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Organization
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From exponential inequalities to the concentration of measure phenomenon
Concentration inequalities using the entropy method
Learning-theoretical applications

Moment inequalities using the generalized entropy method
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From exponential inequalities to concentration

-
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Lecture I: from exponential inequalities to concentration

o .

® Introduction and Motivations

® Path to Bernstein inequality

® Martingales with bounded increments

® Efron-Stein inequality
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Lecture I: Roadmap

l7The introduction describes traditional exponential inequalities (Hoeffding/Bernstein) as T
non-asymptotic counterparts to limit theorems for sums of independent random variables.
Concentration inequalities are presented as upper-bounds on tail probabilities for functions
of many independent random variables. The scope of concentration inequalities is illustrated
on a combinatorial optimization problem.

The path to Bernstein inequality is described in detail, stressing the fact that good bounds on
the Log-Laplace transform of a random variable provide exponential bounds on the tail
probabilities. The main topic of this course will be the derivation of Bernstein-like inequalities
for general functions.

Martingales methods provide a general recipe for constructing Bernstein-like inequalities.
The exponential super-martingale associated with martingales with bounded increments
allows to refine the celebrated bounded-differences inequality. Despite and because of their
generality, using martingale methods may be quite difficult. This has prompted the search for
more user-friendly methods as (for example) the entropy method.

The first step in the entropy method is illustrated by the Efron-Stein inequality. The latter
inequality provides a general and often tight upper-bound on the the variance of general
functions of independent random variables. The Efron-Stein bound is first illustrated on a

combinatorial optimization problem.
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Appetizer

Basic concern of Probability Theory : sums of independent bounded random variables

(Xi),., iid.in[-1,1] E[X;]=0 E[X;]<w
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Appetizer

Basic concern of Probability Theory : sums of independent bounded random variables

(Xi),., iid.in[-1,1] E[X;]=0 E[X;]<w

Law of Large Numbers (LLN):

Ve >0, limP{|Z—-E[Z]| >ne} =0

Central Limit Theorem (CLT, Invariance principle)

Vz € R 1i£nIP{\LF(Z—E[Z]) <x}

n

LLN and CLT : asymptotic statements.
i Need for statements dealing with fixed values of n.

——e
oo V2T
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Appetizer

Central Limit Theorem (CLT, Invariance principle)

1 x 1 _ a2
LLN and CLT : asymptotic statements.
i Need for statements dealing with fixed values of n.

CLT for Bernoulli random variables CLT for Bernoulli random variables
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Appetizer

Probability Theory provides informations about the rate of convergence in the CLT.
(Berry-Esseen, 1943)

1 T 1 _ =22 C
E[|X;]?] < oo %sgp‘P{%(Z—E[Z]) <x}—/ \/ﬁe 2U2d:c‘ < NG

Berry-Esseen Theorems say nothing meaningful about

‘IP{(Z—]E[Z])>na:}—/:O \/21706 57 do

Large deviations depend upon the P.D. of X;. !
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Appetizer

Probability Theory provides informations about the rate of convergence in the CLT.
(Berry-Esseen, 1943)

1 T 1 _ =22 C
E[|X;]?] < oo %sgp‘P{%(Z—E[Z]) <x}—/ \/ﬁe 2U2d:c‘ < NG

Berry-Esseen Theorems say nothing meaningful about

o0 1 nx>
Ps(Z —-E|Z]) > nx —/ e 2v2dx
‘ t 2]) J z  V2mv
Large deviations depend upon the P.D. of X;. !
R 1 z2
If X is Gaussian: P{X >t} = zre” 2v dx
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Appetizer

Gaussian tail bounds:

2
P{X >t} < VU -b
V2t

What about sums of i.i.d. random variables ? Exponential inequalities provide a widely
applicable answer to those questions:

If Z is a sum of n independent centered [—1, 1]-variables:

P {Z > E[Z] + t} < exp ( > ) Hoeffding

~%n
P{Z > E[Z] + t} gexp(

t2 :

Gaussian-like tail bounds.
In Bernstein inequality, n does not appear in the exponent,

Bernstein inequality looks dimension-free.

o -
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Motivations

“While exponential inequalities for sums of independent random variables are
at the core of classical probabilities, the new abstract inequalities are
far-reaching extensions that apply to considerably more general functions.”

M. Talagrand.Ann. Probability, 1996

o -
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Motivations

“While exponential inequalities for sums of independent random variables are
at the core of classical probabilities, the new abstract inequalities are
far-reaching extensions that apply to considerably more general functions.”

M. Talagrand.Ann. Probability, 1996

“Any function of many independent random variables that depend on many of
them but not too much on each of them is essentially constant.”

M. Talagrand. Inventiones Mathematicae, 1996

-
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Motivations

“While exponential inequalities for sums of independent random variables are
at the core of classical probabilities, the new abstract inequalities are
far-reaching extensions that apply to considerably more general functions.”

M. Talagrand.Ann. Probability, 1996

“Any function of many independent random variables that depend on many of
them but not too much on each of them is essentially constant.”

M. Talagrand. Inventiones Mathematicae, 1996

What's in depend not too much on each of the variables ?

How general should be the considerably more general functions ?

L I I

Combinatorial optimization problems provide a cavalcade of illustrations of the
concentration of measure phenomenon.

o -
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Random interval packings

X, are intervals from [0, 1]: extremities are picked by picking random numbers from [0, 1]

A packing is a set of pairwise disjoint intervals.
Z: maximum cardinality of a packing extracted from X1,..., X,

20 random intervals
20

18

16 —

14+

12

10
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Random interval packings

Z: maximum cardinality of a packing extracted from X1,..., X,

20 random intervals sorted according to rightmost extremity
20

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

i @ maximum packing can be constructed (in ©(n log n) operations) by a greedy algorithm.

1 sort intervals according their right-most extremities in ascending order.

o -
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Random interval packings

A greedy packing of 4 intervals

the initial packing contains the first interval

scan the remaining intervals in ascending order

add the current interval to the packing if its left-most extremity is larger

than the right-most extremity of the last interval in the packing. J
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Random interval packings

How does E[Z] behave as /n goes to infinity?

Law of large numbers? CLT? Asymptotic theorems ?

Tail behavior for fixed n ?

No obvious way to represent Z as a sum of independent random variables.

Z is a kind of “much more general function” of many independent random variables
does not depend to much on each of them.

-
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Random interval packings

1 interval <+ 1 point (z, y) in [0, 1]? with = < y.

et L T,

—?"- oAy

¢
3

0 [ I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Example: 10000 random intervals, Z = 114, E[Z] ~ %\/ﬁ ~ 113

Z satisfies a Central Limit Theorem:
(Z — E[Z])/n1/* is asymptotically Gaussian with variance 2(4 — =) /x3/2.
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Random interval packings

=

w If Z > t, then there exists a sequence of ¢ intervals X;, , X;,, ..., X;, that witnesses this
fact.
This is just a sequence of ¢ disjoint intervals !

A set property (P) is hereditary if every subset of a set satisfying (P) also satisfies (P)
Z is a configuration function: Z is the largest cardinality of a subset of the random variables

that satisfy some hereditary property.

Concentration inequalities assert that:

2
P{Z > E[Z] +t} < exp (‘2(15:[2] +t/3))

2
P{Z<E[Z] -t} < exp (‘215:[2]) |

i [he concentration of measure perspective deals with deviations around
expectation/median by focusing on the structure of increments of the functional under
consideration.
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Path to Bernstein inequality

X1,...Xn, X; € [—1,1], independent, E[X;] = 0, Var[X;] = v.

Markov inequality.

Z an R-valued random variable.
f a positive measurable function, such that f is non-decreasing on [t, co).

P{Z >t} = IP{f(Z) > f(t)} f is non-decreasing.

=L _]lf(Z)Zf(t)]

- Z
S ElLyz)>re ];((t))]
Lo
- L

o -
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Path to Bernstein inequality

X1,...Xn, X; € [—1,1], independent, E[X;] = 0, Var[X;] = v.

Markov inequality.

Z an R-valued random variable.
f a positive measurable function, such that f is non-decreasing on [t, co).

, f
P{Z > t}< E[%]
Examples:
> s, Pz min o) <o[Egar] - e

® f(z) =exp(Az) where A >0 IP{Z > t} < exp (‘ (At — IOgE[e_AZ])>

o srmtee Pl )< ul] < (1)

t4d — t

i Markov inequality relates tail-behavior and integrability.
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Path to Bernstein inequality

X1,...Xn, X; € [—1,1], independent, E[X;] = 0, Var[X;] = v.

Exponential Markov inequalities for sums of independent random variables. Z = > | X;

IP{Z > t} < e MR [ T Xi]

< e—AtE'H exxi]
i

<e M E[eAX%’] by independence

o -
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Path to Bernstein inequality

X1,...Xn, X; € [—1,1], independent, E[X;] = 0, Var[X;] = v.

Exponential Markov inequalities for sums of independent random variables. Z = """ | X;

]P{Z > t} < e~ M IZIE[eAXi]

IA

Il
N /N
—
_|_
c
~—~
aQ
>
I
po
I
ot
N
~

L < exp(Var(Z)(e* — X\ — 1)) J
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Path to Bernstein inequality

X1,...Xn, X; € [—1,1], independent, E[X;] = 0, Var[X;] = v.

