASFEFRLER HY(X,Q) ® Q ~ H,(X,Q,).

LefschetzA &l = E IE

EXE, LefschetzAa REEMAIUKRE T HK LERAE (1) - (6) .
® H*:V(k) > GrVect(K) 2—THMKELER, XeVk) .
IE4(NE=S]

(Lefschetz FanSEE) & f: X » X E— AR, WA SM NN
N =) (-1)'Te(f*|H' (X)).

i20

BB IR, RS " Bettiz K ERR

BIREFE—THELERE H* : V(F,) — GrVect(K) . BAVKIERH BB R ML " RIS
2R X 2 Fy E0Y d HOBHRHE, NE X=X xF, .

513 18 o EARELETE v NERS, N
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log(det(1 — oT|V)) = — 3 Tr(a"|V)%.

n>1

3138: 1§ K S—MSEN 0t g F@) =Y aT €KIT |y g7) ¢ K[T] HBREE

i20

FEEEH m M no EEXME n>ny Hankel{TIZ

an dn+1 - dp+m-—1
An+1 dnt+2  *°° dnim
dn+2 Ap+3  ° dpim+1
An+m—1 dn+m *** Aniam—2 |

Ro.

(BIEM) ZetaREX Zx(T) € Q(T) . EfFHAM, Zx(T) AT TERREROFN:

P (T)P5(T) - - - Paa—1(T) Hef P(T)=1-T #

2d -
Zx(T) = g Pi(T)(_l) = Py(T)P(T) - -+ Pou(T)

Pu(T)=1—¢*T , MXNTF 1<i<2d—1, PB(T)=det(l— F}T|H (X)) €1+TZ[T] =
ERAHZIR.

HFRE : HE XA
log Zx (T) = ZNnT .

n>1

B1% Fy B9THmMEMER 1, FIXHLefschetz T o m A4
N, =3 (-1)'Tr((Fg) [H' (X))

i20

Jap & Al 1 _E 2 15 2245 .
(REFHEMEIMFEIIMEB) Zetal®REN Zx(T) HEU TR HIE:

1
Zx(ﬁ) =eqXPTXZx(T), Hf e = +1 7 X 2 X HIRFITIEEL

HFBA: BIFrobenius BIEZS Fx 89X ¢¢ . FIAST X B98TNHR P B FyP=q'P
Ficlx(P) = clx(F4P) = clx(¢°P) = ¢’clx (P).

X B 7 BT 15 T ZE A,

BE—T, HNIAENERZE:

- RN p O EMS—THKRERERIE, EXFHE (1) - (6) , ZHEHAMNMEEILER"E
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H%", "RESE"H"Bettigh" T !
- EXgEHRE (7) M (8) , FRERAWIEE, MKIEBRERIR!

19605, GrothendieckE X RN ¢ -#iE Q MFRLEAE, ®EXHTRELREE, 7
IEBRIXFh EEAHE B LEENER, X#¥, GrothendieckiIERA T HMKIBERAIFIFER D . 3T
FHERBEBHNE=2H—REM/RI&, GrothendieckH&BIHXEHEZAIR, MEEETENE
FERIMEF, B5%, GrothendieckiZii T MotivelBig, AfE, EULERL FRA T thE 2 " WRESRE
8, X, GREEGSIIPRANERR", A" AMNMA BT AizEIMotiveIR I BEU i LA
tE, FEHMXTHEBTENFRBRMOILRYT REESHNORNLERNERE", BIAELRER

ayaY
1573 o

HF@RPILE

http:/dp.pconline.com.cn/44809565¢

A: FRERB—EBHE

MEBKLRIEHNE S HAIRESerrebd—1flF:

ZEMEMLZ ¢ WBRSIHE End(C) , End(C)®zQ 7E 2 #&M=H H'(C) £LBE—TEA
BER. WTFEXE Fr LNESZWHEMEZL ¢, End(C)xQ 2 Q LAYRIRRIITTENL,
A& R £ Q £ (MM&E Q L) A7k 2 #Fr. bMER, R LABNRBLAE
& Q,l#p FFK.

TR
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LA LB T RIR N

EMX: % X 2. U BYX EHSEATFRESH U-X, SHI X -SH UV
(—ERTRSE) ek, — M FEREERE R X -5 (:U; = Ui HE
Usz(Ui) XENX T —1Grothendieck#fifh, A X B9 (small) etale site, 1878 X

i€l

¢ -i#t EERIE

EEERE F, FRSEE X, — 1 ERNEER H (X, Q)¢ £p) BEAHEEE LER
 SXERE— IS, B, Grothendiecks EAEE FINHHINE T BB £ -
# FEEie:

EX: B X B—MEF, ¢ 2EHE L£4p . 98N ieN, EX
H (X,Z) := (liinH:;t(X, Z/17)

MREX

HY(X,Q,) := H' (X, Zy) ®z, Q.

