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0< X; <1 independent

P(Sh > E(Sy) +1) <e /2 t>0

Hoeffding's inequality

same as for X; standard Gaussian

central limit theorem
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\/ﬁ
F(X)=F(Xy,...,X,), F:R" =R 1-Lipschitz

Xi,..., X, independenty standard Gaussian
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concentration inequalities on

P(]Z—E(Z)] > t), t>0
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S. Boucheron, G. Lugosi, P. Massart (2005)

P.-M. Samson (2000) (dependence)
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recent studies of

random matrix and random growth models

new asymptotics

common, non-central, rate (mean)'/3

universal limiting Tracy-Widom distribution

random matrices, longest increasing subsequence,

random growth models, last passage percolation...
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multivariate statistical inference
principal component analysis
population (Y1,..., Yy)
Y; vectors (column) in RM (characters)
Y =(Y1,..., Yn) M x N matrix
sample covariance matrix Y Y (M x M)

(independent) Gaussian Y : Wishart matrix models
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Y = (Yij)lg,'gl\/ugjgl\/ iid E(Y,J) =0, E(Yi) =1

center of interest : eigenvalues 0 < )\{V < < )\,’y/,
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Ay = Wk eigenvalues of I Y vt
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asymptotics M = M(N) ~ p N N — oo
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(complex) Frw(s) = exp ( — /:o(x - s)u(x)zdx>, seR

u" =2u3 + xu  Painlevé Il equation

density



mean ~ —1.77

Frw(s) ~ e /12 as s — —0

1— Frw(s) ~ e 4?3 a5 s 40

density (similar for real case)
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L. Erdos, H.-T. Yau (2009-12) (and collaborators)

local Marchenko-Pastur law

T. Tao, V. Vu (2010-11)

Lindeberg comparison method

symmetric matrices
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X = Xi)i<ijem M x M symmetric matrix

eigenvalues A\; <--- <Ay

M
F:X — Trf(X)=> f(\) Lipschitz
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PN —EWN;))>1t) < Ce ', t>ClogM,0<6<1

T. Tao, V. Vu (2012)



non-Lipschitz functions f

typically f=1;,, [ CR interval

Z FON)=#{\Y eI} =N,  counting function

M
k=1

Wishart matrices (determinantal structure)

I interval in (a,b)
1
V6eg M

(N —E(N))| — G Gaussian variable
exponential tail inequalities
P(M_E(M) > t) < Ce—ctlog(l—&-t/logl\/l)’ t>0

Var(N;) = O(log M)
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two main questions and objectives

tail inequalities for the spectral measure

P(%f@ﬁ’) > t)

k=1

tail inequalities for the extremal eigenvalues

]P(X;\Vﬂ > b(p) +¢)

Wishart matrices

more general covariance matrices
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extremal eigenvalues

largest eigenvalue /\m = maxi<k<m )\LV

~ AN
M= = bp)=(1+yp)  M~pN

fluctuations around b(p)

complex or real Gaussian (Wishart matrices)
MR = b(p)] = C(p) Frw
Frw C. Tracy, H. Widom (1994) distribution

K. Johansson (2000), I. Johnstone (2001)
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tail inequalities for the extremal eigenvalues

fluctuations of the largest eigenvalue
M23[XR = b(p)] = C(p) Frw ~ M~ pN

finite M inequalities

1/3

at the (mean)"/° rate

reflecting the tails of Fpw

bounds on  Var( X’,\\ﬂ,)



measure concentration tool



measure concentration tool

(Gaussian) Wishart matrix Y Y*



measure concentration tool

(Gaussian) Wishart matrix Y Y*

A= max AN = sup |Y v|?
1<k<M lv|=1

sy = /AL, Lipschitz of the Gaussian entries Y



measure concentration tool

(Gaussian) Wishart matrix Y Y*

A= max AN = sup |Y v|?
1<k<M lv|=1

)\N Lipschitz of the Gaussian entries Yj;

SM—

Gaussian concentration



measure concentration tool

(Gaussian) Wishart matrix Y Y*

A= max AN = sup |Y v|?
1<k<M lv|=1

sy = /AL, Lipschitz of the Gaussian entries Y

Gaussian concentration



measure concentration tool

(Gaussian) Wishart matrix Y Y*

A= max AN = sup |Y v|?
1<k<M lv|=1

sy = /AL, Lipschitz of the Gaussian entries Y

Gaussian concentration

correct large deviation bounds (t > 1)



measure concentration tool

(Gaussian) Wishart matrix Y Y*

A= max AN = sup |Y v|?
1<k<M lv|=

sy = /AR, Lipschitz of the Gaussian entries Y
Gaussian concentration
IP’( >E(S )+t)§e_"“2/c, t>0