Exponential Markov inequalities for sums of independent random variables. Z = > | X;

With 7*()\) = e

Convex duality:

A1,

]P{Z > t} < e Mexp (Var(Z)T*()\))

7(z) =supy[Az —7*(A)] = (x 4+ 1) log(x + 1) — =

IP{Z > t}

<

<

exp sup (At — Var(Z)r (/\)])

(-
exp( Var(Z)T( rt(Z)>> Bennett
(-

Bernstein

exp

2 (Var(Z E/3)>

-
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Martingale inequalities

Doob’s embedding.

M, = E[f(Xl,Xg,...,Xn) | X{'] — E[Z | X}
M;is o(X1,...,X;)-measurable.

Mo =E[Z] Mp,=2

IE[M,L-H |X{] — M;

The sequence (M;), ,isan (o(X]))._, . -adapted martingale.

i Doob’s embedding allows to represent a general function of many random variables as
the last value of a martingale. The increments M, — M, reflect the sensitivity of f with
respect to its arguments.

o -
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Martingale inequalities

Martingale with bounded increments.
Assumption: for all 2, |[M;11 — M;| < land E[Z] =0

Increasing process associated with martingale (M;).

(M); =Y E[(M; — M;_1)* | X{77]
j=1

Var(Mp) = Var(Z) = E[(M)x]

The process (exp ()\Mi — ¥ (A)(M)i» is an (o(X?));-adapted super-martingale:

2

E[(exp()\Mi - T*()\)<M>i)) | X;'—l] < exp ()\Mi_l - T*()\)<M>i_1)

-
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Martingale inequalities

o .

Bounded-differences inequality (McDiarmid).

Assumption: (M),, < ¢ with probability 1.
E [eA(Z_E[Z])] < exp(cr*(N))

As increments are bounded by 1, we have (M), < n.
Azuma inequality (Hoeffding inequality for martingales with bounded increments)

t2

]P{Z _E[Z] > t} < eXp(—%>

® A worst-case upper bound on (M),, may be excessively conservative.
ww It is highly desirable to take advantage of the integrability of (A),, in order to derive tight
tail bounds for martingale with bounded increments.

o -
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Martingale inequalities

o .

Bernstein inequality for martingales. Stopping
T is a stopping time with respect to (o(X?)), if T < i is o(X?)-measurable.

The optional sampling theorem entails that

(exp ()\MO —T* (A)(Z)o) , EXP ()\MT — T*()\)<M>T))

is a super-martingale.

For a (finite) stopping time T’ ]E[exp (AZT — T*()\)<Z>T)i| <1

Let V denote a fixed positive quantity

T = min {n, min{j : (M);41 > V}} is a stopping time.

o -
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Martingale inequalities

Bernstein inequality for martingales. Stopping

T is a stopping time with respect to (o(X?)), if T < i is o(X?)-measurable.

IP{ZZt/\T:n} g]P{MT Zt}
< P{AMp — 75 (\)(M)1 > At — 7" (A)(M)7 |
< eXp(—)\t-I—T*()\)V)

t
< eXp(—VT (V)) Optimizing with respect to A

2
< exp (- 2(V : t/3))

-
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Martingale inequalities

Bernstein inequality for martingales. Stopping

T is a stopping time with respect to (o(X?)), if T < i is o(X?)-measurable.

2
]P{Z >tAT =”} < eXp(_z(v:t/f.’»))

IP{Z > t} < IP{(M)n > V} + exp(—2(vtjt/3))

i The stopping-time trick allows to search for trade-offs and just requires the martingale to
be smooth on average. It is tight for moderate deviations.
® The conditional variance process may be as difficult to analyze as Z...

iz Efron-Stein estimates will serve as surrogates for conditional variance process.

-
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Conventions

e B

.., Xn: independent random variables.

o -
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Conventions

f.. X1, . T

.., Xn: independent random variables.

® 7 - f(Xy,...,X,): function of many independent random variables.

o -
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Conventions

e B

.., Xn: independent random variables.
® 7 - f(Xy,...,X,): function of many independent random variables.
® X/, ..., X]:independent copies of X1,..., Xn.

o -
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L I I

°

Conventions

X1,...,Xn:independent random variables.
Z = f(X1,...,Xyn): function of many independent random variables.
X1,..., X/ independent copies of X1,..., Xn.

Two perturbations of Z :

X, is replaced by an independent copy X7;:
ZW = (X1, s Xie1, X2, Xig1, -+, Xn)

Z; does not depend on X;.
Z,L' = fi(Xla “ o 7Xi—17Xi—|—17 “ e ,Xn) .

-
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L I I

°

Conventions

X1,...,Xn:independent random variables.
Z = f(X1,...,Xyn): function of many independent random variables.
X1,..., X/ independent copies of X1,..., Xn.

Two perturbations of Z :

X, is replaced by an independent copy X7;:
ZW = (X1, s Xie1, X2, Xig1, -+, Xn)

Z; does not depend on X;.
Z,L' = fi(Xla “ o 7Xi—17Xi—|—17 “ e ,Xn) .

V+ and V allow to monitor the sensitivity of Z
i)\ 2 n
vTto= ZE[(Z—Z( ) 15520 |X1]

v o= Y (Z2-2z)".

7

-
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L I I

°

Conventions

X1,...,Xn:independent random variables.
Z = f(X1,...,Xyn): function of many independent random variables.
X1,..., X/ independent copies of X1,..., Xn.

Two perturbations of Z :

X, is replaced by an independent copy X7;:
ZW = (X1, s Xie1, X2, Xig1, -+, Xn)

Z; does not depend on X;.
Z,,; = fi(Xla “ o 7Xi—17Xi—|—17 “ e ,Xn) .

V+ and V allow to monitor the sensitivity of Z
i)\ 2 n
vTto= ZE[(Z—Z( ) 15520 |X1]

v o= Y (Z2-2z)".

7

Var[Z | X;,i € I] = EXiGI[EXj,jQI [(Z —E[Z | X;,i € I))? | X;,i € I}]

IC{1,...,n} J
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Efron-Stein inequality

4 = { 3 S B[(Z - 209)"] = 5, var[Z | X{1 X2y
S B[(Z - 20)1,, 0]
—Z

i)2], for any Z; thatis X;~', X2, -measurable,

As Var|Z | X{_l,X?+1] < E[(Z

Var[Z] < E[VT] < E[V].

ww E-S inequality is tight: for sums of independent random variables, it becomes an
inequality.
i E-S inequality is (sometimes) called the Jacknife estimate of variance.

i E-S inequality is also called the tensorization property of variance.
© E-S inequality may be poor: let Z = [, X; where X; are Bernouilli random variables with

expectation p. Var[Z] = p™(1 — p™) while the Efron-Stein estimate equals np™(1 — p) !!

o -
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Efron-Stein inequality

Var[Z] < E[V1] < E[V].

Proof of Efron-Stein inequality.(l)
w.l.o.g. assume E[Z] = 0.

E[Z%] = E[(Z E[Z | X! - E[Z | X{'_l])Q] martingale decomposition of Z
i=1

I

~
I
p—t

]E[(]E[Z | X - E[Z | X{'_l])Q] orthogonality martingale increments

I

~
I
p—t

Ex; [(EX?H 7] X1] - Exr,, Ex;lZ | Xi_l]]>2]

-
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Efron-Stein inequality

Var[Z] < E[V1] < E[V].
Proof of Efron-Stein inequality.(l)
w.l.o.g. assume E[Z] = 0.
E[Z%] = E[(Z E[Z | X! - E[Z | X{'_l])Q] martingale decomposition of Z
i=1
= Z]E[(]E[Z | X - E[Z | X{'_l])Q] orthogonality martingale increments

1=1

(conditional) Jensen inequality, 2 convex

<Y B [ (2 - B (21X XD | XX
=1

En: VarZ | Xi7 1, X[y4] = E[V]

-
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Efron-Stein inequality

Where does convexity show up ?

Jensen inequality in large spaces.
X : alocally convex Haussdorf topological vector space, with dual X' *

Rockafellar duality Lemma. f: a lower-semi-continuous convex function from X on
(—OO, OO]

if g is defined on X* as  g(y) = sup,cx y(z) — f(z), then f(z) = sup,cr- y(z) — g(y)

X X-valuedr.v. & [f(X)]

|
=
1
0]
s
T
~~
<
—~
=
I
Q
—~
<
~
N—"
| IS |
By
®)
Q
=
Q
—
@
)
-

Vv
N
s
T
=
1
~—~
<
—~
o
I
=
<
~—
~—
[

o -
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Efron-Stein inequality

Var[Z] < E[V1] < E[V].
Proof of Efron-Stein inequality.(ll)

Variance maps Ly toward RT. Variance is convex !

duality Var[Z] = sup [2E[TZ]—Var[T]]

TeLy
Var[Z | Xa] = Ex, [TeIiUI()X ){2]EX1 T(X1)Z] —Var[T]}
2 1
>  sup Ey, [2]EX1 [T(X1)Z] —Var[T]]
TeLa(X1)

= sup ]EX1 [2]EX2 [Z]Txl — Var[T]}

TeLa(X1)
= Var[E[Z | X1]]
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Efron-Stein inequality

o .

Var[Z] < E[V1] < E[V].