MR X Me - EREEE.

AIBUEBRXEFE—TMU Q NAREKW ¢ -# ERE H*(X,Q,) B—1MHMLERE. FHANLFIEL,
¢ - ERIBRMIE AR FK EREA (1) - (8) RIIIEERZEBM.

F @%%ILE
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1/8/21, 9:30 AM

Page 16 of 25


https://link.zhihu.com/?target=https://en.wikipedia.org/wiki/Grothendieck_topology

FIKBERE - JF 1/8/21, 9:30 AM

75: Motive——Grothendieck 248

EMERBEZRUHEMA Y ANBFESYP, MotivelI TEMNIHERIFBAZRTYW. &7
WHBN—EEBEEZR"LA"S5"BR"ERBRLENE—FE. MMotiveRIE ... BIFEHK
FER—TBRERNAERFEMRMNEEENNRELEA,

——Grothendieck

At AFFEREHN Q -RE LEHRE?

HMNERED, BERY ¢« NXD), SRHMRTETENE Q ENERE, XFEHRIIME

AZNERIEEIE, AMNBRARE, SERERLETREBIEHTN Q -RYLEEAE, NESFLMRE
B ¢ -HEERER? ZEREDEN. BAMLRE Q -ZALEE (BIMBHZHETIFRDIR
Q RECEBNRERF) NESHMBHARE ¢ -3 LREE?

1. 85—MERE (ERTFIETIFMEN k) © % E 219 £ LOOWERZE, T
End(E)q := End(E) ®z Q AJEER Q LK 4 RAIFRAE. XA R EEERTFHE NS/
M Q -Z&MZTEE 4 £ AAEFE Q -&MZE HY(E,Q) #1%
H'(E,Q) ~ H'(E,Q) 80 Q, (fFN End(E)q -1%¥)

2B (ERTEERIEMN £) : 18 X 245E o WREAE » LNESFTREFHE. S

HMNBME—TRAN k> C , HMNBFE-—TERKE X(C) , A
Hi(X,Q,) ~ H'(X(C),Q) ® Q, #AER, B MR k— C MIER D LEBEEHLEX—
™ Q -5, AW, FRNRAFNUGHTETRN Q -4514.

X Q -AH LRBEHAEFE. A, RE @ ERETEANER, ENANEEREMNE
EREMN. NFAEMN ¢ FFENTE, PR ERTE 0. Fib, MIZFEE—MAKRE ¢ B
RIR. IESAMilnefii, BEARANEFEE—M Q -RE LREIELAES H Grothendieck i E X HIFRTE X
LCREN EEEEE, ERBNXANEEFEMMIREERENFEEFENX—EX0E?
Grothendieckfy[E] & 92 MotiveIZit.

+ 4 EMotive?
A & LAMotive2181% k LREURAA ¢ -# EEEBE—FNRA, BEHARES ¢ &

*x, EEAREMNEIRE Q &1, ERAIRIELSH.
——Grothendieck

Grothendieckf918i5 2, NIZEAE—THE LEEEICHEBETHMotiveM i Q -5l M(k)
D0k EYOBEIRRERERER V(K)
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o M(k) BMZ2BERE Q -LM=EEHHBENTEE (EHAT2EM) 455, SHE
Hom [iZ2 Q -Z&4=TE; ENZeE—TRIREE; ENIZE—" Q LiTannakasths.

o MiZEERELREREIE X~ hX : V(k) = M(k) 5551, 870 FMKEEER IZEE—&ET
X~ hX .

Motives Category M (k)

h Wt or

Gr‘{ect(K)

Weil cohomology H™ L ‘rrI= (5 = |

V(k)

LB AHIBERIERF, HRNNEEREZSINHENERLEFIGERBIE—M LEE
HRER, XMER, AELEMENMotiveRi 2rIZ&RIM L. MIXTHEEE, Grothendieck
5| AMotivef— MR EH Z EMotive B B B LA ST LAY 4K LE.