E(sp) ~ v/b(p)

does not fit the small deviation regime t = sM~2/3



extreme eigenvalues

alternate tools



extreme eigenvalues

alternate tools

Riemann-Hilbert analysis (Wishart matrices)

tri-diagonal representations (Wishart and [3-ensembles)

moment methods (Wishart and non-Gaussian matrices)



extreme eigenvalues

alternate tools

Riemann-Hilbert analysis (Wishart matrices)

tri-diagonal representations (Wishart and /-ensembles)

moment methods (Wishart and non-Gaussian matrices)
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bounds for Wishart matrices

tri-diagonal representation

B. Rider, M. L. (2010)
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B. Rider, M. L. (2010)



M3 X3 = b(p)] = C(p) Frw
]P(Xm < b(p)+s M*2/3) — Frw(Cs)
bounds for Wishart matrices

tri-diagonal representation

B. Rider, M. L. (2010)
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P(Xf\\’,, < b(p)+s M—2/3) ~ Frw(Cs)
bounds for Wishart matrices
P(AN > b(p)+¢) < Ce™M?/C p<e<t
P(AN < b(p) —€) < Ce™MP/C 0<e<b(p)
fit the Tracy-Widom asymptotics (¢ = s M~2/3)

—s3/2/C

1— Frw(s) ~e (s = 400)

Frw(s) ~ e 5/C (s = —o0)

Var( XM) = O(#)



M?3[ X} — b(p)] — C(p) Frw

bp) = (1+p)*

TN _\N
Av =Am/N,  M=M(N)~pN

(VMN)'E iy
(\/M+\W)4/3< M — (\/74-\/7)) — Frw



M3 = b(p)] — C(p) Frw

b(p) = (1+ vp)?

(\/W)l/3
T i O (VW VAR) S Fr
N+1>M 0<e<l

1/4
Mo = (VM + VNP1 +2)) < C e VMNE(EA () /e

1/2
Mo < (VM + VNP1 =€) < CeMNEEA(H) /C
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bi and tri-diagonal representation

XN
X(M-1)
B = 0
0
X(N—l)a - X1,

0 0
XN-1 0
X(M—=2) XN-3
0 .
%(M—l)v ... 75\(/1

0
0
0
0
X2 XN-M+2 0
0 X1 XN—M+1

independent chi-variables



bi and tri-diagonal representation

XN 0 0
X(M-1) Xxn-1 0
B_ 0 X(M—=2) XN-3
: 0 :
0
X(N=1)s -5 X1, %(Mfl)v"'vil
B B*  same spectrum as

0
0

X2
0

independent chi-variables

YY!

XN—M+2
X1

0

0
XN—M+1

(Wishart)
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bi and tri-diagonal representation

XN 0 0 . . 0
X(mM-1y Xnv-1 0 0 :
B_ 0 X(M—2) Xxn-3 O
. 0 0
: X2 XN-M+2 0
0 0 X1 XN—M+1
X(N—1)s--+s X1, X(M—1),---> X1 independent chi-variables

B B' samespectrumas Y Y! (Wishart)
H. Trotter (1984), A. Edelman, I. Dimitriu (2002)

extension to [-ensembles
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O. Feldheim, S. Sodin (2010)

largest eigenvalue (symmetric, subGaussian entries)

P(AY > b(p) +¢) < CeM*/C 0<e<1

below the mean?



bounds for non-Gaussian entries
moment method  E(Tr((YY*)P))

O. Feldheim, S. Sodin (2010)

largest eigenvalue (symmetric, subGaussian entries)

P(AY > b(p) +¢) < CeM*/C 0<e<1

below the mean?

necessary for variance bounds
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S. Dallaporta (2012)



variance level

Var( M) = O(#)

S. Dallaporta (2012)

comparison with Wishart model
localization results L. Erdos, H.-T. Yau (2009-12)

Lindeberg comparison method T. Tao, V. Vu (2010-11)



smallest eigenvalue

soft edge M= M(N)~pN, p<1
2
a(p) = (1 - v7)
:;’ el
|




smallest eigenvalue

soft edge M= M(N)~pN, p<1

alp) = (1-vp)®

1|
|

P(AY <a(p)—e) < Ce M€ 0<e<t

IP(X{V > a(p) +e) < Ce M€ 0<e< a(p)

Wishart matrices B. Rider, M. L. (2010)



smallest eigenvalue

hard edge M=N, p=1

alp) = (1-vp)* =0

§38%
ELLE




smallest eigenvalue

hard edge M=N, p=1

alp) = (1-vp)* =0

3387
ELLE

0
0.5
1

~ 1 o
P(A{V < W) < Cye+Ce N
large families of covariance matrices

M. Rudelson, R. Vershynin (2008-10)
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