Proof of Efron-Stein inequality.(ll)

duality Var[Z]| = sup 2E[TZ] — Var[T]
TeLy

— Var[Z | X1, .. .X,,;_l] < Var[Z | X1y X1, X541, - - .,Xn]

Var[Z] E[(Z _E[Z | Xl])2] + E[(EX2 Z | X1] — E[Z])2]

Ex, |Ex,[(2 - EZ | X1])°]| + Ex, |(Bx, (2 | X1] - E[2))’]
Var[Z | X1] + Var[E[Z | X1]]
Var[Z | X1] + Var[Z | X2]

o -
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Application of Efron-Stein inequality

Back to Random interval packings

Z; is the size of the largest packing that can be constructed when the ith interval is removed.

& Z; = Z if the ¢th interval does not belong to a withess of the value of Z,
£ otherwise Z; > 7Z — 1.

0<Z-2;<1 and ) (Z—-2;)<Z

V<Z > Var[Z] < E[Z]
w If E[Z] 7 oo with n, E-S and Chebyshev imply a law of large numbers for Z/E[Z].
i As n — goes to infinity, E[Z]/1/n — 2/+/m while Var[Z]/y/n — 2(43/§)
The Efron-Stein estimate is within /(4 — 7) ~ 3.66 from truth (asymptotically)!!

ww V' < Z also holds for all configuration functions, this includes VC-dimension, fat-shattering
dimension, VC-entropy, conditional Rademacher averages.

o -
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L I

Lecture Il: The entropy method

=

From exponential inequalities to the concentration of measure phenomenon

Concentration inequalities using the entropy method
Entropy

Tensorization

Modified Logarithmic Sobolev inequalities

¥
¥
¥
¥

Exponential Efron-Stein inequalities

® Convex distance inequality

Learning-theoretical applications

Moment inequalities using the generalized entropy method

-
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Lecture ll: where are we ?
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Lecture ll: where are we ?

fConc:entra’[ion inequalities are aimed to extend the classical exponential inequalities for T
sums of independent random variables, to functions of independent random variables.Such
functions show up in learning theory as the sumpremum of the deviations between the true
risk and the empirical risk, the empirical VC-dimension, the empirical VC entropy, the
eigenvalues of the Gram matrix.... They play an important role in the estimation of the
generalization error and have proved useful in the design of model selection strategies.

Even when a function cannot be coded as a sum of independent random variables, it may be
usually represented as a sum of martingale increments. If the increments happen to be
bounded, martingale extensions of the classical inequalities allow (in principle) to derive
exponential inequalities for the function of interest. There is indeed a tight relationship
between the moments of the function under concern and the moments of the increasing
process associated to the martingale representation.

Unfortunately the increasing process is not so easy to analyze. Efron-Stein estimates of the
variance of the function of interest have proved to be reasonable surrogates for the
increasing process. Indeed, in the second lecture, we will relate the exponential moments of
the function under concern and the exponential moments of the Efron-Stein estimates. This
will be carried out using the entropy method.

Efron-Stein estimates have often turned out to be surprisingly easy to analyze. This is

Lexemplified by a derivation of Talagrand’s convex distance inequality. J
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Lecture ll: roadmap

fThe entropy of a random variable is defined and elementary properties are presented. ThenT
the Gaussian logarithmic-Sobolev inequality is described. It is shown to imply a tight
upper-bound on the log-Laplace transform of smooth functions of Gaussian random
variables. A remarkable feature of the Gaussian logarithmic-Sobolev inequality lies in the
fact that it is dimension-free.
The derivation of modified logarithmic-Sobolev inequalities in product spaces is carried in
two steps: tensorization of entropy is derived by resorting to convexity arguments that proved
useful when deriving the Efron-Stein inequality; then an energy that will prove to be
adequate for general product spaces is defined. The Efron-Stein upper-bound on variance
shows up in the right-hand-side of modified logarithmic-Sobolev inequalities.
Under various integrability conditions of the Efron-Stein upper-bound of variance,
Bernstein-like inequalities for functions of many independent random variables that depend
not too much on each of them are derived.
Bernstein-like inequalities for self-bounded functionals are derived. A derivation of
Talagrand’s convex distance inequality is finally presented.

o -
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Gaussian tails from logarithmic Sobolev inequalities

To get exponential tail bounds for Z

- control E[exp(AZ)] or log E[exp(A(Z — E[Z]))].

Control over log-Laplace transform of smooth functions of Gaussian random variables can
be obtained from functional inequalities known as logarithmic Sobolev inequalities.

& Entropy of a (positive) function f > 0 with respect to a probability distribution

Ent(f) £ E[flog f] — E[f]log E[f]= E[&(f)] — ®(E[f]) with ®(z) = zlogz .

Jensen inequality » Ent(f) > 0.

o -
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Gaussian tails from logarithmic Sobolev inequalities

To get exponential tail bounds for Z

- control E[exp(AZ)] or log E[exp(A(Z — E[Z]))].

Control over log-Laplace transform of smooth functions of Gaussian random variables can
be obtained from functional inequalities known as logarithmic Sobolev inequalities.

& Entropy of a (positive) function f > 0 with respect to a probability distribution

Ent(f) £ E[flog f] — E[f]log E[f]= E[&(f)] — ®(E[f]) with ®(z) = zlogz .

Jensen inequality » Ent(f) > 0.

an/moo Ent[(f + a)?] = 4Var[f] .

o -
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Gaussian tails from logarithmic Sobolev inequalities

To get exponential tail bounds for Z

- control E[exp(AZ)] or log E[exp(A(Z — E[Z]))].

Control over log-Laplace transform of smooth functions of Gaussian random variables can
be obtained from functional inequalities known as logarithmic Sobolev inequalities.

» Entropy of a (positive) function f > 0 with respect to a probability distribution

Ent(f) £ E[flog f] — E[f]log E[f]= E[&(f)] — ®(E[f]) with ®(z) = zlogz .

Jensen inequality » Ent(f) > 0.

L Gaussian Logarithmic-Sobolev Inequality (Gross, 1975)

Ent(f2) < 2E[|| v £11?]
L Entropy \

Energy
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Gaussian tails from logarithmic Sobolev inequalities

To get exponential tail bounds for Z

- control E[exp(AZ)] or log E[exp(A(Z — E[Z]))].

Control over log-Laplace transform of smooth functions of Gaussian random variables can
be obtained from functional inequalities known as logarithmic Sobolev inequalities.

» Entropy of a (positive) function f > 0 with respect to a probability distribution

Ent(f) £ E[flog f] — E[f]log E[f]= E[&(f)] — ®(E[f]) with ®(z) = zlogz .

Jensen inequality » Ent(f) > 0.
L Gaussian Logarithmic-Sobolev Inequality (Gross, 1975)
)\2
Ent(£%) <2E[|| v fII] > Ent(e) < SB[l v fl*eM].

i This step critically depends on the chain rule for derivation.
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Gaussian tails from logarithmic Sobolev inequalities

=

£ Herbst argument: derive a differential inequality satisfied by the log-Laplace transform.

Assumption: || 7 flleo < 1. Notation : H(\) = §logE{e’\Z}
1
—Ent(e*?) = H'(M)E[e*?] and lim H(\) = E[Z]
\2 A—0t
1
H () < 5 Gaussian logarithmic-Sobolev inequality!
A
H(\) —H(0T) < 5 Integration
)\2
logE[eA(Z_E[Z])] < 5 Rewriting.

t2

-
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Gaussian tails from logarithmic Sobolev inequalities

=

£ Herbst argument: derive a differential inequality satisfied by the log-Laplace transform.
Assumption: || 7 flleo < 1. Notation : H(\) = §logE{eAZ}

1

ﬁEnt(e’\Z) = H'(M)E[e*] and lim H()\) = E[Z]

A—0T

)\2
log E [GA(Z—]E[Z])] < o)

t2

iwr Any smooth function of a Gaussian random variable enjoys Gaussian tail-behavior.
The dimension of the Gaussian vector does not appear in tail-behavior.

The Gaussian concentration inequality is dimension-free.

-
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Variation on Herbst’s argument

i The Gaussian logarithmic Sobolev inequality provides with concentration inequalities
when || 7 F||? is (somewhat) exponentially integrable.

» Decoupling inequality ]E[AWe’\Z] < Ent [eAZ} + ]E[eAZ] 10g]E[€AW]

Variational characterization of Entropy: E [L g} < Ent [L] + log E [e7]

E[f] E[f]
» Applying the decoupling inequality to the Gaussian logarithmic Sobolev inequality:
O Al v £112
Af A Af Af gl
Ent[e ] <= (Ent[e ]+]E[e ]log]E[e . ])
l

1 En’[[eAf]
A2 ]E[eAf] = 2X(1 — \0/2)

o -
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Variation on Herbst’s argument

Notations:

H(\) = ilogE[eAf] and G(\) = logE[e)‘”VfHQ],

Ent|erf 2
! [ ] < 0 10g]E[ekllvefll ]
A2 E[eAf] 2X(1 — \§/2)
translates into:
0
H'(N) < gxaaym CO/0)
/\1
Convexity of G » RHS is non-decreasing with respect to A
A 0
H(AN —H(0) < G(s/0)d
N = HO) < [ o Gls/e)ds
0
< G(\/6
— 2(1—X0/2) (3/0)

o -
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Variation on Herbst’s argument

o . .

