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Notation

N “ t1, 2, 3, . . . u is the set of positive integers.

Ă means ‘is subset of’, i.e., the same thing as Ď.

If X and Y are two sets, then X ´ Y denotes the set of elements in X which are not in Y .

All rings are commutative with 1.

Ring maps are required to send 1 to 1.

The zero ring is not an integral domain (and hence not a field).

For a ring A, we write Ap and Af for the localizations in the multiplicative sets S “ A´ p
and S “ t1, f, f2, . . . u respectively. Thus, Zppq “ ta

b
| p ∤ bu and Zp “ Zr 1

p
s.

The fraction field of an integral domain A is denoted by KpAq.

A ‘map’ is a morphism in the relevant category, e.g., a ‘map of rings’ is ring homomorphism.

We will occasionally write A “ B if there is a canonical isomorphism A » B. So for
instance, Z bZ Z “ Z.

If C is a category, we denote its opposite category by Cop. This category has the same objects
as C, but for any pair of objects, the morphisms from X to Y in Cop correspond to the
morphisms from Y to X in C.

3
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1

Algebraic sets

In this chapter, we discuss algebraic sets and affine varieties, which will serve as the main
motivating examples in the theory of schemes. We will confine ourself to the basic definitions,
examine a few key examples, and establish notation for later chapters. As we progress through
the book, we will develop the theory of varieties in greater depth.

1.1 Algebraic sets

Algebraic sets and affine varieties are defined over a fixed ground field k. In this chapter, we
will assume that k is algebraically closed. It is useful to keep some specific fields in mind, e.g.
the field of complex numbers C, the field of algebraic numbers sQ, or perhaps the algebraic
closure of a finite field, sFp.

We will denote the set kn by Anpkq, and refer to it as the affine n-space. The change in
notation is meant to underline that there is more to Anpkq than just the set of its elements; it
will soon be equipped with a topology, and ultimately, it will be a scheme. The elements of
Anpkq will be called points.

Definition 1.1. For a subset S of krx1, . . . , xns, we define its zero set as

ZpSq “ tP P Anpkq | fpP q “ 0 for all f P S u.

An algebraic set is a subset of Anpkq of this form.

If f1, . . . , fr P S, then every polynomial of the form
řr

i“1 bifi, with the bi’s being
polynomials, also vanishes at the points of ZpSq. This means that the zero set of the ideal a
generated by the elements of S is the same as ZpSq; that is, ZpSq “ Zpaq. We will therefore
almost exclusively work with ideals and tacitly replace a set of polynomials by the ideal they
generate. Hilbert’s basis theorem (Theorem A.21) tells us that any ideal in krx1, . . . , xns is
finitely generated, so an algebraic subset is always described as the set of common zeros of
finitely many polynomials.

The more constraints imposed, the smaller the solution set will be, so if a and b are two
ideals with a Ă b, one has Zpbq Ă Zpaq. The assignment a ÞÑ Zpaq therefore defines
an inclusion-reversing map from the partially ordered set of ideals in krx1, . . . , xns to the
partially ordered set of subsets of Anpkq.

Under this correspondence, different ideals can define the same algebraic set. For instance,
the ideals pxq and px2q in krxs, both have the origin in A1pkq as their zero set. To deal with

4
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1.1 Algebraic sets 5

this ambiguity, we recall the radical
?
a of a, which is defined by

?
a “ t f | f r P a for some r P N u.

For a point P P Anpkq and a polynomial f , we have f rpP q “ 0 for some r ą 0 if and only
if fpP q “ 0, so see that Zpaq “ Zp

?
aq. Two ideals with the same radical therefore have

the same zero sets. In fact, Hilbert’s Nullstellensatz, which we will state below, tells us that
the converse holds as well.

Here are a few basic properties of the zero sets of ideals:

Proposition 1.2. Let a and b be two ideals and taiuiPI a collection of ideals in the
polynomial ring krx1, . . . , xns. Then:

(i) If a Ă b, then Zpbq Ă Zpaq

(ii) Zp
ř

iPI aiq “
Ş

iPI Zpaiq
(iii) Zpabq “ Zpa X bq “ Zpaq Y Zpbq

(iv) Zpaq “ Zp
?
aq.

Proof We have already proved (i) and (iv). For item (ii): P P
Ş

iPI Zpaiq if and only if
fpP q “ 0 for all f P ai and all i P I . This is equivalent to fpP q “ 0 for all f P

Ť

iPI ai.
Since

ř

iPI ai is the ideal generated by
Ť

iPI ai, so (ii) follows.
For (iii), we have ab Ă a X b and a X b is contained in both a and b. This shows that

Zpaq Y Zpbq Ă Zpa X bq Ă Zpabq. Conversely, if P R Zpaq Y Zpbq, then there exist
f P a and g P b so that fpP q ‰ 0 and gpP q ‰ 0. But then pfgqpP q ‰ 0, and hence
P R Zpabq.

The identities (ii) and (iii) tell us that finite unions and arbitrary intersections of algebraic
sets are again algebraic. Furthermore, as Anpkq “ Zp0q and H “ Zp1q, the algebraic sets
constitute the closed sets of a topology on the affine space Anpkq. It is called the Zariski
topology.

If X Ă Anpkq is any subset, we get an induced Zariski topology on X by declaring that
the closed sets of X are of the form X XW , where W is a closed set in Anpkq.

Examples

Example 1.3. The affine space A1pkq is called the affine line. Every proper nonzero ideal in
krts is principal, generated by some polynomial f . Since k is algebraically closed, f factors
as a product pt ´ a1q ¨ ¨ ¨ pt ´ arq, and its zero set Zpfq is exactly the finite set of roots
ta1, ..., aru. Conversely, any finite set of points arises this way. Hence, the closed subsets of
A1pkq are precisely the finite sets and the whole space.

This means that the Zariski topology on A1pCq behaves very differently from the usual
topology on C. For instance, A1pCq is not Hausdorff - any two non-empty open sets must
intersect. △

Example 1.4 (Plane conics). Plane conics are classical examples of algebraic sets. They
are defined by a single quadratic equation in A2pkq. Three familiar examples include (i) the
circle x2 ` y2 ´ 1 “ 0; (ii) the parabola y ´ x2 “ 0; and (iii) the hyperbola xy ´ 1 “ 0.

Note also the conic x2 ` y2 ` 1 “ 0, which has no solutions when say k “ R. However,

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

6 Algebraic sets

over C, it becomes equivalent to xy ´ 1 “ 0, by the change of variables u “ x ` iy,
v “ ´x ` iy. In fact, when k is algebraically closed of characteristic ‰ 2, any conic can
be transformed via a linear change of coordinates to one of the types x2 ` y2 ` 1 “ 0,
y ` x2 “ 0, x2 “ 0, xy “ 0 and x2 ` 1 “ 0. △

Example 1.5. A more interesting example is the so-called Clebsch cubic surface; the alge-
braic set in A3pCq defined by the equation

x3 ` y3 ` z3 ` 1 “ px` y ` z ` 1q3.

The real points of the surface, i.e. the points in A3pRq satisfying the equation, is depicted
below. This surface contains 27 lines, all defined over the real numbers. △

Figure 1.1 The Clebsch cubic surface

1.2 Hilbert’s Nullstellensatz

For a subset V Ă Anpkq, we can consider the set of all polynomials which vanish at every
point of V :

IpV q “ t f P krx1, . . . , xns | fpP q “ 0 for all P P V u. (1.1)

Note that IpV q is naturally a radical ideal of krx1, . . . , xns. Moreover, if W Ă V , then
IpV q Ă IpW q.

We thereby have two inclusion-reversing mappings betwen the sets of radical ideals a
and the sets of closed sets of Anpkq: a ÞÑ Zpaq and X ÞÑ IpXq. The precise relationship
between them is explained by Hilbert’s Nullstellensatz:

Theorem 1.6 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field. Then
the map

␣

radical ideals a Ă krx1, . . . , xns
(

ÝÝÑ tclosed sets X Ă Anpkqu (1.2)

defined by a ÞÑ Zpaq is a bijection, with inverse defined by X ÞÑ IpXq.

To prove the theorem, we have to show that ZpIpXqq “ X for an algebraic set X and
IpZpaqq “

?
a for any ideal a. Three of the four required inclusions are straightforward, and

hold for any field k:
(i)

?
a Ă IpZpaqq: If f P

?
a, then f r P a for some positive integer r. Therefore,

f r vanishes on Zpaq and hence f also vanishes on Zpaq. Hence f P IpZpaqq.

https://tinyurl.com/yc5y6dwp
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1.2 Hilbert’s Nullstellensatz 7

(ii) X Ă ZpIpXqq: If P P X , then by definition of IpXq, fpP q “ 0 for all
f P IpXq. Therefore, P P ZpIpXqq.

(iii) ZpIpXqq Ă X: Write X “ Zpaq for an ideal a. Then by (i), we have
IpZpaqq Ą

?
a Ą a. Taking zero loci, ZpIpZpaqqq Ă Zpaq, or equivalently,

ZpIpXqq Ă X .
Thus the real content of the Nullstellsatz is that if k is algebraically closed, then the inclusion
?
a Ă IpZpaqq is an equality. This means that

?
a is exactly the set of polynomial functions

which vanish on the closed set Zpaq.
We will deduce Theorem 1.6 from the following algebraic result, which is a consequence

of Noether’s Normalization Lemma. (See Theorem A.38 for a proof)

Theorem 1.7. Let k be a field and let K be a finitely generated k-algebra. If K is also a
field, then K is a finite field extension of k.

In particular, if k is algebraically closed, then there are no non-trivial algebraic field
extensions, and so K “ k.

As a first consequence, we have the following result, which tells us that Zpaq is non-empty
whenever a is a proper ideal:

Theorem 1.8 (Weak Nullstellensatz). Let k be an algebraically closed field.
(i) Every maximal ideal in krx1, . . . , xns is of the form

m “ px1 ´ a1, . . . , xn ´ anq

for some point pa1, . . . , anq in Anpkq.
(ii) For an ideal a, the zero set Zpaq is empty if and only if a “ p1q.

Proof (i): By Theorem 1.7, the field krx1, . . . , xns{m is a finite extension of k, hence equal
to k because k is assumed to be algebraically closed. For each i “ 1, . . . , n, let ai P k denote
the image of xi under the quotient map π : krx1, . . . , xns Ñ krx1, . . . , xns{m “ k. Then
clearly all the polynomials xi´ai belong to the kernel m of π. Since px1 ´a1, . . . , xn´anq

is already a maximal ideal, it must be equal to m.
(ii): If a “ p1q, then clearly Zpaq “ H. Conversely, if a is a proper ideal, there is a

maximal ideal m in krx1, . . . , xns containing it. By (i), m has the form px1´a1, . . . , xn´anq,
and consequently pa1, . . . , anq P Zpaq, and so Zpaq is not empty.

Proof of Hilbert’s Nullstellensatz To prove the theorem, it is sufficient to prove that for any
ideal a Ă krx1, . . . , xns, we have

IpZpaqq Ă
?
a.

Let f P IpZpaqq and consider the k-algebra obtained by inverting f and modding out by a:

A “ krx1, . . . , xn, ts{pa ` ptf ´ 1qq.

If A ‰ 0, then there is a maximal ideal m Ă A. By the Weak Nullstellensatz, m corresponds
to a point pa1, . . . , an, bq P An`1pkq such that pa1, . . . , anq P Zpaq and b ¨fpa1, . . . , anq´

1 “ 0. In particular, fpa1, . . . , anq ‰ 0, which contradicts the hypothesis f P IpZpaqq.
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8 Algebraic sets

We deduce that A “ 0. But note that A is isomorphic to the localization krx1, . . . , xns{a
in the multiplcative set S “ t1, f, f2, . . . u. Therefore, if A “ 0, then there is some n P N,
so that fn P a, and hence f P

?
a.

Example 1.9. It is important to note that Hilbert’s Nullstellensatz only holds when the ground
field is algebraically closed. For instance, consider the ideal a “ px2 ` y2 ` 1q in Rrx, ys,
corresponding to the conic with no real points from Example 1.4. To vanish at the empty
set is an empty condition, so IpZpaqq “ p1q, and hence the inclusion

?
a Ă IpZpaqq is

strict. △

Example 1.10. If k “ C, there is a quick way to prove Theorem 1.7 as follows. Suppose
that K “ Crx1, . . . , xns{m is a finitely generated C-algebra which is also a field. If there
exists an element t P K which is not algebraic over C, the fractions 1

t´a
P K for a P C form

an uncountable set of elements in K which are linearly independent over C. This is however
not possible, because K has a countable basis as a C-vector space, as it is generated by the
monomials xe11 ¨ ¨ ¨xenn .

See also Exercise 1.8.24 for an alternative proof of Theorem 1.7. △

For an algebraic set X Ă Anpkq, we define the coordinate ring of X as the quotient

ApXq “ krx1, . . . , xns{IpXq.

where IpXq is the ideal of polynomials that vanish on X .
The elements of ApXq can be viewed as polynomial functions on X: any polynomial

in krx1, . . . , xns defines a function X Ñ k by restriction, and two polynomials f and g
define the same function on X precisely when their difference f ´ g vanishes on X , that is,
f ´ g P IpXq.

1.3 The structure of algebraic sets

A consequence of the Hilbert’s Nullstellensatz, the geometric properties of algebraic sets can
be translated into algebraic properties of the ideals of the polynomial ring krx1, . . . , xns. To
formulate these geometric properties, we recall a few notions from point set topology.

A topological space X is defined to be irreducible if it is nonempty and cannot be written
as the union of two proper closed subsets; that is, if X “ Z YZ 1 with Z and Z 1 closed, then
either Z “ X or Z 1 “ X .

Proposition 1.11. An algebraic set X Ă Anpkq is irreducible if and only if the ideal
IpXq is prime, i.e., ApXq is an integral domain.

Proof SupposeX “ X1YX2 withX1 andX2 proper closed subsets. Then IpX1q Ą IpXq

and IpX2q Ą IpXq are strict inclusions, so we may pick fi P IpXiq ´ IpXq for i “ 1, 2.
Then f1f2 P IpXq, and hence IpXq is not prime.

Conversely, suppose IpXq is not prime, so there exist f1, f2 so that fi R IpXq for i “ 1, 2,
but f1f2 P IpXq. Then X1 “ X X Zpf1q and X2 “ X X Zpf2q are closed proper subsets
and X1 YX2 “ X X Zpf1f2q “ X , so X is not irreducible.
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1.3 The structure of algebraic sets 9

The following is a preliminary definition of an affine variety. We will revisit the definition
in Chapter ?? after we have introduced schemes.

Definition 1.12. An affine variety is an irreducible algebraic set in Anpkq.

Example 1.13. The affine space Anpkq is irreducible, as krx1, . . . , xns is an integral domain.
△

Example 1.14. The closed set Zpxyzq Ă A3pkq is not irreducible, as it can be written as a
union of three planesZpxqYZpyqYZpzq. Likewise,Zpxz, yzq “ Zpx, yqYZpzq Ă A3pkq

is not irreducible, being the union of a plane and a line. △

We say that a topological space X is Noetherian if all descending chains of closed subsets

X0 Ą X1 Ą X2 Ą ¨ ¨ ¨

in X eventually stabilize, that is, there is an integer N such that Xi “ Xi`1 for all i ě N .

Proposition 1.15.
(i) Every algebraic set X is a Noetherian topologial space.

(ii) Every Noetherian topological space has a unique decomposition

X “ X1 Y ¨ ¨ ¨ YXr (1.3)

where Xi Ă X is a closed irreducible subset and Xi Ć Xj for all i ‰ j.

Proof (i): If X0 Ą X1 Ą X2 Ą ¨ ¨ ¨ is a chain of closed subsets, then IpX0q Ă IpX1q Ă

IpX2q Ă ¨ ¨ ¨ is a chain of ideals in krx0, . . . , xns, which must stabilize because the polyno-
mial ring is Noetherian. Since Xi “ ZpIpXiqq, we see that the chain of closed subsets also
stabilizes.

(ii): Suppose for a contradiction that X does not admit such a decomposition. Then X
cannot be irreducible, so we may write X “ X1 Y X 1

1 where X1, X
1
1 are proper closed

subsets. As X “ X1 Y X 1
1, the statement in (ii) must therefore fail for one of X1 or X 1

2.
Suppose that it fails forX1. Then againX1 cannot be irreducible, so we writeX1 “ X2YX 1

2.
Continuing in this way, we obtain an infinite chain of closed subsets X Ą X1 Ą X2 Ą . . . ,
where each inclusion is strict, contradicting (i). Removing any redundant subsets (where
Xi Ă Xj) gives the desired decomposition (1.3)

As to uniqueness, suppose X “ X1 Y ¨ ¨ ¨ Y Xr and Y “ Y1 Y ¨ ¨ ¨ Y Ys are two such
decompositions. For each i, we have

Xi “

s
ď

j“1

pXi X Yjq.

Since Xi is irreducible, Xi “ Xi X Yj for some j, meaning Xi Ă Yj . Likewise, Yj Ă Xk

for some k. Thus, Xi Ă Xk, and by the minimality condition (Xi Ć Xℓ unless i “ ℓ), we
must have i “ k and hence Xi “ Yj . Similarly, every Yj must equal some Xi. Therefore,
the two decompositions are the same up to reordering.
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10 Algebraic sets

The irreducible sets appearing in the decomposition (1.3) are called the irreducible compo-
nents of X . They are exactly the closed irreducible subsets which are maximal with respect
to inclusion.

Example 1.16. Consider the algebraic set X “ ZpIq in A3pkq, where I is the ideal

I “ pxz ´ y2, x2 ´ yq.

Let us find the irreducible components of X . Let P “ pa, b, cq P X be a point. Then the
second equation implies that b “ a2. Plugging this into the first equation, we get ac´a4 “ 0,
which implies that either a “ 0 or c “ a3. Hence P lies in one of the irreducible subsets
X1 “ Zpx, yq or X2 “ Zpy´ x2, z ´ x3q. Conversely, a point in X1 clearly lies in X , and
if P “ pa, b, cq P X2, it holds that b “ a2 and c “ a3 so that ac´ b2 “ a4 ´ a4 “ 0, and
P lies in X . Hence we find that

X “ Zpx, yq Y Zpy ´ x2, z ´ x3q.

In geometric terms, X is the union of the z-axis and the ‘twisted cubic curve’ (see Example
1.33). △

Example 1.17. Consider the algebraic set ZpIq Ă A2pkq, where I is the ideal

I “ py ´ x2, x2 ` py ´ 1q2 ´ 1q.

Over the real numbers, we recognise the points of ZpIq as the intersection points of the
parabola y “ x2 and the circle of radius 1 with centre in p0, 1q. To find these intersection
points, one can either argue as in the previous example, or directly write the ideal as an
intersection:

I “ py ´ x2, x2 ` px2 ´ 1q2 ´ 1q

“ py ´ x2, x2px´ 1qpx` 1qq

“ py ´ x2, x2q X py ´ x2, x´ 1q X py ´ x2, x` 1q

“ py, x2q X py ´ 1, x´ 1q X py ´ 1, x` 1q. (1.4)

This shows that ZpIq consists of the three points p0, 0q, p1, 1q, and p´1, 1q. In some sense,
the decomposition of ideals (1.4) contains more refined information than just the components
of the zero set. We will revisit this example in when we discuss non-reduced schemes in
Section 6.1. △

1.4 Dimension

One of the advantages of the correspondence an algebraic setX and its coordinate ringApXq,
is the ability to define and study invariants of X . As a first example of this, let us define
the dimension of an algebraic set. For the coordinate ring ApXq, there is a well-established
notion of the Krull dimension, which is defined as the supremum of the lengths of chains of
prime ideals. Using the correspondence between prime ideals and irreducible closed subsets
as a guide, we make the following similar definition, which works for any topological space.
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1.4 Dimension 11

x

y

´1´1 11

11

p0, 0q

p1, 1qp´1, 1q

Figure 1.2 The curves y “ x2 and x2 ` py ´ 1q2 “ 1.

Definition 1.18 (Dimension). Let X be a topological space. The dimension of X is the
supremum of the lengths n of chains

Z0 Ă Z1 Ă ¨ ¨ ¨ Ă Zn

of distinct irreducible closed subsets of X .

This definition is formulated for any topological space, but it mostly makes sense for spaces
with ‘Zariski-like’ topologies such as the ones found in algebraic geometry. For instance, Rn
with the standard topology would be zero-dimensional according to the above definition, as
the only irreducible closed subsets are the singleton sets.

The following proposition follows almost immediately:

Proposition 1.19. Let X Ă Anpkq be an algebraic set. Then

dimX “ dimApXq.

Proof If Z0 Ă Z1 Ă ¨ ¨ ¨ Ă Zr is a chain of distinct irreducible subsets in X , then
IpZ0q Ą IpZ1q Ą ¨ ¨ ¨ Ą IpZrq is a chain of distinct prime ideals in krx1, . . . , xns

containing IpXq. These chains correspond exactly to the chains of distinct prime ideals in
the ring ApXq “ krx1, . . . , xns{IpXq. As the Krull dimension is defined as the suprema of
these lengths, we get the claim.

Example 1.20. The affine n-space Anpkq has dimension n. This follows because the Krull
dimension of the polynomial ring krx1, . . . , xns is equal to n. While this may seem intuitive,
it is in fact not so easy to prove. The lower bound, dimAnkpkq ě n, is straightforward,
because the following chain of linear spaces

Zpx1, . . . , xnq Ă Zpx2, . . . , xnq Ă ¨ ¨ ¨ Ă Zpxnq

has length n (and each linear space is irreducible). However, the opposite inequality dimAnpkq ď

n requires more work (see Proposition A.32). △

Example 1.21 (Hypersurfaces). Let f P krx1, . . . , xns be a non-constant polynomial, and
let X “ Zpfq Ă Anpkq be the zero set of f . Then ApXq “ krx1, . . . , xns{pfq which has
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12 Algebraic sets

Krull dimension n´ 1. This is a consequence of Krull’s Principal Ideal Theorem (Theorem
A.30). It follows that dimpXq “ n´ 1. △

Example 1.22. The algebraic sets in A2pkq can be classified according to their dimension:
Dimension 0: X “ tp1, . . . , pru is a finite set of points.
Dimension 1: X “ Zpfq, where f P krx, ys is a non-constant polynomial.
Dimension 2: X “ A2pkq.
In contrast, the classification of closed subsets of A3pkq is much more complex, as there is

no simple description of the ideals in krx, y, zs defining closed subsets of dimension 1. △

We will study the notion of dimension in more detail in Chapter ??.

Figure 1.3 A Kummer surface

1.5 Regular and rational functions

The coordinate ring ApXq of an affine variety X is an integral domain, so it has a fraction
field, which we will denote by KpXq. The field KpXq is called the function field or field of
rational functions on X , and its elements are called rational functions.

A rational function is by definition an equivalence class of fractions a{bwhere a, b P ApXq

and b ‰ 0, where two fractions a{b and c{d represent the same element if ad “ bc in ApXq.
If ApXq is a UFD, a rational function f has a unique minimal representation as a fraction
a{b where a, b P ApXq. In general however, there may be different expressions.

While rational functions are formally defined as fractions of polynomials, we may interpret
them as functions over open sets. A rational function f P KpXq is said to be regular at a
point P P X if it can be expressed as a fraction f “ a{b with a, b P ApXq and bpP q ‰ 0.
If this holds, we define the value fpP q of f at P to be apP q{bpP q P k. One checks that this
is independent of the choice of representatives a{b. If f is regular at every point in some
open set U , then f defines a function

f : U ÝÝÑ k. (1.5)

For instance, an element a{b P KpXq will define a function Dpbq Ñ k over the open set
Dpbq “ tP P X | bpP q ‰ 0 u. It may however also be regular on a larger open set as well,
as illustrated below:

Example 1.23. Consider the affine varietyX Ă A4pkq defined by the equation xw´yz “ 0.
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1.5 Regular and rational functions 13

In the function field KpXq, we have an equality x{y “ z{w, and the corresponding rational
function is therefore regular over the open set Dpyq Y Dpwq, which is strictly larger than
both Dpyq and Dpwq (for instance, it contains both p0, 1, 0, 0q and p0, 0, 0, 1q). △

Rational functions are uniquely determined by their values over open sets: if two rational
functions f, g P KpXq are regular on some open set V and fpP q “ gpP q for all P P V ,
then f “ g in KpXq. To see this, write f “ a{b and g “ c{d in KpXq. Shrinking V
if necessary, we may assume that apP q{bpP q “ cpP q{dpP q for every P P V . Then the
polynomial function ad´ bc vanishes on a dense subset of X , hence on all of X . But then
ad´ bc “ 0 in ApXq as well, and hence a{b “ c{d in KpXq.

If P P X is a point, the set of rational functions which are regular at P forms a subring of
KpXq called the local ring of X at P :

OX,P “ t f P KpXq | f is regular at P u. (1.6)

The ring OX,P is indeed a local ring with maximal ideal

mP “ t f P OX,P | fpP q “ 0 u.

In fact, if P “ pa1, . . . , anq P X , and we write mP “ px1 ´ a1, . . . , xn ´ anq for the
maximal ideal in ApXq, then

OX,P “ ApXqmP
.

To see this, note that as ApXq is an integral domain, the localization ApXqmP
is naturally

a subring of KpXq. Then an element f P KpXq lies in ApXqmP
if and only if f can be

written as a{b with b R mP , which is equivalent to f being regular at P .
If U Ă X is an open set, we set

OXpUq “ t f P KpXq | f is regular at every point in U u (1.7)

“
č

PPU

OX,P .

Note that each OXpUq is a sub k-algebra of KpXq. Moreover, if V Ă U , then any f P

KpXq which is regular on U is also regular at V , so there is an inclusion OXpUq Ă OXpV q.

Example 1.24. Let U “ A1pkq ´ t0u be the complement of the origin in A1. Then
KpA1pkqq “ kpxq, and a rational function f is regular in U if and only if it is of the form
f “ apxq{xn for some polynomial apxq. This means that OA1pkqpUq “ krx, x´1s. △

This example generalizes as follows:

Proposition 1.25. Let X be an affine variety.
(i) If a rational function g P KpXq is regular at every point of X , then g is a

polynomial function. In other words,

OXpXq “ ApXq.

(ii) More generally, if f P ApXq and Dpfq “ tP P X | fpP q ‰ 0 u, then

OXpDpfqq “ ApXqf .
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14 Algebraic sets

Proof (i) follows from (ii) by taking f “ 1.
(ii): Clearly ApXqf Ă OXpDpfqq. Conversely, given g P KpXq, define the ideal

ag “ t b P ApXq | bg P ApXq u. This ideal has the property that g is regular at P if and
only if P R Zpagq. To see this, note that P R Zpagq if and only if some b P ag does not
vanish at P , which in turn is equivalent to g being of the form g “ a{b for some b with
bpP q ‰ 0. Therefore, if g is regular on all of Dpfq, it follows that Zpagq Ă Zpfq, and the
Nullstellensatz implies that fn P ag for some n ą 0. But then fng P ApXq, which shows
that g is an element of ApXqf .

The above proposition is a sort of ‘local-to-global principle’: being regular is a local
condition, which has to be verified near every point, but the conclusion is that a rational
function which is regular at every point can be represented globally by a polynomial function.

Example 1.26. Consider the complement of the origin in A2pkq,

U “ A2pkq ´ tp0, 0qu

We claim that every rational function f P OA2pkqpUq is the restriction of a polynomial
function, that is, OA2pkqpUq “ krx, ys. To see this, identify the function field of A2pkq, with
kpx, yq, so that f can be expressed as a quotient of two polnomials without common factors
f “ a{b. As krx, ys is a unique factorization domain, this expression is unique. This means
that f cannot be regular at the points in Zpbq.

If b is a constant, then f is a polynomial, so the conclusion follows. If b is not constant,
then Zpbq will contain infinitely many points (e.g., by Example 1.21). In particular, f will fail
to be regular in other points other than the origin tp0, 0qu, contradicting f P OXpUq. △

1.6 Morphisms of affine varieties

LetX and Y be two affine varieties. For a continuous map f : X Ñ Y and a regular function
g P OY pV q, the pullback of g by f is defined as the composition

f 7pgq “ g ˝ f,

which is a regular function on the open set f´1pV q.

Definition 1.27. A morphism of affine varieties is a continuous map f : X Ñ Y which
pulls back regular functions back to regular functions, that is, f 7pgq P OXpf´1V q for
every open set V Ă Y and every g P OY pV q.

If f : X Ñ Y and g : Y Ñ Z are two morphisms, the composition g ˝ f : X Ñ Z is a
morphism. Indeed, this map is continuous, and it pulls back regular functions because

pg ˝ fq7phq “ f 7pg7phqq.

A morphism of affine varieties f : X Ñ Y is said to be an isomorphism if it has an inverse
map that is also a morphism.

Given n regular functions f1, . . . , fn P ApXq, we can define a morphism

f : X ÝÝÑ Anpkq

p ÞÑ pf1pP q, . . . , fnpP qq. (1.8)
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1.6 Morphisms of affine varieties 15

To verify that f is continuous, we need to check that the preimage of any closed set in Anpkq

is closed in X: if W “ Zpg1, . . . , grq Ă Anpkq, then

f´1pW q “ tP P X | gipf1pP q, . . . , fnpP qq “ 0 for all i “ 1, . . . , r u

“ Zpf 7pg1q, . . . , f 7pgrqq.

Next, we check that f pulls back regular functions to regular functions. Let g P kpy1, . . . , ynq

be a rational function on Anpkq and assume g is regular on an open set V Ă Anpkq. Let
P P f´1pV q and Q “ fpP q. Locally around Q, we may write g “ a{b where a, b are
polynomials in y1, . . . , yn. Then in a neighborhood of P P f´1pV q, we have

f 7pgqpxq “
apf1pxq, . . . , fnpxqq

bpf1pxq, . . . , fnpxqq
.

After expanding, this can be written as a quotient of polynomials where the denominator does
not vanish at P . Hence f 7pgq P OXpf´1V q and f is a morphism.

Proposition 1.28. Let X be an affine variety. Then every morphism f : X Ñ Anpkq is
of the form

f : X ÝÝÑ Anpkq; fpP q “ pf1pP q, . . . , fnpP qq (1.9)

where fi P ApXq for i “ 1, . . . , n.

Proof Let f : X Ñ Anpkq be a morphism. The coordinate functions y1, . . . , yn are regular
functions on Anpkq, so their pullbacks f 7pyiq are regular on X . The morphism defined
by them, X Ñ Anpkq, coincides with f , as both are defined by the same set of regular
functions.

Theorem 1.29 (The main theorem of affine varieties). Let X and Y be affine varieties.
Then there is a one-to-one correspondence between morphisms f : X Ñ Y and maps of
k-algebras ϕ : ApY q Ñ ApXq.

Proof The correspondence is defined as follows: if f : X Ñ Y is a morphism, then the
pullback f 7 : ApY q Ñ ApXq is a map of k-algebras.

To define the inverse, let ϕ : ApY q Ñ ApXq be a map of k-algebras. Suppose that
Y Ă Anpkq and let y1, . . . , yn be the coordinate functions on Anpkq. Now set fi “ ϕpyiq
for i “ 1, . . . , n. The f1, . . . , fn define a morphism

f : X ÝÝÑ Anpkq.

For any polynomial h P kry1, . . . , yns, we have

f 7phqpxq “ hpfpxqq “ hpf1pxq, . . . , fnpxqq “ ϕphpy1, . . . , ynqqpxq (1.10)

where the last equality holds because both sides of the equation are maps of k-algebras
in h and take the same values f1, . . . , fn on the generators y1, . . . , yn. This shows that
f 7phq “ ϕphq “ 0 for every h P IpY q, as h is zero in ApY q. Therefore, the image of f is
contained in Y “ ZpIpY qq.

Finally, (1.10) shows that f 7 “ ϕ, so the correspondence is one-to-one.
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16 Algebraic sets

y2 “ x3

x

y

Figure 1.4 The cuspidal cubic curve

Corollary 1.30. Two affine varietiesX and Y are isomorphic if and only if the k-algebras
ApXq and ApY q are isomorphic.

IfX Ă Ampkq and Y Ă Anpkq are affine varieties, the theorem implies that any morphism
f : X Ñ Y is the restriction of a morphism of the form

Ampkq ÝÝÑ Anpkq; P ÞÑ ph1pP q, . . . , hnpP qq (1.11)

where h1, . . . , hn P krx1, . . . , xms are polynomials. We could have taken this as the defini-
tion of morphisms of affine varieties. However, as we will see, the above definition generalizes
well to general varieties.

Examples

Example 1.31. Any linear map f : Anpkq Ñ Ampkq is a morphism. Indeed, the components
hi of f are linear polynomials hipxq “

ř

j aijxj . △

Example 1.32 (The cuspidal cubic curve). Consider the algebraic set X “ Zpy2 ´ x3q in
A2pkq. The affine coordinate ring of X is equal to

ApXq “ krx, ys{py2 ´ x3q.

This is an integral domain because the polynomial y2 ´ x3 is irreducible.
Consider the morphism f : A1pkq Ñ A2pkq defined by t ÞÑ pt2, t3q. The image of f

is contained in X Ă A2pkq, and, in fact, f is a bijection between A1pkq and X . Indeed,
observe that fptq “ p0, 0q only for t “ 0. Moreover, for points in X ´ tp0, 0qu, the
assignment t “ y{x defines the inverse. However, f is not an isomorphism. As f 7pxq “ t2

and f 7pyq “ t3, the induced ring map

f 7 : krx, ys{py2 ´ x3q ÝÝÑ krts

has image krt2, t3s and so is not surjective.
This means that in order to check that a morphism is an isomorphism, it is not enough to

check that it is injective and surjective – also the pullback map f 7 has to be an isomorphism.
△
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1.6 Morphisms of affine varieties 17

Example 1.33 (The Twisted Cubic). Consider the morphism

f : A1pkq ÝÝÑ A3pkq

t ÞÝÑ pt, t2, t3q.

If x, y, z are coordinates on A3pkq, the image of f is the irreducible algebraic set X “

Zpy ´ x2, z ´ x3q. X is called the twisted cubic curve. The word ‘twisted’ refers to the fact
that X is not contained in a linear plane in A3pkq.

y “ x2

z “ x3

Figure 1.5 The twisted cubic curve

The corresponding map of k-algebras is defined by

ϕ : krx, y, zs ÝÝÑ krts

mapping x ÞÑ t, y ÞÑ t2, and z ÞÑ t3. It is not hard to see that the kernel of ϕ is exactly
the ideal a “ py ´ x2, z ´ x3q. Clearly, a Ă Kerϕ. Conversely, if g P krx, y, zs is any
polynomial, then using y “ x2 and z “ x3 to remove powers of y and z, we can write

gpx, y, zq “ gpx, x2, x3q mod a.

If g P Kerϕ, then gpx, x2, x3q is the zero polynomial, and so g P a.
As ϕ is clearly surjective, we see that

ApXq “ krx, y, zs{a » krts.

This also implies that f induces an isomorphism X » A1pkq. △

Example 1.34. Let X “ Zpxy ´ 1q Ă A2pkq and consider the first projection

f : X ÝÝÑ A1pkq; px, yq ÞÑ x

The map f is a bijection onto the open set U “ A1pkq ´ t0u. The inverse is given by
gpxq “ px, x´1q (note that x´1 is indeed a regular function on A1pkq ´ t0u). On the
algebraic side, this reflects the fact that OA1pkqpUq “ krx, x´1s » krx, ys{pxy ´ 1q. △

Example 1.35. Consider the morphism f : A2pkq Ñ A2pkq given by px, yq ÞÑ px, xyq.
Then the image of f is equal to Dpxq Y tp0, 0qu. This shows that the image of an algebraic
set need not even be an open set in an algebraic set. △
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18 Algebraic sets

Example 1.36 (Products). If X Ă Ampkq and Y Ă Anpkq are algebraic sets, we can define
the product X ˆ Y Ă Am`npkq as the subset

X ˆ Y “ t pa1, . . . , an, b1, . . . , bnq | pa1, . . . , anq P X, pb1, . . . , bnq P Y u.

This is indeed an algebraic set: if X “ Zpf1, . . . , frq and Y “ Zpg1, . . . , gsq, then
X ˆ Y “ Zpf1, . . . , fr, g1, . . . , gsq. Moreover, the projection maps π1 : Am`npkq Ñ

Ampkq and π2 : Am`npkq Ñ Anpkq are morphisms. △

1.7 Conclusion

The main theme of this chapter is that the geometric properties of an affine variety X Ă

Anpkq is reflected in the algebraic properties of the coordinate ring

ApXq “ krx1, . . . , xns{IpXq.

For instance, by the Nullstellensatz the mappings V ÞÑ IpV q and a ÞÑ Zpaq give mutually
inverse inclusion-reversing bijections between the objects in the following table:

ALGEBRA GEOMETRY

radical ideals of ApXq closed subsets of X
prime ideals of ApXq closed irreducible subsets of X
maximal ideals of ApXq points of X

Since IpXq is a radical ideal, the k-algebra ApX) is always a reduced ring, that is, there
are no nilpotents. Moreover, ApXq is an integral domain if and only if X is irreducible
(Proposition 1.11).

Conversely, every reduced finitely generated k-algebra A is isomorphic to ApXq for some
algebraic set X . Indeed, choose a presentation A “ krx1, . . . , xns{a for some ideal a; then
X “ Zpaq is an algebraic set in Ampkq with ApXq “ A. Likewise, any finitely generated
k-algebra which is also an integral domain is of the form ApXq for some affine variety X .

In category theory terms, the affine varieties form a category, AffVar, where the objects are
affine varieties and the arrows betwen them are morphisms of affine varieties. By Theorem
1.29, if X and Y are two affine varieties, the assignment f ÞÑ f 7 defines a bijection

HomAffVarpX,Y q ÝÝÑ HomAlg{kpApY q, ApXqq. (1.12)

In sum, this means that the functorX ÞÑ ApXq defines an equivalence of categories between
the category of affine varieties and the opposite category of finitely generated k-algebras
without zerodivisors (that is, the category where the objects are k-algebras, but where all
arrows are formally reversed).

1.8 Exercises

Exercise 1.8.1. Show that X “ t px, yq | y´ cospxq “ 0 u is not an algebraic set in A2pCq.
What is the closure of X in the Zariski topology?
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Exercise 1.8.2. Show that the algebraic set Zpy2 ´ x3 ´ 1q Ă A2pkq is irreducible.

Exercise 1.8.3. Let f : A1pkq Ñ A1pkq be an isomorphism. Show that f is given by a linear
polynomial ax` b, where a, b P k and a ‰ 0.

Exercise 1.8.4. Show that the product X ˆ Y of two affine varieties X and Y satisfies the
following undersal property: for any affine variety V , with two morphisms f1 : V Ñ X
and f2 : V Ñ Y , there is a unique morphism f : V Ñ X ˆ Y so that f1 “ π1 ˝ f and
f2 “ π2 ˝ f .

Exercise 1.8.5. Consider the algebraic set in A3pkq given by Y “ Zpx3 ` y3 ` z3 ´ 3xyzq.
Decide whether Y is irreducible and find its dimension.

Exercise 1.8.6. Let X “ Zpy2 ´ x3 ` 1, z ´ x2q Ă A3pkq. Show that X is isomorphic to
the cubic curve C “ Zpv2 ´ u3 ` 1q Ă A2pkq.

Exercise 1.8.7. Find the irreducible compoents of the algebraic sets below.
a) Zpx2y, y2xq Ă A2pkq.
b) Zpx2 ´ y2q Ă A2pkq.
c) Zpx´ yz, xz ´ y2q Ă A3pkq.
d) Zpx2 ` y2, x2 ´ z2 ´ 1q Ă A3pkq.
e) Zpx2 ´ y, xz ´ y2, x3 ´ xzq Ă A3pkq.

Exercise 1.8.8. Show that the Zariski topology on A2pkq is not the product topology on
A2pkq “ A1pkq ˆ A1pkq.

Exercise 1.8.9. Consider the algebraic set in A2pkq given by

X “ Zpx2 ´ y3, x2 ` y2 ´ 1q

a) Show that X consists of 6 points.
b) If π : A2pkq Ñ A1pkq denotes the projection onto the x-axis, find the polyno-

mial describing the closed set Y “ πpXq in A1pkq.

Exercise 1.8.10 (The diagonal). Let X be an affine variety and consider the map

∆: X ÝÝÑ X ˆX

x ÞÝÑ px, xq

a) Show that ∆ is a morphism of affine varieties.
b) Let X “ Anpkq, and let x1, . . . , xn, y1, . . . , yn be coordinates on Anpkq ˆ

Anpkq. Show that the ideal defining the image of ∆ is given by

a “ px1 ´ y1, . . . , xn ´ ynq

c) In general, for an affine varietyX , show that the image of ∆ is closed inXˆX ,
and that ∆ gives an isomorphismX Ñ ∆pXq. HINT: Use the two projections
X ˆX Ñ X .

Exercise 1.8.11. Prove that the coordinate ring of the affine curve X “ Zpy ´ x5q is
isomorphic to krts.

Exercise 1.8.12. With notation as in Example 1.23:
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20 Algebraic sets

a) Verify that xw ´ yz is an irreducible polynomial.
b) Show that the rational function x{y is not regular in any open set containing

the locus where y “ w “ 0.
c) Show that there is no single distinguished open set so that Dpbq contains all the

points where x{y is regular.

Exercise 1.8.13. Let x0, . . . , xn be coordintes on the affine pn` 1q-space An`1pkq and let
f “ fpx1, . . . , xnq be a polynomial in x1, . . . , xn.

a) Show that the algebraic set X “ Zpx0 ´ fq is isomorphic to Anpkq.
b) For which f ’s is the algebraic set X “ Zpx2

0 ´ fq irreducible?
c) Find a bijection between the open set Anpkq´Zpfq in Anpkq and the algebraic

set Zpx0f ´ 1q in An`1pkq.

Exercise 1.8.14.
a) Let ϕ : A Ñ B be a ring map. Show that ϕ´1ppq is a prime ideal if p Ă B is

prime.
b) Assume further that A and B are finitely generated k-algebras, and k is al-

gebraically closed. Show that ϕ´1pmq is a maximal ideal if m Ă B is one.
HINT: Use the Nullstellensatz to see that A{pϕ´1mq “ k.

Exercise 1.8.15. Let A be a ring and let a be an ideal
a) Show that

?
a “

Ş

pĄa p, where the intersection is taken over all the prime
ideals containing a. HINT: If f R

?
a the ideal aAf is a proper ideal in the

localization Af , hence contained in a maximal ideal.
b) Using the Nullstellensatz, show that ifA “ krx1, . . . , xns over an algebraically

closed field k, we have
?
a “

Ş

mĄa m where the intersection is over all the
maximal ideals containing a.

Exercise 1.8.16. Let X “ Zpfq and Y “ Zpgq be two algebraic sets in A2pkq with X
irreducible. Show that either X X Y is a finite set, or X Ă Y .

Exercise 1.8.17. Show that the image of the map

ϕ : A1pkq ÝÝÑ A3pkq

t ÞÝÑ pt2, t3, t6q

is given by V px3 ´ y2, z ´ x3q. Show that ϕ is bijective. Is ϕ an isomorphism of affine
varieties?

Exercise 1.8.18. Let X “ Zpy2 ´ x3 ´ xq Ă A2pkq. Show that y{x and px2 ` 1q{y define
the same rational function f on X . Show that f is regular on U “ X ´ tp0, 0qu. Show that
there are no polynomials a, b P krx, ys so that f can be represented as a{b on all of U .

Exercise 1.8.19. Let X be a topological space.
a) Show a subset Z Ă X is irreducible if and only if its closure Z is irreducible;
b) Show that X is irreducible if and only if every non-empty open subset is dense.
c) Show that X is irreducible if and only if every pair of nonempty open sets
U, V Ă X intersect.
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d) Let X0 Ă X be an irreducible component of X and U Ă X be an open subset
such that U XX0 is nonempty. Show that X0 XU is an irreducible component
of U .

e) If f : X Ñ Y is a continuous map, show that fpXq is irreducible if X is.

Exercise 1.8.20. Let X Ă A4pkq be the affine variety defined by the equation xw´ yz “ 0.
a) Compute OXpUq for the open set U “ Dpxq YDpyq.
b) Compute the local ring OX,P where P “ p0, 0, 0, 0q.

Exercise 1.8.21. Show that any open set in Anpkq can be written as a finite union of
distinguished open sets.

Exercise 1.8.22. Show that the open set A2 ´ tp0, 0qu is not isomorphic to an affine variety.

Exercise 1.8.23. Show that any irreducible conic in A2pkq is isomorphic to either Zpy´x2q

or Zpxy ´ 1q.

Exercise 1.8.24 (Alternative proof of Hilbert’s Nullstellensatz). Let k be a field.
a) Show that krxs contains infinitely many irreducible polynomials. HINT: Imi-

tate Eucclid’s proof of the infinitude of prime numbers.
b) Show that kpx1, . . . , xnq is not finitely generated as a k-algebra.
c) Suppose k Ă K Ă L are field extensions and that L is both a finitely generated
k-algebra and a k-vector space of finite dimension. Show that K is also finitely
generated over k.

d) Prove Theorem 1.7. HINT: Let K “ kry1, . . . , yns. If yn is transcendental
over k, writeK “ F ry1, . . . yn´1s where F “ kryns. Then argue by induction
on n.

Exercise 1.8.25 (Varieties defined by matrices). Identify the space of nˆ n matrices with
entries in k with affine n2-space An2

pkq.
a) Show that the set of symmetric matrices, i.e. matrices such that AT “ A, is an

algebraic set in An2

pkq.
b) Show that the set GLnpkq of invertible matrices is an open set in An2

pkq.
c) Show that the set SLnpkq of matrices with determinant 1 is an algebraic set in

An2

pkq. Is it irreducible?
d) Show that the sets Opnq (resp. SOpnq) consisting of the matrices A such that
ATA “ In (resp. ATA “ In and detpAq “ 1), where In is the nˆ n identity
matrix. Show that Opnq and SOpnq are closed subsets of An2

pkq. Are they
irreducible?

Exercise 1.8.26. Identify Anmpkq with the space of m ˆ n-matrices over the field k. For
a given integer r, show that the set of matrices of rank less than r is an algebraic set. Is it
irreducible?

Exercise 1.8.27. Let S Ă AnˆnpCq denote the set of diagonalizable matrices. Determine
the Zariski closure of S.
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22 Algebraic sets

Exercise 1.8.28 (Nilpotent matrices). As in Exercise 1.8.25 identify the space of 2 ˆ 2-
matrices with A4pkq via the map p a bc d q ÞÑ pa, b, c, dq. Show that the two ideals in kra, b, c, ds

a “ pa2 ` bc, ab` bd, ac` cd, bc` d2q and b “ pad´ bc, a` dq

satisfy a ‰ b but
?
a “ b. Furthermore, show that

Zpaq “ Zpbq “ tM | M is nilpotentu Ă A4pkq.

.

Exercise 1.8.29. Show that if X is a Hausdorff space, then the only irreducible subsets are
the one-point sets txu. Deduce that if X is an irreducible space with at least 2 points, then X
is not Hausdorff.

Exercise 1.8.30. Show that a topological space is Noetherian if and only if every non-empty
collection of closed subsets has a minimal element. Equivalently, every collection of open
subsets has a maximal element.

Exercise 1.8.31 (The Frobenius morphism). Let k be an algebraically closed field of positive
characteristic p.

a) Show that the map ϕ : krts Ñ krts defined by t ÞÑ tp, is a map of k-algebras.
b) Describe the corresponding morphism F : A1pkq Ñ A1pkq. Show that F is

bijective, but not an isomorphism.

Exercise 1.8.32. Let X Ă A3pkq denote the twisted cubic curve of Example 1.33 and let
p : A3pkq Ñ A2pkq denote the projection map px, y, zq ÞÑ px, yq. Describe the closed set
ppXq in A2pkq.
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Schemes
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2

The spectrum of a ring

In this chapter we make the first step towards the notion of a scheme, by defining the spectrum
of a ring. The spectrum of a ringA, denoted by SpecA, is a topological space with a topology
whose closed sets are defined by the ideals of A, in direct analogy with the Zariski topology
on affine varieties.

To motivate the construction, let us assume for a moment thatA “ ApXq is the coordinate
ring of an affine variety X Ă Anpkq. By Hilbert’s Nullstellensatz, there is a one-to-one
correspondence between the points P “ pa1, . . . , anq of X and maximal ideals mP “

px1 ´ a1, . . . , xn ´ anq in A. This allows us to identify X with the set of the maximal
ideals of A. Note that a point P P X lies in Zpaq precisely when a Ă mx. Therefore, under
this identification, the closed sets Zpaq now take the form tm | a Ă m u of maximal ideals
containing a. This shows that the ring A determines both the underlying set X and its Zariski
topology. Furthermore, morphisms between affine varieties correspond to ring maps between
their coordnate rings.

The rings appearing in this setting are rather special: they are integral domains and finitely
generated k-algebras. There is also the assumption that k is algebraically closed, which is
essential in order to have the above correspondence between points and maximal ideals.

There is a natural way of generalizing this to arbitrary rings, which involves considering
all prime ideals, rather than just the maximal ideals. Given a ring A, the spectrum SpecA of
A is simply the set of prime ideals of A. This set is then equipped with a topology, called the
Zariski topology, whose closed sets are the sets of the form V paq “ t p P SpecA | a Ă p u

where a is any ideal in A.
The idea of replacing maximal ideals by prime ideals lies at the heart of scheme theory.

From a functorial perspective, this is a natural choice, because inverse images of prime
ideals under ring maps are prime ideals, and hence a ring map A Ñ B induces a map
SpecB Ñ SpecA. If X and Y are affine varieties, the induced map ApY q Ñ ApXq, in
fact, pulls maximal ideals back to maximal ideals, but this is generally not true for arbitrary
ring maps (a simple example is the inclusion Z Ñ Q).

2.1 The spectrum of a ring

Let A be a ring. As always, A is commutative with 1.

25
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26 The spectrum of a ring

Definition 2.1. The spectrum of A, denoted SpecA, is the set of all prime ideals in A:

SpecA “ t p | p Ă A is a prime ideal u.

The set SpecA has a Zariski topology similar to the Zariski topology as defined in Chapter
1. The definitions are very similar; the closed sets are those of the form

V paq “ t p P SpecA | p Ą a u. (2.1)

where a Ă A is an ideal. Note that a Ă b implies V paq Ą V pbq.
To draw a closer analogy to the zero sets Zpaq from Chapter 1, we can think of the sets

(2.1) as the ‘vanishing set’ of a set of functions on SpecA. To make this precise, we introduce
the concept of a residue field.

Definition 2.2. For a point p P SpecA, we define the residue field κppq to be the field of
fractions of the integral domain A{p.

The field κppq is canonically isomorphic to Ap{pAp, where Ap is the localization of A at
p, which is a local ring with maximal ideal pAp.

Given f P A, we denote by fppq P κppq the image of f modulo p. In this way, we can
view f as a function on SpecA. Note however, that unlike the case of the coordinate ring
of an affine variety, the values of f do not lie in a fixed field k, but rather in many different
fields κppq, each associated with a different prime ideal p.

With this notation, it makes sense to talk about the vanishing set of f ; that is,

V pfq “ t p P SpecA | fppq “ 0 in κppq u.

Note that fppq “ 0 if and only if f P p. Therefore, this set is exactly the vanshing set
associated to the principal ideal a “ pfq as defined in (2.1). More generally, if a Ă A is an
ideal, the set (2.1) can be written as

V paq “ t p P SpecA | fppq “ 0 for all f P a u. (2.2)

The advantage of expressing V paq in this way comes from the fact that all the identities
for the Zpaq remain valid for V paq, and the proofs are the same.

The next lemma is analogous to Proposition 1.2. It tells us that the vanishing sets indeed
form the closed sets of a topology on SpecA.

Lemma 2.3. The vanishing sets in SpecA satisfy the following properties.
(i) (Arbitrary intersections): For any collection of ideals taiuiPI in A,

č

iPI

V paiq “ V
`

ÿ

iPI

ai
˘

. (2.3)

(ii) (Finite unions): For two ideals a and b,

V paq Y V pbq “ V pa X bq “ V pa ¨ bq. (2.4)

Additionally, V pAq “ H and V p0q “ SpecA.
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2.1 The spectrum of a ring 27

Proof (i): A prime ideal p lies in
Ş

iPI V paiq if and only if it contains every ai, which in
turn happens if and only if p contains the sum

ř

iPI ai.
(ii): Note that since a ¨ b Ă a X b, it follows that V pa X bq Ă V pa ¨ bq. Similarly, we

get the inclusion V paq Y V pbq Ă V pa X bq. To prove (2.4), it suffices to prove V pa ¨ bq Ă

V paq Y V pbq. If P R V paq Y V pbq, there exist f P a and g P b so that fpP q ‰ 0 and
gpP q ‰ 0, but then pfgqpP q “ fpP qgpP q ‰ 0 in κpP q and hence P R V pa ¨ bq. This
shows that V pa ¨ bq Ă V paq Y V paq.

Finally, prime ideals are by definition proper ideals, so V pAq “ H. The zero ideal p0q is
contained in every ideal, so V p0q “ SpecA.

The next lemma is about inclusions between the closed sets of SpecA. We recognize them
as analogues of some of the statements about algebraic sets in Proposition 1.2.

Lemma 2.4. For two ideals a and b in A, the following hold:
(i) V paq “ V p

?
aq

(ii) V paq Ă V pb) if and only if
?
b Ă

?
a

(iii) V paq “ H if and only if a “ A
(iv) V paq “ SpecA if and only if a Ă

a

p0q.

Proof (i): For a prime ideal p, the condition p Ą a is equivalent to p Ą
?
a, since prime

ideals are radical. Hence V paq “ V p
?
aq.

(ii): We recall the following identity for the radical of an ideal (see page 418):

?
a “

č

pĄa

“
č

pPV paq

p. (2.5)

If V paq Ă V pbq, then the intersection defining
?
b is taken over a larger set than

?
a, giving?

b Ă
?
a. Conversely, if

?
b Ă

?
a, then by (i),

V paq “ V p
?
aq Ă V p

?
bq “ V pbq.

(iii): If a ‰ p1q, then it is contained in a maximal ideal. Hence V paq “ V p1q “ H if and
only if a “ p1q. (iv) follows from (ii), as V paq “ V p0q if and only if

?
a “

a

p0q, which
happens if and only if a Ă

a

p0q.

As in the definition (1.1), we define the ideal of a subset S Ă SpecA as

IpSq “ t f P A | fppq “ 0 for all p P S u “
č

pPS

p. (2.6)

Note that IpSq is a radical ideal.

Proposition 2.5. For any subset S Ă SpecA, we have

V pIpSqq “ S. (2.7)

In particular, the closure tpu of the one-point set tpu is equal to V ppq.

Proof First of all, S Ă V pIpSqq, because if p P S then clearly p Ą
Ş

pPS p “ IpSq and

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

28 The spectrum of a ring

so p P V pIpSqq. It remains to show that V pIpSqq is the smallest closed set containing S. If
V pbq is any closed subset containing S, then for any p P S, we have p P V pbq and hence
p Ą b. Taking the intersection over all p’s in S, we see that IpSq Ą b. Applying V p´q, we
obtain V pIpSqq Ă V pbq, as required.

As a consequence, we get the following analogue of the Nullstellensatz:

Corollary 2.6. Let A be a ring. Then the map a ÞÑ V paq defines a bijection
␣

radical ideals a Ă A
(

ÝÝÑ tclosed sets W Ă SpecAu, (2.8)

with inverse defined by W ÞÑ IpW q.

Proof If a is any ideal, then IpV paqq “
Ş

pPV paq
p “

?
a by the formula (2.5). Hence

IpV p´qq is the identity map on radical ideals a. Conversely, if W is a closed set, then
V pIpW qq “ W “ W by Proposition 2.5, so also V pIp´qq is the identity.

Corollary 2.7. A point in p P SpecA is closed if and only if p is a maximal ideal.

Proof V ppq “ tpu says that p is the only prime ideal which contains p, which precisely
means that p is maximal.

Corollary 2.7 shows that the Zariski topology on SpecA behaves rather differently from
not only the Euclidean topology on manifolds, but also the usual Zariski topology on affine
varieties. Indeed, the spectrum of a general ring typically contains many non-closed points
corresponding to the prime ideals which are not maximal.

Definition 2.8 (Generic points). A point x in a closed subset Z of a topological space X
is called a generic point for Z if txu “ Z.

In our context, the point p P SpecA is the generic point of the closed set V ppq. The point
p is in fact the only generic point of V ppq, because if V ppq “ V pqq, then Lemma 2.4 implies
that both p Ă q and q Ă p.

First examples

Example 2.9 (Fields). If K is a field, the prime spectrum SpecK has only one point, which
corresponds to the only prime ideal in K, the zero ideal. △

Example 2.10 (The integers). In the ring of integers Z, there are two types of prime ideals:
the zero ideal p0q and the maximal ideals ppq, one for each prime number P .

As Z is a principal ideal domain, any ideal is of the form pnq for some integer n. It follows
that the closed subsets are of the form V pnq “ V pp1q Y ¨ ¨ ¨ Y V pprq where the pi are the
prime factors of n. In other words, the closed sets are either finite sets of closed points or the
whole space. Dually, the non-empty open sets are the complements of finite sets of closed
points. This means that SpecZ is not Hausdorff, as every nonempty open set contains p0q.

The residue field at a closed point ppq is equal to κppq “ Z{p “ Fp, whereas the residue
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Figure 2.1 SpecZ

field at p0q is equal to Q. Each element f of the ring Z gives rise to a function on SpecZ
with values in the various residue fields. For instance, the integer f “ 17 takes the values
fpp0qq “ 17, fpp2qq “ 1̄, fpp3qq “ 2̄, fpp5qq “ 2̄, fpp7qq “ 3̄, . . . , in the fields Q,F2,
F3, F5, F7, . . . , respectively, where the bar indicates the class modulo the relevant prime. △

Example 2.11 (A polynomial ring). Consider the spectrum of the polynomial ring in one
variable, Crts. Since Crts is a principal ideal domain, every ideal is of the form pfptqq for
some polynomial fptq. If fptq is not a constant, we may factor it into a product of terms of
the form t´ ai, so that

V pfptqq “ V pt´ a1q Y ¨ ¨ ¨ Y V pt´ anq.

Therefore, the closed sets are either the empty set; the whole space; or a finite set of closed
points. As in the previous example, SpecCrts is not Hausdorff.

At the prime p “ pt ´ aq, the residue field κppq is equal to Crts{pt ´ aq » C. Under
this isomorphism, a polynomial f P Crts maps to its value fpaq P C. Hence the ‘value’
fppq P κppq is identified with the usual evaluation of the polynomial at t “ a. △

Example 2.12. IfA is an integral domain, the zero ideal p0q is prime, and as V p0q “ SpecA,
it is the generic point of all of SpecA. This explains the ‘fat’ points in the pictures in
Examples 2.10 and 2.14 – the closures of these points are the whole space. △

Example 2.13. The ring A “ Crts{pt2q is not a field, but has only one prime ideal, namely
the ideal ptq. Note that the ideal p0q is not prime as t2 “ 0, but t R p0q.

The ringA “ Crts{ptpt´1qq has a spectrum which consists of two points. By the Chinese
Remainder Theorem,

A » Crts{tˆ Crts{pt´ 1q » C ˆ C,

which has exactly two prime ideals, namely 0 ˆ C and C ˆ 0. △

Example 2.14 (Discrete valuation rings). Consider a discrete valuation ring A, such as
krtsptq or Zppq. (See Appendix A for background on discrete valuation rings). The ring A
has exactly two prime ideals, the maximal ideal m and the zero ideal p0q. Therefore, SpecA
consists of just two points: SpecA “ ts, ξu with s corresponding to the maximal ideal m
and ξ to p0q. The closed sets are H, tsu and ts, ξu, while the open sets are H, SpecA and
tξu. In particular, ξ is an open point. Once again SpecA is not Hausdorff, as there are no
open sets that separate s and ξ. △

2.2 Affine spaces

The most important examples of prime spectra are the affine spaces.
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Figure 2.2 The spectrum of a DVR

Definition 2.15. For each non-negative integer n, we define the affine n-space as

An “ SpecZrx1, . . . , xns.

More generally, for a ring R, we define the affine n-space over R by

AnR “ SpecRrx1, . . . , xns.

When R “ k is a field, each n-tuple pa1, . . . , anq P kn determines a maximal ideal
m “ px1 ´ a1, . . . , xn ´ anq in the polynomial ring A “ krx1, . . . , xns, and hence a point
of Ank “ SpecA with residue field

A{m “ krx1, . . . , xns{px1 ´ a1, . . . , xn ´ anq » k.

Conversely, every maximal ideal m in A with residue field A{m isomorphic to k is of the
form px1 ´ a1, . . . , xn ´ anq: the ai are uniquely determined as the images of xi via the
quotient map A Ñ A{m “ k. Therefore, there is a bijection between kn and the points in
SpecA with residue field isomorphic to k.

For these ‘traditional points’, we will frequently switch between writing the n-tuple
pa1, . . . , anq P kn and the maximal ideal m “ px1 ´a1, . . . , xn´anq for the corresponding
point in Ank .

If k is algebraically closed, then Hilbert’s Nullstellensatz tells us that every maximal ideal
is of the form m “ px1 ´ a1, . . . , xn ´ anq, so every closed point of Ank will be of the form
pa1, . . . , anq. This means that Anpkq, as introduced in Chapter 1, forms a subset of the affine
n-space Ank , and the Zariski topology on Anpkq is simply the topology induced from Ank .

In general, the affine space Ank also contains many points which are not of the ‘traditional’
type. There can be maximal ideals with residue fields not isomorphic to k, and prime
ideals which are not maximal (the zero ideal for instance). Hence, Ank is strictly larger than
the previously defined Anpkq. The differences between Ank and Anpkq become even more
apparent if k is not algebraically closed.

Example 2.16 (The affine line). The prime spectrum A1
k “ Spec krts is called the affine line

over k. The polynomial ring krts is a principal ideal domain, so the prime ideals are either of
the form pfptqq where fptq is an irreducible polynomial, or the zero ideal p0q. In the first
case, the ideals are automatically maximal. Therefore, A1

k has two types of points: the closed
points and the generic point η.

When k is algebraically closed, the maximal ideals are all of the form pt´ aq for a P k,
and their residue fields are isomorphic to k.

When k is not algebraically closed, there will be other closed points in Spec krts besides
the ones of the form pt´ aq. An interesting example is when k “ R. By the Fundamental
Theorem of Algebra, a non-zero prime ideal p of Rrts is of the form p “ pfptqq where fptq
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is either linear, that is, fptq “ t ´ a for some a P R; or f is quadratic with two conjugate
complex non-real roots, that is, fptq “ pt ´ aqpt ´ āq with a P C but a R R. The closed
points in SpecRrts may therefore be identified with the set of pairs ta, āu with a P C. For
instance, the maximal ideal pt2 ` 1q corresponds to the pair ti,´iu. The residue field at this
point is isomorphic to Rrts{pt2 ` 1q » C.

In general, if a maximal ideal m in krts is generated by the irreducible polynomial fptq,
the residue field at the corresponding point in A1

k is the extension of k obtained by adjoining
a root of f .

Affine spaces over non-algebraically closed fields can be quite complicated. Even the
affine line A1

Q over Q is quite mysterious, as the monic irreducible polynomials in Qrts have
a very intricate structure. △

Example 2.17 (The affine plane). When k is algebraically closed, one can show that the
prime ideals of krx, ys come in three types: the maximal ideals, which are all of the form
px ´ a, y ´ bq for a, b P k; the prime ideals of the form p “ pfq, where f P krx, ys is an
irreducible polynomial; and the zero ideal p0q (see also Example 1.22).

Note that the point pfq belongs to the closed set V pfq. In addition to this point, V pfq

contains the maximal ideals px´ a, y ´ bq which contain pfq, or equivalently, fpa, bq “ 0.
Hence the points of V pfq correspond to the points of the ‘plane curve’ defined by the equation
fpx, yq “ 0. △

px´ a, y ´ bq pfq p0q

closed points generic points of curves generic point

2.3 Distinguished open sets

The Zariski topology of SpecA has a convenient basis consisting of particularly simple open
sets. For an element f P A, we define the distinguished open set,Dpfq to be the complement
of the closed set V pfq, that is,

Dpfq “ t p P SpecA | f R p u “ SpecA´ V pfq.

These open sets will turn out to be very important in computations involving the spectrum of
a ring.

Lemma 2.18. For a ring A and elements f, g P A, we have
(i) Dpfq XDpgq “ Dpfgq

(ii) Dpgq Ă Dpfq if and only if some power of g is a multiple of f , i.e., we
may write gr “ af for some a P A, r P N.
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32 The spectrum of a ring

Proof (i): If p is a prime ideal, then f R p and g R p hold if and only if fg R p.
(ii): The inclusion Dpgq Ă Dpfq holds if and only if V pfq Ă V pgq, and by Lemma 2.4

on page 27, this is equivalent to pgq Ă
a

pfq, i.e., gn P pfq for some n P N.

Lemma 2.19.
(i) The distinguished open sets tDpfqufPA form a basis for the topology of

SpecA.
(ii) A collection tDpfiquiPI is an open cover of SpecA if and only if the

fi’s generate the unit ideal. Equivalently, there are finitely many indices
i1, . . . , ir P I and a1, . . . , ar P A such that

1 “ a1fi1 ` ¨ ¨ ¨ ` arfir . (2.9)

Proof (i): We need to show that every open subset U of SpecA can be written as the union
of distinguished open sets. By definition of the Zariski topology, the complement of U is of
the form U c “ V paq with a Ă A an ideal. If we choose a (possibly infinite) set of generators
tfiuiPI for a, then we have

U “ V paqc “ V
`

ÿ

iPI

pfiq
˘c

“
`

č

iPI

V pfiq
˘c

“
ď

iPI

Dpfiq. (2.10)

(ii): By the identity (2.10) with U “ SpecA, the collection of open sets tDpfiquiPI
covers SpecA if and only if V p

ř

iPIpfiqq “ H. By Lemma 2.4, this in turn happens if and
only if

ř

iPIpfiq “ p1q, or in other words, the fi generate the unit ideal. But this happens if
and only if 1 can be expressed as a combination of finitely many of the fi’s.

In algebraic geometry, a topological space is said to be quasi-compact if every open
covering has a finite subcover. (This terminology is a bit unfortunate, as spaces with this
property are usually called ‘compact’, but the jargon has become standard.)

Corollary 2.20. SpecA is quasi-compact.

Proof Let tUiuiPI be any open cover of SpecA. Then each Ui can be covered by distin-
guished open sets Dpfijq with fij P A. Since the Dpfijq’s cover SpecA, finitely many of
them will suffice, by Lemma 2.19. As each Ui contains Dpfijq, we can cover SpecA with
finitely many Ui as well.

Example 2.21. In the affine line A1
k over a field, every closed set is of the form V pfq for

some polynomial f , so every open set is a distinguished open set Dpfq.
In A2

k “ Spec krx, ys, the set U “ A2
k ´V px, yq is open, but not of the form Dpfq. Still,

we have U “ Dpxq YDpyq. △

Example 2.22 (The circle). Consider the spectrum X “ SpecRrx, ys{px2 ` y2 ´ 1q. The
maximal ideal m “ px, y ´ 1q defines the point p0, 1q on X . Even though the ideal m is not
a principal ideal (Exercise 2.7.10), the complement X ´ tmu is a distinguished open set. In
fact, it is equal to Dpy ´ 1q because modulo the relation x2 “ 1 ´ y2, we have

m2 “ px2, xpy ´ 1q, py ´ 1q2q “ py ´ 1q. (2.11)
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△

2.4 Irreducibility and connectedness

Recall from Chapter 1 that a topological space X is irreducible if it cannot be written as the
union of two proper closed subsets. From Proposition 1.11, we know that the coordinate ring
of an affine variety is an integral domain, and simple examples (like Example 2.28 below)
indicate that reducibility of SpecA is closely linked to zerodivisors in A. In general, one has
the following:

Proposition 2.23. Let A be a ring.
(i) A closed subset Z Ă SpecA is irreducible if and only if Z “ V ppq for

some prime ideal p.
(ii) The space SpecA itself is irreducible if and only if A has just one minimal

prime ideal, or equivalently, the nilradical
a

p0q is prime.

Proof (i): By Proposition 2.5 we have V ppq “ tpu, and this is irreducible, being the closure
of a singleton. For the opposite implication, let V paq Ă SpecA be a closed subset. Recall
that

?
a “

Ş

aĂp p. If
?
a is not prime, there must be more than one prime involved in the

intersection. We may divide them into two different groups, thereby representing
?
a as an

intersection
?
a “ bX b1 where b and b1 are the intersections of the primes in the two groups,

and hence are different radical ideals. From this, we get that V paq “ V pbq Y V pb1q, and
V paq is not irreducible.

(ii): The space SpecA is irreducible if and only if it is of the form V ppq for some prime
ideal p by part (i). Since SpecA “ V pp0qq, this is equivalent to requiring that

a

p0q is a
prime ideal.

The nilradical is the intersection of all prime ideals
a

p0q “
Ş

p p, and the intersection can
be reduced to just the minimal prime ideals. If A has only one minimal prime ideal q, then
a

p0q “ q is prime. Conversely, if q1, q2 are distinct minimal primes, then
a

p0q Ă q1 X q2,
and

a

p0q could not be prime (as it would be properly contained in both q1 and q2).

A consequence of the proposition is that SpecA is irreducible whenever A is an integral
domain, as in that case p0q is a minimal prime ideal. However, SpecA may certainly be
irreducible for other rings as well. For example, the ring A “ Crts{pt2q is not an integral
domain, and yet has only one prime ideal, namely the principal ideal ptq. By part (ii) tells us
that this example is typical for such rings: every zerodivisor in the ring is nilpotent. In the
spirit of the analogy with functions, there are non-zero functions which vanish everywhere:
the element t is nonzero in A, but it becomes zero in the residue field Crts{ptq » C.

Example 2.24. The spectrum SpecCrx, ys{py2 ` x5 ` 1q is irreducible, as the polynomial
y2 ` x5 ` 1 is irreducible, and hence generates a prime ideal. △

Example 2.25. The spectrum SpecCrx, y, z, ws{px2, xy, y2, xw ´ yzq is irreducible. In-
deed, the nilradical is given by

a

p0q “ px, yq, and this is a prime ideal. △

Recall that a topological space is connected if it cannot be written as a disjoint union of
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34 The spectrum of a ring

two proper open subsets. All of the examples we have seen until now, with the exception of
Example 2.13, are connected.

Example 2.26 (A disconnected spectrum). Suppose that A “ A1 ˆA2 is the direct product
of two non-trivial ringsA1 andA2. InA we have the two orthogonal idempotents e1 “ p1, 0q

and e2 “ p0, 1q; they satisfy the relations e21 “ e1, e1e2 “ 0, e22 “ e2 and e1 ` e2 “ 1.
The spectrum SpecA decomposes as the disjoint union SpecA “ V pe1q Y V pe2q of

the two closed sets V peiq. Indeed, since e1 ` e2 “ 1, it holds that V pe1q X V pe2q “

V pe1, e2q “ H. Since e1e2 “ 0, either e1 P p or e2 P p for each prime p P SpecA, so the
V peiq’s cover SpecA. △

In fact, there is a converse to this example.

Proposition 2.27. A spectrum SpecA is disconnected if and only if A is isomorphic to
a direct product A “ A1 ˆA2 of non-trivial rings A1 and A2.

While it would certainly be possible to give a direct proof of this proposition at the present
stage, we will wait until the next chapter to do so. There, we will see a much more conceptual
proof using the structure sheaf (see Example 3.26 on page 57). For reduced rings however,
the argument is straightforward (see Exercise 2.7.5).

Example 2.28. Note that any irreducible space is also connected. The converse does not
hold: the spectrum X “ Spec krx, ys{pxyq is connected but not irreducible. The coordinate
functions x and y are zerodivisors in the ring krx, ys{pxyq, and their zero-sets V pxq and
V pyq show that X has two components. Since these two components intersect at the origin,
X is connected. △

2.5 Maps between prime spectra

Let A and B be two rings and let ϕ : A Ñ B be a ring map between them. The inverse
image ϕ´1ppq of a prime ideal p Ă B is a prime ideal: that ab P ϕ´1ppq means that
ϕpabq “ ϕpaqϕpbq P p, so at least one of ϕpaq or ϕpbq has to lie in p. This means that there
is an induced map of spectra

Specpϕq : SpecB ÝÝÑ SpecA (2.12)

p ÞÑ ϕ´1ppq.

This map is continuous in the Zariski topology, because preimages of closed sets are closed;
this follows from item (i) in the next proposition.

Proposition 2.29. ϕ : A Ñ B be a ring map and let f : SpecB Ñ SpecA be the
induced map of spectra. Then

(i) f´1V paq “ V pϕpaqBq for each ideal a Ă A.
(ii) f´1Dpgq “ Dpϕpgqq for each g P A.

(iii) fpV pbqq “ V pϕ´1pbqq for each ideal b of B.
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Proof (i): Let a Ă A be an ideal. Then we have the following equalities:

f´1V paq “ t p Ă B | a Ă ϕ´1ppq u “ t p Ă B | ϕpaq Ă p u “ V pϕpaqBq.

(ii): For each element g P A, we have

f´1Dpgq “ t p Ă B | g R ϕ´1ppq u “ t p Ă B | ϕpgq R p u “ Dpϕpgqq.

(iii): By Corollary 2.5, the closure fpV pbqq equals V paq where a is the ideal

a “
č

pPfpV pbqq

p “
č

bĂq

ϕ´1pqq.

Here the second equality holds because p P fpV pbqq implies that p “ ϕ´1pqq for some q
with b Ă q. So we get that

a “
č

bĂq

ϕ´1pqq “ ϕ´1
`

č

bĂq

q
˘

“ ϕ´1p
?
bq “

a

ϕ´1pbq.

Hence V paq “ V pϕ´1pbqq, which gives the desired identity.

The following propositions gives prototypical examples of induced maps on spectra.

Proposition 2.30. For an ideal a Ă A, the quotient map A Ñ A{a induces a homeo-
morphism

f : SpecpA{aAq
»

ÝÝÑ V paq Ă SpecA

Proof If ϕ : A Ñ A{a denotes the quotient map, the map p ÞÑ ϕ´1ppq gives an inclusion
preserving one-to-one correspondence between the set of prime ideals in A{a and the set
of prime ideals in A containing a, with inverse given by q ÞÑ q{a. This shows that f is a
continuous bijection onto the closed subset V paq. To show that f is a homeomorphism, it
suffices to show that it is closed, and this follows from the equalities

fpV pb{aqq “
␣

p P SpecA | b{a Ă p{a P SpecpA{aq
(

“ V pbq.

By the proposition, if the ring map ϕ : A Ñ B is surjective, then SpecB maps homeo-
morphically onto the closed subset V pKerϕq Ă SpecA.

In the special case where a “
a

p0q is the nilradical of A, we have V paq “ SpecA, and
the proposition implies the following:

Corollary 2.31. Let A be a ring and let Ared “ A{
a

p0q be the reduction of A. Then
the map A Ñ Ared induces a homeomorphism

SpecpAredq » SpecpAq.

We next consider the maps of spectra induced by localization maps. The next result implies
in particular that distinguished open sets Dpfq can themselves be viewed as prime spectra.
This fact will be important later on.
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36 The spectrum of a ring

Proposition 2.32.
(i) For any f P A, there is a canonical homeomorphism

ι : SpecpAf q
»

ÝÝÑ Dpfq Ă SpecA.

(ii) More generally, if S Ă A is a multiplicative subset, the localization map
ℓ : A Ñ S´1A induces a homeomorphism

ι : SpecpS´1Aq
»

ÝÝÑ D Ă SpecA,

where D “ t p P SpecA | p X S “ H u.

Proof It suffices to prove the statement (ii). Let q Ă S´1A be a prime ideal. As q does not
contain 1, we see that ℓ´1pqq does not contain any elements of S. In particular, ℓ´1pqq P D.
Conversely, if p Ă A is a prime ideal with pXS “ H, that is p P D, then pS´1A is a prime
ideal in S´1A, and we have p “ ℓ´1ppS´1Aq. From this it follows that ι is continuous,
injective, with image D. To show that ι is a homeomorphism, it is enough to show that it is
closed. This follows from the following equalities:

ιpV paqq “ t ℓ´1pqq | q Ą a u

“ t p P SpecA | p Ą ℓ´1paq and p X S “ H u

“ V pℓ´1paqq XD.

For two distinguished open sets with Dpgq Ă Dpfq, we may write gr “ cf for some c P

A and r P N (statement (ii) of Lemma 2.18). This relation implies that f becomes invertible
in Ag. This means that the localization map A Ñ Ag factors uniquely as A Ñ Af Ñ Ag.
Explicitly, the right-most map is given by

Af ÝÝÑ Ag; a{fn ÞÑ acn{grn. (2.13)

This ring map identifies Dpgq with the distinguished open set Dpg{1q in SpecpAf q, where
g{1 denotes the image of g in Af .

Note also that Dpgq “ Dpgrq “ Dpcfq. This shows that any distinguished open set
contained in Dpfq is of the form Dpfgq for some g P A.

Examples

Example 2.33 (Reduction modulo a prime p). The reduction mod p-map Z Ñ Fp induces a
map SpecFp Ñ SpecZ. The one and only point in SpecFp is sent to the point in SpecZ
corresponding to the maximal ideal ppq.

Likewise, the inclusion Z Ă Q induces a map SpecQ Ñ SpecZ. It sends the unique
point in SpecQ to the generic point η of SpecZ. △

Example 2.34 (The twisted cubic curve). Let k be a field. The ring map ϕ : krx, y, zs Ñ krts
given by x ÞÑ t, y ÞÑ t2, z ÞÑ t3 correspondes to a map of prime spectra

f : A1
k ÝÝÑ A3

k.
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As ϕ is surjective, f is a homeomorphism onto the closed set defined by a “ Kerϕ “

py ´ x2, z ´ x3q. This is the scheme version of the twisted cubic curve from Example
1.33. △

Example 2.35. Let k be a field. The natural inclusion ϕ : krxs Ñ krx, ys{pxy ´ 1q induces
a morphism

Spec krx, ys{pxy ´ 1q ÝÝÑ A1
k “ Spec krxs.

On the level of closed points, when k is algebraically closed, this maps pa, a´1q to a. Since
krx, ys{pxy´ 1q is an integral domain, Spec krx, ys{pxy´ 1q has a unique generic point η,
and this is mapped to the generic point of A1

k. Note that Spec krx, ys{pxy´1q » Dpxq Ă A1
k

via this morphism. In particular, the image is dense, but not closed in A1
k. △

2.6 Fibers

To understand a map of spectra f : SpecB Ñ SpecA, it is often useful to understand the
fibers of f , that is, the inverse images of points. If f is induced by a ring map ϕ : A Ñ B
and y P SpecA is a point corresponding to p in A, the fiber f´1pyq consists of the primes q
in B such that p “ ϕ´1pqq.

If y P SpecA is a closed point, so that p is a maximal ideal, then tyu “ tyu “ V ppq, so
Proposition 2.29 implies that f´1V ppq “ V ppBq. In particular, the fiber f´1pyq is a closed
set, homeomorphic to SpecpB{pBq.

If y is not closed, the fiber f´1pyq may or may not be closed in SpecB. While we still
have f´1V ppq “ V ppBq, this closed set may contain other primes than the ones mapping to
y. For instance, in the sitation when p “ p0q is prime in A, then V ppBq “ SpecB.

To describe the fiber, we consider the localization Bp “ S´1B in the multiplicative set

S “ ϕpA´ pq.

The idea is that the ‘extra primes’ in V ppBq which do not map to p will localize to the unit
ideal in Bp.

Consider the composition

SpecpBp{pBpq ÝÝÑ SpecpBpq ÝÝÑ SpecpBq, (2.14)

which is induced by the localization map B Ñ Bp and the quotient map Bp Ñ Bp{pBp.

Proposition 2.36. Let f : SpecB Ñ SpecA be a map between prime spectra and let
p P SpecA. Then the composition (2.14) induces a homeomorphism

f´1ppq » SpecpBp{pBpq.

If p is a closed point, then f´1ppq is homeomorphic to SpecpB{pBq.

Proof The first map is a homeomorphism onto the subset V ppBpq (Proposition 2.29),
and the second is a homeomorphism onto the set of primes q P SpecB disjoint from
S “ ϕpA ´ aq (Proposition 2.32). Therefore the composition is a homeomorphism onto
the set of prime ideals q P SpecB such that q X S “ H and qBp Ą ϕppqBp. The second
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38 The spectrum of a ring

equality implies that q Ą ϕppq and hence ϕ´1pqq Ą p. The first equality then implies that
ϕ´1pqq “ p (if ϕ´1pqq Ą p were strict, then elements in ϕ´1pqq ´ p would map to elements
of q X S). Therefore, the image of (2.14) consists of precisely those prime ideals q in B so
that ϕ´1pqq “ p, that is, fpqq “ p.

In computations involving fibers, we will frequently use the fact that localization commutes
with taking quotients, i.e., Bp{pBp » S´1pB{pq.

Example 2.37. Consider the map

f : SpecCrx, ys ÝÝÑ SpecCrzs,

induced by the ring map Crzs Ñ Crx, y defined by z ÞÑ xy. Let us compute the fibers
f´1ppq over the maximal ideals p “ pz ´ aq. Note that

B{pB “ Crx, ys{pxy ´ aq.

There are two cases. If a ‰ 0, then xy ´ a is an irreducible polynomial, and then
SpecpB{pBq is irreducible. This is intuitive, as it corresponds to the hyperbola V pxy ´ aq

in A2
C. If a “ 0, we are left with SpecCrx, ys{pxyq, which is not irreducible. It has two

components, the two coordinate axes V pxq and V pyq.
Let us also consider the fiber over the generic point η of SpecCrzs, which corresponds

to p “ p0q. In this case, the ring pB{pBqp is the localization of B with respect to the
multiplicative set S “ Crzs ´ t0u; that is, the ring

Cpzqrx, ys{pxy ´ zq.

This is again an integral domain, so the fiber f´1pηq is irreducible. This fiber may be regarded
as a hyperbola in the affine plane A2

Cpzq
over the field Cpzq. △

Example 2.38 (Double covers). Let k be a field of characteristic different from 2 and let
g P krx1, . . . , xns be a non-zero polynomial. Consider the spectrum

X “ Spec krx1, . . . , xn, ys{py2 ´ gq.

The inclusion krx1, . . . , xns Ñ krx1, . . . , xns{py2 ´ gq induces a map

f : X ÝÝÑ Ank “ Spec krx1, . . . , xns.

We call X the double cover of Ank associated to g.
The name ‘double cover’ comes from the fibers of f . For a point a “ pa1, . . . , anq P kn,

let m “ px1 ´a1, . . . , xn ´anq be the corresponding maximal ideal. Then the fiber f´1pmq

is the spectrum of the ring

krx1, . . . , xn, ys

py2 ´ g, x1 ´ a1, . . . , xn ´ anq
»

krys

py2 ´ gpaqq
.

There are three cases, depending on the value b “ gpaq:
(i) If b ‰ 0 and b is a square in k, say b “ c2, then the polynomial y2 ´ b factors

as py ´ cqpy ` cq. By the Chinese Remainder Theorem, the fiber is

Spec
´ krys

py ´ cq
ˆ

krys

py ` cq

¯

,
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which is the disjoint union of two copies of Spec k.
(ii) If b ‰ 0, but b is not a square in k, then the fiber equals Spec kp

?
bq, where

kp
?
bq is a quadratic field extension of k. This fiber is a single point, but with

‘multiplicity 2’ (in the sense that the degree of the field extension k Ă kp
?
bq is

2).
(iii) If b “ 0, the fiber is then to Spec krys{py2q, which is single point. Again there

is a ‘multiplicity 2’, accounted for by the presence of nilpotent elements in the
ring (krys{py2q has dimension 2 as a k-vector space).

△

Example 2.39 (The Möbius strip). Let A “ Rrx, ys{px2 ` y2 ´ 1q and consider the
A-algebra B “ Aru, vs{pvx´ uyq. This induces a map

f : SpecAru, vs{pvx´ uyq ÝÝÑ SpecA.

Let us compute the fibers of f . As x2 ` y2 “ 1 in A, x and y generate the unit ideal, and
so SpecA is covered by the two affine subsets Dpxq and Dpyq. If p P Dpxq, then x is
invertible in Ap, and so we compute

Bp{pBp “ pAp{pqru, vs{pv ´ x´1uyq » κppqrus,

and the fiber is homeomorphic to A1
κppq

. A similar argument works when p P Dpyq. Hence
all fibers are isomorphic to affine lines. △

Example 2.40. The inclusion Rrts Ă Crts induces a map from the affine line over C to the
affine line over R:

π : SpecCrts ÝÝÑ SpecRrts.

By Example 2.16 there are three cases to consider for the fiber π´1pyq of a point y P A1
R.

(i) The point y corresponds to the maximal ideal pt´ aq with a P R. Then the fiber
is given by

π´1pyq “ Spec pCrts{pt´ aqq » SpecC,

and the fiber is a single closed point with residue field C.
(ii) The point y is a closed point corresponding to p “ pfptqq where f P Rrts has

two conjugate complex roots a, ā. Then

π´1pyq “ SpecCrts{pfptqq » Spec

ˆ

Crts

pt´ aq
ˆ

Crts

pt´ āq

˙

.

Hence the fiber consists of two closed points, both with residue field C.
(iii) The point y equals the generic point η. Then π´1pηq is the spectrum of the

localization S´1Crts “ Cptq where S “ Rrts´p0q. Therefore, π´1pηq consists
of a single point with residue field Cptq.

The Galois group G “ GalpC{Rq » Z{2 acts on the fibers in this example. More precisely,
consider the conjugation map Crts Ñ Crts on the polynomial ring Crts given by conjugating
the coefficients of the polynomials; that is, sending a polynomial

ř

i ait
i to

ř

i āit
i. This

defines an automorphism

ι : SpecCrts ÝÝÑ SpecCrts.
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40 The spectrum of a ring

Note that the subring Rrts Ă Crts is fixed by the conjugation map, so the following diagram
commutes:

SpecCrts SpecCrts

SpecRrts

ι

π π

Therefore, G “ xid, ιy » Z{2 acts by automorphisms on the fibers of π, and SpecRrts can
be viewed as the quotient space of SpecCrts by G; i.e. the space of G-orbits. Indeed, by
Example 2.16, the closed points of SpecRrts correspond exactly to the orbits of G and the
generic point of SpecCrts is invariant and corresponds to the generic point of SpecRrts. △

Example 2.41 (The Gaussian integers). The inclusion Z Ă Zris induces a morphism

f : SpecZris ÝÝÑ SpecZ.

We will study SpecZris by studying the fibers of this map. If p P Z is a prime, the fiber over
ppq P SpecZ is given by V pppqZrisq. This is homeomorphic to the spectrum

Spec pZris{pq » Spec

ˆ

Fprxs

x2 ` 1

˙

.

The ring Fprxs{px2 ` 1q is not an integral domain precisely when the equation x2 ` 1 “ 0
has a solution modulo p. This happens1 if and only if p “ 2 or p ” 1 mod 4. By Fermat’s
Two Square Theorem, this is equivalent to p “ a2 ` b2 being a sum of two squares, or in
other words, that p “ pa` ibqpa´ ibq factors in Zris. This means that there are three cases:

(i) p “ 2. Then p2qZris “ p1` iq2Zris. Therefore, f´1pp2qq consists of the single
point corresponding to the prime ideal p1 ` iq.

(ii) p ” 1 pmod 4q. In this case, we may factor p “ pa` ibqpa´ ibq in Zris and
so the fiber consists of the two points with residue fields Fp,

f´1pppqq “ V pppqZrisq “ tpa` ibq, pa´ ibqu.

(iii) p ” 3 pmod 4q. Then the ideal ppq stays prime in Zris and the fiber f´1pppqq

consists of the single point x corresponding to ppqZris. The residue field κpxq

is in fact isomorphic to Fprxs{px2 ` 1q » Fp2 , the field with p2 elements.
Note that the complex conjugation map σ : Zris Ñ Zris acts on SpecZris and the fibers of
the map f . For instance, the primes sitting over p5q are p2 ` iq and p2 ´ iq, and complex
conjugation sends one to the other. We therefore picture SpecZris as a curve lying above
SpecZ, with σ permuting the points in each fiber

△

Example 2.42 (The affine line A1
Z). Consider the affine line A1

Z “ SpecZrts and the
morphism f : SpecZrts Ñ SpecZ induced by the inclusion Z Ă Zrts.