/5, Deligne¥F What is a motive? B[E%&:

A surprising fact about algebraic varieties is that they give rise not to one, but to many
cohomology theories. Among them the /-adic theories, one for each prime / different from
the characteristic, and in characteristic zero, the algebraic de Rham cohomology. These
theories seem to tell the same story, over and over again, each in a different language. The
philosophy of motives is that there should exist a universal cohomology theory, with values
in a category of motives to be defined, from which all these theories could be derived. For
the first conomology group of a projective non-singular variety, the Picard variety plays the
role of a motivic g! : the Picard variety is an abelian variety, and from it the gl in all
available cohomology theories can be derived. In this way, abelian varieties (taken up to
isogeny) are a prototype for motives.

A key idea of Grothendieck is that one should not try to define what a motive is. Rather,
one should try to define the category of motives. It should be an abelian category with
finite dimensional rational vector spaces as Hom groups. Crucially, it should admit a tensor
product, needed to state a Kiinneth theorem for the universal cohomology theory, with
values in the category of motives.

If only the cohomology of projective non-singular varieties is considered, one speaks of pure
motives. Grothendieck proposed a definition of a category of pure motives, and showed that
if the category defined had a number of properties, modelled on those of Hodge structures,
the Weil conjectures would follow.

For the proposed definition to be viable, one needs the existence of “enough”algebraic
cycles. On this question almost no progress has been made.
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R HE

FE1tiEMotivelIMIE 2RI, HIFEBE—THAZRLAHE.

EX: 17 X 2 k EYEBsRRk. X LR (prime cycle) 248 X B—PAEIAH
FhE. X BREEN r R C(X) RIEARELIN r WRBPEERNB B IU/REE. 4
R Z M 2z, 2R, N

codim(Z; N Z,) < codim(Z;) + codim(Z,)

HERMIR, FAIFR Zo 1 2, SEIBZR (properly intersect) ; FPNMUEEE m A 72 7R
RNEHER, R n NBTRES 2 NBITRBEEER. EXMEET, EXEMNNRRA
(intersection product) 71 Y2 A—1TFREEHN codim(Z;) + codim(Z,) AIFE? .

flan:
Y1 Y1
P
Ps
Y2
Y2
Vy2=P1+ P+ P; Y1-y2=2P

XEHNVER T E DB E XS] :
C" x C*(X) = C™*(X), (r72) =1 e
RNTERINEENES LAEEXNE, HITIRBBEEXUT 4 HEMNKR:

1R X A NMEEE ,12 € C"(X) 2BEEM (rationally equivalent) , MREFE X x P!
ERREBE Y FBE n 27 7F 0 LTS, » BE 1 LF4E . B CL(X) RixiE

dim X
IR0 RIREOEBEN LRI O = @) Cru(X) , BFRH X BIChowsk.

=0
2. 7R X IR TREEE yi,712 € C'(X) REEEM (numerically equivalent) , RN AER
Btk sc0i™X(X), B m-d=m-0 (MRREXHIE) . HMN Chm(X) RNERH

dimX
AR ABEOHESNEMBEIR Clum = P Crun(X) .

r=0

3. X IR INEEE 71,72 € CT(X) BREIEM (algebraically equivalent) , MIREFE—
Hizk T M1 X x T ERREEE ¥ 68 =1 % =7, NEE t,t €T . BINIA
dimX
Coy(X) RINARIIEE. RBBENRBENEMHIR Chum == P Cr,(X) -

=0
4. BE—THMERRE B . X A DMEE 1,72 € C7(X) XF 7 2RABESEM
(homologically equivalent) , 1R clx(11) = clx(y2) .- &M Cf,, (X) RRBMAIEFEE.
dimX
REBENBEENEMBIR Chym = @ cr.(X) .

r=0

EMNBUNTXA:
BEEN = RBFN = BREFHh — BESN
FIBUEBRRARTE X T — T X AN14EBRET :
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O x C%(X) — CF*(X)
XE ~ SHEMAH/EREEESM.

Motivef#45&
Meff (ka K)
Pseudo—abW
Clorry (k‘. K) Realize
Li ea’riz}iou/
V(k) _ - GrVect(K)
Weil cohomology H

MAEBNIM & LXOBHTRETIRN V(k) Bk, HEMEMotivestls M(k) . Altt, FHANXE
BHEY KT V() , BNEEHMES:

1. B FREFEZBINSEERLD, BINZAF ZEME, HEBERE, '8N
(correspondence) "
2. IBEBOERKR T AR IR SRR

EX: M X Bl y B9 r XM (correspondence) #E XA
Corr™(X,Y) := C¥X+r(X x Y).

it Corri(X,Y):=Cor"(X,Y)/ ~, Corr’(X,Y)q := Corr™(X,Y) ®z Q
XE ~ ZHE/H/EEEESEN.