& 10gE[e>\(f(X)—E[f])] < 50287 10g]E[e>\IIVf||2/9]

L i | v flleo < L, taking 6 toward 0, we recover sub-Gaussian behavior.

272
log B[ A )1/ < /\2L

L i || v || = C||X|| (sub-quadratic function), logIE][eA”Vf'F/O} < oo for a non-trivial
range of values of \.

iz In the sequel, we will try to reproduce this line of reasoning for product distributions.

o -
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Toward modified Logarithmic Sobolev inequalities

=

£ The Gaussian logarithmic Sobolev inequality is (almost) a characterization of the
Gaussian distribution.

£ In order to derive tail bounds for other kinds of distributions using analogues of Herbst

argument, we need to develop:
e modified logarithmic Sobolev inequalities tailored to the distributions we

have in mind (exponential, Poisson, product distributions,... )
e analogues of Herbst argument.

iz [N Learning Theory we are interested in (modified) logarithmic Sobolev inequalities for
product measures

o -
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Toward modified Logarithmic Sobolev inequalities

=

£ The Gaussian logarithmic Sobolev inequality is (almost) a characterization of the
Gaussian distribution.

£ In order to derive tail bounds for other kinds of distributions using analogues of Herbst

argument, we need to develop:
e modified logarithmic Sobolev inequalities tailored to the distributions we

have in mind (exponential, Poisson, product distributions,... )
e analogues of Herbst argument.

iz [N Learning Theory we are interested in (modified) logarithmic Sobolev inequalities for
product measures

General form: Ent(f?) < &[f],

where £[f] is an energy-like functional.

o -
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Toward modified Logarithmic Sobolev inequalities

=

£ The Gaussian logarithmic Sobolev inequality is (almost) a characterization of the
Gaussian distribution.

£ In order to derive tail bounds for other kinds of distributions using analogues of Herbst

argument, we need to develop:
e modified logarithmic Sobolev inequalities tailored to the distributions we

have in mind (exponential, Poisson, product distributions,... )
e analogues of Herbst argument.

iz [N Learning Theory we are interested in (modified) logarithmic Sobolev inequalities for
product measures

General form: Ent(f?) < &[f],
where £[f] is an energy-like functional.

Balanced Bernouilli Log-Sobolev Inequality (Gross, 1975)

L Ent(f?) <

E[(Df)?] with Df £ f(1) — f(-1). J
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Tensorization of entropy

Derivation of modified LS inequalities proceeds in two steps:

® Tensorization. (analogue of Efron-Stein inequality)

Notation Ent[Z | X1y, X1, Xi4+1, .. .Xn]

=Ex;,.. ,X;_1,Xi41,-Xn [EHT[Z(wl, ey i1, Xy T 1y - - -wn)]]

Ent[Z] < Z Ent[Z | Xf_l,Xf+1]
i=1

® Upper-bounding of entropies with respect to single random variables.

loge<z—1 > —E[Y]logE[Y] < —-E[Y]logu —E[Y]4+u Yu>0.

o -
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Tensorization of entropy

The tensorization step is generic.

Its relies on a convexity property of the functional Z — Ent[Z] on IL}F.
Not to be confused with the convexity of x — x log «.

iz A representation formula for Entropy:

T
Ent{Z] = sup E|Zlog ——
TeLy [ E[T]}

Ent[Z | X2] > Ent[E[Z | X1]] 2 variables
Ent[Z | X1,... ,X,,;_l,Xi_{_l, ce ,Xn] > Ent[]E[Z | X1,... 7Xi—1] | Xi+1, cen Xn]

The conditional distribution of Z with respect X1, ..., X;_1 is a convex combination of
conditional distributions with respectto X1,...,X;—1, Xi4+1,..--,Xn

o -
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Tensorization of entropy

o .

Ent[Z(Xl, XQ)]

[ T(XlaXQ)
= E|Z1
Sl%p | Z log B[T] ]
= sup]E-Zlog + Zlog ﬁ]
T L Ex, [T] E[T]
[ Ex, [1]
< sng _Z log ] + sup E x, {IEXl [Z log E[T] H

Ex, (1] T

H+]EX2 sup [Exl[mog o H

< Ex, [ sup [Ex, [Z log
el (X1) Ex, [T]

TELT (X2)
< Ent[Z | Xl] + Ent[Z | Xa].

Ex, (1]

The general formula follows by induction on the number of variables.

X1, Xno1  Xn

7

"

- D o
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Bounding entropy with respect to one random variable

-

£ When dealing with the variance, the proof of the Efron-Stein inequality reduced to the
proof of the tensorization property of the variance. Here, the tensorization property of
entropy leaves us with a sum of one-dimensional conditional entropies.

More work is needed in order to get an energy-like term.

£ logz<z-1 — —E[Y]logE[Y]< -E[Y]logu—E[Y]+u VYu>O0.

fX)

Uu

Etlf(X)] < E[f(X)log (F(X) —w)| vu>o0.

o -
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Bounding entropy with respect to one random variable

-

£ logz<z—-1 — -—E[Y]logE[Y]<-E[Y]logu—E[Y]+u VYu>O0.

=

f(X)

Uu

Ent[f(X)] < E [f(X) log

— (F(X) —u)] Vu > 0.

£ Let g; denote a function of the n — 1 random variables: Xi~*, X7, ;.

a f .
Entlf | X{7', X7,] < EXf_l’X”H {Exi [flogg— - (f—9) | Xi 1,X;;n+1]
i i

o -
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Bounding entropy with respect to one random variable

-

£ logz<z—-1 — -—E[Y]logE[Y]<-E[Y]logu—E[Y]+u VYu>O0.

=

f(X)

Uu

Ent[f(X)] < ]E[f(X) log —(f(X)—u)] Yu > 0.

L Let g denote a function of n — 1 random variables.
Combining with the tensorization property of Entropy:

Ent[f] < ZEX;'_1,X?+1 [EXZ- [flogg — (f — g) | Xi_l,Xﬁ—l]]

iz entails the Gaussian logarithmic Sobolev inequality, the Poissonian logarithmic Sobolev
inequality...

o -
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Bounding entropy with respect to one random variable

-

L logr<z-1 — —E[Y]log E[Y] < —E[Y]logu — E[Y]4+u Yu > 0. T
f(X)

Uu

Entlf(X)] < E|f(X)log

— (f(X) —u)] Vu > 0.

£ Specializing to functions f(X7) = e*Z, letting g(X ™1, XP ) = ers,

Ent[eAZ] < S By yn |Ex, e} (AZ —~ )\Zq;> —~ (&Z - e/\Zz)']
; 1 41 L i
2 L

[\ N7 —
< 2B, | Bl Z<e - Z)_’\(Z"'_Z)‘1>]
) |

< ZEX;_l,Xﬁl Ey, [eAZT*()\(Zi—Z))]

o -
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Modified Log-Sobolev Inequalities (I)

-

$  ent[] <B[A T, (N2 - 2)]

where Z; is a measurable function of X1,..., X;-1, Xi4+1,...,Xn,
A
and 7*(x) = e® —xz — 1.

o -
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Modified Log-Sobolev Inequalities (I)

-

$  ent[] <B[A T, (N2 - 2)]

where Z; is a measurable function of X1,..., X;-1, Xi4+1,...,Xn,
A
and 7*(x) = e® —xz — 1.

L iz>Z,andrx>0ase® —z—1<22/2forz <0

Ent [eAZ] < )‘2—2153[6” > (2~ Zi)Q]

L Letv=3.2-2)2,

Ent[eAZ] < ;—QE[VeAZ] — logE[eA(Z_E[Z])} < A0

= 2(1 — \0/2) log T[X"/° |

iz Not only the second moment of Z is related to some moment of V, (Efron-Stein) but also
the log-Laplace transforms are connected.

o -
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Modified Log-Sobolev Inequalities (I)

o .

$  ent[] <B[A T, (N2 - 2)]

£ self-bounded functions
olf Z, < Z < Z; +1,as 7" is convex:

= 7 (=N (Z - Z)

T*(=XNZ—-2;) < (A+Z-Z)T(0)+7"(=N)(Z - Z;)

Ent[e*] < );—QE[BAZT*(—)\)(ZZ—ZZ')]

7

o If furthermore > .(Z — Z;) < Z  Ent [e/\Z] < T*(—)\)E[ZG)‘Z}

o -
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Modified Log-Sobolev Inequalities (I)

Stating and solving the differential inequality:

E[)\ZGAZ] — E[eAZ] logE[eAZ] < T*(—/\)E[ZGAZ]
multiplying by exp(—AE[Z])

regrouping

dividing by F(\) = E[exp (M2 - E[Z]))]

—log F(\) < 7" (M E[Z]

Note that [E[Z]7*()\) is a solution of the differential equation

(A =7 () F'(A) = f(A) = T (NE[Z]

One can check that log F'(A) = E[Z]7*(\) is the largest solution of the differential inequality,
by showing that for all solutions k() = (e* — 1)g()\) of

B (A= (AR () — h(A) <0 o
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Modified Log-Sobolev Inequalities (I)

£ self-bounded functions
olf Z, < Z < Z; +1,as t* is convex:

T (=MNZ — Zy))

IN

1+ Z—-2Z)7(0)+ 7" (=X) (Z — Z;)
= (=N (Z-2)

Ent[ew] < £]E[eAZfr*(—,\)(ZZ—Zi)]

o If furthermore °.(Z — Z;) < Z  Ent [eAZ] < T*(—A)E[ZGAZ]

9o 1ogE[eA<Z—E[Z1>] < E[Z]7*()\)

2
IP{ZZIE[Z]—H} gexp(— 2(]E[Z';+t/3)).

o -
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Modified Log-Sobolev Inequalities (ll)

£ Rather than Z;, we may consider Z(?), where
ZW = f(X1,. -y Xio1, X}, Xig1,y- -, Xn)
ww Z and Z(%) are identically distributed.