There are two cases for a fiber f´1pyq of a point y P SpecZ. If y corresponds to the closed
1 Here is a quick proof for p ‰ 2: The elements t1, . . . , p ´ 1u modulo p can be partitioned into subsets of the

form Cpxq “ tx,´x, x´1,´x´1u. If |Cpxq| ‰ 4, then either x “ x´1 (meaning Cpxq “ t1,´1u); or
x “ ´x´1 (meaning Cpxq “ tx,´xu consists of the two solutions to x2 ` 1 “ 0 mod p). This implies that
p ´ 1 “

ř

|Cpxq| is conguent to 2 mod 4 if x2 ` 1 “ 0 has no solutions, and to 0 mod 4 otherwise.
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. . .
p2q p3q p5q p7q p11q p13q p17qp0q

p0q

. . .
p1 ` iq

p2 ` iq

p2 ´ iq

p3 ` 2iq

p3 ´ 2iq

p3q p7q p11q

p4 ` iq

p4 ´ iq

Figure 2.3 The spectrum SpecZris

point ppq P SpecZ, the fiber f´1pyq consists of all primes p Ă Zrts such that p X Z “ ppq.
According to Proposition 2.36, this is given by

V pppqZrtsq “ SpecpZrts{ppqZrtsq “ A1
Fp
.

Likewise, if y “ η is the generic point of SpecZ, Proposition 2.36 tells us that the fiber
f´1pηq is the spectrum of the localization S´1Zrts “ Qrts, where S “ Z ´ p0q. In other
words,

f´1pηq “ SpecQrts “ A1
Q.

The affine line A1
Z is shown in Figure ??. In the figure, we have depicted the two closed sets

V p6x` 1q and V px2 ` 3q. Note that V p6x` 1q is disjoint from the fibers above the primes
2 and 3 (why?). The closed subset V px2 ` 3q should be compared to Example 2.41). △

. . .p2q p3q p5q p7q p0q

p2, x ` 1q

px2 ` 3q

p5, x ` 1q

p7, 6x ` 1q

p3, xq
p5, x2 ` 3q

p7, x ` 2q

p7, x ` 5q

V px2 ` 3qV p6x ` 1q

p6x ` 1q

A1
F2

A1
F3

A1
F5

A1
F7

A1
Q

p0q

Figure 2.4 The affine line SpecZrxs

2.7 Exercises

Exercise 2.7.1. Show that SpecA is the empty set if and only if A is the zero ring.
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42 The spectrum of a ring

Exercise 2.7.2. Describe SpecZr 1
255

s.

Exercise 2.7.3. Consider the discrete valuation ring R “ Cruspuq. Describe SpecArts and
the map SpecArts Ñ SpecA induced by the inclusion A Ă Arts. Which fibers are closed?

Exercise 2.7.4. Let p be a prime ideal in a ring A. Show that there is a canonical inclusion
A{p ãÑ Ap{pAp and that this yields an identification of Ap{pAp with the fraction field of
A{p.

Exercise 2.7.5 (Disconnected spectra).
a) Show that a topological space X is disconnected if and only if it has two

orthogonal idempotents, i.e., continuous maps e1, e2 : X Ñ t0, 1u such that
e21 “ e1, e22 “ e2, e1e2 “ 0 and e1 ` e2 “ 1. HINT: Try the characteristic
functions of two open sets.

b) Let A be a reduced ring. Show that SpecA is disconnected if and only if
A “ A1 ˆ A2 for two non-trivial rings A1 and A2. HINT: Find two ideals
a, b such that a ` b “ A and a X b “ p0q. Use this to find two non-trivial
idempotents.

Exercise 2.7.6. Let A be an Artinian ring. Show that X “ SpecA is a finite set, and the
topology is the discrete topology. HINT: Write A as a product of its localizations.

Exercise 2.7.7. With the notation of Proposition 2.32, show that the set D can be written

D “ t p | sppq ‰ 0 in κppq for all s P S u

Find an example of an S so that D is not an open set.

Exercise 2.7.8. Show that Dpfq “ H if and only if f is nilpotent. HINT: Use the identity
a

p0q “
Ş

pPSpecA p.

Exercise 2.7.9. Show that Dpfq “ Dpgq if and only if there are integers m,n such that
gm “ u ¨ fn for some unit u P A.

Exercise 2.7.10. Show that the ideal m “ px, y ´ 1q in A “ Rrx, ys{px2 ` y2 ´ 1q is not
principal.

Exercise 2.7.11. Check that for a nested inclusion Dphq Ă Dpgq Ă Dpfq, we have
ρfh “ ρgh ˝ ρfg.

Exercise 2.7.12. Let A be a ring, let a be an ideal in A and let tfiuiPI be elements from
a. Show that the open distinguished sets Dpfiq cover SpecA ´ V paq if and only if some
power of each element f P a lies in the ideal generated by the fi’s.

Exercise 2.7.13. Let k be a field and letA “ krt0, t1, . . . s be a polynomial ring in countably
many variables. Let m be the maximal ideal m “ pt0, t1, . . . q. Show that U “ SpecA´ m
is not quasi-compact. Conclude that U is not the spectrum of a ring. HINT: Consider the
open cover tDptiquiě0.

Exercise 2.7.14. Find an open set of A1
Z which is not a distinguished open set.

Exercise 2.7.15. Let ϕ : A Ñ B and ψ : B Ñ C be two ring maps. Show that, with the
notation of (2.12), we have Specpψ ˝ ϕq “ Specpϕq ˝ Specpψq.
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Exercise 2.7.16 (The Gaussian integers). For a complex number z “ a` ib, we let Npzq “

a2 ` b2 denote the norm of z.
a) Show that for any two α, β P Zris, there exists µ and ρ in Zris such that
α “ µβ ` ρ where Npβq ą Npρq. HINT: Consider the lattice generated by
β, iβ and consider the square nearest α.

b) Show that Zris is a PID. HINT: If a Ă Zris is a non-zero ideal, show that a is
generated by a non-zero element in a of minimal norm.

c) Conclude that Zris is a UFD.

Exercise 2.7.17. Show that the Zariski topology on SpecA is Hausdorff if and only if every
prime ideal p is maximal.

Exercise 2.7.18. Show that the closed points in SpecA form a dense set if and only if
?
0

equals the intersection
Ş

mĂAm of all maximal ideals in A. HINT: Corollary 2.5 on page 27.

Exercise 2.7.19. Let A be an integral domain and U Ă SpecA an open non-empty subset.
Show that there is no closed point in U if and only if there is an f P A such thatAf is a field.
HINT: Consider distinguished open subsets Dpfq Ă U .

Exercise 2.7.20. Let tAiuiPI be an infinite sequence of non-trivial rings, and let X be the
disjoint union of the spectra SpecAi. Show that X is not homeomorphic to a spectrum of a
ring.

Exercise 2.7.21. Recall that a ring is local if there is only one maximal ideal.
a) Show that A is local if and only if SpecA has a unique closed point.
b) Give examples of local rings A so that SpecA consists of (i) one point; (ii) two

points; (iii) infinitely many points.
c) A map of rings ϕ : A Ñ B is said to be local if ϕpmAq Ă mB . Show that ϕ is

local if and only if the induced map f : SpecB Ñ SpecA maps the unique
closed point of SpecB to that of SpecA.

d) Give an example of a map of rings f : A Ñ B which is not local. Describe
your example in terms of the corresponding map on spectra.

Exercise 2.7.22. Show that SpecA has just one element if and only if A is a local ring
all whose non-units are nilpotent, i.e. the radical

a

p0q of the ring is a maximal ideal. For
Noetherian rings this is equivalent to the ring being an Artinian local ring.

Exercise 2.7.23. Perform the analysis of the fibers of the map in Example ?? on page ??
when the field k has characteristic 2.

Exercise 2.7.24. With reference to Example 2.41 on page 40:
a) Show that the fiber of ϕ over a prime ideal ppq is homeomorphic to

SpecFprxs{px2 ` 1q

and that dimFp
Fprxs{px2 ` 1q =2. HINT: Use that Zris “ Zrxs{px2 ` 1q.

b) Show that Fprxs{px2 ` 1q is a field if and only if x2 ` 1 does not have a root
in Fp.

c) Show that Fprxs{px2 ` 1q is a field if and only if ppqZris is a prime ideal.
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44 The spectrum of a ring

Exercise 2.7.25. Consider the ring map

ϕ : Crx, ys ÝÝÑ Crx, y, zs{pxz ´ yq

which induces f : SpecCrx, y, zs{pxz ´ yq Ñ A2
C. Show that the map f on the level of

closed points sends pa, ab, bq to pa, abq, and the generic point to the generic point. Show that
in this example, the image is neither open nor closed: it equals Dpxq Y V px, yq.

Exercise 2.7.26. Let p and q be two different prime numbers and consider the morphism
ϕ : A1

k Ñ A2
k induced from the map krx, ys Ñ krts which is defined by the assignments

x ÞÑ tp and y ÞÑ tq. Determine all fibers of ϕ.

Exercise 2.7.27. Let A “ Crx, y, zs{pxy, xz, yzq and X “ SpecA. Consider the map
f : X Ñ A1 corresponding to the C-algebra homomorphism Crts Ñ A that sends t to
x` y ` z. Determine all fibers of f . HINT: The set of closed points of X is the union of
the three coordinate axes in C3, and the map sends a point to the sum of the coordinates.

Exercise 2.7.28. Describe all fibers of the following morphisms.
a) f : SpecCrx, ys{pxy ´ 1q Ñ SpecCrxs

b) f : SpecCrx, ys{px2 ´ y2q Ñ SpecCrxs

c) f : SpecZrx, ys{pxy ´ nq Ñ SpecZ, where n is a non-zero integer.
d) SpecCrx, ys{px2 ` xy ` 1q Ñ SpecCrys.

Exercise 2.7.29. Describe the fibers of the map

A1
k Ñ Spec krx, ys{py2 ´ x3 ´ x2q

induced by x ÞÑ t2 ´ 1, y ÞÑ t3 ´ t.

Exercise 2.7.30. Determine all the fibers of the morphism

SpecZrp1 `
?
5q{2s SpecZr

?
5s

induced by the natural inclusion Zr
?
5s Ă Zrp1 `

?
5q{2s.

Exercise 2.7.31. LetA “ Zrx, ys{px2 ´y2 ´5q and consider the morphism f : SpecA Ñ

SpecZ. Compute the fibers over p0q, p2q, p3q and p5q. What happens if you replace A with
the ring Zrx, ys{p3x2 ´ 3y2 ´ 15q?

Exercise 2.7.32. Describe the following prime spectra
a) SpecCrxs{px3 ` x2q

b) SpecRrxs{px3 ` x2q.

Exercise 2.7.33. Let A and B be finitely generated k-algebras, and let f : SpecB Ñ

SpecA be the map induced by a ring mapA Ñ B. Show that f maps closed points to closed
points.

Exercise 2.7.34. Study the fibers of the morphisms
a) SpecZrts{pt2 ` t` 1q Ñ SpecZ;
b) SpecQptqrxs{px3 ` 3x` 1q Ñ SpecQptq.

Exercise 2.7.35. Let A “ Rrx, ys{px2 ` y2 ` 1q.
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a) Show that for each a, b, c P R with pa, bq ‰ p0, 0q, the ideal m “ pax`by`cq
is a maximal ideal of A.

b) Show that every non-zero prime ideal is of this form. Use this to describe
SpecA. HINT: A{m is a finite extension of R. Show that 1, x, x2 are linearly
dependent, and likewise 1, y, y2.

Exercise 2.7.36. Show that SpecQrxs is homeomorphic to SpecZ.

Exercise 2.7.37. Let X “ SpecA, and let U “ SpecpAf q Ă X be a distinguished open
set. If V is a distinguished open set in U , show that V is a distinguished open set in X as
well.

Exercise 2.7.38. Let X “ SpecA show that the intersection
Ş

UĂX,U‰H
U is equal to the

set of generic points of X .

Exercise 2.7.39. Let A “ Cra, b, cs and R “ Arxs{pax2 ` bx` cq. Study the fibers of the
morphism SpecR Ñ SpecA.

Exercise 2.7.40. Let f : SpecB Ñ SpecA be a map of spectra induced by a ring map
ϕ : A Ñ B.

a) Show that if ϕ is injective, then the image of f is dense in SpecA.
b) More generally, show that fpSpecBq is dense if and only if Kerϕ Ă

a

p0q.
c) Define ϕ : Qrxs Ñ C by sending x to π. Show that ϕ is injective. Describe the

morphism SpecC Ñ SpecA1
Q.

Exercise 2.7.41. Describe the spectrum of the ring

A “ t pa, bq P Z ˆ Z | a ” b pmod 2q u.

Exercise 2.7.42. Let X be a topological space with an open cover tUiuiPI , and let tUjujPJ

be a finite subcover where J Ă I . Show that if the sheaf sequence for F with respect to the
cover tUiujPJ is exact, then it is also exact for the full cover tUiuiPI .

Exercise 2.7.43. Describe the following prime spectra:
a) SpecZrxs{px2 ` 2q

b) SpecZrxs{px2 ´ 2q

c) SpecZrxs{px3 ` 2q

d) SpecZrx, ys{px2 ` y, y2 ` 1q

Exercise 2.7.44. Let X be the spectrum of a DVR, as described in Example 2.14. Show that
any presheaf on X is automatically a sheaf.

Exercise 2.7.45. Let n be a positive integer. Study the fibers of the morphism Spec krxs Ñ

Spec krys induced by the ring map y ÞÑ xn.
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3

The Structure Sheaf

In this chapter, we define the structure sheaf on the spectrum of a ring X “ SpecA, which
generalizes the notion of regular functions on an affine variety. As in Chapter 1, there is, for
for every open set U Ă X , a ring OXpUq whose elements may be thought of as functions
on U . However, as we’ll see, this interpretation needs to be carefully handled when working
with general rings, where elements may not have a natural way to be evaluated at points.

More broadly, a sheaf is a mathematical structure which systematically assigns algebraic
data to open sets of a space. Initially, it is helpful to think of sheaves as defining ‘distinguished
functions’ on a space (regular, continuous, holomorphic, ..), but they can also represent
more abstract mathematical objects, such as modules or sets of morphisms. The essential
requirement is that this assignment satisfies the two sheaf axioms: locality and gluing.

The theory of sheaves is truly central to algebraic geometry. Every scheme carries with
it a whole ecosystem of sheaves, and understanding a scheme often means understanding
the sheaves it carries. In this chapter, we will lay the groundwork by introducing sheaves
generally, leading up to the definition of the structure sheaf in Section ??. We will return to
sheaf theory in greater detail in Chapter 11, where we will develop more advanced techniques
and apply them to study sheaves on schemes.

Presheaves and sheaves

The concept of a sheaf may be defined for any topological space, and the theory is best
studied at this level of generality. We begin with the definition of a presheaf.

Definition 3.1 (Presheaf). Let X be a topological space. A presheaf of abelian groups F
on X consists of the following two sets of data:

(i) For each open U Ă X , an abelian group FpUq.
(ii) For each pair of nested opens V Ă U , a map of groups

ρUV : FpUq ÝÝÑ FpV q.

called the restriction map. These data are required to satisfy the following two conditions:
(a) For any open U Ă X , we have ρUU “ idFpUq.
(b) For any three open subsets W Ă V Ă U , one has ρUW “ ρVW ˝ ρUV .

We will usually write s|V for ρUV psq when s P FpUq. The elements of FpUq are usually
called sections (or sections of F over U ). It is also common to write ΓpU,Fq for the group
FpUq; Γ is the ‘global sections’-functor (it is functorial in both U and Fq.

46
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The notion of a presheaf is not confined to presheaves of abelian groups. One can also
consider presheaves of sets, rings, vector spaces etc. In fact, for any category C one may
define presheaves with values in C. The definition is essentially the same as for presheaves of
abelian groups, the only difference being that one requires that the FpUq are objects from C,
and of course, that restriction maps are all morphisms in C. We are certainly going to meet
sheaves with more structure beyond that of abelian groups, e.g. sheaves of rings, but they will
usually have an underlying structure of abelian group, so we start with these. We will also
encounter sheaves of sets. Most of the results we establish for sheaves of abelian groups can
be proved for sheaves of sets as well, as long as they can be formulated in terms of sets, and
the proofs are essentially the same.

Definition 3.2 (Sheaf). A presheaf F is a sheaf if it satisfies the following two conditions
for every open set U Ă X and every open cover tUiuiPI of U :

(i) (Locality axiom) If s, t P FpUq are sections such that

s|Ui
“ t|Ui

for all i, then s “ t.
(ii) (Gluing axiom) Given a collection of sections si P FpUiq such that

si|UiXUj
“ sj|UiXUj

for all i, j P I,

then there exists a unique section s P FpUq such that s|Ui
“ si for all i.

These two axioms mirror the properties of continuous functions mentioned in the introduction.
The Locality axiom says that sections are uniquely determined from their restrictions to
smaller open sets. The Gluing axiom says that you are allowed to patch together local sections
to a global one, provided they agree on overlaps.

There is a convenient way of formulating the two sheaf axioms simultaneously. For each
open cover U “ tUiuiPI of an open set U Ă X , there is a sheaf exact sequence

0 FpUq
ś

iPI FpUiq
ś

i,jPI FpUi X Ujq,
α β

(3.1)

where the mapsα and β are defined byαpsq “ ps|Ui
qi, and βpsiq “ psi|UiXUj

´sj|UiXUj
qi,j .

Then F is a sheaf if and only if these sequences are exact. Indeed, exactness at FpUq means
that α is injective, i.e. that s|Ui

“ 0 for all i implies that s “ 0 (this is equivalent to the
Locality axiom). Exactness in the middle means that Kerβ “ Imα; that is, elements si
satisfying si|UiXUj

´ sj|UiXUj
“ 0 come from an element s P FpUq (the Gluing axiom).

When F is a sheaf, since FpUq “ Kerβ, we can often use the sequence to compute
FpUq if the FpUiq’s and the FpUi X Ujq’s are known.

Remark 3.3 (The empty set). For a sheaf F of abelian groups, it is common to include the
condition FpHq “ 0. This is essentially forced upon us by the sheaf axioms: the empty set is
covered by the empty covering, and the sheaf axioms requires FpHq to be the empty product
ś

H
in the category of abelian groups, which is the trivial group (the terminal object).

A morphism (or simply a map) of (pre)sheaves ϕ : F Ñ G is a collection of maps of
abelian groups ϕU : FpUq Ñ GpUq, one for each open set in X , which are required to be
compatible with the restriction maps, in the sense that the following diagram commutes for
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48 The Structure Sheaf

each inclusion V Ă U of open sets:

FpUq GpUq

FpV q GpV q.

ϕU

ρUV ρUV

ϕV

(3.2)

In this way, presheaves of abelian groups on X , together with their morphisms form a
category, which is denoted by PAbpXq. Likewise, the we have the category of sheaves of
abelian groups, AbpXq, which forms a full subcategory.

As usual, a map ϕ between two (pre)sheaves F and G is an isomorphism if it has a two-
sided inverse, i.e. a map ψ : G Ñ F such that ϕ ˝ ψ “ idG and ψ ˝ ϕ “ idF . This the same
as saying that ϕU is an isomorphism for every open set U .

A presheaf G is a subpresheaf of a presheaf F if GpUq Ă FpUq for every open U Ă X ,
and such that the restriction maps of G are the restrictons of those of F . If F and G are
sheaves, G is naturally called a subsheaf.

Examples

Example 3.4 (Continuous functions). Take X “ Rn and let CpU,Rq denote the presheaf
whose sections over an open set U is the ring of continuous real valued functions on U , and
whose restriction maps ρUV are the usual restrictions of functions. Then Cp´,Rq is a sheaf
of rings (functions can be added and multiplied), and both sheaf axioms are satisfied. Indeed,
any function f : X Ñ R which restricts to zero on an open covering of X takes the value
zero at every point, so it is the zero function. Also, given continuous functions fi : Ui Ñ R
that agree on the overlaps Ui X Uj , we can form the continuous function f : U Ñ R by
setting fpxq “ fipxq for any i such that x P Ui. △

Example 3.5 (Holomorphic functions). For a second familiar example, let X “ C and
consider the presheaf AX of holomorphic functions. That is, for any open U Ă X , the
sections AXpUq is the ring of complex differentiable functions on U . Just like in the example
above, one checks that AX forms a sheaf. In fact, AX is a subsheaf of the sheaf of continuous
functions U Ñ C. △

Example 3.6. More generally, for any two topological spaces X and Y , the presheaf
Cp´, Y q of continuous maps f : U Ñ Y forms a sheaf (they are sheaves of sets, because
we cannot in general add or multiply maps).

Furthermore, any presheaf of the form

FpUq “ t f : U Ñ Y | f satisfies p˚q u

is a subsheaf ofCp´, Y q, provided p˚q is a condition that can be checked locally. For instance,
we can take p˚q to mean ‘differentiable’, ‘smooth’, ‘analytic’, and so on. Locality holds
because it holds in Cp´, Y q. Given local sections fi P FpUiq, agreeing on the overlaps,
we can glue them to an element f P CpU, Y q, and the result lies in FpUq, because the
restriction of f to Ui is equal to fi, which satisfies p˚q. See Example 3.8 for an example
where p˚q is not a local condition. △
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The Structure Sheaf 49

One of the main examples in this book will be the following:

Example 3.7 (Affine varieties). Let k be an algebraically closed field, and let X be an affine
variety in Anpkq. As in Section 1.5, we define, for an open set U Ă X , the ring of all rational
functions which are regular in U :

OXpUq “ t f P KpXq | f is regular in U u.

Note that if V Ă U , then OXpUq Ă OXpV q, so this defines a presheaf by letting the
restriction maps be the inclusions.

The sheaf axioms are also satisfied: The Locality axiom holds, because if f P KpXq

restricts to zero in some OXpUq, then this simply means that f “ 0 in KpXq. The Gluing
axiom holds, because if fi P OXpUiq is a collection of rational functions that agree on the
overlaps UiXUj of an open covering, then they are all equal to the same element f inKpXq.
This rational function f must in turn be regular in all of U , because if p P U is a point, then
p lies in some Uj , and hence f “ fj can be written as a{b with bppq ‰ 0. It follows that OX

defines a sheaf of rings, which is called the sheaf of regular functions on X .
We obtain subsheaves sheaves of OX by imposing vanishing conditions on the regular

functions. For example, if p P X is a point, one has the sheaf denoted mp of holomorphic
functions vanishing at p. This is an example of an ideal sheaf: for each open U Ă X , mppUq

is an ideal of the ring OXpUq. △

Example 3.8 (A presheaf which is not a sheaf). Let us continue the set-up in Example 3.5
to construct an example of a presheaf which is not a sheaf. Let X “ C ´ t0u, and let AX

denote the sheaf of holomorphic functions. Inside AX we find a subpresheaf given by

FpUq “ t f P AXpUq | f “ g2 for some g P AXpUq u.

While F satisfies the Locality axiom (being a subpresheaf of a sheaf), the Gluing axiom
fails. Consider for instance, the function fpzq “ z in FpXq. For each point a P C ´ t0u,
we can find an open neighbourhood Ua and a local square root ga such that g2a “ z. The ga
can moreover be chosen to agree on the overlaps Ua X Ua1 by consistently choosing signs.
However, there is no continuous function gpzq on C ´ t0u such that gpzq2 “ z, as any such
function would change sign when z transveses a loop around the origin. △

Example 3.9 (Constant presheaves). For any space X and any abelian group A, one has the
constant presheaf defined by ApUq “ A for any nonempty open set U (and ApHq “ 0).

This is not a sheaf in general. For instance, if X “ U1 Y U2 is a disjoint union, and
A “ Z, then any choice of integers a1, a2 P Z will give sections of ApU1q and ApU2q, and
they automatically agree over the intersection, which is empty. But if a1 ‰ a2, they cannot
be glued to an element in ApXq “ Z. In fact, the constant presheaf is a sheaf if and only if
any two non-empty open subsets of X have non-empty intersection. Algebraic varieties with
the Zariski topology are examples of such spaces.

There is a quick fix for this. We can define the following sheaf AX by letting

AXpUq “ t f : U Ñ A | f is locally constant u

As before, we also must put AXpHq “ 0. For a connected open set U , we then have
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50 The Structure Sheaf

AXpUq “ A. More generally, since f must be constant on each connected component of U ,
we have AXpUq »

ś

π0pUq
A, where π0pUq denotes the set of connected components of U .

The new presheaf AX is called the constant sheaf on X with value A. It is a sheaf (e.g. by
Example 3.6). That being said, the sheaf AX is not quite worthy of its name, as it is not quite
constant. △

3.1 Stalks

Let F be a presheaf of abelian groups on a topological space X . For any point x P X , we
can associate an abelian group Fx called the stalk of F at x. The stalk captures the local
behavior of sections of F near x (ignoring differences that occur away from x). The elements
of Fx are called germs of sections, or simply germs, near x; they represent the sections of F
defined in some sufficiently small neighbourhood of x.

Formally, the group Fx is defined as the direct limit of the groups FpUq as U runs through
the directed set of open neighbourhoods U of x (ordered by inclusion)1:

Fx “ lim
ÝÑ
UQx

FpUq.

Concretely, Fx can be constructed as follows. Consider the disjoint union
š

UQxFpUq,
where the elements are pairs ps, Uq with U an open neighbourhood of x and s is a section
in FpUq. We identify sections that coincide near x by declaring ps, Uq and ps1, U 1q to be
equivalent, written ps, Uq „ ps1, U 1q, if there is an open V Ă U X U 1 with x P V such that

s|V “ s1|V .

The relation „ is reflexive and symmetric by definition. For transitivity, suppose ps, Uq „

ps1, U 1q and ps1, U 1q „ ps2, U2q. Then there exist open neighbourhoods V Ă U X U 1 and
V 1 Ă U 1 XU2 of x such that s|V “ s1|V and s1|V 1 “ s2|V 1 . The restrictions of s and s2 then
coincide over the open set V 1 XV , and so ps, Uq „ ps2, U2q. Therefore, „ is an equivalence
relation.

Definition 3.10. The stalk Fx at x P X is defined as the set of equivalence classes

Fx “
ž

UQx

FpUq{ „ .

When F is a presheaf of abelian groups, the stalks Fx are all abelian groups. This
is not completely obvious, because sections over different open sets can not be added
directly. However, if ps, Uq and ps1, U 1q are given, the restrictions s|V and s1|V to any open
V Ă UXU 1 can be added within FpV q, and this suffices to define an abelian group structure
on Fx.

For any neighbourhood U of x P X , there is a natural map FpUq Ñ Fx sending a section
s P FpUq to its equivalence class in Fx. This class is called the germ of s at x, and it is
denoted sx.

1 For background on direct limits, see Appendix ??
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3.2 The pushforward of a sheaf 51

Taking the germ is compatible with restrictions: if V Ă U is another open set containing
x, we have sx “ ps|V qx. This is illustrated by the following commutative diagram:

FpUq Fx

FpV q.

ρUV (3.3)

When working with sheaves and stalks, it is useful to keep in mind the following properties:

‚ The germ sx of a section s vanishes if and only if s vanishes on some neighbourhood of x.
‚ All elements of the stalk Fx are germs. That is, every element of Fx is of the form sx for

some section s over some open neighbourhood of x.
‚ A sheaf F is the zero sheaf if and only if all stalks are zero: Fx “ 0 for all x P X .

A map of presheaves ϕ : F Ñ G induces a map between the stalks

ϕx : Fx ÝÝÑ Gx.

This map sends the equivalence class of ps, Uq to the equivalence class of pϕUpsq, Uq. As ϕ
commutes with restrictions, this assignment is well-defined: if ps, Uq „ ps1, U 1q and s and
s1 coincide on an open set V Ă U X U 1, then the diagram (3.2) gives

ϕUpsq|V “ ϕV ps|V q “ ϕV ps1|V q “ ϕU 1 ps1q|V .

One also verifies that pϕ ˝ ψqx “ ϕx ˝ ψx and pidFqx “ idFx
, so the assignments F ÞÑ Fx

and ϕ ÞÑ ϕx define a functor from the category of sheaves to the category of abelian groups.

Example 3.11. Let X “ C, and let AX be the sheaf of holomorphic functions in X . The
stalk AX,p at a point p P X is determined as follows: Two holomorphic functions f and g
have the same germ at p if they agree on some neighbourhood ofX . This in particular implies
that f and g must have the same Taylor series at p. The stalk AX,p is therefore identified
with the ring of power series that converge in a neighbourhood of p. △

3.2 The pushforward of a sheaf

Given a continuous map f : X Ñ Y and a sheaf F on X , we define the pushforward f˚F
to be the sheaf on U defined by

pf˚FqpUq “ Fpf´1Uq,

and the restriction maps Fpf´1Uq Ñ Fpf´1V q to be those coming from F .

Definition 3.12. The sheaf f˚F is called the pushforward or the direct image of F .

It is straightforward to verify that f˚F is a sheaf and not merely a presheaf. Indeed, if
tUiu is an open covering of U , then tf´1Uiu is an open covering of f´1U . A set of gluing
data for f˚F and the given covering consists of sections si P ΓpUi, f˚Fq “ Γpf´1Ui,Fq

that agree on the intersections. This means that they coincide in ΓpUi X Uj, f˚Fq, which
equals Γpf´1Ui X f´1Uj,Fq, and they may therefore be glued together to a section in
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52 The Structure Sheaf

Γpf´1U,Fq “ ΓpU, f˚Fq, as F is a sheaf. The Locality axiom follows for f˚F , because it
holds for F .

The pushfoward is also functorial in f : if g : X Ñ Y and f : Y Ñ Z are continuous
maps between topological spaces, and F is a sheaf on X , one has an equality of sheaves on
Z

pf ˝ gq˚F “ f˚pg˚Fq. (3.4)

Example 3.13 (Skyscraper sheaves). Let ι : txu Ñ X be the inclusion of a closed point in
X and let A be the constant sheaf of an abelian group A on txu. The skyscraper sheaf of A
at x, denoted Apxq, is the pushforward sheaf ι˚A. Explicitly, the sections are given by

ApxqpUq “

#

A if x P U,

0 otherwise.

△

3.3 Sheaves defined on a basis

Recall that a basis for the topology on a space X is a collection of open subsets B such that
every open set of X can be written as a union of members of B. In many situations, it turns
out to be convenient to define a sheaf by saying what it should be over the open sets in a
specific basis for the topology on X . This leads to the concept of a B-sheaf.

The definition is similar to that of a sheaf: a B-presheaf F consists of (i) for each
U P B, an abelian group F pUq, and (ii) for each pair V Ă U in B, a restriction map
ρUV : F pUq ÝÝÑ F pV q satisfying ρUU “ idF pUq and ρUW “ ρVW ˝ ρUV for each triple
W Ă V Ă U of open sets in B.

A B-presheaf is a B-sheaf if, for every open set U P B and any open cover tUiuiPI with
Ui P B, the following sequence is exact:

0 ÝÝÑ F pUq ÝÝÑ
ź

iPI

F pUiq ÝÝÑ
ź

VĂUiXUj , V PB

F pV q (3.5)

where the maps are defined by restrictions and differences of restrictions, as before.
The whole point of introducing B-sheaves is expressed in the following proposition.

Proposition 3.14. Let X be a topological space and let B be a basis for the topology.
Then:

(i) Every B-sheaf F extends to a sheaf F on X , which is unique up to isomor-
phism.

(ii) Every morphism of B-sheaves ϕ0 : F Ñ G extends uniquely to a morphism
of sheaves ϕ : F Ñ G.

The basic idea is to define FpUq as the set of all possible gluings of sections of F over
open sets in B that cover U . That is, a section s P FpUq is given by a set of sections
si P F pViq for some open cover tViuiPI of U with Vi P B, such that

si|W “ sj|W
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3.4 The structure sheaf on the spectrum of a ring 53

for any W P B with W Ă Vi X Vj . If we define FpUq and GpUq as the sets of compatible
sections of F and G in this way, we can define the extended sheaf map ϕU : FpUq Ñ GpUq

by sending psiq to pϕ0qVi
psiq.

This is indeed the best way to think of an element of FpUq. The only drawback is that
each section depends on the choice of a covering Vi. To define the group FpUq in a way
that is independent of any particular cover, we consider the ‘biggest cover’ of U , where we
include every V P B contained in U .

Proof Let U Ă X be any open subset. Let BU Ă B denote the open sets in B which are
contained in U and define

FpUq “

#

psV q P
ź

V PBU

F pV q

ˇ

ˇ

ˇ
sV |W “ sW , @W Ă V in B

+

(3.6)

An element of FpUq is therefore given by a set of sections sV P F pV q, such that whenever
W Ă V in BU , we have the compatibility condition sV |W “ sW .

Note that if U 1 Ă U , then BU 1 Ă BU , and so the projection maps give us restriction maps
FpUq Ñ FpU 1q. This makes F into a presheaf. We leave it as an exercise for the reader to
check the sheaf axioms for F .

Note that if U is an open set in B, there is an obvious map

F pUq ÝÝÑ FpUq.

sending t P F pUq to the collection sV “ t|V . This is in fact an isomorphism, with inverse
defined by the projection FpUq Ñ F pUq to the ‘U -th component’.

(ii): Saying that ϕ0 : F Ñ G is a map of B-sheaves amounts to saying that the following
diagram commutes for each pair V 1 Ă V of opens in B:

FpV q GpV q

FpV 1q GpV 1q.

pϕ0qV

pϕ0qV 1

Taking the products over all open subsets V P BU , we obtain a natural map FpUq Ñ GpUq

which extends ϕ0. These maps are moreover compatible with the restriction maps, so we get
a map of sheaves ϕ : F Ñ G.

The extension F is unique: If G is another extension, satisfying FpUq “ GpUq for every
U P B, then since F and G are sheaves, we may use the expression (3.6) to compute FpUq

and GpUq for any open set. Using this, we obtain a canonical isomorphism of sheaves F » G.
A similar argument shows that the extended morphism ϕ : F Ñ G in (ii) is unique.

3.4 The structure sheaf on the spectrum of a ring

We now define the structure sheaf OX on X “ SpecA. To motivate the definition, consider
an affine variety X Ă Anpkq be an affine variety with coordinate ring A “ ApXq. For each
open set U Ă X , the ring OXpUq consists of the rational functions that are regular at every
point of U . The elements of OXpUq can be viewed either as elements of the function field
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54 The Structure Sheaf

KpXq, or as functions f : U Ñ k. Moreover, each restriction map OXpUq Ñ OXpV q can
be seen as an inclusion of subrings of KpXq, or as an actual restriction map on functions.

For a distinguished open set Dpfq, the ring of regular functions OXpDpfqq is simply
the localization Af (Proposition 1.25). This is intuitive, because the elements of the form
a{fn define regular functions on Dpfq. Moreover, if Dpgq Ă Dpfq, the restriction map
corresponds to the canonical localization map Af Ñ Ag.

In fact, the sheaf OX is completely determined by knowing OXpDpfqq “ Af for each
f P A. Indeed, inside KpXq, we have

OXpUq “
č

DpfqĂU

OXpDpfqq. (3.7)

If one tries to carry out the above construction for a general ring A, there are a few issues
that arise. First, there may not exist a natural field k for which we can view elements of
OXpUq as functions U Ñ k. More critically, the localization maps Af Ñ Ag may fail to
be injective (so an intersection like (3.7) does not make sense). This happens already in the
simple example when A “ krx, ys{pxyq, which corresponds to the union of x-axis and the
y-axis in the affine plane. Here the nonzero element x P A maps to 0 via the localization
map A Ñ Ay. So this behaviour is not a big surprise; it naturally appears once we allow
reducible spaces into our discussion.

Motivated by this discussion, we consider the basis of distinguished open sets Dpfq.
We would like OX to satisfy OXpDpfqq » Af for every f P A, with restriction maps
OXpDpfqq Ñ OXpDpgqq corresponding to the localization maps Af Ñ Ag whenever
Dpfq Ą Dpgq. There is a small subtlety here, namely that two different f ’s may define the
same distinguished open set U (for instance, Dpfq “ Dpf2q). A nice way to resolve this is
to work with a more canonical localization:

Definition 3.15. For a distinguished open set U , we define

OpUq “ SpUq´1A. (3.8)

where SpUq “ t s P A | Dpsq Ą U u is the multiplicative subset of elements s P A that
vanish nowhere on U .

The elements of OpUq are fractions a{s so that sppq ‰ 0 for all p P U . If U Ą V are two
distinguished open sets, then SpUq Ă SpV q, so by the universal property of localization,
there is a canonical map

SpUq´1A ÝÝÑ SpV q´1A,

which we use to define the restriction maps OpUq Ñ OpV q.
Note that for U “ Dpfq, we have f P SpUq, and so there is a canonical localization map

Af Ñ SpUq´1A. We claim that this is an isomorphism:

Lemma 3.16. When U “ Dpfq, there is a canonical isomorphism SpUq´1A » Af .

Proof This map is injective: if a{fn P Af maps to 0 in SpUq´1A, there is an s P SpUq

such that sa “ 0. By definition, we have Dpfq Ă Dpsq, which is equivalent to being able
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3.4 The structure sheaf on the spectrum of a ring 55

to write fN “ cs for some c P A and N P N. Multiplying sa “ 0 by c now shows that
fNa “ 0 in A, and hence a{fn “ 0 in Af . The map is also surjective: if a{s P SpUq´1A,
then writing fN “ cs as before, we have a{s “ pcaq{fN in SpUq´1A, which is in the
image of Af Ñ SpUq´1A.

In light of this, we will from now on always identify OpDpfqq “ Af , and OpDpfqq Ñ

OpDpgqq with Af Ñ Ag whenever Dpgq Ă Dpfq.
We now prove that O is a B-sheaf. This will follow from the following algebraic lemma:

Lemma 3.17. Let R be a ring and let f1, . . . , fr P R be elements generating the unit
ideal. For any R-module M , the following sequence is exact:

0 M
śr

i“1Mfi

śr

i,j“1Mfifj
α β

(3.9)

where α psq “ ps{1, . . . , s{1q and βps1, . . . , srqi,j “ si{1 ´ sj{1.

Proof As (3.12) is a sequence of R-modules, it is exact if and only if it is exact after being
localized at every prime ideal p. After reordering the indices, we may assume that p P Dpf1q.
As localization commutes with finite products, the localization of (3.10) at p can be obtained
via localizing the following sequence

0 Mf1

śr

i“1Mf1fi

śr

i,j“1Mf1fifj
a b (3.10)

It it is therefore enough to show that (3.10) is exact. We write this as

0 Mf1 Mf1 ˆ
śr

i“2Mf1fi

śr

i“1Mf1fi ˆ
śr

i,j“2Mf1fifj
a b

(3.11)
Now it is clear that a is injective, by projecting onto the first factor. Next, if ps1, . . . , srq P

Mf1 ˆ
śr

i“2Mf1fi lies in Ker b, then by projecting onto the factor
śr

i“1Mf1fi , we see that
si{1 “ s1{1 inMf1fi for all i “ 1, . . . , r. This means that ps1, . . . , srq “ ps1{1, . . . , s1{1q

is in the image of a.

Proposition 3.18. O is a B-sheaf of rings.

Proof Step 1. Finite covers. Suppose that Dpfq is a distinguished open set and tDpfiquri“1

is a finite cover of Dpfq. Then applying Lemma 3.17 to R “ Af and M “ Af gives an
exact sequence

0 Af
śr

iPJ Afi
śr

i,jPJ Afifj
α β

(3.12)

The Locality and Gluing axioms follow immediately from this.
Step 2. Arbitrary covers. Suppose now that tDpfiquiPI is a general cover. Since Dpfq is

quasi-compact, we may pick a finite subset J Ă I , so that tDpfjqujPJ forms a subcover.
Locality axiom: If s P Af maps to zero in Afi for every i P I , then in particular, it maps

to zero in each Afi for i P J , so by Step 1, we have s “ 0 in Af .
Gluing axiom: Given compatible elements si P Afi for i P I (meaning si{1 “ sj{1 in

Afifj for all i, j P I), then Step 1 provides a unique s P Af such that si “ s{1 P Afi for all
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56 The Structure Sheaf

i P J . We claim that s in fact induces si for all i P I . For this, fix an index α P I . Applying
Step 1 to the finite covering consisting of Dpfiq, i P J Y tαu, we get an element s1 P Af
such that s1{1 “ si in Afi for all i P J and also s{1 “ sα. As s and s1 coincide in each Afi
for i P J , we must also have s “ s1 in Af by uniqueness in Step 1, and hence s{1 “ sα
holds in Afα as well.

Using Proposition 3.14 on page 52, we may now make the following definition:

Definition 3.19. The structure sheaf OSpecA on SpecA is the unique sheaf extending
the B-sheaf O.

The formula (3.6) tells us how to compute sections for a general open set U Ă X: cover
U by distinguished open sets Dpfiq, i P I; then OSpecApUq is identified with the group

OSpecApUq “

#

psiq P
ź

iPI

Afi
ˇ

ˇ si “ sj in Afifj for all i, j P I

+

. (3.13)

That being said, we will basically never need to know the ring OSpecApUq for other open
sets than distinguished open sets U “ Dpfq.

We will an alternative construction of OX in Example 11.18.

Proposition 3.20.
(i) ΓpSpecA,OSpecAq “ A.

(ii) If P P SpecA is a point corresponding to a prime ideal p, then

OSpecA,P “ Ap.

Proof We defined OSpecA so that OSpecApDpfqq “ Af for every every f P A. Taking
f “ 1, we see that (i) holds. For (ii), since the distinguished open sets form a basis for the
topology, we may compute the stalk as:

OSpecA,P “ lim
ÝÑ

PPDpfq

OSpecApDpfqq » lim
ÝÑ
fRp

Af .

We claim that the natural map lim
ÝÑfRp

Af Ñ Ap is an isomorphism. Surjectivity holds
because any element a{s P Ap, where s R p is in the image of a{s P As under the canonical
map As Ñ Ap. For injectivity: an element a{fn maps to 0 in Ap precisely when there is an
element s P A´ p such that as “ 0, but then a{fn “ 0 in Ag, where g “ sf . Hence a{fn

vanishes in the direct limit, and so we get (ii).

Remark 3.21. The structure sheaf behaves particularly well when the base ring A is an
integral domain. In this case, all the localizations Af are subrings of the field of fractions
K of A, and for Dpgq Ă Dpfq, the localization maps Af Ñ Ag are simply inclusions of
subrings. This implies that OXpUq is a subring of K for any open set U . Indeed, covering U
by distinguished open sets tDpfiquiPI , the formula (3.13) shows that OXpUq is identified
with the intersection

Ş

iPI Afi inside K. Moreover, by Proposition A.5, we have

OXpUq “
č

iPI

Afi “
č

iPI

č

pPDpfiq

Ap “
č

pPU

Ap.
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3.4 The structure sheaf on the spectrum of a ring 57

Consequently, when A is an integral domain, the intuition from affine varieties is valid: the
rings OXpUq are subrings of the fraction field of A, and the elements f P OXpUq are
precisely those for which, for each point P P U , we may write f “ a{b and bpP q ‰ 0.

Examples

Example 3.22. For a field K, the structure sheaf OSpecK is a constant sheaf with the value
K at the single point of SpecK. △

Example 3.23. The structure sheaf of SpecZ satisfies OSpecZpDpnqq “ Zr 1
n

s for each
natural number n. The stalks of OSpecZ at the closed point ppq is equal to OSpecZ,ppq “ Zppq

and at the generic point the stalk is equal to OSpecZ,p0q “ Zp0q “ Q. △

Example 3.24. Let X “ SpecCrts. Then the stalk of OX at the generic point ξ “ p0q is
equal to OX,ξ “ Cptq. Each closed point P P X corresponds to a maximal ideal pt ´ aq,
and the stalk of OX at P is equal to OX,P “ Crtspt´aq. △

Example 3.25. We continue Example 2.14 about the spectrum of a discrete valuation ring
A. The space X “ SpecA has two points, s and ξ, and there are three open sets: H, tξu,
and X . The maximal ideal of A is principal, so we may write m “ ptq for t P A. Then
tξu “ Dptq is a distinguished open in X . The structure sheaf takes the following values at
the open sets:

OXpHq “ 0, OXpXq “ A, OXptξuq “ At “ K,

where K denotes the fraction field of A. The stalks are given by OX,s “ Aptq “ A and
OX,ξ “ Ap0q “ K. △

Example 3.26 (Disconnected spectra). Using the structure sheaf, we may now prove that if
A is a ring such that X “ SpecA is not connected, then A is a nontrivial product of two
rings. Suppose X “ U1 Y U2, where U1 and U2 are open subsets with U1 X U2 “ H. The
sheaf exact sequence takes the form

0 OXpXq “ A OXpU1q ˆ OXpU2q OXpU1 X U2q “ 0,

and we deduce that there is an isomorphim of rings A » OXpU1q ˆ OXpU2q. △

Example 3.27. Consider the open subset U “ A2
k ´V px, yq of A2

k “ Spec krx, ys. We can
use the sheaf sequence to compute OA2

k
pUq. In analogy with Example 1.26, we will show that

the restriction map OA2
k
pA2

kq Ñ OA2
k
pUq is an isomorphism; that is, OA2

k
pUq “ krx, ys.

To do this, we use the sheaf sequence (3.1) for the covering tDpxq, Dpyqu of U . In view
of the equalities OA2

k
pDpxqq “ krx, ysx and OA2

k
pDpyqq “ krx, ysy, the sheaf sequence

takes the form

0 OA2
k
pUq krx, ysx ‘ krx, ysy, krx, ysxy

α β

Here αpsq “ ps|Dpxq, s|Dpyqq and β sends a pair pa{xn, b{ymq to a{xn ´ b{ym. The group
OA2

k
pUq is identified with the kernel of β, which consists of pairs pa{xn, b{ymq such that

a{xn “ b{ym in krx, ysxy. This equality implies that aym “ bxn in krx, ys. As the
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polynomial ring krx, ys is a UFD, we conclude that a “ cxn and b “ cym for some c P

krx, ys. But this means that any element in the kernel is of the form pc, cq with c P krx, ys,
and so OA2

k
pUq “ krx, ys. △

3.5 The sheaf associated to an A-module

The contruction of the structure sheaf can be extended for arbitrary A-modules. For each
A-module M , we define a presheaf ĂM on SpecA, whose sections over distinguished open
sets Dpfq are given by

ĂMpDpfqq “ Mf .

If Dpgq Ă Dpfq, the restriction map is given by the localization map Mf Ñ Mg. The same
proof as for the structure sheaf (Proposition 3.18), shows that this is actually a B-sheaf,
which extends uniquely to a sheaf on SpecA, which we will continue to denote by ĂM .

Proposition 3.28. (i) The global sections of ĂM recovers the module:

ΓpSpecA,ĂMq “ M.

(ii) For a point x P SpecA corresponding to a prime ideal p, the stalk is given
by

ĂMx “ Mp.

This tilde-construction is functorial in M . For any A-linear map ϕ : M Ñ N , there is an
induced map of sheaves rϕ : ĂM Ñ rN . To define rϕ, it suffices, by Proposition 3.14, to specify
it over the distinguished open sets Dpfq. Here, we define ϕ̃Dpfq : ĂMpDpfqq Ñ rNpDpfqq

to be the localization of ϕ, that is, the map

ϕf : Mf Ñ Nf ; m{fn ÞÑ ϕpmq{fn

This defines a map of B-sheaves because the following diagram commutes for each f and g
with Dpgq Ă Dpfq:

Mf Nf

Mg Ng

ϕf

ϕg

Indeed, writing gr “ af , the compositionMf Ñ Mg Ñ Ng sendsm{fn to ϕpmanq{grn “

anϕpmq{grn, which is is the same as the image via Mf Ñ Nf Ñ Ng.
We also have Ćϕ ˝ ψ “ rϕ ˝ rψ, whenever ϕ and ψ are composable A-linear maps. Conse-

quently the tilde-operation defines a functor from the category ModA of A-modules to the
category of sheaves on SpecA.

Example 3.29. LetA be a ring and let I Ă A be an ideal. Then rI is an ideal sheaf in OSpecA.
This means that for each U Ă SpecA, the space of sections rIpUq is an ideal of OXpUq. For
U “ Dpfq, we have rIpDpfqq “ IAf , the ideal generated by I in Af . △
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Example 3.30. Let A “ krx, ys{px2 ` y2 ´ 1q and X “ SpecA. Consider the A-module

M “ pAe1 ‘Ae2q {pxe1 ` ye2q.

Let us determine the stalk of ĂM at the point P “ p0, 1q P X corresponding to the prime
ideal p “ px, y ´ 1q. Since y R p, y is invertible in Ap, and we can replace the relation
xe1 ` ye2 by xy´1e1 ` e2. This allows us to eliminate the component Ape2, and we find:

pĂMqP “ Mp “ pApe1 ‘Ape2q {pxy´1e1 ` e2q » Ap “ OX,P .

As X is covered by the two distinguished open sets Dpxq and Dpyq, the same type of
argument shows that pĂMqp » Ap for every p. Therefore ĂM and OX have isomorphic stalks
at every point. △

3.6 Exercises

Exercise 3.6.1 (Differential operators). Let X “ R and let CrpX,Rq be the sheaf of
functions f : U Ñ R which are r times continuously differentiable.

a) Show that CrpX,Rq is a subsheaf of CpX,Rq.
b) Show that the differential operator D “ d{dx defines a morphism of sheaves
D : CrpX,Rq Ñ Cr´1pX,Rq.

Exercise 3.6.2. LetX be the set with two elements with the discrete topology. Find a presheaf
on X for which the Locality axiom fails. HINT: Define FpXq to be much bigger than
Fptpuq and Fptquq.

Exercise 3.6.3. In the notation of Example 3.5, the differential operator gives a map of
sheaves D : AX Ñ AX , where as previously X Ă C is an open set.

a) Show that the assignment

FpUq “ t f P AXpUq | Df “ 0 u

defines a subsheaf F of AX .
b) Show that if U is a connected open subset of X , one has FpUq “ C.
c) For a not necessarily connected set U , show that FpUq “

ś

π0pUq
C where the

product is taken over the set π0pUq of connected components of U . Deduce
that F is the constant sheaf with value C.

Exercise 3.6.4. Let X Ă C be an open set.
a) For U Ă X open, define KpUq to be the group of meromorphic functions on U

(these are functions holomorphic on all of U except for a set of isolated points,
where they have poles). Show that KpUq is a sheaf of groups which contains
the sheaf of holomorphic functions AX as a subsheaf.

b) For points a1, . . . , ar P X and n1, . . . , nr natural numbers, define FpUq to
be the set of meromorphic functions in U which are holomorphic away from
the ai’s and having a pole order bounded by ni at ai. Show that F is a sheaf of
abelian groups.

c) Are K and F sheaves of rings?
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Exercise 3.6.5. Let X be a topological space and let Z Ă X be a closed subset with
inclusion ι : Z Ñ X . For a sheaf F on Z, describe the stalks of ι˚F .

Exercise 3.6.6. LetX be a topological space and define F by setting FpXq “ 0, FpHq “ 0
and FpUq “ Z for every other open set, and with restriction maps FpUq Ñ FpV q equal to
the identity if U and V are different from H and X , and the zero map otherwise. Show that
F is a presheaf. Is F a sheaf?

Exercise 3.6.7 (The sheaf of homomorphisms). Given two presheaves F and G, we may
form a presheaf HompF ,Gq by letting the sections over an open U be given by

HompF ,GqpUq “ HomAbpXqpF |U ,G|Uq. (3.14)

If V Ă U , the restriction map sends ϕ : F |U Ñ G|U to the restriction ϕ|V : F |V Ñ G|V .
Show that HompF ,Gq is a sheaf whenever G is a sheaf.

Exercise 3.6.8. Let F be a sheaf and let s, t P FpUq be two sections. Show that s “ t if
and only if sx “ tx for every x P U .

Exercise 3.6.9. Let ϕ, ψ : F Ñ G be maps of presheaves and assume that G is a sheaf. Prove
that ϕ “ ψ if and only if ϕ and ψ induce the same maps on all stalks, i.e. ϕx “ ψx for every
x P X . HINT: Use Exercise 3.6.8.

Exercise 3.6.10. Let ϕ : F Ñ G be a map of sheaves. We say that ϕ is injective (resp.
surjective) if ϕx : Fx Ñ Gx is injective (resp. surjective) for every point x P X .

a) Show that ϕ is injective if and only if ϕU : FpUq Ñ GpUq is injective for every
open set U .

b) Give an example of a map of sheaves ϕ so that ϕx is surjective for all x P X ,
but ϕX : FpXq Ñ GpXq is not surjective. HINT: Example 3.8.

Exercise 3.6.11. Verify the formula (3.4).

Exercise 3.6.12. Denote by t˚u a one point set. Let X be a topological space and f : X Ñ

t˚u be the one and only map. Show that f˚F “ ΓpX,Fq (where strictly speaking ΓpX,Fq

stands for the constant sheaf on t˚u with value ΓpX,Fq).

Exercise 3.6.13. Let X be a topological space and x P X a point that is not necessarily
closed. Let ι : txu Ñ X be the inclusion. Let A be the constant sheaf on txu with value the
group A. Show that the stalks of ι˚A are

pι˚Aqy “

#

A if y P txu

0 otherwise.

Exercise 3.6.14. Let F and G be two sheaves on a space X and assume there is an open
covering U of X and isomorphisms θU : F |U » G|U that match on intersections; that is,
θU |UXU 1 “ θU 1 |UXU 1 . Show that there is an isomorphism θ : F » G extending the θU ’s.
HINT: It is possible to do this via B-sheaves.

Exercise 3.6.15. Let U “ tUiuiPI be an open cover of a space X and let U 1 “ tUiuiPJ be a
subcover (J Ă I). Show that the sequence (3.1) is exact for the covering U if and only if it is
exact for U 1.
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Exercise 3.6.16 (The restriction of a sheaf). Let U Ă X be an open subset of a topological
space X and let F be a sheaf on X . Define F |U by the assignment F |UpV q “ FpV q for
V Ă U .

a) Show that F |U defines a sheaf on U , and that the stalks at points in U are equal
to the corresponding stalks of F .

b) Let G be a sheaf on U . Let ι : U Ñ X be the inclusion map. Show that
ι˚pGq|U » G.

Exercise 3.6.17. Let X “ R with the standard topology.
a) Let F be the subpresheaf of Cp´,Rq defined by

FpUq “ t f : U Ñ R | f is bounded u

Show that F is not a sheaf.
b) Let G be the subpresheaf of Cp´,Rq defined by

GpUq “ t f : U Ñ R | fp0q “ fp1q u

Show that G is not a sheaf.

Exercise 3.6.18. Let X be a topological space where every open cover of any open set has a
finite subcover (i.e., if U “

Ť

iPI Ui, then there exists a finite J Ă I such that U “
Ť

iPJ Ui).
Show that a presheaf F is a sheaf if and only if it satisfies the Locality and Gluing axioms for
all finite covers.

Exercise 3.6.19. Let B be a basis and let F be a B sheaf. Show that the stalk of the extended
sheaf F at a point x P X is given by

Fx “ lim
ÝÑ

UPB, xPU

F pUq. (3.15)

Exercise 3.6.20. Let X “ SpecA where A “ Qrx, y, zs{px2, xy, xzq. Show that if
U “ X ´ tp0, 0, 0qu, then

OXpUq ‰ SpUq´1A.

HINT: Write U “ Dpyq YDpzq and imitate Example 3.27.
This example shows that the formula OXpUq “ SpUq´1A does not hold for all open sets

U .

Exercise 3.6.21 (Alternative description of OX). Let X “ SpecA. Consider the partial
order on the elements of A defined by g ď f if Dpgq Ă Dpfq.

a) Show that the localizations Af form a directed system of A-modules with the
localization maps Af Ñ Ag whenever g ď f .

b) For an open set U Ă X , define

OXpUq “ lim
ÐÝ

fPA, DpfqĂU

Af .

That is, a section of OXpUq is a collection of elements psf qf where each
sf P Af such that if Dpgq Ă Dpfq, then sf maps to sg under Af Ñ Ag. If
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V Ă U are two opens, then anyDpfq which is contained in V is also contained
in U , so there are canonical restriction maps OXpUq Ñ OXpV q.

Compare with the formula (3.7).
c) Show that OX is a sheaf.
d) Show that OX is isomorphic to the structure sheaf on SpecA as defined in the

text.

Exercise 3.6.22. Describe the points of the prime spectrumX “ SpecCrx, yspx,yq. Compute
OXpUq where U “ X ´ tpx, yqu.

Exercise 3.6.23. Let X Ă C be an open set and let A be the sheaf of holomorphic functions
on X . Show that for a point P P X , the stalk AP can be identified with the ring of power
series that converge in a neighbourhood of P .

Exercise 3.6.24. Let X be a topological space and let F be a sheaf of rings on X . Show
that if s P FpXq, the map FpUq Ñ FpUq given by multiplication by s is a morphism of
sheaves.

Exercise 3.6.25. Let A be an Artinian ring and let X “ SpecA. Using the structure sheaf
and the fact that X is discrete, show that

A »
ź

m

Am.
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4

Schemes

4.1 Locally ringed spaces

We would like to define a scheme to be a space which is ‘locally affine’, that is, one where
every point has a neighbourhood which is isomorphic to the spectrum of a ring. To be able to
make such a definition precise, we need a suitable category of spaces to work with. To this
end, we use the two pieces of data we have: SpecA and its sheaf of rings OSpecA.

Definition 4.1 (Locally ringed spaces). A locally ringed space is a pair pX,OXq where
X is a topological space and OX is a sheaf of rings on X such that all the stalks OX,x

are local rings.

To make this into a category, we need to specify what a morphism between two locally ringed
spaces is. Reflecting the above definition, a morphism betwen pX,OXq and pY,OY q should
have two components, one map between the underlying topological spaces X and Y and one
on the level of sheaves. Note that it does not make sense to talk about morphisms OY Ñ OX ,
as these sheaves live on different spaces. Instead, once a continuous map f : X Ñ Y is
specified, the sheaf map should be a map OY Ñ f˚OX of sheaves of rings on Y . This means
that for all open subsets U Ă Y , there are ring maps

f 7

U : OY pUq ÝÝÑ OXpf´1Uq,

compatible with the restriction maps; that is, such that the following diagrams commute:

OY pUq OXpf´1Uq

OY pV q OXpf´1V q.

ρUV

f7
U

ρf´1U f´1V

f7
V

(4.1)

The intuition again comes from the setting of affine varieties. As we saw on page ??, a
morphism of affine varieties f : X Ñ Y is precisely a continuous map such that the pullback
g ˝ f is a regular function on f´1pUq whenever g is regular on U . In other words, the
pullback is a ring map OY pUq Ñ OXpf´1Uq, and the collection of all of these defines a
map of sheaves OY Ñ f˚OX .

Note that if g is a regular function which vanishes at a point y P Y then its pullback
f 7pgq “ g ˝ f vanishes at every point of x P f´1pyq in U . In other words, if g P my, then
f 7pgq P mx for each such x and y.

For a general locally ringed space, we do not have the luxury of speaking about functions
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64 Schemes

into some fixed field k, so the sheaf map f 7 has to be specified as part of the definition of a
morphism. Moreover, the condition of ‘pulling back vanishing functions’ translates into the
following requirement. For a point x P X and y “ fpxq, the morphism f 7 induces a map of
local rings:

f 7
x : OY,y ÝÝÑ OX,x, (4.2)

This map is defined as follows: pick an element sy P OY,y and represent it as the germ of a
section s P OY pW q over some open set W Ă Y . Then the section t “ f 7

W psq is a section of
OXpf´1W q. We define f 7

xpsyq to be the germ of this section at x, i.e. f 7
xpsyq “ tx P OX,x.

This makes sense because f´1W contains x. By the definition of the stalk, this does not
depend on the choice of open set W containing y.

In the case of affine varieties, the map (4.2) sends a rational function g P OY,y which is
regular at y “ fpxq to g ˝ f which is regular at x. By what we said above, f 7

x sends the
maximal my into mx for every x P X . In other words, f 7

x is a map of local rings.

Definition 4.2 (Morphisms of locally ringed spaces). A morphism, or simply map, of
locally ringed spaces pX,OXq Ñ pY,OY q is a pair pf, f 7q, where

(i) f : X Ñ Y is a continuous map,
(ii) f 7 : OY Ñ f˚OX is a map of sheaves of rings on Y ,

such that for every x P X , the induced map on stalks

f 7
x : OY,fpxq ÝÝÑ OX,x

is a map of local rings; that is, f 7
xpmfpxqq Ă mx.

For simplicity, we usually denote the morphism by f : X Ñ Y , omitting f 7.
Morphisms of locally ringed spaces can be composed. Given pf, f 7q : pX,OXq Ñ

pY,OY q and pg, g7q : pY,OY q Ñ pZ,OZq, we define the morphism X Ñ Z by the
composition g ˝ f on the level of topological spaces. The sheaf map pg ˝ fq7 is defined over
an open set U Ă Z by the composition

OZpUq OY pg´1Uq OXppg ˝ fq´1Uq “ ΓpU, pg ˝ fq˚OXq.
g7 f7

An isomorphism of locally ringed spaces is a morphism f : X Ñ Y which admits an inverse
morphism. In other words, there is a morphism g : Y Ñ X such that g ˝ f “ idX and
f ˝ g “ idY . In concrete terms, this boils down to: (i) f being a homeomorphism, and (ii)
f 7

U : OY pUq Ñ OXpf´1Uq being an isomorphism of rings for every open U Ă Y .

SpecA as a locally ringed space

For a ring A, the pair pSpecA,OSpecAq is by design a locally ringed space. The set SpecA
is endowed with the Zariski topology and the structure sheaf OSpecA is a sheaf of rings with
stalks which are local rings of the form Ap. In this section, we show that ring maps induce
maps of locally ringed spaces.

Let ϕ : A Ñ B be a map of rings and write X “ SpecB and Y “ SpecA. We define a
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4.1 Locally ringed spaces 65

morphism

pf, f 7q : pX,OXq ÝÝÑ pY,OY q. (4.3)

as follows. On the level of topological spaces, we define f : X Ñ Y by

fppq “ ϕ´1ppq. (4.4)

The sheaf map f 7 : OY Ñ f˚OX is defined on the basis of distinguished open sets. Consider
a distinguished open set Dpgq Ă Y “ SpecA. Then,

f´1pDpgqq “ Dpϕpgqq. (4.5)

The sections involved are

OY pDpgqq “ Ag,

f˚OXpDpgqq “ OXpDpϕpgqqq “ Bϕpgq.

We define f 7 : OY Ñ f˚OX over Dpgq by the canonical localization map

Ag ÝÝÑ Bϕpgq

a

gn
ÞÝÑ

ϕpaq

ϕpgqn
. (4.6)

Note that if ϕpgq “ 0, then Bϕpgq “ 0, and this is the zero map.
These maps define a morphism of B-sheaves: if Dphq Ă Dpgq, we have a commutative

diagram

OY pDpgqq OXpDpϕpgqqq

OY pDphqq OY pDpϕphqqq

=

Ag Bϕpgq

Ah Bϕphq

In the diagram on the left, the vertical maps on the left are restriction maps of sheaves, while
on the right, the vertical maps are localization maps of rings.

Finally, we check that for each point x P X , the induced map f 7
x : OY,fpxq Ñ OX,x is a

map of local rings. Let p be the prime ideal corresponding to x, so that q “ ϕ´1ppq is the
prime ideal corresponding to fpxq P SpecA. From the paragraph following (4.2), we can
understand the map f 7

x as follows: For an element t P OY,fpxq “ Aq, writing it as t “ a{gn

allows us to view it as the germ of a section a{gn P OY pDpgqq for some open set Dpgq

containing q. Note that q P Dpgq means that g R q “ ϕ´1ppq. Then f 7
xptq is the image of t

via the composition

Ag ÝÝÑ Bϕpgq ÝÝÑ Bp “ OX,x. (4.7)

Now, if t P qAq lies in the maximal ideal, then we can write t “ a{gn with a P q “ ϕ´1ppq.
Then ϕpaq{ϕpgqn P pBϕpgq, and hence f 7

xptq P pBp lies in the maximal ideal of OX,x. This
shows that pf, f 7q is a morphism of locally ringed spaces.

The second part of the next example gives a pair pf, f 7q which is not a morphism of locally
ringed spaces.
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Example 4.3. Let X “ SpecCptq and Y “ A1
C “ SpecCrts. There is a natural map

f : X Ñ Y induced by the inclusion Crts Ă Cptq. On the level of topological spaces, X
consists of a single point ξ, and f maps ξ to the generic point γ of Y . The corresponding
stalk map f 7

ξ : OY,γ Ñ OX,ξ is the identity map

OY,γ “ Crtsp0q “ Cptq ÝÝÑ Cptq “ OX,ξ,

which is certainly a map of local rings.
On the other hand, we could try to define a strange map g : X Ñ Y by sending ξ to

some other point y P A1
C corresponding to a maximal ideal pt ´ aq Ă Crts. This map is

certainly continuous. For the sheaf map, note that pg˚OXqpUq “ Cptq if U contains y and 0
otherwise. We can therefore define g7 : OY Ñ g˚OX as follows: for an open set U Ă Y , g7

U

is the inclusion map OY pUq Ă Cptq if y P U , and the zero map otherwise. This is clearly a
map of sheaves of rings. However, the map on stalks is given by

g7

ξ : OY,y “ Crtspt´aq ÝÝÑ Cptq “ OX,ξ

and this sends the maximal ideal pt´ aq to the unit ideal in Cptq. In other words, the element
t ´ a vanishes at y P Y , but its pullback, the image of t ´ a in Cptq does not vanish at ξ.
Therefore, g is not a morphism of locally ringed spaces. △

4.2 Schemes

We have now come to the definition of a scheme.

Definition 4.4. An affine scheme is a locally ringed space pX,OXq which is isomorphic
to pSpecA,OSpecAq for some ring A.

If X is a locally ringed space and U Ă X is an open subset, the restriction OX |U is a
sheaf on U making pU,OX |Uq into a locally ringed space. Indeed, the stalks of OX |U are the
same as those of OX at every point of U . In particular, it makes sense to ask when a locally
ringed space is locally isomorphic to an affine scheme:

Definition 4.5 (Schemes). A scheme is a locally ringed space pX,OXq which is locally
isomorphic to an affine scheme in the following sense: there is an open cover tUiuiPI
of open subsets of X such that each pUi,OX |Ui

q is isomorphic to some affine scheme
pSpecAi,OSpecAi

q.

To summarize, a scheme consists of a topological spaceX , which has a covering consisting
of open sets of the form SpecAi, and sheaf of rings OX which restricts to the structure
sheaves OSpecAi

. For a point P P X , the stalk OX,P is a local ring with maximal ideal mP .
The quotient field κpP q “ OX,P {mP is called the residue field. If P is contained in an affine
open set U “ SpecA and corresponds to a prime ideal p, then we have

OX,P “ Ap, mP “ pAp, κpP q “ Ap{pAp.

A morphism, or map for short, between two schemes X and Y is simply a map f between X
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4.3 Morphisms into an affine scheme 67

and Y regarded as locally ringed spaces. In this way, the schemes form a category, which we
shall denote by Sch. It contains the category of affine schemes AffSch as a full subcategory.

4.3 Morphisms into an affine scheme

The following is a fundamental result in the theory of schemes.

Theorem 4.6. Let X be a scheme and let A be a ring. Then there is a canonical bijection

HomSchpX,SpecAq “ HomRingspA,OXpXqq. (4.8)

defined by sending pf, f 7q : X Ñ SpecA to the map of rings f 7

SpecA : A Ñ OXpXq.

Proof Injectivity of (4.8): Let pf, f 7q and pg, g7q be two morphisms of schemes X Ñ

SpecA and assume that f 7 and g7 induce the same ring map ϕ : A Ñ OXpXq.
Let x P X and write p Ă A for the prime ideal corresponding to y “ fpxq. If ℓ : A Ñ Ap

denotes the localization map and ρx : OXpXq Ñ OX,x denotes the germ map, then there is
a commutative diagram

A OY pY q OXpXq

Ap OY,fpxq OX,x

ℓ

ϕ

ρx

f7
x

(4.9)

From the diagram, we see that

p “ ℓ´1ppApq
p˚q
“ ℓ´1ppf 7

xq´1pmxqq “ ϕ´1pρ´1
x pmxqq. (4.10)

where in p˚q, we have pAp “ pf 7
xq´1pmxq, because f 7

x is a map of local rings. As the right-
hand side of (4.10) only depends on ϕ and x, we see that p is determined by ϕ and hence
fpxq and gpxq must be equal, as they correspond to the same prime ideal in A. Therefore, f
and g are equal on the level of topological spaces. We will from now on write f for this map.

Next we show that f 7 “ g7 as maps of sheaves OY Ñ f˚OX . As the sheaves involved
are on Y “ SpecA, it suffices to show that they agree over the distinguished open sets. For
h P A, consider the diagram

OY pY q OXpXq

OY pDphqq OXpf´1Dphqq

ϕ

f7

Dphq

=

A OXpXq

Ah OXpf´1Dphqq

ϕ

f7

Dphq

By the universal property of localization, a morphism Ah Ñ OXpf´1Dphqq exists if and
only if h becomes invertible OXpf´1Dphqq, in which case it is unique. This means that
f 7

Dphq
“ g7

Dphq
as ring maps. As this happens for every h P A, we find that f 7 “ g7.

Surjectivity of (4.8): Let ϕ : A Ñ OXpXq be a ring map. We will define a morphism of
schemes f : X Ñ Y such that f 7

Y “ ϕ.
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In light of (4.4), there is a natural choice for the map on topological spaces. For x P X ,
we set fpxq to be the prime ideal in A that is the preimage of mx under the composition

A
ϕ

ÝÑ OXpXq
ρx

ÝÝÑ OX,x.

First we check that this assignment is continuous. For a section s P OXpXq, define the set

Dpsq “ tx P X | sx R mx u.

This set is open in X , because if sx R mx for some point x P X , then sx is invertible in
OX,x, but then s|V is also invertible in some neighbourhood V of x, and V Ă Dpsq (see
Lemma 4.7).

Consider a distinguished open set Dpgq Ă SpecA. Then

f´1pDpgqq “ tx P X | fpxq P Dpgq u

“ tx P X | g R pρx ˝ ϕq´1pmxq u

“ tx P X | ρxpϕpgqq R mx u

“ tx P X | pϕpgqqx R mx u

“ Dpϕpgqq.

Since Dpϕpgqq is open in X , and the sets Dpgq form a basis for the topology on SpecA, we
conclude that f is continuous.

By Lemma 4.7, the restriction ϕpgq|Dpϕpgqq is invertible in OXpDpϕpgqqq. Therefore, by
the universal property of localization, the ring map ϕ induces a ring map

Ag ÝÝÑ OXpDpϕpgqqq. (4.11)

Explicitly, (4.11) sends ag´n to ϕpaq|Dpϕpgqq ¨pϕpgq|Dpϕpgqqq
´n. Moreover, ifDphq Ă Dpgq,

then we have the following diagram

Ag OXpDpϕpgqqq

Ah OXpDpϕphqqq

(4.12)

which commutes by the uniqueness part in the universal property of localization.
We define f 7

Dpgq
to be the ring map (4.11). By (4.12), these maps are compatible with the

restriction maps, and so we get a map of sheaves f 7 : OY Ñ f˚OX .
To see that pf, f 7q is a morphism of locally ringed spaces, we need to check that for each

x P X , the induced map f 7
x : OY,fpxq Ñ OX,x is a map of local rings. That is, we need to

check that f 7ppApq Ă mx. But this follows by looking at the commutative diagram (4.9),
because p is exactly the inverse image of mx under the composition ρx ˝ ϕ.

Finally, if we set g “ 1 in the definition of f 7, then ϕpgq “ 1 and (4.11) is simply given
by the original ring map ϕ : A Ñ OXpXq. This means that ϕ is induced by pf, f 7q.

For the surjectivity part of the above proof, we used the following little lemma:
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Lemma 4.7. Let X be a scheme and let s P OXpUq be a section.
(i) If sx is invertible in OX,x for some point x P U , then there is an open set V

containing x such that s|V is invertible in OXpV q.
(ii) If sx is invertible in OX,x for every x P U , then s is invertible in OXpUq.

Proof (i): Let tx P OX,x be the inverse of sx, so that sx ¨ tx “ 1 in OX,x. As all elements
of OX,x are germs, we may find an open set V containing x and a section tV P OXpV q such
that ptV qx “ tx. Then ptV qx ¨ sx “ 1 in OX,x, so shrinking V if neccessary, we may assume
that sV ¨ t|V “ 1 in OXpV q.

(ii): By the first part, we may find an open covering tViuiPI of U and sections ti P OXpViq
such that ti ¨ s|Vi

“ 1 in OXpViq. As inverses are unique, we must have ti|ViXVj
“ tj|ViXVj

for every i and j, and so the ti glue to a section t P OXpUq. By the Locality axiom, the
section t has the property that st “ 1 in OXpUq, because st and ‘1’ both restrict to the same
section over each Vi. Hence s is invertible in OXpUq.

In the above proof, we never used the fact that X had an affine covering consisting of
affine schemes. This means that the theorem and the proof is valid even in the case where X
is a general locally ringed space.

Corollary 4.8. For any scheme, there is a canonical morphism θ : X Ñ SpecOXpXq.
If f : X Ñ SpecA is any morphism to an affine scheme, then there is a unique morphism
h : SpecOXpXq Ñ SpecA such that f “ h ˝ θ.

Proof The morphism θ is obtained by taking the identity map in the right-hand side of
(4.8). Morphisms f : X Ñ SpecA are in one-to-one correspondence with ring maps A Ñ

OXpXq; the factorization f “ h ˝ θ comes from the composition A Ñ OXpXq Ñ

OXpXq.

Example 4.9 (Morphisms to A1 and OXpXq). For a ring A, there is a bijection between
ring maps ϕ : Zrts Ñ A and elements of A (ϕ is determined uniquely by the image of t).
Therefore, by Theorem 4.10, there is a bijection

HomSchpX,A1q “ OXpXq.

That is, an element of OXpXq is the same thing as a morphism

f : X ÝÝÑ A1.

Thus the global sections of the structure sheaf OX do indeed correspond to some sort of
‘regular functions’ on X , not into a field k, but into the affine line over Z. △

The main theorem of affine schemes

The main consequence of Theorem 4.6 is that the category of affine schemes, AffSch, is
anti-equivalent to the category of rings, Rings. To formulate this precisely, we note that the
assignment A ÞÑ SpecA defines a functor

Spec: Ringsop
ÝÝÑ AffSch. (4.13)
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For each ring map ϕ : A Ñ B, this sends ϕ to the morphism pf, f 7q : SpecB Ñ SpecA.
It follows by the definitions that Specϕ ˝ Specψ “ Specpψ ˝ ϕq, whenever ϕ and ψ are
composable ring maps (Exericse 4.11.60).

In the opposite direction, there is the global sections functor Γ which sends each affine
scheme X to the ring ΓpX,OXq “ OXpXq. For a morphism of affine schemes f : X Ñ Y
the associated sheaf map f 7 : OY Ñ f˚OX induces a ring map on global sections:

f 7

Y : OY pY q ÝÝÑ ΓpY, f˚OXq “ OXpXq.

By Theorem 4.6, these two functors give an equivalence of categories, analogous of Theorem
1.29 for affine varieties.

Theorem 4.10 (Main Theorem of Affine Schemes). The two functors

Spec: Ringsop Ñ AffSch and Γ: AffSch Ñ Ringsop

define an equivalence of categories between Ringsop and AffSch.

Proof As ΓpSpecA,OSpecAq “ A for any ring A, we have an equality of functors Γ ˝

Spec “ idRingsop . Conversely, starting with an affine schemeX , Theorem 4.6 shows thatX is
canonically isomorphic to SpecpOXpXqq. Therefore Spec ˝ Γ is equivalent to idAffSch.

To summarize, affine schemes X are completely characterized by their rings of global
sections OXpXq, both on the level of topological spaces and the structure sheaf. Morphisms
between affine schemes X Ñ Y are in bijective correspondence with ring homomorphisms
OY pY q Ñ OXpXq. In particular, a morphism between two affine schemes is an isomorphism
if and only if the corresponding ring map is an isomorphism.

Example 4.11. There is one and only one morphism of schemes SpecZ Ñ SpecZ. Indeed,
ring maps are required to send 1 to 1, so there is only one ring map Z Ñ Z.

More generally, for any scheme X , there is a unique map of rings Z Ñ OXpXq, so by
the theorem, any scheme admits a unique morphism X Ñ SpecZ. In categorical terms, this
means that SpecZ is the terminal object in the category of schemes. △

Example 4.12. In order to check that a morphism of schemes f : X Ñ Y is an isomorphism,
it is not enough to check that f is injective and surjective – also the structure sheaves have
to be isomorphic. For instance, SpecC Ñ SpecR is a homeomorphism, but the two affine
schemes are not isomorphic. For another example, see Example 1.32. △

If k is a field, then any n-tuple of polynomials f1, . . . , fn in krx1, . . . , xms determines a
morphism Amk Ñ Ank via the ring map ϕ : kry1, . . . , yns Ñ krx1, . . . , xms which sends y1
to f1, y2 to f2 etc. Conversely, any morphism Amk Ñ Ank is of this form; the polynomials
f1, . . . , fn can be recovered as the images ϕpy1q, . . . , ϕpynq.

For brevity, we will continue to denote such morphisms by

f : Am ÝÝÑ An

px1, . . . , xnq ÞÝÑ pf1pxq, . . . , fnpxqq

This is a useful notation, but one should keep in mind that the indicated mapping on sets is
only valid for the ‘traditional points’ of the form pa1, . . . , anq P kn.
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4.4 Relative schemes

For a ring A, a scheme over A or simply A-scheme, is a scheme X together with a morphism
X Ñ SpecA. A morphism of A-schemes is a morphism f : X Ñ Y which is compatible
with the two morphisms to SpecA, that is, so that the following diagram commutes:

X Y

SpecA

f

(4.14)

The schemes over A form a category Sch{A, with the category of affine schemes over A,
AffSch{A, as a full subcategory.

The Main Theorem of Affine Schemes (Theorem 4.10) has the following analogue:

Theorem 4.13. Let A be a ring. Then the category AffSch{A of affine schemes over A
is equivalent to the opposite category of the category of A-algebras Alg{A.

One motivation for discussing relative schemes is that it allows us to precisely say what it
means for a scheme or a morphism of schemes to be ‘defined’ over a field or a ring. If X is a
scheme over a field k, then all of the rings OXpUq and the local rings OX,x are k-algebras.
Moreover, for a morphism f : X Ñ Y of k-schemes, the ring maps OY pV q Ñ OXpf´1V q

are maps of k-algebras. So this is a scheme-analogue of being an ‘affine variety over k’.

Example 4.14. An affine scheme SpecB is an A-scheme precisely when B is an A-algebra.
A morphism SpecB1 Ñ SpecB is a morphism over A precisely when then corresponding
ring map B Ñ B1 is a map of A-algebras. △

Example 4.15. A1
Q is a scheme over Q. It is however not a scheme over R. △

Example 4.16. By Example 4.11, every scheme has a unique structure as a Z-scheme. Hence
there is an equivalence of categories Sch{Z “ Sch. △

By the requirement (4.14), the set of morphisms between two fixed schemes X and Y
depends on the category of schemes in which we consider them. The next example illustrates
this.

Example 4.17. The scheme X “ SpecC can be regarded as a scheme over Z, R or C. The
set of self-morphisms X Ñ X to depends on the context as follows:

(i) As a C-scheme, the only morphismX Ñ X is the identity, so HomSch{CpX,Xq

has a single element.
(ii) As an R-scheme, there are two morphisms: the identity and the one induced by

complex conjugation C Ñ C. Hence HomSch{RpX,Xq has two elements.
(iii) As a scheme over Z, the set of self-morphisms is considerably larger, as it can

be identified with the set of field automorphisms of C. In particular,

HomSch{ZpSpecC, SpecCq

is an uncountable group. △
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There is an important generalization of relative schemes where we replace the base scheme
SpecA by an arbitrary scheme. Given a scheme S, a scheme over S, or simply S-scheme,
is a scheme X together with a morphism X Ñ S. As above, the schemes over S form a
category Sch{S, where the morphisms between two S-schemes X Ñ S and Y Ñ S are the
morphisms X Ñ Y that are compatible with the two morphisms to S.

The power of this definition comes from thinking ofX as a family of schemes parametrized
by the points of S. This perspective turns out to be conceptually very useful e.g. when we
discuss fiber products and base change in Chapter 7.

Example 4.18. The Möbius strip scheme

X “ SpecRrx, y, u, vs{pvx´ uy, x2 ` y2 ´ 1q

from Example 2.39 can be viewed as a scheme over R, but one can also view it as a scheme
over S “ SpecRrx, ys{px2 ` y2 ´ 1q. The latter perspective offers extra geometric insight,
as all the fibers of X Ñ S are affine lines. △

4.5 Open embeddings and open subschemes

If X is a scheme and U Ă X is an open subset, the restriction OX |U is a sheaf on U making
pU,OX |Uq into a locally ringed space. This is moreover a scheme, because ifX is covered by
affines Vi “ SpecAi, then each U XVi is open in Vi, hence can be covered by distinguished
open subsets, which are all affine schemes. We call pU,OX |Uq an open subscheme of X and
refer to the scheme structure on U has the induced scheme structure.

A morphism of schemes ι : V Ñ X is called an open embedding if it is an isomorphism
onto an open subscheme of X .

When referring to an ‘open affine subset’ in X or an ‘open affine covering’ of X , we
will always implicitly assume that the open sets are endowed with their canonical scheme
structures, so that they are open subschemes.

Example 4.19. The open set U “ A1
k ´ V pxq is an open subscheme of the affine line

A1
k “ Spec krxs. Note the isomorphism U » Spec krx, x´1s “ Spec krx, ys{pxy ´ 1q of

schemes. △

Example 4.20 (Distinguished open subsets). More generally, each distinguished open set
Dpfq in an affine scheme SpecA is an open subscheme. It is affine, isomorphic to SpecAf .
Indeed, by Proposition 2.32 the map ι : SpecAf Ñ SpecA corresponding to the local-
ization map A Ñ Af is a homeomorphism onto Dpfq, and it follows readily from the
definition of the sheaf OX that the restriction OX |Dpfq coincides with the structure sheaf on
SpecAf . △

Example 4.21. Spec k Ñ Spec krxs{px2q is not an open affine subscheme of Spec krxs{px2q,
even though the subset is open and the scheme is affine. △

A word of warning: an open subscheme of an affine scheme might not itself be affine, as the
next example shows.

Example 4.22 (A non-affine scheme). The open subset U “ A2
k ´ V px, yq of A2

k “
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Spec krx, ys is not an affine scheme. This is a consequence of Example 3.27 which showed
that the restriction map

ι7 : OA2
k
pA2

kq ÝÝÑ OA2
k
pUq (4.15)

is an isomorphism. Indeed, if U were affine, the inclusion ι : U Ñ A2
k, being induced

by the ring map ι7, would be an isomorphism by the Main Theorem of Affine Schemes
(Theorem 4.10), but obviously this is not the case. △

4.6 Closed embeddings and closed subschemes

In this section, we define closed subschemes of a scheme. Intuitively, a closed subscheme of
a scheme X is a scheme Z which is embedded as a closed subset Z Ă X . Here there are
many possibilities for choosing the scheme structure on the same underlying closed set, and
this makes the definition slightly more subtle than the one for open subscheme.

The main example to have in mind is SpecpA{aq, which naturally embeds as the closed
subset V paq of SpecA (Proposition 2.29 on page 34). In general, a closed subscheme
is a scheme pZ,OZq with a morphism ι : Z Ñ X , which locally looks like the map
SpecpA{aq Ñ SpecA. We formalize this in the following definition.

Definition 4.23 (Closed embeddings and closed subschemes). A morphism ι : Z Ñ X
is called a closed embedding if there is an affine open cover tUiuiPI of X such that for
each i P I:

(i) ι´1pUiq is affine, and
(ii) the ring map

ι7 : OXpUiq ÝÑ OZpι´1pUiqq

is surjective.
In this case, we say that Z is a closed subscheme of X . Two closed subschemes Z,Z 1

are considered equal if there is an isomorphism ϕ : Z Ñ Z 1 such that ι “ ι1 ˝ ϕ.

In concrete terms, X and Z can be covered by affine schemes Ui “ SpecpAiq, and
ι´1pUiq “ SpecBi, so that for each i, the induced ring map Ai Ñ Bi is surjective, which
means that Bi » Ai{ai for some ideal ai. Moreover, the morphism ι´1Ui Ñ Ui is identified
with the morphism SpecpAi{aiq Ñ SpecpAiq.

Even if a closed subscheme Z is defined as an abstract scheme which maps into X , we
usually view it as a closed subset of X . This is justified because the image V “ ιpZq is a
closed subset (the Ui’s form an open cover of X , and each subset ιpZq X Ui is closed being
equal to V paiq). Moreover, we can equip V with a structure sheaf by defining OV to be
ι˚OZ .

For notational convenience, we will henceforth use V paq to refer to both the closed
subscheme associated with a and the underlying closed subset. The intended meaning will
usually be clear from the context.

Example 4.24. The schemes Spec krxs{pxnq with n P N and k a field, give different
subschemes of A1

k. Still, the underlying topological spaces are identical (a single point).
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However, they are not isomorphic as schemes, as the underlying structure sheaves are not
isomorphic. △

Example 4.25. Consider the affine 4-space A4
k “ Spec krx, y, z, ws over a field k. The

three ideals

I1 “ px, yq, I2 “ px2, yq and I3 “ px2, xy, y2, xw ´ yzq,

have the same radical px, yq, and hence give rise to the same closed subset V px, yq Ă A4
k,

but they define different closed subschemes of A4
k. △

While the above definition allows us to specify and study a closed subscheme, it is not
immediately clear how to classify all possible closed subschemes of a given scheme – even
in the case of affine schemes. Although every ideal a Ă A gives rise to a closed subcheme
SpecpA{aq Ñ SpecA, the definition a priori also allows for closed subschemes defined in
terms of other affine coverings. Nevertheless, it is a theorem that all closed subchemes of
SpecA arise from ideals. We will defer the proof of this fact to Section ??, as it is more
naturally proved using sheaves.

Proposition 4.26. Let X “ SpecA be an affine scheme. The map a ÞÑ SpecpA{aq

defines a one-to-one correspondence between the set of ideals of A and the set of closed
subschemes of X . In particular, every closed subscheme of an affine scheme is also affine.

For later use, we include the following definition, which combines the two types of
embeddings we have seen:

Definition 4.27 (Locally closed embeddings). A morphism f : Z Ñ X is said to be a
locally closed embedding if it factors as

Z
ι

ÝÑ U
j

ÝÑ X

where ι : Z Ñ U is a closed embedding and j : U Ñ X is an open embedding.

4.7 R-valued points

Until now, we have considered morphisms from a scheme to an affine scheme. If we instead
study the set of morphisms from an affine scheme we arrive at the concept of ‘ring-valued
points’.

A basic motivation for studying R-valued points comes from the viewpoint that spaces in
algebraic geometry are defined in terms of solutions of polynomial equations. Concretely,
given a set of polynomials f1, . . . , fr P Zrx1, . . . , xns, we would like to study the set of
common solutions

f1px1, . . . , xnq “ ¨ ¨ ¨ “ frpx1, . . . , xnq “ 0 (4.16)

Of course, one has to specify the ring in which the variables x1, . . . , xn take their values.
In fact, since the polynomials have integer coefficients, the equations are meaningful over
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any ring R. The scheme X “ SpecZrx1, . . . , xns{pf1, . . . , frq encodes the all possible
solution sets in a single geometric object. More precisely, the solutions of (4.16) over R will
be the set of R-valued points of X .

Definition 4.28. Let X be a scheme and let R be a ring.
An R-valued point is a morphism of schemes

SpecR ÝÝÑ X.

The set of R-valued points is denoted XpRq, that is,

XpRq “ HomSchpSpecR,Xq. (4.17)

Note that if f : X Ñ Y is morphism, then composition induces a map of sets XpRq Ñ

Y pRq. The sets XpRq also depend functorially on R: to each ring map R Ñ S there is a
corresponding morphism SpecS Ñ SpecR, which induces a map of sets XpRq Ñ XpSq

via composition. Therefore the scheme X determines a functor from the category of rings to
Sets. We will explore the link between a scheme and its associated functor in Section 8.1.