BATRI B BHE M. (k) EXARFATEH: Xk LRUBERRE X AR X, MSHE
Hom(hX,hY) := Corr(X,Y)q
SHNEGNYNEE M. AMEXAE—1 M IU/RTE.

MEBRMNEX M. (k) EXRZXIFTERE: ENRE M(Xe) , HERF X B k LRONBHRERK,
e B Corrd(X,X)qg HWBRZET, SHE Hom(h(X,e),h(Y, f)) := foCorrl(X,Y)goe
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H 4k A9Motive

¥r 5 8——Grothendieckfy %48

BIIEZXEEMotivelI M IE 2RI EAY. LR L, GrothendieckiRZ T MotivefIE ZHRB L5
¥, JMF#EMotiveSLIIRY L EHEMAAY D /REEH, GrothendieckifEfBMotive i/ iZFa & & —MZE I
BDREM, Alt, MR T —1TEZRER:

B " Motive#fNZB—TEMOME, HEBIXDBOEMIR UL EL = BrIFE M 89
E@EA.

+: Deligne33 2R £{RixAVIER

Grothendieck attempted to deduce the Riemann hypothesis in arbitrary dimensions from the
curves case, but no "devissage” worked for him. ~ After he announced the standard
conjectures, the conventional wisdom became that, to prove the Riemann hypothesis in
dimension > 1, one should prove the standard conjectures. However, Deligne recognized the
intractability of the standard conjectures and looked for other approaches. In 1973 he startled
the mathematical world by announcing a proof of the Riemann hypothesis for all smooth
projective varieties over finite fields. How this came about is best described in the following
conversation.

GOWERS: Another question | had. Given the clearly absolutely remarkable nature of your
proof of the last remaining Weil conjecture, it does make one very curious to know what gave
you the idea that you had a chance of proving it at all. Given that the proof was very
unexpected, it's hard to understand how you could have known that it was worth working on.

DELIGNE: That'’s a nice story. In part because of Serre, and also from listening to

lectures of Godement, | had some interest in automorphic forms. Serre understood that the
pll/2 in the Ramanujan conjecture should have a relation with the Weil conjecture itself. A lot
of work had been done by Eichler and Shimura, and by Verdier, and so | understood the
connection between the two. Then | read about some work of Rankin, which proved, not the
estimate one wanted, but something which was a 1/4 off — the easy results were 1/2 off
from what one wanted to have. As soon as | saw something like that | knew one had to
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understand what he was doing to see if one could do something similar in other situations.
And so | looked at Rankin, and there | saw that he was using a result of Landau — the idea
was that when you had a product defining a zeta function you could get information on the
local factors out of information on the pole of the zeta function itself. The poles were given in
various cases quite easily by Grothendieck'’s theory. So then it was quite natural to see what
one could do with this method of Rankin and Landau using that we had information on the
pole. | did not know at first how far | could go. The first case | could handle was a
hypersurface of odd dimension in projective space. But that was a completely new case
already, so then | had confidence that one could go all the way. It was just a matter of
technique.

GOWERS: It is always nice to hear that kind of thing. Certainly, that conveys the idea that
there was a certain natural sequence of steps that eventually led to this amazing proof.

DELIGNE: Yes, but in order to be able to see those steps it was crucial that | was not only
following lectures in algebraic geometry but some things that looked quite different (it would
be less different now) the theory of automorphic forms. It was the discrepancy in what one
could do in the two areas that gave the solution to what had to be done.

;U %Z HEDBEASELIE

things.

DELIGNE (emphatically): Yes.
RIEBIIELER:
% X & Fy £89 d @85k, N
Zx(T) = 12—'1[ B(T) = P(T)P5(T) - - - Paa1(T)

0 ~ PR(D)P(T) - Paul(T)
, MNF 1<i<2d—1, P(T)=det(l - F3T|H (X)) .

, H P(T)=1-T # Pu(T)=1-¢'T

FARRIDelignelfAA TUI FER:

HEN 1<i<2d—1, B2 B(T) = det(l - F3TIH (X)) HEEANM, HERK
BT 0(#p) HEE, HERESTATUSH

bi
PRI =][0-aT). ayeZ.
j=1
HENFEN i, 8 |ogy|=d/? -
XA R IF A

JNFET i 8T L#p, H(X,Q) NERS Fx NAMARILENRZAHHN, ARE(E
SHFFHEHRET o HEAFEINE |of = ¢/2 .
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. Trying to understand Deligne's proof of the Weil conjectures
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