Ent [eAZ} <

IA

IN

IA
©

~
I
[E

©

~
I
[E

(A2 (—\(Z — z<i>))]

NE
©

_eAZT* (—A(Z - Z(i)))]lz>z(i)]

.
I

+
M§ -

~
I
[t

E [ 7 (-\(Z = 2)1, 50|

\E
©

A (M2 = 21, 0]

.
I

+
Mz -

~
I
[t

(1) & )
E [ (-M2D = 2)1,, 500

|:€)\Z (G_A(Z—Z(’i)) . 1))\(Z(’L) _ Z):[]_Z>Z(,,;):|
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Modified Log-Sobolev Inequalities (ll)

o .

» Symmetrized version of modified logarithmic Sobolev inequalities.

Ent{ } ZE[AZ MZ -z Z>z(i)]

where Z(!) is a measurable function of X1, ..., X;—1, Xit1,.. ., Xn, and X/
while

Y(x) =7 (—x) + 77 (x) = z(e® — 1).
L () is convex and for z > 0, ¥(—z) < z?,

for A\ >0 Ent {eAZ] < \E [e’\ZV+]

Where E[V T] is the Efron-Stein upper-bound on Var[Z].

o -
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Modified Log-Sobolev Inequalities (ll)

fFor z <0, ¢Y(x) T

< z2. The modified logarithmic Sobolev inequality implies that for A > 0 :
Ent [e/\z] < )\Q]E[e’\ZV+]
< O (Ent [eAZ} + IE |:€>\Z:| log I [eAV+/0} ) :

which translates into:

1 Ent |:€>‘Z:| p
. < log E {eW# 9}

i This has exactly the same form as the inequality encountered while carrying the
extended Herbst argument !

o -
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Modified Log-Sobolev Inequalities (ll)

o .

£ An exponential Efron-Stein inequality. 8 > 0 and A € (0,1/6),

log E [exp(A\(Z — E[2)))] < - :\HM log E {exp (%)} .

L The exponential integrability of Z is actually related to the exponential integrability of
the Efron-Stein estimate(s) of variance. If we can bound log IE [exp (%)] , then we can
use an exponential Markov inequality in order to get a Bernstein-like inequality for Z.

£ Modus operandi: check whether

e V or V is constant.

e V or V1 is upper-bounded by aZ + b,
e V or V1 is simpler than Z.

L Done or to be done for:

®Supy R[f] — Remp(f)
e Empirical VC or fat-shattering dimension.

e Empirical VC entropy.
e Number of support vectors.
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dr(z1, A)

Control by convex distance

sup do (27, A) Talagrand’s convex distance.
a€[0,00)":[|a||<1

-
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Control by convex distance

da ’I’L,A = 1 f da n, n
(z1, A) yigfleA (21, y7")
= inf
it > il
0 A Y
dr(zl,A) = sup do (27, A) Talagrand’s convex distance.

a€[0,00)™:[|af[<1

$ (PXPeA>1/2, Pldr(X],A) > <2/

£ Control by convex distance provides sharp deviation inequalities around the median, for

1.

configuration functions,

2. euclidean traveling salesman,
3.
4

. minimum spanning trees.

bin-packing,

-
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Control by convex distance

Control by convex distance can be recovered from exponential Efron-Stein inequalities.

» dr(-,-) can be represented as a saddle point. M(A) : set of probabilities on A.

dr (X7, A) = inf o;E,[1
PO =t e S Blie]

= S inf Q; ]1X y]
||oc||2<1v€ﬂ/l<f4>Z ’ .

o -
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Control by convex distance

o .

» dr(-,-) can be represented as a saddle point. M(A) : set of probabilities on A.

dr (X7, A) inf Zaj [1x,2v,]

veEM(A) q: ||a||2<1

= sup inf Qs ILX y]
||a||2<1V€M(A)Z ’ ?

£ Sion Minimax Theorem f:XxY—R
convex and lower-semi-continuous with respect to x
concave and upper-semi-continuous with respect to y

X convex and compact

inf sup f(z,y)= supinf f(z,y) = minsup f(z,y) .

o -
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Control by convex distance

-

£ (9,a): asaddle point for X7

(1) —
g _uei\r}tf(A)SipZajE []lx()¢y]> /\lfll(fA)ZaaE [ILX()#/]

—

v : distribution on A that achieves the infimum.

Z = inf > aEu[lx,2v;] <> a;Es[lx, 2v,].
J J

Z— 2% <> a;E; pllx; 2y, —1X§i)¢yj]=ai]E,;[11X#yi —1 | <@ .

J

x {2y,
Vi <> ay =
i

Var[dr (X7, A)] <1 Efron-Stein inequality !

Pldr(X{,A) — Edp(XT, A) > t] < e~t/4  exponential Efron-Stein inequality !.
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Control by convex distance

o .

Var[dr (X7, A)] <1 Efron-Stein inequality !

P(dp (X7, A) — Edp (X7, A) > t] < et /4 exponential Efron-Stein inequality !.

Varldr (X7, 4)] _ 1

IP[dT(X{L,A) — EdT(X{LvA) S _t] S 42 +2

Chebyshev inequality

P[A] <

(E[dr (-, A)])’

o -
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Control by convex distance

o .

Var[dr (X7, A)] <1 Efron-Stein inequality !

P(dp (X7, A) — Edp (X7, A) > t] < et /4 exponential Efron-Stein inequality !.

Varldr (X7, A 1 . :
Pldr (X7, A) — BEdr (X7, A) < —t] < | T; e <3 Chebyshev inequality
Bdy (X7, A) < ——
PO VP

Pldr (X7, A) > t+V2] <e 8 /% it P[A] > 1/2

o -
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Control by convex distance

=

Var[dr (X7, A)] <1 Efron-Stein inequality !

P(dp (X7, A) — Edp (X7, A) > t] < et /4 exponential Efron-Stein inequality !.

Var[dr(XT, A 1 . :
Pldr (X7, A) — BEdr (X7, A) < —t] < | TEQ e <3 Chebyshev inequality
Bdy (X7, A) < ——
PO VP

t>V2>(t—2)%2 > t2/2 — 4log?2

Pldy(XT, A) > 1] < 2e 1 /8 fort>+/2and P[A] > 1/2

-
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L I I

Plan lll : Statistical learning applications

=

From exponential inequalities to the concentration of measure phenomenon
Concentration inequalities using the entropy method

Learning-theoretical applications
#® Fat-shattering VC-dimension

VC entropy

»

#® Conditional Rademacher averages
® Supremum of empirical processes
o

Moment inequalities using the generalized entropy method

-
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Where are we?

We hope (and have some evidence) that we have developped valuable tools for deriving talil
bounds for general functions of independent variables.

Z = f(X1,...,Xn)
ZW = f(X1,..., X! ..., Xn)
Z?; = fi(Xla- --;Xi—laXi—l—la- ..,Xn)

vVt =F [Z(Z - Z(i))212>z(i) | Xf’]

V=>(Z-2)

7

Var[Z] < E[VT] < E[V]

log]E[eMZ—E[Z])] < : ﬁ)‘w\ logE[e)‘V+/0]

We need to check that for some learning problems, either V or V * is manageable.
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Lecture lll: Roadmap

fConc:entra’[ion inequalities have proved helpful in statistical learning theory because they areT
key ingredients in the derivation of risk bounds for empirical risk minimizers in classification
and bounded regression.
Concentration inequalities for self-bounded functionals allow to prove that many of the
guantities that have been considered in order to quantify the complexity of a class of
functions, like the empirical VC-dimension, the empirical VC-entropy and conditional
Rademacher averages are sharply concentrated.
This paves the way to data-dependent estimation of the complexity of function classes,
which is of great importance in model selection.
The most important consequence of concentration inequalities concerns suprema of
empirical processes. The most refined versions of Talagrand’s concentration inequality for
suprema of empirical processes may be considered as process versions of Bernstein
inequality. They provide new insights on Vapnik-Chervonenkis inequalities.

o -
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Fat-shattering dimension

=

» Fat-shattering dimension fat( X7, v, F).
Given v > 0, and F, and sample X1, ... Xy, fat(X7, v, F) is the largest d such that there
exists {i1,...,i4} C {1,...,n} with

V(ei;)j<a €{—1,1}%, 3f€F, e, f(Xi;)>7.