Example 4.29. For the affine n-space An “ SpecZrx1, . . . , xns, we have

AnpRq “ Rn.

Indeed, by Theorem 4.10 on page 70, the R-valued points f : SpecR Ñ An correspond
bijectively to ring maps

ϕ : Zrx1, . . . , xns ÝÝÑ R, (4.18)

and these in turn, are in bijection with the set of n-tuples pϕpx1q, . . . , ϕpxnqq P Rn; there is
one for every element of Rn.

In particular, for fields k it holds that Anpkq “ kn, which explains the notation Anpkq

used in Chapter 1.
Likewise, if X Ă An is the closed subscheme defined by an ideal a “ pg1, . . . , grq Ă

Zrx1, . . . , xns, the set ofR-valued pointsXpRq are in a one-to-one correspondence with ring
maps ϕ : Zrx1, . . . , xns{a Ñ R. These are in turn in bijection with ring maps ϕ as in (4.18)
that vanish on the ideal a. That is, they are in bijection with n-tuples a “ pa1, . . . , anq P

Rn “ AnpRq such that gipaq “ 0 for all i, or in other words, the solutions of the system
g1 “ ¨ ¨ ¨ “ gr “ 0 in R. △

Example 4.30. For a concrete example, consider the scheme

X “ SpecZru, vs{pu2 ` v2 ´ 1q.

Then the set XpRq of R-points consists of the points of the unit circle in R2, and the Z-points
XpZq consists of the four points p˘1, 0q and p0,˘1q. (See Exercise 4.11.28 for a description
of XpQq.) △

Looking at maps from spectra of fields helps us understand the points of a scheme. Every
point of X is a K-point for some field K. Namely, if x P X is a point, there is a canonical
morphism

ιx : Specκpxq ÝÝÑ X
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which maps the unique point of Specκpxq to x. To see this, suppose x is contained in an
open affine subset U “ SpecA and corresponds to a prime ideal p Ă A. Then the residue
field is given by κpxq “ Ap{pAp, and the morphism ιx : Specκpxq Ñ X is defined by the
composition

Specκpxq Ñ SpecpApq Ñ U Ñ X.

The residue fields κpxq allow us to understand K-valued points of X in general:

Proposition 4.31. Let X be a scheme and let K be a field. Then there is a bijection

XpKq “

"

px, αq

ˇ

ˇ

ˇ

ˇ

x P X is a point, and
α : κpxq Ñ K is a map of fields

*

.

Proof Fix a point x P X , and let U “ SpecA be an open affine subscheme containing x,
so that x corresponds to a prime ideal p in A.

Write o P SpecK for the unique point in SpecK. Since SpecK has a single point, any
K-valued point f : SpecK Ñ X with image x, factors uniquely via U Ñ X . We therefore
reduce to considering the K-valued points of U . By Theorem 4.6, these are in bijection
with ring maps ϕ : A Ñ K. Under this correspondence, we have fpoq “ x precisely when
ϕ´1p0q “ p, which means that ϕ factors uniquely as A Ñ A{p Ñ K. Since K is a field,
any ring map A{p Ñ K in turn factors uniquely via the residue field A{p Ñ κppq Ñ K.
Hence the K-valued points f are are in bijection with the maps of fields κpxq Ñ K.

There is also the relative version of the notion of R-valued points. Let X be a scheme
over a ring A and let R be an A-algebra. Then an R-valued point of X is a morphism of
A-schemes SpecR Ñ X . The set of R-valued points is denoted by

XpRq “ HomSch{ApSpecR,Xq.

Working over a base ring A is in fact very important here. The reason is that considering
all morphisms SpecR Ñ X typically leads to a set that is too large and does not capture
the geometric picture we want. For instance, for X “ SpecC, the set XpCq has 1, 2 or an
infinite number of elements depending on whether we view it as a scheme over C, R or Z
respectively (see Example 4.17).

Even though the base ring A is not present in the notation XpRq, it will usually be clear
from the context which category we are working in.

4.8 Gluing two schemes together

By definition, a scheme is a space which is locally built from affine open subschemes. Over
the next few sections, we will explain how to conversely construct schemes by gluing together
schemes along open subschemes. These gluing techniques are fundamental in scheme theory.
As we will see in Chapter ??, this gives a vast collection of new examples of schemes. The
gluing of schemes is also an important part in many general existence proofs, such as the
construction of the fiber product.

We begin by examining the most basic case, where we glue together two schemes X1

and X2 along a common open subscheme. Precisely, this means that we are given open
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τ

X1

X2

X21

X12

X

g´1
1 V

g´1
2 V

V

Figure 4.1 Gluing two schemes together

subschemes X12 Ă X1 and X21 Ă X2 respectively, and we use an isomorphism τ : X21 Ñ

X12 to identify the points of X12 and X21.
The new scheme X has an underlying topological space given by the quotient space

X “ pX1 \X2q { „

where „ is the equivalence relation defined by x „ τpxq for all x P X21 Ă X2.
q : X1 \X2 Ñ X denote the quotient map, and define gi “ q|Xi

: Xi Ñ X for i “ 1, 2.
Then the maps gi are open, and their images Ui “ gipXiq form an open cover of X . By the
definition of the quotient topology, a set V Ă X is open if and only if g´1

i V is open in Xi

for i “ 1, 2.
We define the sections of OX over an open set V Ă X as the set of compatible pairs of

sections from X1 and X2:

OXpV q “

!

ps1, s2q P OX1
pg´1

1 V q ˆ OX2
pg´1

2 V q

ˇ

ˇ

ˇ
s1|g´1

1 VXX12
“ τ 7ps2|g´1

2 VXX21
q

)

For V 1 Ă V , the restriction OXpV q Ñ OXpV 1q sends ps1, s2q to ps1|g´1
1 V 1 , s2|g´1

2 V 1 q. It is
not hard to check that OX is a sheaf and that pX,OXq is a locally ringed space. Moreover,
the maps gi : Xi Ñ X are open embeddings onto Ui Ă X for i “ 1, 2, so every point of
X has an open neighbourhood which is an affine scheme. (We will prove a more general
statement below).

A basic example to keep in mind is when X1 and X2 are both affine, say X1 “ SpecA
and X2 “ SpecB, glued together along distinguished open subsets Dpaq and Dpbq for
some a P A and b P B. The gluing map τ is specified by a ring isomorphism between the
localizations

ϕ : Aa ÝÝÑ Bb.
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We picture this by the following diagram

SpecA Ą SpecAa “ Dpaq Dpbq “ SpecBb Ă SpecBτ
»

The scheme X will not be affine in general. Still, it can be concretely studied in terms of
A, B and the ring map ϕ. For instance, the global sections have the following description:

OXpXq “ t pf, gq P AˆB | g{1 “ ϕpf{1q in Bb u. (4.19)

This basic construction produces a surprisingly rich set of examples (see the examples at the
end of this chapter.)

4.9 Gluing sheaves

We will now study the more general situation where we glue together an arbitrary collection
of schemes. For this, we also need general results on gluing sheaves and morphisms of
sheaves.

Let X be a topological space X and let tUiuiPI be an open cover of X . For convenience,
we will denote the pairwise and triple intersections by

Uij “ Ui X Uj and Uijk “ Ui X Uj X Uk, i, j, k P I.

The simplest case of gluing involves morphisms of sheaves. The following proposition gives
the precise conditions under which this can be done:

Proposition 4.32 (Gluing conditions for maps for sheaves). Let F and G be sheaves
on X . Suppose we are given, for each i P I , a morphism of sheaves

ϕi : F |Ui
Ñ G|Ui

,

such that for all i, j P I , the restrictions agree on overlaps:

ϕi|Uij
“ ϕj|Uij

. (4.20)

Then there exists a unique morphism of sheaves ϕ : F Ñ G satisfying ϕ|Ui
“ ϕi for all

i P I .

Proof Let V Ă X be an open set and let s P FpV q be a section. We want to define ϕpsq.
The open sets Vi “ Ui X V form a cover of V . Consider the sections ϕips|Vi

q P GpViq. By
(4.20), we have

ϕipsq|Vij
“ ϕips|Vij

q “ ϕjps|Vij
q “ ϕipsq|Vij

for all i, j P I.

Since G is a sheaf, the sections ϕips|Vi
q glue to a unique section in GpV q, and we define

ϕpsq to be this section. This assignment is additive and compatible with restrictions, so ϕ
defines a map of sheaves. Moreover, by construction, ϕ|Ui

“ ϕi for all i.
For uniqueness, suppose ϕ and ψ are two morphisms of sheaves so that ϕ|Ui

“ ψ|Ui

for all i P I . Then ϕV psq “ ψV psq for all s P FpV q, by the Locality axiom for G, and
consequently ϕ “ ψ.
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For gluing sheaves, the set-up is as follows: given a sheaf Fi on each Ui, the goal is to
construct a global sheaf F on X that restricts to Fi for every Ui. A necessary condition for
such an F to exist is that the Fi’s should be isomorphic over the intersections Uij . In fact, by
specifying the precise conditions that these isomorphisms must satisfy (the gluing data), we
get not just a necessary but also a sufficient condition.

Proposition 4.33 (Gluing conditions for sheaves). Let tUiuiPI be a covering of X .
Suppose we are given, for each i P I , a sheaf Fi on Ui, and for each i, j P I an
isomorphism

τji : Fi|Uij
Ñ Fj|Uij

,

satisfying the three conditions
(i) τii “ idFi

(ii) τji “ τ´1
ij

(iii) τki “ τkj ˝ τji over the triple intersection Uijk.
Then there exists a sheaf F on X and isomorphisms

νi : F |Ui
ÝÝÑ Fi

such that νj “ τji ˝ νi over each Uij . The sheaf F , equipped with the isomorphisms νi,
is unique up to isomorphism.

Proof If W Ă X is an open set, we will write Wi “ Ui XW and Wij “ Uij XW .
We first define F as a presheaf. A section of F over an open set V is given by a collection

of compatible sections si P FipViq. Precisely, for each i, j P I , we want to identify sj and
τjipsjq over Vij , and define

FpV q “
␣

psiqiPI
ˇ

ˇ τjipsi|Vij
q “ sj|Vij

(

Ă
ź

iPI

FipViq. (4.21)

The restriction maps are induced componentwise: ifW Ă V , the map FpV q Ñ FpW q sends
psiqiPI to psi|Wi

qiPI . This is well-defined, because the τji are compatible with restrictions,
which ensures that τjipsi|Wij

q “ sj|Wij
if τjipsi|Vij

q “ sj|Vij
.

We next check the two sheaf axioms.
Locality: Let s “ psiq P FpV q be a section, and suppose that s|Vα

“ 0 over every open
set in a cover tVαuαPΛ of V . Then also si|UiXVα

“ 0 in FipVα X Uiq for all α and i. As
Vα X Ui forms an open cover of V X Ui, and Fi is a sheaf on Ui, this means that si “ 0 in
FpV X Uiq. Since this holds for every i, we see that s “ 0 in FpV q.

Gluing: Let sα P FpVαq be a set of compatible sections over the opens of a covering
tVαuαPΛ of V . This means that sα and sβ are equal when restricted to Vαβ “ Vα XVβ . For a
fixed i P I , we then have a compatible collection of sections sαi P FpUi X Vαq, which, since
Fi is a sheaf, glue to a unique element si P FpUiq. We have τijpsjq “ si in FpVijq because
this holds when restricted to each Vα X Uij , and since sα P FpVαq. The tuple s “ psiq
therefore defines an element of FpV q, which by construction restricts to sα on each Wα.

Note that we have not used the condition (iii) yet. It will be needed in order to construct
the isomorphisms νi : F |Ui

Ñ Fi. To avoid getting confused by the indices, we work with a
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fixed index 0 P I . Suppose V Ă U0 is an open set. The projection map

ν0 : F |U0
pV q ÝÝÑ F0pV q, psiqiPI ÞÑ s0

induces a well-defined sheaf map ν0 : F |U0
ÝÝÑ F0. We claim that ν0 is an isomorphism.

To begin with, we note requirement νβ “ τβ0 ˝ ν0 is fulfilled. Indeed, by the compatibility
condition in (4.21), we have for V Ă U0β ,

τβ0pν0psqq “ τβ0ps0q “ sβ “ νβ.

ν0 is injective: if s “ psiq P FpV q is a section such that s0 “ 0 P F0pV q, then we also have

si “ si|Vi0
“ τi0ps0q “ 0

for all i P I , and hence s “ 0.
ν0 is surjective: take any section σ P F0pV q over some V Ă U0 and define s “

pτi0pσ|Vi0
qqiPI . Note that for every i, j P I , we have

τjipτi0pσ|Vji0
qq “ τj0pσ|Vji0

q

Therefore, s satisfies the condition in (4.21), and defines an element ofFpV q. As τ00pσ|V00
q “

σ by the first gluing condition, we also have ν0psq “ σ.

Example 4.34. If X is the scheme obtained by gluing together X1 “ SpecA and X2 “

SpecB, Proposition 4.33 tells us that giving a sheaf F on X is equivalent to specifying (i) a
sheaf F1 on X1; (ii) a sheaf F2 on X2; (iii) a sheaf isomorphism

ν12 : F2|Dpbq ÝÝÑ F1|Dpaq,

where we use the isomorphism τ to identifyDpbq andDpaq. In the special case that F1 “ ĂM

and F2 “ rN for modules M and N over A and B respectively, it is equivalent to specify an
isomorphism of Aa-modules

v12 : Aa ÝÝÑ Bb. △

4.10 Gluing schemes

When we talk about gluing schemes, the set-up is as follows. We are given a collection
of schemes tXiuiPI , and in each of the schemes Xi we are given a collection of open
subschemes Xij , one for each j P I . The goal is to produce a new scheme X by gluing
together all the Xi’s along these open subschemes. This is done by identifying the open
sets Xij Ă Xi and Xji Ă Xj using scheme isomorphisms τji : Xij Ñ Xji. If we let
Xijk “ Xik XXij (these correspond to the triple intersections before the gluing has been
done), we require that τjipXijkq “ Xjik. Notice that Xijk is an open subscheme of Xi.
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X1

X2 X3

XX12

X21

X23 X32

X31

X13τ12 τ31

τ32

X312X213

X123

There are three gluing conditions, similar to the ones we saw for sheaves, which must be
satisfied for the gluing to be possible.

Proposition 4.35 (Gluing conditions for schemes). Suppose that we are given a col-
lection of schemes tXiuiPI ; for each i, j an open subschemes Xij Ă Xi and scheme
isomorphisms τji : Xij Ñ Xji satisfying

(i) τii “ idXi

(ii) τij “ τ´1
ji

(iii) τij takes Xijk into Xjik and τki “ τkj ˝ τji over Xijk.
Then there exists a scheme X with open embeddings gi : Xi Ñ X onto an open
subscheme Ui “ gipXiq Ă X such that

‚ tUiuiPI is an open cover of X .
‚ For each i, j P I , gipXijq “ Ui X Uj and the following diagram commutes:

Xij Xji

Ui X Uj

τij

gi gj

The scheme X with the gi is uniquely characterized by these properties up to unique
isomorphism.

For the latter, we rely on the gluing technique for sheaves explained in Proposition 4.33.
The fact that X is locally affine will follow immediately once the embeddings gi are in place,
because the Xi’s are schemes and therefore locally affine.

Proof We construct the scheme X in two steps: first the underlying topological space X
and then the structure sheaf.

Define the topological space X as the quotient of the disjoint union
š

iXi by the equiv-
alence relation generated by x „ τjipxq for x P Xij . The three gluing conditions enusure
that this is an equivalence relation. The first requirement means that the relation is reflexive,
the second that it is symmetric, and the third ensures it is transitive. Here X has the quotient
topology: if π :

š

iXi Ñ X denotes the quotient map, a subset U of X is open if and only
if π´1pUq is open.
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Topologically, the maps gi : Xi Ñ X are simply the maps induced by the open inclusions
Xi Ñ

š

iXi. They are clearly injective, because a point x P Xi is never equivalent to
another point in Xi. Now, by definition of the quotient topology, a subset U of X is open if
and only if g´1

i pUq “ Xi X π´1pUq is open for all i. In view of the formula

π´1pgipUqq “
ď

j

τjipU XXijq,

we conclude that each gi is an open map, hence a homeomorphism onto its image.
Write Ui “ gipXiq, Uij “ Ui X Uj and Uijk “ Ui X Uj X Uk. On Xij , we have

the isomorphisms τ 7

ji : OXj
|Xij

Ñ OXi
|Xij

, the sheaf maps of the scheme isomorphisms
τji : Xij Ñ Xji. These satisfy τ 7

ii “ id, τ 7

ji “ pτ 7

ijq
´1 and τ 7

ki “ τ 7

ji ˝ τ 7

kj (on Xijk) by the
gluing conditions for the morphisms τji. Applying Proposition 4.33 the structure sheaves
OUi

glue to a sheaf of rings OX . By construction, this sheaf of rings restricts to OUi
on each

of the open subsets Ui, and therefore the stalks are local rings. So pX,OXq is a locally ringed
space which is locally affine, hence a scheme.

We leave it to the reader to check the uniqueness statement in the proposition.

Finally, we consider conditions under which we can glue morphisms of schemes.

Proposition 4.36 (Gluing morphisms of schemes). Let X and Y be schemes and let
tUiuiPI be an open cover of X . Given morphisms fi : Ui ÝÝÑ Y such that

fi|UiXUj
“ fj|UiXUj

for each i and j, there exists a unique morphism

f : X ÝÝÑ Y

such that f |Ui
“ fi for every i P I .

Proof On the level of topological spaces, we set fpxq “ fipxq if x P Ui. This is well-
defined because fipxq “ fjpxq for x P Ui X Uj , and continuity follows from the continuity
of each fi.

Next we define the sheaf map f 7. If V Ă Y is an open set, we construct the ring map
f 7 : OY pV q Ñ OXpf´1V q as follows. Take any section s P OY pV q. Using the sheaf maps
f 7

i over Ui, we get sections ti “ f 7

i psq in OXpf´1V XUiq. As f 7

i and f 7

j restrict to the same
map on Uij , we have

ti|f´1VXUij
“ tj|f´1VXUij

in OXpf´1V X Uijq. The ti therefore glue together to a section t P OXpf´1V q, and we
can define f 7psq to be t. This assignment is compatible with restriction maps, and define a
sheaf of rings f 7 and that f 7

V “ pfiq
7

V psq when V Ă Ui. The pair pf, f 7q is therefore a map
of locally ringed spaces because it is locally given by the fi.

The uniqueness of f follows from the fact that morphisms of schemes are determined by
their restrictions to any open cover, and the restrictions f |Ui

are equal to fi by design.
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4.10 Gluing schemes 83

The affine line with two origins

Consider the scheme X obtained by gluing together two copies X1 and X2 of the affine line
A1
k “ Spec krus over a field k along their common open subsetX12 “ Spec kru, u´1s with

the identity morphism ϕ : kru, u´1s Ñ kru, u´1s on the open set. The resulting scheme X
is covered by two A1

k’s which overlap outside the origin. However, as the gluing process does
nothing over the origins of each A1

k, there are now two points in X that replace the origin. X
is called the affine line with two origins.

A1

A1

X

0

0

01

02

This scheme is not affine. To see this, we use the sheaf sequence, which takes the form

0 ΓpX,OXq ΓpA1
k,OA1

k
q ‘ ΓpA1

k,OA1
k
q ΓpX12,OX12

q

krus ‘ krus kru, u´1s

“ “

ρ

where now ρpppuq, qpuqq “ ppuq ´ qpuq, and it follows that ΓpX,OXq » krus. Moreover,
both inclusions ι : A1

k Ñ X induce the identity map ι7 : krus Ñ krus on global sections. If
X were affine, this would imply that ι : A1

k “ Spec krus Ñ X is an isomorphism, which is
clearly not the case (it is not surjective, since the image misses one of the two origins).

Semi-local rings

Semi-local rings are rings with finitely many maximal ideals. In the next two examples we
give a few examples of such rings and how they can be described as local rings glued together.

Example 4.37 (Semi-local rings). Consider the two rings Zp2q and Zp3q. These are both
discrete valuation rings with with a common fraction field Q and maximal ideals p2q and
p3q respectively. As described in Example 2.14 on page 29, X1 “ SpecZp2q consists of two
points: the closed point x1 corresponding to p2q, and the generic point η1 corresponding to
p0q. Likewise, SpecZp3q consists of two points x2 and η2. The generic points given the open
embeddings SpecQ Ñ Xi for i “ 1, 2. Hence we can glue together X1 and X2 along the
two generic points and we obtain a scheme X with one open point η and two closed points
x1 and x2.

By (4.19), we can compute OXpXq as follows:

OXpXq “ t pa, bq P Zp2q ˆ Zp3q | a “ b in Q u » Zp2q X Zp3q.

The ring Zp2q X Zp3q is a semi-local ring with the two maximal ideals p2q and p3q. By the
Main Theorem of Affine Schemes (Theorem 4.10) there is a map X Ñ SpecZp2q X Zp3q,
and it is left as an exercise to show that this is an isomorphism. △
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p2q p3qη
p2q

p3q

p5q
η

Example 4.38 (More semi-local rings). More generally, if P “ tp1, . . . , pru is a finite set
of distinct prime numbers, we can consider the schemes Xp “ SpecZppq for p P P and
glue them together to form a new scheme X . Indeed, each Xp has an open point ηp, which
is the image of the canonical open embedding SpecQ Ñ Xp, and we glue Xp and Xq by
identifying ηp and ηq using the identity map on SpecQ.

We may compute the global sections of the structure sheaf of the new scheme using the
sheaf sequence

0 Ñ ΓpX,OXq
ś

pPP ΓpXp,OXq
ś

p,qPP ΓpXp XXq,OXq

ś

pPP Zppq

ś

p,qPP Q.

“ “

ρ

Here, the map ρ sends an r-tuple papqpPP to the sequence pap ´ aqqp,qPP , and it follows that
the kernel of ρ is equal to the intersection AP “

Ş

pPP Zppq. This is a semi-local ring whose
maximal ideals are the ppqAP ’s for p P P . There is a canonical morphism X Ñ SpecAP ,
and again we leave it to the reader to verify that this is an isomorphism. △

4.11 Exercises

Exercise 4.11.1. Prove the uniqueness part in Proposition 4.35.

Exercise 4.11.2. Let X and Y be schemes and let B be a basis for the topology on X .
Suppose that there is a collection of morphisms fU : U Ñ Y , one for each U P B, such that
if V P B satisfies V Ă U , we have

fU |V “ fV .

Show that there exists a unique morphism of schemes f : X Ñ Y such that f |U “ fU .

Exercise 4.11.3 (A finite non-affine scheme). Consider a set X consisting of three elements,
x, y, z. Define a topology on X where the open sets are defined as H, txu, tx, yu, tx, zu,
and X itself. On X , define a sheaf of rings OX where OXptxuq corresponds to the field
Qptq, while for the open sets OXptx, yuq,OXptx, zuq, and OXpXq we assign the localized
ring Qrtsptq. Show that pX,OXq is a scheme which is not isomorphic to an affine scheme.
HINT: An affine scheme is isomorphic to SpecOXpXq.

Exercise 4.11.4 (The cuspidal cubic). Let k be an algebraically closed field, and consider
the morphism

f : A1
k ÝÝÑ Spec krx, ys{px3 ´ y2q

t ÞÑ pt2, t3q.

induced by the ring map ϕ : krx, ys ÞÑ krts sending x to t2 and y to t3.
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a) Show that f is a homeomorphism.
b) Let p P A1

k be the origin. Compute the map f 7
p : OX,p0,0q Ñ OA1

k,p
and show

that it is not an isomorphism. Conclude that the cuspidal cubic is not even
’locally isomorphic’ to A1

k near the origin.

Exercise 4.11.5. Consider the ring A “ Zr
?

´5s and the ideal a “ p2, 1 `
?

´5q. Show
that a is not principal as follows. For an element α “ a ` b

?
´5, define the norm of α as

Npαq “ a2 ` 5b2.
a) Show that A{a » Z{2.
b) Show that Npxyq “ NpxqNpyq for all x, y P A.
c) Show that Npxq “ 1 if and only if x is a unit.
d) Show that there is no element x with Npxq “ 2.
e) Show that a is not principal. HINT: If a “ pxq, show that x must be a unit.

Exercise 4.11.6. Let X be a scheme whose underlying topological space is a finite and
discrete set. Show that X is affine.

Exercise 4.11.7. Let f : X Ñ SpecA be a morphism of schemes. Show that the closure of
the image fpXq is given by V pKerϕq where ϕ : A Ñ OXpXq is the ring map inducing f .

Exercise 4.11.8. Let k be a field and letX “ SpecA, whereA “ krx, y, z, ws{pxz, xw, yz, ywq.
a) Show that X is the union of two affine planes intersecting at the origin.
b) Let U Ă X be the open subset obtained by removing the origin. Define the

subset S Ď A by

S :“ tf P A | fppq ‰ 0 for all p P Uu

where mp is the maximal ideal of the local ring OX,p at the point p P U .
Prove that the natural homomorphism S´1A Ñ OXpUq is not an isomor-

phism.
c) Explain why the analogous statement in part does hold for the union of two

affine lines intersecting at a single point.

Exercise 4.11.9 (The reduction of a scheme). Let X be a scheme and let B be the basis of
affine open subschemes of X . For a ring R, we let Rred “ R{

?
0, where

?
0 is the ideal of

nilpotent elements in R.
a) Show that V ÞÑ OXpV qred defines a B-sheaf of rings on X . If X “ SpecA,

show that this sheaf is isomorphic to the sheaf associated to the A-module
Ared “ A{

?
0.

b) Let OXred
denote the sheaf associated to the B-sheaf from a). Show that

pX,OXred
q is a scheme, which is isomorphic to SpecpAredq if X “ SpecA is

affine.
c) Show that there is a closed embedding ι : Xred Ñ X .
d) Show that Xred and ι satisfies the following universal property: for any reduced

scheme Y and a morphism f : Y Ñ X , there is a unique morphism g : Y Ñ

Xred so that f “ ι ˝ g.
e) If f : X Ñ Y is a morphism, show that there is a unique morphism fred : Xred Ñ

Yred so that fred ˝ rX “ rY ˝ fred. Show that assignments X ÞÑ Xred and
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f ÞÑ fred defines a functor Sch to RedSch which is adjoint to the inclusion
functor RedSch Ñ Sch, where RedSch is the full subcategory of Sch whose
objects are the reduced schemes.

Exercise 4.11.10. Let f : X Ñ Y be a morphism of schemes. Show that the following are
equivalent.

(i) f is dominant.
(ii) fpDq is dense for one dense subset D Ă X .

(iii) fpDq is dense for all dense subsets D Ă X .
If X is irreducible, they are also equivalent to
Y is irreducible and the generic point of X maps to the generic point of Y .

Exercise 4.11.11. Let X be an integral scheme and let f P KpXq. Show that the set of
points p P X such that f P OX,p is open.

Exercise 4.11.12. Fill in the details for the proof of Proposition ??.

Exercise 4.11.13. Let X be an integral scheme and let f : X 99K Y be a rational map. Show
that there is a unique maximal open set U for which the f is defined. This is another way of
resolving the ambiguity in the definition of a rational map. HINT: Proposition 4.36.

Exercise 4.11.14. Let X Ă P2
k denote the Klein quartic curve defined by the equation

x3y ` y3z ` z3x “ 0. Compute the number of k-points on X for k “ F2,F4 and F8.

Exercise 4.11.15. Let X be a scheme. Show that the map p ÞÑ tpu defines a bijection

X ÝÝÑ tirreducible closed subsets of Xu

Exercise 4.11.16. Let X “ SpecA and let M be an A-module. Show that ĂM is an OX-
module, that is, ΓpU,ĂMq is an OXpUq-module, and the module structure is compatible
with restriction maps. HINT: Show this first for U “ Dpfq, then cover a general open by
destinguished open sets.

Exercise 4.11.17. Let f : X Ñ Y be a morphism. Show that if g P OY pY q corresponds
to the morphism g : Y Ñ A1, then f 7pgq P OXpXq corresponds to the composition
X Ñ Y Ñ A1.

Exercise 4.11.18. Show that A1
C embeds as a closed subscheme of A2

R. Can A1
R be a closed

subscheme of some AnC?

Exercise 4.11.19. Let f : Z Ñ X be a morphism and let U Ă X be an open subscheme
such that fpZq Ă U (as sets). Show that there exists a unique morphism g : Z Ñ U such
that f “ ι ˝ g where ι : U Ñ X is the inclusion map.

Exercise 4.11.20. Consider X “ SpecA, where A “ Rru, vs{pu2 ` v2 ` 1q. Show that
XpRq “ H, but XpCq is infinite. Show that A contains infinitely many maximal ideals, so
the underlying topological space of X is infinite.

Exercise 4.11.21. Let X , Fi, τij be as in Proposition 4.33.
a) Let B be the collection of all open sets U Ă X such that U Ă Ui for at least

one index i P I . Show that B is a basis for the topology on X .
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b) For each U P B, choose an index i “ ipUq P I such that U Ă Ui, and set
FpUq “ FipUq. For an inclusion V Ă U in B, let i “ ipUq and j “ ipV q,
so that also V Ă Ui X Uj “ Uij . Define the restriction maps by

ρU,V : FpUq “ FipUq ÝÝÑ FipV q
τji|V
ÝÝÝÑ FjpV q “ FpV q (4.22)

Show that this makes F into a B-presheaf.
c) Show that τij defines an isomorphism νi,V : FpV q Ñ FipV q. Use this to

define an isomorphism of presheaves F |Ui
Ñ Fi. Deduce that Fi is a B-sheaf.

d) Show that the extended sheaf F and νi satisfy the conclusion in Proposition
4.33.

Exercise 4.11.22. Show that the sections of OSpecA over an open set U Ă X “ SpecA,
are given by the inverse limit of the localizations

OXpUq “ lim
ÐÝ

DpfqĂU

OpDpfqq “ lim
ÐÝ

DpfqĂU

Af . (4.23)

Exercise 4.11.23. Let A “ krx, y, zs{pxyzq and X “ SpecA. Compute OX,p where x
corresponds to the prime ideal p “ px´ 1, y, zq. Show that yz ‰ 0 in OX,p, but takes the
value 0 for all points in a neighbourhood of p.

Exercise 4.11.24. Show that if f : X Ñ Y is a morphism of locally ringed spaces, the stalk
maps f 7

x : OY,fpxq Ñ OX,x induce maps between the residue fields κpfpxqq and κpxq. What
happens when X and Y are affine varieties?

Exercise 4.11.25. Let X “ SpecZ. Compute XpFpq, XpQq and XpCq.

Exercise 4.11.26. Show that SpecQrxs and SpecZ are homeomorphic, but not isomorphic
as schemes.

Exercise 4.11.27. Is SpecQ Ñ SpecZ a closed embedding?

Exercise 4.11.28. Show that the Q-points of the scheme SpecZru, vs{pu2 ` v2 ´ 1q are
given by

XpQq “

"ˆ

2t

1 ` t2
,
1 ´ t2

1 ` t2

˙

ˇ

ˇ t P Q
*

Ytp0,´1qu.

HINT: Consider lines trough p0, 1q and the ‘second intersection point’ with the circle.

Exercise 4.11.29. With reference to Example 4.30, show that one may interpret XpQq as the
set of Pythagorean triples:

XpQq “ t pa, b, cq P Z3 | a2 ` b2 “ c2 and a, b, c relatively prime u.

Exercise 4.11.30. With reference to Example 4.30, let p be a prime such that p fl 1 mod 4.
Show that the description in Example 4.30 also is valid for XpFpq.

Exercise 4.11.31. With reference to Example ??, consider the natural inclusion

A “ Rru, vs{pu2 ` v2 ` 1q Ă Cru, vs{pu2 ` v2 ` 1q “ AC.

For each point z “ pa, bq P XpCq consider the ideal nz “ mz XA. Show that nx is maximal
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and that nz “ nw if and only if w “ pā, b̄q with z “ pa, bq. Conclude that A has infinitely
many maximal ideals.

Exercise 4.11.32. Let X be a scheme and let x P X be a point.
a) Show that there is a canonical morphism

f : SpecOX,x ÝÝÑ X

b) Show that f induces a homeomorphism between SpecpOX,xq and the subset
W Ă X of points w P X such that w P x.

c) Show that the map ιx : Specκpxq Ñ X defined in the text factors via f .
d) Show that on the level of topological spaces, the image of f is the intersection

of all open neighbourhoods containing x.
e) Compute the image of f when:

(i) x is the generic point of an irreducible scheme.
(ii) x is a closed point of A2

C.

Exercise 4.11.33. Deduce Theorem 4.13 from Theorem 4.10.

Exercise 4.11.34. An inclusion Q Ă Q induces a morphism AnQ Ñ AnQ. Compute the images
of the following points under the morphism A2

Q Ñ A2
Q:

a) px´
?
2, y ´

?
2q

b) px´ ω, y ´ ω2q where ω is a cube root of unity.
c) p

?
2x`

?
3yq

Exercise 4.11.35. Let pf, f 7q : X Ñ Y be a morphism of locally ringed spaces. Show that
pf, f 7q is an isomorphism if and only if f is a homeomorphism and the sheaf map f 7 is an
isomorphism (that is, f 7

U is an isomorphism for every open set U Ă Y ).

Exercise 4.11.36. Show that being a closed embedding is a property which is ‘local on
the target’. In clear text: given a morphism f : Z Ñ X and an open cover tUiu of X . Let
Vi “ f´1Ui and assume that each restriction f |Vi

: Vi Ñ Ui is a closed embedding. Prove
that then also f is a closed embedding.

Exercise 4.11.37. Show that being a locally closed embedding is ‘local on the image’.
Assume that f : Z Ñ X is a morphism and that tUiu is a collection of open subsets of X
covering the image fpZq. Assume further that each restriction f |f´1Ui

: f´1Ui Ñ Ui is a
closed embedding, then f is a locally closed embedding.

Exercise 4.11.38. Let f : X Ñ Y and g : Y Ñ Z be two morphisms of schemes. Prove
that if both f and g are closed embeddings, then g ˝ f is one as well.

Exercise 4.11.39. Let f : X Ñ Y be a morphism which is both an open embedding and a
closed embedding. Show that f is an isomorphism.

Exercise 4.11.40. Consider the ring R “ Zrts and let X “ SpecR.
a) For a prime number p, show that m “ pt, pq is a maximal ideal of R.
b) Let U “ X ´ tmu. Show that U “ Dppq YDptq and that

OXpUq “ Zrts
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c) Deduce that U is not affine.

Exercise 4.11.41. Let X “ ta, b, cu be a set with three elements. Let X have the coarsest
topology so that the two subsets U “ ta, bu, and V “ ta, cu are open. Define a presheaf
OX by OXpUq “ OXpV q “ Crtsptq and OXpU X V q “ Cptq with the restriction map
given by the inclusion Crtsptq Ă Cptq.

a) Show that OX is a sheaf.
b) Show that pX,OXq is a scheme.
c) Show that pX,OXq is not affine.

Exercise 4.11.42. Let X be a scheme.
a) Show that any irreducible and closed subsetZ Ă X has a unique generic point.

HINT: Reduce to the affine case.
b) Show that in general schemes are not Hausdorff. What are the possible underly-

ing topologies of affine schemes that are Hausdorff?
c) Show that X satisfies the zeroth separation axiom (they are T0); that is, given

two points x and y in X , there is an open subset of X containing one of them
but not the other.

Exercise 4.11.43. a) Show that HomRingspZ,Qq has only one element.
b) Define continuous maps SpecQ Ñ SpecZ, sending p0q to ppq. Is it possible

to make these into morphisms of schemes?

Exercise 4.11.44 (The sheaf of units). Let X be a scheme with structure sheaf OX . We say
that s P OXpUq is a unit if there exists a multiplicative inverse s´1 P OXpUq.

a) Show that s P OXpUq is a unit if and only if for all x P U , the germ sx is a
unit in the ring OX,x; that is, if and only if sx does not lie in the maximal ideal
of OX,x.

b) We let Oˆ
XpUq denote the subgroup of units in OXpUq. Show that Oˆ

XpUq is a
subsheaf of OX .

Exercise 4.11.45. In the same vein as Example 2.33, show that a ring A is a Q-algebra
(that is, it contains a copy of Q) if and only if the canonical map SpecA Ñ SpecZ factors
through the generic point SpecQ Ñ SpecZ.

Exercise 4.11.46. For every ring A, there is a canonical map Z Ñ A which sends 1 to
1. Hence there is a canonical map SpecA Ñ SpecZ. Show that map factors through the
canonical map SpecFp Ñ SpecZ if and only if A is of characteristic p.

Exercise 4.11.47 (The Frobenius morphism). Let p be a prime number and let A be a ring of
characteristic p. The ring map FA : A Ñ A given by a ÞÑ ap is called the Frobenius map on
A.

a) Show that FA induces the identity map on SpecA.
b) Show that if A is local, then FA is a map of local rings.
c) For a scheme X over Fp, define the Frobenius morphism FX : X Ñ X by the

identity on the underlying topological space and with F 7

X : OX Ñ OX given
by g ÞÑ gp. Show that FX is a morphism of schemes.
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d) Show that FX is natural in the sense that if f : X Ñ Y is a morphism of
schemes over Fp, we have f ˝ FX “ FY ˝ f .

In particular, this exercise shows that for a morphism of schemes f : X Ñ Y , in order to
check that f is an isomorphism, is not enough to check that f is a homeomorphism; also the
map f 7 must be an isomorphism.

Exercise 4.11.48. Let X be an integral scheme over a ring A. Let f P KpXq and let
Uf Ă X be the open set of points x P X such that f P OX,x. Show that there is a morphism
ϕ : Uf Ñ A1

A such that ϕ7 : Arts Ñ ΓpUf ,OXq is given by t ÞÑ f .

Exercise 4.11.49. Prove Proposition 6.5. That is, prove that a scheme X is integral if and
only if OXpUq is an integral domain for each open U Ă X .

Exercise 4.11.50. Let X “ Spec krx, y, z, ws{pxw ´ yzq and consider the open set U “

X ´ V px, yq. Use the above strategy as in Example 4.22 to compute OXpUq. Conclude that
U is not affine.

Exercise 4.11.51. Prove that a composition of two closed embeddings is a closed embedding.

Exercise 4.11.52. Let X be a scheme so that the underlying topological space is finite and
discrete. Show that X is an affine scheme. HINT: Consider the case where X has one point
first.

Exercise 4.11.53. Prove that a morphism f : X Ñ Y is a closed embedding if and only if f
induces a homeomorphism from X onto a closed subset of Y , and for each x P X , the map
of local rings OY,fpxq Ñ OX,x is surjective. HINT: Consider the stalks of f˚OX . You need
to use the fact that f is a homeomorphism onto fpXq.

Exercise 4.11.54. Describe the following schemes and the structure sheaf on them.
a) SpecCrts{pt2 ` 1q

b) SpecRrts{pt3 ´ t2q

c) SpecF3rts{pt3 ´ 1q.

Exercise 4.11.55. Let K be a finite field extension of Q and let X “ SpecK. Show that
HomSchpX,Xq can be identified with the Galois group GalpK{Qq.

Exercise 4.11.56. Let A be a ring and consider a morphism g : AmA Ñ AnA given by
polynomials g1, . . . , gn P Arx1, . . . , xms. Consider the morphism f : AmA Ñ Am`n

A given
by px1, . . . , xn, g1, . . . , gnq. Show that f is a closed embedding.

Exercise 4.11.57. Show that the Spec-functor preserves inverse limits of rings. That is, if
tRiuiPI is a directed system of rings, then

Specplim
ÝÑ

Riq “ lim
ÐÝ

SpecRi.

HINT: The Spec-functor is a right adjoint to the global sections functor.

Exercise 4.11.58. Let A be a ring and let M be an A-module. Show that for each f P A,
there is a natural isomorphism of sheaves on Dpfq “ SpecpAf q

ĂMf “ ĂM |Dpfq.
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Exercise 4.11.59. Describe the schemes SpecA for
a) A “ Zrxs{p2x´ 1q

b) A “ Zrxs{p3x´ 1q

c) A “ Zrxs{p9x´ 3q

d) A “ Zrxs{p2x2 ´ 1q

Which of these are isomorphic/homeomorphic?

Exercise 4.11.60. Check that Specϕ ˝ Specψ “ Specpψ ˝ ϕq, whenever ϕ and ψ are
composable ring maps.

Exercise 4.11.61. Prove that Ank ´ tp0, . . . , 0qu is not affine for any n ě 2.

Exercise 4.11.62. Let f : SpecpBq Ñ SpecpAq be the morphism associated to a ring map
ϕ : A Ñ B. Show that the sheaf map f 7 : OSpecA Ñ f˚OSpecB is given by rϕ : rA Ñ rB,
where we regard B as an A-module via ϕ.

Exercise 4.11.63. Let X be a scheme and let Xred be its reduction. Show that if k is a field,
then there is a natural bijection Xpkq “ Xredpkq. Generalize the statement to reduced rings.

Exercise 4.11.64. Show that the morphism

SpecCrx, b, cs{px2 ` bx` cq ÝÝÑ SpecCrb, cs

is finite and describe its fibers.
What about the morphism SpecCrx, a, b, cs{pax2 ` bx` cq Ñ SpecCra, b, cs?

Exercise 4.11.65. Let A3
k “ Spec krx, y, zs. Compute the scheme-theoretic intersection of

the two subschemes V pz ´ xy2q and V pzq. Is it irreducible? Reduced?

Exercise 4.11.66. Show that any closed embedding ι : X Ñ Y is of finite type.

Exercise 4.11.67. Show that open subschemes U Ă X satisfy the following ‘universal
property’: for any scheme Z , to give a morphism Z Ñ U is equivalent to giving a morphism
f : Z Ñ X such that fpZq Ă X (as sets).

Exercise 4.11.68 (A1 minus a point). Consider the affine line A1 “ SpecZrts.
a) For a prime number p, show that m “ pt, pq defines a closed point of A1.
b) Let X “ A1 ´ tmu. Show that U “ Dppq YDptq and that

OXpUq “ Zrts

c) Is U an affine scheme?
d) What happens if we replace Z by a field k in the above?

Exercise 4.11.69. Let X and Y be schemes and define for an open set U Ă X ,

FpUq “ HomSchpU, Y q

Show that F is a sheaf of sets on X .

Exercise 4.11.70. Consider the weighted projective space Ppp, qq “ ProjR, where R “

krx0, x1s with degpx0q “ p and degpx1q “ q. Show that

Ppp, qq » P1
k.
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HINT: Consider the Veronese subringRpdq where d “ pq, and define a ring map ϕ : kru, vs Ñ

Rpdq by u ÞÑ xq0, v ÞÑ xp1.
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5

Projective space

5.1 Projective space

Traditionally, the projective n-space over a field k is defined as the quotient space

Pnpkq “
`

kn`1 ´ t0u
˘

{ „ (5.1)

where we say that two pn` 1q-tuples pa0, . . . , anq and pb0, . . . , bnq are equivalent if there is
some λ P kˆ so that bi “ λai for all i. Geometrically, this means that Pnpkq parameterizes
the 1-dimensional subspaces in kn`1, or in other words, the lines through the origin.

The equivalence class of an pn` 1q-tuple px0, . . . , xnq is usually written px0 : ¨ ¨ ¨ : xnq.
So for instance, p1 : 3q “ p´1 : ´3q and p1 : 2 : 3q “ p2 : 4 : 6q. The x0, . . . , xn are
called homogeneous coordinates. It is important to note that x0, . . . , xn are not coordinates
in the usual sense, as they are not even functions. However, the ratios xj{xi define functions
on the subset

Ui “ t px0 : ¨ ¨ ¨ : xnq P Pnpkq | xi ‰ 0 u.

Note that Pnpkq is covered by these sets:

Pnpkq “

n
ď

i“0

Ui

For each i “ 0, . . . , n, there is a bijection

ϕi : Anpkq ÝÝÑ Ui (5.2)

py1, . . . , ynq ÞÝÑ py1 : ¨ ¨ ¨ : yi´1 : 1 : yi : ¨ ¨ ¨ : ynq.

The inverse is defined by sending a point px0 : ¨ ¨ ¨ : xnq P Ui with xi ‰ 0 to the point
ˆ

x0

xi
, . . . ,

xi´1

xi
,
xi`1

xi
, . . .

xn
xi

˙

P Anpkq. (5.3)

Thus Pnpkq is a union of n ` 1 affine spaces Anpkq with affine coordinates given by the
ratios in (5.3). We can define a topology on Pnpkq by defining a set W Ă Pnpkq to be open
if and only if W X Ui is open in Ui for all i “ 0, . . . , n.

The ratios x0{xi, . . . , xn{xi also serve as natural candidates for defining regular func-
tions on Pnpkq. A regular function f : Ui Ñ k, however it is defined, should pull back
to a regular function Dpxiq Ă An`1pkq. This pullback corresponds to an element g P

krx0, . . . , xn, x
´1
i s which is invariant under scaling xi ÞÑ txi for t P kˆ. When k is infinite,
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such polynomials must be homogeneous of degree 0, or equivalently, they are polynomials in
the ratios x0{xi, . . . , xi{xi.

Note that the set Pnk ´U0 consists of all the points px0 : ¨ ¨ ¨ : xnq where x0 “ 0. This can
be naturally be identified with Pn´1pkq via the map py0 : ¨ ¨ ¨ : yn´1q ÞÑ p0 : y1 : ¨ ¨ ¨ : ynq.
We may write

Pnpkq “ U0 Y Pn´1pkq.

This way of thinking of Pnpkq, as adding to Anpkq a Pn´1pkq ‘at infinity’ is often a more
useful way of thinking about the points of Pnpkq.

Example 5.1. The projective line P1pkq is a union

P1pkq “ U0 Y U1

We identify U0 “ t px0 : x1q | x0 ‰ 0 u with A1pkq using the map z ÞÑ p1 : zq, so
informally z “ x1{x0 defines an affine coordinate over U0. Likewise, U1 is identified with
A1pkq using the map w ÞÑ pw : 1q and w “ x0{x1 is the affine coordinate over U1. The
intersection U0 X U1 consists of the points px0 : x1q where both x0 and x1 are non-zero.
Over this open set, the coordinates z and w are related by w “ z´1. One can then view
P1pkq as a space obtained by gluing together two copies of A1pkq, using the homeomorphism
z ÞÑ z´1 over the subset A1pkq ´ t0u.

Note that P1pkq “ U0 Y tp0 : 1qu, so we can think of P1pkq as adding to A1pkq a ‘point
at infinity’. △

U0 “ A1
pkq

U0

U1

p1 : 0q

p0 : 1q

U1 “ A1
pkq

P1
pkq

Figure 5.1 P1pkq obtained by gluing two affine lines.

As Pnpkq is defined from An`1pkq ´ tp0, . . . , 0qu the closed sets of Pnpkq are closely
related to closed sets in An`1pkq, which are in turn defined by ideals in krx0, . . . , xns.
However, because of the equivalence relation, one cannot directly speak of the zero set of
any polynomial F px0, . . . , xnq in Pnpkq. For instance, on P1pkq the polynomial x2

0 ´ x1

takes the value 0 for px0, x1q “ p1, 1q, but not at px0, x1q “ p2, 2q. However, if F is
homogeneous, that is, all the terms have the same degree, then the zero set of F is well-
defined, as F pλx0, . . . , λxnq “ λdF px0, . . . , xnq where d is the degree of F . Then it makes
sense to define the zero set

Z`pF q “ tP P Pnpkq | F pP q “ 0 u.
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More generally, if a Ă krx0, . . . , xns is a homogeneous ideal, e.g., generated by homoge-
neous polynomials, we can define

Z`paq “ tP P Pnpkq | F pP q “ 0 for all F P a homogeneous u.

Every closed set of Pnpkq is of this form (see Exercise ??).

Example 5.2. The projective plane P2pkq is covered by 3 open sets

P2pkq “ U0 Y U1 Y U2

and each Ui can be identified with an affine plane A2pkq. For instance, U0 is identified with
A2pkq with affine coordinates x “ x1{x0 and y “ x2{x0 and U1 is A2pkq with affine
coordinates u “ x0{x1 and v “ x2{x1. Over the intersection U0 X U1 these are related by
u “ x´1 and v “ x´1y.

We have P2pkq “ U0 Y P1pkq, where P1pkq sits inside P2pkq as the closed set tx0 “ 0u.
Thinking about P2

k as A2
k with the ‘line at infinity added’ leads to a space where the theory

of intersections is much nicer than in affine space. For instance, consider two paralell lines
L1, L2 in A2

k defined by the linear equations

L1 : ay1 ` by2 ` c “ 0

L2 : ay1 ` by2 ` d “ 0

where c ‰ d. If we identify A2
k with the open set U0 Ă P2

k, the closures L1 and L2 are given
by the equations

L1 : ax1 ` bx2 ` cx0 “ 0

L2 : ax1 ` bx2 ` dx0 “ 0

These lines do intersect, namely in the point p0 : ´b : aq, which lies in P2 ´ U0. In fact, any
two lines in P2pkq, that is, closed subsets defined by a linear equation, will always intersect
in P2

k. This is the most classical example illustrating that projective varieties have better
geometric properties than affine varieties. △

A2

P2

A2

A2

p1 : 0 : 0q p0 : 0 : 1q

p0 : 1 : 0q

Figure 5.2 The projective plane
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Projective space as a scheme

We would now like to construct a scheme Pn, so that for every field k, the k-points of Pn is
given by the set (5.1), that is, the 1-dimensional subspaces in kk`1. In fact, the construction
works over any base ring A. The basic idea is to construct PnA from n ` 1 copies of affine
n-space AnA using similar gluing formulas in the previous section.

Fix a ring A and variables x0, . . . , xn. For each i “ 0, . . . , n, define the ring

Ri “ A

„

x0

xi
, . . . ,

xn
xi

ȷ

. (5.4)

Since Ri is a polynomial ring in n variables, each Ui “ SpecRi is isomorphic to an affine
space AnA. We will also, for 0 ď i, j, k ď n consider the rings

Rij “ A

„

x0

xi
, . . . ,

xn
xi
,
xi
xj

ȷ

and Rijk “ A

„

x0

xi
, . . . ,

xn
xi
,
xi
xj
,
xi
xk

ȷ

.

If we consider these rings as subrings of the ring Arx0, x
´1
0 , . . . , xn, x

´1
n s, we have for each

pair i, j an equality of subrings

Rij “ Rji.

This follows from the identities xl{xi “ xl{xj ¨ xj{xi, for all i, j and l. Similarly,

Rijk “ Rjik “ Rjki.

Note that we may view Rij as the localization of Ri in the element xj{xi. Hence Uij “

SpecRij can be identified with the distinguished open subscheme Dpxj{xiq Ă Ui. Since
Rij “ Rji, using the identity maps τij : Uij Ñ Uji as gluing maps, we see that the gluing
conditions are satisfied, and the Ui glue together to a scheme, which we denote by PnA.

Definition 5.3. The scheme PnA is called the projective n-space over A.
The projective space over Z is called the projective n-space, and it is denoted by Pn.

Note that all rings Ri are A-algebras, so each Ui is a scheme over A and comes with a
structure map Ui Ñ SpecA. The same is true for the localizations Rij , and we see that the
structure maps glue together to a morphism π : PnA Ñ SpecA, making PnA an A-scheme.

If SpecA is irreducible, then so is PnA. This is because PnA contains U0 » AnA as a dense
open subset and AnA is irreducible if A is. Likewise, PnA is reduced if A is, because it has the
same local rings as AnR, and AnA is reduced if A is. This means that PnA is integral if A is an
integral domain.

Example 5.4. The projective line P1
A over A is constructed by gluing two copies of the affine

line A1
A, U0 “ SpecArus and U1 “ SpecAru´1s, along U01 “ SpecAru, u´1s which is

a distinguished open set in both U0 and U1. △

Example 5.5. The projective plane P2
A is constructed by gluing together the three affine

planes Ui “ D`pxiq “ SpecRi for i “ 0, 1, 2. It is sometimes convenient to rewrite these
charts using the ‘U0-coordinates’, i.e., writing x “ x1{x0 and y “ x2{x0. We can then
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express the other ratios in terms of x and y. For instance x2{x1 “ x´1. With this convention,
the three affine opens become

U0 “ SpecArx, ys, U1 “ SpecArx´1, yx´1s, U2 “ SpecAry´1, xy´1s.

△

There is a morphism of schemes

π : An`1
A ´ V px0, . . . , xnq ÝÝÑ PnA. (5.5)

which can be seen as a scheme-analogue of the quotient map kn`1 ´ t0u Ñ Pnpkq.
To define it, we work locally over Ui. The inclusions Ri Ă Arx0, . . . , xn, x

´1
i s determine

morphisms of affine schemes

πi : SpecArx0, . . . , xn, x
´1
i s ÝÝÑ Ui.

Note that the scheme of the left can be identified with the distinguished open set Dpxiq Ă

An`1
A , and the collection of these form an affine cover of Dpx0q Y ¨ ¨ ¨ YDpxnq “ An`1

A ´

V px0, . . . , xnq. To check that the morphisms πi glue, we need only check that they agree
over the intersections. This follows by applying Spec to the following diagram:

Arx0, . . . , xn, x
´1
i s Arx0, . . . , xn, x

´1
i , x´1

j s Arx0, . . . , xn, x
´1
j s

Ri Ri

”

xi

xj

ı

“ Rj

”

xj

xi

ı

Rj

The projective space over Z is especially important, because for every field k, the k-valued
points of PnZ coincides with the projective space Pnpkq as defined in the introduction.

Proposition 5.6. For any field k, we the k-valued points of Pn is given by (5.1), i.e.,

Pnpkq “
`

kn`1 ´ t0u
˘

{ „ . (5.6)

Proof The image of a k-point ι : Spec k Ñ Pn is a single point in Pn, so it must be
contained in one of the Ui. Therefore, the k-points of Pnpkq is the union of the k-points of
the Ui. Identifying Uipkq “ Anpkq “ kn, we define τ : kn`1 ´ t0u Ñ Pnpkq by the map

τpa0, . . . , anq “

ˆ

a0
ai
, . . . ,

ai´1

ai
,
ai`1

ai
, . . . ,

an
ai

˙

P Uipkq if ai ‰ 0

Then τ is well-defined, surjective, and τpa0, . . . , anq “ τpb0, . . . , bnq precisely when
pb0, . . . , bnq “ λ ¨ pa0, . . . , anq for some λ P kˆ.

More generally, if R is any ring, and s “ ps0, . . . , snq is an pn ` 1q-tuple of elements
which generate the unit ideal in R, there is a corresponding R-point

ιa : SpecR ÝÝÑ Pn. (5.7)

We define this morphism using the gluing theorem for morphisms. By our assumption,
the distinguished open sets Dps0q, . . . , Dpsnq cover SpecR. Over the distinguished open
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sets Dpsiq “ SpecRsi , we have ring maps ϕi : Zrx0{xi, . . . , xn{xis Ñ Rsi defined by
xk{xi ÞÑ sk{si which make the following diagrams commute:

Z
”

x0

xi
, . . . , xn

xi

ı

Z
”

x0

xi
, . . . , xn

xi
, xi

xj

ı

Z
”

x0

xj
, . . . , xn

xj

ı

Rsi Rsisj Rsj

It follows that the scheme maps SpecRsi Ñ Ui glue to the desired morphism (5.7).
Observe that if λ P R is a unit, then pλs0, . . . , λsnq determines the same R-point as

ps0, . . . , snq. This is because multiplying each si by a unit do not change the expressions
sk{si used in the construction of ϕi.

It is natural to ask whether the formula PnpRq “ pRn ´ t0uq { „ holds for all rings R,
that is, whether every R-valued point is of ‘homogeneous form’. While this is true if R is a
local ring (Exercise B.5.27) or R “ Z (Exercise B.5.28), it does not hold in general. In fact,
it fails for an interesting reason, as the following example shows:

Example 5.7. Let us consider the R-valued points of P1 for R “ Zr
?

´5s. The ring
Zr

?
´5s is famously not a UFD, as

2 ¨ 3 “ p1 `
?

´5qp1 ´
?

´5q. (5.8)

We will exploit this observation to define a non-trivial R-point of P1
R.

Note that 2 and 3 generate the unit ideal of R, so SpecR is covered by the two distin-
guished open setsDp2q “ SpecRr 1

2
s andDp3q “ SpecRr 1

3
s, and these two intersect along

the distinguished open set Dp6q “ SpecRr 1
6
s. Let α “ 1

2
p1 `

?
5q and β “ 1

3
p1 ´

?
5q

and consider the ring maps ϕ0 : Zrxs Ñ Rr 1
2
s and ϕ1 : Zrx´1s Ñ Rr 1

3
s sending x ÞÑ α

and x´1 ÞÑ β. By the factorization (5.8), we see that αβ “ 1, so the following diagram
commutes:

Zrxs Rr 1
2
s

Zrx, x´1s Rr 1
6
s

Zrx´1s Rr 1
3
s

ϕ0

ϕ1

Applying Spec, we see that the morphisms Specpϕ0q and Specpϕ1q glue to a morphism
SpecR Ñ P1. The corresponding R-point in P1pRq is not of the form pa : bq with a, b P R
generating the unit ideal. If it were, it would correspond to p1 `

?
´5 : 2q (this is what it is

over Dp2q). However, the ideal p1 `
?

´5, 2q is not the unit ideal in R, in fact it is not even
a principal ideal in R. (For a proof of this, see Exercise 4.11.5.)

What makes this example work is the fact that R is not a UFD and has many non-principal
ideals. We will consider this example later in Chapter 16 when we discuss invertible sheaves
and maps to projective space. △
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The structure sheaf of Pn
A

The following computation is very important.

Proposition 5.8. For each ring A, we have ΓpPnA,OPn
A

q “ A.

Proof By the sheaf sequence associated to the covering U0, . . . , Un, a global section of
OPn

A
consists of elements si P ΓpUi,OPn

A
q that agree on the overlaps Ui X Uj . Over Ui we

have ΓpUi,OPn
A

q “ Ri and a section si is a polynomial of the form

gi

ˆ

x0

xi
, . . . ,

xn
xi

˙

(5.9)

The compatability condition on the overlaps means that

gj

ˆ

x0

xj
, . . . ,

xn
xj

˙

“ gi

ˆ

x0

xi
, . . . ,

xn
xi

˙

. (5.10)

The only way (5.10) can hold is that gi and gj are of degree 0 as polynomials in the ratios
xk{xi and xk{xj . That is, gi and gj are equal to the same element in A. Conversely, if we
choose any element a P A and set gi “ a for every i “ 0, . . . , n, then the sections clearly
glue to a global section of OPn

A
.

In particular, for a field k, the space of global sections of OPn
k

is just the ‘constants’, k.
When k “ C, this can be seen as an analogue of Liouville’s theorem, that the only global
analytic functions on CP1 are the constants. This example also shows that the group OXpXq

may not give much information about X for general schemes.
We note that we also have got yet another example of a scheme which is not affine: if P1

C
were affine, it would have to be isomorphic to SpecC according to Theorem 4.10 on page 70.
But this is clearly not the case, as P1

C contains infinitely many closed points. P1
C is in fact

related to the first example of a non-affine scheme of Example 4.22 on page 72, namely the
affine plane A2

C “ SpecCru, vs with the ‘origin’ V pu, vq removed, see (5.5).

Closed subschemes of Pn
A

In this section, we will consider closed subchemes of the projective space PnA. We say that
a polynomial F P Arx0, . . . , xns is homogeneous of degree d if the monomials in the xi
appearing inF all have degree d. For such elements, we can consider their ‘dehomogenization’
with respect to the variable xi, defined by

Fpiq “ x´d
i F px0, . . . , xnq “ F

ˆ

x0

xi
,
x1

xi
, . . . ,

xn
xi

˙

P Ri “ A

„

x0

xi
, . . . ,

xn
xi

ȷ

.

Conversely, if f P Ri is a polynomial of degree d in the x0{xi, . . . , xn{xi, then the polyno-
mial

F px0, . . . , xnq “ xdi f

ˆ

x0

xi
, . . . ,

xi´1

xi
,
xi`1

xi
, . . .

xn
xi

˙

will be homogeneous of degree d.
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The homogenization dehomogenization operations will in most cases be inverses. There are
exceptions however: any power xd0 will dehomogenize to 1, and there is no way of recovering
xd0 without knowing d. The best we can say is that there is a bijection between polynomials

in A
”

x0

xi
, . . . , xn

xi

ı

of degree d and homogeneous polynomials in Arx0, . . . , xns of degree d
not divisible by xi.

More generally, if a Ă R is a homogeneous ideal, we define the dehomogenization of a
with respect to xi by

apiq “ tFpiq P A

„

x0

xi
, . . . ,

xn
xi

ȷ

| F P a u.

It is not difficult to check that if a is a prime ideal, then so is apiq for each i “ 0, . . . , n.
Consider the subschemes defined by the apiq:

Xi “ SpecpRi{apiqq ÝÝÑ SpecpRiq.

If Fpiq and Fpjq denote the dehomogenizations with respect to xi and xj , we have

Fpiq “

ˆ

xj
xi

˙d

Fpjq in Ri

„

xi
xj

ȷ

“ Rj

„

xj
xi

ȷ

This implies that the two ideals apiq and apjq become equal in the localization Airxi{xjs “

Ajrxj{xis. Consequently, the subschemes Xi coincide over the intersections Uij , and conse-
quently they glue together to a closed subscheme X “ V`paq Ă PnA.

Definition 5.9. We say that an A-scheme X is projective over A if it is isomorphic to
one of the form V`paq for some homogeneous ideal a Ă Arx0, . . . , xns.

Example 5.10. For d P N, the homogeneous polynomial F “ xd0 `xd1 `xd2 defines a closed
subscheme X “ V`pF q Ă P2

A. When A “ k is a field, X is covered by three affine charts,
each isomorphic to the plane curve V pxd ` yd ` 1q Ă A2

k, so we may picture as a plane
curve of degree d. The geometry of this scheme is however more intricate for other rings,
such as A “ Z or A “ Crts. △

Example 5.11. If a “ px0, . . . , xnq, then the corresponding closed subscheme is empty.
Indeed, over Ui, the dehomogenized ideal contains xi{xi “ 1, so a defines the empty scheme
in each Ui. The same argument applies to any ideal a such that

?
a “ px0, . . . , xnq. For this

reason, px0, . . . , xnq is called the irrelevant ideal.
This also implies that two ideals can correspond to the same closed subscheme. For

instance, in P1
k the two ideals px0q and px2

0, x0x1q “ px0q X px2
0, x1q both define the point

p0 : 1q. △

Example 5.12 (Homogeneous coordinates). For an pn` 1q-tuple pa0, . . . , anq of elements
in A which generate the unit ideal, we define a closed subscheme defined by the ideal a
generated by the 2 ˆ 2-minors of the matrix

ˆ

x0 x1 . . . xn
a0 a1 . . . an

˙

. (5.11)
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5.1 Projective space 101

That is, the homogeneous ideal a “ paixj ´ ajxi |0 ď i, j ď nq. One can check that the
corresponding closed embedding is exactly the morphism ιa : SpecA Ñ PnA defined in (5.7)
(see Exercise B.5.8). △

Proposition 5.13. Every closed subset Z Ă PnA is of the form V`paq for some homoge-
neous ideal a Ă Arx0, . . . , xns.

Proof By construction, a subset Z is closed if and only if Z X Ui for each i “ 0, . . . , n.
As each Ui “ SpecRi is affine, we have Z X Ui “ V paiq for some radical ideal ai Ă Ri.
Let us define

a “ tF P Arx0, . . . , xns | F homogeneous and x´ degF
i F P ai for all i “ 0, . . . , n u.

Then a is homogeneous. Let us check that Z “ V`paq.
Let p P Z be a point. We may assume that p P Z X U0 “ V pa0q. Therefore fppq “ 0 for

every f P a0. Consider F P a of degree d. Then x´d
0 F P a0, so px´d

0 F qppq “ 0. As p P U0,
we must have F ppq “ 0. Hence p P V`paq.

Conversely, let p P V`paq. As before, we may assume that p P U0. By assumption, for
every F P a, we have F ppq “ 0 and hence x´ degF

0 F P a0. Therefore, p P V pa0q “ ZXU0.
This shows that p P Z, so V`paq “ Z.

If I Ă Arx1{x0, . . . , xn{x0s is an ideal, we define the homogenization of I as the ideal
a Ă Arx0, . . . , xns obtained by homogenizing all the elements of I . Geometrically, the
subscheme V`paq Ă PnA represents the closure of V pIq Ă Ui in PnA.

A family of sheaves on Pn
A

The projective space PnA carries a special family of sheaves, known as the twisting sheaves
OPn

A
pmq, where m is an integer. These sheaves will play an important role in the study of

projective schemes.
These sheaves are closely related to homogeneous polynomials. While homogeneous

polynomials of degree m ě 1 in krx0, . . . , xns do not define regular functions on Pnk , they
do define global sections of the sheaf OPn

k
pmq. Intuitively, over an open set U Ă Pnk , the

sections of OPn
k
pmq can be identified with the set of quotients

fpx0, . . . , xnq

gpx0, . . . , xnq
where deg f ´ deg g “ m

where f, g are homogeneous and gppq ‰ 0 for all p P U .
To define these sheaves by gluing, we use the covering of PnA by Ui “ SpecRi where

Ri “ Arx0

xi
, . . . , xn

xi
s, as before. Over Ui, we define the Ri-module

Mi “ A

„

x0

xi
, . . . ,

xn
xi

ȷ

xmi

Note that since xmi “ pxi{xjq
mxmj , there is an equality of A-modules

A

„

x0

xi
, . . . ,

xn
xi
,
xi
xj

ȷ

xmi “ A

„

x0

xj
, . . . ,

xn
xj
,
xj
xi

ȷ

xmj (5.12)
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In other words, we may identify the localizations

pMiqxj{xi
“ pMjqxi{xj

(5.13)

as modules over the ring Rir xi

xj
s “ Rjr

xj

xi
s.

Note that Mi is a free Ri-module of rank 1, with xmi serving as a generator. For each i
and j, one can pass from Mi to Mj by multiplying by pxj{xiq

m:

g

ˆ

x0

xi
, . . . ,

xn
xi

˙

xmi “

ˆ

xi
xj

˙m

g

ˆ

x0

xj
, . . . ,

xn
xj

˙

xmj . (5.14)

By the equality (5.13), the two sheaves ĂMi and ĂMj on Ui restrict to the same sheaf on
Uij “ SpecpAirxi{xjsq, namely the tilde of the module (5.12) (see Exercise 4.11.58). As
the isomorphisms are identity maps, the gluing conditions are satisfied, and the sheaves ĂMi

over Ui glue to a sheaf on PnA. We denote this sheaf by OPn
A

pmq.
In the special case m “ 0, we have Mi “ Ai and the sheaf OPn

A
p0q “ OPn

A
is simply the

structure sheaf of PnA. The following computation generalizes Proposition 5.8:

Proposition 5.14. ΓpPnA,OPn
A

pmqq can be identified with the free R-module of homo-
geneous polynomials of degree m in the x0, . . . , xn.

Proof By the sheaf sequence associated to the covering U0, . . . , Un, a global section of
OPn

A
pmq consists of sections si P ΓpUi,OPn

A
pmqq that agree on the overlaps Ui X Uj . Over

Ui we have ΓpUi,OPn
A

pmqq “ Mi and a section si is an element of the form

gi

ˆ

x0

xi
, . . . ,

xn
xi

˙

xmi P Mi. (5.15)

The compatability condition on the overlaps implies that

gj

ˆ

x0

xj
, . . . ,

xn
xj

˙

xmj “ gi

ˆ

x0

xi
, . . . ,

xn
xi

˙

xmi . (5.16)

If m ă 0, then clearly there is only one tuple satisfying (5.16), namely where g0 “ ¨ ¨ ¨ “

gn “ 0.
If m ě 0, we see that the gj are determined by g0. Comparing degrees in (5.16), we see

that g0 must have degree ď m as a polynomial in the x1{x0, . . . , xn{x0. This means that
F “ g0x

m
0 is a homogeneous polynomial of degree m in x0, . . . , xn with coefficients in

A, and si “ gix
m
i “ F for all i “ 0, . . . , n. Conversely, any such F determines a valid

pn` 1q-tuple ps0, . . . , snq.

5.2 The Proj construction

In this section, we discuss a generalization of the construction of PnA, known as the Proj-
construction. Starting with any graded ring

R “
à

dě0

Rd (5.17)
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5.2 The Proj construction 103

we will construct a scheme ProjR, called the projective spectrum. See Appendix ??? for
background and notation on graded rings and modules.

The construction is somewhat parallel to that in the spectrum of a ring in Chapter 2.
In both constructions, the topological space is defined in term of prime ideals in the ring
and the structure sheaf is defined in term of localizations of the ring. There are however
several notable differences between the two constructions. For instance, ProjR does not
depend functorially on the ring R, in the sense that graded ring maps do not always induce
maps between the projective spectra. Also, different graded rings R may yield isomorphic
projective spectra.

Definition 5.15. Let R be a graded ring. The projective spectrum, ProjR is defined as
the set of homogeneous prime ideals of R that do not contain the irrelevant ideal R`, that
is,

ProjpRq “
␣

p P SpecR ´ V pR`q | p homogeneous
(

.

The reason for excluding primes containing the irrelevant ideal R` comes from Example
5.11. In that example, when R “ krx0, . . . , xns with the standard grading, the irrelevant
ideal px0, . . . , xnq corresponds to the origin p0, . . . , 0q in An`1pkq, which does not give a
well-defined point of Pn.

The set ProjR is endowed with the Zariski topology where the closed sets are of the form

V`paq “ t p P ProjR | a Ă p u

with a a homogeneous ideal. The three topology axioms follow from the identities in the
following lemma.

Lemma 5.16. Let a, b and taiuiPI be homogeneous ideals. Then:
(i) If a Ă b, then V`pbq Ă V`paq.

(ii) V`p
ř

aiq “
Ş

V`paiq.
(iii) V`pabq “ V`pa X bq “ V`paq Y V`pbq.
(iv) V`p

?
aq “ V`paq.

Proof Note that sums, products and radicals remain homogeneous when the involved ideals
are homogeneous. The proofs of the four statements are exactly the same as in Lemma 2.3
for SpecR (the arguments there remain valid under the additional constrains that the prime
ideals are homogeneous and do not contain the irrelevant ideal).

Just as for the spectrum of a ring, ProjR has a collection of distinguished open sets, which
form a basis for the topology.

For each f P R which is homogeneous of positive degree, we define the distinguished
open set D`pfq as

D`pfq “ tp P ProjR | p S fu.

In other words, D`pfq is the set of homogeneous prime ideals in R that do not contain
the irrelevant ideal R`, and do not contain f . It is clear that D`pfq is an open set, being the
complement of the closed set V`pfq.
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Lemma 5.17. Let R be a graded ring.
(i) For any two homogeneous elements f and g of positive degree, we have

D`pfq XD`pgq “ D`pfgq.
(ii) The sets D`pfq, where f ranges over homogeneous elements of R of

positive degree, form a basis for the topology on ProjR.

Proof These statements follow as in the affine case. For (i), for a homogeneous prime ideal
p, the conditions f R p and g R p are equivalent to fg R p.

For (ii), note that a closed set V`paq is equal to the intersection of the V`pfq’s for the
homogeneous f P a XR`. Taking complements we see that any open set ProjR ´ V`paq

is the union of the corresponding D`pfq’s.

In analogy with the formulas for defining PnA, we will use the degree 0 localizations of R
to define the structure sheaf on ProjR. More precisely, for a nonzero homogeneous element
f P R, the ring Rf is naturally a Z-graded ring, by defining

degpa{fnq “ deg a´ n deg f.

Thus it makes sense to consider the subring of degree 0 elements pRf q0.
Recall that for a distinguished open set Dpfq of an affine scheme SpecA, there is a

canonical homeomorphism between Dpfq and SpecAf which sends a prime p P Dpfq to
the prime ideal pAf . In analogy with this, we will show below that the map p ÞÑ ppRf q0
defines a homeomorphism betweenD`pfq and Spec pRf q0, where pRf q0 denotes the degree
0 part of the localization Rf .

If f, g P R are homogeneous elements of positive degree, the canonical localization map
Rf Ñ Rfg induces a map of rings

pRf q0 ÝÝÑ pRfgq0 (5.18)

The ring on the right can be viewed as a localization of the ring on the left in the degree 0
element gdeg ff´ deg f . Indeed, in pRf qu, both f and g are invertible, so we may identify
pRf qu “ Rfg. As the element gdeg ff´ deg f has degree 0, this identification preserves the
Z-grading. Looking in degree 0 part, we find

ppRf q0qgdeg ff´ deg g “ pRfgq0. (5.19)

Proposition 5.18. For each nonzero homogeneous f P R`, the map

ϕppq “ ppRf q0

defines a homeomorphism

ϕ : D`pfq ÝÝÑ SpecpRf q0. (5.20)

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

5.2 The Proj construction 105

The homeomorphisms (5.20) are compatible in the sense that the following diagram

D`pfgq D`pfq

SpecpRfgq0 SpecpRf q0 .

ϕfg ϕf (5.21)

commutes for each f, g P R` homogeneous.

Proof Note that ϕ is defined as the composition

D`pfq Ñ Dpfq » SpecpRf q Ñ SpecpRf q0. (5.22)

Therefore, ϕ is continuous. We next show that it is bijective.
The following observation will be useful. If x P Rnd, and p is a homogeneous prime ideal

such that p S f , then

a ¨ f´n P ϕppq ðñ a P p. (5.23)

This follows because af´n P ϕppq is equivalent to a{1 P pRf , and this is equivalent to
a P p, because f R p.

Injectivity of ϕ: If ϕppq “ ϕpp1q, and a P Rn, then (5.23) shows that ad P Rnd is
contained in p if and only it is contained in p1. But as p is prime, it contains ad if and only if
it contains a, and the same applies to p1. Hence p “ p1,

Surjectivity of ϕ: let q Ă pRf q0 be a prime ideal. We consider the homogeneous prime
ideal p “

À

ně0 pn where

pn “

"

a P Rn | ad ¨ f´n P q

*

.

In other words, pn consists of the homogenous elements of degree n that end up in q when
‘dehomogenized’.

The first thing to check is that p is a prime ideal. Once we know it is an ideal, it will be
homogeneous by definition. It is clear that it is closed under multiplication by elements of R:
if t P Rm, and adf´n P q, then tadf´m´n P q in pRf q0, and hence ta P pn`m. It is also
an additive subgroup: assume we are given two elements a, b P pn. By definition, we have
ad ¨ f´n P q and bd ¨ f´n P q. Expanding pa ` bq2d ¨ f´2n, we obtain a sum where every
term is a multiple of either ad ¨ f´n or bd ¨ f´n. Therefore pa` bq2d ¨ f´2n P q, and hence
pa` bqd ¨ f´n P q, because q is prime. Consequently p is closed under addition.

To show that p is prime, it suffices to check that ab P p implies either a P p or b P p for a
and b homogeneous. That a P Rm and b P Rn satisfy ab P p means that pabqdf´pm`nq P q.
Since f is a unit in Rf , it holds that pabqd P q, and hence either a P q or b P q. Therefore we
have either adf´m P pm or bdf´n P pn, and so p is prime.

Next we verify that ϕppq “ q. This follows from the implications

af´n P q ðñ adf´nd P q ðñ a P pnd ðñ af´n P ϕppq (5.24)

which follow from (5.23) and the primeness of p and q.
Hence ϕ is bijective. To prove that ϕ is a homeomorphism, it suffices to show that it is
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open. Since the open sets of the form D`pfgq form a basis for the open sets contained in
D`pfq, it suffices to show that for any homogeneous element g P R, we have

ϕpD`pfgqq “ Dpgdf´ deg f q.

For p P D`pfq, the following series of equivalences hold because pRf is a prime ideal:

p P D`pfgq ðñ g R p

ðñ gdf´ deg g R ppRf q0 “ ϕppq.

ðñ ϕppq P Dpgdf´ deg gq

Hence ϕpD`pfgqq “ Dpgdf´ deg gq.
Finally, we show that the diagram (5.21) commutes. The lower horizontal map is induced

by the localization map ℓ : Rf Ñ Rfg. If p P D`pfgq is a homogeneous prime ideal such
that p S f and p S g, then we have ℓ´1ppRfgq “ pRf . Since ℓ preserves the gradings, we
have

ℓ´1ppRfg X pRfgq0q “ pRf X pRf q0.

This shows that p maps to pRf X pRfgq0 via both compositions in (5.21).

In light of (5.19), we may identify SpecpRfgq0 with a distinguished open subset of both
SpecpRf q0 and SpecpRgq0. We now glue SpecpRf q0 to SpecpRgq0 along SpecpRfgq0
using the ring maps

pRf q0 ÝÑ pRfgq0 ÐÝ pRgq0.

Here the ‘triple intersections’ can be identified with the affine scheme SpecpRfghq0. The
gluing conditions for schemes are satisfied (taking the gluing isomorphisms to be the identity
maps), and hence we obtain a scheme, which we denote by ProjR. The resulting structure
sheaf has the property that for each f P R homogeneous of positive degree,

OProjRpD`pfqq “ pRf q0. (5.25)

The scheme ProjR is in a natural way a scheme over SpecR0. Indeed, for each open set U ,
the group OProjpUq is anR0-algebra (this is clear ifU “ D`pfq since OpD`pfqq “ pRf q0
is an R0-algebra, and the general case follows by covering U by D`pfq’s). In particular,
OProjRpProjRq is an R0-algebra, so applying Theorem 4.6 to R0 Ñ OProjRpProjRq we
get a canonical morphism π : ProjR Ñ SpecR0. When restricted to a distinguished open
D`pfq, this morphism can be identified with the canonical map SpecppRf q0q Ñ SpecpR0q.

Example 5.19. For a ring A and each non-negative integer n, we have

PnA “ ProjArx0, . . . , xns.

To see this, note that forR “ Arx0, . . . , xns, thenD`pxiq “ pRxi
q0 “ SpecRi withRi “

Arx0{xi, . . . , xn{xis and the intersections D`pxiq X D`pxjq are equal to D`pxixjq “

Spec pRxixj
q0. Thus ProjR is obtained as exactly the same gluing construction as PnA. △

Example 5.20. The projective 0-space P0
A “ ProjArts is particularly simple: since the

irrelevant ideal is generated by t, we have

ProjArts “ D`ptq “ SpecpArt, t´1sq0 “ SpecA.
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Over a field, we recover the expected geometric picture where P0
k “ Spec k is a point. △

Example 5.21. Consider R “ krx0, x1s{px0x1q with the natural grading. Geometrically,
SpecR ´ V px0, x1q represents the union of the x0- and x1-axes, excluding the origin.
Therefore, we expect ProjR to consist of only two points. Besides the irrelevant ideal
R` “ px0, x1q, there are only two homogeneous prime ideals, px0q and px1q. Hence,
ProjR indeed consists of two points. △

5.3 Functoriality

In contrast to the Spec-construction, the Proj-construction is not entirely functorial. While
a map of graded rings ϕ : R Ñ S induces a map on homogeneous prime ideals via p ÞÑ

ϕ´1ppq, this does not always yield a morphism. The issue is that the preimage ϕ´1ppq of a
homogeneous prime ideal p Ă S may contain the irrelevant ideal R`.

To remedy this, we define the base locus of ϕ as the closed set

V pϕpR`qq Ă ProjS.

This consists of precisely the prime ideals p in S for which ϕ´1ppq Ą R`. This means that
for prime ideals p R V pϕpR`qq, the preimage ϕ´1ppq defines a point of ProjR.

Proposition 5.22. Let ϕ : R Ñ S be a map of graded rings. Then there is a morphism of
schemes

F : ProjS ´ V pϕpR`qq ÝÝÑ ProjR.

which on the level of topological spaces is given by p ÞÑ ϕ´1ppq.

Proof Note that the complement U “ ProjS ´ V pϕpR`qq is open in ProjS and has a
canonical scheme structure. By the above remarks, the mapping p ÞÑ ϕ´1ppq which defines
F is well-defined. It is also continuous, because it is the restriction of the continuous map
SpecS Ñ SpecR.

Next, we define the map of sheaves of rings F 7 : OProjR Ñ F˚OU . We define this map
using the B-sheaf construction on the open sets D`pfq. Note that as f runs through the
homogeneous elements of R`, the D`pϕpfqq cover U . Moreover,

F´1pD`pfqq “ D`pϕpfqq (5.26)

Indeed, for p P U :

F ppq P D`pfq ðñ f R ϕ´1ppq ðñ ϕpfq R p ðñ p P D`pϕpfqq

We have OProjRpD`pfqq “ pRf q0 and pF˚OUqpD`pfqq “ pSϕpfqq0. We define the map
F 7 over D`pfq to be the degree part 0 part of the localization

pRf q0 ÝÝÑ pSϕpfqq0. (5.27)

By the diagram below, these ring maps are compatible with the restriction maps, and define a
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map of sheaves OProjR Ñ F˚OU .

pRf q0 pSϕpfqq0

pRfgq0 pSϕpfgqq0

If we restrict pF, F 7q to a distinguished open set D`pfq Ă ProjS, we obtain the morphism
of affine schemes

SpecpSϕpfqq0 ÝÝÑ SpecpRf q0.

In particular, this implies the map induced by F 7 on local rings is a map of local rings. (In
fact, the induced map is given by pRϕ´1ppqq0 ÝÝÑ pSpq0.) Hence pF, F 7q is a morphism of
schemes.

Example 5.23 (Projection from a linear subspace). If we consider the graded ring map given
by the inclusion Zrx0, . . . , xrs ãÑ Zrx0, . . . , xns, the base locus equals the subscheme
V`px0, . . . , xrq. We get a corresponding morphism

Pn ´ V`px0, . . . , xrq ÝÝÑ Pr.

On the level of k-points, the induced map Pnpkq ´ V`px0, . . . , xrq Ñ P1pkq is just the
projection pa0 : ¨ ¨ ¨ : anq ÞÑ pa0 : . . . , arq. △

Closed embeddings

Let a be a homogeneous ideal in the graded ring R. The quotient map ϕ : R Ñ R{a is
a map of graded rings, and it satisfies ϕpR`q “ pR{aq`. To see this, note that a prime
q P ProjpR{aq contains pR{aq` if and only if ϕ´1pqq contains ϕ´1ppR{aq`q “ R`. The
base locus is therefore empty, and we obtain a morphism

ι : ProjR{a ÝÝÑ ProjR

whose image is V`paq.
We claim that ι is a closed embedding. It will suffice to check this over each D`pfq

for f P R homogeneous. Over this open set, we have ι´1D`pfq “ D`pϕpfqq, and the
restriction of ι to ι´1D`pfq is identified with the morphism

Spec ppR{aqf q0 ÝÝÑ Spec pRf q0

induced by the degree zero part of the localizationRf Ñ pR{aqf . Since this map is surjective,
ι|ι´1D`pfq is a closed embedding.

In fact, under some mild assumptions on the graded ring R, every closed embedding into
ProjR arises in this way. We will prove this in Chapter ??.

Example 5.24. Let R “ krx0, . . . , xns with the standard grading, and let a Ă R be a
homogeneous ideal. Consider the closed subscheme Y “ V`paq Ă Pnk “ ProjpRq. For
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each i “ 0, . . . , n, the distinguished open subset D`pxiq Ă Pnk is isomorphic to Ank via the
map

pRxi
q0 » k

„

x0

xi
, . . . ,

xn
xi

ȷ

.

The ideal paRxi
q0 in pRxi

q0 is generated by the dehomogenizations of elements of a with
respect to xi, i.e.,

paRxi
q0 “

␣

fpiq | xdi f P a for some d P N
(

,

The intersection Y XD`pxiq is then defined by

Y XD`pxiq “ V ppaRxi
q0q Ă D`pxiq » Ank .

Thus Y coincides with the closed subscheme V`paq defined earler. △

Veronese subrings

Let R be a graded ring and let n be a positive integer. The Veronese subring

Rpnq “
à

dě0

Rnd

is a graded ring. The inclusion Rpnq Ă R induces a morphism

vn : ProjpRq ÝÝÑ ProjpRpnqq.

To see that the base locus is empty, note that the irrelevant ideal of Rpnq is generated by
all elements in R whose degree is positive and divisible by n. Then ϕpR

pnq

` q defines the
empty set, since any prime p Ă R such that R` XRpnq Ă p must contain all of R`: for any
a P R`, we have an P R` XRpnq, which forces a P p as well.

Proposition 5.25. The morphism vn is an isomorphism.

Proof Both ProjpRq and ProjpRpnqq are covered by distinguished open sets of the form
D`pfnq where f P R` is homogeneous. Over such an open set, the morphism vn is induced
by the inclusion

pR
pnq

fn q0 ÝÝÑ pRfnq0

This inlcusion is actually an equality: if g{fns P pRfnq0, then deg g “ ns ¨ deg f , so
g P Rpnq and g{fns belongs to the left-hand side.

This means that vd restricts to an isomorphism of schemes over an open covering of
ProjpRpdqq, and hence it is an isomorphism.

More examples

An important special case is when R “ Arx0, . . . , xns and S “ Ary0, . . . , yms with
ϕ : R Ñ S is defined by

ϕ : Ary0, . . . , yms ÝÝÑ Arx0, . . . , xns; yi ÞÑ fi
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where f0, . . . , fm are homogeneous polynomials of the same degree d. In that case, the base
locus of ϕ is the closed subscheme V`pf0, . . . , fmq. Strictly speaking, to make ϕ into a map
of graded rings, we need to adjust the grading by defining degpyiq “ d for each i. However,
doing this does not change the Proj by Proposition 5.25.

We will for brevity write

PmA ´ V`pf0, . . . , fnq ÝÝÑ PnA
px0 : ¨ ¨ ¨ : xmq ÞÝÑ pf0pxq : ¨ ¨ ¨ : fnpxqq

for the morphism defined by f0, . . . , fn, even if the indicated map is only valid on the level
of k-points, when A “ Z or A “ k.

In good cases, the subscheme V`pf0, . . . , fnq is empty, and we obtain an actual morphism
PmA Ñ PnA. This happens if and only if the radical of pf0, . . . , fnq contains irrelevant ideal
px0, . . . , xnq.

Example 5.26. Let n P N and consider the morphism

f : P1
A ÝÝÑ P1

A

px0 : x1q ÞÝÑ pxn0 : xn1 q

Here the base locus is indeed empty, as the radical of pxn0 , x
n
1 q is equal to the irrelevant ideal

px0, x1q. The morphism f is called the n-th power map. If k is a field, the map on k-points
is given by pa : bq ÞÑ pan : bnq. In general, f is a finite morphism, as over the two standard
affines it coincides with the morphism A1

A Ñ A1
A induced by u ÞÑ un. △

Example 5.27. Consider the morphism

ι : P1
A ÝÝÑ P2

A

px0 : x1q ÞÝÑ px2
0 : x0x1 : x

2
1q

This is actually a closed embedding. Over the open set D`py0q, we have ι´1pD`py0qq “

D`px0q and the morphism ι is given by

SpecA

„

x1

x0

ȷ

ÝÝÑ SpecA

„

y1
y0
,
y2
y0

ȷ

(5.28)

induced by the ring map y1{y0 ÞÑ px0x1q{x2
0 “ x1{x0 and y2{y0 ÞÑ x2

1{x2
0. As this ring

map is surjective, we obtain a closed embedding. Similarly, ι is a closed embedding over
D`py1q.

Note the relation px0x1q2 “ px2
0qpx2

1q between the three monimials. This translates into
the equation y21 ´ y0y2 “ 0 for the image of ι. In fact, ι is exactly the closed subscheme
associated with the homogeneous ideal a “ py21 ´ y0y2q. △

Example 5.28 (Rational normal curves). More generally, the d` 1 monomials of degree d,
xd0, x

d´1
0 x1, . . . , x

d
1 define a closed embedding

ν : P1
A ÝÝÑ PdA.

onto the closed subscheme V`paq Ă PnA defined by the ideal a generated by the 2ˆ2-minors
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of the matrix
ˆ

y0 y1 . . . yd´1

y1 y2 . . . yd

˙

. (5.29)

When A “ k is a field, this closed subscheme is called the rational normal curve of degree d.
The case d “ 3 is perhaps especially interesting: it is the twisted cubic curve, which is the

projective version of the curve appearing in Example 1.33. It is the curve in P3
k defined by

the 2 ˆ 2 minors of the matrix
ˆ

y0 y1 y2
y1 y2 y3

˙

.

△

Example 5.29 (The rational quartic curve). Consider the morphism ι : P1
k Ñ P3

k defined by
the four monomials

x4
0, x

3
0x1, x0x

3
1, x

4
1

Note that the monomial x2
0x

2
1 is missing. By looking in the four affine charts of P3

k one can
check that ι is a closed embedding. Writing y0, y1, y3, y4 for the coordinates on P3

k, the image
X “ ιpP1

kq is defined by ideal

I “
`

y1y3 ´ y0y4, y
3
3 ´ y1y

2
4, y0y

2
3 ´ y21y4, y

3
1 ´ y20y3

˘

Geometrically, X arises as the projection of the rational normal curve in P4
k from the closed

point p0 : 0 : 1 : 0 : 0q. △

Example 5.30 (Veronese varieties). The morphism v2 : P2
k Ñ P5

k defined by

px0 : x1 : x2q ÞÑ px2
0 : x0x1 : x0x2 : x

2
1 : x1x2 : x

2
2q,

defines an isomorphism between P2
k and the Veronese surface V`paq Ă P5

k. Here a is the
ideal generated by the 2 ˆ 2-minors of the matrix

¨

˝

y0 y1 y2
y1 y3 y4
y2 y4 y5

˛

‚.

Under this embedding, lines in P2
k are mapped into conics on V .

v2

P2
V

△
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Weighted projective spaces

A rich source of examples is given by the weighted projective spaces, which are defined in
terms of polynomial rings with non-standard gradings:

Definition 5.31. For a field k and integers d0, . . . , dn P N, we define the weighted
projective space over k as

Ppd0, . . . , dnq “ Proj krx0, . . . , xns

where degpxiq “ di for each i.

While this definition resembles that of a traditional projective space (where all di are equal
to 1), the weighted projective spaces give a surpringly diverse and rich class of examples.

Example 5.32 (The weighted projective space Pp1, 1, dq). Consider the graded ring R “

krx, y, zs where degpxq “ degpyq “ 1 and degpzq “ d, and letX “ Pp1, 1, dq “ ProjR.
The scheme X is covered by the affine open subsets D`pxq, D`pyq, and D`pzq.

The first two open subsets are easily understood: we have pRxq0 “ kry{x, z{xds and
pRyq0 “ krx{y, z{yds, both isomorphic to the polynomial ring in two variables, so that
D`pxq and D`pyq are each isomorphic to A2

k. The third open subset is more subtle: the
degree 0 part ofRz is the k-subalgebra generated by the monomials xd´iyiz´1 for 0 ď i ď d,
so that

pRzq0 “ krxd´iyiz´1 | 0 ď i ď ds.

This ring is not a polynomial ring when d ą 1, and in fact D`pzq is singular if d ě 2.
The inclusion S “ krx, ys ãÑ R defines a rational map f : X 99K P1

k whose base locus is
the closed point p “ V`px, yq. On the open subset D`pxq, the map f is given by projection
onto the first factor, i.e., by the map py{x, z{xdq ÞÑ y{x, and similarly on D`pyq it is given
by px{y, z{ydq ÞÑ x{y. The gluing of D`pxq and D`pyq over D`pxyq is determined by
the transition function z{xd “ px{yqdz{yd, which shows that X ´ tpu is isomorphic to the
line bundle Ld from Section B.3. Thus, X is obtained from this line bundle by contracting
the section to the point p. △

Example 5.33. The weighted projective plane Pp1, 2, 3q is the Proj of the ring R “

krx0, x1, x2s where the variables x0, x1, x2 have degrees 1, 2, 3 respectively. The affine
opens are

pRx0
q0 “ k

„

x1

x2
0

,
x2

x3
0

ȷ

pRx1
q0 “ k

„

x2
0

x1

,
x0x2

x2
1

,
x2
1

x3
1

ȷ

pRx2
q0 “ k

„

x3
0

x2

,
x0x1

x2

,
x3
1

x2
2

ȷ

.

This means that D`px0q “ SpecpRx0
q0 is isomorphic to an affine plane A2

k. The open sets
D`px1q and D`px2q are not. For instance,

pRx2
q0 » krU, V,W s{pUW ´ V 3q.
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We can embed Pp1, 2, 3q into a standard projective space by looking at the Veronese subring
generated by degree 6 elements

Rp6q “ krx6
0, x

3
1, x

2
2, x

4
0x1, x

3
0x2, x

2
0x

2
1, x0x1x2s.

The graded surjection kry0, . . . , y6s Ñ Rp6q defined by y0 ÞÑ x6
0, y1 ÞÑ x3

1, . . . , y6 ÞÑ

x0x1x2 induces a closed embedding

ι : Pp1, 2, 3q ÝÝÑ P6
k.

△

One of the advantages of weighted projective spaces is that they provide natural ambient
spaces for projective schemes. Given a graded ring R generated by homogeneous elements
x0, . . . , xn of degrees d0, . . . , dn respectively, there is a graded surjection

R0rx0, . . . , xns ÝÝÑ R

which induces a closed embedding ProjR Ñ Ppd0, . . . , dnq over R0. Here is a concrete
example:

Example 5.34. Recall the hyperelliptic curves from Section B.4. While the equation

y2 “ fpx0, x1q

where f is homogeneous of degree 2d, does not define a closed subscheme of P2
k, it does

define a closed subscheme in the weighted projective space Pp1, 1, dq “ Proj krx0, x1, ys

with degpyq “ d. In fact, every hyperelliptic curve constructed earlier embed as closed
subschemes of Pp1, 1, dq defined by this equation.

The affine covering of Pp1, 1, dq consists of three open setsD`px0q,D`px1q, andD`pyq.
However, for the hyperelliptic curve X defined by y2 “ fpx0, x1q, only the first two
charts are needed since X is entirely contained in D`px0q Y D`px1q “ Pp1, 1, dq ´

V`px0, x1q. △

Exercise 5.3.1. Let a be a homogeneous ideal. Then
?
a “

Ş

pĄa p where the intersection
is taken over all the homogeneous ideals that contain a. HINT: If x R

?
a, then pick a

homogeneous prime ideal p so that xn R p for all n, and choose p maximal with respect to
this property. Show that p is a prime ideal.

Exercise 5.3.2. Let a and I be homogeneous ideals in the graded ringR. Show the following:
a) If

?
I “ R`, then V`paq “ V`pa X Iq. Hence, when constructing the closed

sets V`paq, it suffices to work with ideals contained in the irrelevant ideal.
b) V`paq “ H if and only if R` Ă

?
a. HINT: Use Exercise 5.4.11.

c) Show that the Zariski topology on ProjpRq Ă SpecpRq is the induced topology
from SpecpRq. HINT: Any ideal a has a corresponding ’homogenization’, the
ideal generated by all homogeneous components of the elements in a.

Exercise 5.3.3. Let R be a graded ring and let S Ă R be a subring such that for some
N P N, Sd “ Rd for all d ě N . Show that ProjpSq » ProjpRq.

Exercise 5.3.4. Let ϕ : R Ñ S be a map of graded rings.
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a) Assume that Rd Ñ Sd is surjective for all sufficiently large d. Show that
V pϕpR`qq “ H.

b) If Rd Ñ Sd is an isomorphism for all sufficiently large d, show that ProjS Ñ

ProjS is an isomorphism.

Exercise 5.3.5. Let k be an infinite field. Show that a Laurent polynomial f P krx0, . . . , xn, x
´1
i s

is invariant under the scaling operation xi ÞÑ txi if and only if it belongs to the subring
krx0{xi, . . . , xn{xis.

Exercise 5.3.6. Consider the projective twisted cubic curve Y Ă P3
k as described in Example

5.28. Show that Y X D`py0q can be identified with the affine twisted cubic, as defined in
Chapter 1. Describe the ‘points at infinity’ V py0q X Y .

5.4 Exercises

Exercise 5.4.1. Let a Ă krx, y, zs be the ideal pxy, xz, yzq. Show that A “ R{a is graded
ring and describe each homogeneous component An.

Exercise 5.4.2. Consider the weighted projective space Ppp, qq “ ProjR, where R “

krx0, x1s with degpx0q “ p and degpx1q “ q. Show that

Ppp, qq » P1
k.

HINT: Consider the Veronese subringRpdq where d “ pq, and define a ring map ϕ : kru, vs Ñ

Rpdq by u ÞÑ xq0, v ÞÑ xp1.

Exercise 5.4.3. A polynomial ring krt0, . . . , tns can be given a non-standard grading by
declaring the degree of each ti to be any given natural number di. For instance, give R “

krt0, t1s a grading by letting deg t0 “ 2 and deg t1 “ 3.
a) Describe the homogeneous pieces Rn of degree n.
b) Let krus have standard grading and define a map ϕ : R Ñ krus by the assign-

ments t0 ÞÑ u3 and t1 ÞÑ u2. Show that ϕ is a map of graded rings.
c) Describe the kernel and the cokernel of ϕ as graded modules.

Exercise 5.4.4. Show that an ideal a in a graded ring R is homogeneous if and only if it is
generated by homogeneous elements.

Exercise 5.4.5. Let R be a graded ring which is not necessarily positively graded. Assume
that a homogeneous element f of R is expressed as a combination f “

ř

aigi where the
gi’s are homogeneous. Show that f may be expressed as f “

ř

i bigi, where each bi is
homogeneous of degree deg f ´ deg gi. HINT: Homogeneous components are unique.

Exercise 5.4.6. Let R be a graded ring and a, b and taiuiPI be homogeneous ideals. Show
that the ideals

?
a, ab, pa : bq,

ř

ai,
Ş

i ai are homogeneous.

Exercise 5.4.7. Let R be a graded ring and let f P Rd be homogeneous of degree d. Show
that there is an isomorphism of rings

pRf q0 “ Rpdq{pf ´ 1q. (5.30)

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

5.4 Exercises 115

Exercise 5.4.8. Let R be a graded ring and p a homogeneous prime ideal. Show that pRpq0
is a local ring with maximal ideal equal to

m “ t fg´1 | f P p, g P Sppq and deg f “ deg g u.

where Sppq is the multiplicative subset of homogeneous elements in R ´ p.

Exercise 5.4.9. Let R be a graded ring and p a homogeneous ideal in R. Show that p is
prime if and only if xy P p implies x P p or y P p for all homogeneous elements x and y.

Exercise 5.4.10. Let R and S be graded rings and ϕ : R Ñ S a map of graded rings. Show
that the inverse image ϕ´1ppq of an ideal p Ă S is homogeneous whenever p is.

Exercise 5.4.11. Let a be a homogeneous ideal. Then
?
a “

Ş

pĄa p where the intersection
is taken over all the homogeneous ideals that contain a. HINT: If x R

?
a, then pick a

homogeneous prime ideal p so that xn R p for all n, and choose p maximal with respect to
this property. Show that p is a prime ideal.

Exercise 5.4.12. Let R be a graded ring and let f and tfiuiPI be homogenous elements from
R all of positive degree. Show that the distinguished open sets D`pfiq cover D`pfq if and
only if a power of f lies in the ideal generated by the fi’s.

Exercise 5.4.13. Let R be a graded ring and let he π : ProjR Ñ SpecR0 be the structure
map. Show that for each f P R0, the inverse image π´1Dpfq is isomorphic to ProjRf .

Exercise 5.4.14. LetR be a 1-dimensional graded ring, withR0 “ k a field, and assume that
R is finitely generated as a k-algebra. Show that ProjR is a finite set. HINT: the maximal
ideal R` contains all homogeneous prime ideals.

Exercise 5.4.15. IfR is a graded integral domain, show that the function field ofX “ ProjR
is given by

KpXq “

"

g

h
| g P R, h P R,deg g “ deg h

*

Ă kpRq (5.31)

Exercise 5.4.16. Show that ProjR is empty if and only if every element in R` is nilpotent.

Exercise 5.4.17. Let R a graded ring. Show R is Noetherian if and only if R0 is Noetherian
and R` is finitely generated.

Exercise 5.4.18. Find a non-Noetherian graded ring R such that
a) ProjR is Noetherian.
b) R is not of finite type over a field k, but ProjR is.
c) R is not an integral domain, but ProjR is an integral scheme.

Exercise 5.4.19. Consider the Q-scheme X “ ProjpQrx, y, zs{p2x2 ` y2 ´ 5z2qq. Show
that XpQq “ H.

Exercise 5.4.20. Consider the projective scheme

X “ ProjZrx, y, zs{p2x2 ` 2y2 ´ 3z2q.

Describe the scheme-theoretic fibers of the canonical map π : X Ñ SpecZ. Which ones are
irreducible, reduced, integral? What are their dimensions?
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Exercise 5.4.21 (Cremona transformation). Let A be a ring and consider the map of graded
rings ϕ : Zru0, u1, u2s Ñ Zrx0, x1, x2s defined by the three assignments ui Ñ xjxk where
the indices satisfy ti, j, ku “ t1, 2, 3u.

Determine the base locus Bspϕq and describe the k-points of V pBspϕqq when k is a field.

Exercise 5.4.22. Show that the inverse of the Veronese map νd is not induced by a map of
graded rings R Ñ Rpdq.

Exercise 5.4.23. Show that Proj krx0, x1s{px2
0, x

2
1q “ H.

Exercise 5.4.24. Show that Pp1, . . . , 1, dq is isomorphic to the cone over the Veronese
variety Vn,d.

Exercise 5.4.25. Let t1, . . . , tr be a finite set of generators for the graded ring R and let
di “ deg ti.

a) Let D be the least common multiple of the di and set Di “ D{di. Show that
the Veronese ring RpDq is generated by elements of degree D.

b) Show that ProjR embeds as a closed subscheme of the weighted projective
space Ppd0, . . . , dnq over R0.

Exercise 5.4.26. Let x and y be two points in Pnk . Prove there is an open affine U Ă Pnk
containing both x and y.

Exercise 5.4.27. Show that equation (B.39) holds.

Exercise 5.4.28 (The weighted projective space Pp1, 1, pq). Let R be as in the Example 5.32
above, and let A “ krx, y, ws with the usual grading. Furthermore, let α : R Ñ A be the
map of graded rings that sends z to wp, while leaving x and y unchanged.

a) Show that α is a map of graded rings and induces a morphism π : P2
k Ñ ProjR.

b) Describe the fibers of π over closed points in case k is algebraically closed.

Exercise 5.4.29. LetR “ krx, y, zs be the polynomial ring with grading given by deg x “ 1,
deg y “ 2 and deg z “ 3, and consider ProjR (which also is denoted Pp1, 2, 3q). The aim
of the exercise is to describe the three covering distinguished subschemes D`pxq, D`pyq

and D`pzq.
a) Show that pRxq0 “ kryx´2, zx´3s and that D`pxq » A2

k.
b) Show that pRyq0 » krx2y´1, z2y´6, xzy´2s. Show that the map of graded

rings kru, v, ws Ñ pRyq0 given by the assignments x ÞÑ yx´2, v ÞÑ z2y´6

and w ÞÑ xzy´2 induces an isomorphism kru, v, ws{pw2 ´ uvq » pRyq0.
Hence D`pyq is a hypersurface in A3

k. Show it is not isomorphic to A2
k.

HINT: Check the local ring at the origin.
c) Show that Rz “ krx3z´1, y3z´2, xyz´1s and that the map kru, v, ws Ñ

pRzq0 defined by the assignments x ÞÑ x3z´1, v ÞÑ y3z´2 and w ÞÑ xyz´1

induces an isomorphism kru, v, ws{pw3 ´ uvq » pRzq0. Show that it is not
isomorphic to A2

k.
d) Show that the map R Ñ krU, V,W s sending x ÞÑ U , y Ñ V 2 and z ÞÑ W 3

induces a map P2
k Ñ ProjR, and describe the fibers over closed points.

Exercise 5.4.30. Let k be a field. Show that:
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a) Any closed subscheme of Ank of dimension n´ 1 is a hypersurface.
b) Any closed subscheme of Pnk of dimension n´ 1 is a hypersurface.

Exercise 5.4.31. Let R “ krx0, x1s where k is a field, and consider the morphism

π : SpecR ´ V px0, x1q Ñ P1
k “ ProjR

defined in (5.5).
a) Show that π maps a k-point pa, bq to pa : bq
b) Show that π maps each height 1 prime p “ pfpx0, x1qq to the generic point in

P1
k.

Exercise 5.4.32. Let R “ krx, y, zs{pxz, yz, z2q. Consider the map ϕ : R Ñ R given by

ϕpxq “ x, ϕpyq “ 0, ϕpzq “ 0.

a) Show that ϕ induces a morphism f : ProjR Ñ ProjR.
b) Show that f is the identity morphism.

In particular, different graded ring maps can induce the same map on Proj’s.

Exercise 5.4.33. Let R “ Crx0, x1, x2s and let the symmetric group S3 act on R by
permuting the variables.

a) Show that the invariant polynomials of R are generated by s1 “ x0 ` x1 ` x2,
s2 “ x0x1 ` x0x2 ` x1x2 and s3 “ x0x1x2.

b) Show that s1, s2, s3 define a morphism π : P2
C Ñ Pp1, 2, 3q.

c) Describe the fibers of π.
d) Show that Pp1, 2, 3q is homeomorphic to the quotient space P2{S3.

Exercise 5.4.34 (Nakayama’s lemma for graded modules). Let R be a graded ring and
let M “

À

dPZMd be a finitely generated graded R-module. Let x1, . . . , xn be a set of
homogeneous elements. Show that x1, . . . , xn generateM if and only if their classes generate
M{R`M as a R0-module.

Exercise 5.4.35. Let R be a graded ring and let p1, . . . , pr P ProjR be points. Show that
there exists a homogeneous f P R` such that D`pfq contains all the pi. HINT: Prime
avoidance.

Exercise 5.4.36. Let U “ P2
k ´ tp0 : 0 : 1qu.

a) Show that OP2
k
pUq » k.

b) Is U “ ProjR for a k-algebra R?

Exercise 5.4.37. Let R be a Noetherian, normal graded integral domain.
a) Show that ProjR is a normal scheme. HINT: Show that each pRf q0 is normal.
b) Find a graded ring R so that ProjR is normal, but R is not.

Exercise 5.4.38 (Quotients). Let G be a group acting by automorphisms on a locally ringed
space X . Define Y as the quotient space X{G and let π : X Ñ Y be the quotient map.
Define a presheaf of rings on Y by OY pUq “ OXpπ´1UqG (the ring of invariants of
OXpUq). Show that OY is a sheaf of rings and that pY,OY q is a locally ringed space.

Exercise 5.4.39. Let k be an infinite field.

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

118 Projective space

a) Consider the group G “ kˆ acting on A2
k “ Spec krx, ys by scaling the

variables: t ¨ px, yq “ ptx, tyq. Let U “ A2
k ´ tp0, 0qu. Show that U{G is

isomorphic, as a locally ringed space, to P1
k.

b) Consider now the action of G “ kˆ on U given by t ¨ px, yq “ ptx, t´1yq.
Show that Y “ U{G is a scheme, isomorphic to the ‘affine line with two
origins’. Show that the corresponding quotient A2

k{G is not a scheme.
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6

Properties of schemes

6.1 Reduced schemes

A ring A is said to be reduced if it has no nilpotent elements. In general, if A is a ring, the
reduction of A is the ring Ared “ A{

?
0 where

?
0 is the ideal of nilpotent elements of A.

We define a scheme X to be reduced if, for every P P X , the local ring OX,P is reduced,
that is, it has no nilpotent elements. While the condition is on stalks, in fact every OXpUq is
reduced:

Lemma 6.1. A scheme X is reduced if and only if for every open U Ă X , the ring
OXpUq has no nonzero nilpotent elements.

Proof If X is reduced, and s P OXpUq is a nonzero element, then it as non-zero germ
in at least one local ring OX,P . Therefore, if s is nilpotent then so is its germ, and hence
OX,P would then not be reduced. Conversely, let P P X be a point and let s P OX,P be any
element. We may write s as the germ of some section t P OXpUq. By assumption t is not
nilpotent, and hence s is not nilpotent either.

Example 6.2. An affine scheme X “ SpecA is reduced precisely when A is a reduced
ring. So for instance SpecZ and Ank are reduced, but SpecpZ{18q and Spec krxs{px3q are
not. △

For any scheme X , there is an associated reduced scheme Xred called the reduction of X .
The two schemes X and Xred have the same underlying topological space, but the structure
sheaves are different; OXred

is obtained from OX by locally modding out by nilpotent
elements.

More precisely, consider the basis B of affine open sets U Ă X . We define a B-presheaf
by setting

OXred
pUq “ OXpUqred. (6.1)

If V Ă U are two open affines, and s P OXpUq is a nilpotent element, then so is
the restriction s|V . It follows that the restriction maps of OX induce restriction maps
OXred

pUq Ñ OXred
pV q. Moreover, by Exercise 4.11.9 the B-sheaf axioms are satisfied, so

this gives rise to a sheaf of rings on X which we denote by OXred
. We let Xred denote the

locally ringed space pX,OXred
q.

If X “ SpecA, the reduction of X is simply the scheme SpecpAredq. We saw a glimpse
of this scheme in Corollary 2.31.

In general, if X is a scheme, then also Xred is a scheme, because if Ui “ SpecAi is

119
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an affine cover of X , then Xred is covered by the affine schemes pViqred “ SpecpAiqred.
Moreover, Xred is naturally a closed subscheme of X , as for each i, the ring pAiqred “

Ai{
?
0 is a quotient of Ai.

Non-reduced schemes appear naturally when we consider intersections of subschemes.
Suppose for instance we have an affine scheme X “ SpecA and two closed subschemes
Y and Z, defined by ideals a and b in A, respectively. Then we define the scheme-theoretic
intersection of Y and Z to be the closed subscheme of SpecA defined by the ideal a ` b.
Note that there is no reason to expect that the ideal a ` b is a prime ideal in A, even if a and
b are. In fact, the scheme-theoretic intersection fail to be both reduced and irreducible even if
both Y and Z are are. This is very natural and important: the scheme-theoretic intersection
more accurately captures the multiplicities of an intersection, e.g. as in Bezout’s theorem.
This point is yet another reason for transitioning from varieties to schemes.

Example 6.3. Let X “ A2
k “ Spec krx, ys, and consider the two subschemes Y “

V py ´ x2q and Z “ V pyq. The scheme-theoretic intersection of these is given by the ideal
py ´ x2, yq “ px2, yq, which is not a radical ideal in krx, ys. The nilpotent elements of
krx, ys{px2, yq “ krxs{px2q in some sense account for the ‘tangency’ of the intersection
X X Y . △

y “ x2

x

y

Example 6.4. If we consider the parabola V py´x2q and the circle V px2 ` py´1q2 ´1q in
A2
k, the calculation of Example 1.17 shows that the scheme-theoretic intersection is defined

by the ideal

py, x2q X py ´ 1, x´ 1q X py ´ 1, x` 1q.

This scheme is also non-reduced, and the ideal py, x2q reflects the fact that the two curves
intersect at the origin p0, 0q with ‘multiplicity 2’, unlike the two other intersection points,
which have multiplicity 1. Geometrically, this corresponds to the fact that the parabola and
the circle have a common tangent at p0, 0q. △

6.2 Integral schemes

A scheme X is defined to be integral if OXpUq is an integral domain for every affine open
set U Ă X . As the name suggests, an affine scheme X “ SpecA is integral if and only if A
is an integral domain. This follows from the following proposition:

Proposition 6.5. A scheme X is integral if and only if it is irreducible and reduced.

Proof Assume that X is integral. To show X is reduced, let P P X be a point and choose
an affine open U “ SpecA containing it so that P corresponds to a prime ideal p. Then by
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6.3 Function fields 121

assumption, A is an integral domain, so the local ring OX,P “ Ap has no zerodivisors. For
irreducibility: if X is not irreducible, then there exist two nonempty open set U, V such that
U X V “ H. But then the sheaf sequence implies that OXpU Y V q “ OXpUq ˆ OXpV q,
which is not an integral domain.

Conversely, suppose that X is irreducible and reduced. Let U “ SpecA Ă X be an
affine open set. Suppose that f, g P OXpUq “ A are elements so that fg “ 0; we have to
show that f “ 0 or g “ 0. Note that U “ SpecA “ V p0q “ V pfgq “ V pfq Y V pgq. As
U “ X is irreducible, we must have, say V pfq “ U . This means that f is nilpotent in A.
But as X is reduced, there are no nilpotents of A, and so f “ 0.

Example 6.6. Ank and SpecZ are integral schemes. The schemes SpecpCrxs{x2q and
SpecpZ{60q are not. △

Many of the examples in Chapter 1 correspond to non-integral schemes (e.g., Example
1.17 and Exercise 1.8.28).

6.3 Function fields

An important property of integral schemes X is that they have a function field, KpXq,
analogous to the field of rational functions on an affine variety (as discussed in Chapter 1).

To define KpXq, we note that any integral scheme X has a unique generic point ξ. This
point is the unique point which dense in X , that is, it belongs to every open non-empty subset
of X (see Exercise 4.11.42).

Definition 6.7. For an integral scheme X , we define the function field, or the field of
rational functions, to be the local ring at the generic point ξ P X:

KpXq “ OX,ξ,

Concretely, if U “ SpecA is any affine open subset in X , then A is an integral domain,
and ξ corresponds to the zero ideal p0q ofA. Then the local ring OX,ξ is canonically identified
with the field of fractions KpAq of A.

Example 6.8. The function field of SpecZ is equal to OSpecZ,p0q “ Zp0q “ Q. △

Example 6.9. The function field of Ank “ Spec krx1, . . . , xns is equal to the field kpx1, . . . , xnq

of rational functions in x1, . . . , xn. △

Example 6.10 (The quadratic cone). The quadratic cone X “ Spec krx, y, zs{py2 ´ xzq

is an integral scheme, as y2 ´ xz is irreducible. To compute the function field KpXq, we
express z as z “ x´1y2, and we find

KpXq “ kpx, y, zq{py2 ´ xzq » kpx, yq. △

Example 6.11. The ‘affine line with two origins’ X is both irreducible and reduced. The
function field is isomorphic to K “ kpxq. The two local rings OX,01 and OX,02 are equal
as subrings of K; they are both equal to krxspxq. This is somewhat unsettling: any rational
function which is regular at 01 is automatically regular at 02 and it takes the same value there.
This is related to the property of ‘separatedness’, which we will discuss in Chapter ??. △
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We showed in that each OXpUq is a subring of KpXq when X was an integral affine
scheme. This extends to integral schemes in general.

Proposition 6.12. Let X be an integral scheme.
(i) For an open set U Ă X , there is a natural inclusion OXpUq Ă KpXq.

(ii) For a point P P X , there is a natural inclusion OX,P Ă KpXq.
With these identifications, we have

OXpUq “
č

PPU

OX,P Ă KpXq. (6.2)

Proof (i): For V “ SpecA affine, the germ map OXpV q Ñ OX,ξ corresponds to the
inclusion A Ă KpAq. This implies that for an arbitrary U Ă X , the germ map OXpUq Ñ

OX,ξ is injective: if s P OXpUq satisfies sξ “ 0, then for any affine V Ă U , the factorization
OXpUq Ñ OXpV q ãÑ OX,ξ forces s|V “ 0 and hence s “ 0 by the Locality axiom. Hence
each OXpUq embeds as a subring ofKpXq via the germ map. The statement (ii) then follows
by taking direct limits of the OXpUq Ă KpXq for U containing P .

We now prove the equality (6.2). The ‘Ă’-inclusion is clear. For the reverse inclusion,
suppose f P KpXq lies in OX,P for all P P U . For each P P U , we may pick an affine
open neighbourhood VP of P and sections hP P OXpVP q so that the germ of hP at ξ is
equal to f . By the injectivity of OXpVP X VQq Ñ OX,ξ, the hP must agree on the overlaps
VP X VQ, and hence they glue to a section of OXpUq which maps to f .

If P P X is a point and f P KpXq is a rational function, we say that f is defined at P if
f P OX,P . The subset of points U Ă X where f is defined is open (Exercise 4.11.11). The
set X ´ U is called the indeterminacy locus of f .

Example 6.13. If A is an integral domain, then a rational function a{b P KpAq is defined on
the open set Dpbq Ă SpecA. However, it may be defined on a larger open set (see Example
1.23). △

A rational map f : X 99K Y is a morphism defined on some open dense subset U Ă X .
To avoid the ambiguity in the domain of definition, we say that two morphisms f : U Ñ Y
and g : V Ñ Y define the same rational map if f |W “ g|W for some dense open subset
W Ă U X V . This defines an equivalence relation on pairs pU, fq, and formally, a rational
map is an equivalence class of such pairs.

Proposition 6.14. For an integral scheme X , there is a bijection

KpXq “ trational maps f : X 99K A1u.

Proof This is essentially a consequence of Theorem 4.6, which implies that for an open set
U Ă X there is a bijection

HomSchpU,A1q “ OXpUq.

Taking the direct limit over all open sets U (which all contain the generic point ξ), the left
side gives the set of rational maps to A1, whereas the right side gives OX,ξ “ KpXq.
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6.4 Dominant morphisms

We say that a morphism of schemes f : X Ñ Y is dominant if the image of f is a dense
subset of Y . This means that any non-empty open set of Y intersects the image fpXq Ă Y .
Note that this is a purely topological condition.

Example 6.15. The morphism Spec krx, ys{pxy ´ 1q Ñ Spec krxs is dominant. More
generally, any open embedding U Ñ X of a dense open subset is dominant. △

Example 6.16. The map Spec krx, ys Ñ Spec kru, vs given by pu, vq ÞÑ px, xyq is
dominant, as the image is Dpvq Y tV pu, vqu (see Example 1.35) △

Example 6.17 (Dominant morphisms into affine schemes). A morphism of affine schemes
f : SpecB Ñ SpecA, induced by a ring map ϕ : A Ñ B, is dominant if and only if every
element of Kerϕ is nilpotent. To see this, note that by (iii) of Proposition 2.29, the closure
of fpSpecBq “ fpV p0qq equals V pϕ´1p0qq “ V pKerϕq. So fpSpecBq is dense if and
only if V pKerϕq “ SpecA. This condition holds precisely when Kerϕ Ă p for all p, or
equivalently when Kerϕ Ă

a

p0q.
The same argument applies more generally to morphisms into an affine scheme f : X Ñ

SpecA. By Theorem 4.6, f is induced by a unique ring map ϕ : A Ñ OXpXq and Exercise
4.11.7 shows that the closure of the image of f is given by V pKerϕq. In particular, if A is
reduced, then f : X Ñ SpecA is dominant if and only if ϕ : A Ñ OXpXq is injective. △

The previous example generalizes as follows:

Proposition 6.18. Let f : X Ñ Y be a morphism of integral schemes. Then the follow-
ing are equivalent:

(i) f is dominant
(ii) For all affine open subsetsU Ă X and V Ă Y with fpUq Ă V , the induced

ring map OY pV q Ñ OXpUq is injective.
(iii) f maps the generic point of X to the generic point of Y .

Proof (i) ñ (ii): U and V are dense, so also the restriction f |U : U Ñ V is dominant.
Then the injectivity of OY pV q Ñ OXpUq follows from Example 6.17.

(ii) ñ (iii): Write ξ P X and γ P Y for the two generic points. Note that for any subset
S Ă X , we have fpSq Ă fpSq. Applying this to S “ tξu, we see that fpXq “ fpξq Ă

fpξq. Therefore, if fpXq is dense, then so is fpξq, and hence fpξq “ γ (there is only one
point which is dense in Y ).

(iii) ñ (i): If fpξq “ γ, then fpXq Ą fpξq “ γ “ Y , so f is dominant.

A key property of dominant morphisms is that they induce pullback maps between the
corresponding function fields. More precisely, if X and Y are integral schemes with generic
points ξ and γ respectively, and f : X Ñ Y is dominant, then by Proposition 6.18, fpξq “ γ
and so f 7 induces a map between the local rings OY,γ Ñ OX,ξ, hence a map

f 7 : KpY q ÝÝÑ KpXq. (6.3)

The same holds if f : X 99K Y is merely a dominant rational map.
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Example 6.19. If k is a field, and X Ă Ank and Y Ă Ank are integral closed subschemes
over k, then the pullback f 7pgq of a rational function g P KpY q coincides with the pullback
f 7pgq “ g ˝ f , as defined in Section 1.6. △

If the image fpXq is not dense in Y , there is no hope of defining a pullback map as in
(6.3). For instance, if f : A1

k Ñ A2
k is the closed embedding of the ‘x-axis’, i.e., induced by

the ring map krx, ys Ñ krx, ys{y, then there is no reasonable way to pull back the element
y´1 P kpx, yq to KpA1

kq “ kpxq. In fact there are no maps of fields kpx, yq Ñ kpxq at all.

Typically, for a dominant morphism f : X Ñ Y , one expects X to be ‘as large as’
or ‘larger than’ Y . For instance, in many good cases X will have dimension at least the
dimension of Y . On the other hand, there are also dominant morphisms with non-intuitive
behaviour, as in the following examples:

Example 6.20. The morphism SpecQ Ñ SpecZ is dominant. More generally, if A is an
integral domain with fraction field K, the canonical map SpecK Ñ SpecA is dominant.

△

Example 6.21. Let X be the disjoint union of an infinite set of closed points of the affine
line A1

C. Then the embedding X Ñ A1
C is dominant. △

6.5 Covering intersections of affines by distinguished opens

A common situation in scheme theory is that if a property holds for the open sets of an affine
cover of a scheme X , then the property holds for every affine open subset of X . For instance,
we encountered such a situation in our discussion of closed subschemes in Section ??. In this
section, we explain the following basic, but extremely useful, lemma, which will allow us to
systematically prove such statements.

Lemma 6.22. Let X be a scheme and let U “ SpecA be an affine open subscheme.
(i) If V “ SpecB be is another open affine subscheme, then for any point

P P U X V , there exist an open set W Ă U X V containing P , which is
distinguished in both U and V .

(ii) If tUiuiPI is an affine cover of X , then there exist elements f1, . . . , fr P A
such that Dpf1q, . . . , Dpfrq cover U and for each j “ 1, . . . , r, Dpfjq is a
distinguished open set in both U and some Uipjq.

Proof (i): Let P P U X V . Since the distinguished open sets form a basis for V “ SpecB,
we may find a g P B such that P P Dpgq Ă U X V . As a distinguished open set in a
distinguished open set is a distinguished open, we may replace V byDpgq, and hence assume
that V Ă U .

The inclusion map ι : V Ñ U is induced by a ring map ϕ : A Ñ B. Let a P A be
such that Dpaq Ă V and set W “ Dpaq Ă U . Then by Proposition 2.29, we have
W “ ι´1pDpaqq “ Dpϕpaqq and so W is distinguished in both U and V .

(ii): Since tUiuiPI covers X , for each P P U , there exists Ui such that P P Ui. By (i),
there exists an open subsetWP Ă U XUi containing P which is distinguished in both U and
Ui. Since U is quasi-compact, we may reduce this to a finite subcover, and we obtain finitely
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many such open sets Dpf1q, . . . , Dpfrq for f1, . . . , fr P A which cover U . By construction
each Dpfjq is distinguished in some Uipjq.

6.6 Schemes of finite type

Building on the analogy with affine varieties, which arise from finitely generated k-algebras,
we can extend the notion of ‘finite generation’ to schemes over a general ring A. Recall that
an A-algebra B is called finitely generated, or of finite type over A if there exists a finite set
of elements x1, . . . , xr P B such that every element f P B can be expressed as a polynomial
in the xi’s with coefficients in A. Equivalently, B is isomorphic to a quotient of a polynomial
ring Arx1, . . . , xns.

Definition 6.23. An A-scheme X is of finite type over A if it admits a finite open cover
tUiu

r
i“1 where each Ui “ SpecBi and each Bi is a finitely generated A-algebra.

The prototypical example of an A-scheme of finite type is X “ SpecB where B is
a finitely generated A-algebra. This is not immediately clear from the definition, because
SpecB could a priori be covered in some other way by affine open subschemes which are
spectra of finitely generated A-algebras.

Proposition 6.24. Let X be a scheme of finite type over A. Then for any affine open
U Ă X , the ring OXpUq is a finitely generated A-algebra.

Proof Write U “ SpecB, and let Ui “ SpecBi be the affine covering of X , where each
Bi are finitely generated A-algebras. By Lemma 6.22, we may refine the cover tU X Uiu
to a finite cover by distinguished open sets Dpf1q, . . . , Dpfrq that cover U , such that each
Dpfjq is distinguished in some Uipjq, say Dpfjq “ SpecppBipjqqgj q. As Bipjq is a finitely
generated A-algebra, the localization Bfj “ pBipjqqgj is a finitely generated as well. We
want to prove that B itself is finitely generated.

Choose elements ajk P B for j “ 1, . . . , r, k “ 1, . . . , s such that for each j, Bfj is
generated as an A-algebra by elements of the form ajk{f

njk

j for some njk P N.
We claim that B is generated by f1, . . . , fr, a11, . . . , ars. Consider the map of A-algebras

ϕ : Arx1, . . . , xr, y11, . . . , yrss ÝÝÑ B

defined by xj ÞÑ fj and yjk ÞÑ ajk for all j and k. To show that ϕ is surjective, it suffices
to show that ϕp is surjective for every p P SpecB. After reordering, we may assume that
p P Dpf1q. By our choice of generators the localization of ϕ at xi is surjective

Arx1, . . . , xr, y11, . . . , yrssx1
ÝÝÑ Bf1 (6.4)

As f1 P A´ p, the ring map ϕp is a localization of the ring map (6.4). Since localization is
exact, ϕp is surjective as well. Since this happens for all p, B is finitely generated.

Example 6.25. Any scheme of the form

X “ SpecArx1, . . . , xns{pf1, . . . , frq

is of finite type over A. △
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Example 6.26. The morphism
š8

i“1 A
1
k Ñ A1

k which is the identity on each component, is
not of finite type, even though it is ‘locally of finite type’. △

Example 6.27. An open embedding ι : U Ñ X need not be of finite type. For instance, the
open embedding

ď

tPN
Dptiq ÝÝÑ Spec krt1, t2, . . . s

is not of finite type, because the scheme on the left is not quasi-compact (and so cannot be
covered by finitely many affine subschemes).

However, if U is quasi-compact, then an open embedding ι : U Ñ X is of finite type (see
Exercise 6.11.33). △

A morphism of schemes f : X Ñ S is of finite type if for every affine open set V “

SpecA Ă S, the inverse image f´1pV q is of finite type over A.
Although this definition requires the condition to hold for every affine open in S, the

following proposition shows that it suffices to verify it for an affine cover of S.

Proposition 6.28. Let f : X Ñ S be a morphism. If there exists an affine cover Si “

SpecAi of S such that for each i, the scheme f´1pSiq is of finite type over Ai, then f is
of finite type.

Proof See Exercise 6.11.34.

6.7 Finite morphisms

Recall that an A-module B is said to be finite over A if it is finitely generated as an A-
module. In other words, there is a finite set of elements b1, . . . , br so that each b is an
A-linear combination b “

ř

aibi with ai P A.
Even though the names ‘finite type’ and ‘finite’ are similar, the two notions are very

different. To say that B is of finite type is to say that B is a ring quotient of a polynomial ring
Arx1, . . . , xrs, where as B being finite means that B is a quotient module of a free module
Ar of finite rank. So for instance, Crts is of finite type over C, but it is not a finite C-module.

Definition 6.29. A morphism f : X Ñ Y is said to be finite if for every open affine
U “ SpecA Ă Y , the preimage f´1pUq is affine, say, f´1pUq » SpecB and the
induced ring map A Ñ B makes B a finite A-module.

If Y “ SpecA, we say that an A-scheme X is finite over A if the structure morphism
f : X Ñ SpecA is finite.

Proposition 6.30. Let f : X Ñ Y be a morphism and assume that there is an open
affine covering Vi “ SpecAi of Y such that f´1pViq Ñ Vi is finite for every i. Then f
is finite.

Proof Let V “ SpecA be any affine. By Proposition ??, f is affine, so f´1V “ SpecR
for some ring R, and it remains to prove that R is a finite A-module.
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6.7 Finite morphisms 127

Using Lemma ??, we find elements g1, . . . , gr P A, so that Dpg1q, . . . , Dpgrq cover V
and each Dpgiq is distinguished in some Vipjq. By assumption, Rgipjq

“ Bipjq is a finite
Afi-module for every j “ 1, . . . , r.

Assume that finitely many Dpgiq’s cover V and that f´1Dpgiq “ SpecBgi with each Bi
a finite modules over Agi . Let xij be generators of Bgi over Agi , which we may choose to be
images of elements bij in B. We contend that the bij’s generate B over A.

Given an element b P B, it holds that gni b “
ř

j aijbij for some n P N independent of i
and with aij P A. Since the Dpgiq’s cover V , there is a relation of the form

1 “ c1g
n
1 ` ¨ ¨ ¨ ` crg

n
r ,

which yields

b “
ÿ

j

cjg
n
j b “

ÿ

cjaijbij.

Example 6.31. Let f : Spec krxs Ñ Spec krys be the map induced by a ring map
ϕ : krys Ñ krxs sending y ÞÑ ppxq, where p is a nonconstant polynomial. Then f is
a finite morphism. Indeed, if ppxq “ xn ` an´1x

n´1 ` ¨ ¨ ¨ ` a0, then as a krxs-module,

krys » krxsrys{py ´ ppxqq » krxs ‘ krxsx‘ ¨ ¨ ¨ ‘ krxsxn´1.

△

Example 6.32. The morphism SpecC Ñ SpecR is finite, while SpecC Ñ SpecQ is
not. △

Example 6.33. Consider the ‘blow-up’ morphism

f : Spec krx, y, zs{px´ yzq Ñ Spec krx, ys

Then f is not finite, as the ring on the left is not finitely generated as a krx, ys-module. △

To underline the huge difference between the two finiteness conditions of this section,
we observe the following: X is of finite type over a field k simply means it can be covered
by open affine subschemes of the form Spec krx1, . . . , xrs{a. On the other hand, for X is
to be finite over a field k means that X “ SpecA is affine, and A is a k-algebra of finite
dimension over k. Such a ring A is Artinian and has only finitely many prime ideals all being
maximal. Hence the spectrum SpecA is a finite set, and the underlying topology is discrete.

Example 6.34. For n ě 1, the structure morphisms Ank Ñ Spec k and P1
k Ñ Spec k are of

finite type, but not finite. △

Example 6.35. The embedding SpecAg ãÑ SpecA of a distinguished open subscheme is of
finite type, but typically not finite. For instance, the morphism Spec krx, x´1s Ñ Spec krxs

is not finite, as krx, x´1s is not a finite krxs-module. △

Example 6.36. Consider ‘the hyperbola’ X “ V pxy ´ 1q Ă A2
k “ Spec krx, ys and

the projection X Ñ A1
k “ Spec krxs onto the x-axis, which is induced by the inclusion

krxs Ă krx, x´1s. The algebra krx, x´1s is not finite over krxs, as it requires all the
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negative powers x´n as generators. However, for any elements a, b of k with ab ‰ 0, the ring
krx, x´1s is finite over krax`bx´1s. Indeed, krx, x´1s is generated by x over krax`bx´1s,
and x satisfies the monic equation

T 2 ´ a´1pax` bx´1qT ` ba´1 “ 0 △.

Example 6.37 (Noether’s Normalization). LetX “ SpecA be an affine scheme of finite type
over a field k. Then by Noether’s Normalization Theorem (A.34), we may find algebraically
independent elements x1, . . . , xn P A such that krx1, . . . , xns Ă A is a finite extension. In
particular, there is a finite dominant morphism

f : X ÝÝÑ Ank . △

Properties of finite morphisms

An important fact about finite morphisms is that they have finite fibers. Thus there is an elegant
connection between the algebraic condition of ‘being a finite module’ and the geometric
condition ‘having finite fibers’.

Proposition 6.38. Let f : X Ñ Y be a finite morphism. Then:
(i) f is a closed map.

(ii) If f is dominant, then it is surjective.
(iii) Each scheme-theoretic fiber Xy has an underlying topological space which

is finite and discrete.

Proof (i): As f is affine, and ‘closedness’ of a subset can be checked over an open cover, we
reduce to the case X “ SpecB, Y “ SpecA and f is induced by a ring map ϕ : A Ñ B.

By Proposition 2.29 on page 34, the closure fpV pbqq of the image of a closed subset
V pbq Ă SpecB equals V pϕ´1pbqq. On the other hand, note that the restriction of f to V pbq

can be identified with the map on spectra induced by A{ϕ´1pbq Ñ B{b. As this ring map is
both injective and finite (since ϕ is finite), it is integral, and hence the Lying-Over Theorem
(Theorem 6.40 (i) below) implies that f is closed.

(ii): Again we may reduce to the affine case. Note that if B is an A-algebra which is
finite as an A-module, then Bred is an Ared-algebra which is finite as a Ared-module. Hence
replacing ϕred : A Ñ B with ϕred : Ared Ñ Bred, we do not change the induced map on
spectra, and we may assume to the case where A and B are reduced. In that case, f is
dominant if and only if ϕ is injective. But an injective and finite ring map is integral, so we
conclude by the Going-Up theorem (Theorem 6.40 (ii) below)

(iii): If y P Y is a point, choose an affine U “ SpecA containing it. As f is finite,
f´1pUq “ SpecB is also affine, so we reduce to the case where X and Y are affine, and f
is induced by a ring map A Ñ B, making B into a finite A-module.

In this situation, y corresponds to a prime ideal p Ă A, and it follows that Bp{pBp “

BbAAp{pAp is a finite vector space over κppq “ Ap{pAp (images of generators persist
being generators). In other words, Bb{pBp is an Artinian ring, and hence its spectrum
Xy “ SpecpBp{pBpq is finite and discrete.
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Example 6.39. The converse of Proposition 6.38 does not hold. The open embedding
A1
k ´ t0u ãÑ A1

k has at most one point in each fiber, but it is not a finite morphism. △

In order to complete the proof of Proposition 6.38 (ii), we will prove a slightly more
general result, for affine morphisms which are locally of the form SpecB Ñ SpecA where
A Ă B is an integral ring extension. Recall that a ring extension A Ă B is said to be integral
if any element y P B satisfies some monic polynomial

yn ` an´1y
n´1 ` ¨ ¨ ¨ ` a0 “ 0 (6.5)

with coefficients in A. (See Section A.10 for more background).

Theorem 6.40. Let A Ă B be an integral ring extension and let f : SpecB Ñ SpecA
be the induced map. Then:

(i) (Lying-Over) f is surjective with discrete fibers.
(ii) (Going-Up) f is closed

In concrete terms, f being surjective means that for every prime ideal p Ă A there is a
prime ideal q Ă B such that p “ q XA.

Proof (i): Let p P SpecA be a point. IfA Ă B is integral, then so isAp Ă Bp. We want to
show that the fiber f´1ppq “ SpecpBp{pBpq is non-empty. In other words, we need to show
that Bp{pBp is not the zero ring, or equivalently, that pBp ‰ Bp. Assuming the opposite, let
x P p be an element so that x{1 is invertible in Bp. Then there is an element y P Bp such
that xy “ 1 in Bp. As Ap Ă Bp is integral, y satisfies an integral equation of the form (6.5)
with coeffients in Ap. Multiplying this relation by xn´1 shows that y P Ap, contradicting the
fact that x is not invertible in Ap.

The fibers being discrete means that each point q P f´1ppq is closed in SpecB. In
other words, if q, q1 P f´1ppq and q1 P tqu “ V pqq, then q “ q1. Replacing A and B by
A{pq XAq Ă B{q, we reduce to the case where A and B are integral domains and p “ p0q.
If there is a nonzero prime ideal q1 such that q1 XA “ p0q, take any y P q1. Then y satisfies
an integral equation of the form (6.5) and we may choose n minimal. Note that the equation
(6.5) implies that a0 P q1 XA “ p “ p0q. Therefore, ypyn´1 ` ¨ ¨ ¨ ` a1q “ 0 P B. As n is
chosen minimal, yn´1 ` ¨ ¨ ¨ ` a1 ‰ 0, contradicting the fact that B is an integral domain.

(ii): Let b Ă B be an ideal. We claim that fpV pbqq “ V pb XAq. The containment ‘Ă’ is
clear. Conversely, applying (i) to the extension A{pb XAq Ñ B{b (which is again integral),
we see that the restriction V pbq Ñ V pb XAq is surjective, as we want.

Example 6.41. Let k be an algebraically closed field and consider the closed subscheme
X “ V py2 ` P pxqq in A2

k “ Spec krx, ys, where P pxq is a polynomial in krxs. Let
π : A2

k Ñ A1
k denote the projection onto the x-axis (induced by the inclusion krxs Ă krx, ys).

Then the restriction π|X will be finite. Indeed, its algebraic counterpart is the ring extension
krxs Ă krx, ys{py2 ` P pxqq, and the latter ring has a basis as module over krxs consisting
of 1 and y.

On the other hand, if Y “ V pxy2 ` P pxqq and P p0q ‰ 0, then π|Y is not a finite
morphism. Indeed, the origin 0 P A1pkq does not belong to its image, and so π|Y is not
surjective. △
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Proposition 6.42. Let f : X Ñ Y be a finite morphism. Then

dimX ď dimY

with equality if and only if f is dominant.

Proof We first prove the statement when X and Y are affine, say X “ SpecB, Y “

SpecA, and f is induced by a ring map ϕ : A Ñ B.
We have dim fpXq Ă dimY (Lemma 6.59). Therefore, we may as well replace Y by

fpXq and assume f is dominant. On the level of rings, this corresponds to replacing A by
A{Kerϕ, and ϕ : A Ñ B injective. ThenB is an integral extension ofA, and f is surjective
by Theorem 6.40. Moreover, dimA “ dimB by Proposition A.19.

For the general case, cover Y by affines tUiuiPI . Then the collection f´1Ui form an affine
cover of X . By the affine case and (iii) of Lemma 6.59 we find

dimX “ sup
i

dim f´1pUiq ď sup
i
Ui “ dimY.

Proposition 6.43. Let f : X Ñ Y be a finite surjective morphism of Noetherian integral
schemes. Then:

(i) KpXq is a finite field extension of KpY q.
(ii) There is a nonempty open set V Ă Y such that the fiber f´1pyq consists of

exactly d points, where d “ rKpXq : KpY qs.

Proof As f is affine, we may reduce to the affine case where f : SpecB Ñ SpecA
induced by a ring map ϕ : A Ñ B, making B into a finite A-module. By the Generic
Freeness Theorem (Theorem A.55) there is g P A such that Bg is free as an Ag-module, i.e.,
Bg » Adg for some integer d. This implies that KpBgq is a finite extension of KpAgq of
degree d. Over the open set V “ Dpgq, we have for each p P SpecA,

B bA κppq »

d
ź

i“1

κppq.

This implies that f´1ppq “ SpecpB bA κppqq consists of exactly d points, as required.

Definition 6.44 (The degree of a finite morphism). Let f : X Ñ Y be a finite morphism
of integral schemes. The degree of the field exensionKpY q Ă KpXq is called the degree
of f and is denoted deg f .

Note that if f : X Ñ Y and g : Y Ñ Z are finite morphisms of integral schemes, the
composition g ˝f is finite and degpg ˝fq “ deg f ¨deg g. This follows because rM : Ks “

rM : LsrL : Ks for a tower of field extensions K Ă L Ă M .

Example 6.45. The morphism f : SpecC Ñ SpecR is finite of degree 2, but of course
there is only a single point in the preimage. △

Example 6.46. The ’n-th power map’ f : P1
k Ñ P1

k of Example 12.33 has degree n. Indeed,
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locally it is given by the ring map krus Ñ krxs sending u to xn, and kpxq “ kpuqrxs{pu´

xnq has dimension n as a kpuq-vector space. △

Example 6.47. If X is a hyperelliptic curve, as discussed in Section B.4, then the morphism
X Ñ P1

k has degree 2. In this case, KpXq is obtained from kpxq by adjoining a square root
y of a polynomial fpxq P krxs, so it is spanned by 1 and y as a kpxq-vector space. △

6.8 Noetherian schemes

Recall that a ring A is Noetherian if every ideal is finitely generated. This is a strong
requirement, which has many important consequences for the ring.

Definition 6.48. A scheme X is Noetherian if it has a finite open cover tUiu
r
i“1 where

Ui “ SpecAi where each Ai is a Noetherian ring.

It is important to note that the cover is required to be finite. This in particular implies that
a Noetherian scheme is quasi-compact, as it can be covered by finitely many affine schemes,
each of which is quasi-compact.

Proposition 6.49. Let X be a scheme. Then the following are equivalent:
(i) X is Noetherian.

(ii) X is quasi-compact, and for every open affine U “ SpecA Ă X , the ring
A is Noetherian.

Proof (ii)ñ(i) is immediate, so we focus on the implication (i)ñ(ii).
Let tUiu

r
i“1 be an affine cover of X , where Ui “ SpecAi and each Ai is a Noetherian

ring. Since X is covered by finitely many affine open sets, it is quasi-compact.
Now let U “ SpecA be any affine open in X . We need to show that A is a Noetherian

ring. For each i, the intersection U X Ui is an open set in Ui “ SpecAi, and since Ui is
quasi-compact, it can be covered by distinguished open sets Dpfijq Ă Ui, where fij P Ai.
The Dpfijq’s form a cover of U , so since U is quasi-compact, we may reduce the cover to
a finite one. Since Ai is Noetherian, the localization pAiqfij is also Noetherian. Therefore,
U can be covered by finitely many spectra of Noetherian rings, and hence it is a Noetherian
scheme. Therefore, we reduce to considering X “ U “ SpecA, and proceed to show that if
SpecA is a Noetherian scheme then A is Noetherian.

We may refine the covering Ui to finitely many distinguished open sets, so that SpecA is
covered by finitely many distinguished opens Dpf1q, . . . , Dpfrq, where f1, . . . , fr generate
the unit ideal in A.

To conclude, we need to show that every ideal a in A is finitely generated. By assumption,
the ideals aAfi are all finitely generated, and since fi is invertible in Afi , we can find finitely
many elements aij P A which map to generators of aAfi in Afi . Consider the A-linear map

ϕ :
à

i,j

A Ñ a

which sends the standard basis vector eij to aij . Since the Dpfiq’s cover SpecA, the local-
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ization ϕp is surjective for every p P SpecA, and from this it follows that ϕ is surjective as
well. Consequently, a is finitely generated and hence A is Noetherian.

Corollary 6.50. The scheme SpecA is Noetherian if and only if A is a Noetherian ring.

The concept of a Noetherian scheme is closely related to being of finite type.

Proposition 6.51. Let f : X Ñ Y be a morphism of finite type and suppose Y is
Noetherian. Then X is also Noetherian.

Proof Let V “ SpecA be any affine open set in Y . Since Y is Noetherian, A is a
Noetherian ring. As f is of finite type, X can be covered by finitely many spectra V “

SpecB where B is a finitely generated R-algebra. As A is Noetherian, Hilbert’s basis
theorem then implies that B is Noetherian and hence X is Noetherian as well.

On the other hand, SpecQ is not of finite type over Z, but it is Noetherian.

Proposition 6.52. Let X be a Noetherian scheme. Then any open or closed subscheme
of X is also Noetherian.

Proof Let tUiuiPI be a finite affine cover with Ui “ SpecAi for Ai Noetherian. It suffices
to prove that if Y Ă X is a closed or open subscheme, then Y X Ui is Noetherian. In
particular, since Y X Ui is closed or open subscheme of an affine scheme, it suffices to
consider the case where X “ SpecA and A is Noetherian.

When Y is an open subscheme, then there are elements g1, . . . , gn P A such that Y “
Ťn

i“1 SpecAgi . IfA is Noetherian, then so is each of the localizationsAgi , and consequently
Y is Noetherian.

When Y is a closed subscheme, we may assume Y “ SpecpA{aq for some ideal a Ă A.
If A is Noetherian, then so is A{a, and hence Y “ SpecpA{aq is also Noetherian.

Another nice property of Noetherian schemes is that the underlying topological space is
Noetherian (that is, descending chains of closed subsets stabilize, see page 9).

Proposition 6.53. Let X be a Noetherian scheme. Then
(i) The topological space of X is Noetherian.

(ii) Any closed subset Y Ă X admits a unique decomposition into irreducible
components

Y “ Y1 Y ¨ ¨ ¨ Y Yr.

Proof (i): By definition, X may be covered by a finite number of open affine subsets.
A descending chain stabilizes if and only if the intersection with each of those open sets
stabilizes, so we reduce the proof to showing the proposition for X “ SpecA where A is a
Noetherian ring, in which case the statement is clear.

(ii): See Proposition 1.15.
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Examples

Example 6.54. For a field k, the disjoint union X “
š8

i“1 Spec k is not Noetherian (it is
not even quasi-compact). △

Example 6.55. The scheme X “ Spec
`
ś8

i“1 k
˘

is affine, hence quasi-compact. However
it is not Noetherian, because the ring is not Noetherian. In fact, the set of prime ideals in
infinite products of fields is remarkably complicated: it is described by the set of so-called
‘ultrafilters’ on N. (See also Exercise 6.11.10 for a related example.) △

The topological space SpecA can be Noetherian even without A being Noetherian: the
condition is equivalent to the weaker condition that ascending chains of radical ideals
eventually stabilize, and there are many rings which satisfy this without being Noetherian.
Here are two examples:

Example 6.56. Consider the polynomial ring krx1, x2, x3, . . . s and the maximal ideal
m “ px1, x2, . . . q. The ring

A “ krx1, x2, x3, . . . s{m
2

has only one prime ideal, the maximal ideal m. Therefore, SpecA consists of a single point,
and is therefore Noetherian as a topological space. The ring A however is not Noetherian, as
m requires infinitely many generators, namely all the xi’s. △

Example 6.57. Let A “ Crrtss be the ring of formal power series over C, with fraction field
K “ Cpptqq. Let K denote the algebraic closure of K, that is,

K “
ď

ně1

Cpptqqpt1{nq.

The integral closure of A in K is given by

A “
ď

ně1

Crrtsspt1{nq.

Note that A is not Noetherian, as we have an infinite ascending chain of ideals:

ptq Ă pt1{2q Ă pt1{4q Ă ¨ ¨ ¨ .

However, the spectrum SpecA is Noetherian as a topological space. In fact, it consists of
only two points. To see this, observe that each Crrt1{nss is a discrete valuation ring, hence
its spectrum consists of two points: the generic point and the closed point. Moreover, the
inclusions Crrt1{2nss Ă Crrt1{2n`1

ss induce a directed system

¨ ¨ ¨ Ñ SpecCrrt1{4ss Ñ SpecCrrt1{2ss Ñ SpecCrrtss

and SpecA is the inverse limit of this system (see Exercise 4.11.57). As all the maps involved
take the generic point to the generic point and the closed point to the closed point, they are
are homeomorphisms, and hence SpecA also consists of two points. △

While the first example may seem a bit artificial, the second one is one that could appear ’in
nature’. That being said, most of classical algebraic geometry primarily deals with Noetherian
rings. For instance, all of the examples from Chapter ?? are Noetherian, as they are all
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p2q

p3q

p5q

p7q p11q

p13q

...

p17q

η

Figure 6.1 Gluing together all the SpecZppq’s

constructed by explicitly gluing together finitely many schemes of the form SpecA where A
is a Noetherian ring. Here is another example on the ‘exotic side’.

Example 6.58. In Example 4.38 on page 84, we glued together the affine schemes Xp “

SpecZppq with p from a finite set P of prime numbers. However, in the gluing conditions for
schemes, there are no restrictions on the number of schemes to be glued together, and we are
free to glue together P infinite. For example, we can let P be the set of all primes.

The resulting scheme XP is rather peculiar: it is neither affine nor Noetherian, but it is
locally Noetherian. As a scheme over Z, the canonical map π : XP Ñ SpecZ is bijective
and continuous, but it is not a homeomorphism. Moreover, for all open subsets U Ă SpecZ
the map induced on sections π7 : ΓpU,OSpecZq Ñ Γpπ´1U,OXP q is an isomorphism. In
other words, π7 : OSpecZ Ñ π˚pOXP q is an isomorphism of sheaves!

As in Example 4.38 the scheme XP is constructed by gluing the different SpecZppq’s
together along the generic points. However, when computing the global sections, we see
things changing. As in Example 4.38 the global sections are computed with the help of the
sheaf sequence

0 ÝÝÑ ΓpX,OXq
ś

pPP ΓpXp,OXq
ś

p,qPP ΓpXp XXq,OXq

ś

pPP Zppq

ś

p,qPP Q,

“ “

ρ

and the kernel of ρ is still
Ş

pPP Zppq, but now this intersection equals Z. Indeed, a rational
number α “ a{b lies in Zppq precisely when the denominator b does not have p as factor, so
lying in all Zppq, means that b has no non-trivial prime-factor. That is, b “ ˘1, and hence
α P Z.

One can understand the canonical map π : XP Ñ SpecZ as follows. Each of the schemes
SpecZppq maps in a natural way into SpecZ, by the map induced by the inclusion Z Ă Zppq.
Here the generic point of SpecZp map to generic point of SpecZ, and the closed point
maps to ppq P SpecZ. As the maps agree on the generic points, they glue to the canonical
map π : XP Ñ SpecZ. This is a continuous bijection by construction, but it is not a
homeomorphism. Indeed, the subsets SpecZppq are open in XP by the gluing construction,
but they are not open in SpecZ, as their complements are infinite.

The underlying topological space of XP is not Noetherian, as the subschemes SpecZppq

form an open cover that obviously cannot be reduced to a finite cover. However, it is locally
Noetherian as the open subschemes SpecZppq are Noetherian. The sets Up “ XP ´ tppqu
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map bijectively to Dppq Ă SpecZ and ΓpUp,OXP q “ Zp, but Up and Dppq are not
isomorphic. △

6.9 The dimension of a scheme

Recall from Chapter 1 that the dimension of a topological space is the supremum of all
integers n such that there exists a chain

Z0 Ă Z1 Ă ¨ ¨ ¨ Ă Zn (6.6)

of distinct irreducible closed subsets of X . If no such finite upper bound exists, we say that
dimX “ 8.

We define the dimension of a scheme X , denoted dimX , as the dimension of the under-
lying topological space. For a point P P X , we will also consider the dimension of X at
P , denoted dimP X , which is defined as the suprenum of lengths of chains as in (6.6) with
P P Z0.

Lemma 6.59. Let X be a topological space.
(i) If Y Ă X is any subset, then dimY ď dimX .

(ii) Assume that dimX ă 8. If Y Ă X is a closed and irreducible subset and
dimY “ dimX , then Y is an irreduible component of X .

(iii) If tUiuiPI is an open cover of X , then dimX “ supiPI dimUi.

Proof (i): As the closure of an irreducible subset is again irreducible, and since any closed
Z Ă Y satisfies Z X Y “ Z, a chain tZiu of distinct irreducible closed subsets of Y will
yield a chain tZiu of distinct irreducible closed subsets of X .

(ii): Assume dimX ă 8 and let Y Ă X be a closed irreducible subset with dimY “

dimX . If Y is not an irreducible component, there would exist a strictly larger irreducible
closed subset Z containing Y. But this would contradict the maximality of the dimension of
Y .

(iii): First of all, dimX ě supiPI dimUi by part (i). To prove the reverse inequality, we
first remark that if Z Ă X is closed and irreducible and Z X U ‰ H, then Z X U “ Z.
Indeed, Z X U Ă Z holds because Z is closed, and if the inclusion is strict, Z would be the
union of two proper closed subsets, namely Z X U and Z ´ U .

Therefore, if Z0 Ă . . . Ă Zn is a chain in X and U an element of the open cover such that
U X Z0 ‰ H, then tZi X Uu is a chain of distinct closed subsets in U , and consequently
n ď dimU . This shows that when dimX “ 8, the supremum supiPI dimUi will be
infinite as well. When dimX is finite, taking the chain to be maximal (that is, not extendable
to a longer chain), we see that dimX “ n ď dimU , which proves the desired reverse
inequality.

If X is a scheme, we define the dimension of X as the dimension of the underlying
topological space. In particular, dimX “ dimXred (see Exercise 4.11.9).

When X “ SpecA is affine, the closed irreducible subsets are of the form V ppq where p
is a prime ideal of A. Using this observation we find:
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Proposition 6.60. The dimension of SpecA equals the Krull dimension of A.

Example 6.61. The spectrum of the integers, SpecZ has dimension 1. The maximal chains
of prime ideals in Z have the form p0q Ă ppq where p is a prime number. △

Example 6.62. The affine line A1
Z has dimension 2. The maximal chains of prime ideals

in Zrxs are of the form p0q Ă ppq Ă pfpxq, pq, where p is a prime number and fpxq a
polynomial which is irreducible mod p.

△

More generally, we have dimAnZ “ n` 1, by the following proposition:

Proposition 6.63. If A is a Noetherian ring, then

dimSpecArx1, . . . , xns “ n` dimA.

In particular, when A “ k is a field, Ank has dimension n. A maximal chain of irreducible
closed subsets is given by

V px1, . . . , xnq Ă . . . Ă V px1, x2q Ă V px1q Ă Ank .

If A is not Noetherian, then the Krull dimension of Arx1, . . . , xns is harder to control; it can
be any integer between dimA` n and dimA` 2n, inclusive.

Example 6.64 (Zero-dimensional schemes). The schemes

SpecZ{pZ, SpecCrxs{pxnq, SpecCrx, ys{px2, xy, y3q,

have dimension zero.
More generally, the spectrum of an Artinian ring has dimension zero, and for Noetherian

rings A, SpecA has dimension zero if and only if A is Artinian. △

Having finite dimension does not guarantee that a scheme is Noetherian (see for instance
Example 6.56). More surprisingly, there are also Noetherian rings whose Krull dimension
is infinite. Even though each maximal chain of prime ideals in a Noetherian ring will be of
finite length (prime ideals satisfy the descending chain condition) there can be arbitrary long
ones. See Exercise 6.11.22 for an explicit example, due to Nagata.

Codimension

For a closed subset Y Ă X the dimensions dimY and dimX are defined in terms of closed
irreducible subsets contained in Y and X respectively. If we fix the subset Y Ă X , there is
also a relative notion, the codimension of Y inX , denoted by codimpY,Xq, which is defined
in terms of closed irreducible subsets of X containing Y . These three numbers will in some
important cases be related by the equality dimY ` codimpY,Xq “ dimX (which justifies
the name ‘codimension’). However this formula does not hold in general (see Example 6.67
below).

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

6.10 Affine varieties as schemes 137

Definition 6.65 (Codimension). Let Y Ă X be an irreducible closed subset of X . The
codimension of Y is the supremum of all integers n such that there exists a chain

Y “ Y0 Ă Y1 Ă ¨ ¨ ¨ Ă Yn

of distinct irreducible closed subsets of X .

When X “ SpecA, the bijective correspondence between irreducible closed subsets of
SpecA and prime ideals in A, shows that the codimension of the subset V ppq will be equal
to the height of the prime ideal p, that is, the maximal length of a chain of distinct prime
ideals p0 Ă p1 Ă ¨ ¨ ¨ Ă pr “ p. Equivalently,

codimV ppq “ htppq “ dimpApq. (6.7)

More generally, we have:

Proposition 6.66. Let X be a scheme and P P X be a point. Set Y “ tP u. Then

codimpY,Xq “ dimOX,P . (6.8)

Proof Given a chain Y Ă Y1 Ă ¨ ¨ ¨ Ă Yn of distinct irreducible closed subsets, the generic
points ξ1, . . . , ξn of the Yi’s will be contained in any affine open neighbourhood of P . We
may therefore assume that X “ SpecA is affine, in which the claim follows by (6.7).

A chain of distinct irreducible closed subsets of Y may be extended to a chain in X by
appending a chain betwen Y and X . Taking the suprenum over all such chains, we find the
inequality

dimY ` codimpY,Xq ď dimX.

As mentioned above, equality does not hold in general. In fact, there are quite simple examples
where the inequality is strict.

Example 6.67. Consider the discrete valuation ring R “ Crxspxq with maximal ideal
m “ pxq. Consider the principal ideal n “ ptx ´ 1q in the polynomial ring Rrts. It is
a maximal ideal, because Crxspxq{ptx ´ 1q » Cpxq, and one easily checks that it does
not properly contain any non-zero prime ideal, so it is of height 1. Letting Y “ V pnq and
X “ SpecRrts, we find dimY “ 0 and codimY “ 1, but it holds that dimX “ 2. △

Krull’s Principal ideal theorem

TODO.

6.10 Affine varieties as schemes

In Chapter 1, we defined an affine variety as an irreducible closed algebraic set V Ă Ank
where k is an algebraically closed field. The coordinate ringApV q of V is a finitely generated
k-algebra and an integral domain. We now present the more general scheme-theoretic version:
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Definition 6.68. An affine variety over a field k is an affine scheme of the form
X “ SpecA, where A is a finitely generated k-algebra which is an integral domain. A
morphism of affine varieties over k is a morphism of the underlying k-schemes.

If we choose a presentation A “ krx1, . . . , xns{a, we see that any affine variety in this
sense admits a closed embedding into an affine space Ank over k. Conversely, any closed
subscheme V paq of Ank is an affine variety, as long as the defining ideal a is a prime ideal.

This definition naturally extends the classical notion when k is algebraically closed. In
this setting, then any affine variety V Ă Anpkq as defined in 1 gives rise to an affine variety
in the new sense by taking X “ SpecApV q. The scheme X is irreducible as ApV q is an
integral domain. Furthermore, the Nullstellensatz implies that the k-valued points of X are in
bijection with the points of V , allowing us to view V as a subset of X . Under this inclusion,
the Zariski topology on V is the restriction of the Zariski topology on X .

The scheme X however contains many additional points. These correspond to the non-
maximal ideals of ApV q, or equivalently, the subvarieties of V of dimension at least 1.

The assignment V Ñ X extends to morphisms. Morphisms of ‘classical’ affine varieties
V Ñ W correspond to maps of k-algebrasApW q Ñ ApV q, and these in turn are in bijection
with morphisms of k-schemes X Ñ Y . This means that we have defined a fully faithful
functor from the category of affine varieties AffVar{k to the category of affine schemes over
k, AffSch{k.

By Example 3.21, the structure sheaf on X coincides with the sheaf of regular functions
(as in Chapter 1). Over an open set U Ă X , the ring OXpUq consists of the rational functions
f P KpXq which are regular at every point of U .

Example 6.69. The following schemes are affine varieties:

AnC, SpecRrx, ys{px2 ` y2q, SpecFprx, y, zs{py2 ´ xzq.

The following schemes are not:

SpecZ, SpecCrx, ys{px2 ` y2q, Fprx, ys{py2q.

△

The next proposition tells us that for a morphism of affine varieties, closed points map to
closed points, as in the classical situation:

Proposition 6.70. Let f : X Ñ Y be a morphism of affine varieties over a field k. If
P P X is a closed point, then fpP q is closed in Y .

Proof Let X “ SpecB and Y “ SpecA, where A and B are finitely generated k-
algebras, and suppose f is induced by a map of k-algebras ϕ : A Ñ B. The point P
corresponds to a maximal ideal m in B, and κpP q “ B{m is a finite extension of k, by
Theorem 1.7. Let p “ ϕ´1pmq Ă A be a prime ideal corresponding to fpP q. The map ϕ
induces an injective map of k-algebras:

A{p ãÑ B{m “ κpP q.
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Since κpP q is a finite field extension of k, the domainA{p also a finite-dimensional k-algebra.
To show that p is maximal, it suffices to show that A{p is a field.

Take any nonzero a P A{p. Multiplication by a defines an injective k-linear map A{p Ñ

A{p. Because A{p is finite-dimensional, this map is also surjective. Hence, there exists
b P A{p such that ab “ 1. Hence A{p is a field and p is a maximal ideal.

6.11 Exercises

Exercise 6.11.1. Find an example of a connected scheme X with a disconnected open subset
U Ă X .

Exercise 6.11.2. Let A be a Noetherian ring such that SpecA is of dimension 0. Show that
A is Artinian.

Exercise 6.11.3. Show that if A is a Noetherian ring, then each local ring Ap is also
Noetherian.

Exercise 6.11.4. Describe X “ SpecZrxs{p5x´ 15q. Is X irreducible? Reduced? What
are the fibers of the canonical map X Ñ SpecZ?

Exercise 6.11.5. Let X be an integral scheme and U Ă X an open subset. Show that x P U
if and only if OXpUq Ă OX,x inside KpXq.

Exercise 6.11.6. Let X be a topological space. Show that the following two conditions are
equivalent.

(i) X is Noetherian.
(ii) Every open subset of X is quasi-compact.

Exercise 6.11.7. a) Find an open subset of an affine scheme which is not quasi-
compact.

b) Let U, V be quasi-compact open subsets of SpecA for some ring A. Show that
U X V is also quasi-compact.

Exercise 6.11.8. For a Noetherian scheme X , the ring OXpXq may fail to be Noetherian in
general. Consider P3

k with homogeneous coordinates x0, x1, x2, x3. Let H0 “ V`px0q and
H1 “ V`px1q and let l “ V`px0, x2q Ă D be a line on H0 different from H0 X H1. Let
Y “ H0 YH1 and X “ Y ´ l.

a) Show that X is Noetherian.
b) Show that U “ H0 ´ l is an open set of X and that OXpUq “ krx, ys where
x “ x1

x2
and y “ x3

x2
.

c) Show that V “ H1 ´H1 X L is an open set of X and that OXpV q “ k
d) Show that OXpXq “ k ` xkrx, ys Ă krx, ys.
e) Show that the ring in (d)) is not Noetherian. HINT: pxq Ă px, xyq Ă

px, xy, xy2q Ă . . . .

Exercise 6.11.9 (A 1-dimensional non-Noetherian domain). Let R be the subring of Cpx, yq

consisting of rational functions fpx, yq that are defined and constant along the y-axis. The
elements of R, when written in lowest terms, have a denominator not divisible by x, and
fp0, yq, which is then meaningful, is constant.
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a) Show that the ideals ar “ px, xy´1, . . . , xy´rq with r P N form an ascending
chain that does not stabilize. Conclude that R is not Noetherian.

b) Show that R is local with the set m of elements f P R that vanish along the
y-axis as the maximal ideal.

c) Prove that there are no other primes than m and p0q in R. HINT: Show first
that any element in R is of the form xiyjα where i ě 0, j P Z and α is a unit
in R.

Exercise 6.11.10 (The ring of eventually constant sequences). Consider the subring A of
ś8

i“1 Z{2Z consisting of sequences peiqiě1 which are eventually constant, that is, sequences
with ei “ ei`1 for i " 0.

a) Show that all elements of A are idempotents and conclude that every prime
ideal is maximal. HINT: the only idempotents in a domain are 0 and 1.

b) Let mn denote the ideal generated by 1 ´ an where an “ p0, . . . , 0, 1, 0, . . . q
with a ‘1’ in the n-th factor. Show that mn is a maximal ideal.

c) Show that Dpanq “ tmnu and conclude that the one-point set tmnu is both
open and closed in SpecA.

d) Let m8 denote the ideal consisting of sequences which are eventually zero, i.e.,
ei “ 0 for all i " 0. Show that m8 is a maximal ideal. HINT: Consider the
‘limit map’ A Ñ Z{2.

e) Show that A is not Noetherian. HINT: Show that m8 is not finitely generated.
f) Show that these are all the prime ideals of A, i.e., that SpecA “ tmi | i P

N u Y tm8u. HINT: Consider the cases ai R m for some i and ai P m for all i
separately. Use the identity aip1 ´ aiq “ 0.

g) Show that SpecA is homeomorphic to the set t 1
n

| n P N u Y t0u (with the
standard topology).

Exercise 6.11.11. For each of the following rings A, decide whether the corresponding
morphism SpecA Ñ SpecZ is finite or finite type.

Zris, Zr1{ps, Zppq, Z ˆ Z, Zrxs.

Exercise 6.11.12. Let f : X Ñ Y be a morphism of finite type. Show that ifX is Noetherian,
then so is Y .

Exercise 6.11.13. Show that the composition of two morphisms (locally) of finite type is
(locally) of finite type. Show that if S is quasi-compact and f : X Ñ S is of finite type, then
X will be quasi-compact.

Exercise 6.11.14. Assume that ι : SpecB ãÑ SpecA is an open embedding. Show that B
is of finite type over A.

Exercise 6.11.15. Assume that S is a Noetherian scheme and that f : X Ñ S is of finite
type. Prove that X is Noetherian. HINT: Hilbert’s Basis Theorem.

Exercise 6.11.16 (The ”Lying Over Theorem”). Let A Ă B an integral extension of integral
domains.

a) Show that A is a field if and only if B is a field.
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b) If p is a prime in A, show that p lies in the image of SpecB Ñ SpecA if and
only if pAp lies in the image of SpecBp Ñ SpecAp.

c) Conclude that SpecB Ñ SpecA is surjective.

Exercise 6.11.17. a) Show that there exist surjective morphisms X Ñ Y with Y
integral and such that all fibers Xy are irreducible, without X being irreducible.

b) Let k be an algebraically closed field. Show that there exist morphismsX Ñ A1
k

with X integral, the generic fiber Xη non-empty and integral, but no closed
fiber integral.

c) Show that there exists morphismsX Ñ A1
Q withX integral and infinitely many

irreducible and inifintiely many reducible closed fibers. What happens for the
geometric closed fibers?

d) Show that there exists morphisms f : X Ñ Y with X and Y integral whose
geometric generic fiber is not reduced.

Exercise 6.11.18. Consider the ring R “ Qrx, x´1s ˆ Q. Show that the induced map
SpecR Ñ SpecQrxs is surjective, of finite type, and has finite fibers, but not finite.

Exercise 6.11.19. Consider the map

ϕ : A1
k ÝÝÑ P1

k

u ÞÑ pu : 1 ´ u2q.

Show that ϕ is finite and surjective.

Exercise 6.11.20. Let f : X Ñ Y be an affine morphism and let V Ă Y be an open set.
Show that f´1pV q Ñ V is affine.

More generally, if V Ñ Y is any morphism, show that the base change morphism
X ˆY V Ñ V is affine. Thus affine morphisms are stable under base change.

Exercise 6.11.21. Show that the composition of two finite morphisms is finite.

Exercise 6.11.22 (Nagata’s example). Let R “ krx1, x2, . . . s be the polynomial ring in
countably many variables, and decompose N as N “

Ť

i Ji be a disjoint union of finite
sets Ji whose cardinality tends to infinity with i. For instance, we could let Ji be the set of
integers with i digits in their binary expansion.

Let ni Ă R be the ideal generated by the xj’s for which j P Ji, and let S Ă R be the
multiplicatively closed subset

Ş

ipR ´ niq, that is, the set of elements in R not lying in any
of the ni’s. Nagata’s example is the localized ring A “ S´1R. The aim of the exercise is to
prove that A is Noetherian, but of infinite Krull dimension. We let mi denote niA; the ideal
in A generated by the xj’s with j P Ji.

Consider the rational function field Ki “ kpxj|j R Jiq in the variables xj whose index
does not lie in Ji, and the polynomial ring Kirxj|j P Jis over Ki in the remaining variables.
Also, define ai “ pxj|j P Jiq in Kirxj|j P Iis.

a) Show that Bni
» Kirxj|j P Iisai

.
b) Show that Ami

“ Bni
and conclude that each local ring Ami

is Noetherian
with dimAmi

“ |Ji| and hence that dimA “ 8.
c) * Show that A is Noetherian. HINT: Any ideal is contained in finitely many of

the of the mi’s, and is therefore finitely generated.
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Exercise 6.11.23. Let X be a quasi-compact scheme. Show that for any x P X , there exists
a closed point in txu Ă X .

Exercise 6.11.24. Let X be a quasi-compact scheme. Show that X is reduced if and only if
OX,p is reduced for each closed point p. (See Exercise 6.11.23.)

Exercise 6.11.25. Let X denote the disjoint union of the schemes
š

ně1pSpecQrxs{xnq.
Compute Xred. Show that the formula (6.1) does not hold in general for non-affine open sets
in X .

Exercise 6.11.26 (Criterion for affineness). a) Let f : X Ñ Y be a morphism
and let Vi be an open cover of Y such that for each i, the restriction f´1pViq Ñ

Vi is an isomorphism. Show that f is an isomorphism.
b) Show that a scheme is affine if and only if there is a finite set of elements
f1, . . . , fn P OXpXq such that each of the open sets Xfi “ tx P X|fipxq ‰

0u are affine, and f1, . . . , fn generate the unit ideal. HINT: Show that X “
Ť

Xfi . Glue the morphisms Xfi Ñ SpecOXpXq to a morphism X Ñ

SpecOXpXq.

Exercise 6.11.27. Show that the Frobenius morphism is finite.

Exercise 6.11.28. Let C Ă R2 denote the cone generated by p1, 0q and p1,
?
2q. Show that

the toric algebra krCs is not a Noetherian ring.

Exercise 6.11.29. Let X be a scheme and let x P X be a point. Show that x is a closed point
if and only if the corresponding morphism Specκpxq Ñ X is finite.

Exercise 6.11.30. Let X be a Noetherian scheme. Show that Xred is affine if and only if X
is affine.

Exercise 6.11.31. Let X be a quasi-compact scheme. Prove that X has a closed point.

Exercise 6.11.32 (Properties of Noetherian spaces).
a) Show that any Noetherian topological space T is quasi-compact. HINT: If

tUiuiPI is a cover, start with any Ui1 , and pick Ui2 so that Ui1 Ĺ Ui1 Y Ui2 ,
and so on.

b) Show that if T is Noetherian, then every subset S Ă T is also Noetherian.
HINT: The closed subsets of S are of the form W XS where W Ă T is closed.

Exercise 6.11.33. Let X be a scheme
a) Let ι : U Ñ X be an open embedding. Show that if U is quasi-compact, then ι

is of finite type. HINT: For SpecA Ă X cover U X SpecA by distinguished
open sets.

b) Suppose that X is Noetherian. Show that any open embedding ι : U Ñ X is of
finite type.

Exercise 6.11.34. Let f : X Ñ S be a morphism of schemes. Show that f is of finite type
if there exists an affine open cover tSi “ SpecAiu of S such that each f´1pSiq is of finite
type over Ai. HINT: Cover an affine open set V “ SpecA Ă S by finitely many Dpgiq’s
such that each Dpgiq is distinguished in both V and some Sj . Apply Proposition 6.24 to each
f´1pDpgiqq Ñ Dpgiq.
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Exercise 6.11.35. a) Show that the composition of two morphisms of finite type
is of finite type.

b)
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7

Fiber products

7.1 Introduction

Given two scheme morphisms X Ñ S and Y Ñ S, the fiber product X ˆS Y is a scheme
equipped with projection morphisms pX : X ˆS Y Ñ X and pY : X ˆS Y Ñ Y . This
construction generalizes the product of two affine varieties as discussed in Example 1.36.
However, the fiber product is far more than a mere generalization; it is an indispensable tool
in algebraic geometry and it takes on remarkably versatile roles.

The main result of the chapter is the construction of the fiber product X ˆS Y as a scheme.
We first carry out this construction when X , Y and S are affine schemes, and then extend it
to general schemes using gluing techniques.

An important observation is that the fiber product of two varieties is not, in general, a
variety, but rather a scheme. In fact, the fact that fiber products exist is one of the most
important properties of the category of schemes, and one can argue that it is the definitive
reason for transitioning from varieties to schemes.

Towards the end, we will treat the main applications and study a series of examples. We
also explain some of the various contexts where fiber products appear, including base change
and scheme-theoretic fibers.

Fiber products

The notion of a fiber product is meaningful in any category C. Although our main concern
will be the category of schemes, we give the definition in a general setting.

A fiber product of two arrows fX : X Ñ S and fY : Y Ñ S in a category C, is an object
X ˆS Y together with two arrows pX : X ˆS Y Ñ X and pY : X ˆS Y Ñ Y such that

X ˆS Y Y

X S

pY

pX fY

fX

(7.1)

commutes, and satisfying the following universal property: for any two arrows gX : Z Ñ X
and gY : Z Ñ Y in C such that fX ˝gX “ fY ˝gY , there is a unique arrow g : Z Ñ XˆSY
such that pX ˝ g “ gX and pY ˝ g “ gY .

We call a commutative diagram (7.1) a Cartesian diagram or a Cartesian square. The
universal property can be visualized in the following diagram:

144
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7.1 Introduction 145

Z

X ˆS Y Y

X S

g

gY

gX

pY

pX fY

fX

(7.2)

When the fiber product exists, it is unique up to a unique isomorphism. This follows directly
from the universal property: given two candidates for the fiber product, W and W 1, with
projections pX , pY and p1

X , p
1
Y respectively, then there exists a unique isomorphism θ : W Ñ

W 1 so that pX “ p1
X ˝ θ and pY “ p1

Y ˝ θ. The uniqueness of θ follows because W 1 is a
fiber product: it is the unique morphism W Ñ W 1 arising from the universal property of W 1.
For this reason, we allow ourselves to speak about the fiber product.

It is not so hard to come up with examples of categories where fiber products do not
exist. For instance, the fiber product does not exist in the familiar category of differentiable
manifolds, and also not in the category of affine varieties, as we will see later. This is yet
another reason why we need to make the transition from varieties to schemes.

Given two morphisms over S, ϕ : Z Ñ X and ψ : W Ñ Y , we can also form their
product

ϕˆ ψ : Z ˆS W ÝÝÑ X ˆS Y, (7.3)

which is the unique morphism induced by the compositions ϕ˝pZ and ψ ˝pW where pZ , pW
are the projections of Z ˆS W . By construction, we have pX ˝ pϕ ˆS ψq “ ϕ ˝ pZ and
pY ˝ pϕˆS ψq “ ψ ˝ pW .

Fiber products of sets.

In the category of sets, the fiber product has a concrete description. Given two maps of sets
fX : X Ñ S and fY : Y Ñ S, their fiber productXˆS Y is the subset ofXˆY consisting
of pairs px, yq with equal images in S:

X ˆS Y “ t px, yq P X ˆ Y | fXpxq “ fY pyq u.

The projections pX and pY are the usual projection maps pXpx, yq “ x and pY px, yq “ y.
We can check directly that X ˆS Y satisfies the universal property: given any two maps

gX : Z Ñ X and gY : Z Ñ Y such that fX ˝ gX “ fY ˝ gY , then the required unique map
g : Z Ñ X ˆS Y is simply given by gpzq “ pgXpzq, gY pzqq.

Example 7.1. If S “ t˚u is a singleton,XˆS Y is the usual Cartesian productXˆY . △

Example 7.2. For subsets X,Y Ă S with their inclusion maps, the fiber product is equal to
the intersection: X ˆS Y “ X X Y. △

Example 7.3. For a map f : X Ñ S and s P S, the fiber product with the inclusion
tsu ãÑ S is equal to the preimage: X ˆS tsu “ f´1psq.
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In fact, a general fiber product as a disjoint union

X ˆS Y “
ğ

sPS

f´1
X psq ˆ f´1

Y psq.

This is the reason for the name ‘fiber product’; the fibers of the map X ˆS Y Ñ S are the
Cartesian products of the fibers of the two maps fX and fY . △

7.2 Fiber products of schemes

The following existence theorem is the main result of this chapter.

Theorem 7.4 (Existence of fiber products). For any schemes X Ñ S and Y Ñ S over
a base scheme S, there is a scheme X ˆS Y satisfying the universal property of the fiber
product.

When the base scheme S “ SpecA is affine, the fiber product X ˆS Y is often denoted
by X ˆA Y .

The proof of the theorem consists of a series of reductions to the affine case. For the affine
case the fiber product is defined using the tensor product of rings. The reductions rely heavily
on the gluing techniques developed in Chapter ??.

A remark before we begin: one cannot construct the fiber product X ˆS Y by defining
a structure sheaf on the fiber product of the sets. In fact, the underlying set of a product of
schemes can be very different from the product of the underlying sets of X and Y . This
may seem counterintuitive at first, but is in fact a typical feature of the fiber products of
schemes (see the examples in Section 7.3). It is important to keep in mind that we are taking
the fiber product of the morphisms X Ñ S and Y Ñ S, not merely of the schemes X and
Y themselves.

The points of the fiber product X ˆS Y become easier to understand if we consider the
R-valued points. For a ring R, we have

pX ˆS Y qpRq “ XpRq ˆSpRq Y pRq (7.4)

where the right-hand side is the fiber product of sets. This is just a rephrasing of the universal
property of the fiber product: to give a morphism SpecR Ñ X ˆS Y is equivalent to giving
two morphisms, SpecR Ñ X and SpecR Ñ Y , so that the compositions SpecR Ñ

X Ñ S and SpecR Ñ Y Ñ S are equal.