Z =fat(X7',v, F)

& Fat-shattering dimension captures the complexity of a function class at certain scale on
a certain sample.
If a set of linear classifiers F separates a sample X1, ..., X, with margin~ > 0 :

V(G'L)'Lgn € {_17 1}n, Elf S ~7:7 ezf(Xz) > 8 then fat(XILD’Y:jE) =N,

Depending on the choice of kernels, on underlying distribution, fat(X7{,~, F) may scale very
differently with n. Is the fat-shattering dimension relatively stable?

fat( X7, v, F)

]E[fat(Xi”,%]-")] — J
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Fat-shattering dimension

» Fat-shattering dimension fat( X7, v, F).
Given v > 0, and F, and sample X1, ... Xy, fat(X7, v, F) is the largest d such that there
exists {i1,...,i4} C {1,...,n} with

V(ei;)j<a €{—1,1}%, 3f€F, e, f(Xi;)>7.

— fat(Xiza'Va f)

L Zisa configuration function: a «-shattered sub-sample witnesses the value of Z

With  Z; =fat(xX;~!, X7\ 1,7, F), 0<Z2-2Z;<1 & » Z-2;<Z.

£ 7 is sub-Poissonian !!! 1ogE[eA<Z—E[ZD] < E[Z]7*()\).

P(Z>EZ+t <
12 2 +]—eXp{ 2]EZ+21€/3

\— Forevery 0 < t<IEZ, P[Z<EZ-t]<
o< | <o [~

S. Boucheron Concen
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VC-entropy

o .

£ r:aclass of {—1, 1}-valued functions.
X1 asample.

Trace of F on X7 : {(bi)ign; (b;) € {—1,1}", If € F,b; = f(Xi)}
L The VC-entropy of F in X" is defined as:
Z = log, ‘{(bi)i§n§ (bi) € {—1,1}", 3f € F,b; = f(Xi)}‘
Z; is defined as
Z; = log, ‘{(bj)jﬁn,j;ﬁi;(bj) € {-1,13"71, 3f € F,b; = £(X;) Vj}‘
Obvious: 0< Z - Z; <1,

o -
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VC-entropy

o .

L pa probability on a finite set.

Shannon entropy of P H(P) = » ~ —P(i) logy P(i)

i
Shannon entropy is positive and maximal when P is uniform.

Notation H(X) = H(dist(X))
Conditional entropy H(X |Y) = E [H(dist(X | Y))]
Chainrule. H(X,Y)=H(Y)+ H(X |Y)
Conditionning H(X |Y) < H(X) ...decreasses Shannon entropy.

o -
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VC-entropy

o .

£ Han inequality.
n
—1 —1
D OHXD) -HX{TL X)) = ) HXG | X{7HX[y)
i i=1
n .
< DY CHXG | XY
i=1
< H(X7).

The uniform distribution on the trace of 7 on X7 defines a random element Y of {—1,1}"
L.
Z = H(Y{")

Z; is the Shannon-entropy of the uniform distribution on the trace of 7 on X;~', X7, ;.
Zi > H(Y{ ', Y1),

= Han inequality entails > . 7 — Z; < Z.

o -
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VC-entropy

=

The VC-entropy is a self bounded functional. It enjoys a sub-Poissonian behavior.
V<Z - VarZ] < E[Z]

iz VC-entropy may be almost-surely constant (half-spaces when samples are in general
position with probability one.)

i VC-entropy may be approximately Gaussian: samples of size n from the uniform
distribution on a shattered set of size an where « is fixed and n tends to infinity...

If we just know that the Z is a VC-entropy, the inequality is tight.

o -
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VC-entropy

-

L JF a VC-class of classifiers.

E[?lelg__‘z Lyxy)2y; — nB[1 f(X)#YH]

= [sup ‘Z ILf(X );éy — ZE, (X’ ;éY’:|

fer

|

< EE'[;‘;E’JZMX 2v: = Lycxpevy|

= EEE [;gg‘zez Lixoey: = Lioxper?)|]

= Bl [?23‘26% ol B [??}.‘Zezﬂﬂx nev |
_ 2E[E6[f€f e ]

The conditional Rademacher average only depends on the trace of 7 on X" ....

o -
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VC-entropy

o .

| X{"] < /2log|trace(F, X{)| X sup ¢ £ \/Zz 1sx;)£Y;

L.
Ee|supser ‘ 2ui€ilp(xi)v;

L Forafixed f € F E. [e’\| 2 cilp(x;)#y; ] < 2exp (% > ]lf(Xi);éYi) Hoeffding!

)

Revisiting the union bound: exp ()\IE] [ fetragg?;-“{ X | Z €l f(x,)2Y;
el | i

< E-e ()\ ma | . .
B [P J”Gtrace(]j-‘(,Xf)‘;ez F(X3)#Ys

< B[ X eXP(MZGiﬂf(Xi)#Yi

f €trace(F,XT") {

< > E[GXP (/\| 2_&lixny,

f €trace(F,X7T")

)
)

)\2
< 2ltrace(F, X7 (— 1 . )
< 2ltece(F XD max P (G 2 Lroxozr,

The bound follows by optimizing with respect to .
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VC-entropy

E[Z] = E ?22‘2 Lrx)#y; _”E[ﬂf@)#”m

IE- 2 log |trace(F, XT')| X sup 1 . ]
/2108 tace(F, X7) fg\/iij xRy

< \/E[2log|trace(]-",X{L)|]><\/ [supZ]lf(X)#y]

ferF

IA

< \/E[2log|trace(]-", X{‘)|] X \/sup nE([1L;x)2y] + E[Z]
fer

E[Z] < ]E[Q log [trace(ZF, X{L)I] + ?g;}nE[nﬂx)ﬂ}

» May be highly relevant if F is constituted by classifiers with law error rate (order 1/n).

Line of reasoning is at the origin of (some) localization procedures.

o -
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Rademacher complexity

The empirical fat-shattering dimension, and the empirical VC-entropy, are two capacity
concepts in statistical learning theory. Their relevance stems from their relationship to the

average value of sup re = >, L x,)2y; — nE[1r(x)2v] ‘

This relationship is proved using conditional Rademacher averages (symmmetrization).
Why shouldn’t we prove that conditional Rademacher averages are concentrated around
their mean value.

F : countable class of measurable centered real-valued functions of [—1, 1]-valued
functions..

Z:E[sup

| X7
feF

> ef(Xi)

7

€;: independent centered {—1, 1}-valued Random variables.

Zi =B sup |3 e; £(X;)| | Xi~t, X744
FEF | 4

o -
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Rademacher complexity

Zi = ]E[SUP > e f(X) + Eegei f(X5) |X{L]

TEF |ji

< E[ sup Zﬁjf(Xj) + €, f(X;)

FEF | j#

= Z

| X{"] Jensen

ZSEe[sup |Zejf(xj)|+1|xgl] — 7, +1.
FEF i

Y (Z—-2;) < Z triangle inequality.

1

-
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Rademacher complexity

Rademacher complexities are self-bounded functionals. They also enjoy sub-Poissonian
behavior.

V<Z - VarZ] < E|[Z]

For VC-classes, E[Z] ~ C'y/vCn.
E-S inequality implies that the typical fluctuations of Rademacher complexities. are of order
at most (dn)/4.

Again this may be too conservative.

o -
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Suprema of positive bounded empirical processes

o .

Z = sup »  f(Xi)

feEF S

where F is a set of positive functions, ...
Assumption sup ¢ sup,, f(z) <1

Z; = sup Y f(X;)

FE€F j#i

0<Z-2;<1 and » Z-2;<2Z.
7

Z is sub-Poissonian !!! logE[eA(Z_E[Z])] < E[Z]T*(\) .

t2
P(Z>EZ 4Lt < _
12 2 B2+ ]—eXp[ 2EZ—|—2t/3}

2
Forevery0<t<EZ, P[Z<BEZ—t]<exp|———|.
2EZ
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Suprema of positive bounded empirical processes

=

£ Gram matrix (Kernel-machines) G; ; = (X;, X;)
Let A\1 > X2 > ... > 0 denote the ordered sequence of eigenvalues of G.
What can we say about > 7, A; ?

It may be representeed as a supremum of a positive bounded empirical processes
1y : projection on subspace V.

r

STh= sup [Ty (X))

If the distribution of X< has bounded support, this is the supremum of a bounded positive
empirical process...

o -
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Suprema of bounded empirical processes

o .

& Suprema of empirical processes

sup | Y- (£(X:) — B (X)),

fer

1

where F may be a set of classifiers, regression functions, ...
Assumption sup ¢ sup,, |f(z)] <1

L The analysis of empirical processes are at the root of the Vapnik-Chervonenkis theory
of learning. More generally, they prove to be central in the annalysis of M-estimators.

The supremum is one among many quantities associated with an empirical process. Another
is the modulus of continuity.

£ Asthe supremum of an empirical process is the sup-norm of a sum of random vectors,
a natural question is: are there extensions of Bernstein inequalities for suprema of empirical
processes?

Using specifically modified logarithmic Sobolev inequalities, Rio and Bousquet have proved
that Bernstein inequality scales up to the vector-valued setting.
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Suprema of bounded empirical processes

o .

» Suprema of bounded empirical processes provide an exemple of a two-steps approach
of concentration inequalities:

e Compute a tractable upper-bound for Efron-Stein estimates.

e Analyse the concentration properties of this Efron-Stein estimate.

& vt <supper Y, E [(f(Xi) - f(X;))2] fE[f] =0forall f € F

VT < ;gng ) + ?EI}E[JC (Xz)]

£ The stochastic part of the upper-bound on V * is a supremum of a bounded positive
process !

logE[ >\V+} < A(E[sup Zf2 (X5)] —I—qup ]E[f2(X )]) + E[sup ZfQ )T (N).

fer fer

o -
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Suprema of bounded empirical processes

-
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Suprema of bounded empirical processes

-

=

< 2E - sup Zﬁif2 (Xz)] + sup Z]E[f2 (Xz)] symmetrization
L reF < feEF <

< 4E ?1615):; eif(Xz)] + ?1615)__15][]”2 (X@)] contraction
' A . 2(X.

< B[ sup | 32X E[f(X3)]]] + Jfgg;E[f (X3)]

log E [eAVﬁL]

<@+ Y (sup BIF2(X0)]) + 4" (V) + NE[sup > [£(X) — BIF(X)]]

— \feF

.

feF ™

-
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Suprema of bounded empirical processes

-

» Plugging
logE[eAVJr]
T* su 2(X; 7" su i) — i
< (2r+ (A))(fegEi:E[f (X)) + 4 () + NElsup 3 17(X0) = B

in exponential Efron-Stein inequality.
log E [eA(Z—E[Z]M—]

(B4 0) s Slre] 410+ i)
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Suprema of bounded empirical processes

=

£ The official concentration inequality for suprema of bounded empirical processes.
Talagrand (94,96), Leddoux (97), Massart(2000), Rio(2001), Bousquet (2002)

v—?lel;j)__ZE[ ]—l—QE[Z]

P{Z > B[] + V2w + g} <e®
£ This holds for very small classes as well as for large classes ...

rw What distinguishes large and small classes is IE[Z] not the concentration phenomenon.
ww [K[Z] may be analyzed using different techniques (chaining).

o -
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Moment inequalities

-
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oo 0 b0

Organization

=

From exponential inequalities to the concentration of measure phenomenon
Concentration inequalities using the entropy method
Learning-theoretical applications

Moment inequalities using the generalized entropy method

-
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oo 0 b0

Plan IV : when increments are not bounded

=

From exponential inequalities to the concentration of measure phenomenon
Concentration inequalities using the entropy method
Learning-theoretical applications

Moment inequalities

Beyond exponential inequalities

Main moment inequalities

¢-Sobolev inequalities

From ¢-Sobolev inequalities to moment inequalities

Rosenthal inequalities from ¢-Sobolev inequalities

e o oo 0 b0

Conditional Rademacher averages for general processes

-
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Where are we?

fThe entropy method (lecture Il) has allowed us to scale up Efron-Stein inequalities (lecture I)T
to the level of exponential moments. In lecture lll, we have illustrated the power of
exponential Efron-Stein inequalities by showing that some quantities that play a central role
in Vapnik-Chervonenkis theory of learning are indeed concentrated around their mean value.

Such results proved vvery helpful when understanding classification problems. However, the
concentration inequalities described in lecture I, took full advantage of some boundedness
assumptions.

In some settings (regression, SVM-soft-margin classification), assuming that everything is
bounded seems very restrictive. Hence there is a need to interpolate between Efron-Stein
and exponential Efron-Stein inequalities.

o -
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Lecture IV: Roadmap

|7Exponential inequalities prove powerless when dealing with sums of poorly integrable T
independent random variables. In order to get tail inequalities for such sums, we traditionally
resort to moment inequalities known as Rosenthal-Pinelis inequalities. The aim of this
lecture is to describe the generalized entropy method. This generalized entropy method
provides upper-bound on the gth norm of functions of many independent random variables.

The approach is to relate the qth norm of some functional of independent random variables,
with the gth norm of the square root of V+ (the quantity which shows up in the Efron-Stein
upper-bound), and then to upper-bound ||[vV T+ ||,.

The relationship between ||(Z — E[Z])+ ||, and ||V T||4, interpolates between Efron-Stein
inequality and modified logarithmic Sobolev inequalities. It is proved by resorting to
functionals called ¢-entropies that generalize both entropy and variance. Those functionals
called ¢-entropies enjoy a duality property that warrants that they also enjoy the
tensorization property. Using tensorization and optimization, it is thus possible to show that
product probability distributions enjoy ¢-Sobolev inequalities that may be used to derive
moment inequalities.

o -
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Inspirations

-

® The Martingale approach is well-adapted to derive moment inequalities.
Recall: (F;) = o(X?)-algebra.
(Mi = IE)[Z|]—“7;]) _is an F;-adapted martingale.
(Z)y => (M; — M;_1)>.

1=1

Burkholder inequalities

12 ~ElZ]l, < (a = Dy/I@)llg2 = (=1 | VB -

o -
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Inspirations

-

® Burkholder inequalities

12 ~ElZ]l,, < (= Dy/ID)llg = (=1 | V(@) -
® Efron-Stein inequalities
A i 2 n
V2SR [(Z —Z9) 1, 50 | Xl]

Var(Z) < E [V*].

What about other moments?

o -
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Inspirations

Burkholder inequalities

12 ~ElZ]l,, < (= Dy/ID)llg = (=1 | V(@) -

Efron-Stein inequalities
Var(Z) <E[VT].

What about other moments?

Exponential Efron-Stein inequality.

_|_
1og]E[e/\<Z—E[Z]>]§1>‘9)\9 1og]E[e“5 } for A € (0,1/6).

Requires exponential integrability of VT,

-
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Inspirations

Burkholder inequalities

12 ~ElZ]l,, < (= Dy/ID)llg = (=1 | V(@) -

Efron-Stein inequalities
Var(Z) <E[VT].

What about other moments?

Exponential Efron-Stein inequality.

A6
1 — X6

_|_
1og]E[e/\<Z—E[Z]>]§ log]E[eMg} for A € (0,1/6).

Requires exponential integrability of VT,

Goal: Burkholder-type inequalities relating the gth norm of Z with the ¢/2th norm V" or

vt J
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The case for moment inequalities

o .

® Goal: relate the integrability of Z with the integrability of V .
Viewing Burkholder inequalities, it is reasonable to assume that Z is as integrable as

VvV,

It seems highly desirable to get a sharp dependence on gq.

o -
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The case for moment inequalities

o .

® Goal: relate the integrability of Z with the integrability of V .
Viewing Burkholder inequalities, it is reasonable to assume that Z is as integrable as

VvV,

It seems highly desirable to get a sharp dependence on gq.

® Moment inequalities might be interesting per se:

11, \?* . E|eM]
P{Z >t} < min tq < inf
q

o -
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9

The case for moment inequalities

=

Goal: relate the integrability of Z with the integrability of V.
Viewing Burkholder inequalities, it is reasonable to assume that Z is as integrable as

VvV,

It seems highly desirable to get a sharp dependence on gq.

Moment inequalities might be interesting per se:

12,0\ EBleM]
P{Z >t} < min 21 <inf

q t A et

The relationship between || Z||, and q reflects the tail behavior of Z.
“Equivalence of moments” principle asserts that || Z||, grows slower than ¢ iff Z1/4 is
exponentially integrable.

-
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The case for moment inequalities

=

Goal: relate the integrability of Z with the integrability of V.
Viewing Burkholder inequalities, it is reasonable to assume that Z is as integrable as

VvV,

It seems highly desirable to get a sharp dependence on gq.

Moment inequalities might be interesting per se:

12,0\ EBleM]
P{Z >t} < min 21 <inf

q t A et

The relationship between || Z||, and q reflects the tail behavior of Z.
“Equivalence of moments” principle asserts that || Z||, grows slower than ¢ iff Z1/4 is
exponentially integrable.

Moment inequalities with a tight dependence on g provide Bernstein-like inequalities.

d 2/1
. : ) dt
1(Z-EZ)sll, <> A/? P{Z>E[Z]+1)<exp <— log 2 min <2A.)
1=1 = 7

r
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Main inequalities

g€ N,q > 2.

® Gaussian type behavior, bounded-difference inequality.

fVt<ec then ¢>2, [[(Z—E[Z])4], < ac.

o -
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Main inequalities

g€ N,q > 2.

® Gaussian type behavior, bounded-difference inequality.
iVt <ec then ¢>2, [|(Z-E[Z])+]l, < ac.

® Burkholder-like inequality

|z =B, |, < vaa|VF

o -
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Main inequalities

g€ N,q > 2.

® Gaussian type behavior, bounded-difference inequality.
iVt <ec then ¢>2, [|(Z-E[Z])+]l, < ac.

® Burkholder-like inequality

|z =B, |, < vaa|VF

® Burkholder-like inequality (I1)
It Z;, < Z for all 7,

|z - B, |, < vaa V7.

o -
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Scheme of Proof

Modified ¢-Sobolev inequalities.

The milestone in the proof of the Burkholder-like inequalities is a relationship with the
following flavor:

q > 2 and « satisfies ¢/2 < a < g —1. Then

E[(Z-E[2)}] - E[(Z-E[2)5] v < @E v(z-E[2)]7],
Letting ¢(x) = 9/, this translates into
B[p((2-E(2)3)] - ¢ (B[z-EB2)3]) < "BV @z -E@)I?),

For ¢ = 2 and a = 1, this is (almost) Efron-Stein !!!

o -
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Scheme of Proof

In order to establish Burkholder-like inequality, we proceed by induction on ¢. At each step

we take o = ¢ — 1, that is ¢(z) = z2/(a—1),
i When dealing with moments of high order, we consider functions ¢ that get closer and

closer to x log x.