Products of affine schemes

We being by the constructing fiber products of affine schemes. The main observation is that
the category of affine schemes is equivalent to the opposite category of rings Ringsop, and
that the tensor product of algebras enjoys a universal property dual to the one of the fiber
product.

Consider A-algebras B1 and B2 with structure maps αi : A Ñ Bi for i “ 1, 2. Then the
tensor product B1 bA B2 is also an A-algebra, via pb1 b b2qpc1 b c2q “ pb1c1q b pb2c2q.
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7.2 Fiber products of schemes 147

Moreover, there are maps of A-algebras

β1 : B1 Ñ B1 bA B2, b1 ÞÑ b1 b 1

β2 : B2 Ñ B1 bA B2, b2 ÞÑ 1 b b2

They fit into the commutative diagram

B1 bAB2 B2

B1 A

β2

β1

α1

α2 (7.5)

where commutativity holds because α1paq b 1 “ 1b α2paq by definition of the tensor
product B1 bAB2 (this is the significance of the tensor product being taken over A; one can
move elements from A between the components of the tensor).

Moreover, the tensor product is universal among diagrams such as (7.5). More presisely,
suppose that γi : Bi Ñ C are maps of A-algebras, i.e. γ1 ˝ α1 “ γ2 ˝ α2 (i.e., they fit
into a commutative diagram analogous to (7.5), but with the βi’s replaced by the γi’s).
The assignment b1 b b2 Ñ γ1pb1qγpb2q is A-bilinear and hence extends uniquely to an A-
algebra homomorphism γ : B1 bAB2 Ñ C , which obviously has the property γ ˝ βi “ γi,
as expressed in the following commutative diagram:

C

B1 bA B2 B2

B1 A.

γ

β2

γ2

β1

γ1
α2

α1

(7.6)

Applying Spec to (7.5), we arrive at the diagram

SpecpB1 bAB2q SpecB2

SpecB1 SpecA,

p2

p1 (7.7)

and SpecpB1 bAB2q is universal among affine schemes sitting in a diagram like (7.7).
Hence SpecpB1 bAB2q serves as the fiber product in the category AffSch of affine schemes.
In fact, it is the fiber product in the larger category Sch of schemes:

Proposition 7.5. For morphisms fi : SpecBi Ñ SpecA for i “ 1, 2, the scheme
SpecpB1 bAB2q with the two projection p1 and p2 is the fiber product of the SpecBi’s
in the category of schemes Sch.

Unravelled, this means: if Z is any scheme and gi : Z Ñ SpecBi are morphisms with
f1 ˝ g1 “ f2 ˝ g2, there exists a unique morphism g : Z Ñ SpecpB1 bAB2q such that
pi ˝ g “ gi for i “ 1, 2.
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Proof To check the universal property, we apply Theorem 4.6 about maps into affine
schemes. The morphisms gi give maps of A-algebras Bi Ñ OZpZq. By the universal
property of the tensor product, these induce a unique map ofA-algebrasB1bAB2 Ñ OZpZq,
which in turn gives the desired map g : Z Ñ SpecpB1 bA B2q of schemes over SpecA by
Theorem 4.6. By construction, this map satisfies pi ˝ g “ gi for i “ 1, 2. Finally, g is unique
by the uniqueness part of Theorem 4.6 and the universal property of the tensor product.

Products of general schemes

Recall that any open subset U of a schemeX has a canonically defined scheme structure as an
open subscheme with the structure sheaf equal to the restriction OX |U . Hence, if f : X Ñ Y
is any morphism and V Ă Y is an open subscheme, the inverse image f´1V is an open
subscheme of X , and any morphism g : Z Ñ X such that f ˝ g factors through V , will
factor through f´1V .

Lemma 7.6. If X ˆS Y exists and U Ă X is an open subscheme, then U ˆS Y exists
and is canonically isomorphic to the open subscheme p´1

X U with the two restrictions
pX |p´1

X U and pY |p´1
X U as projections.

Proof Write ι : U Ñ X for the open embedding. We need to verify that p´1
X U together

with the restriction of the two projections satisfies the universal property. Suppose Z is a
scheme and gU : Z Ñ U and gY : Z Ñ Y are two morphisms over S. The situation is
displayed in the diagram below

Z p´1
X U X ˆS Y Y

U X S

gU

gY

ḡ pY

pX

ι

The composition gX “ ι ˝ gU is a map into X , and gX and gY induce a unique map of
schemes g : Z Ñ X ˆS Y with gX “ pX ˝ g and gY “ pY ˝ g. Clearly pX ˝ g “ ι ˝ gU
takes values in U . Therefore g takes values in p´1

X U , and we get an induced morphism
g : Z Ñ p´1

X U . Using Exercise 7.7.1, we see that g is unique because g is, and hence p´1
X U

satisfies the universal property of the fiber product.

The following lemma will allow us to construct fiber products in general by gluing.

Lemma 7.7. Let fX : X Ñ S and fY : Y Ñ S be two morphisms and assume that
there is an open cover tUiuiPI of X such that Ui ˆS Y exists for all i P I . Then X ˆS Y
exists. The products Ui ˆS Y form an open cover of X ˆS Y and the projections restrict
to projections.

Proof The proof involves gluing together the different schemes Ui ˆS Y and verifying that
the result indeed is a product X ˆS Y . Write Uij “ Ui X Uj and Uijk “ Ui X Uj X Uk for
the intersections and let pi : Ui ˆS Y Ñ Ui denote the projections.
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By Lemma 7.6 the inverse images p´1
i pUijq serve as fiber products Uij ˆS Y with the re-

strictions of pi and pY as projections. Hence there are unique isomorphisms θji : p´1
i pUijq Ñ

p´1
j pUijq making the following triangles commute

p´1
i pUijq p´1

j pUijq

Uij

θji

»

pi pj
(7.8)

To be able to glue together the p´1
i pUiq’s using the θij’s, we need to verify the three conditions

of Theorem 4.35 on page 81. The two items (i) and (ii) follow readily. For (iii), note that by
Lemma 7.6 the preimages p´1

i pUijkq serve as products Uijk ˆS Y with the restrictions of pi
and pY as projections. Moreover, the restrictions of the θij’s fit into a commutative diagram

p´1
i pUijkq p´1

j pUijkq p´1
k pUijkq

Uijk.

pi

θji

»

pj

θkj

»

pk

The two small triangles commute, so the big one commutes as well, and it follows by
uniqueness of the isomorphisms that θki “ θkj ˝ θji. The third gluing condition is therefore
fulfilled, and we can glue the p´1

i pUiq’s together to a scheme X ˆS Y . Moreover, in view of
the commutative diagram (7.8) and Proposition 4.36 on page 82, the pi’s patch together to a
map pX : X ˆS Y Ñ X . The projections Ui ˆS Y Ñ Y are basically unaffected by the
gluing process and glue together to a morphism pY : X ˆS Y Ñ Y .

Finally, we check that X ˆS Y together with pX and pY satisfy the universal property.
Let Z be any scheme with morphisms ϕX : Z Ñ X and ϕY : Z Ñ Y such that fX ˝ ϕX “

fY ˝ ϕY . For each i P I , the restrictions ϕ´1
X pUiq Ñ Ui and ϕY : Z Ñ Y induce a

unique morphism ϕi : ϕ
´1
X pUiq Ñ Ui ˆS Y by the universal property of Ui ˆS Y . On the

overlaps ϕ´1
X pUijq, the morphisms ϕi and ϕj agree by the uniqueness in the universal property.

Therefore, the morphisms ϕi glue together to a (unique) morphism ϕ : Z Ñ X ˆS Y such
that pX ˝ ϕ “ ϕX and pY ˝ ϕ “ ϕY .

An immediate consequence is that fiber products exist when the base S is affine.

Lemma 7.8. Assume that S is affine, then X ˆS Y exists.

Proof First, if Y is affine as well, we are done: cover X by open affine subschemes Ui;
then each Ui ˆS Y exists by the affine case, and we may apply Lemma 7.7 above. In general,
cover Y by affine open subschemes Vi. As we just verified, the products X ˆS Vi all exist,
and applying Lemma 7.7 again, we conclude that X ˆS Y exists.

For the final reduction, we will need the following lemma.

Lemma 7.9. If T Ă S is an open subscheme and the fiber product X ˆT Y exists, then
the fiber product X ˆS Y exists and is isomorphic to X ˆT Y .
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Proof Let ι : T Ñ S be the inclusion. Let pX and pY be the projection morphisms from
X ˆT Y . For any scheme Z with morphisms ϕX : Z Ñ X and ϕY : Z Ñ Y such that
ι ˝ f ˝ ϕX “ ι ˝ g ˝ ϕY , the condition f ˝ ϕX “ g ˝ ϕY holds because ι is an inclusion
(Exercise 7.7.1). By the universal property of X ˆT Y , there exists a unique morphism
Z Ñ X ˆT Y making the diagram commute. Hence, X ˆT Y satisfies the universal
property of X ˆS Y .

Finally, with Lemmas 7.8 and Lemma 7.9, we can finish the proof of Theorem 7.4.

Proof of Theorem 7.4 Let tSiuiPI be an open affine cover of S and let Ui “ f´1
X pSiq and

Vi “ f´1
Y pSiq. By Lemma 7.8 the products Ui ˆSi

Vi all exist. By Lemma 7.9 these serve as
products Ui ˆS Vi. Then applying Lemma 7.7 again, we see that the schemes Ui ˆS Vi glue
to the fiber product X ˆS Y and the proof is complete.

Here are some of the basic properties of the fiber product. It is possible to deduce them
directly using gluing arguments, but with the so-called ‘functor of points’, which we will
introduce in Section 8.1, the proofs will become simple and natural.

Proposition 7.10 (Basic formulas). Let X , Y , Z and T be schemes over S. There are
unique canonical isomorphisms over S, all compatible with projections:

(i) (Reflectivity) X ˆS S » X .
(ii) (Symmetry) X ˆS Y » Y ˆS X .

(iii) (Associativity) pX ˆS Y q ˆS Z » X ˆS pY ˆS Zq.
(iv) (Transitivity) pX ˆS T q ˆT Y » X ˆS Y .

In the last claim Y is supposed to be a scheme over T , and X ˆS T is considered a
scheme over T via the projection onto T .

7.3 Examples

As noted in the introduction, the fiber product of schemes can exihibt unexpected behaviour
in some situations, differing from what we are used to in set theory or topology. The main
difference is that the underlying set is almost never the product of the underlying sets of the
factors. The next few examples illustrate this.

Example 7.11. For a ring R and non-negative integers m,n, we have

Rrx1, . . . , xms bR Rry1, . . . , yns » Rrx1, . . . , xm, y1, . . . , yns,

and so

AmR ˆR AnR » Am`n
R .

Even when R “ C, the affine space Am`n
C has an underlying set which is different from

the Cartesian product AmC ˆ AnC, and the topology is not equal to the product topology (see
Example 2.17). △

Example 7.12. Let X Ă AmR “ SpecRrx1, . . . , xms and Y Ă AmR “ SpecRry1, . . . , yns

be two closed subschemes, defined by the ideals a “ pf1, . . . , frq Ă krx1, . . . , xms and
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b “ pg1, . . . , gsq respectively. Then X ˆR Y is isomorphic to the closed subscheme of
Am`n
R given by

SpecRrx1, . . . , xm, y1, . . . , yns{pf1, . . . , fr, g1, . . . , gsq

This is the scheme version of the product in Example 1.36. △

Here are three examples of fiber products of spectra of fields:

Example 7.13. Consider the fiber product SpecC ˆR SpecC. This scheme has two distinct
closed points, even if both factors are singletons.

To see this, we compute the tensor product CbR C, by writing C “ Rrts{pt2 ` 1q:

CbR C “ Rrts{pt2 ` 1q bR C “ Crts{pt2 ` 1q “ Crts{pt´ iqpt` iq “ C ˆ C.

Here the last equality follows from the Chinese Remainder Theorem. △

Example 7.14. The fiber product SpecF2 ˆZ SpecF3 is empty. Indeed, it is the spectrum
of the ring

Z{2 bZ Z{3 » Z{p2, 3q “ 0

See Exercise 7.7.2 for a generalization. △

Example 7.15. The fiber product SpecCpxq ˆC SpecCpyq is a bit surprising – it contains
infinitely many points. This is because the tensor product A “ Cpxq bC Cpyq is a ring of
Krull dimension 1, and it contains infinitely many maximal ideals.

To see this, we observe that A can be written as the localization S´1Crx, ys, where

S “ t ppxqqpyq | ppxqqpyq ‰ 0 u.

Every prime ideal p Ă A has the form p “ S´1q for some prime ideal q Ă Crx, ys disjoint
from S. We observe that q cannot be a maximal ideal. Maximal ideals in Crx, ys are of the
form px´a, y´bq with a, b P C, but these intersect S non-trivially (e.g., px´aqpy´bq P S).
Hence, q must have height at most 1. Since S contains all non-zero polynomials in Crxs

and Crys, q must avoid both Crxs and Crys. Hence either q “ p0q or q “ pfpx, yqq, where
fpx, yq is an irreducible polynomial which does not lie in Crxs Y Crys.

In conclusion, all non-zero primes in A are therefore maximal, and so A has dimension 1,
and SpecA contains infinitely many points. △

7.4 Base change

The fiber product leads to one of the most powerful techniques in algebraic geometry - the
ability to change base schemes. This process generalizes the familiar idea of considering
polynomial equations, such as x2 ` 1, over different rings, but in the geometric framework
of schemes.

Consider a scheme X over S with structure morphism p : X Ñ S. If T Ñ S is any
morphism, we can form the fiber product XT “ X ˆS T , which is naturally a scheme over
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T . This fits into the Cartesian diagram

XT X

T S.

pT p

One says that XT is obtained from X by base change along T Ñ S.
While the ’base change’ is essentially a fiber product, the novelty lies in the interpretation:

We start with a scheme over S, and obtain new schemes XT by changing the base schemes T .
This philosophy turns out to be very powerful for studying schemes and proving properties
about schemes and morphisms, as we will see shortly.

Example 7.16 (Field extensions). Let X “ Spec krx1, . . . , xns{pf1, . . . , frq be an affine
scheme over k. For any field extension k Ă K the base change XK is given by

XK “ X ˆk K “ SpecKrx1, . . . , xns{pf1, . . . , frq

So XK is the scheme defined by the same equations as X , but viewed over K instead of k.
For instance, if X “ SpecRrx, ys{px2 ` y2 ` 1q, then the base change XC to C is given

by

XC “ SpecCrx, ys{px2 ` y2 ` 1q

There is a significant change in the geometry: X has no R-points, but XC has infinitely many
C-points. △

Example 7.17. Suppose that X is a scheme over a field k and that σ : k Ñ k is a field
automorphism. The automorphism σ induces a morphism ι : Spec k Ñ Spec k, and we may
form the base change σX which fits into the diagram

σX X

Spec k Spec kι

Then that X and σX are isomorphic as abstract schemes, but they need not be isomorphic as
k-schemes.

For a concrete example, consider k “ Qp
?
2q and the automorphism σpa ` b

?
2q “

a´ b
?
2. Then we get two schemes

X “ Spec krx, ys{px2 `
?
2y2 ` 1q σX “ SpecQp

?
2qrx, ys{px2 ´

?
2y2 ` 1q.

The first scheme has no Qp
?
2q-valued points, whereas the latter has infinitely many. △

Example 7.18. Base change also appears naturally in number theory when analyzing so-
lutions to Diophantine equations. Here one can often simplify the analysis by working in
some larger ring or modulo a suitable ideal. Consider, for instance, the Fermat equation
x3 `y3 “ z3 and its associated schemeX “ SpecZrx, y, zs{px3 `y3 ´z3q. The Z-valued
points of X correspond exactly to the integer solutions to the equation. To study these solu-
tions, it is natural to consider the base change to the ring R “ Zrωs where ω “ e2πi{3 is a
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primitive cube root of unity. Over R, the equation factors as:

x3 “ pz ` yqpz ` ωyqpz ` ω2yq

Using this factorization, and the fact that R is a UFD, one can prove that XpRq, and hence
XpZq, contains only the trivial solutions where xyz “ 0. △

Properties stable under base change

When studying morphisms of schemes, it is natural to ask how their properties behave
under base change. If P is a property of morphisms, one says that P is stable under base
change if for any T over S, the map fT has the property P whenever the original morphism
: X Ñ Y f does. The same convention applies to properties of schemes.

Examples 7.20 and 7.21 below show that neither being irreducible nor being reduced are
properties stable under base change.

On the other hand, many imporant geometric properties are preserved by base change. For
instance, being a closed or open embedding:

Proposition 7.19 (Embeddings and base change). Let f : Z Ñ X be a morphism and
consider its base change along Y Ñ X:

ZY Z

Y X.

fY f

If the morphism f is a closed, open or locally closed embedding, then the morphism
fY : ZY Ñ Y is as well.

Proof The case of an open embedding is a consequence of Lemma 7.6 on page 148. The
case of locally closed embeddings follow directly from the two others, so it suffices to show
that closed embeddings are stable under base change.

Assume first that X “ SpecA and Y “ SpecB are affine. Then a closed subscheme
f : Z Ñ SpecA is of the form Z “ SpecpA{aq for some ideal a (Proposition 4.26 on
page 74), and therefore

ZY “ Z ˆX Y “ SpecpA{abABq “ SpecpB{aBq.

and fY corresponds to the closed subscheme SpecpB{aBq Ñ SpecB.
For the general case, the statement is local on Y (Exercise 4.11.36 on page 88). For any

open affine U Ă Y mapping into an open affine V Ă X , Lemma 7.9 on page 149, implies
that f´1V ˆX Y “ f´1V ˆV U , and by the affine case this is a closed subscheme of U .
Finally, one may cover Y by such U ’s by first covering X by affine opens and subsequently
cover each of their inverse images in Y by affine opens.

Example 7.20 (Being irreducible is not stable under base change). Consider the R-algebra
A “ Rrx, ys{px2 ` y2q. Over R, the polynomial x2 ` y2 is irreducible, so X “ SpecA is
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an irreducible R-scheme. The base change to C however is not irreducible, because

AbC C » Crx, ys{px´ iyq ˆ Crx, ys{px` iyq

and so XC is the union of two conjugate lines in SpecCrx, ys △

Example 7.21 (Being reduced is not stable under base change). An example was already
given in Exercise 7.7.4. Consider the scheme X “ SpecZrx, ys{px2 ´ 2y2q, viewed as a
scheme over SpecZ. Clearly X is integral, as x2 ´ 2y2 is irreducible. However, if we take
the base change via the morphism SpecF2 Ñ SpecZ, the resulting scheme is non-reduced:

XF2
“ SpecpF2rx, ys{px2qq

△

7.5 Scheme-theoretic fibers

One of the first applications of the fiber product is to define a scheme structure on the
preimage of a point under a morphism.

Let f : X Ñ Y be a morphism of schemes and y P Y be a point. Inspired by Example
7.3, we define the scheme theoretic fiber as the fiber product

Xy “ Specκpyq ˆY X.

This scheme fits into the Cartesian diagram

Xy “ X ˆY Specκpyq X

Specκpyq Y,

f

Here the morphism Specκpyq Ñ Y is the map corresponding to the point y. Recall that the
residue field κpyq is defined by κpyq “ OY,y{my, and that the ‘point-map’ Specκpyq Ñ Y
is the composition Specκpyq Ñ SpecOY,y Ñ Y .

By definition, the fiber Xy satisfies the following universal property: a morphism g : Z Ñ

X factors through Xy if and only if f ˝ g factors through Specκpyq Ñ Y (topologically
this means it maps Z to y P Y ).

It is common to write Xy for the scheme-theoretic fiber and reserve the notation f´1pyq

for the preimage as a topological space. The next proposition shows that the underlying
topological space of Xy is indeed equal to f´1pyq.

Proposition 7.22. Let f : X Ñ Y be a morphism and let y P Y be a point. Then
Xy Ñ X is a homeomorphism onto the topological fiber f´1pyq.

Proof We may assume that Y is affine, say Y “ SpecA.
We first treat the case where X is also affine, say X “ SpecB and f : X Ñ Y is

induced by a ring map ϕ : A Ñ B. In this situation, Proposition 2.36 states that the fiber
f´1ppq over a point p P SpecA is homeomorphic to the spectrum of the ring pB{pBqp via
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the composition SpecpBp{pBpq Ñ SpecpBpq Ñ SpecpBq. On the other hand, standard
formulas for tensor products give

pB{pBqp “ BbAAp{pAp “ BbA κppq.

Here the Zariski topology on SpecpB{pBqp (i.e. the induced topology on f´1ppq) coincides
with the Zariski topology on SpecpBbA κppqq (i.e. the topology on the scheme Xy), and so
the proposition holds when X is affine.

For the general case, let U be an open and affine subset of X . Let ι : Xy Ñ X denote
the natural map X ˆY Specκpyq Ñ X . By Lemma 7.6 on page 148, the fiber product
Uy “ U ˆY Specκpyq, coincides with the open subscheme ι´1pUq of Xy. By the affine
case, Uy maps homeomorphically onto pf |´1

U qpyq “ f´1pyqXU inside U . As being a home-
omorphism is local on the target, and this holds for any affine open, ι is a homeomorphism
onto f´1pyq.

Example 7.23. In Example ??, we showed that any scheme X admits a unique morphism
f : X Ñ SpecZ. This means that X can be viewed as a sort of ‘fibered object’ over SpecZ;
X is the union of the schemesXˆZSpecpFpq where p is a prime number andXˆZSpecpQq.
Compare this with Figure ??. △

7.6 The Segre embedding

In this section, we describe the Segre embedding of a product of two projective spaces.
At the level of k-points, the Segre embedding is defined by taking the products of homoge-

neous coordinates:

σ : Pmpkq ˆ Pnpkq ÝÝÑ Ppm`1qpn`1q´1pkq (7.9)

pa0 : ¨ ¨ ¨ : amq ˆ pb0 : ¨ ¨ ¨ : bnq ÞÝÑ pa0b0 : a0b1 : ¨ ¨ ¨ : aibj : ¨ ¨ ¨ : ambnq

Here, there are pm ` 1qpn ` 1q products cij “ aibj . This map is well-defined because
scaling the ai’s or the bj’s will scale the products cij accordingly. Moreover, if at least one of
the ai’s and one of the bj’s are non-zero, one of the products will be non-zero as well.

The map σ is also injective. Indeed, if cpq “ apbq ‰ 0, then the original coordinates can
be recovered up to scaling via the ratios ai{ap “ ciq{cpq and bj{bq “ cpj{cpq.

This construction has a natural generalization to schemes. For any ring A, there is a closed
embedding

σ : PmA ˆA PnA ÝÝÑ Ppm`1qpn`1q´1
A . (7.10)

To define it, we use the standard affine covers of the projective spaces involved. Let

Ri “ A

„

x0

xi
, . . . ,

xm
xi

ȷ

, Sj “ A

„

y0
yj
, . . . ,

yn
yj

ȷ

, Tij “ A

„

w00

wij
, . . . ,

wmn
wij

ȷ

be the rings defining the standard affine opens in PmA , PnA, and Ppm`1qpn`1q´1
A , respectively.

The affine schemes Uij “ SpecpRi bA Sjq give an open cover of PmA ˆA PnA. Over Uij ,
we consider the morphism Uij Ñ SpecpTijq induced by the ring map

ϕij : Tij ÝÝÑ Ri bA Sj,
wkl
wij

ÞÑ
xk
xi

b
yl
yj
, (7.11)
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P1
ˆ P1 Q Ă P3

σ

Figure 7.1 The Segre embedding of P1 ˆ P1

This ring map is surjective, as the tensor product Ri bA Sj is generated by the products
xk{xi b yl{yj as an A-algebra. Therefore, the induced morphism Uij Ñ SpecpTijq is a
closed embedding. Moreover, it is not difficult to check that these local embeddings glue to a
global closed embedding (7.10). Therefore, we get

Proposition 7.24. The scheme PmA ˆA PnA is projective over A.

The ideal of the image of σ is defined by the 2 ˆ 2 minors of the matrix pwijq (see ?).

Example 7.25. The product P1
A ˆA P1

A embeds as the quadric

Q “ V`pw00w11 ´ w01w10q Ă P2
A.

△

Proposition 7.24 also implies that the product of two projective A-schemes is again
projective. If X Ă PmA , and Y Ă PnA, then X ˆA Y embeds into projective space via the
composition

X ˆA Y ÝÝÑ Pm ˆA PnA ÝÝÑ Ppm`1qpn`1q´1
A .

7.7 Exercises

Exercise 7.7.1. Assume that U Ă X is an open subscheme and let ι : U Ñ X be the
inclusion map. Let f and g be two maps from a scheme Z to U and assume that ι ˝ f “ ι ˝ g.
Show that f “ g.

Exercise 7.7.2. Let p and q be different prime numbers. Show the following identities:
a) SpecFp ˆZ SpecFq “ H.
b) SpecZppq ˆZ SpecZppq “ SpecZppq.
c) SpecZppq ˆZ SpecZpqq “ SpecQ.

Exercise 7.7.3. Example 7.13 can be generalized as follows. Let K{k be a finite Galois
extension of fields with Galois group G. Show that the map xb y ÞÑ pxgpyqqgPG defines an
isomorphism

K bkK Ñ
ź

gPG

K.
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Hint: Write K “ krxs{pfpxqq for a minimal polynomial fpxq and compute K bk K using
the Chinese Remainder Theorem and the fact that f factors in K.

Deduce that SpecK ˆk SpecK has an underlying set with |G| points.

Exercise 7.7.4. This exercise goes along the same lines as Exercise 7.7.3 and gives an
example that a fiber product X ˆk SpecL may not be reduced even if X is.

Let k “ Fppaq for a prime number p and let L “ krxs{pxp ´ aq. Show that

Lˆk L » Lrts{ptp ´ aq » Lrts{pt´ xqp.

Conclude that SpecLˆSpec k SpecL is not reduced.

Exercise 7.7.5. Let X and Y be schemes over S with open affine covers tUiu and tVju.
Show that Ui ˆS Vj is an open cover of X ˆS Y .

Exercise 7.7.6. Let X “ SpecRrx, ys{px2 ` y2q.
a) Show that X is irreducible.
b) Show that X ˆR C is not irreducible, and describe the irreducible components.
c) Compute XpRq and XpCq.

Exercise 7.7.7. a) Show that the base change of a surjective morphism is surjec-
tive.

b) Show that the base change of an injective morphism need not be injective.
HINT: Consider SpecC Ñ SpecR.

Exercise 7.7.8. Let X “ SpecpQrx, ys{xyq and Y “ SpecpQrx, ys{px2 ` y2qq.
a) Compute HomSchpSpecQ, Xq and HomSchpSpecQ, Y q.
b) Show that X and Y are not isomorphic.
c) LetX 1 “ SpecpQpiqrx, ys{xyq and Y 1 “ SpecpQpiqrx, ys{px2`y2qq. Show

that X 1 and Y 1 are isomorphic.

Exercise 7.7.9. a) Show that the map sending σ P GalpQ{Qq to p “ KerpQ bQ
Q Ñ Qq defines a bijection

GalpQ{Qq ÝÝÑ Spec
`

Q bQ Q
˘

b) Describe the topological space X “ SpecpQ bQ Qq. Is it connected? Irre-
ducible? Reduced? Noetherian?

Exercise 7.7.10. In the setting above, show that the scheme-theoretic intersection is naturally
a closed subscheme of X , with underlying topological space equal to the intersection ipY q X

jpZq in X .

Exercise 7.7.11. Prove statements (i) and (iv) in Proposition 7.10.

Exercise 7.7.12. Let A “ Rrx, ys{px2 ` y2 ` 1q and let X “ SpecA. Show that the
base-change XC is isomorphic to A1

C ´ V ptq, but X is not isomorphic to A1
R ´ V ptq.

Exercise 7.7.13. Show that if B is an A-algebra, then AnB » AnA ˆA SpecB and that
PnB » PnA ˆA SpecB.

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

158 Fiber products

Exercise 7.7.14. Let Lm Ñ P1
k be the line bundle constructed in Section B.3 on page 451,

and let fn : P1 Ñ P1 be the map u ÞÑ un. Show that Lm ˆP1
k
P1
k “ Lnm.

Exercise 7.7.15 (Finite type and base change).
a) Show that the properties ‘finite’ and ‘finite type’ are stable under base change.
b) Show that the product of two morphisms of finite type is of finite type. Similarly

for two finite morphisms.

Exercise 7.7.16. Let m “ px1, . . . , xnq the origin in Ank .
(i) Show that the graded k-algebra

À

iě0 m
i{mi`1 is isomorphic to the polynomial

ring krt1, . . . , tns, where ti denotes the class of xi in m{m2.
(ii) Let π : X Ñ An be the blow up of the origin 0 in Ank (that is, of m). Show that

X0 “ Pn´1
k .

Exercise 7.7.17 (Flat base change). Let A be a ring and let B be a flat A-algebra. Let X be
a Noetherian scheme over A and let XB denote the base change to B. Show that there is a
natural isomorphism

ΓpXB,OXB
q “ ΓpX,OXq bA B (7.12)

Find an example where (7.12) fails for a non-flat A-algebra.

Exercise 7.7.18. Let X be a scheme over a field k and let k Ñ K be a field extension. If
XK denotes the base change to K, show that there is a natural bijection XpKq “ XKpKq.

Exercise 7.7.19. Show that P1
C ˆC P1

C fi P2
C.

Exercise 7.7.20. Consider the projective schemes X “ V`px2 ` y2 ` z2q and Y “

V`px2 ` y2 ` 3z2q in P2.
a) Show that XpQq “ Y pQq “ H.
b) Show that XpQp

?
3qq “ H, but Y pQp

?
3qq ‰ H. Deduce that X and Y are

not isomorphic.
c) Show that X ˆQ C and Y ˆQ C are isomorphic.

Exercise 7.7.21. Let P and Q be two lattice polytopes. Show that the product polytope
P ˆQ is a lattice polytope. Show that for a field k, there is a natural isomorphism of toric
varieties

XPˆQ » XP ˆk XQ

Exercise 7.7.22. Let k be a field with char k ‰ 2.
a) Show that X “ Spec krx, ys{py2 ´ x2 ´ x3q is an integral scheme.
b) Show that the base change to krrx, yss, Spec krrx, yss{py2 ´ x2 ´ x3q is

reducible. What is the geometric intuition here?

Exercise 7.7.23 (Scheme-theoretic intersections). If X is a scheme and Y,Z are two closed
subschemes we define their scheme-theoretic intersection as the fiber product Y ˆX Z of the
closed embeddings i : Y Ñ X and j : Z Ñ X .

a) Show that when X “ SpecA and Y and Z are closed subschemes given by
ideals I and J respectively, then Y ˆX Z is the closed subscheme associated
to the ideal I ` J .
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b) Show that in general, Y ˆX Z is a closed subscheme of X with underlying
topological space is homeomorphic to ipY q X jpZq in X

Exercise 7.7.24. Let R and R1 be two graded rings with degree 0 part A “ R0 “ R1
0. Show

that the tensor product R bA R
1 is naturally a graded ring with a decomposition

RbAR
1 “

à

ně0

à

i`j“n

Ri bAR
1
j,

Exercise 7.7.25 (Proj and base change). LetB be aR0-algebra. Show that there is a canonical
isomorphism

ProjR ˆR0
SpecB » ProjpRbR0

Bq.

HINT: There is an isomorphismRf bR0
B » pRbR0

Bqf b 1, defined by sending x{fnbb
to pxb bq{pf b 1qn.

Exercise 7.7.26 (Proj and fiber products). Let R and R1 be graded rings with R0 “ R1
0 “ A.

Consider the following subring S of R bA R
1:

S “
à

iě0

Ri bAR
1
i

a) Let f and g be homogeneous elements of positive degree in R and R1 respec-
tively. Show that there is a canonical isomorphism of A-algebras

θf,g : pRf q0 bA pRgq0 pSf b gq0,

defined by xf´a b yg´b ÞÑ pxf b b ygaqpf b gq´pa`bq.
b) Show that there is a canonical isomorphism between

τf,g : D`pf b gq D`pfq ˆA D`pgq.»

where D`pf b gq Ă ProjS.
c) Show that there is a natural isomorphism

ProjS ProjR ˆA ProjR1.»

d) In the case R and R1 are polynomial rings with the standard grading, show
that the isomorphism in (c)) identifies with the Segre embedding as defined in
Section 7.6.

Exercise 7.7.27 (Fiber product and products of fibers). Let f : X Ñ S and g : Y Ñ S be
two morphisms and let s P S be a point with ‘point map’ ι : Specκpsq Ñ S. Denote by
h : XˆSY Ñ S the structure map, i.e. h “ f ˝pX “ g˝pY . Show that the scheme-theoretic
fiber of h is the fiber product of the scheme-theoretic fibers of f and g:

pX ˆS Y qs “ Xs ˆκpsq Ys.

Exercise 7.7.28. Check that the morphisms Uij Ñ SpecpTijq defined in (7.11) glue to a
morphism σ : Pm ˆA PnA Ñ Ppm`1qpn`1q´1

A .
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Exercise 7.7.29 (Base changes are functorial). If f : X Ñ Y is a morphism over S, and
T Ñ S is a morphism, show that there is an induced morphism fT “ XT Ñ YT over T .
Show that pT ˝ fT coincides with the natural projection map XT Ñ T and is Cartesian:

XT YT T

X Y S.

fT pT

pY

f

Given morphisms f : X Ñ Y and g : Y Ñ Z over T , show that pg ˝ fqT “ gT ˝ fT .

Exercise 7.7.30 (Subschemes of Pm ˆ Pn). Let R “ Arx0, . . . , xm, y0, . . . , yns with the
bigrading defined by deg xi “ p1, 0q and deg yi “ p0, 1q. An element F P R is called
bihomogeneous of bidegree pd, eq if all the monomials in F have bidegree pd, eq. Given a
bihomogeneous polynomial F of bidegree pd, eq, define its dehomogenization with respect
to xp and yq as:

Fpp,qq “ x´d
p y´e

q F P A

„

xi
xp
,
yj
yq

ȷ

.

For a bihomogeneous ideal a, define the dehomogenized ideal as

app,qq “
␣

Fpp,qq | F P a bihomogeneous
(

Ă A

„

xi
xp
,
yj
yq

ȷ

.

a) Show that the closed subschemes

V`papp,qqq Ă D`pxpq ˆD`pyqq “ AmA ˆA AnA
glue to a closed subscheme V`paq Ă PmA ˆA PnA.

b) Show that there is a bijection between closed subschemes of PmA ˆ PnA and
bihomogeneous ideals in Arx0, . . . , xm, y0, . . . , yns which are saturated with
respect to the ‘irrelevant ideal’ px0, . . . , xmq X py0, . . . , ynq

Exercise 7.7.31. Show that C bQ C is not Noetherian.

Exercise 7.7.32. Show that if X and Y are of finite type over a scheme S, then X ˆS Y is
also of finite type over S.
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8

The functor of points*

What is the best way to specify a scheme? By definition, a scheme X can be described by a
collection of rings tAiuiPI , and for each pair i, j P I , a ring isomorphism ϕij : pAiqgij »

pAjiqgij between the localizations. This is certainly an efficient way of presenting a scheme,
but not the most conceptual. Often, schemes are better understood in terms of the problems
they are designed solve. The fiber product of two schemes is a good example of this; the
explicit construction ofXˆSY is mainly used to show that the product exists, most arguments
use only the formal properties of the product. Likewise, projective space Pn is a scheme
whose k-points parameterize 1-dimensional subspaces of kn`1. This geometric description is
much more intuitive and useful than the description in terms of gluing together n` 1 affine
spaces. However, a priori, there could be other schemes with the same property, so we have
to be more precise about the ‘universal property’ that characterizes Pn.

The precise way of specifying such universal properties is through the functor of points.
This is an important concept in algebraic geometry, which provides a different way of thinking
about schemes. Instead of focusing on the internal structure of a scheme, the functor of points
focuses how a scheme interacts with other schemes.

Specifically, the functor of points of a scheme X assigns to each scheme T the set of
morphisms T Ñ X . We have already seen that it is natural to study maps from a fixed
scheme into X: we think of the points of X as morphisms Spec k Ñ X and we think of
tangent vectors as morphisms Spec krϵs{pϵ2q Ñ X . By looking at all possible morphisms
T Ñ X at once, we get a functor from schemes to sets which contains all the information
about X; in particular X can be recovered by its functor.

The functor of points perspective is particularly useful for proving formal properties of
schemes, such as Proposition 7.10.

8.1 The functor of points

Recall from Section 4.7, that for a scheme X and a ring R, the set of R-valued points XpRq

is the set of all scheme maps SpecR Ñ X . There is a generalization of this, where we
consider the set of all morphisms T Ñ X from a fixed scheme T into X . Formally, we
define the functor of points associated with a scheme X to be the functor hX : Schop

Ñ Sets
defined by

hXpT q “ HomSchpT,Xq.

161
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162 The functor of points*

This functor sends a morphism f : S Ñ T to the map of sets

hXpfq : hXpT q ÝÝÑ hXpSq

g ÞÝÑ g ˝ f.

If f : X Ñ Y is a morphism of schemes, there is for each T an induced map hf pT q : hXpT q Ñ

hY pT q defined by sending g : T Ñ X to f ˝ g.
A natural question is whether the scheme X is determined by the functor hX . The answer

is ‘yes’, and this is essentially the content of Yoneda’s lemma.
Let us formulate Yoneda’s Lemma in its natural generality. If C is a category, and X is an

object in C, we get a contravariant functor from C to Sets by

HomCp´, Xq

A natural transformation η between two such functors is a collection of morphisms

ηT : HomCpT,Xq ÝÝÑ HomCpT, Y q, (8.1)

one for each object T in C such that whenever h : S Ñ T is a morphism in C there is a
commutative diagram (of sets)

HomCpT,Xq HomCpT, Y q

HomCpS,Xq HomCpS, Y q

ηT

ηS

and where the vertical arrows are given by σ ÞÑ h ˝ σ.

Lemma 8.1 (Yoneda’s Lemma). Let C be a category and let X and Y be objects of C.
Given a natural transformation

η : HomCp´, Xq ÝÝÑ HomCp´, Y q, (8.2)

there is a unique morphism f : X Ñ Y that induces η, that is, for every object T in C,
the map of sets

ηT : HomCpT,Xq ÝÝÑ HomCpT, Y q, (8.3)

is given by ηT pσq “ f ˝ σ.
Furthermore, η is an isomorphism if and only if f is an isomorphism.

Proof Applying η to the object X , we have a map of sets

ηX : HomCpX,Xq ÝÝÑ HomCpX,Y q.

If there is a morphism f : X Ñ Y that induces η, then we must have

ηXpidXq “ f ˝ idX “ f.

Therefore f is determined by η, so it is unique if it exists.
For the existence, we define f “ ηXpidXq and will check that f induces η. This means

that for any object T , the map of sets

ηT : HomCpT,Xq ÝÝÑ HomCpT, Y q
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8.1 The functor of points 163

is equal to the map of sets that sends σ : T Ñ X to f ˝ σ.
Since η is a natural transformation, we have for any σ : T Ñ X , a commutative diagram

HomCpX,Xq HomCpX,Y q

HomCpT,Xq HomCpT, Y q

ηX

ηT

Going through the diagram clockwise, we see that idX gets sent to σ ˝ f , while going
counterclockwise, idX gets sent to ηT pσq. Hence

ηT pσq “ σ ˝ f.

and so η is induced by f .

In particular, we have the following consequences:

Corollary 8.2. For two schemes X and Y , we have:
(i) hX and hY are isomorphic (as functors from Schop to Sets), if and only if

X » Y :
(ii) If a functor F is isomorphic to hX for some schemeX , thenX is determined

up to isomorphism.

Replacing the scheme X with its associated functor of points hX , may at this point seem
like just yet another jump in abstraction, but the nice thing is that you can work with functors
whose values are sets. For instance, by the Yoneda lemma, we see that giving a morphism
f : X Ñ Y of schemes, is the same thing as for each scheme Y giving a map of sets
fpT q : XpT q Ñ Y pT q which is functorial in T (i.e. a natural transformation). In fact, using
that schemes are locally affine, and that morphisms of schemes glue together, it is even
sufficient to test this condition on affine schemes T “ SpecB.

Another important consequence of this is that instead of specifying a scheme explictly, say
by giving a projective embedding and a homogeneous ideal, we can simply specify a functor
equivalent to hX , and this will precisely pin down what scheme we are talking about. Many
schemes are in the first place defined as solutions to universal problems (e.g. fiber products),
so computations involving the functors is both more natural and simpler than say, explicit
equations.

We say that a functor F : Schop
Ñ Sets is representable if there exists a scheme X so

that F » hX .

Example 8.3 (The functor of points of A1). The functor

F pT q “ OT pT q

is representable by the affine line A1
Z “ SpecZrts. This follows by Theorem ?? on page ??,

which says that to give a morphism T Ñ A1
Z is the same thing as specifying an element of

OT pT q.
More generally, An represents the functor F pT q “ ΓpT,OT qn. This is just a fancy way

of saying that a morphism X Ñ An is the same thing as an n-tuple of regular functions. △
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164 The functor of points*

Example 8.4 (The functor of points of SpecA). More generally still, let A be a ring and
consider the functor F : Schop Ñ Sets given by

F pT q “ HomRingspA,OT pT qq.

Then Theorem 4.6 implies that F is represented by SpecA. △

Example 8.5 (Group schemes). A group scheme is a scheme G so that hG : Sch
op

Ñ Sets
takes values in the category of groups (viewed as a subcategory of Sets). By Yoneda’s
Lemma, being a group scheme implies that there are scheme morphisms m : GˆG Ñ G
and i : G Ñ G satisfying the usual group axioms (associativity, identity, and inverses). △

Example 8.6. The scheme GLn “ SpecZrx11, . . . , xnn,
1

detpxijq
s is a group scheme. It

represents the functor

GLnpT q “ tM P MatnˆnpOT pT qq | DN P MatnˆnpT q such that MN “ NM “ id u.

If A and B are n-matrices with entries in OT pT q, then pA,Bq ÞÑ AB defines a natural
transformation GLnpT q ˆ GLnpT q Ñ GLnpT q, and so we get a morphism of schemes

m : GLn ˆGLn ÝÝÑ GLn .

which on R-points corresponds to multiplying the corresponding matrices. Likewise, the
assignment A ÞÑ A´1 defines a natural transformation, and hence a morphism of schemes

i : GLn ÝÝÑ GLn

It would be possible to write down formulas for the ring homomorphisms that define m
and i, but even checking associativity by composing the relevant ring maps would be quite
cumbersome. However, as we know that matrix multiplication is associative, Yoneda’s Lemma
ensures that the corresponding scheme morphisms satisfy these properties. △

Example 8.7 (Group actions). If G is a group scheme, and X is a scheme, it is clear what it
should mean to have an action of G on X; for each T , the group GpT q should act on XpT q

in a natural way. This translates into existence of a scheme morphism σ : G ˆ X Ñ X
satisfying the usual axioms for a group action. For instance, σpghqpxq “ gphpxqq for every
x P XpT q and g, h P GpT q.

As a concrete example, we can consider the group Gm acting on the scheme U “

An`1´V px0, . . . , xnq. Then the scheme morphism π : U Ñ Pn is Gm is Gm-equivariant. In
fact, Pn is universal among such Gm-invariant morphisms, and so it can really be considered
as a quotient of U by Gm in the category of schemes. △

8.2 The fiber product in terms of the functor of points

There is a nice way to explain the universal property of fiber products of two S-schemes X
and Y in terms of the functors of points hX , hY and hS . For a scheme T , it translates into the
following: the set HomSchpT,X ˆS Y q is the fiber product of the two sets HomSchpT,Xq

and HomSchpT, Y q over HomSchpT, Sq. In other words, there is a natural bijection of sets (!)

hXˆSY pT q ÝÝÑ hXpT q ˆhSpT q hY pT q. (8.4)
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By uniqueness, these bijections are functorial in T , and we conclude that the functor of points
of the fiber product X ˆS Y is isomorphic to the fiber product functor hX ˆhS

hY , which
assigns the set hXpT q ˆhSpT q hY pT q to a scheme T . Thus the fiber product of schemes is
not so mysterious after all – it is essentially forced upon us by the universal property of fiber
products of sets.

Once we know the functor of points of X ˆS Y , Yoneda’s Lemma implies that many
computations involving fiber products reduce to ones involving sets only. To illustrate this,
we give a proof of Proposition 7.10

Proof of Proposition 7.10 By Yoneda’s Lemma, it suffices to verify the corresponding
statements for sets, and this is elementary: note that the assignments pb, aq ÞÑ b; pb, cq ÞÑ

pc, bq; and ppb, cq, dq ÞÑ pb, pc, dqq give natural bijections of sets

B ˆA A » B pb, aq ÞÑ b

B ˆA C » C ˆA B pb, cq ÞÑ pc, bq

pB ˆA Cq ˆC D » B ˆA pC ˆC Dq ppb, cq, dq ÞÑ pb, pc, dqq.

These translate into natural isomorphisms of functors

hXˆSS » hX

hXˆSY » hXˆSY

hpXˆSY qˆSZ » hXˆSpYˆSZq

and by Yoneda’s lemma, we have the isomorphisms between the corresponding fiber products
as well.

Example 8.8. To show AnZ ˆZ AmZ » An`m
Z , we can show that the two functors of points

are isomorphic. Note for a scheme T , there is a bijection of sets

pAnZ ˆZ AmZ qpT q » An`mpT q

defined by

pa1, . . . , anq ˆ pb1, . . . , bmq ÞÑ pa1, . . . , an, b1, . . . , bmq.

for a1, . . . , an, b1, . . . , bn P OT pT q. This assignment is natural in T , so we get an isomor-
phism between the functors of points and hence an isomorphism of schemes. △

8.3 Exercises

Exercise 8.3.1. Let A, B and C be sets.
a) Suppose fB : B Ñ A, fA1 : A1 Ñ A and fC : C Ñ A are maps with fC “

g ˝ fA1 for g : A1 Ñ A. Show that there is a bijection

B ˆA C » pB ˆA A
1q ˆA1 C

induced by pb, cq ÞÑ ppb, gpcqq, cq.
b) Deduce claim (iv) in Proposition 7.10.
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166 The functor of points*

Exercise 8.3.2. Show that functor of points of A1 ´ t0u “ SpecZrt, t´1s is isomorphic to

F pT q “ ΓpT,OT qˆ.

Exercise 8.3.3. Show that the functor T ÞÑ GLnpOT pT qq is represented by the scheme
GLn “ SpecZrtij, detptijq

´1s.

Exercise 8.3.4 (A scheme is a sheaf). Let X and T be two schemes.
a) Show that if S Ă T is an open subscheme, then there is a natural restriction

map

ρT,S : hXpT q Ñ hXpSq. (8.5)

b) Let tTiuiPI be an open over of T and let ϕ, ψ P hXpT q be two elements so that
ρT,Ti

pϕq “ ρT,Ti
pψq for every i. Show that ϕ “ ψ.

c) Let tTiuiPI be an open over of T and let ϕi P hXpTiq be elements so that

ρTi,TiXTj
pϕq “ ρTi,TiXTj

pψq

for every i, j. Show that the ϕi glue to an element ϕ P hXpT q.
Thus X determines a sheaf of sets on every scheme T !

Exercise 8.3.5. Let X be a scheme and let hX be its functor of points.
a) Show that hX is determined by its restriction to the subcategory of affine

schemes AffSch.
b) Deduce that X is completely determined by the functor R ÞÑ XpRq from

Rings to Sets.

Exercise 8.3.6. Let X be a scheme and let hX be its functor of points.
a) Show that hX is determined by its restriction to the subcategory of affine

schemes AffSch.
b) Deduce that X is completely determined by the functor R ÞÑ XpRq from

Rings to Sets.

Exercise 8.3.7. For each n P N, the group of n-th roots of 1 is defined by

µn “ SpecZrt, t´1s{ptn ´ 1q.

Show that µn represents the functor F pT q “ t a P OT pT q | tn “ 1 u.

Exercise 8.3.8. a) Let n ą 0 be an integer. Find a scheme which represents the
functor

F pXq “ t s P OXpXq | sn “ 0 u.

b) Show that the functor defined by

F pXq “ ts P OXpXq | s is nilpotentu

is not representable.

Exercise 8.3.9 (Surjectivity of maps of schemes). A morphism of schemes f : X Ñ Y is
said to be surjective if it is surjective on the level of topological spaces.
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a) Show that f is surjective if and only if the following condition holds: for every
field K and each K-valued point y P Y pKq there exist a field extension
L of K and x P XpLq such that fpLqpxq P X is the image of y under
Y pKq Ñ Y pLq.

b) Show that surjective morphisms are stable under composition and base change.
c) Suppose f : X Ñ Y is of finite type. Show that f is surjective if and only if the

induced map Xpkq Ñ Y pkq is surjective for every algebraically closed field k.
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9

Separated and proper morphisms

9.1 Separated schemes

We have seen several examples showing that the topology on schemes behaves very differently
from the usual Euclidean topology. In particular, schemes are essentially never Hausdorff
– the open sets in the Zariski topology are simply too large. Still we would like to find an
analogous property that can serve as a satisfactory substitute, so that we have good properties
such as ‘uniqueness of limits’. This leads to the notion of ‘separatedness’.

The route we take to defining separatedness involves the diagonal morphism. The motiva-
tion comes from the following basic fact from basic topology.

Proposition 9.1. A topological space X is Hausdorff if and only if the diagonal ∆ “

t px, xq | x P X u is a closed subset of X ˆX (in the product topology).

Proof The diagonal ∆ Ă X ˆX is closed if and only if the complement X ˆX ´ ∆ is
open, and with the product topology, this is equivalent to any point px, yq P X ˆ X with
x ‰ y being contained in U ˆ V where U, V Ă X are open and U ˆ V Ă X ˆ X ´ ∆.
But this is equivalent to the existence of U, V such that x P U , y P V and U X V “ H.

Even for the affine line X “ A1
k over a field, the usual Hausdorff condition does not

hold: any open set will contain the generic point p0q (or even in the context of varieties, two
non-open subsets intersect). On the other hand, the Zariski topology on a product is typically
much finer than the product topology on the underlying sets. For instance, for A1

k, we have
A1
k ˆk A1

k “ A2
k, and it makes perfect sense to talk about the subset V px ´ yq Ă A2

k of
points on the ‘diagonal’, and this is indeed a Zariski closed subset.

It turns out that the ’diagonal perspective’ gives a completely satisfactory notion of
‘Hausdorffness’ for schemes. In fact, it works for relative schemes X{S as well, and we will
speak of a morphism X Ñ S being separated, rather than the scheme itself.

The freedom to glue schemes together leads to many examples of non-separated schemes,
but they are not commonly encountered in practice. For instance, all affine schemes and
all projective schemes are separated. More importantly, some very nice and advantageous
properties hold only for separated schemes, and this legitimates the notion. For instance, in
a separated scheme, the intersection of two affine subsets is again affine (this is a property
which will be important later on).

168
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9.1 Separated schemes 169

Separated schemes

Let X{S be a scheme over S. The diagonal morphism is the morphism

∆X{S : X ÝÝÑ X ˆS X

defined by the two identity maps X Ñ X as components. In other words, the defining
property of ∆X{S is that pi ˝ ∆X{S “ idX for i “ 1, 2 where the pi’s denote the two
projections.

The following little lemma gives intuition for the diagonal morphism. In particular, it
tells us that if K is a field and x1, x2 P XpKq are two K-points, the induced K-point
x1 ˆ x2 : SpecK Ñ X ˆS X factors via the diagonal precisely whenever x1 “ x2.

Lemma 9.2. A morphism f : Z Ñ X ˆS X factors via the diagonal if and only if
p1 ˝ f “ p2 ˝ f .

Proof If f factors, the equality holds by definition of the diagonal. If the equality holds,
we put g “ p1 ˝ f : Z Ñ X , and the uniqueness part of the universal property gives that
∆X{S ˝ g “ f .

In the case that X and S are affine schemes, say X “ SpecB and S “ SpecA, the
diagonal has a simple and natural interpretation in terms of algebras; it corresponds to the
most natural map, namely the multiplication map:

µ : BbAB ÝÝÑ B.

Here µ sends bb b1 to the product bb1, and we extend it to BbAB by A-linearity. The
projections correspond to the two maps of A-algebra βi : B Ñ BbAB that send B to bb 1
respectively to 1b b. Clearly it holds that µ ˝ βi “ idB for i “ 1, 2. On the level of schemes
this translates into the defining property of the diagonal map. Moreover, µ is clearly surjective
so it induces a closed embedding. We have shown the following:

Proposition 9.3. If X is an affine scheme over the affine scheme S, then the diagonal
morphism ∆X{S : X Ñ X ˆS X is a closed embedding.

The conclusion here is not generally true for schemes, and we will see simple counterex-
amples shortly. However, from the proposition we just proved, it follows readily that the
image ∆X{SpXq is always locally closed, i.e. the diagonal is locally a closed embedding:

Proposition 9.4. The diagonal ∆X{S is locally a closed embedding.

Proof Begin with covering S by open affine subsets and subsequently cover each of their
inverse images in X by open affines as well. In this way one obtains a cover of X by affine
open subsets Ui whose images in S are contained in affine open subsets Si. The products
Ui ˆSi

Ui “ Ui ˆS Ui are open and affine, and their union is an open subset containing the
image of the diagonal. By Proposition 9.3 above the diagonal restricts to a closed embedding
of Ui in Ui ˆSi

Ui.

With this in place, we are ready to give the general definition of separatedness:
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170 Separated and proper morphisms

Definition 9.5. One says that the scheme X{S is separated over S, or that the structure
map X Ñ S is separated, if the diagonal map ∆X{S : X Ñ X ˆS X is a closed
embedding. One says for short that X is separated if it is separated over SpecZ.

Recall that being a closed embedding is a local property on the target. Translating this to
the case of ∆X{S , a morphism f : X Ñ S is separated if and only if for some open cover
tSiu of S it holds that all the restrictions f´1pSiq Ñ Si are separated.

Since ∆X{S is a locally closed embedding, it suffices to check that the image ∆X{SpXq is
a closed subset of X ˆS X . In particular, this means that being separated is a condition that
only involves the underlying topological part of the morphism f : X Ñ S.

Example 9.6. Any morphism SpecB Ñ SpecA of affine schemes is separated, by Proposi-
tion 9.3. This, together with the above paragraph, shows that any affine morphism f : X Ñ Y
is separated (Exercise 9.4.4). △

Example 9.7. Open embeddings are separated: if U Ă X is an open set, then U ˆX U » U
and under this identification, the diagonal map ∆U{X : U Ñ U is simply the identity
map. △

Example 9.8. The affine line X with two origins constructed in Section ?? on page ?? is not
separated over Spec k. Recall that X is constructed by gluing two copies U1, U2 of the affine
line A1

k “ Spec krus along their common open subset Spec kru, u´1s. Let g1 : U1 Ñ X
and g2 : U2 Ñ X denote the two open embeddings. The scheme X has two ‘origins’, which
are the images 01 and 02 of the origin 0 P A1

k under respectively g1 and g2.
To see that X is not separated, it is instructive to study what happens with the diagonal.

The scheme X ˆk X is glued together by four affine charts Ui ˆk Uj for i, j P t1, 2u, each
isomorphic to A2

k. Each A2
k contains an origin, so there are four origins in total. These are the

images 0iˆ0j of p0q P A1
k under the four embeddings gij : A1

k Ñ XˆkX with components
gi and gj . Away from the origin, these maps coincide and agree with the diagonal map.

By Lemma 9.2, only 01 ˆ 01 and 02 ˆ 02 lie on the diagonal. However, all four lie in the
closure of the diagonal. Consider 01 ˆ 02, for instance, which lies in the image of the map
g12. If V is an open subset containing 01 ˆ 02, the inverse image g´1

12 V will be a non-empty
open subset of A1

k, and hence must intersect A1
k ´ t0u. This means that V must intersect

g12pA1
k´t0uq, which is open in the diagonal. Thus, 01 ˆ02 lies in the closure of the diagonal.

X

X

X ˆk X

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

9.2 Properties of separated schemes 171

Heuristically, the maps gij agree on A1 ´ t0u, but they differ at the origin, bridging the gap
differently by passing through distinct points 0i ˆ 0j . All four lie in the closure, but the
diagonal itself only passes through 01 ˆ 01 and 02 ˆ 02. △

Example 9.9. An even more basic example of a scheme that is not separated is obtained by
gluing the prime spectrum of a discrete valuation ring to itself along the generic point.

To give more details, let R be a DVR with fraction field K. Then SpecR “ ts, ξu where
s is the closed point and ξ is the generic and open point. By the Gluing Lemma for schemes
(Proposition 4.35 on page 81), we may glue two copies of SpecR together by identifying
the generic points; that is, the open subschemes SpecK in the two copies.

In this manner we construct a schemeZR together with two open embeddings gi : SpecR Ñ

ZR. They send the generic point ξ to the same point, which is an open point in ZR, but they
differ on the closed point s. It follows ZR is not separated.

The similar-looking examples of Examples 4.37 and 4.38 are separated however, because
they are affine.

s

t

ξ

ξ

ξ

s

t

SpecR

SpecR

ZR

△

9.2 Properties of separated schemes

We introduce separatedness mostly because they give good formal properties. In some sense
the schemes category is still a little bit ‘too large’, and separated schemes have properties
that make them closer to varieties. In this section we survey a few of these properties.

Intersections of affine open subsets

Proposition 9.10. Let X be an A-scheme. The following are equivalent:
(i) X is separated over SpecA.

(ii) For any two affine open subschemes U and V , the intersection U X V is
also affine, and the natural multiplication map

OXpUq bA OXpV q ÝÝÑ OXpU X V q

is surjective.
(iii) There is an affine cover tUiuiPI such that all intersections Ui XUj are affine,

and OXpUiq bA OXpUjq Ñ OXpUi X Ujq is surjective for every i, j P I .
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172 Separated and proper morphisms

Proof (i)ñ (ii): The product U ˆS V is an affine open subset of X ˆS X , and U X V “

∆X{SpXqXpUˆSV q. IfX is separated, the diagonal is closed,UXV is a closed subscheme
of the affine scheme U ˆS V , hence affine (Proposition 4.26). By the construction of the
fiber product of affine schemes, we have

ΓpU ˆS V,OUˆSV q “ ΓpU,OUq bA ΓpV,OV q,

and as U X V is a closed subscheme of U ˆS V , the restriction map

ΓpU ˆS V,OUˆSV q ÝÝÑ ΓpU X V,OUXV q

is surjective, which gives (ii).
The implication (ii)ñ(iii) is clear, so let us show the last implication (iii)ñ(i). Let

p1, p2 : X ˆA X Ñ X denote the two projections and let ∆: X Ñ X ˆA X denote
the diagonal morphism over SpecA. Let Ui “ SpecBi and Uj “ SpecBj be two affines
in the cover tUiu. Then we have

∆´1pp´1
1 pUiq X p´1

2 pUjqq “ ∆´1pp´1
1 pUiqq X ∆´1pp´1

2 pUjqq “ Ui X Uj, (9.1)

Also, by the universal property of the fiber product it follows that p´1
1 pUiq X p´1pUjq “

Ui ˆA Uj Ă X ˆA X , and from this we deduce that ∆ is a closed embedding if each
restriction

∆ij : Ui X Uj ÝÝÑ Ui ˆA Uj

of ∆ is a closed embedding. But this follows from the assumptions: the intersectionUiXUj is
affine, say Ui XUj “ SpecCij , and the ring homomorphism Bi bABj Ñ Cij is surjective.
This completes the proof.

Example 9.11. The above proposition provides us with a convenient criterion to check that
a scheme is separated. For instance, projective space PnA is separated over A, because it is
covered by the standard affine covering, and the multiplication map

A

„

x0

xi
, . . . ,

xn
xi

ȷ

bA A

„

x0

xj
, . . . ,

xn
xj

ȷ

Ñ A

„

x0

xi
, . . . ,

xn
xi
,
xi
xj

ȷ

is surjective (all monomials on the right hand side are products of monomials on the left).
In fact, one can argue directly that the diagonal in PnA ˆA PnA is a closed embedding. In the

notation of Section 7.6, the diagonal is the closed subscheme defined by the bihomogeneous
ideal generated by the 2 ˆ 2-minors of the matrix

ˆ

x0 x1 . . . xn
y0 y1 . . . yn

˙

(9.2)

△

Example 9.12. More generally, ProjR is a separated scheme over R0. The argument is
similar: ProjR is covered by the affine open setsD`pfq where f runs over the homogeneous
elements of R`, and each intersection D`pfq XD`pgq “ D`pfgq is also affine. To prove
that it is separated, it suffices to check that the multiplication map pRf q0 bR0

pRgq0 Ñ

pRfgq0 is surjective for any f, g P R`, which is the case. △
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Example 9.13 (The affine plane with two origins). Here is a non-separated scheme where
two affine open subsets have non-affine intersection. We glue two copies of the affine plane
A2
k together along the complement U12 “ A2

k ´ V px, yq of the origin. If U1 and U2 denote
the two open embeddings of the affine plane, then U1 XU2 “ U12, but the open set U12 is not
affine (see the example in Section 4.22 on page 72). In this example, the multiplication map in
the proposition coincides with krx, ys b krx, ys Ñ ΓpU12,OU12

q, which is surjective. △

Extensions of rational maps

A very useful property of separated schemes is that morphisms into separated schemes are
determined on open dense subschemes, at least when the source is reduced. This can be
viewed as an analogue of the fact that ‘limits are unique’ in Hausdorff spaces.

Proposition 9.14. Let X and Y be two schemes over S and let f, g : X Ñ Y with be
two morphisms over S. Assume that

(i) X is reduced, and
(ii) Y is separated over S.

Then if there is a dense open subscheme U Ă X such that f |U “ g|U , then f “ g.

Proof In order to prove that f “ g, we may assume that X is affine, say X “ SpecA. The
two morphisms f and g induce a morphism pf, gq : X Ñ Y ˆS Y . We want to show that H
factors through the diagonal Y Ñ Y ˆS Y , as this will imply that f “ g by Lemme 9.2.

Consider the pullback of the diagonal ∆Y {S via pf, gq. This fits into the following Cartesian
diagram:

E Y

U X Y ˆS Y

j ∆Y {S

ι

pf,gq

The scheme E is the ’equalizer’ of the two morphisms, and j : E Ñ X represents the sub-
scheme of points in X where the morphisms coincide. Since pullbacks of closed embeddings
are closed embeddings, j : E Ñ X is a closed subscheme of X . Since X is assumed to be
affine, Proposition 4.26 on page 74 implies that E is isomorphic to a subscheme of the form
SpecpA{aq for some ideal a.

The assumption f |U “ g|U implies that there exists a lift U Ñ E of ι. Hence the image
jpEq contains the dense set U and therefore jpEq “ X . By Lemma 2.4, a is contained in
the nilradical of A, which is zero as A is reduced. Consequently, j is an isomorphism, H
factors through the diagonal, and it follows that f “ g.

Here are two examples demonstrating that the hypotheses in the proposition are necessary.

Example 9.15. For the affine line with two origins, X , the two embeddings g1 : A1
k Ñ X

and g2 : A1
k Ñ X agree over a dense open set, but they are not equal. △

Example 9.16. Consider the non-reduced scheme X “ Spec krx, ys{py2, xyq and the two
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morphisms f, g : X Ñ Spec krus, defined by u ÞÑ x and u ÞÑ x ` y respectively. These
agree over the distinguished open set Dpxq Ă X , but they are not equal. △

Formal properties

Proposition 9.17.
(i) (Embeddings) Closed embeddings and open embeddings are separated.

(ii) (Composition) Let f : X Ñ S and g : Y Ñ X be morphisms. If both f
and g are separated, the composition f ˝ g is separated as well. Moreover, if
Y is separated over S, it is separated over X .

(iii) (Base change) Being separated is a property stable under base change: if
f : X Ñ S is separated and T Ñ S is any morphism, then fT : XT Ñ T
is separated.

(iv) If f : X Ñ Y is a morphism and tUiuiPI is a cover of Y so that each
f´1pUiq Ñ Ui is separated, then f is separated.

Proof (i): Closed embeddings are affine, hence separated. Open embeddings are separated
by Example 9.7.

(ii): Consider the diagram

Y Y ˆX Y Y ˆS Y

X X ˆS X

∆Y {X

∆X{S

The square in the diagram is Cartesian. As the morphism Y ˆX Y Ñ Y ˆS Y is the base
change of ∆X{S , which is a closed embedding, it is itself a closed embedding. Therefore,
∆X{S , which equals the composition Y Ñ Y ˆX Y Ñ Y ˆS Y , is also a closed embedding.

For the second part of the claim, if the composition Y Ñ Y ˆX Y Ñ Y ˆS Y is a closed
embedding, then also the first map, ∆Y {X , must be a closed embedding, by Exercise 9.4.12.

(iii): There is a natural isomorphism

XT ˆT XT “ pX ˆS T q ˆT pX ˆS T q “ pX ˆS Xq ˆS T

Under this identification, the diagonal morphism ∆XT {T is given by the map X ˆS T Ñ

pX ˆS Xq ˆS T , that is, the pullback of ∆X{S along T Ñ S. As ∆X{S is a closed
embedding, and closed embeddings are stable under base change, we find that ∆XT {T is a
closed embedding as well.

(iv): This was proved in the paragraph following Definition 9.5.

Example 9.18. Combining Proposition 9.17 with Example 9.11 we see that any projective
subscheme of PnA is separated over A. △

9.3 Proper morphisms

Properness is an important property of morphisms serving as a replacement for ‘proper maps’
in topology. In topology, a map f is called proper if f´1pKq is compact for every compact
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9.3 Proper morphisms 175

subset K Ă Y . In the setting of Hausdorff spaces X , one can show that X is compact if and
only if for any other topological space Z the projection map X ˆ Z Ñ Z is closed. (Here
we are using the topological fiber product.) More generally, a continuous map f : X Ñ Y
is proper if and only if for any map g : Z Ñ Y , the induced map X ˆY Z Ñ Z is closed.
In scheme theory, the latter property, along with a finiteness condition, is adopted as the
definition of proper maps.

Definition 9.19. A morphism f : X Ñ S is universally closed if it is closed and stays
closed when pulled back; that is, given any morphism T Ñ S, the pulled back map fT
in the Cartesian diagram below is closed.

X ˆS T X

T S

fT f

The morphism f is said to be proper if it is separated, of finite type and universally closed.
When S “ SpecA, we say that X is proper over A.

In Section 13.6, we will show that any morphisms f : X Ñ Y be between projective
schemes over a field k are proper. In particular, any projective scheme over k is proper
over Spec k. Admittedly, the main class of proper morphisms one meets in practice are the
projective ones1. However, properness is a condition which is a bit more flexible and easier
than projectivity to check.

Example 9.20. A simple example of a morphism that is not proper, is the structure map
π : A1

k Ñ Spec k. If we pull back π along itself, we get the projection map onto the first
factor A1

k ˆk A1
k “ A2

k. In A2
k “ Spec krx, ys there are lots of closed sets which project to

non-closed sets, for instance the ‘hyperbola’ V pxy ´ 1q, which maps to the non-closed set
A1
k ´ t0u. △

Example 9.21. The standard example of a proper morphism is π : PnA Ñ SpecA. While
this aligns with our intuition that ‘projective varieties compact, whereas affine varieties are
not’, this statement is a non-trivial fact, which we will prove in Theorem 13.20. △

Example 9.22. Closed embeddings are proper. Indeed they are universally closed by Propo-
sition 7.19 on page 153, separated by (i) of Proposition ?? on page ?? and of finite type by
definition. △

1 There are non-projective varieties which are proper. Over C, the first examples were constructed by Hironaka in
1960.
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Proposition 9.23 (Properties of properness).
(i) Pullbacks of proper maps are proper.

(ii) Compositions of composable proper maps are proper.
(iii) The product f ˆ g of two proper maps is proper.
(iv) If f : X Ñ Y is a morphism, and tUiuiPI is a cover of Y so that each

f´1pUiq Ñ Ui is proper, then f is proper.
(v) If X is proper over a field k, and Y is separated over k, then any morphism

X Ñ Y over k is proper.

The proposition also holds if ‘proper’ is replaced by ‘universally closed’. In fact, we know
the corresponding statements hold for ‘separated’ and ‘finite type’, so we only need to check
it for ‘universally closed’.

Proof (i): Suppose that f : X Ñ Y is proper. Let g : Z Ñ Y be a morphism and considere
the base change morphism fZ : X ˆY Z Ñ Z . If h : T Ñ Z is any morphism, we consider
the following commutative diagram:

X ˆY Z ˆZ T X ˆY Z X

T Z Y

p fZ f

h g

Each square is Cartesian, and hence the outer rectangle is, as well. As f is universally it
closed, follows that p is closed. This shows that fZ is universally closed as well.

(ii): Let f : X Ñ Y and g : Y Ñ Z be universally closed. Given a morphism h : T Ñ Z ,
consider the following commutative diagram:

X ˆY Y ˆZ T Y ˆZ T T

X Y Z

p q

f g

The squares are Cartesian, and hence the outer rectangle is Cartesian as well. As f and g are
universally closed, p and q are closed, and hence q ˝ p is closed as well.

(iii): If f : X Ñ Y and g : X 1 Ñ Y 1 are both proper, then it follows directly from (i) and
(ii) that f ˆ g “ pf ˆ idY 1 q ˝ pidX ˆ gq is proper.

(iv): Let g : T Ñ Y be a morphism and consider the induced morphism p : XˆY T Ñ T .
Note that T is covered by the open sets g´1pUiq and the fiber product is covered by the open
sets p´1pg´1pUiqq “ f´1pUiq ˆUi

g´1pUiq. As f´1pUiq Ñ Ui is universally closed, we
see that

f´1pUiq ˆUi
g´1pUiq ÝÝÑ g´1pUiq

is closed. This implies that p is closed as well.
(v): We can factor any morphism f : X Ñ Y as πY ˝ Γf where Γf : X Ñ X ˆk Y is

the graph morphism X Ñ X ˆk Y , and πY : X ˆk Y Ñ Y is the second projection. Note
that Γf is the pullback of ∆Y via the morphism pf, idY q : X ˆk Y Ñ Y ˆk Y . As ∆Y is a
closed embedding, and closed embeddings are stable under base change, Γf is also a closed
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embedding, hence proper. Also πY is proper because it is a base change of X Ñ Spec k.
Therefore f is proper by (ii).

Proposition 9.24. Any finite morphism is proper.

Proof Finite morphisms are by definition affine, hence separated, and of finite type. More-
over, as finite morphisms are closed and being finite is stable under base change, finite
morphisms are universally closed.

9.4 Exercises

Exercise 9.4.1. Let X be the gluing of two copies of SpecZ along the open set U “

SpecZ ´ tp2qu. Show that X is not separated and describe the diagonal map.

Exercise 9.4.2. Let X{S be a scheme over S and let U Ă X be an open set. Show that
∆X{S|U “ ∆U{S .

Exercise 9.4.3. Let X “ SpecC and S “ SpecR. Recall that the product X ˆS X
consists of two (closed) points. Which one corresponds to the diagonal? Can you find another
R-algebra A so that if Y “ SpecA it holds that Y ˆS Y » X ˆS X and the diagonal is
the other point?

Exercise 9.4.4. Show that affine morphisms are separated.

Exercise 9.4.5. LetX and Y be schemes separated over a scheme S. Show that their product
X ˆS Y is separated over S.

Exercise 9.4.6. LetX be a separated scheme. Show that, for any affine opens U1, . . . , Um Ď

X , U1 X ¨ ¨ ¨ X Um is affine.

Exercise 9.4.7. Show that if a scheme X is separated (over Z), then for every scheme Y and
every morphism f : X Ñ Y , the morphism f is separated.

Exercise 9.4.8. Let T Ñ S be a morphism and let X and Y be two schemes over T . Show
that there is a Cartesian diagram

X ˆT X X ˆS X

T T ˆS T,

ι

fˆf

∆T {S

and conclude that the natural map ι : X ˆT Y Ñ X ˆS Y is a locally closed embedding.
Hint: Use the functor of points to reduce to a statement of sets.

Exercise 9.4.9 (Pullback of diagonals). Let X Ñ S and T Ñ S be morphisms between
schemes, and let XT “ X ˆS T . Show that the diagonal ∆X{S pulls back to the diagonal
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178 Separated and proper morphisms

∆XT {T ; in other words, that there is a canonical Cartesian square

XT XT ˆT XT

X X ˆS X.

∆XT {T

∆X{S

Exercise 9.4.10. Let X{S be a scheme and let ι : W Ñ X be an open subscheme or a
closed subscheme (over S). Show that the diagram below is Cartesian

W X

W ˆS W X ˆS X

∆W {S ∆X{S

Conclude that W {S is separated if X{S is.

Exercise 9.4.11 (The graph of a morphism). Let S be a scheme and let f : X Ñ Y be a
morphism over S. Assume that Y is separated over S. We define the graph Γf as the map
X Ñ X ˆS Y with components idX and f .

a) Show that Γf is the pullback of the diagonal ∆Y {S under the morphism idX ˆ

f : X ˆS Y Ñ X ˆS Y .
b) Show that Γf is a closed embedding.
c) Suppose that X and Y are integral. Show that Γf (with the reduced scheme

structure) is isomorphic to X .

Exercise 9.4.12 (Closed embeddings). Let f : X Ñ Y and g : Y Ñ Z be morphisms of
schemes.

a) Assume that g is separated. Show that if the composition g ˝ f is a closed
embedding, then f is a closed embedding. HINT: Consider the diagram

X X ˆZ Y Y

X Z

Γf

g

g˝f

where the square is Cartesian and Γf is the graph of f .
b) Show by an example that in general f is not necessarily a closed embedding

even if g ˝ f is. HINT: Let X be the affine line with two origins and consider
a morphism a morphism X Ñ A1.

Exercise 9.4.13 (Equalizers). Let X and Y be schemes over S and f1, f2 : Y Ñ X two
morphisms over S. Define f : Y Ñ X ˆS X be the morphism whose components are the
fi’s; that is, fi “ πi ˝ f (as usual, the πi’s are the two projections). The equalizer of the fi is
defined as the pullback of the diagonal ∆X{S along f . In other words, the diagram below is
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Cartesian:

E Y

X X ˆS X.

η

f

∆X{S

a) Show that a morphism g : Z Ñ Y satisfies f1 ˝ g “ f2 ˝ g if and only if g
factors via η.

b) Show thatX is separated if and only if for every pair of morphisms f1, f2 : Y Ñ

X , the equalizer η : E Ñ Y is a closed embedding.
c) Describe the equalizer of the two inlusions ι1, ι2 : A1 Ñ X into the affine line

with two origins.

Exercise 9.4.14 (Monomorphisms). Let f : X Ñ Y be a morphism of schemes. We say that
f is a monomorphism if the composition function

HompT,Xq ÝÝÑ HompT, Y q

is injective defined by α ÞÑ f ˝ α is injective for any scheme T . That is, if g1 : T Ñ X and
g2 : T Ñ X are morphisms such that f ˝ g1 “ f ˝ g2, then g1 “ g2.

a) Prove that if f is a closed embedding or an open embedding then it is a monomor-
phism.

b) Prove that f is a monomorphism if and only if the diagonal ∆: X Ñ X ˆY X
of the morphism f is an isomorphism.

c) Prove that if f is a monomorphism, then f is separated.

Exercise 9.4.15. Let X be scheme. We say that a scheme X has affine diagonal if for every
affine opens U and V of X the intersection U X V is affine.

a) Prove thatX has affine diagonal if and only if the diagonal morphism ∆: X Ñ

X ˆSpecZ X is an affine morphism. In particular, separated schemes (over
SpecZ) have affine diagonal.

b) Find a scheme with affine diagonal which is not separated.
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10

Local properties of schemes

This chapter explores the local properties of schemes. These are properties of schemes which
take place at and around specific points.

The main definition is that of a nonsingular scheme. The intuition behind a nonsingular
scheme is that it locally looks like an affine space. Taking the definition of a manifolds as a
guide, one could naively try to define a scheme over a field k to be nonsingular of dimension n
if it is covered by open subsets which are isomorphic to an open subscheme of Ank . However,
this would be incorrect, as only very special schemes satisfy this condition. The issue is that
the Zariski open subsets are too large: over C, the curve x3 ` y3 ´ 1 “ 0 should by all
accounts be considered ‘nonsingular’, but there is no open set which is isomorphic to affine
space, as X is not rational.

There is however another idea from differential geometry which generalizes to algebraic
geometry. A subset X Ă Rn of dimension d is a manifold if and only if locally around each
point P P X , X can be defined by r equations f1 “ ¨ ¨ ¨ “ fr, where r “ n´ d, and so that

for each the Jacobian matrix J “

´

Bfi
Bxj

¯

has rank r at P . Indeed, if this condition holds, the
Implicit Function Theorem tells us that f1, . . . , fr can be extended to a coordinate system in
a neighbourhood of P , and one proves that X is locally diffeomorphic to Rd there. We will
see that this generalizes well to schemes over a field in Section 10.3.

We begin by discussing tangent spaces and cotangent spaces of schemes. We then introduce
ingular points of schemes. Nonsingular schemes have local rings which are regular, i.e., where
the maximal ideal can be generated by n elements, where n is the dimension of X . Thus,
they admit “systems of parameters” that resemble local coordinates on manifolds.

Towards the end of the chapter, we discuss normal schemes and the process of normaliza-
tion. Like nonsingular schemes, normal schemes also have algebraic properties that make
them easier to study than most schemes. For instance, their singular loci are of codimension
at least 2. This property will prove particularly useful in Chapter 16, were we study divisors.

10.1 Tangent spaces

In this section, we define the tangent space of a scheme at a point. As a warm-up example,
let us consider a plane curve C Ă R2 defined by a real polynomial fpx, yq “ 0 at the point
P “ p0, 0q. From basic calculus, the tangent space of the curve fpx, yq “ 0 at P is defined
by the linear equation

Bf

Bx
pP qx`

Bf

By
pP qy “ 0 (10.1)

180
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10.1 Tangent spaces 181

This linear form is the first-order Taylor expansion of fpx, yq at P . It is the linear form which
best approximates f near P .

The cotangent space at P is defined as the dual of this vector space: it consists of the linear
forms in x and y modulo the linear form (10.1). Equivalently, the cotangent space can be
viewed as the R-vector space of smooth functions vanishing at P , up to second order terms.

If X is a scheme and P P X , we would like to define the tangent space TPX of X at P .
While we want to keep the above geometric picture, it turns out to be more convenient to
define things by defining the cotangent space first and then define the tangent space as its
dual. The definitions also work best when X is a scheme over a field k, and P is a k-point.

The definition of the cotangent space uses the local ring OX,P and the maximal ideal mP .
This is a natural choice, as OX,P captures the main geometric properties of the scheme locally
near P . If X is integral, the ring OX,P consists of the rational functions f P KpXq which
are defined at P and mP consists of the functions that vanish at P . The quotient mP {m2

P

intuitively captures the space of functions vanishing at P up to ‘second order terms’. Note
that mP {m2

P “ mP bOX,P
OX,P {mP is naturally an OX,P {mP -module; in other words

it is a κpP q-vector space. For example, if P is the origin in Ank “ Spec krx1, . . . , xns

then mP “ px1, . . . , xnq and mP {m2
P is the k-vector space generated by the linear forms

x1, . . . , xn.
With this in mind, we make the following definition.

Definition 10.1. Let X be a scheme and let P P X be a point.
(i) The cotangent space of X at P is defined the κpP q-vector space mp{m

2
P ,

where mP is the maximal ideal in the local ring OX,P .
(ii) The tangent space of X at P is defined as the dual κpP q-vector space

TPX “ HomκpP qpmP {m2
P , κpP qq

For a morphism ϕ : X Ñ Y , there is an induced map of cotangent spaces. Let P P X ,
and let Q “ ϕpP q. Then the map of local rings ϕ7

P : OY,Q Ñ OX,P maps the maximal ideal
into the maximal ideal, and being a ring map, it sends m2

Q into m2
P . Therefore, it induces a

map of κpyq-vector spaces:

ϕ˚
P : mQ{m2

Q ÝÝÑ mP {m2
P . (10.2)

For a second morphism ψ : Y Ñ Z, we have pψ ˝ ϕq˚
P “ ϕ˚

P ˝ ψ˚
ϕpP q

.
The tangent space, however, does not satisfy the same functorial property in general. The

issue is that the required duals will be with respect to different fields. More precisely, ϕ˚
P

is only a map of κpQq-vector spaces, and there is no natural way to make mQ{m2
Q into a

κpP q-vector space.
An exception occurs when X and Y are schemes of finite type over a field k, and both

P P X and Q P Y are k-points, so that κpP q “ κpQq “ k. In this case, each quotient
m{m2 is a finite-dimensional k-vector space. We can then take duals to obtain a map

dϕP : TPX ÝÝÑ TQY. (10.3)

In this setting, the tangent maps satisfy dpψ ˝ ϕqP “ dψϕpP q ˝ dϕP for any morphisms of
k-schemes ϕ : X Ñ Y and ψ : Y Ñ Z.
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Classical tangent spaces

To understand how the previous definition relates to the classical situation, let us consider an
affine variety X in Ank . Before proceeding, we note that one does not have to go all the way
to the local ring OX,P to compute the cotangent space. If A is a ring, and m is a maximal
ideal, then there is an isomorphism of A{m-vector spaces

m{m2 ÝÝÑ mAm{m2Am.

This follows from the canonical isomorphism of A-modules A{m “ Am{mAm, and

m{m2 “ m bA A{m “ m bA Am{mAm “ mAm{m2Am.

Let us apply this to compute the tangent space of affine space Ank “ Spec krx1, . . . , xns at
a k-point P . For simplicity, we assume that p “ p0, . . . , 0q is the origin, corresponding to
the maximal ideal m “ px1, . . . , xnq. (We may always achieve this by a linear change of
coordinates.) The cotangent space m{m2 is then a k-vector space of dimension n, with basis
x1, . . . , xn.

More generally, consider an affine scheme X “ SpecA, where A “ krx1, . . . , xns{a for
an ideal a Ă krx1, . . . , xns, and assume that X contains P . Writing n Ă A for the maximal
ideal of the origin in A, the cotangent space at P is isomorphic to the k-vector space

n{n2 »
m

m2 ` a
. (10.4)

Example 10.2. Say a “ pfq is generated by f “ y2 ` x3 ` 3x` 4y in A2
C. Then

m

m2 ` pfq
“

px, yq

px2, xy, y2, y2 ` x3 ` 3x` 4yq
“

px, yq

px2, xy, y2, 3x` 4yq
“ Cx.

If f “ y2 ` x3 ` x2, then

m

m2 ` pfq
“

px, yq

px2, xy, y2, y2 ` x3 ` x2q
“

px, yq

px2, xy, y2q
“ Cx‘ Cy.

△

It is clear that the quotient (10.4) only depends on the ‘linear part’ of the Taylor expansion
of the elements of a at P . More precisely, let us define, for f P krx1, . . . , xns,

dPf “
Bf

Bx1

pP q ¨ x1 ` ¨ ¨ ¨ `
Bf

Bxn
pP q ¨ xn (10.5)

Here the Bf
Bxi

denote the formal derivatives of f . They are defined using the usual formulas for
differenting monomials, that is, if f “ xe11 . . . xenn , then Bf

Bx1
“ e1x

e1´1
1 . . . xenn , and so on.

All the usual rules for derivatives still hold, such as the chain rule, quotient rule etc. However,
one should keep in mind that there may be unusual behaviour when k has characteristic p.
For instance, if f “ xp then Bf

Bx
“ 0, even though it is not constant.

In terms of (10.5), the cotangent space of X at P is given by

m{pm2 ` dP paqq,

where dP paq Ă m{m2 is the subspace spanned by all the linear parts dPf for f P a. In
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10.1 Tangent spaces 183

other words, the cotangent space is obtained from m{m2 by modding out by the linearized
equations defining X at P .

To compute TPX , we are interested in the dual of this vector space. For this, note that m{m2

is generated by x1, . . . , xn, so we may identify m{m2 “ pknq_. Under this identification,
dPf corresponds to a linear functional on kn. Taking duals, we get an isomorphism

TPAnk » kn.

where the i-th basis vector of kn corresponds to the functional m{m2 Ñ k which sends xi to
1 and the other xj’s to 0.

To compute TPX , we recall the following fact from linear algebra. Let V be a finite
dimensional k-vector space and let S Ă V _ be a linear subspace of the dual space of V .
Consider the subspace of V defined by

W “
␣

v P V
ˇ

ˇ fpvq “ 0 for all f P S
(

Then restrictions of linear functionals induces an isomorphism W_ » V _{S. In particular,
since W is isomorphic to pW_q_, there is an isomorphism W “ pV _{Sq_.

Applying this to V “ kn and S “ dP paq Ă m{m2 “ pknq_, we may identify the tangent
space TPX with

TPX “

"

pv1, . . . , vnq P kn | v1
Bf

Bx1

pP q ` ¨ ¨ ¨ ` vn
Bf

Bxn
pP q “ 0 @f P a

*

. (10.6)

This is the ‘classical tangent space’ of X at P . The description (10.6) is valid for any point
P “ pa1, . . . , anq, not just the origin.

If a “ pf1, . . . , frq, then TPX is the subspace of kn defined by the r linear equations in
kn:

dP pf1q “ ¨ ¨ ¨ “ dP pfrq “ 0

One sometimes also considers the affine tangent space of X at the point P . This is the
subvariety of Ank defined by the r linear equations

n
ÿ

i“1

Bfj
Bxi

pP q ¨ pxi ´ aiq “ 0 for j “ 1, . . . , r. (10.7)

One can view this as the tangent space TPX , but translated so that P is the origin. Another

p

TpX

X

Figure 10.1 The affine tangent space
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184 Local properties of schemes

way to view the tangent space is in terms of the Jacobian matrix

J “

¨

˚

˝

Bf1
Bx1

¨ ¨ ¨
Bf1
Bxn

...
...

Bfr
Bx1

¨ ¨ ¨
Bfr
Bxn

˛

‹

‚

. (10.8)

Then the matrix JpP q “ J bA κpP q is an r ˆ n-matrix with entries in κpP q “ k, which

can be identified with the matrix
´

Bfi
Bxj

pP q

¯

. From (10.6), we see that TPX can be identified

with the null space of JpP q. In particular, the dimension of TPX is given by

dimk TPX “ n´ rank JpP q. (10.9)

Example 10.3. Consider the quadric surfaceX “ V px2 `yz´zq in A3
C. Then the Jacobian

at a closed point P “ pa, b, cq is equal to

J “
`

2a c´ 1 b
˘

.

Therefore, TPX has dimension 3 at the k-point P “ p0, 0, 1q and dimension 2 otherwise.
△

Zariski tangent spaces and the ring of dual numbers

WhenX is a scheme over a field k, there is an interesting relation between the Zariski tangent
space at k-points and the ring krϵs{ϵ2. This ring is called the ring of dual numbers over k.
The spectrum of krϵs{ϵ2 is a very simple scheme: its underlying topological space is a single
point. However, the non-reduced structure on Spec krϵs{ϵ2 shows that it is more interesting
than Spec k. It is common to picture it as a point ε with a vector ‘sticking out of it’.

The following proposition generalizes the perspective in differential geometry where
tangent vectors are defined as equivalence classes of curves passing through P .

Proposition 10.4. Let X be a scheme over a field k and let P P X be a k-point. Then
there are natural bijections between:

(i) The elements of TPX , i.e., k-linear maps mP {m2
P Ñ k

(ii) Morphisms of schemes over k,

Spec krϵs{ϵ2 ÝÝÑ X

with image P .

Proof We may assume that X is affine, say X “ SpecA, where A is a k-algebra. Let
m “ mP be the maximal ideal, and let ρ : A Ñ k “ A{m be the quotient map corresponding
to P . As P is a k-point, the composition of the structure map k Ñ A and ρ : A Ñ k is the
identity map.

First of all, any map of k-algebras A Ñ krϵs{ϵ2 factors uniquely via A{m2 Ñ krϵs{ϵ2.
Hence there is a natural bijection

HomAlg{kpA, krϵs{ϵ2q “ HomAlg{kpA{m2, krϵs{ϵ2q
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Next, consider the exact sequence

0 ÝÝÑ m{m2 ÝÝÑ A{m2 ÝÝÑ A{m ÝÝÑ 0

This sequence splits, as the structure map k Ñ A{m2 provides a section, so we may write
A{m2 “ k ‘ m{m2. Given a map of k-algebras h : A{m2 Ñ krϵs{ϵ2, the restriction of h
defines a k-linear map m{m2 Ñ kϵ » k. This defines a map of k-vector spaces

HomAlg{kpA{m2, krϵs{ϵ2q ÝÝÑ Homkpm{m2, kq

The inverse is constructed as follows: given α : m{m2 Ñ k, define h by hpa` tq “ a`αptq
where a P k and t P m{m2. One checks that this is a map of k-algebras.

There is also a description of TPX as the vector space of derivations of OX,P into k, i.e.,
k-linear maps D : OX,P Ñ k satisfying the Leibniz rule (see Exericise 17.11.2).

10.2 Nonsingular schemes

We say that a Noetherian scheme X nonsingular or regular, at a point P if OX,P is a regular
local ring. Here we recall that a Noetherian local ring A with maximal ideal m is defined to
be regular if the maximal ideal can be generated by n elements, where n “ dimA is the
Krull dimension of A.

For instance, ifP P Ank is the origin, corresponding to the maximal ideal m “ px1, . . . , xnq,
then the local ring is isomorphic to

OAn
k ,p

“ krx1, . . . , xnspx1,...,xnq

which is regular, as it has dimension n and m is generated by n elements. This is the intuition
of regularity: the n generators for m define n ‘coordinate functions’ on X near the point.

It is can certainly happen that mP requires more generators than the dimension of OX,P .
For instance, if X “ Spec krx, ys{px2 ´ y3q, and P is the origin, then OX,P has dimension
1, but mP “ px, yq cannot be generated by a single element. If this happens, we say that P is
a singular point. The set of singular points of X is denoted by singpXq. The scheme X is
said to be nonsingular if every point is nonsingular.

As it turns out, for a Noetherian local ring A, the condition of regularity can be formulated
in terms of the quotient m{m2, which is naturally a vector space over the residue field A{m.
As such, it is finite-dimensional, because m is finitely generated. If x1, . . . , xr are elements
from A that generate m{m2 as a A{m-vector space, then Nakayama’s lemma implies that the
x1, . . . , xr generate m. Furthermore, by Krull’s Principal ideal theorem, we have

dimA “ htm ď r “ dimA{m m{m2 ă 8 (10.10)

In other words, A is regular if and only if equality holds in the inequality (10.10).
On the geometric side, this means that a scheme X is nonsingular at a point P if and only

if the cotangent space mP {m2
P has dimension equal to the Krull dimension of OX,P .

Here are three important facts about regular local rings.
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Theorem 10.5. Let A be a regular local ring. Then
(i) For each prime ideal p Ă A, the ring Ap is also a regular local ring.

(ii) A is an integral domain.
(iii) A is a UFD.

Proof For (i), see [Matsumura, Chapter 7, Theorem 45]. For (ii), see (Atiyah, 2018, p.
123).

The first item (i) is a rather non-trivial result; it is not even obvious that a localization of a
polynomial ring is regular.

The second item tells us that in a nonsingular scheme, any point is contained in a unique
irreducible component, and this component is an integral scheme. Hence the scheme is a
disjoint union of integral schemes. In particular, any connected nonsingular scheme is integral.
This observation is sometimes useful when proving that a ring is an integral domain (see
Exercise 10.6.17).

The third item (iii) is known as the Auslander–Buchsbaum theorem. This will be used
several times in this book, in particular when we discuss divisors in Chapter 16.

Another consequence of (i) is the following:

Corollary 10.6. A Noetherian scheme is nonsingular if and only if it is nonsingular at
every closed point.

Example 10.7. The schemes AnZ and PnZ are nonsingular. This is because the local rings are
localizations of the polynomial ring Zrt1, . . . , tns, and these are regular. More generally, AnA
and PnA is nonsingular if SpecA is. △

Example 10.8. The C-scheme X “ SpecpCrxs{px ` x2qq is nonsingular, because it is
isomorphic to the two-point scheme SpecC \ SpecC.

On the other hand, the scheme SpecCrxs{px2q is singular, because Crxs{px2q is a local
ring of dimension 0, and the maximal ideal m “ pxq is nonzero. Alternatively, Crxs{px2q is
clearly not an integral domain. △

Example 10.9. More generally, any regular local ring of dimension 0 must be a field (because
it is both Artinian and an integral domain.) Hence, X “ SpecA is a nonsingular scheme of
dimension 0, then A is a product of fields. △

Example 10.10 (Complete intersections). If A is a regular local ring of dimension n, and
f P m is a a nonzero element, then the quotient A{pfq is regular if and only if f R m2.
Indeed, A is an integral domain, so A{pfq has dimension n´ 1. If n “ m{pfq denotes the
maximal in A{pfq, then

n

n2
»

m

m2 ` pfq

which has dimension n´ 1 if and only if f is non-zero in m{m2, i.e., f R m2.
More generally, an inductive argument shows that if f1, . . . , fr P m are elements of A

such that the classes f1, . . . , fr are linearly independent in m{m2, then A{pf1, . . . , frq is a
regular local ring. △
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Example 10.11. Consider the ring A “ Zrxs{px2 ` 4q and the maximal ideal m “ p2, xq.
The scheme X “ SpecA is singular at the point x corresponding to m. Indeed, here the
cotangent space is given by

m{m2 “ p2, xq{p4, 2x, x2q “ p2, xq{p4, 2x,´4q

which is a F2-vector space of dimension 2 (the elements are: 0, 2, x, x` 2). △

10.3 The Jacobian criterion and smoothness

Using the description of the tangent space in terms of the Jacobian matrix (10.8), we get the
following very useful criterion to check if a scheme is singular at a point.

Proposition 10.12 (Jacobian criterion). Let k be a field and let X “

Spec krx1, . . . , xns{pf1, . . . , frq. Let P P X be a k-point and let JpP q “ J bA κpP q,
where J is the Jacobian matrix (10.8). Then

rank JpP q ď n´ dimX. (10.11)

and X is nonsingular at P if and only if equality holds.

In light of Corollary 10.6, this means that if X is a scheme of finite type over an alge-
braically closed field k, then we can determine whether X is singular by computing the
Jacobian matrices at k-points in local affine charts. Here are a few examples of this.

Example 10.13. Let X “ SpecCrx, ys{py2 ´ x3q. The Jacobian matrix is given by

J “ p´3x2 2yq

which has rank 1 at every C-point except the origin. At the origin, the local ring is given by

OX,P “
`

Crx, ys{py2 ´ x3q
˘

px,yq

and the cotangent space mP {m2
P » Cx̄‘ Cȳ has dimension 2. △

Example 10.14. Consider the C-scheme X “ SpecpCrx, y, zs{pxy ´ z2qq. The Jacobian
is given by the matrix

J “
`

y x ´2z
˘

which has rank 1 at every point, outside the origin p “ p0, 0, 0q, so the tangent space TPX
has dimension 2 at these points. At P , the cotangent space has dimension 3: it is given by

mP {m2
P “ px, y, zq{px2, xy, y2, xz, z2q » k x‘ k y ‘ k z.

△

Example 10.15. LetX Ă A3
k be the curve defined by the ideal I “ pxz`y2, x2 `y2 `2zq.

The Jacobian is given by

J “

ˆ

y x 2z
2x 2y 2

˙

The singular locus singpXq is defined by the ideal generated by the 2 ˆ 2-minors of J and
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I . If char k ‰ 2, we find that there is a unique singular point the origin p “ p0, 0, 0q. If
char k “ 2, thenX is actually non-reduced, because x2 `y2 `2z “ px`yq2, but x`y R I .
In fact, in this case,

?
I “ px` z, y ` zq. △

Unfortunately, the Jacobian criterion is not sufficient to check nonsingularity in general.
We will see simple counterexamples shortly. In general, if X is scheme of finite type over a
field k and P P X is a point, then the property that the Jacobian matrix at P has maximal
rank at P is called ‘smoothness’. Smoothness and nonsingularity are equivalent notions over
perfect fields, but not in general.

Definition 10.16 (Smoothness over a field). Let X be a scheme of finite type over a
field k. We say that a point P P X is smooth at P if there is an affine neighbourhood
U “ SpecA of P , where A “ krx1, . . . , xns{pf1, . . . , frq and the Jacobian J of the
f1, . . . , fr satisfies

rank JpP q “ n´ dimP X.

where dimP X is the dimension of X at P .

One key difference between ‘smoothness’ and ‘nonsingularity’ is that smoothness should
really be considered as a property of the morphism X Ñ Spec k, whereas nonsingularity
is an absolute property of X (this will be explained in Exercise 17.11.14). Smoothness is
furthermore a property which is stable under base change, wheras nonsingularity is not. The
next result tells us that we can relate the two notions by going to the algebraic closure of the
base field.

Proposition 10.17. Let X be a scheme of finite type over a field k and let P P X be a
closed point. Then the following are equivalent:

(i) X is smooth at P .
(ii) For each closed point P̄ P Xk̄ which maps to P , Xk̄ is smooth at P̄ .

(iii) For each closed point P̄ P Xk̄ which maps to P , Xk̄ is nonsingular at P̄ .

Proof Over an algebraically closed field, the conditions of nonsingularity and smoothness
are equivalent, by the Jacobian criterion, hence (ii) and (iii) are equivalent.

To prove (i)ô(ii), note that the statement is local around P , so we may assume that
X “ SpecA is affine, where A “ krx1, . . . , xns{pf1, . . . , frq.

The base change morphism Xk̄ Ñ X is surjective (by the Lying Over Theorem). Let
P̄ P Xk̄ be a point which maps to P . Then as k̄ is algebraically closed, Xk̄ is nonsingular at
P̄ if and only ifXk̄ is smooth at P̄ , and this happens if and only if rank JpP̄ q “ n´dimX .
But as rank JpP q “ rank JpP̄ q, this happens if and only if X is smooth at P .

Proposition 10.18. Let X be a scheme of finite type over a field k and let P P X be
a closed point. If X is smooth at P , then X is nonsingular at P . The converse holds if
κpP q is separable over k.

Proof The statement is local on X , so we may assume that X “ SpecA where A “
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krx1, . . . , xns{pf1, . . . , frq. We may also assume that X is irreducible, so dimP X “

dimX .
The statement is clear if κpP q “ k and P is a k-point, by the Jacobian Criterion. For

a general closed point P , we reduce to this case as follows. Consider the base change
XκpP q “ SpecB, where

B “ Abk κpP q “ κpP qrx1, . . . , xns{pf1, . . . , frq

As k Ñ κpP q is a finite field extension, hence integral, also A Ñ B is integral, and so
XκpP q Ñ X is surjective by the Lying Over Theorem. Let P̄ P XκpP q be a κpP q-point
which maps to P .

The Jacobian matrices JpP q and JpP̄ q of f1, . . . , fr at the points P and P̄ have the same
rank (we may compute the rank by going to k). Therefore, XκpP q is smooth at P̄ if and only
if X is smooth at P . Since P̄ is a κpP q-point, we see that XκpP q is nonsingular at P̄ by
the Jacobian Criterion. This means that the classes of f1, . . . , fr are linearly independent in
mP̄ {m2

P̄ . Considering the map mP {m2
P Ñ mP̄ {m2

P̄ , we see that f1, . . . , fr must be linearly
independent in mP {m2

P as well, and hence OX,P is a regular local ring by Example 10.10.
For the converse, we will consider the base change Xk̄ to the algebraic closure k̄. Suppose

that k Ă κpP q is separable of degree d. By the Primitive Element Theorem, we have
κpP q “ kpξq “ krts{phptqq for some polynomial h with h1pξq ‰ 0 in κpP q. As h is
separable, we have, as rings

κpP q bk k̄ “ k̄ ˆ ¨ ¨ ¨ ˆ k̄.

This implies that the scheme-theoretic fiber of XκpP q Ñ X over P consists of d reduced
points.

Let n “ m bk k̄ Ă A bk k̄. Then n is the ideal describing P1, . . . , Pd as a closed
subscheme of Xk̄. We have

n

n2
“

mP1

m2
P1

‘ ¨ ¨ ¨ ‘
mPd

m2
Pd

Note that n{n2 “ m{m2 bk k̄ has dimension d ¨dimkpm{m2q as a k̄-vector space. Therefore,
we have

d ¨ dimkpm{m2q “

d
ÿ

i“1

dimk̄p
mPi

m2
Pi

q (10.12)

Recall that dimk̄pmPi
{m2

Pi
q ě dimX for every i. If this is an equality for every i, then

(10.12) implies that P is nonsingular. Conversely, some inequatlity is strict, then the sum
on the right-hand side is ą ddimX and hence dimkpm{m2q ą dimX . In other words,
P is nonsingular if and only if Pi is nonsingular for every i. Therefore, assumping P is
nonsingular, the Pi are nonsingular, hence smooth, and hence P is also smooth by Proposition
10.17.

Here is a concrete example where the converse fails:

Example 10.19 (A nonsingular, but non-smooth curve). Let k “ Fpptq where p ą 2 is a
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190 Local properties of schemes

prime number and let X be the plane curve defined by the polynomial f “ y2 ` xp ` t.
Note that X is integral. In fact, f is irreducible even in k̄rx, ys, so also Xk̄ is integral.

The Jacobian of f is given by

J “
`

pxp´1 2y
˘

“
`

0 2y
˘

.

The closed subset of X defined by the vanishing of the Jacobian matrix is given by tP u,
where P P X is the point corresponding to the maximal ideal m “ pxp ` t, yq (this is a
prime ideal, because xp ` t is irreducible over k). This means that X is nonsingular at every
point in X ´ tP u. However, X is not smooth at P , as the Jacobian is identically 0 there.

To show that X is still nonsingular at P , note that f P krx, ys is not contained in
m2 “ px2p ` 2t` t2, ypxp ` tq, y2q, and so OX,P is regular by Example 10.10. Hence X
is a nonsingular scheme.

The point of this example is that ‘smoothness’ behaves well under base change, whereas
nonsingularity does not. If we go to the algebraic closure k̄, then t has a p-th root s, and
then Spec k̄rx, ys{py2 ` xp ` spq is no longer nonsingular (e.g., at the point px, yq “

p´s, 0q). △

Example 10.20. Let k be a field of characteristic 2 containing an element α P k which
is not a square. Let P P A2

k be the closed point of A2
k corresponding to the maximal ideal

m “ pv, u2 ` αq in kru, vs.
The plane affine curve X Ă A2

k defined by f “ v2 ´ upu2 ` αq has a Jacobian given
by J “ pu2 ` α, 0q. This has rank 1 except at the point P corresponding to the maximal
ideal m “ pu2 ` α, vq. Therefore, X is smooth at all points of X ´ tP u, but not at P . X is
however nonsingular at P , as f does not belong to m2 “ pv2, vpu2 ` αq, u4 ` α2q.

If K “ kpβq is the extension of k obtained by adjoining a square root β of α, then
the curve XK “ X ˆk K acquires a singular point. In terms of β, f takes the form f “

v2 ´upu2 ` β2q “ v2 ´upu` βq2, and XK has a singular point at pu, vq “ p´β, 0q. △

Proposition 10.21. Let X be a scheme of finite type over field k. Then the smooth locus
Xsm “ tP P X | f is smooth at P u is an open subset of X .

Proof Let P P X be a point and choose an open set U “ SpecA as in the definition of a
smooth point. If the Jacobian matrix J of the defining polynomials has maximal rank n´ r
at x, then some pn´ rq ˆ pn´ rq-minor of J is non-zero, and it will continue to be non-zero
in some open neighborhood W of P . Therefore W Ă Xsm and hence Xsm is open.

Corollary 10.22. For a reduced scheme of finite type over a perfect field k, the smooth
locus Xsm is a dense open subset of X .

Proof We may assume that X is irreducible, hence integral. By the previous proposition, it
suffices to show that Xsm is nonempty, i.e., X contains a single smooth point. To see this,
it is simplest to use the fact that X is birational to a hypersurface Y Ă Ank (Proposition
??). Write Y “ V pfq, where f is an irreducible polynomial in krx1, . . . , xns. For Y , the
statement of the proposition is clear, because if the Jacobian matrix is zero everwhere on
Y , then Bf

Bxi
P IpY q “ pfq for each i. But by degree reasons this means that the partial
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10.4 Normal schemes 191

derivatives Bf
Bx1
, . . . , Bf

Bxn
must all be the zero polynomial. This can only happen if k has

characteristic p and f is a polynomial in xp1, . . . , x
p
n. Over an algebraically closed field, this

even implies that f “ gp is the p-th power of a polynomial g. However, this is not possible,
as we assumed f to be irreducible.

Finally, let U Ă X and V Ă Y be open sets related by an isomorphism ι : U Ñ V . By
what we just showed, the smooth locus Y sm is dense in Y , and hence intersects V . As ι is an
isomorphism, it induces an isomorphism on tangent spaces, and hence U contains smooth
points as well.

Corollary 10.23. Let X be a scheme of finite type over a perfect field k. Then X is
nonsingular if and only if it is smooth over k.

Proof X is nonsingular if and only if it is nonsingular at each closed point X , which
happens if and only if it is smooth at every closed point. On the other hand, the smooth locus
of X is open, so if it contains all closed points of X , it must be equal to X , and hence X is
smooth.

Example 10.24. For varieties over non-perfect fields, it can happen that the smooth locus
is empty. For instance, if k “ Fpptq for an odd prime p and X is the affine scheme defined
by the polynomial f “ xp ´ typ in A2

k, then the Jacobian matrix is the zero matrix, so
Xsm “ H. This is ‘explained’ by the fact that the base change Xk̄ is non-reduced, hence
singular at every point: if s is a p-th root of t, then f “ px´ syqp. △

10.4 Normal schemes

Recall that an integral domain A is said to be normal if it is integrally closed in its fraction
field K “ KpAq. This means that any element w P K which satisfies a monic equation
wn ` an´1w

n´1 ` ¨ ¨ ¨ ` a0 “ 0 with coefficients in A, is already contained in A.
Here are a few examples of normal rings:

Example 10.25. Any unique factorization domain A is normal. This includes rings such as
Z or krx1, . . . , xns where k is a field.

To prove this, suppose u
v

P K is integral over A. Since A is a UFD, we may assume
without loss of generality that u and v are coprime (i.e., they share no common prime factors).
By assumption, u

v
satisfies a monic polynomial equation:

´u

v

¯n

` an´1

´u

v

¯n´1

` ¨ ¨ ¨ ` a0 “ 0,

where ai P A. Multiplying by vn gives:

un ` an´1u
n´1v ` ¨ ¨ ¨ ` a0v

n “ 0.

This implies that v divides un, which by our assumption means that v must be a unit in A.
Therefore, u

v
P A, and hence A is normal. △

Example 10.26. Any localization S´1A of a normal integral domain A is normal. In fact,
there is a partial converse: an integral domain A is normal if and only if Ap is normal for all
prime ideals p, if and only if Am is normal for all maximal ideals m. △

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

192 Local properties of schemes

Example 10.27. If A is a normal, then so is Arxs. △

Example 10.28. The ring A “ Zr
?

´5s is normal. To see this, let α “ r ` s
?

´5 P

Qp
?

´5q, with r, s P Q. If s ‰ 0, then the minimal polynomial α is qpxq “ x2 ´ 2rx `

pr2 ` 5s2q. Since α is integral over Zr
?

´5s, then it satisfies a monic polynomial equation
fpxq “ 0 with fpxq P Zrxs. As qpxq is the minimal polynomial of α over Q, it must divide
fpxq. By Gauss’ Lemma, qpxq must have integer coefficients. For this to happen, we must
have 2r P Z and r2 ` 5s2 P Z. These two imply that r and s can be written as r “ m{2 and
s “ n{2 for some m,n P Z. Then:

r2 ` 5s2 “

´m

2

¯2

` 5
´n

2

¯2

“
m2 ` 5n2

4
P Z.

This implies that m2 ` 5n2 is divisible by 4. Considering the possiblities of m and n modulo
4, shows that m and n must be even, and hence r, s P Z. Hence α P Zr

?
´5s. △

Example 10.29. The ring Zr
?
5s is not normal. The fraction field equals K “ Qp

?
5q, and

this contains the golden ratio ϕ “ 1`
?
5

2
. Note that ϕ satisfies the monic equation

ϕ2 ´ ϕ´ 1 “ 0,

so ϕ is integral over Z, hence over Zr
?
5s, but of course ϕ R Zr

?
5s. △

Motivated by the many desirable properties of normal rings, we make the following
definition for schemes.

Definition 10.30. We say that a scheme X is normal if for each point x P X , the local
ring OX,x is an integrally closed integral domain.

The primary example of a normal scheme is X “ SpecA, where A is a normal integral
domain. Note however, that in the definition of a normal scheme we do not make the
assumption thatX is integral. For instance,X “ SpecpCˆCq is a normal scheme. However,
if X is normal at a point x P X , the local ring OX,x is an integral domain, which implies
that there is a unique irreducible component of X containing x. This component, with its
scheme structure as an open subscheme, is integral. Hence any normal scheme is a disjoint
union of integral normal schemes. In any case, a normal scheme is always reduced.

Example 10.31. AnZ and PnZ are normal schemes, because the local rings are isomorphic to
localizations of the polynomial ring Zrx1, . . . , xns. △

Lemma 10.32. Let X be an integral normal scheme. Then OXpUq is normal for every
open subscheme U Ă X .

Proof Let A “ OXpUq. Suppose first that U is affine. Then all of the localizations Ap are
normal, by assumption, and so A is normal as well by Example 10.26.

If U Ă X is a general open subset, take elements u, v P A and suppose that u{v P K
satisfies a monic relation

pu{vqn ` an´1pu{vqn´1 ` ¨ ¨ ¨ ` a0 “ 0 (10.13)
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10.4 Normal schemes 193

where ai P A. If V Ă U is an affine open, then restricting (10.13) to V shows that
pu|V q{pv|V q satisfies a monic equation. As OXpV q is normal, we have u|V {v|V P OXpV q,
i.e., there is a regular element sV P OXpV q so that v|V sV “ u|V . If W Ă V is another
affine, then we similarly have an element sW so that v|W sW “ u|W , and clearly sV |W “ sW
as OXpW q is an integral domain. Therefore the sections sV glue to a section s P OXpUq,
which has the property that as “ b, i.e., a{b “ s P OXpUq.

Although it is not obvious from the definition, the notion of normality is related to
nonsingularity. This is because of the algebraic fact that a regular local ring is normal. In fact,
by the Auslander–Buchsbaum theorem local regular rings are unique factorization domains,
and hence they are normal by Example 10.25.

Proposition 10.33. Any nonsingular scheme is normal.

While normal schemes are more general than regular schemes, they still have several nice
properties. For instance, if X is normal and of finite type over a field, then:

(i) The singular locus of X has codimension at least 2 in X (Theorem ??).
(ii) Any finite birational morphism Y Ñ X is an isomorphism (Proposition 10.54).

(iii) Any rational function defined outside a closed set of codimension at least 2,
extends to a regular function on all of X (Theorem 10.42).

Normalization

A useful fact is that any integral scheme has a normalization. More precisely, if X is an inte-
gral scheme, then its normalization is a normal schemeX together with a dominant morphism
π : X Ñ X , which is universal among dominant morphisms from normal schemes.

Theorem 10.34 (Normalization). For an integral scheme X , there is a normal scheme
X , and a morphism π : X Ñ X satisfying the following universal property: For any
dominant morphism h : Y Ñ X from a normal scheme Z, there is a unique morphism
h : Z Ñ X such that h “ π ˝ h.

X

Z X

π

h

h

Proof If X “ SpecA is affine, define X “ SpecA where A Ą A is the integral closure
of A in K “ KpXq, and π : SpecA Ñ SpecA is the morphism induced by the inclusion.
Note that A is an integral domain, and that SpecA is normal.

Next we verify the universal property. Let h : Z Ñ X be a dominant morphism from
an integral normal scheme Z. This means that the map h7 : A Ñ OZpZq is injective (by
Example 6.17). As the ring OZpZq is normal, the ring map A Ñ OZpZq factors uniquely as
A Ñ A Ñ OZpZq. This means that h factors via X , as we want.

The proof for a general scheme involves gluing the morphisms Ui Ñ Ui for an affine
cover tUiu of X . See Example B.32 for details.
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194 Local properties of schemes

Passing from X to its normalization X is a quite common operation in algebraic geometry.
This is because X it has better properties than X , and we can hope to study X by performing
computations on X .

Proposition 10.35. For a Noetherian integral scheme X , the normalization X has the
following properties:

(i) π : X Ñ X is surjective.
(ii) X and X have the same dimension.

(iii) There is a dense open subset U Ă X so that π restricted to π´1pUq is an
isomorphism.

(iv) If X is of finite type over a field or over Z, then π : X Ñ X is a finite
morphism.

Proof All of these properties are ‘local on X’, so by the gluing construction used in the
construction of X , we reduce to X “ SpecA and X “ SpecA and π is induced by the
inclusion A Ă A. The first two statements (i) and (ii) follow from the Going-Up theorem.
The statement (iii) holds because by construction, X and X have the same fraction field K,
and π maps the generic point η “ SpecK of X maps to the generic point of X . Finally,
the statement (iv) follows from Theorem A.20, which tell us that with our assumptions, A is
finite as an A-module.

For a general scheme X , the normalization morphism π : X Ñ X may fail to be a finite.
In fact, there are examples of Noetherian integral domians A whose integral closure is not
finite over A.

Example 10.36 (The Cuspidal cubic). Consider the cuspidal cubic curve X “ SpecA
where A “ krx, ys{py2 ´ x3q. In Example ??, we showed that there is an isomorphism
of k-algebras A Ñ krt2, t3s defined the assignment x ÞÑ t2 and y ÞÑ t3. It is clear that
krt2, t3s is an integral domain with fraction field K “ kptq. On the other hand, this ring is
visibly not normal, because t R krt2, t3s, but yet it satisfies the monic equation T 2 ´ t2 “ 0.
As krts is integrally closed in K (being a UFD), any element in K which is integral over A,
can be written as a polynomial in t. Therefore the integral closure of A is given by A “ krts.
The corresponding normalization morphism SpecA Ñ SpecA is exactly the morphism
π : A1

k Ñ SpecA from Example ??. △

Example 10.37 (The Nodal cubic). Let X “ SpecA, where A “ krx, ys{py2 ´ x3 ´ x2q,
where k now is a field of characteristic not equal to 2 (if the characteristic is 2, we are back
in previous cuspidal case). This is the nodal cubic curve in A2

k. Here it is less obvious what
the normalization should be, but it helps to think about it geometrically.

If we think of the corresponding affine algebraic set t px, yq | y2 “ x3 ` x2 u Ă A2pkq,
we see that the origin p0, 0q is a special point: any line l defined by an equation y “ tx,
intersects the curve in p0, 0q P X and one more point (namely x “ t2 ´1 and y “ tpt2 ´1q).
The polynomial map t ÞÑ pt2 ´ 1, t3 ´ tq gives a parameterization of the curve, which is
one-to-one when t ‰ 0.
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This geometric observation can be turned into algebra as follows. Introduce the parameter
t “ y{x in the function fieldK ofX . The equation y2 “ x3 `x2 then reduces to t2 “ 1`x,
after dividing by x2. Moreover, the element t is integral, because it satisfies the monic equation
T 2 ´ x ´ 1 “ 0 (which has coefficients in A). As x “ t2 ´ 1 and y “ x ¨ y{x “ t3 ´ t,
we see that

A “ krt2 ´ 1, t3 ´ ts Ă krts Ă K “ kptq.

Moreover, since krts is integrally closed in K , we see that A “ krts. The normalization map
π : SpecA Ñ SpecA is an isomorphism outside the origin p0, 0q P X . Geometrically, the
map π identifies two points pt` 1q and pt´ 1q in A1

k to the origin in X .
△

Example 10.38. LetA “ Zr
?

´7s. ThenA is not normal, because the element α “ 1
2

`
?

´7
2

belongs to the fraction field Qp
?

´7q, and satisfies the integral equation x2 ´ 2x` 8 “ 0,
yet α R A. In fact, we have A “ Zr2αs and the normalization is given by A “ Zrαs. This is
because Zrαs Ă A, and Zrαs is integrally closed by Exercise 10.6.8.

Note that there are two ring maps Zrαs Ñ Z{2; one which sends α to 0 and one that sends
α to 1. Their kernels are the two prime ideals p1 “ p2, αq and p2 “ p2, α ´ 1q. Note that

p1 X Zr2αs “ p2, 2αq “ p2, 2α ´ 2q “ p2 X Zr2αs

In other words, p1 and p2 both map to the same prime ideal, q “ p2, 2αq “ p2, 1 `
?

´7q

via the normalization map

π : SpecZrαs ÝÝÑ SpecZr2αs.

This example shares many similarities with the nodal cubic example. △

Example 10.39 (The quadratic cone). Consider the affine scheme X “ SpecA where
A “ Crx, y, zs{pxy ´ z2q. Note that A is not a UFD as xy “ z2 and one easily checks that
x, y and z all are irreducible elements, so we cannot immediately conclude that A is normal.
However, there is an isomorphism of rings

ϕ : A Ñ Cru2, uv, v2s,

and the latter algebra is normal in its fraction field K “ Cpu2, uv, v2q. Indeed, suppose
that T “ p{q P Cpu2, uv, v2q satisfies a monic equation with coefficients in Cru2, uv, v2s,
then in particular T P Cru, vs is a polynomial in u and v (as Cru, vs is integrally closed).
Therefore, q divides p and so T P Cru2, uv, v2s. (For another proof, see Exercise 10.6.9.)

A2

Q

△
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Example 10.40 (Toric varieties). Let C Ă Rn be a cone generated by finitely many lattice
points in Zn, and let X “ Spec krCs be the associated toric variety. Then X is normal.

To prove this, we begin by writing C “ H1 X ¨ ¨ ¨ XHs where the Hi are half-spaces of
the form

Hi “ tv P Rn | ρi ¨ v ě 0 u,

where ρ P Zn is a primitive lattice vector, that is, ρi is not a positive integer multiple of
another vector in Zn.

Then, inside KpXq “ kpx1, . . . , xnq, we have

krCs “

s
č

i“1

krHis

The intersection of normal subrings is again normal, so it suffices to prove that each k-
algebra krHis is normal. To see this, since ρ is primitive, it can be extended to a basis of
Zn. After a change of cooordinates, we may therefore assume that ρ “ e1. Then krHs “

krx1, x
˘1
2 , . . . , x˘1

n s, which is clearly normal, being the localization of a polynomial ring.
This implies that all projective toric varieties, as defined in Section B.1 are normal. △

10.5 Properties of normal schemes

The following is another nice property of normal schemes. It essentially says that rational
functions can be extended over codimension 2 subsets, that is, any rational function which is
regular over an open subset U Ă X can be extended uniquely to a regular function on all of
X , provided that X ´ U has has no codimension 1 components. This is sometimes referred
to as the Algebraic Hartogs’s Theorem, even though it merely is an algebraic version of a
much deeper result from complex function theory due to Friedrich Hartogs.

We will need the following algebraic fact, which says that a normal ring A is equal to the
intersection (inside the fraction field) of all its localizations at height 1 prime ideals.

Proposition 10.41. Let A be a normal integral domain. Then

A “
č

htp“1

Ap (10.14)

This has the following geometric consequence, which holds for all Noetherian normal
schemes.

Theorem 10.42 (“Algebraic Hartogs’s theorem”). Let X be a Noetherian normal
scheme, and let U Ă X be an open subset with codimXpX ´ Uq ě 2. Then the
restriction map

OXpXq ÝÝÑ OXpUq (10.15)

is an isomorphism.

Proof As X is a disjoint of integral normal schemes, we may without loss of generality
assume that X is integral, so that we may view the rings of regular functions OXpV q as
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subrings of the function field KpXq and the restriction map (10.15) is simply the inclusion
of subrings OXpXq Ă OXpUq.

For f P OXpUq, we need to show that f is in fact regular on all of X . In light of
Proposition ??, this is equivalent to saying that f P OX,p for every p P X . As the latter
condition only involves the local rings, we reduce to proving the proposition for X affine,
say X “ SpecA, where A is a normal integral domain.

Now, as X ´ U is assumed to be of codimension at least 2, U contains all points p
corresponding to prime ideals p of height 1. This means that OXpUq Ă OX,p “ Ap for
every such p. Therefore, by (10.14), we conclude that

OXpUq Ă
č

htp“1

Ap “ A “ OXpXq.

In particular, if X is integral, and a rational function f P KpXq is regular outside a closed
subset Z of codimension at least 2, then it is regular everywhere.

Example 10.43. The assumption that the codimension is at least 2 can not be removed: for
the open set Dptq Ă A1

k we have OA1
k
pDptqq “ krt, t´1s, whereas OA1

k
“ krts.

By the way, the above proposition gives another way to see the why OUpUq “ kru, vs for
the non-affine open set U “ A2

k ´ V pu, vq in A2
k from Chapter ??. △

Example 10.44. Consider the subring of krx, ys given by

A “ krx2, xy, y2, x3, x2y, xy2, y3s

We can see directly that A is not normal, as x the monic equation T 2 ´ x2 “ 0 but x R A.
Similarly, y satisfies T 3 ´ y3 “ 0. In any case, these equations imply that the extension
A Ă krx, ys is an integral extension.

Consider X “ SpecA and let m “ px, yq X A “ px2, xy, . . . , y3q. We claim that the
morphism π : A2

k Ñ X induced by A Ă krx, ys is an isomorphism outside tmu. To check
this, we can work over the distinguished open sets Dpx2q and Dpy2q. Localizing at x2, we
have Ax2 “ krx, ysx2 “ krx, ysx, so π is an isomorphism over Dpx2q. Similarly, π is an
isomorphism over Dpy2q.

If p Ă A is a prime ideal of height 1, we must have p Ă X ´ tmu. This means that π
gives a bijection between the points of codimension 1 in X and the points of codimension 1
in A2

k. Therefore,
č

htp“1

Ap “
č

codim tpu“1

OX,p “
č

codim tpu“1

OA2,p “ krx, ys Ľ A.

In this example, the singular locus of X is given by tmu, which is of codimension 2. △

Corollary 10.45. Let X and Y be affine schemes of finite type over a field k, and let
ϕ : X ´ Z Ñ Y be a morphism, where Z has codimension at least 2. Then if X is
normal, then ϕ extends to a morphism ϕ : X Ñ Y .
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Proof Let Y Ă Ank be an embedding of Y into affine space. The composition X ´ Z Ñ

Y Ñ Ank is defined by n regular functions defined on X ´ Z. By the proposition above,
these extend to regular functions defined on all of X , and the extended map X Ñ Ank factors
via Y .

Example 10.46. The morphism π : A2
k´t0u Ñ P1

k does not extend to a morphism π : A2 Ñ

P1
k (it does not even extend as a continuous map). △

We saw that a Noetherian ring of Krull dimension 0 is normal if and only if it is a product
of fields. The next result gives a characterization of 1-dimensional normal rings. In short, it
says that a ring of dimension 1 is normal if and only if its localizations are discrete valuation
rings. Discrete valuation rings, in turn, have excellent properties: the structure of the ideals is
particularly simple, as the only non-zero ideals are powers of the maximal ideal. This fact
will be important later on when we study divisors on curves.

Proposition 10.47. Let A be a Noetherian local domain of dimension 1 with maximal
ideal m. The following statements are equivalent:

(i) A is a DVR.
(ii) The maximal ideal m is principal.

(iii) Every non-zero ideal is a power of m.
(iv) dimA{m m{m2 “ 1.

Proof See Proposition A.49.

Corollary 10.48. Let X be a Noetherian integral scheme of dimension 1. Then X is
normal if and only if it is nonsingular.

Proposition 10.49. Let X be an integral scheme of finite type over an algebraically
closed field k. If X is normal, then the singular locus singpXq has codimension at least
2.

Proof It suffices to prove this in the caseX “ SpecA is affine, where sayA “ krx1, . . . , xns{a
for some a “ pf1, . . . , frq. By definition, the singular locus singpXq consists of all the
points x P X for which OX,x is not a regular local ring. Suppose that Z is a component of
singpXq of codimension 1 and let ζ be its generic point. Then as X is normal, the local ring
OX,ζ is a normal integral domain, of dimension 1, hence regular, by the above proposition.
Therefore, ζ R singpXq. However, with our assumptions, the singular locus singpXq is
a closed subset in X , being defined by the ideal b generated by a and the r ˆ r-minors
of the Jacobian matrix of the fi. Therefore singpXq must contain all the generic points of
its components, including ζ . This is a contradiction, and so singpXq cannot contain any
codimension 1 components.

There is a converse to this result, known as Serre’s Criterion. It gives a more geometric
characterisation of the property of ‘normality’ (which is fundamentally an algebraic notion).
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Theorem 10.50 (Serre’s Criterion). Let X be a Noetherian integral scheme. Then X is
normal if and only

(i) X is nonsingular at all codimension 1 points, that is, OX,ζ is a regular local
ring for every point ζ of codimension 1.

(ii) Whenever U Ă X is an open set whose complement has codimension at
least 2, the restriction map (10.15) is an isomorphism.

Example 10.51 (Curves). A curve X is normal if and only it is nonsingular. △

Example 10.52 (Hypersurfaces). Let X be a nonsingular affine variety and let Y Ă X
be a hypersurface defined by f P OXpXq. Then the condition (ii) in Theorem 10.50 is
automatically satisfied (this is a non-trivial fact; see Eisenbud (2013)). Hence Y is normal if
and only if singpXq has codimension at least 2. △

Example 10.53. Let X be the scheme obtained from A2
k by identifying two points p, q P A2

k

(see Example B.42 on page 475). Then X is an integral scheme of dimension 2, and the
singular locus consists of a single point p. However, consider now the complementU “ X´p,
which consists of two disjoint copies of A2

k ´ p. The regular function f P OXpUq which
takes the value 0 on one component and 1 on the other clearly does not extend to all of
X . △

The second important property of normal schemes concerns birational morphisms. Recall
that a morphism f : X Ñ Y is birational if it induces an isomorphism between open sets
U Ă X and V Ă Y . We have already seen several birational morphisms which are not
isomorphisms. For instance, when f is the blow-up of A2

k at a point, there is a whole P1
k

which collapses to a point. Even when f is finite, i.e., when it does not collapse a positive-
dimensional subscheme to a point, f can still fail to be an isomorphism.

f : Spec krxs ÝÝÑ Spec krx, ys{py2 ´ x3q

described in Example ?? is both birational and bijective on points, but not an isomorphism
in any neighborhood containing the origin. However, our next result shows that this type of
phenomenon does not occur if the target is a normal scheme. This previous is not normal, and
the failure of being an isomorphism is entirely concentrated at the singular point at the origin.

Proposition 10.54. Let X and Y be integral schemes, and let f : X Ñ Y be a finite,
birational morphism. If Y is normal, then f is an isomorphism.

Proof Since the property of being an isomorphism is local on the target, and finite mor-
phisms are affine, we may reduce to the case where bothX and Y are affine, sayX “ SpecB
and Y “ SpecA, and f is induced by an injective ring map ϕ : A Ñ B, where B is finite
as an A-module. Now, as f is birational, ϕ induces an isomorphism of the function fields
ϕK : KpAq Ñ KpBq. Since A is integrally closed, the finite extension A Ñ B must be an
isomorphism. Therefore, f is an isomorphism as well.

If X is a curve, being normal is the same thing as being nonsingular, so the normalization
π : X Ñ X produces a nonsingular curve which is birational to X .

In light of the relationship between the properties of normality and nonsingularity, one
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can ask whether this holds in general i.e., whether the exists a ‘resolution of singularities’
π : Y Ñ X where Y is nonsingular, and π is birational. This is true if the ground field has
characteristic zero, by the following famous theorem of Hironaka:

Theorem 10.55 (Hironaka). Let k be a field of characteristic zero, and letX be a reduced
scheme of finite type over k. Then there exists a projective morphism π : Y Ñ X , where
Y is nonsingular and an open dense set U Ă X such that the restruction π´1pUq Ñ U
is an isomorphism.

Hironaka’s result is in fact more precise, saying that one can construct the morphism π
through a series of blow-ups along nonsingular closed subschemes, which are systematically
chosen to eliminate singularities. While the proof is highly technical, this process ultimately
yields a nonsingular scheme. The analogous statement in positive characteristic is unsolved,
and remains one of the most important open problems in algebraic geometry.

10.6 Exercises

Exercise 10.6.1 (Tangent space to a projective variety). Continuing the previous exercise, let
X Ă Pnk be a closed subscheme given by homogeneous polynomials F1, . . . , Fr. Show that
for a k-point p “ pa0 : ¨ ¨ ¨ : anq P X , the tangent space of X at p is given by

TpX “ pKer Jppqq {kpa0, . . . , anq

where J is the Jacobian matrix of the Fi. HINT: Consider the affine cone CpXq Ă An`1

and the map CpXq ´ 0 Ñ X .

Exercise 10.6.2. Compute the singular points of the scheme SpecCrx, ys{pxyq.

Exercise 10.6.3. Compute the singular points for the Whitney umbrellaA “ krx, y, zs{py2`

x3 ´ x2z2q.

Exercise 10.6.4. Let k be a field of characteristic 2 or 3 and let X Ă A2
k be a curve defined

by the equation y2 “ x3 ` ax` b, where a, b P k. Show that X is nonsingular if and only
if 4a3 ` 27b2 ‰ 0. What happens if k has characteristic 2 or 3?

Exercise 10.6.5. Let k be a field and let C be the image of the morphism

f : A1
k ÝÝÑ A3

k; t ÞÑ pt3 ´ 1, t4 ´ t, t5 ´ t2q.

Explicitly, C is defined by the ideal I “ py2 ´ xz, x2y ` xy ´ z2, x3 ` x2 ´ yzq.
a) Show that the singular locus of C consists of the origin p “ p0, 0, 0q and show

that TpX is 3-dimensional.
b) Show that the curve C does not lie on any nonsingular surface in A3

k.

Exercise 10.6.6. LetA be an integral domain with fraction fieldK . Let x P K be an element.
Show that the following are equivalent:

a) x is integral over A
b) Arxs is a finite A-module
c) There exists a subalgebra A1 Ă A such that x P A1 and R is a finite A1-module.
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Exercise 10.6.7. Let K{Q be a finite field extension of Q and let α P K. Show that α is
integral over Z if and only if its minimal polynomial fpxq P Qrxs has integer coefficients.

Exercise 10.6.8. Let d be a square-free integer and let K “ Qp
?
dq. Let OK denote the ring

of integers in K, that is, the integral closure of Z in K.
a) Show that the minimal polynomial of an elementw “ a`b

?
d, where a, b P Q

and b ‰ 0 is given by

W 2 ´ 2aW ` pa2 ´ b2dq “ 0

b) Show that if w is integral over Z, then 2a, a2 ´ b2d P Z. HINT: Use Exercise
10.6.7

c) Show that OK “ Zr 1`
?
d

2
s if d ” 1 mod 4 and OK “ Zr

?
ds otherwise.

Exercise 10.6.9. Prove directly that A “ Crx, y, zs{pz2 ´ xyq is normal as follows. Let
B “ Crx, ys, so that A “ Brzs{pz2 ´ xyq.

a) Show that A is a finite B-module of rank 2, with basis 1, z.
b) Show that KpBq “ Cpx, yq and the field extension KpBq Ă KpBq has

degree 2.
c) Show that w “ u` vz P A satisfies the monic polynomial

T 2 ´ 2uT ` pu2 ´ xyv2q “ 0.

d) Show that if w is integral overB, then u P Crx, ys; xyv2 P Crx, ys; and hence
v P Crx, ys. Conclude that w P A.

Exercise 10.6.10. Let X be a Noetherian integral scheme. Show that X is normal if and
only if OX,x is normal for every closed point x P X . HINT: If y P X is any point, there is
a closed point in tyu.

Exercise 10.6.11. Show that the projective scheme X “ V`px2
1 ´ 15x0x2q Ă P2

Z is normal.

Exercise 10.6.12 (The cone over a rational quartic curve). Consider X “ SpecA, where A
is the C-algebra

A “ Cru4, u3v, uv3, v4s » Crt0, t1, t3, t4s{pt0t4 ´ t1t3, t
3
1 ´ t20t3, t

3
3 ´ t1t

3
4q.

a) Show that X is a variety of dimension 2.
b) Show that X is nonsingular outside the origin p “ V pt0, t1, t3, t4q.
c) Show that

t21
t0

“ u2v2 “
t23
t4

defines a regular function onX´p, but it does not extend to all ofX . Conclude
that X satisfies (i) but not (ii) of Serre’s criterion.

d) Show that the ideal pt0q is not principal in A. HINT: A primary decomposition
of pt0q is given by

pt0q “ pt0, t
2
1q X pt0, t4q

Exercise 10.6.13. Show that the normalization of the scheme X “ SpecZr6is is given by
SpecZris.
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Exercise 10.6.14. Let A be a local principal ideal domain which is not a field. Show that A
is a discrete valuation ring.

Exercise 10.6.15. Describe the normalization of the scheme SpecZr
?

´3s.

Exercise 10.6.16 (Tangent space to projective space). Let k be a field and consider the
quotient map π : An`1

k ´ 0 Ñ Pnk . Let P “ pa0, . . . , anq P Ank ´ 0 and p “ pa0 : ¨ ¨ ¨ :
anq P Pnk be two k-points. Show that π induces a map TPAnk Ñ TpPnk , and show that the
kernel can be naturally identified with k ¨ pa0, . . . , anq Ă kn`1. Conclude that the tangent
space of Pnk at p is given by kn`1{pk ¨ pa0, . . . , anqq.

Exercise 10.6.17. Let X Ă P3
k be the twisted cubic curve, defined by the ideal I “

py2 ´ xy, xw ´ yz, z2 ´ ywq in krx, y, z, ws.
a) Show directly that X is nonsingular.
b) Show that X is connected. HINT: Look in the affine charts.
c) Deduce that I is a prime ideal.

Exercise 10.6.18 (Nonsingular Toric Varieties).
a) Let C Ă Rn be a cone generated by finitely many vectors v1,v2, . . . ,vn P Zn.

Assume that the vi form a basis for the lattice Zn. Show that the associated
toric variety X “ Spec krCs is nonsingular.

b) Let P Ă Rn be a lattice polytope. Suppose that for each vertex v P P , the cone
Cv at v can be generated by n vectors that form a basis for Zn. Show that the
associated toric variety X is nonsingular.

c) * Prove that the converses of parts (a) and (b) hold: if X is nonsingular, then, up
to a change of coordinates, C is generated by the standard basis vectors of Zn,
and for each vertex v P P , the cone Cv can be generated by n basis vectors for
Zn. HINT: See (Cox et al., 2024, Theorem 1.3.12).

Exercise 10.6.19 (Involutions). Let B be an integral domain and let σ : B Ñ B be a ring
map satisfying σ2 “ idB . The map σ extends to an involution of the fraction field K of B by
the assignment σ px{yq “ σpxq{σpyq. Define

A “ Bσ “ tx P B | σpxq “ xu

be the ring of invariants and let L “ KpAq be its field of fractions.
a) Show that L “ Kσ “ tz P K | σpzq “ zu.
b) Show that B is integral over A and if B is normal, A will be normal. HINT:

Any x P B will satisfy a quadratic equation with coefficients in A.
c) Consider B “ krx, ys and the involution σpx, yq “ p´x,´yq. Show that
Bσ “ krx2, xy, y2s. Deduce that the ring A “ kru, v, ws{pv2 ´ uwq is
normal.

Exercise 10.6.20. Let A “ Zr
?
8s. Show that the integral closure of A is given by A “

Zr
?
2s. Show that the normalization map

π : SpecZr
?
2s ÝÝÑ SpecZr

?
8s

is bijective on points, but it is not an isomorphism. Compare this with the normalization of
the cuspidal cubic.
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11

More on sheaves

Over the next few sections, we will develop the theory of sheaves in greater detail. We will
see that most of the familiar algebraic constructions, such as forming kernels, cokernels and
images, direct sums and products, have analogues for sheaves. This means that for a scheme
X , the category of sheaves onX is a particularly nice category which behaves very much like
the category of modules over a ring. In short, it is an abelian category with direct products
and direct sums.

11.1 Kernels and images

For a map of sheaves ϕ : F Ñ G, we define its kernel as follows:

Definition 11.1. The kernel Kerϕ of ϕ is the subsheaf of F defined by

pKerϕqpUq “ KerϕU

for each open U Ă X . In other words, pKerϕqpUq consists of the sections in FpUq that
are mapped to zero by ϕU : FpUq Ñ GpUq.

The restriction maps of F induce restriction maps of Kerϕ. Indeed, if s P FpUq maps to
zero by ϕU , then for any V Ă U ,

ϕV ps|V q “ ϕUpsq|V “ 0

and hence s|V P pKerϕqpV q.
The Locality axiom for Kerϕ follows automatically from the Locality axiom for F . For

the Gluing axiom, let tUiuiPI be an open cover of an open set U and let si P pKerϕqpUiq
be sections that agree on the overlaps. As F is a sheaf, we may glue together the si’s to a
section s P FpUq. Now we have ϕpsq|Ui

“ ϕps|Ui
q “ ϕpsiq “ 0 for all i. By the Locality

axiom for G, it follows that ϕpsq “ 0, and hence s P pKerϕqpUq.

Lemma 11.2. For each point x P X , one has pKerϕqx “ Kerϕx.

Proof To see the inclusion pKerϕqx Ă Kerϕx, let sx P pKerϕqx. By definition of the
stalk, we may find an open set V and s P KerϕV so that sx is the germ of s at x. As
ϕV psq “ 0, we also have ϕxpsxq “ pϕV psqqx “ 0 in Gx, and hence sx P Kerϕx.

Conversely, let sx P Kerϕx and let s P FpV q be a section representing sx. As ϕxpsxq “

205
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206 More on sheaves

0, we have pϕV psqqx “ 0. This means that there exists some open set W Ă V so that
ϕUpsq|W “ 0, and hence s|W P pKerϕqpW q. But this means that sx P pKerϕqx.

Defining the image of a map ϕ : F Ñ G between sheaves is more subtle than defining the
kernel. One can define the image presheaf by setting

Im pϕUq “

"

ϕUpsq P GpUq

ˇ

ˇ

ˇ
s P FpUq

*

. (11.1)

The restriction maps G induce restriction maps of Imϕ, as ϕ is compatible with restrictions,
but it will not be a sheaf in general. The issue arises from the Gluing axiom: given an open
cover Ui of U and sections of the form ti “ ϕUi

psiq, we can glue the ti to a section t P GpUq.
However, there is no guarantee that t is of the form ϕpsq for some s P FpUq. For that, the
sections si would need to agree on the overlaps Ui X Uj , and there is no reason for why they
should do so. Example 11.4 below illustrates this.

To define the image sheaf, we need to add in all sections that can be obtained by gluing
together local sections of the form ϕUi

psiq as above. In other words, we include the sections
of GpUq which are ‘locally images of ϕ’. For a later applications, we allow F to be simply a
presheaf.

Definition 11.3. For a map of presheaves ϕ : F Ñ G, where G is a sheaf, we define the
image sheaf Imϕ by

pImϕqpUq “

"

t P GpUq

ˇ

ˇ

ˇ

there is a cover Ui of U and sections
si P FpUiq such that t|Ui

“ ϕUi
psiq

*

.

The restriction maps of G induce restriction maps of Imϕ. The Locality axiom holds for
free because G is a sheaf. As for the Gluing axiom, suppose we are given an open cover
tUiuiPI of an open set U and sections ti P pImϕqpUiq that agree on the overlaps. Since G is
a sheaf, the ti’s glue together to a section t P GpUq, and t is by construction locally an image
because each ti is. The sheaf Imϕ is therefore a subsheaf of G: it is the smallest subsheaf of
G containing the images of ϕ.

Unlike the situation for kernels, pImϕqpUq is not always equal to ImϕU . We always have
the inclusion ImϕU Ă pImϕqpUq, as any section of the form ϕpsq clearly lies in Imϕ, but
there may also be additional elements of pImϕqpUq which are only locally images of ϕ.

Here is a concrete example where this happens:

Example 11.4. Let Z be the closed subscheme given by the ‘x-axis’ in A2
k, that is, Z “

Spec krxs inside A2
k “ Spec krx, ys. Let ι : Z Ñ A2

k denote the inclusion, and consider the
associated map of sheaves

ι7 : OA2
k

ÝÝÑ ι˚OZ .

We will show that the naive image presheaf G defined by GpW q “ Im pι7 pW qq is not a
sheaf. To see this, let U “ Dpxq “ Spec krx, ysx and V “ Dpyq “ Spec krx, ysy. Then
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11.2 Injective and surjective maps of sheaves 207

U X Z “ Z ´ V pxq and V X Z “ H. Over these open sets, the map ι7 is given by

ι7U : OA2pUq “ krx, ysx ÝÝÑ OZpι´1Uq “ krxsx

ι7V : OA2pV q “ krx, ysx ÝÝÑ OZpι´1V q “ 0

ι7UXV : OA2pU X V q “ krx, ysxy ÝÝÑ OZpι´1U X V q “ 0.

ι7UYV : OA2pU Y V q “ krx, ys ÝÝÑ OZpι´1pU Y V qq “ krxsx.

Here we have used Example 4.22 for OA2pU Y V q “ krx, ys.
Now note that the elements x´1 P GpUq and 0 P GpV q both restrict to 0 in GpUXV q “ 0.

However, they do not glue together to a section of G over U YV , because there is no element
of krx, ys that maps to x´1 in krxsx. In fact, the image sheaf is equal to all of ι˚OZ (see
also Example 11.11). △

Example 11.5. There is one situation when the formula pImϕqpUq “ ImϕU in fact holds
for every U , namely when each ϕU : FpUq Ñ GpUq is injective.

To see this, let t P pImϕqpUq be a section and let si P FpUiq be elements so that
t|Ui

“ ϕpsiq for every i. Then si|UiXUj
and sj|UiXUj

map to the same element in GpUiXUjq
for every i and j, so by injectivity, this forces si|UiXUj

“ sj|UiXUj
. Therefore, the si glue to

an element s P FpUq. We must have ϕpsq “ t, because ϕpsq|Ui
“ ϕps|Ui

q “ ϕpsiq “ t|Ui

for all i. Hence t “ ϕpsq and so t P pImϕqpUq. △

In general, the image sheaf behaves well when it comes to stalks:

Lemma 11.6. For each x P X , we have pImϕqx “ Imϕx.

Proof Let tx P Imϕx and pick an sx P Fx with ϕxpsxq “ tx. Choose sections s P

FpV q and t P GpV q representing sx and tx respectively, for some neighbourhood V of
x. As ϕxpsxq “ tx, we have ϕV psq “ t after possibly shrinking V . This implies that
t P pImϕqpV q, and hence tx P pImϕqx.

Conversely, let tx P pImϕqx. By definition, there exists an open set U and a section
t P pImϕqpUq so that tx is the germ of t at x. As t P pImϕqpUq, there exists an open cover
tUiuiPI of U and sections si P FpUiq such that t|Ui

“ ϕUi
psiq for each i. Choosing an

index i such that x P Ui, we have

tx “ pt|Ui
qx “ pϕUi

psiqqx “ ϕxppsiqxq

This means that tx P ϕx.

11.2 Injective and surjective maps of sheaves

We say that a map of sheaves ϕ : F Ñ G is injective if Kerϕ “ 0, and that ϕ is surjective if
Imϕ “ G.

The next two lemmas say that being injective or surjective are ‘local in nature’; they can
be checked on stalks.
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Lemma 11.7. For a map of sheaves ϕ : F Ñ G, the following are equivalent:
(i) ϕ is injective.

(ii) ϕU : FpUq Ñ GpUq is injective for all U Ă X .
(iii) ϕx : Fx Ñ Gx is injective for all x P X .

This is a consequence of the formula pKerϕqpUq “ KerϕU , and the fact that a sheaf is
zero if and only if its stalks are all zero.

When it comes to surjectivity, the formula pImϕqpUq “ ImϕU does not hold in general,
and in fact the item (ii) above does not hold with ‘injective’ replaced by ‘surjective’. Indeed,
surjectivity of ϕ means that for every open set U Ă X , and t P GpUq, there exists an open
cover tUiu of U and elements si P FpUq so that ϕpsiq “ t|Ui

. The best we can say is:

Lemma 11.8. For a map of sheaves ϕ : F Ñ G, the following are equivalent:
(i) ϕ is surjective.

(ii) ϕx : Fx Ñ Gx is surjective for all x P X .

This follows from the following small lemma, which will be useful later:

Lemma 11.9. Two subsheaves H,G of a sheaf F are equal if and only if Hx “ Gx (as
subgroups of Fx) for all x P X .

Proof The ‘only if’-direction is trivial. For the ‘if’ direction, let U Ă X be an open set and
let s P GpUq be a section. By assumption, for each x P X , sx lies in Gx “ Hx. This means
that for each x P U , there exists a neighbourhood Ux of x and a section tx P HpUxq such
that tx represents the germ sx. As the tUxuxPU form a cover of U , and the sections tx and ty

agree over Ux X Uy (they are both germs of s), they glue together to a section t P HpUq. By
construction s and t have the same germs at every point x P U , so by the Locality axiom,
s “ t. This shows that GpUq Ă HpUq for every open set U , and so G is a subsheaf of H.
By symmetry, we also have H Ă G and hence H “ G.

Example 11.10. If X “ SpecA is an affine scheme, and ϕ : ĂM Ñ rN is a map of sheaves
of ‘tilde-type’, then the following are equivalent:

(i) ϕ : ĂM Ñ rN is injective (resp. surjective)
(ii) ϕp : Mp Ñ Np is injective (resp. surjective) for every p P SpecA.

(iii) ϕX : M Ñ N is injective (resp. surjective).
This follows because the stalk maps of ϕ are exactly the localized maps in item (ii). △

Example 11.11. The map ι7 : OA2
k

Ñ ι˚OZ of Example 11.4 is not surjective when evaluated
over U “ A2

k. The map ι7 is however surjective as a map of sheaves. To see this, note that
A2
k is covered by the two opens U “ Dpxq and U 1 “ Dpx´ 1q. We already showed that ι7U

is surjective, as this is given by the quotient map krx, ysx Ñ krxsx. By Example 11.10, ι7p is
surjective for all p P U . A similar argument applies to U 1. Therefore ι7 is surjective on every
stalk, and so it is surjective. △

For a map ϕ : F Ñ G to be an isomorphism, i.e., it admits an inverse map ψ : G Ñ F , we
have the following clean statement.
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Proposition 11.12. Let ϕ : F Ñ G be a map of sheaves. Then the following four
conditions are equivalent.

(i) The map ϕ is an isomorphism.
(ii) For every x P X , the map on stalks ϕx : Fx Ñ Gx is an isomorphism.

(iii) One has Kerϕ “ 0 and Imϕ “ G.
(iv) For all open subsets U Ă X the map on sections ϕU : FpUq Ñ GpUq is an

isomorphism.

Proof (i) ñ (ii). This implication is clear.
(ii) ñ (iii). Kerϕ “ 0 follows by Lemma 11.2 and Imϕ “ G follows by Lemma 11.6

and Lemma 11.9.
(iii) ñ (iv). As Kerϕ “ 0, ϕ is injective. In that case, taking images commutes with

taking sections (Example 11.5), and so we have ImϕU “ pImϕqpUq. But by assumption,
Imϕ “ G, so ϕU is also surjective.

(iv) ñ (iii). If ϕU is an isomorphism for every U , the inverse maps ψU “ ϕ´1
U define an

inverse morphism ψ : G Ñ F .

11.3 Exact sequences

A sequence of maps of sheaves

F G Hϕ ψ
(11.2)

is said to be exact if Imϕ “ Kerψ as subsheaves of G.
A short exact sequence is an exact sequence of the form

0 F G H 0
ϕ ψ

(11.3)

where we have exactness at all stages. This is just a convenient way of simultaneously saying
that ϕ is injective, that ψ is surjective and that Imϕ “ Kerψ.

Exactness for a sequence of sheaves is a purely local condition; the sequence (11.2) is
exact if and only if for each x P X the sequence induced on stalks

Fx Gx Hx
ϕx ψx (11.4)

is exact. This follows from Lemma 11.9 applied to Kerϕ and Imϕ.
The following proposition will be very important:

Proposition 11.13 (Taking sections is left exact). Given a short exact sequence as in
(11.3), then for each open subset U Ă X , the sequence

0 FpUq GpUq HpUq
ϕU ψU

is exact.

Proof As ϕ is injective, we have that ϕU is injective, and also that pImϕqpUq “ ImϕU by
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Example 11.5. By definition, we have KerϕU “ pKerϕqpUq. Combining these, we obtain

ImϕU “ pImϕqpUq “ pKerψqpUq “ KerψU ,

and hence the above sequence is exact.

One way of phrasing Proposition 11.13 is to say that taking sections over an open set U
is a left exact functor. This functor, however, is not right exact in general. This failure of
exactness is a fundamental problem in algebraic geometry. We will explore this in greater
detail in Chapter 15 where we discuss cohomology.

Example 11.14. Consider the two points P “ p0 : 1q and Q “ p1 : 0q in P1
k and let

ι : Z Ñ P1
k be the closed embedding given by their union. Let I be the kernel of the map

ι7 : OP1
k

Ñ ι˚OZ . The sheaf I fits into the following sequence

0 I OP1
k

ι˚OZ 0.ι7

(11.5)

We claim that this sequence is exact, i.e., that ι7 is surjective. For this, it suffices to check that
the map is surjective locally. If U0 “ P1

k ´ P » Spec krss, then pι˚OZqpUq “ krss{s and
the map ι7pUq is given by the quotient map krss Ñ krss{s, which is surjective. A similar
argument shows that ι7 is surjective over U1 “ P1

k ´Q. Hence the sequence (11.5) is exact.
Now, consider the global sections of this sequence. We have ΓpP1,OP1

k
q “ k by Proposi-

tion ?? and ι˚OZpP1
kq “ OZpZq “ k ‘ k and the sequence becomes

0 ÝÝÑ ΓpP1
k, Iq ÝÝÑ k ÝÝÑ k ‘ k.

Here the right-most map cannot be surjective, so the sequence is not exact. △

11.4 The sheaf associated to a presheaf

Essentially any construction for abelian groups, such as forming kernels, cokernels, tensor
products, direct sums etc. has an analogue for sheaves. For these constructions, one typically
starts by writing down a naive presheaf and then proceeds to show that it satisfies the two
sheaf axioms. This works well in some cases (e.g., for the kernel sheaf), but in general, it can
fail to be a sheaf (as for the image presheaf). To obtain an actual sheaf, we sometimes need
to replace the naive presheaf with a sheaf which in some sense best approximates it; as one
says, we sheafify it.

What prevents a presheaf F in being a sheaf is of course the failure of one of the sheaf
axioms:

(i) There are non-zero sections which are locally zero, i.e., become zero when
restricted to the open sets of a covering. These are sections s P FpUq so that
sx “ 0 for every x P U .

(ii) There are collections of local sections which are compatible over the overlaps,
but do not glue to a global section of F .

In light of this, it is clear what the sheafifcation should do: mod out by the sections in the
item (i) and add in all the missing sections in item (ii).

The sheafification should also satisfy some sort of uniqueness property in the form of a
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11.4 The sheaf associated to a presheaf 211

universal property. More precisely, to any presheaf F , we will construct a sheaf F` and a
map of presheaves

κF : F ÝÝÑ F`

which is universal among maps from F into a sheaf.
The main properties of F` and κF are summarised in the following proposition.

Proposition 11.15. Given a presheaf of abelian groups F on X , there is a sheaf F` and
a map of presheaves κF : F Ñ F` satisfying the following properties:

(i) Any map of presheaves ϕ : F Ñ G induces a map of sheaves ϕ` : F` Ñ

G` such that following diagram commutes:

F G

F` G`

κF

ϕ

κG

ϕ`

(11.6)

(ii) If F is a sheaf, then κF is an isomorphism.
(iii) κF and F` satisfy the universal property that any map of presheaves F Ñ G

where G is a sheaf, factors through F` in a unique way. In other words, if G
is a sheaf, there is a natural isomorphism

HomPAbpXqpF ,Gq HomAbpXqpF`,Gq,» (11.7)

where on the left-hand side G is considered as a presheaf. This property
characterizes F` up to a unique isomorphism.

(iv) κF induces an isomorphism on stalks: Fx » F`
x for every x P X .

As in the construction of a sheaf from a sheaf on a basis, the details of the explicit
construction will not be terribly important. All arguments involving F` in this book rely
mainly on the four properties in the Proposition 11.15. This is a good illustration of the
principle: ask not what the thing is, but what it does.

Explicitly, the sections of F` are sequences psxqxPU of germs of F , i.e., elements of the
product

ś

xPU Fx, but only those sequences that arise from local sections of F are allowed.
More precisely, for an open set U Ă X , and we say that an element 1 psxq P

ś

xPU Fx is
locally induced by sections of F if there is an open cover tUiu of U and sections ti P FpUiq
so that ptiqx “ sx for x P Ui. We then define F` by setting

F`pUq “
␣

psxqxPU

ˇ

ˇ psxq is locally induced by sections of F
(

Ă
ź

xPU

Fx

The projection maps
ś

xPU Fx Ñ
ś

xPV Fx give restriction maps F`pUq Ñ F`pV q for
each U Ą V , making F` into a presheaf.

Lemma 11.16. F` is a sheaf.

1 The notation is not ideal: sx is a germ at x, but at the same time, x serves as an index.
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Proof Locality holds: if tUiu is an open cover ofU , and t “ psxqxPU is a section of F`pUq

such that t|Ui
“ 0 for each i, then sx “ 0 for every x P Ui. Hence, if t|Ui

“ 0 for all i, it
follows that t “ 0.

Gluing holds: Suppose we are given an open cover tUiu of U and sections ti “ psixqxPUi

of F` over Ui matching on the intersections Ui X Uj . Saying that the sections agree over
the overlaps, means that for any x P Ui X Uj , the components six and sjx are equal in Fx.
Therefore, we get a well-defined section t P F`pUq by using this common component as
the component of t at x. It is clear that t|Ui

“ ti. Moreover, t is locally induced by sections
of F because the ti are.

There is a canonical map of presheaves

κF : F ÝÝÑ F`

that sends a section s P FpUq to the sequence of all its germs; that is, to the element psxqxPU .
The kernel of this map consists exactly of the sections with all germs equal to zero, that is,
the sections of F which are ‘locally zero’.

For a map of presheaves ϕ : F Ñ G, we may define a map of sheaves ϕ` : F` Ñ G` over
an open set U using the product of all the stalk maps Fx Ñ Gx with x P U . In other words,
ϕ`
U sends psxqxPU to pϕxpsxqqxPU . With this definition, the diagram (11.6) is commutative.

It is not hard to check that id`

F “ idF` and that pψ ˝ ϕq` “ ψ` ˝ ϕ` for two composable
morphisms between presheaves on X , so that F ÞÑ F` is a functor from the category of
presheaves on X to the category of sheaves on X .

Proof of Proposition 11.15 The statement (i) was proved in the paragraph above.
As for (ii), let us assume that F is a sheaf. Then the Locality axiom implies that κF is

injective. For surjectivity, let t P F`pUq be an element and let si P FpUiq be a collection of
sections that locally induces t. Then since si and sj have the same germs for every point in
Ui X Uj , the restrictions si|UiXUj

and sj|UiXUj
are equal. Hence the si glue to an element

s P FpUq, (because F is a sheaf). By construction, s has the same germs as the si over Ui,
so we have κFpsq “ t.

For (iii), if G is a sheaf, then the map (11.7) sends ϕ : F Ñ G to the map κ´1
G ˝ϕ`, which

is the composition F` Ñ G` Ñ G. This defines a bijection, as the inverse sends a map
ψ : F` Ñ G to the map of presheaves F Ñ G given by the composition ψ ˝ κF .

Finally, let us prove claim (iv), starting with injectivity. Let tx P Fx, and represent it as
the germ of a section t P FpV q defined in some neighbourhood of x. Then over V , the map
κF sends t to the collection of germs ptyqyPV . If t maps to zero in F`pV q, then in particular,
tx “ 0.

For surjectivity, take an element in pF`qx and represent it by a section t P F`pV q over
some neighbourhood V of x. Taking a smaller V if necessary, we may assume that t is
induced from a section of F , that is, there is a section s P FpV q such that for each y P V ,
the y-th component of t is equal to the germ sy. But then over V , κF sends s to t, and so the
germ sx P Fx maps to tx P pF`qx.

Example 11.17. A presheaf F which is contained in a sheaf G is particularly easy to sheafify.
The sheafification F` equals the image sheaf of the inclusion map F Ñ G. In other words,
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the sections in F`pUq are the sections in GpUq that locally lie in F ; that is, sections s so
that s|Ui

P FpUiq for some open cover tUiu of U . △

Example 11.18 (The structure sheaf). Let X “ SpecA be the spectrum of a ring A. For
an open set U Ă X , define SpUq “ t s P A | Dpsq Ą U u as the set of elements do not
vanish anywhere on U . As in Section 3.4, we consider the assignment U ÞÑ SpUq´1A,
which defines a presheaf on X . This presheaf is not always a sheaf (see Exercise 3.6.20). The
associated sheaf is exactly the structure sheaf OX .

To see this, note that the natural maps SpUq´1A Ñ O1
XpUq, given by the universal

property of sheafification, define a morphism of B-sheaves (where as usual, B is the basis of
distinguished opens), and hence a morphism of sheaves OX Ñ O1

X . This is an isomorphism,
because it induces an isomorphism on stalks. △

Example 11.19. Let X “ A1
C and let p, q be two distinct points. Consider the presheaf F

defined by

FpUq “ t f P OXpUq | fppq “ fpqq u.

Then F is not a sheaf. The reason is that F |U “ OU for any open set U which contains p but
not q (as the condition fppq “ fpqq becomes redundant there). The same holds for open sets
containing q but not p. Therefore, if we take any f P OXpXq such that fppq ‰ fpqq, we can
restrict it to the open sets U “ A1

C ´ p and V “ A1
C ´ q, which form an open cover of X .

The restrictions f |U and f |V give two sections of FpUq “ OXpUq and FpV q “ OXpV q,
which are equal to f |UXV , over U X V , but the element they glue to, namely f , is not an
element of FpXq.

Note that F is a subpresheaf of OX . The above argument shows that every section of OX

locally lies in F , so that when we sheafify, we get F` “ OX . △

11.5 Cokernels and quotients

The main reason to introduce sheafification is to be able to define cokernels and quotient
sheaves. For a map of sheaves ϕ : F Ñ G, we define the cokernel Cokerϕ to be the sheaf
associated to the presheaf

pCoker1ϕqpUq “ GpUq{ImϕpUq.

For a subsheaf G Ă F of a sheaf G, the quotient sheaf F{G is the sheaf associated to the
presheaf

pF{Gq
1
pUq “ FpUq{GpUq.

In other words, F{G is the cokernel of the inclusion map G Ñ F .
Note that over an open set U , the cokernel presheaf is simply given by CokerϕU . Com-

posing ϕ with the canonical map Coker1ϕ Ñ Cokerϕ we obtain a map G Ñ Cokerϕ. It
sits in the sequence

F G Cokerϕ 0.
ϕ

(11.8)

Example 11.20. In the sequence (11.5) the subsheaf I Ă OP1
k

identifies with the sections
of OP1

l
vanishing along the subscheme Z. By the uniqueness of the cokernel, we get an
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isomorphism of sheaves O{I » ι˚OZ . Even in this example it is necessary to sheafify,
as the ‘naive’ quotient sheaf on global sections satisfies OP1pP1q{IpP1q “ k, whereas
pι˚OZqpP1q “ OZpZq “ k ‘ k. △

11.6 The inverse image sheaf

For a morphism f : X Ñ Y and a sheaf G on Y , we can define the inverse image sheaf
f´1G, which is a sheaf on X . This sheaf has a universal property which is closely related
to the pushforward functor f˚: for any sheaf F on X , the sheaf morphisms f´1G Ñ F are
in one-to-one correspondence with sheaf morphisms G Ñ f˚F . The inverse image sheaf
is trickier to define than the pushforward sheaf, but it has better properties. For instance,
applying f´1 preserves both stalks and exact sequences.

To define the sheaf f´1G over an open set U Ă X , it may be tempting to consider
something like GpfpUqq. This does not work in general, because the sheaf G only knows
about the open sets in Y , and typically subsets of the form fpUq will not be open in Y . The
solution is to adapt the definition of the stalk, and consider “germ-like” equivalence classes
of sections GpV q as V runs over the collection of open sets containing fpUq. Precisely, we
define the inverse image presheaf f´1

p G by setting, for an open set U Ă X ,

pf´1
p GqpUq “

ž

VĄfpUq

GpV q{ „ . (11.9)

The elements in the disjoint union are indexed as pairs ps, V q, where V Ă Y is an open set
in Y containing fpUq and s P GpV q. Two such sections ps, V q and ps1, V 1q are defined to
be equivalent if they agree over some smaller open set W with fpUq Ă W Ă V X V 1.

The restriction maps are defined as follows: if U 1 Ă U , then any open set V contain-
ing fpUq also contains fpU 1q. This implies that a pair ps, V q representing an element in
pf´1
p GqpUq naturally determines an element in pf´1

p GqpU 1q.
A different way of expressing (11.9) is as a direct limit

f´1
p pGqpUq “ lim

ÝÑ
VĄfpUq

GpV q, (11.10)

where V runs over open sets in Y containing fpUq. The restriction maps then arise directly
from the universal property of the direct limit, because if U 1 Ă U , the set of opens containing
fpUq is contained in the set of open sets containing fpU 1q.

The definition of f´1
p G has many similarities with that of the stalk of a sheaf. If V Ă Y

is a subset which contains fpUq and s P GpV q, then the equivalence class of s defines an
element in f´1

p pGqpUq. Conversely, any section of f´1
p G over U arises in this way from a

section of GpV q over some V containing fpUq.

Example 11.21. Let ι : Y Ñ X be the inclusion of a closed subscheme in a scheme X .
Then ι´1

p OX is a presheaf of rings on Y . A section of ι´1
p OX over V Ă Y , can be thought

of as a regular function on V obtained by restriction from some open neighbourhood in X
containing V . △

Unfortunately, the presheaf (11.9) is not a sheaf in general, so we take the associated sheaf:

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

11.6 The inverse image sheaf 215

Definition 11.22. Let f : X Ñ Y be a continuous map and G a presheaf on Y . The
inverse image f´1G is the sheaf associated to the presheaf (11.9).

Unraveling the definition, the sections of f´1G can be explicitly described as follows. For
an open set U Ă X , the group pf´1GqpUq is the set of sequences psxqxPU P

ś

xPU Gfpxq

that satisfy the following property: for every x P U , there is an open set V containing fpxq,
a section t P GpV q, and an open set U 1 Ă U so that fpW q Ă V and sx “ tfpxq for every
x P U 1.

Given a morphism of sheaves on Y , ϕ : G Ñ H, we obtain a collection of maps
ϕV : GpV q Ñ HpV q for open sets V containing fpUq. These maps are compatible with
restrictions, so they pass to the direct limit and induce a map of presheaves f´1

p G Ñ f´1
p H

and consequently to a map of sheaves f´1G Ñ f´1H . Therefore the inverse image defines
a functor f´1 : AbpY q Ñ AbpXq.

While the pushforward f˚F is easier to define and the sections are more intuitively
understood, the inverse image f´1G has better formal properties. For instance, the stalks are
easy to compute:

Proposition 11.23. The stalk of f´1G at a point x P X is isomorphic to Gfpxq.

Proof As sheafification preserves stalks, it suffices to verify this on the level of presheaves:

pf´1
p Gqx “ lim

ÝÑ
UQx

f´1
p GpUq “ lim

ÝÑ
UQx

lim
ÝÑ

VĄfpUq

GpV q “ lim
ÝÑ

V Qfpxq

GpV q “ Gfpxq.

Note that there is no such description of the stalk of a pushforward. Also, unlike the
pushfoward, the inverse image is an exact functor:

Corollary 11.24. If 0 Ñ G1 Ñ G Ñ G2 Ñ 0 is an exact sequence on Y , then

0 ÝÝÑ f´1G1 ÝÝÑ f´1G ÝÝÑ f´1G2 ÝÝÑ 0

is an exact sequence of sheaves on X .

Proof A sequence of sheaves is exact if and only if it is exact on stalks, so the lemma
follows by Proposition 11.23.

Example 11.25 (Restriction to an open set). Let ι : U Ñ X be the inclusion of an open set
in X . Then for a sheaf F on X , we have

ι´1F “ F |U .

Indeed, if V Ă U is an open set, then V is also open inX , and the direct limit lim
ÝÑWĄιpV q

FpW q

simply evaluates to FpV q. Note that the inverse inverse presheaf ι´1
p F is a sheaf in this

case. △

Example 11.26 (General restrictions). If Z Ă X is an arbitrary subset, then the naive
restriction of sections does not directly give a sheaf on Z, because an open subset V Ă Z
will typically not be open inX . The sections of the inverse image sheaf are instead determined
by sections of FpUq as U runs over the open sets in X containing Z.
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In particular, if Z “ txu, we recognize the definition of the stalk, and ι´1F “ Fx, as a
constant sheaf on txu. △

Example 11.27. The presheaf defined by (11.9) is not in general a sheaf. For instance, if
f : X Ñ Y is the constant map with image y P Y , then for each open set U Ă X , the direct
limit in (11.9) will be the stalk Gy. Therefore, (11.9) defines the constant presheaf with value
Gy, and as we observed in Example 3.9 on page 49, this is not always a sheaf.

For an explicit example, we can let X “ Spec k \ Spec k, Y “ Spec k and f : X Ñ

Spec k. Then f´1OY “ OX , which is the constant sheaf on k on X , whereas f´1
p OY is the

constant presheaf on k.
More generally, if f : X Ñ Y is any morphism, and A is a constant presheaf with value

A on Y , then f´1
p A is the constant presheaf on X and f´1A is a constant sheaf on X (both

with value A.). △

Example 11.28. As f´1
p OY is a presheaf of rings, f´1OY is a sheaf of rings on X . To see

this, we can either apply Exercise 11.7.11, or use the explicit description of the sections of
f´1OY in terms of germs. △

Here is the aforementioned universal property of the inverse image sheaf.

Theorem 11.29. Let f : X Ñ Y be a map of schemes and let G be a sheaf on Y . Then
there exist functorial bijections

HomAbpXqpf
´1G,Fq ÝÝÑ HomAbpY qpG, f˚Fq (11.11)

for each sheaf F on X .

Proof As F is a sheaf, the universal property of sheafification tells us that there is a one-to-
one correspondence between sheaf maps f´1G Ñ F and maps of presheaves f´1

p G Ñ F .
Therefore, it suffices to establish a bijection between:

(i) The set of sheaf maps ϕ : G Ñ f˚F
(ii) The set of presheaf maps ψ : f´1

p G Ñ F .
We will show that both sets are in bijection with

(iii) The set of maps

ΛU,V : GpV q ÝÝÑ FpUq

so that for each inclusion U Ą U 1 in X and V Ą V 1 in Y with V Ą fpUq and
V 1 Ą fpU 1q, then the following diagram commutes

GpV q FpUq

GpV 1q FpU 1q.

ΛU,V

ΛU1,V 1

(11.12)

(ii) ô (iii): Let U Ă X be an open set. As pf´1
p GqpUq is defined as a direct limit,

a map ψU : f´1
p GpUq Ñ FpUq is specified by a collection of maps ΛU,V : GpV q ÝÝÑ

FpUq so that whenever V Ą V 1 Ą fpUq, we have ΛU 1,V “ ΛU,V ˝ ρV V 1 . That ψ is
compatible with the restriction maps translates is exactly the condition that (11.12) commutes
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for all U,U 1, V, V 1. Conversely, any such collection ΛU,V determines a map of presheaves
ψ : f´1

p G Ñ F by letting ψU be the map induced by ΛU,V in the direct limit.
(i) ô (iii): Given a collection ΛU,V , we obtain a sheaf map ϕ : G Ñ f˚G by defining

ϕV “ Λf´1V,V . The diagrams (11.12) ensure that ϕ is a map of sheaves.
Conversely, we need to show that every map of sheaves ϕ : G Ñ f˚G arises from a unique

collection ΛU,V in this way. Given ϕ, we define ΛU,V to be the composition

GpV q
ϕV

ÝÝÑ Fpf´1V q ÝÑ FpUq.

This assignment makes the diagrams (11.12) commute. Moreover, for an open set of the form
U “ f´1V , we have ΛU,V “ ϕV , so we see that the collection ΛU,V induces ϕ.

The collection ΛU,V is in fact uniquely determined by the maps of the form Λf´1V,V

for V Ă Y . Indeed, the diagram (11.12) implies that if U Ă f´1V , then ΛU,V factors as
Λf´1V,V : GpV q Ñ Fpf´1V q followed by the restriction Fpf´1V q Ñ FpUq. In particular,
there is one and only one ΛU,V that induces ϕ.

Despite of the name, the functors f˚ and f´1 are not inverses: it is not true that f˚f
´1G »

G or f´1f˚F » F in general. However, there is a relationship between them. Applying the
bijection (11.11) to the identity maps f´1G Ñ f´1G and f˚F Ñ f˚F , we obtain canonical
sheaf maps

η : G ÝÝÑ f˚f
´1G and ε : f´1f˚F ÝÝÑ F .

These can be understood a bit more explicitly as follows. For an open set in X of the form
f´1V , the direct limit (11.10) is canonically isomorphic to GpV q. Therefore, a section GpV q

defines a section of f´1
p G over f´1pV q. Then η is induced by the composition

GpV q ÝÝÑ f˚f
´1
p GpV q ÝÝÑ f˚f

´1GpV q.

In particular, there is a natural map

ΓpY,Gq ÝÝÑ ΓpX, f´1Gq. (11.13)

Likewise, the map ε can be defined as follows. For an open set U Ă X , taking the direct
limit of the restriction maps Fpf´1V q Ñ FpUq over open sets V with V Ą fpUq, we get
a map of presheaves f´1

p f˚F Ñ F . Then sheafifying, we get ε.

Example 11.30. Let f : A2
k “ Spec krx, ys Ñ Spec k be the structure morphism. Then

f´1OSpec k is the constant sheaf on k on A2
k. The morphism OSpec k Ñ f˚f

´1OA2
k

is the
identity map. On the other hand, f˚OA2

k
is the constant sheaf with value krx, ys on Spec k and

f´1f˚OA2
k

is also the constant sheaf on A2
k with value krx, ys. The map f´1f˚OA2

k
Ñ OA2

is given by the inclusion krx, ys Ñ OA2
k
pV q for every V Ă A2

k. △

Example 11.31. In contrast, for the structure morphism f : P1
k Ñ Spec k and F “

OP1
k
p´1q, we have f˚F “ ΓpP1

k,Fq “ 0, and f´1f˚F “ 0. Hence f˚f
´1F ‰ F . △

The sheaf f´1G is uniquely determined by the property (11.11). This follows from the
following version of Yoneda’s Lemma:
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Lemma 11.32 (Yoneda’s Lemma). Let C be a category and let X and Y be objects of
C. Given a natural transformation

η : HomCpY,´q ÝÝÑ HomCpX,´q, (11.14)

there is a unique morphism f : X Ñ Y that induces η, that is, for every object W in C,
the map of sets

ηW : HomCpY,W q ÝÝÑ HomCpX,W q, (11.15)

is given by ηW pσq “ σ ˝ f .

Proof The proof is very similar to Lemma 8.1.

11.7 Exercises

Exercise 11.7.1. Let F be a presheaf on a scheme X and let F` be the sheaf associated to
F . Show that there is a natural map FpXq Ñ F`pXq. Find examples where this fails to be
injective or surjective.

Exercise 11.7.2. Let T “ tx, y, z, vu be a topological space with open subsets txu, tyu,
O “ tx, y, zu, P “ tx, y, vu, and O X P “ tx, yu.

Define a presheaf G on T as follows:

‚ Gptxuq “ Gptyuq “ Z{2,
‚ GpOq “ GpP q “ GpO X P q “ GpT q “ Z,

with the natural quotient maps as the restrictions.
a) If G` denotes the sheafification, show that G`pT q “ tpm,nq P Z‘Z | m ” n

mod 2u.
b) Show that the element p0, 2q P G`pT q cannot come from a global section of G

over T . Conclude that G is not a sheaf.

Exercise 11.7.3. Define a sheaf on a topological space X by FpXq “ Z and FpUq “ 0 for
all other open sets. Show that F is a presheaf and describe the associated sheaf F`.

Exercise 11.7.4. Suppose ϕ : F Ñ G is a map of sheaves with the property that there is a
covering tUiu of X so that each ϕUi

is injective. Must ϕ be injective? If so, prove it, if not,
give a counterexample.

Exercise 11.7.5. Let ϕ : F Ñ G be a map of sheaves on X and let B be a basis for the
topology on X . Show that ϕ is an isomorphism if and only if ϕV is an isomorphism for every
V P B.

Exercise 11.7.6. Show that the sheaf associated to the ‘constant presheaf’ FpUq “ A of
Example 3.9 is the sheaf AX described in (??).

Exercise 11.7.7. Prove that the sheafification is unique up to a unique isomorphism.

Exercise 11.7.8. Let X be a topological space and let j : U Ñ X be an open set. For a
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sheaf G on U , we define a sheaf j!G on X , the extension by zero by the sheaf associated to
the presheaf

jp!pV q “

#

GpV q V Ă U

0 otherwise

a) Show that the stalk pj!Gqx is equal to Gx if x P U , and 0 otherwise.
b) Show that j! is a left adjoint to j!.
c) Assume U “ X ´ Z, where i : Z Ñ X is a closed subset. If F is a sheaf on
X , show that there is an exact sequence

0 Ñ j!pF |Uq Ñ F Ñ i˚pF |Zq Ñ 0. (11.16)

d) Study the exact sequence (11.16) for X “ Ank , Z “ p0, . . . , 0q and F “ OAn
k

.

Exercise 11.7.9. Let f : X Ñ Y and g : Y Ñ Z be two morphisms.
a) Show that pg ˝ fq˚ “ g˚ ˝ f˚

b) Show that pg ˝ fq´1 “ f´1 ˝ g´1. HINT: There are sheafifications involved.
Define a map from one side to the other and show that it induces an isomorphism
on stalks.

Exercise 11.7.10. Let X be a scheme and let F be a presheaf on X . Show that sheafification
commutes with restriction, i.e., F`|U “ pF |Uq`. HINT: Use the universal property and
check the stalks.

Exercise 11.7.11. Let F be a presheaf of rings on X . Show that the associated sheaf F` is a
sheaf of rings.

Exercise 11.7.12. Let X “ tx, y, zu be a topological space with three elements and open
sets H, X, V “ txu, U1 “ tx, yu, U2 “ tx, zu. Let F be the constant presheaf on X .

a) Show that F is a sheaf.
b) Let G be the presheaf defined by GpHq “ 0, GpXq “ Z‘Z, and GpV q, GpU1q,

GpU2q all equal to Z, and let the restriction maps be ρU1,V “ ρU2,V “ idZ and
let GpXq Ñ GpViq be the i-th projection, for i “ 1, 2. Show that G is a sheaf.

c) Consider the map ϕ : F Ñ G defined by ϕX “ Z Ñ Z ˆ Z, x ÞÑ px, xq, and
all the other maps equal to the identity map. Show that ϕ is a map of sheaves.

d) Compute the values of the image presheaf and conclude that it is not a sheaf.

Exercise 11.7.13. Consider the adjunction between the inverse image functor f´1 and the
direct image functor f˚. Recall the maps η : G Ñ f˚f

´1G and ε : f´1f˚F Ñ F .
a) Given a morphism ϕ : f´1G Ñ F , show that the corresponding morphism on

the right-hand side of (11.11) is obtained by applying η : G Ñ f˚f
´1G and

then composing with the morphism f˚ϕ : f˚f
´1G Ñ f˚F .

b) Given a morphism ψ : G Ñ f˚F , show that the corresponding morphism on
the left-hand side is obtained by first applying f´1ψ : f´1G Ñ f´1f˚F and
then composing with the map ε : f´1f˚F Ñ F .

Exercise 11.7.14. Show that the map ΓpY,Gq ÝÝÑ ΓpX, f´1Gq of (11.13) needs not be
injective or surjective in general, even in the basic case in Example 11.25.
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Exercise 11.7.15. Let ι : Spec k Ñ A2
k “ Spec krx, ys be the inclusion of a k-point in A2

k.
Compute ι´1OA2

k
and study the morphisms OA2

k
Ñ ι˚ι

´1OA2
k

and ι´1ι˚OSpec k Ñ OSpec k.
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12

Quasi-coherent sheaves

12.1 Sheaves of modules

A module over a ring is an additive abelian group equipped with a multiplicative action of the
ring. Loosely speaking, we can multiply elements of the module by elements from the ring.