O I O R s |

o -
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Scheme of Proof

|7In order to establish Burkholder-like inequality, we proceed by induction on ¢. At each step T
we take o = ¢ — 1, that is ¢(z) = z2/(a—1),
i When dealing with moments of high order, we consider functions ¢ that get closer and
closer to x log x.

]q/(q—l) n q

E((Z-E[2)}] < E|Z-E[z)]" CE v(z-E[2)T7],

Holder
12 [(Z — E [Z])(_J*_] <E [(Z _ [Z])(—Jl—_l]q/(q_l)

+ gIEJ [Vq/2]2/q E [(Z _E [Z])i] (9—2)/q |

- -
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Scheme of Proof

fH6Ider T

E [(Z —E [Z])i] < E [(Z _ R [Z])z—_l]q/(q_l)

(¢—2)/q

1"z -Bizpl]

+ B[V

mq £11(Z = B[2)+ ], and vy £ ||VT]| .

e Base case : Efron-Stein: mo < vs.

e Assume mgy—1 < /3(q¢ — 1)vg—1,

3@
IN
3
!
S

o
-
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Modified ¢-Sobolev inequalities

® : functions ¢ on R (

e convex and continuous,

e twice differentiable on (0, 4+o0),
e ¢’ is positive ,

e 1/¢" is concave.

Latala and Oleskiewicz)

¢-entropy. Hy(Z) = E[p(2Z)] — ¢(E[Z]) .

Examples :

H, logm(Z) = E[Zlog Z] — E[Z]log E[Z]
Heo(7) = E27]- (BZ)P pe(,2).

o -
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Modified ¢-Sobolev inequalities

fTensorization of ¢-entropy. T
<ZIE)[ [ Z) | xi71, X”+1]—¢(]E [Z|X{—1,X?+1])] .

H¢(Z)<ZH¢Z|X LX)
=1
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Modified ¢-Sobolev inequalities

Tensorization of ¢-entropy.

< 3w [pfo X7 x] -o (821 X7 x])]

Duality and ¢-entropy.

H is convex and continuous in L.
Obvious when the base space is discrete.

Hy(Z2) = swp  {B[(¢'(T) — ¢/ B[T))(Z-T) + ()] — ¢(®[T]) } .

TEL] , T#0

The duality representation implies that H 4 is convex and lower-semi-continuous.
This is the basis of a Jensen-like property:

H(E[Z | X1]) < H(Z | X2)

o -
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Modified ¢-Sobolev inequalities

Duality and ¢-entropy.

H is convex and continuous in L7 .
Obvious when the base space is discrete.

Hy(2) = sup  {B[(¢'(T) - ¢ (B[T))(Z-T) + ()| - ¢BT) } .

TeL, T#0

The duality representation implies that H 4 is convex and lower-semi-continuous.
This is the basis of a Jensen-like property:

H(E[Z | X1]) < H(Z | X2)
Examples.

Hy(Z) = sup{E[(log(T)—log(B[T)) Z]} for 4(a)=zloga

) S sup {pB |7 (TP — B[T)P™!)| ~ (p = 1) Hy (T}, for (x) =a” o
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Modified ¢-Sobolev inequalities

Optimization.

If $ € @, then both ¢’ and = — (¢ (z) — ¢ (0)) /= are concave functions on R, .

o -
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Modified ¢-Sobolev inequalities

Optimization.

If $ € @, then both ¢’ and = — (¢ (z) — ¢ (0)) /= are concave functions on R, .

o -
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Modified ¢-Sobolev inequalities

Optimization.

If $ € @, then both ¢’ and = — (¢ (z) — ¢ (0)) /= are concave functions on R, .
Let ¢ denote the function x — (¢ (z) — ¢ (0)) /=.

Hy (f(2) <E[VTF2(2)y' (f(2))] ifyo fis convex.

o -
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Modified ¢-Sobolev inequalities

Optimization.

If $ € @, then both ¢’ and = — (¢ (z) — ¢ (0)) /= are concave functions on R, .
Application : f (z) = exp (Az) and ¢ (x) = xlog (z) :

H, log (eAZ> < NE [V+ exp (/\Z)] ;

Let g > 2 and let a satisfy ¢/2 < a < g — 1. Then

E|(z-E[2)}] <

E[(Z-E[2)] Ve, (q; 8 v(z-E[Z2)T?],

o -
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Khinchine inequalities (warm-up)

. non-negative constants,

ai,...,0an
X1,...,Xn independent Rademacher variables.

fZ =>%7" 1a; X
then for any integer g > 2,

1(Z2)+1lq = [1(2)-1],

i Optimal constants can be obtained using hypercontractivity arguments.

Vvt <e, 1(Z—E[Z])4l, < Ve

n

n n
VI =S B (a:(X — X)) | Xi] =2 a?le,x,50 <2 a7,

o -
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Rosenthal-Pinelis inequalities

l7Rosen’[haI-PineIis inequalities deal with suprema of empirical processes in the absence of T
uniform boundedness assumption.
Let F : a countable class of measurable functions from X — R.
X1,...,Xn :independent X-valued random variables such that for all f € F, Ef(X;) = 0.

2 = E[sup) fA(X)
Fo

= B[S P
f ;
M = sup|f(X;)]

In Talagrand’s inequality, M is assumed to be bounded.
Here, integrability of M is related wit integrability of Z.

i=1 ol J
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Rosenthal-Pinelis inequalities

> (X))

1=1

Z = sup
feEF

The application of Burkholder like inequality leads to:

1(Z = E[Z]) 4], <v/6a(+0) +6a(|IMIl, + sup_|F(Xo)ll,)
i, feF

121l < 2EZ 4+ 20+/6¢g + 60q||M|, + 4v/3q|M]];

-
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Rosenthal-Pinelis inequalities

n

> (X))

1=1

Z = sup
feEF

Z —E|Z Y i 3
12 = B2+, <VBa(S+0) +6a(IM], + sup_1F(X)ll,)
As E[f] =0forall f € F:

vt < (X E|f2(X;)| = (X)) + 07
< sup 37 F20X0) + sup (X)) sup 348X +

VV+ < sup sup Zaif(Xi)+a.
fe}—azzia,%gl i

Applying the second Burkholder-like inequality again:

sup  sup > aif(Xi)|| < Z++/3qlM],

FEF a3, aggl i

q

-
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Rosenthal-Pinelis inequalities

121l < 2EZ 4+ 20+/6¢g + 60q||M|l, + 4v/3q|M]|;

To get this inequality, need to relate X, [E[Z] and o

In the uniformly bounded case, symmetrization and the contraction principle were enough.
We need a new ingredient.

Hoffman-Jorgensen inequality.
Leteq,...,en denote independent Rademacher variables.

Let A > 4 and define tp = /AE [M?2].

1
[sup|Z€zf supf|f(X )|>t0| > (1_2/\/—)2E[M2] .

-
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IN

IA

IN

IN

IN

IN

Rosenthal-Pinelis inequalities

E [Sl}p|zi: £2(Xs) — E[f2(Xs)] ‘] + S‘}P I {XZ: f2(Xi)]

o? 1+ 2% sup Zﬁif2(
| f S

Xi)‘:|

o® + 2E |sup ZeifQ(X’i)]lsupf |F(X3)|<to |]

L 55

+2 [sgp\Zeiﬂ(Xi)ﬂsupf £ >t |

o + 4ty E sup‘Zeif(X
Wi

o + 4t E -sup‘z e; f(X
| F 5

o + 8/ AE [M2]||Z||, +

2
(1 —2/v/X)2

1:)|_ +2E[St}p Zezf (Xi)Lsup , | £(x; )|>t0|:|
2
+ 3 _/\/2)2E[M2]

-

’]
|: S. Boucheron Concentration Inequalities, August, 2003 — p.44/4°



Rademacher complexity

JF : countable class of measurable centered real-valued functions.
Z:E[sup e f(X;) |X”]

M = sup |f(X;)] .
i, f

Tools derived from Burkholder-like inequalities:

v <wz, |(Z-Elz)+l, <2\/alWl,ElZ]+2q¢|W], .

o -
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Rademacher complexity

Tools derived from Burkholder-like inequalities:

vV <wz, |[(Z-ElZ)+l, <2\/alWl,ElZ]+2q|W], .

ZZ:E[sup Zejf(Xj) |X(i)]
fEF |
J7#e
Vi, 0 < Z - 2 < M&Y Z - Zi < Z3V<MZ.
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Rademacher complexity

Tools derived from Burkholder-like inequalities:

vV <wz, |[(Z-ElZ)+l, <2\/alWl,ElZ]+2q|W], .

Hence:

1(Z = E2))+1l, < 2y/alMI|, EIZ] +2q ]| M]l, -

If F is uniformly-bounded, conditional Rademacher averages have sub-Poissonian tails.
If 7 is a VC-class of VC-dimension d, E [Z] < C+v/dn, and

t2

P{Z>E|[Z]+t} < e NEEZIFI .

If the maximum of n envelops of F is g-integrable, so is Z.

o -
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