Similarly, an OX-module is a sheaf F whose sections can be multiplied by sections of
OX . That is, an OX-module is a sheaf F such that FpUq is an OXpUq-module for each
open set U Ă X , and if V Ą U , then the restriction map FpUq Ñ FpV q is OXpUq-linear
in the sense that if a, b P OXpUq, s, t P FpUq, then

pa ¨ sq|V “ a|V ¨ s|V

A map of OX-modules or an OX-linear map is a map of sheaves α : F Ñ G between
two OX-modules F and G such that for each open U the map αU : FpUq Ñ GpUq is
OXpUq-linear. The OX-modules on a scheme X form a category, which we denote by
ModOX

.
We write HomOX

pF ,Gq for the subgroup of HomAbpXqpF ,Gq consisting of sheaf maps
F Ñ G which are OX-linear.

Example 12.1 (Pushforwards). For a morphism f : X Ñ Y and an OX-module F , the
pushforward f˚F is naturally an OY -module via the natural map f 7 : OY Ñ f˚OX . That
is, for a section s P f˚FpV q and a P OY pV q, we define a ¨ s P f˚FpV q to be section
f 7paq ¨ s P Fpf´1V q. △

Example 12.2 (Ideal sheaves). Ideal sheaves are important examples of OX-modules. A
sheaf I is an ideal sheaf if IpUq Ă OXpUq is an ideal for each open set U Ă X . For an
ideal sheaf I , the quotient sheaf OX{I associated to an ideal sheaf I is an OX-module.

The primary example is the following. Let ι : Y Ñ X be a closed embedding, then the
kernel I of the map ι7 : OX Ñ ι˚OY is an ideal sheaf of OX , and there is an exact sequence

0 ÝÝÑ I ÝÝÑ OX ÝÝÑ ι˚OY ÝÝÑ 0

We also see that ι˚OY » OX{I as OX-modules. See also Example 11.14. △

Example 12.3. If F is a sheaf obtained by gluing together sheaves Fi defined on a cover
U “ tUiuiPI , and each Fi is an OUi

-module, then F is an OX -module. Indeed, for V Ď X
open, s P FpV q, and a P OXpV q, the product a ¨ s is defined by gluing the local products
a|UiXV ¨ s|UiXV in FipUi X V q. △

Example 12.4. Write P1
k for the projective line over a field k, and consider the sheaves

221
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OP1
k
pnq from Chapter 5; that is, OP1

k
pnq is the sheaf obtained by gluing OU0

to OU1
using the

isomorphism OU1
|U0XU1

Ñ OU0
|U0XU1

on U0 X U1 “ Spec kru, u´1s given by multiplica-
tion by un. Then OP1

k
pnq is an OP1

k
-module by Example 12.3. The map ϕ : OP1

k
p´1q Ñ OP1

is a map of OP1
k
-modules, and the image of ϕ is an ideal sheaf of OP1 . △

12.2 The tilde of a module

The most important examples of OX-modules are the sheaves of the form ĂM , which we
introduced in Section 3.5. Let us briefly recall the construction. If A is a ring, and M is an
A-module, the sheaf ĂM on X “ SpecA is the sheaf extending the following B-sheaf

ĂMpDpfqq “ Mf .

The restriction maps are the canonical localization maps, which are described as follows:
when Dpgq Ă Dpfq, we may write gr “ af for some a P A and some r P N, and the
localization map Mf Ñ Mg sends mf´n to anmg´nr.

It is almost immediate that ĂM is an OX -module. Over a distinguished open set U “ Dpfq,
the group ĂMpDpfqq “ Mf is a module over Af , and if U Ă X is any open subset, we may
cover it by distinguished open sets Dpfq and define an OXpUq-module structure on ĂMpUq

using the sheaf sequence. In the same way, one verifies that the restriction maps are maps of
modules.

Sending an A-module M to the OX-module ĂM defines the tilde functor from ModA to
ModX . This functor has very good properties, as we are going to see. We start by explaining
the universal property of ĂM among OX-modules.

Proposition 12.5. Let X “ SpecA be an affine scheme. For an A-module M and an
OX-module F , there is a natural isomorphism

HomOX
pĂM,Fq HomApM,FpXqq

»

that sends ϕ : ĂM Ñ F to ϕX : M Ñ FpXq. It is functorial in both M and F .

Proof Let f P A, and consider the commutative diagram

M FpXq

Mf FpDpfqq

ϕX

ϕDpfq

where the vertical maps are restriction maps. This gives the following relation:

ϕDpfqpm{1q “ ϕXpmq|Dpfq.

Note that FpDpfqq is an Af -module, because F is an OX-module. Therefore, in the local-
izations at f , we have the following relation

ϕDpfqpmf
´nq “ ϕXpmq|Dpfq ¨ f´n, (12.1)
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where mf´n P Mf . This means that the maps ϕDpfq are completely determined by ϕX :
M Ñ FpXq. By Proposition 3.14, the map of sheaves ϕ is completely determined once it is
specified over the Dpfq’s. Hence ϕ is determined by ϕX , and the map in the proposition is
injective.

For the surjectivity, suppose we are given a map of A-modules α : M Ñ FpXq. As usual,
to define a map ĂM Ñ F it suffices to tell what it does to sections over the distinguished open
sets Dpfq. Inspired by (12.1), we define αDpfq by

αDpfqpmf
´nq “ αpmq|Dpfq ¨ f´n.

(Note that αpmq is a section of FpDpgqq, so the multiplication makes sense because F is an
OX-module). Hence αDpfq is simply the composition of the two maps of Af -modules

Mf FpXqf FpDpfqq,
αf

where the right-hand map is induced from the restriction map FpXq Ñ FpDpfqq by
localization (note that FpDpfqq is an Af -module). This is compatible with the restriction
maps, so we get a well-defined map of sheaves ϕ : ĂM Ñ F . Taking f “ 1, we see that we
recover α from ϕ on global sections.

The statement about the functoriality also follows from formula (12.1). The details are left
to the reader.

If we apply Proposition 12.5 to M “ FpXq and consider the preimage of the identity
map FpXq Ñ FpXq, we obtain the following corollary:

Corollary 12.6. For each OX-module F on an affine scheme X , there is a unique
OX-module homomorphism

βF : ČFpXq ÝÝÑ F (12.2)

that induces the identity on the spaces of global sections. The map βF is functorial in F .

In concrete terms, the map βF is defined over a distinguished open subset Dpfq as
follows. A section of the sheaf ČFpXq over Dpfq is an element of the form s{fn where
s P FpXq. Regarding f´n as a section of OXpDpfqq “ Af , we may send s{fn to the
product s|Dpfq ¨ f´n, which, because F is an OX-module, defines a section of FpDpfqq.

Proposition 12.7. Let A be a ring and let X “ SpecA. Then:
(i) The functor M ÞÑ ĂM is exact.

(ii) If M and N are A-modules, the map α ÞÑ rα gives an isomorphism

HomApM,Nq » HomOX
pĂM, rNq,

with inverse ϕ ÞÑ ϕX .

Proof Let 0 Ñ M 1 Ñ M Ñ M2 Ñ 0 be an exact sequence of A-modules. Applying
tilde gives the sequence of OX-modules

0 ĂM 1
ĂM ĄM2 0. (12.3)
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To check that (12.3) is exact, it suffices to check that it is exact on stalks for every point
x P X . But if x P X corresponds to the prime ideal p Ă A, the stalks of (12.3) is simply the
localization of (??) at p (which is exact, because localization is an exact functor).

The last statement follows from Proposition 12.5 with F “ rN and the fact that by
definition prαqX “ α.

Item (ii) above says that the tilde functor is fully faithful. Hence it establishes an equiva-
lence between the category ModA of A-modules and a subcategory of ModX . This subcate-
gory is usually a strict subcategory; most OX-modules are not of tilde-type.

12.3 Quasi-coherent sheaves

The following is the most important definition in this chapter.

Definition 12.8. Let X be a scheme and F be an OX-module. We say that F is quasi-
coherent if for every affine U “ SpecA Ă X , the restriction F |U is of tilde type, that
is, there exists an A-module M such that F |U » ĂM as OU -modules.

We let QCohX denote the category of quasi-coherent sheaves onX , that is, the subcategory
of ModX where the objecs are quasi-coherent sheaves and the morphisms are morphisms of
OX-modules.

The next theorem is an important result in the theory of quasi-coherent sheaves. It says that
to verify that a sheaf F is quasi-coherent, it suffices to check that F is locally of tilde-type for
the opens in a single open affine cover; this is a much easier condition to check in practice.

Theorem 12.9. Let X be a scheme and F an OX-module. Suppose that there exists an
open affine covering tUiuiPI of X , where Ui “ SpecAi, and Ai-modules Mi such that
F |Ui

» ĂMi as OUi
-modules for each i. Then F is quasi-coherent.

Proof Let U “ SpecA be an affine open set of X . We need to show that the canonical
map

β : ČFpUq ÝÝÑ F (12.4)

is an isomorphism. It suffices to check this over every distinguished open set Dpfq Ă U .
This reduces to showing that the map

FpUqf ÝÝÑ FpDpfqq (12.5)

which sends s{fn to s|Dpfq ¨ f´n is an isomorphism.
By the assumption on the covering Ui, the restrictions F |Ui

is of ‘tilde type’. The covering
U X Ui forms an open cover of U . Using Lemma 6.22, we may cover each U X Ui by affine
open sets which are distinguished in both U and Ui. Doing so, we obtain an affine cover of
U of open sets Dpg1q, . . . , Dpgrq such that F |Dpgiq is of tilde type over each Dpgiq.

As F |Dpgiq is of tilde type on Dpgiq for each i, the canonical maps

βF |Dpgiq
: ČFpDpgiqq ÝÝÑ F |Dpgiq (12.6)
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are isomorphisms. In particular, over each open set Dpfq XDpgiq “ Dpfgiq, the map

FpDpgiqqf ÝÝÑ FpDpfgiqq (12.7)

which sends s{fn with s P FpDpgiqq to s|Dpfgiq ¨ f´n, is an isomorphism. For each i and j,
the restriction of F to Dpgigjq is also of tilde-type, so we also have the isomorphisms

FpDpgigjqqf ÝÝÑ FpDpfgigjqq (12.8)

Consider the sheaf exact sequence for the cover Dpg1q, . . . , Dpgrq:

0 FpUq
Àr

i“1 FpDpgiqq
Àr

i,j“1 FpDpgigjqq. (12.9)

There is a similar sequence for the cover of Dpfq given by Dpfg1q, . . . , Dpfgrq. These
sequences give the following commutative diagram:

0 FpUqf
Àr

i“1 FpDpgiqqf
Àr

i,j“1 FpDpgigjqqf

0 FpDpfqq
Àr

i“1 FpDpfgiqq
Àr

i,j“1 FpDpfgigjqq

The top row in the diagram is the localization of (12.26) with respect to f , so both rows
are exact. The three vertical maps are direct sums of the appropriate β-maps. By (12.7) and
(12.8), the two vertical maps to the right are isomorphisms. By the 5-lemma, the left-most
vertical map, which equals (12.5) is also an isomorphism, as we wanted to show.

For an affine scheme X “ SpecA, the assignment M ÞÑ ĂM defines a functor Ąp´q

from A-modules to the category of quasi-coherent sheaves QCohX . By definition, every
quasi-coherent sheaf is of the form ĂM , and we can recover the module M by M “ ΓpX,Fq.
In fact, this induces an equivalence of categories:

Theorem 12.10. Let X “ SpecA be an affine scheme. Then the tilde functor

Ąp´q : ModA ÝÝÑ QCohX

is an equivalence of categories. The global sections functor Γ: QCohX Ñ ModA that
sends F to FpXq defines a quasi-inverse.

Note that we always have an equality of A-modules ΓpX,ĂMq “ M . On the other
hand, the functorial map βF : ČFpXq Ñ F from Corollary 12.6 on page 223 is merely an
isomorphism, hence the term ’quasi-inverse’ in the theorem.

This result has several imporant consequences for quasi-coherent sheaves on affine schemes.
The first is that the global section functor preserves exact sequences.
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Corollary 12.11. Let X “ SpecA and let 0 Ñ F 1 Ñ F Ñ F2 Ñ 0 be a sequence of
quasi-coherent OX-modules. Then the sequence on global sections

0 F 1pXq FpXq F2pXq 0 (12.10)

is also exact.

Proof Since the global section functor is left exact, we need only show that (12.10) is right
exact, i.e., that the cokernel C “ CokerpFpXq Ñ F2pXqq is zero. In any case, there is an
exact sequence

FpXq ÝÝÑ F2pXq ÝÝÑ C ÝÝÑ 0.

Applying the tilde functor, which is exact (Proposition 12.7), we get an exact sequence

F ÝÝÑ F2 ÝÝÑ rC ÝÝÑ 0.

By assumption, F Ñ F2 is surjective, so rC “ 0 and hence C “ ΓpX, rCq “ 0.

Example 12.12 (Quasi-coherent sheaves on P1). Consider the projective line P1
k over k, with

the usual covering by U0 “ Spec krus and U1 “ Spec kru´1s, glued together along their
common open set Spec kru, u´1s.

The sheaves OP1
k
pnq, as defined in Chapter ??, are all quasi-coherent. This follows because

OP1
k
pnq|Ui

» OUi
for each i “ 1, 2 and OUi

is of course quasi-coherent.
More generally, we can classify all quasi-coherent sheaves on P1

k as follows. A quasi-
coherent sheaf on P1

k is given by a triple pM0,M1, τq, whereM0 is a module over OXpU0q “

krus, where M1 is a module over OXpU1q “ kru´1s and where

τ : M1 bkru´1s kru, u´1s ÝÝÑ M0 bkrus kru, u´1s.

is an isomorphism of modules over kru, u´1s.
In terms of this description, the sheaves OP1

k
pnq are given by the triples M0 “ krus,

M1 “ kru´1s and the map τ : kru, u´1s Ñ kru, u´1s is multiplication by un.
This description of the sheaf is not unique: given any isomorphisms ψ0 :M0 Ñ M0 and

ψ0 :M1 Ñ M1, we can define τ 1 “ pψ1 b idq ˝ τ ˝ pψ0 b idq which defines an isomorphic
sheaf.

△

Quasi-coherent sheaves and localization

There is a big difference between quasi-coherent sheaves and OX-modules in general. One
way to explain the term ‘coherence’ is that if U is an affine subset, then the groups of sections
of FpDpgqq over smaller affines Dpgq Ă U are completely determined its sections over U
itself, through the natural map

FpUqg ÝÝÑ FpDpgqq. (12.11)

given by s{gn ÞÑ s|V ¨ g´n.
In contrast, Exercise (12.12.13) shows that the sections of a general OX -module can vary

rather wildly.
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In fact, an OX-module F is quasi-coherent if and only if the localization maps (12.11)
are isomorphisms for every U and Dpgq. If F is quasi-coherent, then F |U » ĂM for some
A-module M and (12.11) follows by the description of the sections of ĂM over distinguished
open sets. Conversely, if (12.11) holds then the natural map βF |U : ČFpUq Ñ F |U is an
isomorphism, and so F is quasi-coherent.

Example 12.13 (Modules on spectra of DVR’s). Let A be a discrete valuation ring with
maximal ideal m and fraction field K. The scheme X “ SpecA consists of two points:
the closed point s (corresponding to m) and the generic point ξ (corresponding to p0q). The
nonempty open sets are tξu and X itself.

For this simple scheme we can describe all OX -modules as follows. Every OX -module F
is uniquely determined by the following data:

(i) An A-module M “ FpXq,
(ii) A K-vector space N “ Fptξuq,

(iii) An A-linear map ρ : M Ñ N given by the restriction map FpXq Ñ Fptξuq.
Conversely, any such triple pM,N, ρq determines an OX -module F by setting FpXq “ M ,
Fptξuq “ N , FpHq “ 0, with the restriction map FpXq Ñ Fptξuq given by ρ. Since M
and N are modules over OXpXq “ A and OXptξuq “ K respectively, this makes F into
an OX-module.

Note that ρ : M Ñ N can be arbtrary – it need not be injective, surjective or even nonzero.
It can even be the zero map, and in that case M and N can be completely arbitrary modules.

In this setting, an OX-module F is quasi-coherent if and only if the induced map ρ b

idK : M bAK Ñ N is an isomorphism (of K-vector spaces). To see this, note that if F is
quasi-coherent, then it must be equal to ĂM . This forces N “ Fptξuq “ Mp0q “ M bA K
and ρ to induce an isomorphism after tensoring withK . Conversely, if ρb idK : MbAK Ñ

N is an isomorphism, then F is isomorphic to ĂM , with Fptξuq “ Mp0q “ M bAK. △

12.4 Kernels, Images and Cokernels

Most of the constructions for modules over a ring have analogues for OX-modules and
quasi-coherent sheaves. For instance, given a map of OX-modules ϕ : F Ñ G, the kernel,
image and cokernel of α, have natural OX -modules structures. Here it is clear that the image
and cokernel presheaves have OX-module structures, and then Exercise 12.12.4 shows that
also the associated sheaves are OX-modules.

If ϕ : F Ñ G is a map between quasi-coherent sheaves, then Kerϕ, Imϕ and Cokerϕ
are also quasi-coherent. To see this, we may restrict to an open affine U “ SpecA. On U ,
the restriction of ϕ is of the form rα for some map of A-modules α : M Ñ N . Since Ąp´q is
an equivalence of categories, we have:

Kerϕ “ ČKerα, Imϕ “ ĆImα, Cokerϕ “ ČCokerα.

In particular, the global sections over an affine open set U are computed as follows:
(i) ΓpU,Kerϕq “ KerαU ,

(ii) ΓpU, Imϕq “ ImαU ,
(iii) ΓpU,Cokerϕq “ CokerαU .
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The same applies to quotients: if G Ă F is a subsheaf of an OX -module F , then the quotient
sheaf F{G is naturally an OX-module. If F and G are both quasi-coherent, then so is F{Q
and for every affine open subset U Ă X , we have

ΓpU,F{Gq “ FpUq{GpUq.

Note that this formula does not hold for arbitrary open subsets (see Example 11.14).

12.5 Direct sums and products

For a finite collection of sheaves F1, . . . ,Fn, their direct sum
Àn

i“1 Fi is defined by:

ΓpU,
n
à

i“1

Fiq “

n
à

i“1

FipUq.

This is a sheaf with restriction maps defined componentwise. Locality holds because if
s “ ps1, . . . , snq P

Àn

i“1 FipUq restricts to 0 on a covering, then all s1 “ ¨ ¨ ¨ “ sn “ 0
by Locality for the Fi’s. Likewise, given local sections matching on the overlaps, one can
glue componentwise.

It is also possible to define direct sums of an arbitrary collection of sheaves tFiuiPI , see
Exercise 12.12.10.

If the Fi are OX -modules, the direct sum
Àn

i“1 Fi is also an OX -module in a natural way,
with multiplication being defined componentwise. Moreover, if the Fi are quasi-coherent,
the direct sum is also quasi-coherent:

Proposition 12.14. If F1, . . . ,Fn is a collection of quasi-coherent sheaves, then the
direct sum

Àn

i“1 Fi is quasi-coherent. If X “ SpecA, then for all A-modules Mi, we
have

Č
n
à

i“1

Mi »

n
à

i“1

ĂMi. (12.12)

Proof We may reduce to the affine case and write X “ SpecA. It suffices to prove
the formula (12.12); quasi-coherence follows from this. As direct sums commute with
localization, we have for every f P A, a natural isomorphism of Af -modules

p

n
à

i“1

Miqf ÝÝÑ

n
à

i“1

pMiqf (12.13)

These maps are compatible with the restriction maps, so there is an induced map of OX-
modules ϕ : Č

Àn

i“1Mi Ñ Č

Àn

i“1Mi. The map ϕ is an isomorphism, as it induces an isomor-
phism on stalks.

For a collection of sheaves tFiuiPI , we define the direct product
ś

iPI Fi by:

Γ

˜

U,
ź

iPI

Fi

¸

“
ź

iPI

FipUq. (12.14)
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This is a sheaf with componentwise restriction maps. Moreover, if the Fi are OX-modules,
ś

iPI Fi is naturally an OX-module.
If F1, . . . ,Fn are quasi-coherent sheaves, then the product

śn

i“1 Fi is also quasi-coherent.
In fact, it is isomorphic to the direct sum

Àn

i“1 Fi Moreover, if X “ SpecA, then
˜

n
ź

i“1

Mi

¸

Ă

“

n
ź

i“1

ĂMi

For an infinite collection of sheaves, however, it can happen that the direct product is not
quasi-coherent. The reason is that direct products do not commute with localization in general
(see Exercise 12.12.10).

12.6 Tensor products

Given two OX-modules F and G, we define their tensor product F bOX
G as the sheaf

associated to the presheaf

T pUq “ FpUq bOXpUq GpUq (12.15)

When the context is clear, we may simply write F b G for brevity.
In the definition, it necessary to sheafify, as the presheaf T is not always a sheaf (see

Example 12.16 below). Fortunately, the following proposition allows us to understand the
sections of tensor products of quasi-coherent sheaves, at least over affine open subsets.

Proposition 12.15. Let F and G be quasi-coherent sheaves. Then:
(i) F bOX

G is quasi-coherent.
(ii) For any open affine subset U Ă X , there is a canonical isomorphism

pF bOX
GqpUq “ FpUq bOXpUq GpUq (12.16)

(iii) For X “ SpecA and A-modules M and N ,

ČM bA N » ĂM bOX
rN. (12.17)

Proof As in Proposition 12.14, we reduce to the affine case assume X “ SpecA and to
proving (12.17). The main point is that tensor products commute with localization. More
precisely, for each f P A, there is a natural isomorphism of Af -modules

Mf bAf
Nf ÝÝÑ ΓpU, ČM bA Nq “ pM bA Nqf (12.18)

given by the assignmentm{fabn{f b ÞÑ pmbnq{fa`b. These isomorphisms are compatible
with the restriction maps, so there is an induced map of OX-modules ϕ : ČM bA N Ñ

ČM bA N . As the maps (12.18) are isomorphisms, ϕ induces an isomorphism on stalks, and
hence it is an isomorphsm.

Example 12.16. Let F “ OP1
k
p1q and G “ OP1

k
p´1q. Then the global sections of the tensor

product presheaf (12.15) is given by

FpP1
kq bk GpP1

kq “ k2 bk 0 “ 0.
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However, there is an isomorphism of sheaves

F b G “ OP1
k
p1q bOP1

OP1
1
p´1q » OP1

k
,

which has global sections equal to k. This means that the presheaf (12.15) is not a sheaf. △

Example 12.17. Let A “ krx, y, zs, and X “ A3
k “ SpecA. Consider the A-modules

M “ krx, y, zs{pxq and N “ krx, y, zs{pyq.

Then M bA N “ krx, y, zs{px, yq » krzs.
Let F “ ĂM and G “ rN . If we let U “ A3

k ´ tp0, 0, 0qu, then arguing as in Example
4.22, we find that FpUq “ M and GpUq “ N , so

FpUq bOXpUq GpUq » krzs.

On the other hand,

pF bOXpUq GqpUq “ ΓpU, Ąkrzsq » krz, z´1s.

△

12.7 Finiteness conditions for OX -modules

Just as with modules over a ring, we can impose finite finiteness conditions on OX -modules
on a scheme X .

Definition 12.18. A quasi-coherent sheaf F is finitely generated, or of finite type, if for
each open affine U Ă X , the group FpUq is a finitely generated OXpUq-module.

As in the case of quasi-coherence, the conditions hold for any open affine cover provided
that it holds for one:

Proposition 12.19. Let X be a scheme and let F be a quasi-coherent sheaf on X . If
there is an affine cover tUiuiPI with Ui “ SpecAi such that for each i, F |Ui

» ĂMi for
some finitely generated Ai-module, then F is of finite type.

Proof See Exercise 12.12.51.

Example 12.20. If X “ SpecA, then an OX-module F is of finite type if and only if
F » ĂM for some finitely generated A-module. △

Example 12.21. Let X “ SpecZ. If F is an OX-module of finite type, then F “ ĂM for
some finitely generated Z-module M , and by the structure theorem for finitely generated
abelian groups, we may write M “ Zr ‘ T , where T is a finite direct product of groups of
the form Z{nZ. Hence we may write

F “ Or
X ‘ T (12.19)

where T is a sheaf having stalks Tp “ 0 for all but finitely many p and Tp0q “ 0. (T is a
torsion sheaf, see Exercise 12.12.41.) △

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

12.8 The Hom-sheaf 231

Example 12.22. The argument of the previous example in fact applies over any PID A: for
X “ SpecA, any OX -module of finite type sheaf must have the form ĂM for M “ Ar ‘ T
where T is a finitely generated torsion module. In particular, any finite type sheaf on the
affine line A1

k “ Spec krxs decomposes as

F “ Or
X ‘ T (12.20)

where T is a torsion sheaf. △

Example 12.23. Let X “ SpecCrxs, Y “ SpecC, and let f : X Ñ Y be the structure
morphism A1

C Ñ SpecC. Then f˚OX is not of finite type, as it equals the tilde of Crxs

which is not finitely generated as a C-module.
In fact, it follows by definition that for an affine morphism f : X Ñ Y , f˚OX is of finite

type if and only if f is of finite type. △

Definition 12.24 (Coherent sheaves). Let X be a Noetherian scheme. We say that a
quasi-coherent sheaf is coherent if it is of finite type.

Remark 12.25. There is a more general definition of ‘coherence’ for OX -modules on arbitrary
schemes. Specifically, an OX-module F is defined to be coherent if it is of finite type, and
for every open U Ă X and every morphism of OU -modules ϕ : On

U Ñ F |U , the kernel of ϕ
is of finite type. The main reason for introducing this stronger notion of coherence, is that the
category of coherent sheaves forms an abelian category even in the non-Noetherian setting.
The downside is that the coherence condition is very difficult to check in general, and in fact,
for some schemes, even affine ones, the structure sheaf OX itself is not coherent.

In this book, we will be interested in coherent modules exclusively in the Noetherian
setting, and here the notion is equivalent to being of finite type.

12.8 The Hom-sheaf

Recall that we defined the Hom-sheaf of two sheaves F and G as the sheaf

HompF ,GqpUq “ HomAbpUqpF |U ,G|Uq.

For two OX-modules F and G, we define the Hom-sheaf HomOX
pF ,Gq, by

HomOX
pF ,GqpUq “ HomOU

pF |U ,G|Uq. (12.21)

where the right-hand side means all the OU -linear maps.
The sheaf HomOX

pF ,Gq is an OX-module is a natural way, but it is not always quasi-
coherent, even if both F and G are. This is because of the fact that Hom does not commute
with localization in general. However, if X is Noetherian and F is of finite type, then it is
quasi-coherent:
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Proposition 12.26. Let F and G be quasi-coherent sheaves on a Noetherian scheme X ,
and assume that F is coherent.

(i) HomOX
pF ,Gq is quasi-coherent.

(ii) HomOX
pF ,Gq is coherent if F and G are.

(iii) For every open affine U “ SpecA,

HomOX
pF ,Gq|U “ HomOXpUqpFpUq,GpUqqr .

(iv) The stalk at a point x P X is given by

HomOX
pF ,Gqx “ HomOX,x

pFx,Gxq. (12.22)

Proof The key point is that ifA is Noetherian, andM is finitely generated, thenHompM,´q

commutes with localization (see Proposition A.8). More precisely, for every f P A, there is a
canonical isomorphism

HomApM,Nqf “ HomAf
pMf , Nf q (12.23)

for each A-module N . These isomorphisms are compatible with restriction maps, so we get
a map of sheaves ČHomApM,Nq Ñ HomOX

pĂM, rNq. By (12.23), the induced map is an
isomorphism on stalks, and so it is an isomorphism of sheaves, giving us (iii). The remaining
statements follow from this formula.

Example 12.27. Let X “ SpecZ and consider the Z-modules M “ Q and N “ Z. Then
the global sections of HomOX

pĂM, rNq is given by:

HomOX
pĂM, rNqpXq “ HomZpQ,Zq “ 0.

On the other hand, the stalk at the generic point η is equal to

HomOX
pĂM, rNqη “ HomS´1ZpS´1Q, S´1Zq “ HomQpQ,Qq “ Q.

Here S “ Z´0. From this it follows that HomOX
pĂM, rNq is not a quasi-coherent sheaf. △

12.9 Pushforwards

For a morphism of schemes f : X Ñ Y , and an OX -module F , the pushforward sheaf f˚F
defined by f˚FpUq “ Fpf´1Uq, is an OY -module (see Example 12.1). In this section, we
will explore when the pushforward f˚F of a quasi-coherent sheaf is again quasi-coherent.

We begin by considering the affine case. Consider a morphism f : SpecB Ñ SpecA
induced by a ring map ϕ : A Ñ B. Via ϕ, any B-module M can also be considered as
a module over A. We write MA for M as an A-module. This works well with respect to
localization: if g P A, then there is an isomorphism of Ag-modules Mϕpgq “ pMAqg (where
Mϕpgq is considered as an Ag-module).

Proposition 12.28. Let f : SpecB Ñ SpecA be a morphism of affine schemes, and
let M be a B-module. Then

f˚
ĂM “ ĄMA. (12.24)
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Proof By Proposition 2.29, we have f´1Dpgq “ Dpϕpgqq. This means that we have
equalities

pf˚
ĂMqpDpgqq “ ĂMpf´1Dpgqq “ ĂMpDpϕpgqqq “ Mϕpgq “ pMAqg,

where the last equality holds by the above paragraph. These equalities are compatible with
the restriction maps of the sheaves involved, so we conclude that f˚

ĂM “ ĄMA.

Example 12.29. If X “ SpecB, Y “ SpecA, and f : X Ñ Y is a morphism induced by
ϕ : A Ñ B, then canonical map f 7 : OY Ñ f˚OX is the map rA Ñ ĂBA, where we consider
B as an A-module. Over the open set U “ Dpgq Ă Y , f 7

U is given by the localized map
Ag Ñ Bϕpgq. △

Corollary 12.30. Let f : X Ñ Y be an affine morphism and let F be a quasi-coherent
OX-module. Then f˚F is quasi-coherent.

Proof As ‘quasi-coherence’ is a property which can be checked locally on Y , we may
assume Y “ SpecA, and the result follows from the above proposition.

The pushforward of a quasi-coherent sheaf is not always quasi-coherent. However, the
counterexamples to this tend to be somewhat pathological (see Example 12.34). For most
morphisms encountered in practice, quasi-coherence is preserved. The following theorem
gives sharp sufficient conditions for this property to hold.

Theorem 12.31 (Quasi-coherence of pushforwards).
Let f : X Ñ Y be a morphism, and suppose that for every affine open V Ă Y ,
the inverse image f´1pV q admits a finite affine cover tU1, . . . , Uru such that each
Ui X Uj also admits a finite affine cover. Then for any quasi-coherent OX-module F ,
the pushforward f˚F is a quasi-coherent OY -module.

Proof To show that f˚F is quasi-coherent, it suffices to show that f˚F |V is quasi-coherent
for any affine open subset V Ă Y . Therefore, we may assume that Y “ SpecA is affine.

Let M “ ΓpY, f˚Fq “ FpXq. Note that f˚F is an OY -module, so we may view M as
an A-module. We claim that the natural map

ĂM ÝÝÑ f˚F (12.25)

which sends s{gn with s P FpXq to s|f´1Dpgq ¨ g´n, is an isomorphism. It suffices to check
this over the distinguished open subsets Dpgq Ă Y for g P A.

By our assumptions, we may cover X by finitely many affine open subsets Ui “ SpecBi,
and then cover the intersections Ui X Uj by finitely many affines Uijk “ SpecBijk.

Let ϕi : A Ñ Bi and ϕijk : A Ñ Bijk be the ring maps that induce the morphisms Ui Ñ

Y and Uijk Ñ Y . We also consider the distinguished open sets Ui,g “ Dpϕipgqq Ă Ui and
Uijk,g “ Dpϕijkpgqq Ă Uijk.

With these definitions, a section of pf˚FqpY q “ FpXq is given by a collection of elements
si P FpUiq that agree over the various intersections Uijk. Equivalently, the following
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sequence is exact:

0 FpXq
ś

iFpUiq
ś

i,j,k FpUijkq. (12.26)

There is a similar sequence for the cover of f´1Dpgq given by Ui,g, for i “ 1, . . . , r. These
sequences fit into the following commutative diagram:

0 FpXqg
ś

iFpUiqg
ś

i,j FpUijkqg

0 Fpf´1Dpgqq
ś

iFpUi,gq
ś

i,j,k FpUijk,gq

The top row in the diagram is the localization of (12.26) with respect to g, so it is exact.
The three vertical maps are induced by the restriction maps. As Ui and Uijk are all affine
and F is quasi-coherent, the second and third vertical maps are isomorphisms. By the
5-lemma, the left-most vertical map, FpXqg ÝÝÑ FpDpgqq, which is exactly the map
ΓpDpgq,ĂMq Ñ ΓpDpgq, f˚Fq is an isomorphism as well.

Corollary 12.32. Let f : X Ñ Y be a morphism with X Noetherian and let F be a
quasi-coherent sheaf on X . Then f˚F is a quasi-coherent OY -module.

Proof Let V Ă Y be any affine open subset. SinceX is Noetherian, the open set f´1pV q is
quasi-compact and therefore admits a finite affine open cover tU1, . . . , Uru. Similarly, each
intersection Ui X Uj is quasi-compact, so admits a finite affine cover. Hence the conditions
of Theorem 12.31 apply and f˚F is quasi-coherent.

Example 12.33. Consider the projective line P1
k and the ‘n-th power map’ map f : P1

k Ñ P1
k,

given by px0 : x1q ÞÑ pxn0 : xn1 q. We claim that

f˚OP1
k

“ OP1
k

‘ OP1p´1qn´1.

Over the open set U0 “ Spec krus, where u “ x1{x0, the morphism f is induced by the
ring map krvs Ñ krus which sends v ÞÑ un. Restricted to V0 “ Spec krvs, the pushforward
f˚OP1 is the tilde of krus as a krvs-module, or in other words, the tilde of

krvsrus{pun ´ vq “ krvs ‘ krvsu‘ ¨ ¨ ¨ ‘ krvsun´1. (12.27)

Likewise, in the other affine chart, the morphism is induced by the ring map krv´1s Ñ

kru´1s sending v´1 ÞÑ u´n, and when restricted to V1 “ Spec krv´1s, f˚OP1 |V1
is the

tilde of

krv´1sru´1s{pu´n ´ v´1q “ krv´1s ‘ krv´1su´1 ‘ ¨ ¨ ¨ ‘ krv´1su´n`1. (12.28)

and on V0 X V1 “ Spec krv˘1s, it is the tilde of

krv˘1sru´1s{pun ´ vq “ krv˘1s ‘ krv˘1su´1 ‘ ¨ ¨ ¨ ‘ krv˘1su´n`1.

In this ring, we have ui´n “ v´1ui for i “ 1, . . . , n´1 and we can use this to pass between
the two bases t1, u, . . . , un´1u and t1, u´1, . . . , u´n`1u in (12.27) and (12.28). From this,
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we find that f˚OP1 is obtained by gluing together On
V0

and On
V1

using the isomorphism

On
V01

M
ÝÑ On

V01
defined by the matrix

M “

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 ¨ ¨ ¨ 0

0 0 0
. . . v´1

...
... . .

.
. .
.

0

0 0 . .
.
. .
. ...

0 v´1 0 ¨ ¨ ¨ 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

This means that f˚OP1 “ OP1 ‘ OP1p´1qn´1.
△

The following example shows that even f˚OX can fail to be quasi-coherent in general.

Example 12.34. Let X “
š

iPN A
1
k be the disjoint union of countably infinitely many

copies of A1
k “ Spec krxs and let f : X Ñ A1

k be the morphism that is the identity on each
component. Then f˚OX is not quasi-coherent.

To see this, note that the global sections of f˚OX satisfy

ΓpA1
k, f˚OXq “ ΓpX,OXq “

ź

iPN
krxs. (12.29)

On the other hand, over the open set Dpxq Ă A1
k, we have

ΓpDpxq, f˚OXq “ Γpf´1Dpxq,OXq “
ź

iPN
krx, x´1s. (12.30)

If f˚OX were quasi-coherent, then the group (12.30) would be isomorphic to the local-
ization p

ś

iPN krxsqx. However, this is not the case, as elements in the localization have
bounded denominators (of the form p{xn where p P

ś

iPN krxs). In contrast, the elements of
ś

iPN krx, x´1s may have unbounded negative exponents (of the form ppix
´niqiPN, where

ni P Z can vary). Therefore f˚OX is not quasi-coherent. △

12.10 Closed subschemes and closed embeddings

As a first application of the material in this chapter, we will give a more systematic treatment
of closed subschemes. As we discussed in Section ??, the prototype example of a closed
subscheme is the affine subscheme SpecA{I Ñ SpecA defined by an ideal I Ă A. The
general definition will involve ideal sheaves rather than ideals. That is, closed subschemes
will correspond to ideal sheaves I , so that IpUq Ă OXpUq is an ideal for each U . In order
to obtain a scheme, it is important that I is quasi-coherent. Before explaining this, we need
the notion of the support of a sheaf.

For a sheaf F on a space X we define the support of F , denoted by SupppFq, by

SupppFq “

"

P P X
ˇ

ˇ

ˇ
FP ‰ 0

*

.
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The support may not be closed in general, but it will be when F is a quasi-coherent sheaf of
finite type, by the following example.

Example 12.35. If X “ SpecA and M is some finitely generated A-module, then

SupppĂMq “ SupppMq “ t p | Mp ‰ 0 u “ V pAnnpMqq

where AnnpMq is the annihilator ideal

AnnpMq “ t a P A | a ¨m “ 0 for all m P M u.

For instance, if a Ă A is an ideal, then

SupppĄA{aq “ V paq

△

Let X be a scheme and let ι : Y Ñ X be a closed embedding. Then ι is an affine
morphism, so the pushfoward ι˚OY is a quasi-coherent sheaf on X (Corollary 12.32). If we
define I to be the kernel of ι7, we have the ideal sheaf sequence

0 ÝÝÑ I ÝÝÑ OX ÝÝÑ ι˚OY ÝÝÑ 0. (12.31)

Note that I is quasi-coherent being the kernel of a map of quasi-coherent sheaves. So every
closed subscheme determines a quasi-coherent ideal sheaf I .

Conversely, if I Ă OX is a quasi-coherent ideal sheaf, we can construct a closed sub-
scheme V pIq of X as follows. The underlying set of V pIq will be the support

Z “ SupppOX{Iq Ă X.

If U “ SpecA Ă X is any open affine, then I|U “ ra where a “ IpUq is an ideal in
A “ OXpUq. As the tilde functor is exact, we have

OX{I|U “ ĄA{a (12.32)

Therefore, Z X U “ SupppA{aq “ V paq Ă U . This shows that Z is a closed subset of X .
We equip Z with the subspace topology.

Next, we define the structure sheaf OZ . The OX -module OX{I is a sheaf on X , but it can
in fact be considered as a sheaf on Z: over each affine open set U , we may identify Z X U
with SpecpA{aq and then OX{I|U is identified with the structure sheaf on SpecpA{aq. We
define OZ be OX{I , but viewed as a sheaf on Z . Note that the stalks of OZ at a point x P Z ,
are given by OX,x{Ix, which is a quotient of a local ring, hence a local ring. Hence pZ,OZq

is a locally ringed space. It is by construction a scheme, as if U “ SpecA Ă X is affine,
then Z X U is isomorphic to the affine scheme SpecpA{aq. We shall denote this scheme by
V pIq.

It is not hard to check that the assignments ι ÞÑ I and I ÞÑ V pIq are inverses, so we get
the following important theorem:

Theorem 12.36. For a scheme X , any closed subscheme is of the form V pIq “

pSupppOX{Iq,OX{Iq for some unique quasi-coherent ideal sheaf I .
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In general, if I Ă OX is an ideal sheaf, the quotient OX{I is always the structure sheaf of
a locally ringed space. The quasi-coherence of I is what guarantees that this in fact a scheme.
(See Exercise 12.12.53 for an ideal sheaf which is not quasi-coherent.)

In the affine case, we get a new proof of Proposition 4.26:

Corollary 12.37 (Closed subschemes of affine schemes). The assignment I ÞÑ

SpecpA{Iq gives a one-to-one correspondence between the set of ideals of a ring A and
the set of closed subschemes of SpecA.

Example 12.38. If Y and Z are two closed subschemes defined by ideal sheaves I and J
respectively, then the scheme-theoretic intersection is defined by the ideal sheaf I ` J Ă

OX . △

Proposition 12.39. Each closed subset Z Ă X of a scheme is the support of a unique
reduced closed subscheme.

Proof Define a sheaf of ideals I Ă OX by the formula

IpUq “ t s P OXpUq | spP q “ 0 for all P P Z X U u,

where as usual spP q denotes the image of the germ sP in the residue field κpP q “ OX,P {mP .
It is straightforward to check that IpUq is an ideal, and that this assignment defines an ideal
sheaf. We claim that I is quasi-coherent.

If U “ SpecA is affine, then Z X U is a closed subset, and so it is of the form V pIq

for a unique radical ideal I Ă A. The ideal I is equal to the intersection I “
Ş

IĂp p of
all the prime ideals containing I . This intersection is precisely the set of elements a P A
that vanish at all points in V pIq, and hence IpUq “ I . Being a radical ideal is a property
that localizes, so IpDpgqq “ rI|Dpgq for all distinguished open subsets Dpgq Ă U , and
consequently I|U “ rI . This shows that I is quasi-coherent.

The corresponding subscheme Z has structure sheaf given by OX{I . This scheme is
reduced, because for each affine U Ă X , IpUq is radical, and so OXpUq{IpUq is a reduced
ring.

The uniqueness statement is clear in the affine case, as the ideal defining Z is uniquely
determined by Z. In general, if I and I 1 are two quasi-coherent ideals as in the proposition,
their restrictions to each open affine subset must be equal. This implies that the inclusion
I Ă I ` I 1 is an equality (using Lemma 11.9), and hence I “ I 1.

12.11 Pullbacks

Let f : X Ñ Y be a morphism of schemes. Recall that we defined the pushforward functor
which produces an OY -module f˚F from an OX -module F . There is an opposite operation,
called the pullback, which produces an OX -module f˚G on X from an OY -module G on Y .

The sheaf f˚G satisfies a universal property similar to that of f´1G. Namely, maps of OX -
modules f˚G Ñ F are in one-to-one correspondence with maps of OY -modules G Ñ f˚F .
The precise statement is the following theorem:
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Theorem 12.40. Let f : X Ñ Y be a map of schemes and let G be an OY -module.
Then there exists an OX-module f˚G on X along with functorial bijections

HomOX
pf˚G,Fq ÝÝÑ HomOY

pG, f˚Fq (12.33)

for each OX-module F . The sheaf f˚G is unique up to isomorphism.

By Yoneda’s Lemma (Lemma 11.32), the pullback f˚G is determined up to isomorphism
by the universal property (12.33). We will therefore refer to a sheaf satisfying this condition
as the pullback of G by f .

Pullbacks of quasi-coherent sheaves on affines

We begin by studying the pullback in the most important special case, namely for quasi-
coherent sheaves via morphisms of affine schemes.

Suppose X “ SpecB, Y “ SpecA and f : X Ñ Y is induced by a ring map ϕ : A Ñ

B. Consider a quasi-coherent sheaf of the form G “ rN on Y , where N is an A-module. As
B is an A-algebra, the tensor product N bA B is naturally a B-module, and we define the
pullback of G by the formula

f˚
rN “ ČN bA B. (12.34)

This defines a functor f˚ : QCohY Ñ QCohX . Indeed, any a map of quasi-coherent sheaves
rN Ñ ĂN 1 is induced by a map of A-modules N Ñ N 1. This in turn induces a map of
B-modules N bA B Ñ N 1 bA B and consequently a map of OX -modules f˚

rN Ñ f˚
ĂN 1.

In this case, the identity (12.33) is a consequence of the formal properties of Hom and the
tensor product. More precisely, we recall the following natural bijection, which holds for all
A-modules N and B-modules M :

HomBpN bA B,Mq “ HomApN,MAq (12.35)

This bijection sends a B-linear map ϕ on the left-hand side to the A-linear map N Ñ MA

given by n ÞÑ ϕpnb 1q. This map is functorial in M and N . (See Exercise 12.12.34.)
Using this, and Proposition 12.5, we have for any OX-module F ,

HomOX
pf˚G,Fq “ HomOX

p ČGpY q bA B,Fq

“ HomApGpY q bA B,FpXqq

“ HomApGpY q,FpXqAq

“ HomOY
pĆGpY q, f˚Fq

“ HomOY
pG, f˚Fq.

The fact that these isomorphisms are functorial in F and G follows from the functoriality of
the isomorphism in (12.35) and the isomorphism βF in Proposition 12.5.
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General pullbacks

We will now define the pullback for an arbitrary OY -module G for a general morphism of
schemes f : X Ñ Y . To do this, we recall the image sheaf in Section 11.6. Given a sheaf G
on Y , the inverse image sheaf f´1G is the sheaf associated to the presheaf

f´1
p GpUq “ lim

ÝÑ
VĄfpUq

GpV q.

If G is an OY -module, each GpV q is an OY pV q-module for each V Ą fpUq. This means
that f´1

p GpUq inherits the structure of a module over the ring f´1
p OY pUq. Explicitly, over

an open set U Ă X , we can represent elements f´1
p OY pUq and f´1

p GpUq by a P OY pV q

and s P GpV q for some open set V Ă Y containing fpUq. Then the product a ¨ s P GpV q is
well-defined, and its class defines an element in f´1

p GpUq.
Also the ring OXpUq becomes a module over the ring f´1

p OY pUq via the natural map
f´1
p OY pUq Ñ OXpUq which sends a pair pa, V q to f 7paq|U . We then define the presheaf
f´1
p G by

f˚
p GpUq “ f´1

p GpUq bf´1
p OY pUq OXpUq

Note that f˚
p GpUq is an OXpUq-module. We define f˚G to be the associated sheaf. It is an

OX-module by Exercise 12.12.4.
While this definition of f˚G is general and natural, it is not very practical for concrete com-

putations. The next step will be to show that f˚G satisfies the universal property (12.12.32).
This will imply that when G is quasi-coherent, the sheaf f˚G restricts to the pullback sheaf
defined earlier for quasi-coherent sheaves. It is this description that is used in most computa-
tions.

Proof of Proposition 12.40 By the universal property of the inverse image presheaf (see
Theorem 11.29), we have a natural isomorphism

HomPAbpXqpf
´1
p G,Fq » HomAbpY qpG, f˚Fq.

Under this bijection, OY -linear maps G Ñ f˚F on the right correspond to f´1
p OX-linear

maps f´1
p G Ñ F on the left. Furthermore, by the usual change-of-rings formula (12.35), we

have a natural bijection

Homf´1
p OY

pf´1
p G,Fq “ HomOX

pf´1
p G bf´1

p
OX ,Fq.

Finally, by sheafification, f´1
p OY -linear maps f´1

p G Ñ F are in one-to-one correspondence
with f´1OY -linear maps f´1G Ñ F .

Example 12.41 (Restrictions). Let i : U Ñ X be the inclusion of an open subset and let
F be an OX-module. Then the pullback is given by the restriction i˚F “ F |U , which is
naturally an OU -module. △

Here are a few useful properties of the pullback:
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Proposition 12.42. Let f : X Ñ Y be a morphism of schemes. Then:
(i) f˚OY “ OX .

(ii) f˚ is a right-exact functor.
(iii) If g : W Ñ X is a morphism, then

pf ˝ gq˚ “ g˚ ˝ f˚.

(iv) For any two OX-modules G and H, we have

f˚pG ‘ Hq “ f˚G ‘ f˚H and f˚pG bOY
Hq “ f˚G bOX

f˚H.

(v) For x P X , we have

pf˚Gqx “ Gfpxq bOY,fpxq
OX,x.

Proof (i): To show that f˚OY “ OX , it suffices to show that OX satisfies the required
universal property (12.33). This follows from the identities

HomOX
pf˚OY ,Fq “ HomOY

pOY , f˚Fq

“ f˚FpY q “ FpXq

“ HomOX
pOX ,Fq

Also the item (iii) follows from the universal property. The sheaf f˚pg˚Gq is an OX -module,
and for any OX-module F , we have

HomOX
pf˚pg˚Gq,Fq “ HomOY

pg˚G, f˚Fq

“ HomOZ
pG, g˚f˚Fq

“ HomOZ
pG, pg ˝ fq˚Fq.

Here all equalities are canonical bijections. Therefore f˚pg˚Gq and pg˝fq˚G are isomorphic.
Similar arguments show the identities in (iv).

(iv): the description of the stalks of f˚G follows because pf´1Gqx “ Gfpxq, and pf´1OY qx “

OX,x, so that

pf˚Gqx “ pGfpxqq bOY,fpxq
OX,x.

Here we have also used the fact that sheafification preserves stalks.
(ii): If 0 Ñ G1 Ñ G Ñ G2 Ñ 0 is an exact sequence of OY -modules, then the induced

sequence obtained by applying f˚ is obtained by applying f´1
p p´q (which is right-exact)

and then sheafifying (which is exact).

Proposition 12.43. Let f : X Ñ Y be a morphism of schemes, and let G be a quasi-
coherent sheaf on Y . Then f˚G is quasi-coherent on X and for each pair of affine open
subsets U Ă X , V Ă Y such that fpUq Ă V , we have

f˚G|U “ ČGpV q bOY pV q OXpUq (12.36)

Proof This follows formally from the universal property. Let i : U Ñ X , j : V Ñ Y
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denote the inclusions and write g “ f |U . Then we have bijections

HomOU
pg˚j˚G,Fq “ HomOV

pj˚G, g˚Fq “ HomOY
pG, j˚g˚Fq

“ HomOY
pG, f˚i˚Fq “ HomOX

pf˚G, i˚Fq

“ HomOU
pi˚f˚G,Fq.

This shows that i˚f˚G » g˚j˚G, which by Example 12.41 means that f˚G|U “ pf |Uq˚pG|V q.
But by the affine case, the pullback pf |Uq˚pG|V q is isomorphic to the sheaf to the right in
(12.36).

Pulling back sections

As for the inverse image sheaf, the universal property (12.33) induces canonical maps

η : G ÝÝÑ f˚f
˚G and ε : f˚f˚F ÝÝÑ F . (12.37)

Here η is map of OY -modules and ε is a map of OX -modules. These are obtained by applying
(12.33) to the two identity maps f˚G Ñ f˚G and f˚F Ñ f˚F .

For a section s P GpV q, we define the pullback to be the section

f˚psq “ ηpsq P Γpf´1V, f˚Gq.

In the affine setting, the adjunction maps take a concrete form:

Example 12.44. Let f : SpecB Ñ SpecA be induced by a ring mapA Ñ B, and F “ ĂM
and G “ rN . Then η : rN Ñ f˚f

˚
rN corresponds to the map of A-modules

N Ñ pN bA BqA; n ÞÑ pnb 1q.

Likewise, ε : f˚f
˚
ĂM Ñ ĂM corresponds to the map of B-modules

MA bA B ÝÝÑ M ; mb b ÞÝÑ bm

For s P GpY q “ N , the pullback f˚psq P pf˚GqpXq “ N bA B is given by sb 1. △

For a general morphism, we can compute f˚psq by covering V and f´1V by affine
schemes, and then reducing to the affine case.

Example 12.45. In the special case when G “ OY , we have f˚OY “ OX and the pullback
of s P OY pV q is simply given by

f˚psq “ f 7psq P OXpf´1V q.

△

Example 12.46. Let X “ Spec krx, ys, Y “ Spec kru, vs, and the morphism

f : Spec krx, ys ÝÝÑ Spec kru, vs; pu, vq ÞÑ px2, y2q

The map f´1OY Ñ OX acts on sections by composition: it sends a local section apu, vq{bpu, vq

to apx2, y2q{bpx2, y2q.
In this example, there is no natural OX-structure on f´1OY : the element x2 defines a

section of f´1OY overDpxq, but multiplying this with y{x P OXpDpxqq gives xy, which is
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not of the form apx2, y2q{bpx2, y2q. This is the reason why one considers the tensor product
with OX in the definition of f˚OX . △

Example 12.47. Let X be a scheme over a field k and let f : X Ñ Spec k be the structure
morphism. Then for an OX-module F , we have f˚F “ FpXq (the constant sheaf on
Spec k), and f´1f˚F “ FpXq is the constant sheaf onX . The canonical map f˚f˚F Ñ F
is given by the ‘multiplication map’

FpXq bk OXpUq ÝÝÑ FpUq

induced by sb f ÞÑ f ¨ s. △

Example 12.48. While the inverse image functor f´1 is exact, the pullback f˚ is only
right-exact. The reason is that tensoring by a module is only a right-exact operation in general.
Consider for instance the ideal sheaf sequence of the origin P P A1

k “ Spec krts:

0 IP OA1
k

ι˚OP 0. (12.38)

where ι : SpecκpP q Ñ A1
k is the closed embedding. This sequence is obtained by applying

tilde to the sequence

0 krts krts krts{ptq 0.t

Applying ι˚ corresponds to tensoring by κpP q “ krts{ptq. Applying this to (12.38) the
sequence is the tilde of the following sequence of κppq-modules

0 krts bkrts κpP q krts bkrts κpP q krts{ptq bkrts κpP q 0.
tbid

However the latter sequence is not exact because the map tb id equals the zero map. △

12.12 Exercises

Exercise 12.12.1. Let A “ C ˆ C ˆ C and X “ SpecA. Describe all OX-modules, all
quasi-coherent and all coherent sheaves on X .

Exercise 12.12.2. Let X “ A1
C and let F be the constant sheaf on Z. Is F an OX-module?

Exercise 12.12.3. For each of the schemes below, describe the OX-modules on X .
a) X is the scheme obtained by gluing SpecZp2q and SpecZp3q along their com-

mon open subscheme SpecQ.
b) X is the scheme obtained by gluing two copies of SpecZp2q along SpecQ.
c) LetX be the scheme obtained by gluing the schemesXi “ SpecZppiq together

along their common open subschemes SpecQ. Describe the OX-modules on
X .

Exercise 12.12.4. Suppose that F is a presheaf of OX-modules (i.e. a presheaf satisfying
the usual OX-module axioms). Show that the associated sheaf F` is an OX-module in a
natural way. HINT: One can use the universal properties of sheafification, or the explicit
description of F`.
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Exercise 12.12.5. Let X be a scheme and let F be an OX-module on X . Show that
HomOX

pOX ,Fq “ FpXq.

Exercise 12.12.6. Show in detail that the kernel, cokernel and image of a map of OX -modules
indeed are OX-modules.

Exercise 12.12.7. Let ϕ : F Ñ G be a map of sheaves.
a) Show that Kerϕ satisfies the following universal property: Any map of sheaves
ν : H Ñ F such that ν ˝ ϕ “ 0 factors via a unique map ν : H Ñ Kerϕ.

b) Show that Imϕ satisfies the following universal property: Given a map of
sheaves α : F Ñ H and β : H Ñ G such that β ˝ α “ ϕ, there is a unique
morphism t : H Ñ Imϕ factoring β.

c) Show that Cokerϕ satisfies the following universal property: Given a map
ψ : G Ñ H with ψ ˝ ϕ “ 0, there is a unique map t : Cokerϕ Ñ H factoring
ψ.

d) Show that if ϕ is a map of OX -modules, the corresponding universal properties
in a),b) and c) hold in the category of OX-modules as well.

e) Show that a sequence of OX-modules is exact if and only it is exact as a
sequence of sheaves.

HINT: The arguments in a), b) and c) are rather different. For b), use the explicit description
of Imϕ. For c), the universal property of sheafification may be helpful.

Exercise 12.12.8. Show that the sequence (11.8) is exact. HINT: Show that it is exact on
stalks.

Exercise 12.12.9 (General direct sums). Let tFiuiPI be a collection of sheaves. We define
the direct sum

À

iPI Fi as the sheaf associated to the presheaf
˜

à

iPI

Fi

¸1

pUq “
à

iPI

FipUq. (12.39)

a) Show that if the Fi are OX-modules, then
À

iPI Fi is an OX-module.
b) Show that the direct sum has canonical inclusions ϵi : Fi Ñ

À

iFi, which
have the following universal property: for any family of maps ηi : Fi Ñ G
there is a unique map η :

À

iFi Ñ G such that ηi “ η ˝ ϵi.
c) Show that if the Fi are OX-modules, then the sheaves

À

iPI Fi, and the maps
ηi and ϵi are maps of OX-modules.

d) Show that if X “ SpecA, then for all A-modules Mi, we have Č

À

iPIMi »
À

iPI
ĂMi..

e) Show that if the Fi are quasi-coherent, then
À

iPI Fi is again quasi-coherent
and for each open affine U Ă X ,

˜

à

iPI

Fi

¸

pUq “
à

iPI

FipUq.

f) Let X “
š8

n“1 SpecC be the disjoint union of countably many copies of
SpecC. For each n P N, let ιn : pn “ SpecC Ñ X be the open embedding of
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the n-th copy of SpecC and let Fn “ ιn˚C the skyscraper sheaf at pn. Consider
the direct sum presheaf S “

À8

n“1 Fn. Show that SpXq ‰
À8

n“1 FnpXq.
Deduce that S is not a sheaf.

g) Let tFiu be a family of sheaves on X and U Ă X an open set. If U is
quasi-compact, show that p

À

iFiqpUq “
À

iFipUq.
h) Conclude that ifX is Noetherian, then the presheaf defined in (12.39) is a sheaf.

Exercise 12.12.10 (Direct products). Let tFiuiPI be a collection of sheaves.
a) Show that the direct product presheaf

ś

iPI Fi defined in the text is a sheaf.
b) Show that

ś

iPI Fi is an OX-module if the Fi are OX-modules.
c) Show that the direct product has canonical projections πi :

ś

iFi Ñ Fi having
the universal property: for any collection of maps ϵi : Fi Ñ G there is a map
η : Fi Ñ

ś

iFi such that πi ˝ η “ ϵi.
d) Let X “ SpecA and let tMiuiPI be a collection of A-modules. Show that

Č

ś

iMi satisfies the universal property of
ś

iPI
ĂMi in the subcategory QCohX .

e) LetX “ SpecZ andMi “ Z for i P N. Show that
ś

iPN
ĂMi and Č

ś

iPNMi are
not isomorphic. Deduce that a direct product of quasi-coherent sheaves need not
be quasi-coherent in general. HINT: Infinite direct products do not commute
with localization.

Exercise 12.12.11. Show that the direct sum sheaf can be defined as the image sheaf of
the natural map

À

iPI Fi Ñ
ś

iPI Fi where the left-hand side is regarded as a presheaf.
HINT: Use Example 11.17 and the universal property of

À

.

Exercise 12.12.12. Let X be a scheme. A directed system of sheaves is a family of sheaves
tFiuiPI indexed by a directed set I , together with morphisms of sheaves ϕij : Fi Ñ Fj
for each i ď j such that (i) ϕii is the identity map on Fi; and (ii) For i ď j ď k, we have
ϕik “ ϕjk ˝ ϕij . We define the direct limit sheaf as the sheaf associated to the presheaf

plim
ÝÑ

FiqpUq “ lim
ÝÑ

FipUq. (12.40)

a) Show that there are sheaf maps ϕi : Fi Ñ lim
ÝÑ

Fi satisfying the following
compatability condition: For all i ď j, we have ϕj ˝ ϕij “ ϕi.

b) Show that lim
ÝÑ

Fi satisfies the following universal property: if there exists
another sheaf G with morphisms ψi : Fi Ñ G satisfying the compatibility
condition, then there exists a unique morphism of sheaves u : F Ñ G such that
u ˝ ϕi “ ψi for all i P I .

c) Show that if the Fi are OX-modules, then lim
ÝÑ

Fi is naturally an OX-module.
d) Show that if each Fi is quasi-coherent, show that lim

ÝÑ
Fi is quasi-coherent, and:

(i) For each affine open set U Ă X , plim
ÝÑ

FiqpUq “ lim
ÝÑ

FipUq.
(ii) For each x P X , we have plim

ÝÑ
Fiqx “ lim

ÝÑ
pFiqx.

Exercise 12.12.13 (Godement sheaves). Given any collection of abelian groups tAxuxPX

indexed by the points x of X , we can define a sheaf A by

ApUq “
ź

xPU

Ax,
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and whose restriction maps to smaller open subsets are just the projections onto the corre-
sponding smaller products.

a) Show that A is a sheaf.
b) If we assume that each Ax be a module over the local ring OX,x, show that

sheaf A becomes an OX-module.

Exercise 12.12.14. For a presheaf F consider the sheaf ΠpFq defined by ΠpFqpUq “
ś

xPU Fx. This is sometimes called the ‘sheaf of discontinuous sections’.
Show that there is a canonical map of presheaves σ : F Ñ ΠpFq so that F` “ Imσ.

Exercise 12.12.15. LetF and G beOX -modules. Show that the assignmentU ÞÑ HomOX
pFpUq,GpUqq

does not define a presheaf in general.

Exercise 12.12.16 (Stalks of the Hom-sheaf). Let F and G be two OX-modules.
a) For x P X , show that there is a natural map

HomOX
pF ,Gqx ÝÝÑ HomOX,x

pFx,Gxq (12.41)

b) Show that the map (12.41) may fail to be surjective. HINT: Let F be a
skyscraper sheaf and G a constant sheaf; then HompF,Gq is the zero-sheaf.

c) Show that the map (12.41) may fail to be injective. HINT: Let U “ X ´ x
and let F “ G “ i!Z, where i : U Ñ X is the inclusion; then Fx “ Gx “ 0.

Exercise 12.12.17. If s P FpUq, we define the support of s as the subset of points x P X
such that sx P Fx is non-zero.

a) Show that the support of a section s P FpUq is closed in U .
b) If s, t P FpUq, show that Supppstq Ă SupppsqXSuppptq and that Suppps`

tq Ă Supppsq Y Suppptq.
c) Show that if ϕ : F Ñ G is a map of OX-modules, then Supppϕpsqq Ă

Supppsq.

Exercise 12.12.18. For a sheaf F on a space X , we define the support as the subset of points
x P X such that the stalk Fx is nonzero.

a) Show that if F is a quasi-coherent sheaf of finite type, then SupppFq is closed.
b) Let A1

C “ SpecCrts, and consider the Crts-module

M “
à

iPN
Crts{pt´ iq.

Compute SupppĂMq and show that it is not closed.
c) Show that if F is a sheaf of OX-algbras, then SupppFq is closed. HINT: A

ring is the zero ring if and only if 1 “ 0.

Exercise 12.12.19 (Subsheaf with support). Let Z Ă X be a closed subset and F a sheaf
on X . For an open set U Ă X , define ΓZXUpU,Fq to be the subgroup of FpUq consisting
of sections s with Supppsq Ă Z X U . Show that this is a sheaf. This is usually denoted by
H0
ZpFq. Show that the functor F ÞÑ ΓZXUpU,Fq is left exact.

Exercise 12.12.20. LetX be the nodal cubic curve and consider the normalization morphism
f : A1

k Ñ X of Example 10.37, which identifies the two points 0 and 1 in A1
k.
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a) Show that the presheaf f´1
p OX consists of the sections of OA1

k
which take the

same value on 0 and 1. Show that this is not a sheaf.
b) Compute f´1OX and f˚OX .

Exercise 12.12.21. Show that a sheaf F on a scheme X is quasi-coherent if and only if
there is an open cover tUiuiPI such that each of the restrictions F |Ui

may be presented as the
cokernel of a map between free OX-modules; that is, they appear in exact sequences

OJ
Ui

OI
Ui

F |Ui
0,

where GI stands for the direct sum
À

iPI G of copies of a sheaf G (and where I and J may
be infinite and dependent on i). Conclude that being quasi-coherent is a local property for an
OX-module.

Exercise 12.12.22. Let X “ SpecA be an affine scheme and let

¨ ¨ ¨ ÝÝÑ Fi´1 ÝÝÑ Fi ÝÝÑ Fi`1 ÝÝÑ ¨ ¨ ¨

be an exact sequence of quasi-coherent sheaves. Show that

¨ ¨ ¨ ÝÝÑ Fi´1pXq ÝÝÑ FipXq ÝÝÑ Fi`1pXq ÝÝÑ ¨ ¨ ¨

is also exact.

Exercise 12.12.23. LetX “ SpecA and consider an distinguished open subschemeDpgq Ă

X . Let F be a quasi-coherent OX-module. Show that:
(i) If s P FpXq and s|Dpgq “ 0, then gns “ 0 for some n P N.

(ii) If s is a section of ĂM over Dpgq, then for some n P N the section gns extends
to X; that is, there is a t P FpXq so that t|Dpgq “ gns.

HINT: Use the formula FpDpgqq “ FpXqg.

Exercise 12.12.24. Show the following:
(i) The skyscraper sheaf of k on A1

k “ Spec krts at the origin 0 is quasi-coherent.
(ii) The skyscraper sheaf of kptq on A1

k “ Spec krts at the origin 0 is not quasi-
coherent. HINT: Consider sections over U “ Dptq.

Exercise 12.12.25. Let X Ă A3
k “ Spec krx, y, zs be the twisted cubic curve, defined the

ideal I “ py ´ x2, z ´ x3q. Consider the morphism π : X Ñ A1
k “ Spec krzs induced by

the ring map krzs Ñ krx, y, zs{I .
(i) Show that π is a finite morphism.

(ii) Compute the sheaves π˚OC , π˚OA1
k

and π˚J where J is the ideal sheaf of the
closed point 0 P A1

k.

Exercise 12.12.26 (Flat morphisms). Let f : X Ñ Y be a morphism of schemes and let
x P X be a point. We say that f is flat if the map f 7

x : OY,fpxq Ñ OX,x makes OX,x into a
flat OY,fpxq-module for every x P X .

(i) Show that open embeddings are flat. What about closed embeddings?
(ii) Show that a morphism of schemes SpecB Ñ SpecA is flat if and only if the

map of rings A Ñ B is flat. More generally, a quasi-coherent sheaf ĂM on
SpecB is flat over SpecA if and only if M is flat as an A-module.
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(iii) Which of the morphisms in Exercise 2.7.28 are flat?
(iv) Prove that the blow-up morphism π : Bl0A2 Ñ A2 is not flat.

Exercise 12.12.27 (Flat base change). Let A be a ring and let B be a flat A-algebra. Let X
be an A-scheme and let XB denote the base change to B. Show that for any quasi-coherent
sheaf F , there is a natural isomorphism

ΓpXB,FBq “ ΓpX,Fq bA B

where FB “ q˚F and q : XB Ñ X is morphism obtained by base change. HINT: Tensor
the sheaf exact sequence.

Exercise 12.12.28 (Morphisms to a closed subscheme). Let Z be a closed subscheme of
X given by sheaf of ideals I . Suppose f : Y Ñ X is a morphism of schemes. Show that f
factors through a map g : Y Ñ Z if and only if

(i) fpY q Ă Z.
(ii) I Ă Kerpf 7 : OX Ñ f˚pOY qq.

For a morphism of schemes f : Y Ñ X , we can define the scheme-theoretic image of
f as a subscheme Z Ă X satisfying the universal property that if f factors through a
subscheme Z 1 Ă Z, then Z Ă Z 1. To define Z it is tempting to use the ideal sheaf
I “ KerpOX Ñ f˚pOY qq, but this may fail to be quasi-coherent for a general morphism f .
Show however that if X and Y are Noetherian, then it is quasi-coherent.

Exercise 12.12.29. Let X be a scheme.
a) Show that the direct sum of two OX -modules of finite type sheaves is again of

finite type.
b) Show that the ‘2-out-of-3’-property holds for OX-module of finite type. That

is, if 0 Ñ F 1 Ñ F Ñ F2 Ñ 0 is an exact sequence of OX-modules, and if
two of F ,F 1,F2 are of finite type, then so is the third.

c) Let ϕ : F Ñ G be a map of OX -module of finite type. Show that Kerϕ, Imϕ
and Cokerϕ are all of finite type. HINT: Apply Exercise 12.12.29.

Exercise 12.12.30. Let F and G be OX-modules and let x P X be a point. Show that

pF bOX
Gqx “ Fx bOX,x

Gx.

Exercise 12.12.31. Use Yoneda’s lemma for sheaves to prove the identity ČM bA N “

ĂM bOX
rN . HINT: Proposition 12.5 may also be useful.

Exercise 12.12.32. Let f : X Ñ Y be a morphism of schemes, F an OX -module, and G an
OY -module.

a) Given a map of OX-modules OX Ñ F , show that f 7 induces a map of OY -
modules OY Ñ f˚F .

b) Given a map of OY -modules OY Ñ f˚F , show that there is an induced map
of OX-modules OX Ñ F .

c) Show that the constructions in a) and b) are inverse to each other and conclude
that f˚OY “ OX .
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Exercise 12.12.33. Let f : X Ñ Y be a morphism and let G a be a quasi-coherent OY -
module. Show that the stalk of f˚G at x P X is given by Gfpxq bOY,fpxq

OX,x.

Exercise 12.12.34. Show that the map in (12.35) is a bijection, and that the isomorphism is
functorial in M and N .

Exercise 12.12.35. Show directly that the pullback f˚G can be constructed by gluing together
sheaves of the form ČM bA B.

Exercise 12.12.36. Let f : X Ñ Y be a morphism of schemes and let F be an OX -module
of finite type.

a) Show that f˚F need not be of finite type in general.
b) Show that if f is finite, then f˚F is an finite type OY -module. In particular,

this holds for closed embeddings.

Exercise 12.12.37. Let f : X Ñ Y be a morphism and let J be an ideal sheaf of OY .
a) Show that there is a map f˚J Ñ OX

b) Give an example to show that f˚J needs not be an ideal of OX in general.
c) Let I Ă OX denote the image of f˚J in OX . Show that I is an ideal sheaf

and that

SupppOX{Iq “ f´1 SupppOY {J q

HINT: Reduce to the affine case.

Exercise 12.12.38. Consider the affine plane A2
k “ Spec krx, ys over a field k and let

P P A2
k be the closed point corresponding to the origin. Define the sheaf I by

IpUq “

#

0 P P U

OXpUq P R U

a) Show that I is an ideal sheaf and that SupppOX{Iq is a closed subset of X .
b) Show that I is not quasi-coherent. In fact, show that I is not even locally

generated by sections. HINT: The idea is that any section of I is 0 in any
neighbourhood of P , but F is not 0 when restrcted to any neighourhood of P .

c) Show directly that I is not quasi-coherent by showing that IpXq “ 0, but
I ‰ 0.

d) Show that there is an exact sequence

0 ÝÝÑ I ÝÝÑ OX ÝÝÑ i˚OA2
k,P

ÝÝÑ 0

where i˚OA2
k,P

is the skyscraper sheaf on P .
e) Show that i˚OA2

k,P
is an OX-module of finite type, but not quasi-coherent.

Exercise 12.12.39. Let f : X Ñ Y and g : Y Ñ Z be morphisms and let G be a sheaf on
Z. Show that f´1pg´1Gq “ pg ˝ fq´1G.

Exercise 12.12.40. Let X be a scheme and let F be a quasi-coherent sheaf of finite type.
Let s1, . . . , sn be sections of F and consider the map of OX-modules ρ : On

X Ñ F send-
ing ei to si. Show that ρ is surjective in a neighbourhood of x if and only if the images
s1pxq, . . . , snpxq generate Fpxq. HINT: Apply the previous exercise to the cokernel.
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Exercise 12.12.41 (Torsion sheaves). Let X be an integral scheme, and let F be a quasi-
coherent sheaf onX . Define for each open setU Ă X , a subgroup T pUq Ă FpUq consisting
of all the elements m P FpUq such that the germ mx is torsion in Fx for all x P X , i.e.,
ax ¨mx “ 0 for some non-zero ax P OX,x.

a) Show that T is a subsheaf of F . Also, show that T is quasi-coherent. T is called
the torsion subsheaf of F . Another notation for it is Ftors.

b) Let K denote the constant sheaf on K “ KpXq. Define a map of sheaves

ν : F Ñ F bOX
K .

Show that T “ Ker ν.
c) A sheaf is called torsion free if Ftors “ 0. Show that the quotient F{T is always

torsion free, i.e., pF{T qtors “ 0.
d) Show that any locally free sheaf is torsion free.

Exercise 12.12.42. Let X “ SpecZ and consider the Z-modules M “
À

N Z and
N “ Z. Show that HomOX

pĂM, rNq is not quasi-coherent. HINT: Use the identity
HomAp

À

NA,Aq “
ś

NA.

Exercise 12.12.43. Let F be a quasi-coherent sheaf on X and let U Ă X be an open set.
Show that the restriction F |U is also quasi-coherent.

Exercise 12.12.44. Let X be a Noetherian scheme. Show that the direct sum presheaf
À

iPI Fi of (??) is a sheaf.

Exercise 12.12.45. Let X be a scheme and let F be an OX-module on X . Show that F is
quasi-coherent if and only if for any pair V Ă U open affine subsets the natural map

FpUq bOXpUq OXpV q Ñ FpV q (12.42)

that sends sb g to gs|V , is an isomorphism.

Exercise 12.12.46. Show that a morphism f : X Ñ Y of schemes is a closed embedding if
and only if it is affine and map ι7 : OY Ñ ι˚OX is surjective.

Exercise 12.12.47. Find a scheme X such that f˚OX is not quasi-coherent sheaf on SpecZ,
where f : X Ñ SpecZ is the canonical map.

Exercise 12.12.48. Let ϕ : F Ñ G be a map of quasi-coherent sheaves. Show that ϕ is
injective (resp. surjective) if and only if ϕU : FpUq Ñ GpUq is injective (resp. surjective)
for each affine open U Ă X .

Exercise 12.12.49. A morphism f : X Ñ Y is called quasi-compact if for every affine open
subset U Ă Y , the inverse image f´1pUq is quasi-compact. f is called quasi-separated if
for any pair of affine open subsets U, V Ă Y , the intersection f´1pUq X f´1pV q can be
covered by finitely many affine open subsets.

a) Show that the properties of being quasi-compact and quasi-separated are stable
under base change.

b) Let f : X Ñ Y be a morphism which is both quasi-compact and quasi-
separated. Show that f˚F is quasi-coherent if F is.
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Exercise 12.12.50. Let X be a scheme and let F be an OX-module.
a) Let P be the following property of an open affine set U Ă X: the canonical

map ČFpUq Ñ F |U . Show that P is a distinguished property.
b) Give another proof of Theorem 12.9.

Exercise 12.12.51. Show that a quasi-coherent sheaf F on a scheme X is of finite type if
and only if there exists an affine open cover tUiuiPI with Ui “ SpecAi such that for each
i, F |Ui

» ĂMi for some finitely generated Ai-module. HINT: See the proof of Proposition
6.49.

Exercise 12.12.52 (The 2-out-of-3 property). Let X be a scheme and consider a short exact
sequence of OX-modules

0 F G H 0 (12.43)

Show that if two of the sheaves F ,G,H are quasi-coherent, then the third is quasi-coherent
as well.

HINT: Two of the three implications are straightforward. For the third, the most direct
way is to use a future result in Chapter 15: that in Corollary 12.11, exactness holds even if
only the leftmost sheaf is quasi-coherent.

Exercise 12.12.53 (A non-quasi-coherent ideal sheaf). Let X “ SpecA where A “ krtsptq.
Let ξ be the generic point and let s be the generic point. Define a presheaf I by Iptξuq “

IpHq “ 0 and IpXq “ A.
a) Show that I is an ideal sheaf.
b) Show that the quotient presheaf OX{I is a sheaf and compute the sections of

OX{I over H, tξu and X .
c) Show that the support of OX{I is equal to tξu.
d) Does I correspond to a closed subscheme?
e) Show directly that I is not quasi-coherent.
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13

Sheaves on projective space

Projective schemes are often preferred over affine ones due to their more favorable properties.
However, affine schemes exhibit better behavior in certain aspects. For instance, while
morphisms of affine schemes are completely determined by ring homomorphisms, projective
morphisms lack such a straightforward characterization. Also, for affine schemes, closed
subschemes correspond bijectively to ideals in the coordinate ring. For projective schemes,
however, multiple homogeneous ideals (even in different gradings) can define the same closed
subscheme.

13.1 Quasi-coherent sheaves on projective schemes

Let R be a graded ring. If M is a graded R-module, we define a sheaf ĂM by setting, for each
D`pfq Ă X where f is homogeneous of positive degree,

ΓpD`pfq,ĂMq “ pMf q
0

For an inclusion D`pfgq Ă D`pfq, there is a canonical localization map of graded modules
pMf q0 Ñ pMfgq0. Taking degree 0 parts, we have a canonical map

pMf q0 ÝÝÑ pMgq0. (13.1)

this defines a restriction map ΓpD`pfq,ĂMq Ñ ΓpD`pfgq,ĂMq. The two B-sheaf axioms
are easily verified, for instance by taking the degree zero part of the sheaf sequence (??) for
the sheaf ĂM on SpecR. We continue to denote this sheaf by ĂM .

Proposition 13.1. The sheaf ĂM is a quasi-coherent sheaf on ProjR.

Proof The argument is very similar to the proof that OProjR|D`pfq » OSpecpRf q0 on page
??. The main thing to note is that Lemma ?? holds by replacing R by an R-module M ,
which implies that the restriction of ĂM to D`pfq and ČpMf q0 on takes the same values on
distinguished opens D`pfgq contained in D`pfq.

Note that a map of graded modules M Ñ N induces maps between the degree 0 part of
the localizations pMf q0 Ñ pNf q0. These are compatible with further localizations, so we get
induced maps of OX -modules ĂM Ñ rN . It follows that the graded tilde operation M ÞÑ ĂM
defines a functor from the category of graded R-modules to quasi-coherent sheaves on X .

Each element m P M0 determines a section of ΓpD`pfq,ĂMq “ pMf q0, by taking the
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252 Sheaves on projective space

image of m in pMf q0. If g is another homogenous element, then the two sections clearly
agree when restricted to the overlaps D`pfgq, (they both map to the image of m in pMfgq0).
Therefore, they glue together to a global section of ĂM .

The following proposition summarizes the basic properties of the tilde-functor.

Proposition 13.2. Let R be a graded ring. The graded tilde functor M ÞÑ ĂM has the
following properties:

(i) It is additive and exact.
(ii) For each p P ProjR, we have pĂMqp “ pMpq0.

(iii) If M is finitely generated, then ĂM is of finite type.

Proof The item (i) holds because localization and taking degree zero parts are exact op-
erations that commute with forming direct limits and direct sums. The second item is a
consequence of ĂM |D`pfq “ ČpMf q0; that a prime p P D`pfq Ă ProjR corresponds to
q “ ppRf q0; and that we have the equality

ĂMp “ ppMf q0qq “ pMqq0 “ pMpq0.

If M is finitely generated, then choosing a graded surjection Rn Ñ M Ñ 0, we get
On
X Ñ ĂM Ñ 0, showing ĂM is of finite type.

From now on, we will let X Ă PnA be a projective scheme over A. That is X “ ProjR,
where R is a graded ring of the form

R “ Arx0, . . . , xns{a p‹q

where xi have degree 1 and a Ă Arx0, . . . , xns is a homogeneous ideal. (This assumption is
not too restrictive, see Exericse 13.1.1).

Exercise 13.1.1. Let R “
À

dě0Rd be a graded ring which is finitely generated as an
algebra over A “ R0, and let X “ ProjR. By considering a suitable Veronese subring
Rpeq, show that X is isomorphic to ProjS where S is of the form Arx0, . . . , xns{a where
the xi have degree 1.

In many aspects the projective tilde-functor behaves as the one of Spec, but there are also
many important differences. The most striking is that different non-isomorphic modules can
give rise to the same sheaf. This can be explained from the fact that primes contained in
V pR`q are disregarded in the Proj-construction – this has the effect that graded modules
supported in V pR`q must give the zero sheaf after applying the tilde-functor.

For any integer d, we let Mąd be the R-module Mąd “
À

iądMi.

Lemma 13.3. Let M and N be two graded R-modules,
(i) ĂM “ 0 if and only if SuppM Ă V px0, . . . , xnq.

(ii) Assume that Mąd » Nąd for some d. Then ĂM » rN . The converse also
holds if M and N are finitely generated.

Proof To prove (i), suppose that SuppM Ă V pR`q. Then item (ii) of Proposition 13.2
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13.1 Quasi-coherent sheaves on projective schemes 253

implies that the stalks of ĂM are zero for every p P ProjpRq, and hence ĂM “ 0. Conversely, if
the support ofM is not contained in V pR`q, there is a homogeneous prime ideal p P ProjR
such that Mp ‰ 0. When R is generated in degree 1, this in turn implies that pMpq0 ‰ 0.
Indeed, ProjR is covered by distinguished open sets D`pfq where f has degree 1, and so
there is an f of degree 1 not lying in p. Then for an non-zero homogeneous element x P Mp,
the element x{fdeg x yields a non-zero element of degree zero in Mp.

To prove (ii), note that the quotient N “ M{Mąd is a graded module which is killed
by the power pR`qd and consequently has support in V pR`q. By (i), we have rN “ 0, and
hence ĆMąd “ ĂM . As this holds for N as well, we get ĂM » ĆMąd » ĄNąd » rN .

Example 13.4. On P1
k “ Proj krx0, x1s, the module M “ krx0, x1s{px2

0, x
2
1q satisfies

ĂM “ 0, but it is non-zero. △

Tensor products

Let M and N be two graded R-modules. There is a natural way of defining a grading
on the tensor product M bR N , by defining the degree d piece pM bR Nqd to be the
additive subgroup of M bR N generated by elements x b y where x P Mp and y P Nq

where p ` q “ d. One checks that M bRN is the direct sum of these graded parts (as an
R0-module).

Example 13.5. LetR “ krxs with the standard grading, and letM “ N “ R. Then pMbR

Nqd “ krxsd. Note that the graded pieces of pMbRNqd are not equal to
À

p`q“dpMpbR0

Nqq; that would give a vector space isomorphic to krx, ysd. △

Proposition 13.6. For graded R-modules M and N , there is a natural isomorphism

ĂM bOProjR
rN ÝÝÑ ČM bR N

Proof For each homogeneous element f P R of positive degree, there is a canonical map

Mf bpRf q0 Nf Ñ Mf bRf
Nf » pM bRNqf

induced by sending x{fn b y{fm to pxb yq{fn`m. When restricted to elements of degree
zero, we get a map

pMf q0 bpRf q0pNf q0 Ñ ppM bRNqf q0, (13.2)

which one checks is compatible with the restriction maps induced from inclusions D`pgq Ă

D`pfq, and so it is a map of B-sheaves with B being the basis of distinguished open subsets.
Therefore, we get a natural map of sheaves

ĂM bOProjR
rN ÝÝÑ ČM bR N. (13.3)

This is an isomorphism, because it is an isomorphism over each f of degree 1.
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254 Sheaves on projective space

13.2 The sheaves Opmq

The most important sheaves on ProjR are the so-called twisting sheaves, denoted by
OProjRpdq. These generalize the sheaves OPn

A
pdq on PnA which were introduced in Chapter

17.33. Just as homogeneous polynomials in Arx0, . . . , xns define global sections of OPn
A

pdq,
the degree d elements of R will define sections of the sheaf OProjRpdq.

If M is a graded R-module, and n is an integer, we define an R-module Mpnq as follows:
the underlying R-module of Mpnq is just M , but the grading is shifted by d steps:

Mpnqd “ Md`n. (13.4)

That is, N “ Mpnq is a graded R-module such that N0 “ Mn, N1 “ Mn`1 and so on, and
elements from Md considered as elements in N will be of degree d´ n.

In the special case when M “ R, this gives a graded and free R-module Rpnq, which is
generated by the element 1 P R´n. Note the canonical isomorphism Mpnq “ M bRRpnq:
both have M as underlying module, and the gradings coincide by the way we have defined
the grading on the tensor product. Moreover, for each m,n P Z, we have

Rpnq bRRpmq “ Rpn`mq. (13.5)

Applying the tilde-functor to Rpnq gives us a quasi-coherent OProjR-module on ProjR:

Definition 13.7. For each integer n P Z, and for X “ ProjR, we define

OXpnq “ ĆRpnq.

For an OX-module F , we define the twist of F by n to be the OX-module

Fpnq “ F bOX
OXpnq.

If h P R is homogeneous of degree d, then it defines a section of OXpdq via the map in
Lemma ??. Abusing notation slightly, we will continue to write h for this section.

For an OX-module F , the tensor product gives us natural multiplication maps

OXpdq bOX
Fpeq ÝÝÑ Fpd` eq

In the case F “ ĂM , this is simply the map of sheaves induced by the multiplication maps

pRf qd bpRf q0 pMf qe ÝÝÑ pMf qd`e; h{fa bm{f b ÞÑ ph ¨mq{fa`b

over each distinguished open.

The sheaf OXpmq is an invertible sheaf. As xi is invertible inRxi
, we haveRxi

¨xmi » Rxi
.

In degree 0, we find that

pRpmqxi
q0 “ pRxi

qm “ xmi ¨ pRxi
q0.

Therefore, on the distinguished affine open set D`pxiq we see that

OXpmq|D`pxiq “ xmi ¨ OX |D`pxiq.

Moreover, for each m,n P Z, there are canonical isomorphisms

OXpm` nq » OXpmq bOX
OXpnq.
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13.3 Sheaves on projective schemes 255

For graded rings with non-standard gradings, one can still define ĂM and OXpmq but some
of the results are more complicated. For instance, it can happen that ĂM b rN fi ČM bR N
and Opmq is not be locally free. Here is an example:

Example 13.8. Consider the polynomial ring R “ krx0, x1, x2s with a grading defined by
degpx0q “ 1, degpx1q “ 2, and degpx2q “ 3. After localizing at x2, the degree zero part
of Rx2

is given by

pRx2
q0 “ k

„

x3
0

x2

,
x0x1

x2

,
x3
1

x2
2

ȷ

.

We claim that ĂMb rN ‰ ČM bN for the two gradedR-modulesM “ Rp1q andN “ Rp1q.
Of course, we have Rp1q b Rp1q “ Rp2q. However, we have the following equalities of
pRx2

q0-modules:

pRp1qx2
q0 “ pRx2

q0 ¨ x0 ` pRx2
q0 ¨ x2

1{x2

pRp2qx2
q0 “ pRx2

q0 ¨ x1 ` pRx2
q0 ¨ x2

0

Next, if we compute the tensor product of pRp1qx2
q0 with itself over pRx2

q0 we get an
pRx2

q0-module which does not contain the monomial x1. However, x1 clearly belongs to
pRp2qx2

q0. This shows that ĆRp1q b ĆRp1q fi ĆRp2q, as the two sheaves are different over the
open set U “ D`px2q. △

13.3 Sheaves on projective schemes

Here is the main theorem of this section:

Theorem 13.9. Every quasi-coherent sheaf F on X is of the form ĂM for some graded
R-module M . If F is of finite type, then F » ĂM for some finitely generated graded
R-module.

In the course of the proof, we will see that we may take M to be the module

Γ˚pFq “
à

dPZ
ΓpX,Fpdqq.

This is called the associated graded module to F . The R-module structure is defined via the
multiplication maps

OXpdq b Fpeq Ñ Fpd` eq.

More precisely, if a P Rd, and s P Γ˚pFqe, we regard a as a section of OXpdq and define
the product h ¨ s to be the image of hb s in ΓpX,Fpd` eqq “ Γ˚pFqd`e.

Proof Let U “ SpecR ´ V px0, . . . , xnq, and consider the two morphisms ι : U Ñ

SpecR and π : U Ñ X . These fit into the diagram:

U SpecR

X

ι

π
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256 Sheaves on projective space

Since F is quasi-coherent on X , the pullback π˚F is quasi-coherent on U . As ι is quasi-
compact, the pushforward ι˚π˚F is quasi-coherent on SpecR. Therefore,

ι˚π
˚F “ ĂM

for some R-module M . We can identify this module as

M “ ΓpSpecR, ι˚π
˚Fq “ ΓpU, π˚Fq.

The next lemma identifies this group of global sections.

Lemma 13.10. There is a natural isomorphism of OX -modules π˚π
˚F “

À

dPZ Fpdq.

Proof We use the standard affine covering of X by the distinguished open sets D`pxiq.
For each i, the preimage π´1pD`pxiqq is the distinguished open set Dpxiq in SpecR, and
the collection of these form an open cover of U . The projection π|Dpxiq : Dpxiq Ñ D`pxiq
is induced by the inclusion pRxi

q0 Ă Rxi
. The key point is that Rxi

decomposes as an
pRxi

q0-module as

Rxi
“
à

dPZ
pRiq0 ¨ xdi .

The restriction of π˚F to Dpxiq is the sheaf associated to the pRxi
q-module

ΓpDpxiq, π
˚Fq “ ΓpD`pxiq,Fq bpRxi

q0 Rxi

“
à

dPZ
ΓpD`pxiq,Fq ¨ xdi . (13.6)

Now, for each twist Fpdq, we have

ΓpD`pxiq,Fpdqq “ ΓpD`pxiq,F bOX
OXpdqq

“ ΓpD`pxiq,Fq bpRxi
q0 ΓpD`pxiq,OXpdqq

“ ΓpD`pxiq,Fq bpRxi
q0 pRxi

q0 ¨ xdi

“ ΓpD`pxiq,Fq ¨ xdi (13.7)

Comparing (13.6) and (13.7), we obtain a natural isomorphism

ΓpD`pxiq, π˚π
˚Fq “

à

dPZ
ΓpD`pxiq,Fpdqq. (13.8)

The isomorphisms (13.8) induce isomorphisms

π˚π
˚F |D`pxiq ÝÝÑ

à

dPZ
Fpdq|D`pxiq

The isomorphisms over Dpxiq and Dpxjq restrict to the same isomorphism

ΓpD`pxixjq, π˚π
˚Fq “

à

dPZ
ΓpD`pxixjq,Fpdqq.

over the overlap Dpxixjq. Therefore, we obtain an isomorphism π˚π
˚F Ñ

À

dPZ Fpdq.
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As a byproduct of the above proof, we see that M “ ΓpU, j˚π
˚Fq has the structure of a

graded R-module, with degree d-component equal to ΓpX,Fpdqq. Hence we may consider
the sheaf ĂM on X .

We claim that F » ĂM . To show this, it suffices to show that the two sheaves agree over
each D`pfq where f P R is homogeneous of positive degree. For such an f , we have

ΓpD`pfq,ĂMq “ ΓpDpfq,ĂMq0

“ ΓpDpfq, ι˚π
˚Fq0

“ ΓpDpfq, π˚Fq0

“ ΓpD`pfq, π˚π
˚Fq0

“ ΓpD`pfq,
à

dPZ
Fpdqq0

“ ΓpD`pfq,Fq.

These isomorphisms are compatible with restrictions to D`pfgq so they define an isomor-
phism ĂM » F .

Corollary 13.11. Let X Ă PnA be a projective scheme. If F is an OX-module of finite
type, then there exists an integer d ą 0 and a surjective map of OX-modules

OXp´dq‘N ÝÝÑ F .

To summarize, we have defined two functors, Ąp´q : GrModR Ñ QCohX andΓ˚ : QCohX Ñ

GrModR. Since ČΓ˚pFq Ñ F is an isomorphism, it follows that the tilde functor is essentially
surjective; that is, every quasi-coherent sheaf on X is the tilde of a graded module. However,
unlike the affine case, the functors do not give mutual inverses. The functor „ is not faithful
as the tilde of any module M with support in V pR`q is the zero sheaf. By Lemma 13.3
however, this is the only source of ambiguity.

The module Γ˚pFq plays the role of the global sections functor on SpecA. For projective
schemes, it is not enough to consider the global sections alone; one has to consider the global
sections of all twists of F at once, to be able to recover F .

Exercise 13.3.1. Let X “ ProjR, where R “ Arx0, . . . , xns{a where the xi have degree
1.

a) Show that if each xi is a nonzerodivisor, then

à

dPZ
ΓpX,OXpdqq “

n
č

i“0

Rxi
Ă R0rx0, x

´1
0 , . . . , xn, x

´1
n s. (13.9)

b) Show that if each xi is a prime element, then
À

dPZ ΓpX,OXpdqq “ R.

When R is not a polynomial ring, it can easily happen that Γ˚pOXq is different than R.

Exercise 13.3.2. ConsiderX “ P0
A “ ProjArts. Then Op1q » O, so ΓpX,OXpmqq “ A

for all m, even m ă 0. So Γ˚pOXq ‰ Arts.
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Example 13.12. Let R be Crx0, x1s, but with with the degree 0 piece replaced by R0 “ Z.
Then X “ ProjR is isomorphic to P1

C, because pRx0
q0 “ Crx1{x0s and pRx1

q0 “

Crx0{x1s. However, Γ˚pXq “ Crx0, x1s, which is not isomorphic to R. Note that R is not
finitely generated by over R0 in this example, so the proposition above does not apply. △

Example 13.13 (A quartic rational space curve). A systematic way of producing examples of
rings so that Γ˚pOXq ‰ R, is to start with a closed subscheme X Ă Pnk and project it into
Pn´1
k . In some cases this will again be a closed embedding of X , but in this new embedding
X will be equal to ProjS with a different graded ring S.

The simplest example of this set-up is the rational normal quartic curve in P4
k. This scheme

is defined as X “ ProjR where R is the ring

R “ kru4, u3v, u2v2, uv3, v4s Ă kru, vs,

where all of the indicated monomials are given degree 1. Note that this equals the Veronese
ring kru, vsp4q from Section ??.

Projecting into a lower projective space corresponds to discarding some of the generators,
and in our example we discard the monomial u2v2 and work with X “ ProjS where

S “ kru4, u3v, uv3, v4s.

Evidently, S1 is of dimension 4, and we shall se that the monomial u2v2 reappears in
ΓpX,OXp1qq, and so ΓpX,OXp1qq will be of dimension 5 as a k-vector space.

Let us compute ΓpX,OXp1qq using the sheaf sequence, using the open affine cover
consisting of U0 “ D`pu4q and U1 “ D`pv4q (these two cover X because S4

` Ă pu4, v4q).
Moreover, we have equalities OXpU0q “ pSu4q0 “ krv{us and OXpU1q “ kru{vs. We
have isomorphisms OXp1q|U0

» OU0
¨ u4 and OXp1q|U1

» OU1
¨ v4. The sheaf sequence

then takes the form

0 Ñ ΓpX,OXp1qq Ñ krv{usu4 ‘ kru{vsv4 Ñ kru{v, v{usu4.

Note that u2v2 “ pv{uq2u4 “ pu{vq2v4, so the monomial u2v2 belongs to both the rings
kru{vsv4 and krv{usu4 and hence defines a global section in ΓpX,OXp1qq. In fact,

ΓpX,OXp1qq “ ku4 ‘ ku3v ‘ ku2v2 ‘ kuv3 ‘ v4.

Therefore ΓpX,OXp1qq contains all 5 monomials, while u2v2 is missing from S1. In this
example, the graded ring Γ˚pOXq is isomorphic to R, and R is the integral closure of S.
Exercise 13.7.5 shows that this is not a coincidence. △

Exercise 13.3.3. Let X “ P1
k “ Proj krx0, x1s. Show that the functor F ÞÑ Γ˚pFq is not

right exact, by considering the exact sequence

0 ÝÝÑ Rp´nq ÝÝÑ R ÝÝÑ R{pxn0 q ÝÝÑ 0.

13.4 Closed subschemes of projective space

We saw in Chapter ??, that every homogeneous ideal a Ă Arx0, . . . , xns determines a closed
subscheme V`paq Ă PnA. The main result of this section is that every closed subscheme is
of this form. However, as in the discussion on quasi-coherent sheaves, it can happen that
different ideals correspond to the same subscheme.

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

13.4 Closed subschemes of projective space 259

Example 13.14. In krx0, x1s, the two ideals a “ px0q and b “ px2
0, x0x1q both define the

closed subscheme given by the point p0 : 1q in P1
k. To see this, note that b dehomogenizes

to px2
0{x2

1, x0x1{x2
1q “ px0{x1q in krx1{x0s and to the unit ideal in krx0{x1s. Note that

b “ px2
0, x1q X px0q. So while both a and b define the same subscheme of P1

k, the ideal b is
in some sense inferior to a, as it has a component in the irrelevant ideal px0, x1q. △

To deal with this ambiguity, we introduce the saturation of an ideal a Ă Arx0, . . . , xns

with respect to the irrelevant ideal px0, . . . , xnq, defined as

asat “ tf P Arx0, . . . , xns | DN P N such that f ¨ xNi P a for every iu

We always have an inclusion a Ă asat, and we say that a is saturated if a “ asat.
In the example above, the saturation of px2

0, x0x1q is the ideal px0q. This example is
typical: taking the saturation throws away components of a supported in the irrelevant ideal.
In particular, the saturation of the irrelevant ideal px0, . . . , xnq is the unit ideal.

Consider a homogeneous ideal a Ă Arx0, . . . , xns and its associated closed subscheme
Y “ V`paq, with ideal sheaf IY Ă OPn

A
. Note that ra “ IY : this follows from comparing

the ideal sheaf sequence with the exact sequence of A-modules

0 ÝÝÑ a ÝÝÑ Arx0, . . . , xns ÝÝÑ Arx0, . . . , xns{a ÝÝÑ 0

We also consider the associated graded module

Γ˚pIY q “
à

dě0

ΓpPnA, IY pdqq Ă Arx0, . . . , xns.

Since ra “ IY , we can compute this in terms of a as follows:

Γ˚praq “
à

dě0

t f P Arx0, . . . , xnsd | f{xdi P paxi
q0 u

“
à

dě0

t f P Arx0, . . . , xnsd | DN P N such that f ¨ xNi P a for every i u

“ asat. (13.10)

That is, composing Ąp´q with Γ˚p´q corresponds to taking the saturation.

Theorem 13.15. For any ring A, there is a bijection
"

closed subschemes
Y Ă PnA

*

ÐÑ

"

saturated homogeneous
ideals a Ă Arx0, . . . , xns

*

given by Y ÞÑ Γ˚pIY q and a ÞÑ V`paq.

Proof Let Y Ă PnA be a closed subscheme with ideal sheaf IY . We claim that Y “ V`paq

where a “ Γ˚pIY q and that a is saturated.
The first part follows because the subschemes V`paq and Y have the same ideal sheaf: the

ideal sheaf of V`pΓ˚pIY qq is given by ČΓ˚pIY q, which is equal to IY by Proposition ??.
To see that a is saturated, take f P asat homogeneous of degree d. By definition, there

exists N P N such that for each i, xNi f P a, meaning, xNi f P ΓpPnA, IY pd ` Nqq. On
D`pxiq, this implies f |D`pxiq P IY pdq|D`pxiq since xi is invertible there. This means that
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f is a section of OPn
A

pdq which lies in IY pdq when restricted to each D`pxiq and hence
f P ΓpPnA, IY pdqq. Therefore, a is saturated.

Conversely, if a is a saturated homogeneous ideal, the equality (13.10) shows thatΓ˚pIV`paqq “

a. Therefore, the two maps are mutually inverse.

Exercise 13.4.1. Show that if a Ă R “ krx0, . . . , xns is a radical homogeneous ideal, and
a is not equal to px0, . . . , xnq, then a is saturated.

13.5 Sheaves on projective space

We recall the following fundamental theorem from commutative algebra, which gives the
structure of graded modules over R in terms of free modules.

Theorem 13.16 (Hilbert’s syzygy theorem). Let k be a field and letR “ krx0, . . . , xns.
Then if M is a finitely generated graded R-module, then there is a finite free resolution
(that is, an exact sequence)

0 ÝÝÑ Fn ÝÝÑ . . . ÝÝÑ F1 ÝÝÑ F0 ÝÝÑ M ÝÝÑ 0, (13.11)

where Fj “
Àbk

i“1Rp´dijq is a free graded R-module. Fi is called the i-th syzygy
module of the resolution.

By the theorem, M is the cokernel of a map F1 Ñ F0 of free R-modules of finite rank.
Any such map is defined by a matrix with entries being homogenous elements of R, so this is
a convenient way to presentM : the generators come from F0 and the relations come from F1.
Furthermore, the relations among the relations, and so on, are defined by matrices between
free modules. This sort of resolution is immensely useful in the study of M , as it allows us to
apply linear algebra techniques which can simplify computations and define invariants of M .

If we apply the „-functor to the sequence (13.11), we obtain an exact sequence of sheaves
on Pnk

0 ÝÝÑ En ÝÝÑ . . . ÝÝÑ E1 ÝÝÑ E0 ÝÝÑ ĂM ÝÝÑ 0

where Ej “
Àbk

i“1 OPn
k
p´dijq is a direct sum of sheaves of the form OPn

k
pdq. Hence any

finite type OX-module admits a resolution where the terms are direct sums of invertible
sheaves. This shows very clearly why the invertible sheaves Opdq are so important: they are
the building blocks of all finite type sheaves on Pnk .

Here are a few important special cases:

Example 13.17 (Hypersurfaces). Let F P R denote an homogeneous polynomial of degree
d ą 0. Then F determines a projective hypersurface X “ ProjpR{F q Ă Pnk . Write
ι : X Ñ PnA for the closed embedding.

Consider the map Rp´dq Ñ R given by multiplication by F . Note the shift in degrees
here, in order to make this into a map of graded modules (the constant ‘1’ gets sent to F ,
which should have degree d on both sides). We obtain an exact sequence

0 ÝÝÑ Rp´dq ÝÝÑ R ÝÝÑ R{pF q ÝÝÑ 0.
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Applying the tilde to this sequence, we obtain

0 ÝÝÑ OPn
A

p´dq ÝÝÑ OPn
A

ÝÝÑ ĆR{F ÝÝÑ 0. (13.12)

Note that ĆR{F is isomorphic to the sheaf ι˚OX ; both sheaves take the value pRf{pF qq0
over each distinguished open set D`pfq. Therefore, comparing (13.12) to the ideal sheaf
sequence

0 ÝÝÑ I ÝÝÑ OPn
k

ÝÝÑ ι˚OX ÝÝÑ 0,

we see that there is an isomorphism of OPn
A

-modules I » OPn
A

p´dq. △

Example 13.18 (The twisted cubic curve). Let k be a field and consider P3 “ ProjR where
R “ krx0, x1, x2, x3s. We will consider the twisted cubic curve C “ V pIq where I Ă R is
the ideal generated by the 2 ˆ 2-minors of the matrix

A “

ˆ

x0 x1 x2

x1 x2 x3

˙

i.e., I “ pq0, q1, q2q “ px2
1 ´ x0x2, x0x3 ´ x1x2,´x

2
2 ` x1x3q.

Consider the map of R-modules R3 Ñ I sending ei ÞÑ qi. This is clearly surjective, since
the qi generate I . Let us consider the kernel of this map, that is, the module of relations of
the form a0q0 ` a1q1 ` a2q2 “ 0 for ai P R. There are two obvious relations of this form,
i.e., the ones we get from expanding the determinants of the two matrices

¨

˝

x0 x1 x2

x0 x1 x2

x1 x2 x3

˛

‚

¨

˝

x0 x1 x2

x1 x2 x3

x1 x2 x3

˛

‚

(So the first matrix gives x0q2 ´x1q1 `x2q2 “ 0 for instance). These give a mapR2 A¨
ÝÑ R3,

where A is the matrix above. This map is injective, and it turns out that there is an exact
sequence of R-modules

0 ÝÝÑ R2 A
ÝÝÝÝÑ R3 ÝÝÑ I ÝÝÑ 0.

Again, we should consider these as graded modules, so we must shift the degrees according
to the degrees of the maps above

0 ÝÝÑ Rp´3q2
A

ÝÝÝÝÑ Rp´2q3 ÝÝÑ I ÝÝÑ 0.

This gives the resolution of the ideal I of C . Then applying „, and using the fact that I “ rI ,
we get a resolution of the ideal sheaf of C:

0 ÝÝÑ OP3
k
p´3q2

A
ÝÝÝÝÑ OP3

k
p´2q3 ÝÝÑ I ÝÝÑ 0.

We will see later in Chapter 15 how to use sequences like this to extract geometric information
about C. △
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13.6 Projective morphisms

A morphism f : X Ñ SpecA is said to be projective if it factors as

X ÝÝÑ PnA ÝÝÑ SpecA,

where the first map is a closed embedding of A-schemes and the second is the structure
morphism.

Like separatedness and properness, projectivity is a relative notion: it is the morphism
X Ñ SpecA which is projective, not X itself. Intuitively, it is the fibers of X Ñ SpecA
which are projective. For instance, P1

krts is projective over Spec krts, but it is not over Spec k.
In the example, the (scheme-theoretic) fiber over s P S “ Spec krts equals the projective
line P1

κpsq
over κpsq. Still, if we are working in the category of schemes over, say, a field k or

Z, we still refer to a scheme X being ‘projective’ when it is projective over the base scheme.1

Example 13.19. For A “ Crts, the scheme X “ V`pzy2 ´ x3 ´ txz2q in P2
A is projective

over A1
C “ SpecA. The fiber of X Ñ SpecCrts over any closed point a P SpecCrts is an

integral projective subscheme of dimension 1, namely V`pzy2 ´ x3 ´ axz2q Ă P2
C. X is

however not projective over C (e.g., as it admits many non-constant maps to A1
C). △

We are ready to prove the following important theorem:

Theorem 13.20. Let S be a scheme and let X Ă PnS be a closed subscheme. Then the
structure morphism X Ñ S is proper.

Proof Projective morphisms are separated and of finite type, so to prove that they are proper
it remains to show that they are universally closed.

By the base change property (item (i) of Proposition 9.23) it suffices to show that PnZ Ñ

SpecZ is universally closed. So let T be any scheme, and consider the base change π : PnT Ñ

T . Since ‘being closed’ is a local property on T , it suffices to assume that T “ SpecA is
affine.

Let Z Ă PnA be a closed subscheme. We need to show that πpZq is closed in SpecA. By
Proposition ?? in Chapter ??, Z is given by a homogeneous ideal I Ă Arx0, . . . , xns. Let
τ : Z Ñ SpecA denote the composition Z Ñ PnA Ñ SpecA.

Let p P SpecA be a point which is not in the image of Z. We want to show that there is
some open neighbourhood U of p so that π´1pyq X Z is empty for all y P U . Equivalently,
we want to show that τ´1pyq “ H for all y P U .

Note that the fiber of p in PnA is given by the Proj of the ring

Arx0, . . . , xns{I bA κppq (13.13)

To say that this Proj is empty means that the graded ring (13.13) is zero in high degrees. In
other words, we have

IN bA κppq “ Arx0, . . . , xnsN bA κppq (13.14)

1 The notion of projectivity can be extended to more general morphisms f : X Ñ S. In fact, there exist two
slightly different definitions in the literature, see (Stacks Project, 2018, Tag 01W7). These notions agree in most
cases, for instance when S is affine or when S satisfies some reasonable finiteness conditions.
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for some largeN ą 0. Note that IN andArx0, . . . , xnsN are both finitely generated modules
over A. Tensoring these by Ap and using Nakayama’s lemma, (13.14) implies that

pINqp “ pArx0, . . . , xnsNqp

In particular, there exists an f R p so that

pINqf “ pArx0, . . . , xnsNqf “ Af rx0, . . . , xnsN

But then

τ´1pDpfqq “ Proj pAf rx0, . . . , xms{Iq “ H

because pINqf contains all monomials of degree N . This completes the proof.

A consequence of this is that the ‘image of a projective variety is projective’:

Corollary 13.21. Let k be a field, and let f : X Ñ Y be a morphism of projective
schemes over k. Then the image fpXq Ă Y is closed in Y .

This statement is a priori not at all obvious, especially given how badly it fails with
‘projective’ replaced by ‘affine’ (see Example 9.20). It is yet another reason why one prefers
projective varieties to non-projective ones.

Proof of Corollary 13.21 By assumption X and Y are closed subvarieties of projective
spaces over k, and so they are proper over k. But then the morphism f : X Ñ Y is also
proper, and hence closed.

Example 13.22. Let A “ Cra0, a1, . . . , am, b0, b1, . . . , bns be the polynomial ring, and
consider the closed subscheme of P1

A “ ProjArx, ys given by

Z “ V
`

a0x
m ` a1x

m´1y ` ¨ ¨ ¨ ` amy
m, b0x

n ` b1xy
n´1 ` ¨ ¨ ¨ ` any

n
˘

.

If π : P1
A Ñ SpecA denotes the structure morphism, the image πpZq Ă SpecA contains the

set of points pa0, a1, . . . , am, b0, b1, . . . , bnq P Am`n`2pCq such that the two polynomials
of degreesm and n have a common root. This locus is indeed closed; it is given by V pdetRq,
where detR is the resultant of the two polynomials, i.e., the determinant of the Sylvester
matrix. This matrix is shown below for m “ 3 and n “ 2:

R “

¨

˚

˚

˚

˚

˝

a0 a1 a2 a3 0
0 a0 a1 a2 a3
b0 b1 b2 0 0
0 b0 b1 b2 0
0 0 b0 b1 b2

˛

‹

‹

‹

‹

‚

.

△

Example 13.23. Let X be a proper scheme over an algebraically closed field k. Let us show
that OXpXq “ k. We showed in Example ?? that elements of OXpXq can be understood
as the set of morphisms f : X Ñ A1

k, so it suffices to show that all such morphisms are
constant. Let f : X Ñ A1

k be a morphism and consider the morphism f̄ : X Ñ P1
k given by

composing f with the embedding A1
k Ñ P1

k. Then since P1
k is proper, the image f̄pXq is
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closed. But the closed subsets of P1
k are either closed points or all of P1

k. The latter case is
impossible because f̄ factors via A1

k Ñ P1
k, and so f maps to a point. △

Proposition 13.24. Let f : X Ñ Y be a morphism of projective schemes over an
algebraically closed field k. Suppose that f´1pyq is finite for every k-point y P Y . Then
f is a finite morphism.

Proof Since the property of ‘being finite’ is local on the target, and the k-points are dense
in Y , we may assume that Y “ SpecA is affine. As f factors as X ι

ÝÑ PnA
π
ÝÑ Y “ SpecA,

we may regardX as a closed subscheme of PnA “ ProjArx0, . . . , xns and f is the restriction
of π : PnA Ñ SpecA to X .

We first show that f is affine. Let y P Y be a k-point. By assumption, the topolocal fiber
f´1pyq is a finite set in π´1pyq » Pnk . Pick an element h P Arx0, . . . , xns, so that V phq

is disjoint from f´1pyq. By Corollary 13.21, the image fpV phq XXq is a closed set in Y ,
and this set does not contain y. Therefore, there exists a distinguished open set Dpgq Ă Y
containing y, so thatDpgq Ă Y ´fpV phqq. This means that f´1pDpgqq Ă X´V phq. Note
that U “ X ´ V phq “ X XD`phq is an affine scheme, being a closed subset of D`phq. If
ϕ : A Ñ U is the ring map which induces f |U : U Ñ Y , we have f´1pDpgqq “ Dpϕpgqq

in U , and so f is affine.
Now, write X “ SpecB for some A-algebra B. To conclude, we need to show that B is

a finite A-module. This follows from Serre’s theorem 15.28, because X is projective over A
and H0pX,OXq “ B.

Example 13.25. The projectivity assumption here is essential. For instance, if f : U Ñ X
is the inclusion of an open subset, then certainly f´1pxq is finite for every x P X , but f is
typically not finite (see Example 6.35). △

Example 13.26. The morphism f : SpecpQq Ñ SpecQ is not finite, but of course the
fibers are finite. △

13.7 Exercises

Exercise 13.7.1. Let R “ Qrx, y, zs with deg x “ 1,deg y “ 2, deg z “ 3. Show that the
map (13.3) is not an isomorphism for M “ Rp1q and N “ Rp2q.

Exercise 13.7.2. Suppose R is a graded ring finitely generated in degree 1 and let M and
N be two finitely generated R-modules. Show that ĂM » rN if and only if Mąd » Nąd for
some d.

Exercise 13.7.3. Let P1
k “ ProjR where R “ krx0, x1s. Show that the functor F ÞÑ

Γ˚pFq is not right exact, by considering the exact sequence

0 ÝÝÑ Rp´nq ÝÝÑ R ÝÝÑ R{pxn0 q ÝÝÑ 0.

Exercise 13.7.4. Let k be a field and let R “ krx0, . . . , xns. Let π : An`1 ´ 0 Ñ Pnk “

ProjR denote the ‘quotient morphism’ (see page 97). Show that for a graded R-module M ,

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

13.7 Exercises 265

we have

π˚pĂM |An`1
k ´0q “

à

nPZ

ĂMpdq

Exercise 13.7.5. Let R be a graded Noetherian integral domain generated in degree 1 by
x0, . . . , xn. The aim of this exercise is to show that R1 “ Γ˚pOXq is an integral extension
of R.

a) Show that α : R Ñ R1 is injective.
b) s P R1 be a homogeneous element of non-negative degree. Show that we can

find an n ą 0, so that αpxni qs P αpRq for every i. Deduce that αpRmqs Ă

αpRq for m large.
c) Let J Ă R be the generated by elements of degree ě kn. Show that J is

finitely generated, and that αpJqs Ă αpJq.
d) Use the Cayley–Hamilton theorem to show that s satisfies an integral equation

over R.

Exercise 13.7.6. Let k be an algebraically closed field and let X Ă Pnk be a projective
k-scheme. Show that ΓpX,OXq “ k.

Exercise 13.7.7. Let X “ ProjpRrx, ys{px2 ` y2qq. Show that X is affine, and that

ΓpX,OXq » C.

Exercise 13.7.8. Let P1
k “ Proj kru0, u1s and t “ u0{u1. Consider the closed sub-

scheme Z Ă P1
k which is supported at p0, 1q and which is locally given as Spec krts{tn Ă

D`pu0q “ Spec krts. Describe theRmodule Γ˚OZ and the canonical mapR “ Γ˚OP 1
k

Ñ

Γ˚OZ .

Exercise 13.7.9. Check that the saturation of a homogeneous ideal is homogengeous.

Exercise 13.7.10. Assume R be generated over R0 by finitely many elements of degree 1.
Let M and N be two finitely generated graded R-modules. In this exercise you will show
that ĂM » rN if and only if Mąd » Nąd for some d. HINT: Consider the images of M and
N in Γ˚pĂMq “ Γp rNq.

Exercise 13.7.11. Assume R be generated over R0 by finitely many elements of degree 1.
Let F be a quasi-coherent sheaf on ProjR. Show that F is of finite type if an only if it
is the tilde of a finitely generated R-module. HINT: Write F “ ĂM and pick surjections
On
Ui

Ñ ĂM |Ui
. Lift these to a map ϕ :

À

i,j Rp´dijq Ñ M and show that the cokernel has
zero tilde.

Exercise 13.7.12. Let ϕ : R Ñ S be a map of graded rings and let f : U Ñ ProjS be the
morphism given by ϕ, where U “ ProjpSq ´ V pϕpR`qq.

a) Show that f˚
ĂM “ ČM bR S|U for each graded R-module M .

b) Show that f˚p rN |Uq “ ĂNR for each graded S-module N (and where NR is as
usual, N regarded as a graded R-module).

Exercise 13.7.13 (The Veronese surface). Let X “ P2
k “ Proj krx0, x1, x2s. Show that
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L “ OP2p2q is globally generated by the sections

x2
0, x

2
1, x

2
2, x0x1, x0x2, x1x2

Show that the corresponding morphism ϕ : P2 Ñ P5 is a closed embedding.

Exercise 13.7.14 (The quadric surface). Let X “ P1
k ˆ P1

k and L “ p˚OP1
k
p1q b q˚OP1

k
p1q

where p, q : X Ñ P1 are the two projections. If x0, x1 is a basis for ΓpX, p˚OP1
k
p1qq,

and y0, y1 is a basis for ΓpX, q˚OP1
k
p1qq, show that p˚OP1

k
p1q b q˚OP1

k
p1q is globally

generated by the four sections s0 “ x0y0, s1 “ x0y1, s2 “ x1y0, s3 “ x1y1. Describe the
corresponding morphism X Ñ P3

k.

Exercise 13.7.15 (Serre’s theorem). Let X Ă PnA be a projective scheme over a Noetherian
ring A and let L be an ample invertible sheaf. Let F be an OX-module of finite type. Then
there is an integer m0 such that F b Lm is globally generated (by a finite set of global
sections) for all m ě m0. HINT: Reduce to the case X “ PnA and L “ Op1q. Then apply
Corollary 13.11.
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14

Locally free sheaves

The most important examples of quasi-coherent sheaves are the locally free sheaves. As the
name suggests, these are sheaves which are locally isomorphic to a direct sum of copies of
the structure sheaf of the scheme. Because of this ‘freeness’ property, these sheaves are in
many respects the nicest examples of sheaves on a scheme and the easiest to work with. They
are also the algebraic counterpart to the vector bundles in topology.

14.1 Locally free sheaves

Let X be a scheme. We say that an OX-module E is free if it is isomorphic to a direct sum
of copies of OX and it is locally free if there is an open cover tUiuPI of X such that the
restriction E |Ui

is free for every i. The cover tUiu is called a ‘trivializing cover’, and a locally
free sheaf which is globally free is sometimes said to be trivial.

If P P X is a point, say contained in Ui, the rank of E at P is the number of copies of
OUi

needed to express E |Ui
as a direct sum of OUi

’s. The rank may be finite or infinite, but
we will almost exclusively concern ourself with the case of finite rank. A locally free sheaf E
is also allowed to have different ranks at different points of X , but the rank will be constant
on each connected component of X . If E has rank equal to r at every point of X , we say that
E is locally free of rank r and write rankpEq “ r.

The rank is perhaps better viewed as a function X Ñ t0, 1, 2, . . . u Y t8u. To discuss
this function more precisely, we make the following defintion, which applies to any coherent
sheaf.

Definition 14.1. Let E be a coherent sheaf and let P P X be a point. The fiber of E at P
is defined as the κpP q-vector space

EpP q “ EP {mPEP .

If U Ă X is an open subset containing P and s P ΓpU, Eq is a section of E over U , we
denote by spP q the image of the germ sP P EP in the fiber EpP q.

Geometrically, EpP q » EP bOX,P
κpP q is the κpP q-vector space which corresponds to

the pullback of E via the map ι : SpecκpP q Ñ X .
Clearly, if E is locally free of rank r, then EP is a free OX,P -module of rank r and EpP q

is a free κpP q-vector space of dimension r at every point P . In the appendix of this chapter,
we will prove the following proposition, which says that the converse holds under some mild
hypotheses.

267
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Proposition 14.2. Let X be an integral Noetherian scheme and let E be a coherent sheaf.
The following are equivalent:

(i) E is locally free.
(ii) EP is a free OX,P -module for every P P X .

(iii) The function P ÞÑ dimκpP q EpP q is constant.

The next proposition summarises some of the basic properties of locally free sheaves.

Proposition 14.3. Let X be a scheme and let E and F be two locally free OX -modules
of rank e and f respectively. Then

(i) The direct sum E ‘ F is locally free of rank e` f .
(ii) The tensor product E bOX

F is locally free of rank e ¨ f .
(iii) The Hom sheaf HomOX

pE ,Fq is locally free of rank e ¨ f .
(iv) The dual sheaf E_ “ HomOX

pE ,Oq is locally free of rank e. The double
dual pE_q_ is canonically isomorphic to E . Moreover, there is a canonical
isomorphism

E_ bOX
F Ñ HomOX

pE ,Fq. (14.1)

Proof Let P P X be a point and let U “ SpecA be an open affine neighbourhood of P
such that E |U and FU are trivial OU -modules. Then the restrictions of the sheaves in question
are given by

E ‘ F |U “ pE ‘ F qr

E bOX
F |U “ pEbA F qr

HomOX
pE ,Fq|U “ HomApE,F qr.

where E and F are free A-modules. The modules on the right-hand side are all free the ranks
indicated in the proposition, so we get (i), (ii) and (iii).

(iv): If M is free, then the dual module M_ “ HomApM,Aq is also free of the same
rank. The evaluation map M Ñ pM_q_ defined by m ÞÑ pϕ ÞÑ ϕpmqq is an isomorphism
when M is free of finite rank. Moreover, for any A-module N , there is a canonical map

M_ bA N ÝÝÑ HomApM,Nq, (14.2)

defined by ϕ b n ÞÑ pm ÞÑ ϕpmqnq. This map is an isomorphism if M and N are both
free of finite rank. (This is clearly the case when N “ A, and as both sides are additive, it
holds in general.) Finally, since the isomorphisms (14.2) are compatible with localization,
they glue together to a global isomorphism (14.1).

Example 14.4. On the projective line X “ P1
A, one has the sheaves OP1

A
pmq constructed

on page 101. These were constructed by gluing together two copies of OA1
A

, so they are
invertible sheaves. These sheaves are non-trivial for all m ‰ 0, as we computed the global
sections of OP1

A
pmq is not isomorphic to ΓpP1

A,OP1
A

q “ A.
The isomorphism OP1

A
pmq b OP1

A
p´mq » OP1

A
shows that OP1

A
p´mq is identified with

the dual of OP1
A

pmq. △

Example 14.5. Let A “ Z{2 ˆ Z{2 and X “ SpecA. Consider the ideal I “ Z{2 ˆ p0q
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and the sheaf E “ rI . Note that SpecA is the disjoint union of two copies of SpecZ{2,
and E restricts to the structure sheaf on one of these and to the zero sheaf on the other. E is
therefore locally free. However, E is not free, because EpXq “ Z{2, whereas any nonzero
free A-module must have at least four elements. △

Example 14.6 (The integers). Let X “ SpecZ. If E is a OX-module of finite type, then
E “ ĂM for some finitely generated Z-module M , and by the structure theorem for finitely
generated abelian groups, we may write M “ Zr ‘ T , where T is a finite direct product of
groups of the form Z{nZ . If E in addition is required to be locally free, it must hold that
T “ 0 (otherwise, if p is a prime factor of an n appearing in one of the summands of T , the
stalk at ppq will not be free). Hence E “ ĂZr “ Or

X , and we conclude that every locally free
sheaf on SpecZ is trivial. △

Example 14.7 (The affine line). The argument of the previous example in fact applies over
any PID A. Every OX-module of finite type on X “ SpecA must have the form ĂM for
M “ Ar ‘ T where T is a finitely generated torsion module, and if we require ĂM to be
locally free, the torsion part must vanish; i.e. we must have T “ 0. In particular, this applies
to locally free sheaves on the affine line A1

k “ Spec krxs over any field k. △

Example 14.8 (The tangent bundle of the 2-sphere). LetA “ Rrx, y, zs{px2 `y2 `z2 ´1q

and consider the A-linear map

ϕ : A3 ÝÝÑ A, pp, q, rq ÞÑ xp` yq ` zr.

The kernel M “ Kerpϕq defines a quasi-coherent sheaf ĂM which is locally free of rank 2.
To see this, note that M consists of triples pp, q, rq P A3 satisfying xp ` yq ` zr “ 0.

Localizing at x, any such triple is uniquely determined by q and r since p “ ´x´1pyq` zrq.
This gives an isomorphism Mx » A2

x, and hence ĂM |Dpxq » O2
Dpxq

. The same argument

applies to y and z, so we find that ĂM is locally free.
While ĂM is locally trival, it is in fact globally non-trivial – M is not a free A-module.

This is not so easy to prove: it reflects the famous topological fact that the tangent bundle of
S2 admits no nowhere-vanishing section (the Hairy Ball Theorem). In contrast, if we replace
R by C in this example, the corresponding sheaf is trivial. △

14.2 Zero sets of sections

Let E be an locally free sheaf of rank r on the scheme X , and let s P ΓpX, Eq be a global
section. We define the zero set of s by

V psq “ tP P X | spP q “ 0 in EpP qu.

Equivalently, V psq consists of the points P P X such that sP P mPEP .
The set V psq is a closed subset of X . In fact, it carries a canonical structure as a closed

subscheme of X , which we will also denote by V psq. To see this, consider an affine open
set U “ SpecA such that E |U » Or

X |U . Under this isomorphism, the restriction of s
corresponds to an r-tuple of elements pf1, . . . , frq P Ar. This r-tuple generates an ideal
I “ pf1, . . . , frq, which defines a closed subscheme SpecpA{Iq Ñ SpecA. One can check
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that that as U runs over all open affines where E is trivial, these closed subschemes glue
together to form a closed subscheme of X .

The ideal sheaf describing V psq has the following description. If we identify ΓpX, Eq “

HompOX , Eq, we may regard s as a map ofOX -modules s : OX Ñ E . ApplyingHomOX
pOX ,´q,

we obtain a map of OX-modules

s_ : E_ ÝÝÑ OX . (14.3)

The image of s_ is a quasi-coherent ideal sheaf I of OX , and this is the ideal sheaf that defines
V psq. Concretely, over an affine open U “ SpecA, after identifying s with pf1, . . . , frq P

Ar, the map s_ is simply the tilde of the map Ar Ñ A that sends the i-th basis vector ei to
fi. In other words, I|U corresponds to the ideal generated by the fi’s.

Proposition 14.9. Let X be an integral scheme and let s P ΓpX, Eq be a global section
of locally free sheaf E of rank r. The zero scheme V psq has codimension at most r in X .

Example 14.10. The monomial s “ x2
0x1 defines a global section of E “ OP1

k
p3q. The zero

scheme V psq consists of the two points p0 : 1q and p1 : 0q. △

In the special case when E has rank 1, then the map s_ : E_ Ñ OX is given by multipli-
cation by s. In particular, if X is integral, this map is injective and identifies E_ with the
ideal sheaf I of V psq. The ideal sheaf sequence takes the form

0 ÝÝÑ E_ ÝÝÑ OX ÝÝÑ ι˚OV psq ÝÝÑ 0 (14.4)

where ι : V psq Ñ X is the inclusion.

14.3 Transition functions

Let E be a locally free sheaf of rank r, and tUiuiPI be a trivializing open cover of E . Then by
definition, there are isomorphisms of OUi

-modules

ϕi : Or
Ui

E |Ui
.» (14.5)

Over the intersections Uij “ Ui X Uj the maps τji “ ϕ´1
j ˝ ϕi are well-defined, and they

give isomorphisms

τji : Or
Uij

Or
Uij
,»

which restricted to triple intersections Uijk “ Ui X Uj X Uk satisfy the cocycle condition

τki “ τkj ˝ τji. (14.6)

Indeed, we have ϕ´1
k ˝ ϕi “ pϕ´1

k ˝ ϕjq ˝ pϕ´1
j ˝ ϕiq.

Conversely, we know from the Gluing Lemma for sheaves that given isomorphisms τji as
above, satisfying (14.6) on the triple overlaps, the sheaves Or

Uij
may be glued together to a

sheaf E , which by definition is locally free of rank r.
Note that any isomorphism of OUij

-modules Or
Uij

Ñ Or
Uij

is given by some rˆ r-matrix
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14.4 Locally free sheaves on P1 271

with entries in OXpUijq. Thus it is possible to define E by specifying a collection of matrices
τji satisfying the cocycle condition (14.6). These are sometimes referred to as the transition
functions of E .

The isomorphisms τji defining E are not unique. For instance, if we choose any isomor-
phisms ψi : Or

Ui
Ñ Or

Ui
, we can form new isomorphisms τ 1

ji “ ψ´1
j ˝ τji ˝ ψi, satisfying

the cocycle conditions and which define the same sheaf E . Furthermore, E could admit iso-
morphisms defined on a different open cover. This is therefore not an ideal way of classifying
locally free sheaves, and in practice it is very difficult to decide when two constructions yield
isomorphic sheaves.

Example 14.11. Suppose E and F are locally free of ranks r and s respectively. After
refining, we may assume that they admit the same trivializing cover. Suppose that the gluing
functions are given by τji and νji respectively. Then E ‘ F is obtained by gluing together
the different Or

Ui
‘ Os

Ui
with help of the matrices

Φji “

ˆ

τji 0
0 νji

˙

For instance, the sheaf OP1
A

‘ OP1
A

p´1q on the projective line is obtained using the gluing
matrix

τ01 “

ˆ

1 0
0 u

˙

over U0 X U1 “ SpecAru, u´1s with U0 “ SpecArus and U1 “ SpecAru´1s. △

14.4 Locally free sheaves on P1

In this section, we prove that every locally free sheaf on the projective line over a field
decomposes into a direct sum of invertible sheaves. This result was first established by
Dedekind and Weber in 1882 and has since been rediscovered multiple times, most notably
by Birkhoff in 1913 and Grothendieck in 1955.

Theorem 14.12. Let k be a field. If E is a locally free sheaf of rank r on P1
k, then there

are integers a1, . . . , ar such that

E » OP1
k
pa1q ‘ ¨ ¨ ¨ ‘ OP1

k
parq. (14.7)

This decomposition is unique up to ordering of the factors.

Proof The result follows from the classification of quasi-coherent sheaves on P1
k of Example

12.12. In the notation there, we have M0 “ krxsr, M1 “ krx´1sr and

τ : krx˘1sr ÝÝÑ krx˘1sr.

As krx, x´1s is a PID, using the Smith Normal Form (Theorem A.60), one can find invertible
matrices P and Q with entries in krx, x´1s, so that D “ PAQ is a diagonal matrix. More-
over, as τ is an isomorphism, the diagonal entries must be units in krx, x´1s, hence powers
of x. Therefore, D “ diagpxe1 , . . . , xerq for some integers e1, . . . , er. By multiplying P by
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a suitable power of x, and Q by the same power of x´1, we can even assume that their entries
lie in krxs and krx´1s respectively. This means that the data defining E are equivalent to the
data defining the locally free sheaf OP1

k
p´e1q ‘ ¨ ¨ ¨ ‘ OP1

k
p´erq and hence E is isomorphic

as a direct sum as above. For the uniqueness part, see Exercise 14.9.16.

14.5 Invertible sheaves and the Picard group

Among the locally free sheaves, the ones of rank 1, are of particular importance. These are
called invertible sheaves. By definition, an OX -module L is invertible whenever there exists
an open cover tUiuiPI and isomorphisms

ϕi : OUi
ÝÝÑ L|Ui

.

These send the element 1 P OXpUiq to a section si “ ϕip1q P LpUiq, which we call a local
generator for L over Ui. For i, j P I , both si and sj generate L over Ui X Uj , so there is a
relation

si “ gijsj

for some invertible element gij P OXpUi X Ujq
ˆ.

By construction, we have gii “ id, gij “ g´1
ji . Moreover, over the triple overlaps Ui X

Uj X Uk,

si “ giksk, si “ gijsk, sj “ gjksk,

which implies that the gij satisfy the cocycle condition

gik “ gij ¨ gjk

for all i, j, k P I .
The invertible sheaf L is determined up to isomorphism by the collection of units gij P

OXpUijq
ˆ. If L is trivial, i.e., there is an isomorphism OX Ñ L, then the image of 1 P

OXpXq gives a section s P LpXq that generates L everywhere. This means that there
exist gi P OXpUiq

ˆ such that s|Ui
“ gisi for every i. In terms of the gij , this means that

gij “ gjg
´1
i .

Example 14.13. Consider P1
k with the standard covering U0 “ Spec krx1{x0s and U1 “

Spec krx0{x1s. Then L “ OP1
k
p1q is invertible. We have L|U0

“ OU0
x0 and L|U1

“

OU1
x1. These are related by x0 “ px1{x0qx1, so the transition function is given by g01 “

x1{x0.
More generally, the sheaf Opmq on PnA is free over the distinguished open sets Ui “

SpecpArx0{xi, . . . , xn{xisq, and the transition functions are given by

gij “

ˆ

xj
xi

˙m

Note that the ordering of i and j matters: gij “ pxi{xjq
m defines the sheaf Op´mq. △
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The Picard group

As a special case of Proposition 14.3, we have:

Proposition 14.14. Let X be a scheme and L and M two invertible sheaves on X . Then:
(i) LbOX

M is also an invertible sheaf.
(ii) HomOX

pL,Mq is also invertible. In particular, HomOX
pL,OXq is invert-

ible, and

HomOX
pL,OXq bOX

M » HomOX
pL,Mq. (14.8)

This implies that the tensor product acts as a sort of binary operation on the set of invertible
sheaves; LbM is invertible if L and M are, and the tensor product is associative. Tensoring
an invertible sheaf by OX gives an isomorphism L bOX

OX » L, so OX serves as the
identity. For an invertible sheaf L, we define L´1 “ HomOX

pL,OXq. By the proposition,
we see that L´1 is again invertible, and serves as a multiplicative inverse of L under b. In
particular, this explains the term ‘invertible’.

Definition 14.15. For a scheme X , the Picard group PicpXq of X is the group of
isomorphism classes of invertible sheaves on X under the tensor product.

Note that it is the set of isomorphism classes of invertible sheaves that form a group, not the
invertible sheaves themselves. That is, LbOX

L´1 is isomorphic, but strictly speaking, not
equal to OX . Note also that PicpXq is an abelian group, because LbOX

M is canonically
isomorphic to M bOX

L.

Example 14.16 (SpecZ). By Example 14.6, any invertible sheaf on X “ SpecZ is trivial,
so

PicpSpecZq “ 0.

On the other hand, PicpZr
?

´5sq ‰ 0, as we will show in Proposition 16.48. △

Example 14.17 (The affine line). By Example 12.22, any invertible sheaf on A1
k is trivial. In

particular,

PicpA1
kq “ 0.

We will prove more generally that PicpAnkq “ 0 for any n ě 0 in Chapter 16. △

Example 14.18 (The projective line). By Theorem 14.12, every invertible sheaf on P1
k is

isomorphic to OP1
k
pmq for some m P Z. Hence we have an isomorphism

PicP1
k » Z.

△

Example 14.19. Let X Ă A2
k denote the plane curve defined by y2 “ x3 ` x and let

P “ p0, 0q. The ideal sheaf I Ă OX of sections vanishing at P is invertible. To see this, we
show that for every Q P X , the ideal IQ is a principal ideal in OX,Q.

At the point P , the stalk IP “ px, yqOX,P is the maximal ideal in OX,P . This ideal is
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generated by the element y. Indeed, since y2 “ xpx´ 1qpx` 1q, and px´ 1q and px` 1q

are invertible in OX,P , we can express x in terms of y.
For any other point Q, at least x or y is invertible in OX,Q and so IQ “ p1q in OX,Q.
In either case, the ideal IQ is principal, hence I is an invertible sheaf. It is however not

trivial, as any ideal sheaf of OX is trivial if and only if it is principal and px, yq requires two
generators.

On the other hand, I b I is trivial. Indeed, it corresponds to the tilde of the ideal px, yq2

in krx, ys{py2 ´ x3 ´ xq, and

px, yq2 “ px2, xy, y2q “ px2, xy, x3 ` xq “ pxq.

In terms of the Picard group, what we have shown is that the class rIs in PicpXq is nonzero,
by 2rIs “ 0 in PicpXq. In fact, when k is algebraically closed, PicpXq is an infinitely
generated abelian group, as we will see in Section 20.5. △

14.6 Pullbacks of invertible sheaves

Let f : X Ñ Y be a morphism of schemes and L be an invertible sheaf on Y . Then f˚L is
invertible on X . Indeed, if L is trivial over an open cover tViuiPI , then f˚L is trivial over
the open sets f´1pViq. Moreover, if L is described the local data gij P OXpVi X Vjq

ˆ, then
f˚L is described by the pullbacks f 7pgijq P OXpf´1pVi X Vjqq.

If L and M are two invertible sheaves on Y , then

f˚pLbOY
Mq “ f˚pLq bOX

f˚pMq

Therefore, the assignment L ÞÑ f˚L induces a morphism of groups

f˚ : PicpY q ÝÝÑ PicpXq.

The pullback operation extends naturally to sections. For any open subset W Ă Y and
section s P LpW q, we obtain a section f˚s P f˚Lpf´1pW qq as follows: locally on W X Vi
where L is trivial, we may write s as ai ¨si for some ai P OY pW XViq and local generator si
of L|Vi

. The pullback section is then given by f˚s “ f 7paiq ¨ f˚ei on f´1pW X Viq, where
f˚ei is the corresponding local generator of f˚L|f´1pViq. This construction is independent
of the choice of trivialization and glues to give a well-defined global section.

Example 14.20. Consider the morphism

f : P1
k ÝÝÑ P2

k; px0 : x1q ÞÑ px2
0 : x0x1 : x

2
1q.

In this example, f˚OP2
k
p1q “ OP2

k
p2q. To see this, let U0, U1 and V0, V1, V2 be the standard

coverings of P1
k and P2

k respectively. Then we the image of f is covered by the two open
sets V0 and V2, and f´1V0 “ U0 and f´1V2 “ U1. We have OP2

k
p1q|V0

“ OV0
y0 and

OP2
k
p1q|V2

“ OV2
y2. The transition function between the two is given by g02 “ y2{y0.

Here we have f 7pg02q “ px1{x0q2, so f˚OP2
k
p1q is defined by exactly the same transition

functions as OP1
k
p2q.

Note that the global sections of OP2
k
p1q are of the form s “ ay0 `by1 `cy2 for a, b, c P k.

This pulls back to

f˚psq “ ay20 ` by0y1 ` cy22.
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△

Example 14.21. Consider the closed subscheme X “ V px0q Ă P2
k and let ι : X Ñ P2

k be
the inclusion. Then ι˚OP2

k
p1q “ OP1

k
p1q. Hence

ΓpP2
k,OP2

k
p1qq » kx0 ‘ kx1 ‘ kx2 and ΓpX, ι˚OP2

k
p1qq » kx1 ‘ kx2

In particular, contrary to f˚, the pullback functor does not always give an isomorphism on
global sections. △

14.7 Morphisms to projective space

One reason to care about invertible sheaves is that they help us understanding morphisms to
projective space. More precisely, given a scheme X , it is natural to ask what sort of data one
needs to specify a morphism

f : X ÝÝÑ Pn. (14.9)

The corresponding question for An has already been answered: m morphisms X Ñ An
are in one-to-one correspondence with elements of ΓpX,OXqn, i.e., an n-tuple of regular
functions on X .

For a morphism into projective space it will not be the global sections ΓpX,OXq, but
rather sections of an invertible sheaf that will be the analogous data we need in order to
specify a morphism.

To explain this properly, let L be an invertible sheaf and let s P ΓpX,Lq be a global
section. Consider the open set

Dpsq “ tP P X | spP q ‰ 0 in LpP q u.

That is, Dpsq is the set of points P P X where sP R mPLP . Being the complement of V psq,
this set is indeed an open set of X .

We say that a set of sections tsiuiPI generate L if for any P P X , there is an si such
that sipP q ‰ 0 in LpP q. Equivalently, the open sets Dpsiq form an open cover of X . If this
holds, we say that L is globally generated.

The next lemma says that any nonzero section generates L over the open set Dpsq.

Lemma 14.22. LetX be a scheme and let L be an invertible sheaf onX . If s P ΓpX,Lq

is a nonzero global section, then there is an isomorphism of OX-modules

ϕ : OX |Dpsq ÝÝÑ L|Dpsq

which sends 1 to s.

Proof We define ϕ over an open set U Ă Dpsq, by sending 1 P OXpUq to s|U P LpUq

and extend OX -linearly. This is an isomorphism if and only if it is an isomorphism locally, so
we may reduce to the case where X “ SpecA and L “ OX . In that case,Dpsq “ SpecAs,
s is invertible in As and so multiplication by s is an isomorphism As Ñ As.
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Lemma 14.23. Let f : X Ñ Y be a morphism of schemes and let L be an invertible
sheaf on Y . Then if L is an invertible sheaf which is generated by global sections
s0, . . . , sn, then f˚L is generated by the sections t0 “ f˚s0, . . . , tn “ f˚sn, and X is
covered by the open sets Dpt0q, . . . , Dptnq.

Proof As L is invertible, we may reduce to the case X “ SpecB, Y “ SpecA, L “ OY

and f is induced by a ring map ϕ : A Ñ B. Then we can view the sections s0, . . . , sn as
elements of A, and the pullback f˚psq of a section s is simply given by ϕpsq.

Let P P X be a point. Then there is an index j so that sjpP q ‰ 0 P κpQq is nonzero at
Q “ fpP q. Then f˚psjq “ ϕpsjq is then also nonzero at P , as its class in OX,P coincides
with the image of sj via the map of local rings fP : OY,Q Ñ OX,P .

As the elements s0, . . . , sn generate L, they generate the unit ideal in A, and so the
pullbacks ϕps0q, . . . , ϕpsnq generate the unit ideal in B. Hence X “ SpecB is covered by
the open sets Dpf˚ps0qq, . . . , Dpf˚psnqq.

Example 14.24. If X “ SpecA is an affine scheme, then any invertible sheaf L is globally
generated. Indeed, L “ ĂM for some A-module M . Choosing a (possibly infinite) set of
generators tmiuiPI for M , these define global sections of L which generate L in every
stalk. △

Example 14.25. On Pnk , the sections x0, . . . , xn generate OPn
k
p1q. Indeed, every point

P P Pnk lies in some open set Ui Ă Pnk , and for this i, we have xipP q ‰ 0. △

Combining the previous example with Lemma 14.23, we see that given a morphism
f : X Ñ Pn, we obtain an invertible sheaf L “ f˚OPnp1q on X , as well as n ` 1
distinguished global sections si “ f˚xi by pulling back the sections x0, . . . , xn of Op1q.
As Op1q is globally generated by x0, . . . , xn, L will be globally generated by the pullbacks
s0, . . . , sn.

The main result in this section is that there is a way to reverse this process. In other words,
from a given invertible sheaf L and n` 1 global sections si P ΓpX,Lq that generate L at
every point, we can uniquely construct a morphism f : X Ñ Pn so that f˚OPnp1q “ L and
f˚xi “ si. Hence pL, s0, . . . , snq is the data we are after.

Theorem 14.26. Let X be a scheme over a ring A, and let L be an invertible sheaf on
X with global sections s0, . . . , sn P ΓpX,Lq that generate L. Then there is a unique
morphism of A-schemes

f : X ÝÝÑ PnA “ ProjArx0, . . . , xns

and an isomorphism f˚Op1q » L which maps f˚xi to si for i “ 0, . . . , n.

Proof of Theorem 14.26 Write PnA “ ProjR, where R “ Arx0, . . . , xns and denote
OP1

A
p1q by Op1q.

By assumption, the n ` 1 sections s0, . . . , sn generate invertible sheaf L. By Lemma
14.22, the open sets Dpsiq provide a local trivializing cover of L, with isomorphisms
ϕi : OX |Dpsiq Ñ L|Dpsiq which sends 1 to the section si. Since si is a local genera-
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tor for L over Dpsiq we may for each j “ 0, . . . , n, express sj|Dpsiq as rijsi for some
rij P OXpDpsiqq. For simplicity, we write sj{si for rij .

These sections define a map of A-algebras

pRxi
q0 ÝÝÑ ΓpDpsiq,OXq; xj{xi ÞÝÑ sj{si (14.10)

By the correspondence between ring homomorphisms and maps into affine schemes, we
obtain a morphism of A-schemes fi : Dpsiq Ñ D`pxiq.

To check that the morphisms fi glue to a morphism f : X Ñ PnA, we check the overlaps
Dpsiq X Dpsjq and D`pxiq X D`pxjq “ D`pxixjq. Note that there is a commutative
diagram

pRxi
q0 ΓpD`psiq,OXq

pRxixj
q0 ΓpD`psisjq,OXq

(14.11)

As the bottom the map sends xk

xj
“

xk{xi

xj{xi
to sk

sj
“

sk{si
sj{si

, we see that both fi and fj restrict to
the same map Dpsisjq Ñ PnA, namely the one induced by the bottom map in (14.11). Hence
they glue to a morphism f : X Ñ Pn.

Next, we show that there is an isomorphism f˚Op1q » L. On PnA, we have Op1q|D`pxiq “

OD`pxiqxi, and xi serves as the local generator. Over the open sets Dpsiq “ f´1pDpxiqq,
we therefore have f˚Op1q|Dpsiq » ODpsiq with local generator f˚xi. Likewise, L|Dpsiq »

ODpsiq with local generator si. As both L and f˚Op1q are trivial over Dpsiq, we may
define an isomorphism f˚Op1q|Dpsiq Ñ L|Dpsiq by sending f˚xi to si. To check that
these isomorphisms glue, we need to check that they are compatible with the gluing maps.
The sheaf Op1q is obtained by gluing together the ODpxiq using the transition functions
gij “ xj{xi. Therefore f˚Op1q is obtained by gluing together ODpsiq using multiplication
by f˚gij “ f 7pxj{xiq as transition functions. However, by construction, f 7pxj{xiq “ sj{si.
Hence f˚Op1q and L are defined by the same gluing data, and the local isomorphisms
define an isomorphism f˚Op1q » L. It is clear that the generator f˚xi maps to si via this
identification, because this happens over each open set Dpsiq.

The uniqueness part is clear, because the sections s0, . . . , sn determine the ratios sj{si,
which in turn determine f .

We will refer to a morphism ϕ : X Ñ PnA as given by the data pL, s0, . . . , snq and
informally write

X ÝÝÑ PnA
x ÞÝÑ ps0pxq : ¨ ¨ ¨ : snpxqq

One should still keep in mind that the sections si are sections of L, not regular functions. In
light of the above proof, we see that it is the ratios sj{si which can be interpretated as regular
functions, locally on Dpsiq “ tx P X | sipxq ‰ 0u.

We also see that two sets of data pL, s0, . . . , snq, pL, t0, . . . , tnq give rise to the same
morphism f : X Ñ PnA if and only there is a unit λ P Oˆ

XpXq so that ti “ λsi for each i.
Thus morphisms f : X Ñ PnA are in bijective correspondence with the data pL, s0, . . . , snq
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modulo this equivalence relation. One can compare this with the description of the A-valued
points of PnA from Chapter ??:

Example 14.27. Let A “ Z and consider X “ SpecZ. Since any invertible sheaf on
SpecZ is isomorphic to the structure sheaf, we see that Z-morphisms f : X Ñ PnZ are in
one-to-one correspondance with pn ` 1q-tuples of elements in ΓpX,OXq “ Z. In other
words, any Z-point SpecZ Ñ PnZ is in ‘homogeneous coordinate form’, as defined in Chapter
??. The same applies when A is a local ring, or any ring with PicpSpecAq “ 0. On the
other hand, PicpSpecZr

?
´5sq ‰ 0, and we saw that there were ‘non-obivious’ maps

SpecZr
?

´5s Ñ P1
Z. △

Example 14.28. LetX “ P1
k “ Proj krs, ts andL “ OP1

k
p2q. ThenL is globally generated

by s2, st, t2 and the corresponding morphism

ϕ : P1
k ÝÝÑ P2

k

ps : tq ÞÝÑ ps2 : st : t2q

has image V px0x2 ´ x2
1q which is an irreducible degree 2 curve. △

Example 14.29 (Cuspidal cubic). Let X “ A1
k and L “ OX . Then, ΓpX,Lq “ krts.

Choosing the three sections 1, t2, t3, we get a map of schemes

ϕ : X ÝÝÑ P2
k

t ÞÝÑ p1 : t2 : t3q

whose image in P2 is the cuspidal cubic V px0x
2
2 ´ x3

1q minus the point at infinity. △

Given a schemeX with s0, . . . , sn of an invertible sheaf L, there is a maximal open subset
U such that the sections generate L for all points in U , namely U “

Ťn

i“0Dpsiq. Even if
we do not assume that the si globally generate L, we still get a morphism ϕ : U Ñ PnA. In
other words, the sections define a rational map ϕ : X 99K PnA, which is a morphism when
restricted to U .

Example 14.30. Let X “ An`1
k “ Spec krx0, . . . , xns and L “ OX . Then ΓpX,Lq “

krx0, . . . , xns. If we take the sections x0, . . . , xn, then they generateL outside V px0, . . . , xnq.
Hence we get a morphism of schemes

An`1
k ´ V px0, . . . , xnq ÝÝÑ Pnk

px0, . . . , xnq ÞÑ px0 : ¨ ¨ ¨ : xnq

which is exactly the ‘quotient space’ description of Pn from (5.5). △

14.8 Application: Automorphisms of Pn
k

If k is a field, then any invertible pn ` 1q ˆ pn ` 1q matrix A with entires in k acts on
krx0, . . . , xns and gives rise to a linear automorphism Pnk Ñ Pnk . Moreover, two matrices A
and A1 determine the same automorphism if and only if m “ λm1 for some non-zero scalar
λ P kˆ. The projective linear group is defined by as the quotient group

PGLnpkq “ GLnpkq{kˆ
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We will now prove that all automorphisms of Pnk are given by linear transformations.

Theorem 14.31. AutKpPnkq “ PGLnpkq.

Proof The above paragraph shows that there is an injective map from the righthand side to
the left. Conversely, let ϕ : Pnk Ñ Pnk be any automorphism. Then ϕ induces an isomorphism

PicpPnq ÝÝÑ PicpPnkq

Since PicpPnkq is generated by OPn
k
p1q, we must have either ϕ˚OPn

k
p1q “ OPn

k
p1q or

ϕ˚OPn
k
p1q “ OPn

k
p´1q. The latter case is however impossible, because ϕ˚OPn

k
p1q has

many global sections, whereas OPn
k
p´1q has none. Hence ϕ˚OP1

k
p1q “ OP1

k
p1q. Evaluating

ϕ˚ over global sections gives a k-linear isomorphism

ΓpPnk ,OPn
k
p1qq ÝÝÑ ΓpPn,OPn

k
p1qq,

Now, we may choose tx0, . . . , xnu as a basis for ΓpPnk ,OPnp1qq, and so in this basis ϕ˚

gives rise to an invertible pn` 1q ˆ pn` 1q-matrix A. By construction A induces the same
linear transformation Pnk Ñ Pnk as ϕ, and so ϕ comes from an element of PGLnpkq.

Appendix: Locally free sheaves and stalks

If E is a locally free OX-module of rank r, then the stalk EP is clearly isomorphic to Or
X,P

for every P P X . In fact, the converse holds if E is coherent:

Lemma 14.32. Let X be an integral Noetherian scheme and let E be a coherent sheaf on
X . Let P P X be a point. If EP is a free OX,P -module, then there is an open set U Ă X
such that E |U is free.

Proof We may assume that X is affine, say X “ SpecA, and E “ ĂM for some finitely
generated A-module M . Suppose that P corresponds to the prime ideal p Ă A. By assump-
tion, Mp » Arp. Pick elements m1, . . . ,mr P M so that their classes generate Mp and
consider the map of A-modules ϕ : Ar Ñ M sending the i-th basis vector to mi. Letting
K “ Kerpϕq and C “ Cokerϕ, there is an exact sequence

0 K Ar M C 0
ϕ

(14.12)

As A is Noetherian and M is finitely generated, both K and C are also finitely generated.
This implies that the supports SupppKq and SupppCq are closed in SpecpAq (they are
equal to V pAnnpKqq and V pAnnpCqq respectively). These subsets are are moreover proper
closed subsets, because ϕp is an isomorphism. Therefore, we may pick an f P A so that
Dpfq Ă SpecA´V pAnnpCqq YV pAnnpKqq is an open set containing p. This means that
Cf “ Kf “ 0 and hence that ϕf : Arf Ñ Mf is an isomorphism. Consequently, E is free
over the open set Dpfq Ă SpecA.
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Corollary 14.33. Let X be a Noetherian integral scheme and let E be a coherent sheaf.
Then the following are equivalent:

(i) E is locally free of rank r
(ii) EP is a free OX,P -module of rank r for every P P X .

Example 14.34. Let A be DVR with fraction field K, and let s and ξ be respectively the
closed and the open point of X “ SpecA. Let E be the OX -module with ΓpX, Eq “ A and
Γptξu, Eq “ K, and with the restriction map A Ñ K equal to the zero map. Then E is an
OX-module with exactly the same stalks as the structure sheaf OX , but it is not locally free
(in fact, it is not even quasi-coherent). △

Corollary 14.35. If X is a Noetherian integral scheme and E is a coherent sheaf, then
there is a dense open set U Ă X such that E |U is locally free.

Proof This follows by applying Lemma 14.32 to the generic point. In that case the local
ring is a field, so any finitely generated module is free.

Let E be a coherent sheaf and let P P X be a point. The fiber of E at P is defined as the
κpP q-vector space

EpP q “ EP {mPEP .

Geometrically, EpP q » EP bOX,P
κpP q is the κpP q-vector space which corresponds to the

pullback of E via the map ι : SpecκpP q Ñ X .
If E is locally free of rank r, then EpP q is a κpP q-vector space of dimension r at every

point P . The next result states that the converse holds, that is, a coherent sheaf with the
property have the fibers have the same dimension at every point is locally free.

Proposition 14.36. Let X be an integral Noetherian scheme with generic point ξ and let
E be a coherent sheaf. Then for all P P X ,

dimκpP q EpP q ě dimκpξq Epξq

If equality holds for every P P X , then E is locally free of rank r “ dimκpξq Epξq.

To prove this, we immediately reduce to the affine case X “ SpecA, where E “ ĂM for a
finitely generated A-module M . Using Theorem ??, we reduce to proving the following:

Lemma 14.37. Let A be a local Noetherian ring with maximal ideal m and fraction field
K. Let M be a finitely generated A-module. Then

dimA{mpM bA A{mq ě dimKpM bA Kq (14.13)

with equality if and only if M is free.

Proof Let x1, . . . , xs be elements of M so that x1, . . . , xs form a basis for M{mM “

M bAA{m as a A{m-vector space. By Nakayama’s Lemma, the x1, . . . , xs generate M as
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an A-module. Then the elements x1 b 1, . . . , xr b 1 also generate M bA K as a K-vector
space, and hence (14.13) holds.

We next need to show that if dimκM bAA{m “ dimKM bAK “ r, thenM is free of
rank r. Choose generators x1, . . . , xr P M so that their classes define a basis forM bAA{m
as before. Consider the map ϕ : Ar Ñ M defined by pa1, . . . , arq ÞÑ

řr

i“1 aixi. There is
an exact sequence

0 Kerpϕq Ar M 0
ϕ

Tensoring the sequence by K (which corresponds to localizing at p0q, and hence preserves
exactness), gives a sequence of finite-dimensional K-vector spaces

0 Kerpϕq bA K Kr M bA K 0

As Kr and dimKpM bA Kq “ r have the same dimension, and the sequence is exact, we
must have Kerpϕq bA K “ 0. Hence Kerpϕq is torsion module. But being a submodule of
Ar, whereA is an integral domain, it must be torsion free, and hence Kerpϕq “ 0. Therefore,
ϕ is an isomorphism and hence M is free.

Finally, if M » Ar then M bA A{m » pA{mqr and M bA K » Kr, so equality holds
in (14.13).

In the affine case, where X “ SpecA and E “ ĂM , we may understand this open set as
follows. Choose a presentation

Am
ϕ

ÝÝÑ An ÝÝÑ M ÝÝÑ 0. (14.14)

For r P N, define the ideal IrpMq generated by the pn ´ rq ˆ pn ´ rq-minors of the
matrix representing ϕ. By (?, Section 20.3), the ideal IrpMq is independent of the chosen
presentation of M , and

V pIrpMqq “ tp P SpecA | rankAp
pMpq ě r ` 1u.

In particular, setting r “ dimKpM bAKq, then ĂM will be locally free over the open subset

U “ SpecA´ V pIrq.

In particular, ĂM is locally free of rank r if and only if Ir´1pMq “ 0 and IrpMq “ A.
This criterion is often useful for proving local freeness. Here’s an example:

Example 14.38. Let k be a field and let R “ krx0, . . . , x5s. Consider the matrix

ϕ “

¨

˚

˚

˝

0 x0 x1 x2

´x0 0 x3 x4

´x1 ´x3 0 x5

´x2 ´x4 ´x5 0

˛

‹

‹

‚

.

The determinant of ϕ is the square of the quadratic polynomial

q “ x0x5 ´ x1x4 ` x2x3

This means that the locus of points where ϕ has rank at most 3 is given by the hypersurface
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X “ V pqq Ă A6
k. The locus of points where ϕ has rank at most 2 is defined by the ideal

generated by the 2 ˆ 2-minors, which by direct calculation has radical equal to the ideal
px0, . . . , x5q.

Let A “ R{pqq and X “ SpecA. The matrix ϕ defines an exact sequence of A-modules

A4 ϕ
ÝÝÑ A4 ÝÝÑ Cokerpϕq ÝÝÑ 0.

Applying „, we get a sequence

O4
X ÝÝÑ O4

X ÝÝÑ E ÝÝÑ 0

Proposition 14.36 then shows that E is locally free of rank 2 on X ´ tp0, . . . , 0qu. △

14.9 Exercises

Exercise 14.9.1. Let ϕ : L Ñ M be a map of invertible sheaves.
a) Show that if ϕ is surjective, then it is an isomorphism.
b) Give an example of an injective map ϕ which is not an isomorphism.

Exercise 14.9.2. Show that tensoring by a locally free sheaf of finite rank preserves exact
sequences.

Exercise 14.9.3. Let A be a ring, let M be a finitely generated A-module and let S Ă A is a
multiplicative set. Show that there are isomorphisms of S´1A-modules

a) S´1pSymnMq “ Symn
pS´1Mq.

b) S´1p
Źn

Mq “
Źn

pS´1Mq.

Exercise 14.9.4. Let E be a quasi-coherent sheaf. Define the n-th symmetric power Symn
pEq

and the n-th exterior power,
Źn E , to be the sheaves associated to the presheaves

U ÞÑ Symn
pEpUqq and U ÞÑ

n
ľ

EpUq.

respectively.
a) Show that Symn

pEq and
Źn

pEq are quasi-coherent and that

ΓpU,Symn
pEqq “ Symn

pEpUqq and ΓpU,
n
ľ

Eq “

n
ľ

pEpUqq.

b) Show that if E is locally free of rank r, then Symn
pEq and

Źn E are locally
free of ranks

`

n`r´1
r´1

˘

and
`

r
n

˘

respectively.
c) Compute the following sheaves:

(i) Symn
pOP1

k
paq ‘ OP1

k
pbqq for n ě 1.

(ii)
Ź2

pOP1
k
paq ‘ OP1

k
pbqq

(iii)
Ź2

pOP1
k
paq ‘ OP1

k
pbq ‘ OP1

k
pcqq.

d) Suppose 0 Ñ E 1 Ñ E Ñ E2 Ñ 0 is an exact sequence of locally free sheaves.
Show that for each n ě 0, there is a filtration of

Źn E whose associated graded
pieces are:

n
à

k“0

˜

k
ľ

E 1 b

n´k
ľ

E2

¸

.
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e) Let E be a locally free of rank r. The sheaf detpEq “ ^rE is called the
determinant of E . Show that det E is an invertible sheaf.

f) Show that if f : X Ñ Y is a morphism, then for each locally free sheaf E on
Y ,

f˚ detpEq “ detpf˚Eq

g) Show that if E “ OP1
k
pa1q ‘ ¨ ¨ ¨ ‘ OP1

k
parq for ai P Z, then

detpEq “ OP1
k
pa1 ` ¨ ¨ ¨ ` arq.

h) Show that the determinant is additive on exact sequences: if

0 Ñ E 1 Ñ E Ñ E2 Ñ 0

is exact, then

detpEq “ detpE 1q bOX
detpE2q. (14.15)

Exercise 14.9.5. Let A be a ring. Let 0 Ñ P Ñ N Ñ M Ñ 0 be an exact sequence of
A-modules. Show that there are exact sequences

P bA Symn´1
pNq Ñ Symn

pNq Ñ Symn
pMq Ñ 0

and

P bA

n´1
ľ

N Ñ

n
ľ

N Ñ

n
ľ

M Ñ 0.

Generalize these to sequences of locally free sheaves.

Exercise 14.9.6. Let f : X Ñ Y and let E be a locally free sheaf of finite rank on Y .
Find examples where the pullback map f˚ : ΓpY, Eq Ñ ΓpX, f˚Eq may fail to be injec-
tive/surjective.

Exercise 14.9.7. Let X “ SpecA, where A “
ś8

i“0 Z. Show that M “ Z admits the
structure of an A-module which is projective, but not free.

Exercise 14.9.8. If Y Ă X is a closed subscheme and F is an OX-module of finite type
with support contained in Y , show that F admits a finite filtration of OX-modules of finite
type

0 “ F0 Ă F1 Ă ¨ ¨ ¨ Ă Fn “ F

such that each Fi{Fi´1 is the pushforward of an OY -module of finite type.

Exercise 14.9.9. Let X be a Noetherian scheme. We define the Grothendieck group K0pXq

as the quotient of the free abelian group on symbols rFs for F an OX -module of finite type,
by the subgroup generated by the expressions rFs ´ rF 1s ´ rF2s whenever there is an exact
sequence

0 Ñ F 1 Ñ F Ñ F2 Ñ 0

of finite type OX-modules.

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

284 Locally free sheaves

a) If X is integral and F is an OX -module of finite type, we define the rank of F
as the number

rankpFq “ dimOX,ξ
pFξq

where ξ is the generic point of X . Show that the rank defines a surjective map
of groups K0pXq Ñ Z.

b) If Y Ă X is a closed subscheme, show that there is an exact sequence of groups

K0pY q
α
ÝÑ K0pXq

β
ÝÑ K0pX ´ Y q Ñ 0

where α is induced by i˚ and β is induced by restriction. HINT: Compute that
β ˝ α “ 0, so that β induces a map β̄ : K0pXq{αpK0pY qq Ñ K0pX ´ Y q.
Use Exercise 14.9.8 and Exercise ??.

c) Let k be a field. Compute K0pSpec kq and K0pA1
kq.

d) Compute K0pP1
kq.

Exercise 14.9.10 (The projection formula). Let f : X Ñ Y be a morphism of schemes, and
let E and F be OX-modules. Use the adjunction between f˚ and f˚ to define a map

f˚pF b f˚Eq ÝÝÑ f˚pFq b E . (14.16)

Show that if E is locally free of finite rank then (14.16) is an isomorphism.

Exercise 14.9.11. Show that the subscheme Zpsq satisfies the following universal property:
A morphism f : T Ñ X satisfies f˚s “ 0 if and only if it factors through Zpsq. (Hint:
Understand the subscheme on each open affine SpecA Ă X first. Reduce to the case
E “ OX .)

Exercise 14.9.12 (Projective modules). Let A be a Noetherian integral domain. An A-
module M is called projective if the functor N ÞÑ HomApM,Nq is exact. Show that a
finitely generated A-module M is projective if and only if it is a direct summand in a free
module; that is, if there is another module N so that M ‘N » AI .

Exercise 14.9.13. Let A be a Noetherian ring. Show that a finitely generated module
is projective if and only if Mp is projective for all p P SpecA. HINT: Show that
HomApM,Nqp “ HomAp

pMp, Npq.

Exercise 14.9.14. LetR “ Zr
?

´5s and let a “ p2, 1`
?

´5q. Define two maps p : R2 Ñ a

and s : a Ñ R2 by ppa, bq “ 2a` p1 `
?

´5qb, and spxq “ p´x, x 1´
?

´5
2

q.
a) Show that p ˝ s “ id and deduce that

R2 » a ‘ Ker p.

b) Show that a is projective, but not free.

Exercise 14.9.15. Let R “
ś8

i“1 F2 be a direct product of countably many copies of the
field F2 with two elements, and let I “

À8

i“1 F2.
a) Show that I is an ideal which is not finitely generated.
b) Show that R{I is not projective. HINT: I is generated by the elements ei P R

with a 1 in the i-th entry and 0 in all other entries. No non-zero element in R is
killed by all the ei’s.
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c) For a prime p P SpecR, show that pR{Iqp is free. HINT: If I Ă p and α P I ,
let n P N be such that αi “ 0 for every i ą n and define β by βi “ 0 for
i ă n and βi “ 1 for i ą n. Then β ¨ α “ 0 and 1 “

řn

i“1 ei ` β. Show that
β R p and deduce that α maps to 0 in Ip and hence that Ip “ 0.

Exercise 14.9.16. Show that the integers appearing in Theorem 14.12 are unique. HINT:
Consider the global sections of a suitable twists Epmq.

Exercise 14.9.17. Find an example showing that if E is locally free, then E |U needs not be
free for every affine U Ă X .

Exercise 14.9.18 (Vector bundles). A vector bundle of rank r over a scheme X is a scheme
V together with a morphism π : V Ñ X such that there is an open cover tUiuiPI such
that for each i P I , there is an isomorphism ϕi : π

´1pUiq » Ui ˆ Ar so that the following
diagram commutes:

π´1pUiq Ui ˆ Ar

Ui Ui

ϕi

π pr1

“

and for any pair i, j P I , and affine V “ SpecA Ă Ui X Uj the automorphism ϕji “

ϕj ˝ ϕ´1
i induces an isomorphism V ˆ Ar Ñ V ˆ Ar which is A-linear, i.e., given by

θ : Arx1, . . . , xrs Ñ Arx1, . . . , xrs where θpaq “ a for all a P A and θpxiq “
ř

aijxj
for every i “ 1, . . . , r.

a) Given a vector bundle π : V Ñ X , show that π˚OV is a locally free sheaf of
rank r.

b) Conversely, given a locally free sheaf E of rank r on X , construct a vector
bundle π : V Ñ X such that π˚OV “ E . HINT: Define V by gluing, using
the transition functions of E .

Exercise 14.9.19. Let E and F be locally free sheaves of ranks e and f respectively, and
let tUiu be an affine cover trivializing both E and F . Suppose the gluing isomorphisms
for E be given by τji : Or

Ui
Ñ Or

Uj
and the gluing isomorphisms for F are given by

νji : Os
Ui

Ñ Os
Uj

. Show that the gluing isomorphisms for the tensor product E bOX
F

are given by τji b νji. Show that the matrix representing E b F is given by the Kronecker
product of the matrices representing τji and νji.

Exercise 14.9.20. Let ι : Y Ñ X be a closed subscheme. Show that ι˚OY is globally
generated.

Exercise 14.9.21. Consider the scheme U “ P2
k ´ tp0 : 0 : 1qu, covered by the two affine

open sets

U0 “ Spec krx, ys and U1 “ Spec krx´1, x´1ys.

with U0 X U1 “ Dpxq “ Dpx´1q. Consider the matrix τ01 “ p 1 x
0 1 q. Show that τ01 defines

a locally free sheaf E on U which fits into an exact sequence

0 ÝÝÑ OU ÝÝÑ E ÝÝÑ OU ÝÝÑ 0.
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Compute ΓpX, Eq. Is E globally generated?

Exercise 14.9.22. Compute AutpA1
kq by showing that every automorphism ϕ : A1

k Ñ A1
k

extends uniquely to an automorphism ϕ̄ : P1
k Ñ P1

k which fixes the point at infinity p0 : 1q.

Exercise 14.9.23. Show that the map px, yq ÞÑ px, y ` ppxqq defines an automorphism of
A2
k. Conclude that AutpAnkq is enormous for n ě 2.

Exercise 14.9.24 (Globally generated sheaves). An OX-module F is globally generated, if
there exist sections si P FpXq, i P I , and the map of OX-modules

à

iPI

OX ÝÝÑ F

sending ei ÞÑ si is surjective.
a) Show that F is globally generated if and only if there is a set of sections
si P FpXq, i P I , such that for each x P X , the germs of si generate Fx as an
OX,x-module.

b) Show that on an affine scheme, any quasi-coherent sheaf is globally generated.
c) Show that OPn

k
pdq is globally generated if and only if d ě 0.

d) Let f : X Ñ Y and let G be a globally generated OY -module. Show that f˚G
is globally generated on X .

e) Let f : X Ñ Y be a closed embedding. Show that f˚OX is globally generated.
f) Find an example of a morphism f : X Ñ Y such that f˚OX is not globally

generated.

Exercise 14.9.25. Suppose E is locally free of rank r. Let Ui be a trivializing cover, and
let τji denote the transition functions for E , interpretated as r ˆ r matrices with entries in
OXpUi X Ujq. Show that E_ is obtained by the transition matrices νji “ pτ tjiq

´1.

Exercise 14.9.26 (Koszul complex). Let A be an integral domain and let x, y P A. As-
sume that x, y form a regular sequence, that is, x and y are nonzerodivisors, and x is a
nonzerodivisor modulo y. Consider the ideal I “ px, yq. Show that the sequences

0 ÝÝÑ A
ρ

ÝÑ A‘A
σ

ÝÑ I ÝÝÑ 0 (14.17)

and

0 ÝÝÑ A
ρ

ÝÑ A‘A
σ

ÝÑ A ÝÝÑ A{I ÝÝÑ 0. (14.18)

are exact.

Exercise 14.9.27 (Koszul complex II). LetX be an integral scheme and let L be an invertible
sheaf on X . For two sections s, t P ΓpX,Lq, let Y “ V ps, tq. Assume that the germs of s
and t form a regular sequence in Lp for all p P X .

a) Show that there are exact sequences

0 ÝÝÑ L´2 ρ
ÝÑ L´1 ‘ L´1 σ

ÝÑ I ÝÝÑ 0 (14.19)

and

0 ÝÝÑ L´2 ρ
ÝÑ L´1 ‘ L´1 σ

ÝÑ OX ÝÝÑ ι˚OY ÝÝÑ 0. (14.20)

where I is the ideal sheaf of the zero scheme Y “ V ps, tq of s and t.
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b) Study this sequence when X “ P1
k, when L “ OP1

k
p1q and s “ x0, t “ x1.

What happens on global sections?

Exercise 14.9.28. Find a locally free sheaf E on a scheme and two points p, q P X such that
the ranks of E at p and q are different.

Exercise 14.9.29. Consider the ring A “ Zr
?

´5s and the ideal a “ p2, 1 `
?

´5q. Show
that a is projective, but not free. Compare this with Exercise 14.9.14 and Example 5.7.

Exercise 14.9.30. Let k be a field, R “ krx0, . . . , xns and An`1
k “ SpecR. Consider the

exact sequence of R-modules

0 R Rn`1 M 0
ϕ

(14.21)

where the map ϕ sends a polynomial p to
ř

i pxiei where ei is the i-th standard basis vector.
Show that the restriction E “ ĂM |U is a locally free sheaf of rank n over the open set
U “ An`1

k ´ t0u

Exercise 14.9.31. Let L be an invertible sheaf and Y “ V psq the zero scheme of s. Show
that there is an exact sequence

0 ÝÝÑ OX ÝÝÑ L ÝÝÑ L|Y ÝÝÑ 0 (14.22)

where we write L|Y “ ι˚ι
˚L.

Exercise 14.9.32. In light of the construction of projective space, it is tempting to consider
the functor F : Rings Ñ Sets given by

F pRq “ tfree direct summands L Ă Rn`1 of rank 1u

However, show that F is not representable by a scheme. HINT: Consider R “ Zr
?

´5s

and the open sets Dp2q, Dp3q of SpecR.

Exercise 14.9.33. The aim of this exercise is to investigate the functor of points of projective
space Pn. We will associate to a scheme T , its set of data pL, s0, . . . , snq where L is
an invertible sheaf L, with an pn ` 1q-tuple of sections s0, . . . , sn that locally generate
L everywhere. We declare pL, s0, . . . , snq „ pM, t0, . . . , tnq if there is an isomorphism
f : L Ñ M so that f˚psiq “ λ ¨ ti for some λ P Oˆ

T pT q.
a) Show that „ is an equivalence relation.
b) Consider the assignment

F pT q “
␣

pL, s0, . . . , snq
ˇ

ˇs0, . . . , sn P ΓpT, Lq generate L everywhere
(

{ „

Show that F is a functor.
c) Show that there is a natural transformation

ΦpXq : HompT,Pnq Ñ F pT q

sending a morphism f : T Ñ Pn to the equivalence class of the data

pL, s0, . . . , snq “ pf˚Op1q, f˚x0, . . . , f
˚xnq

d) Construct an inverse to Φ and deduce that F is represented by Pn.
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e) Show that elements of F pSpec kq are in correspondence with pn` 1q-tuples
pa0, . . . , anq P kn`1, so that not all ai are zero. Thus we recover the usual
description of the k-points of projective space as ‘1-dimensional subspaces of
kn`1’.

f) Show that the previous exercise also holds for a local ring.
g) Show that for a ring R, the set F pSpecRq is in bijection with the set of

projective rank 1 summands ofRn`1, i.e., modules of rank 1 such thatM‘E »

Rn`1 for some module E. This is the right generalization of a ”line in kn” for
general rings.

Exercise 14.9.34. This is a continuation of Exercise 14.9.33. We will consider the product
X “ Pm ˆ Pn and give a new interpretation of the Segre embedding X Ñ Ppm`1qpn`1q´1

in terms of the functor of points.
a) Let T be a scheme and let pL, s0, . . . , smq and pM, t0, . . . , tnq be elements

of hPmpT q and hPnpT q respectively. Show that the pm ` 1qpn ` 1q tensor
products uij “ pr˚

1 si b pr˚
2 tj generate pr˚

1Lb pr˚
2M on T ˆ T .

b) Show that

ppr˚
1Lb pr˚

2M,u00, . . . , umnq (14.23)

defines an element of hPpm`1qpn`1q´1pT q, and that this defines a functor from
Schop

Ñ Sets.
c) Deduce that there is a morphism ϕ : X Ñ Ppm`1qpn`1q´1.
d) Show that ϕ is an embedding. HINT: Show that the morphism ϕ has the

property that ϕ´1pD`puijqq “ D`px0q ˆD`py0q, and show that ϕ restricts
to an embedding on distinguished subsets.

Exercise 14.9.35. This is a continuation of Exercise 14.9.33. We will consider the projective
space Pn and give a new interpretation of the Veronese embedding X Ñ PN in terms of the
functor of points.

a) Let T be a scheme and let pL, s0, . . . , snq be an element of hPmpT q. Show that
for each d ě 1, the N “

`

n`d
d

˘

monomials

sbe0
0 b sbe1

1 b ¨ ¨ ¨ b sben
n (14.24)

for e0 ` ¨ ¨ ¨ ` en “ d, generate Lbd.
b) Show that Lb together with the N sections in (14.24) defines an element in
hPN´1pT q and that this defines a functor from Schop

Ñ Sets.
c) Deduce that there is a morphism ϕ : X Ñ PN´1.
d) Show that ϕ is an embedding. HINT: Consider distinguished open sets.

Exercise 14.9.36. Consider the projective line P1
k and the squaring map f : P1

k Ñ P1
k, which

restricts to the squaring map U0 Ñ U0 on each Ui » A1
k. Show that f˚OP1

k
p1q “ OP1

k
p2q.

Exercise 14.9.37 (A weighted projective plane). Define the weighted projective plane X “

Pp1, 1, 2q over a field k.
Show that X is isomorphic to V pxz ´ y2q Ă P3

k.
Use the standard exact sequences on P3 to compute H1pX,OXq and H2pX,OXq.
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Let L “ V px, yq be the line onX Ă P3
k. Is the ideal sheaf IL invertible? HINT: Consider

the local ring at the origin in one of the affine opens in X .
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15

First steps in sheaf cohomology

One of the main challenges when working with sheaves is that surjective maps of sheaves do
not always induce surjections on global sections. Given a short exact sequence of sheaves

0 F 1 F F2 0,

one has a sequence

0 ΓpX,F 1q ΓpX,Fq ΓpX,F2q (15.1)

which is exact at each stage except on the right, but the right-most map may fail to be
surjective. In many situations in algebraic geometry, knowing that ΓpX,Fq Ñ ΓpX,F2q is
surjective is of fundamental importance. For instance, if U Ă X is an open subscheme, it is
useful to know when a regular function defined on U extends to a regular function on all of
X .

Cohomology groups can be seen as a partial response to this behavior of Γ, and in good
situations, they allow us to say something about the missing cokernel. More precisely, the
sequence (15.1), induces a long exact sequence of cohomology groups

0 ΓpX,F 1q ΓpX,Fq ΓpX,F2q

H1pX,F 1q H1pX,Fq H1pX,F2q

H2pX,F 1q H2pX,Fq H2pX,F2q ÝÑ ¨ ¨ ¨

This means that the failure of surjectivity of the above is controlled by the group H1pX,F 1q

and the other groups in the sequence.
In addition to problems such as lifting sections, cohomology groups allow us to define

geometric invariants of F and X . These in turn allow us to distinguish schemes, that is, if
two schemes have different cohomology groups they can not be isomorphic.

Cohomology groups can be defined in a completely general setting, for any topological
space and a (pre)sheaf on it. There are several ways to define them. The modern approach
uses the theory of derived functors. This is in most respects the ‘right way’ to define the
groups in general, but going through the whole machinery of derived functors would take

290
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15.1 Some homological algebra 291

us too far astray. We therefore take a more down-to-earth approach using Cech cohomology
which is better suited for computations.

15.1 Some homological algebra

A complex of abelian groupsA‚ is a collection of groupsAi, indexed by the integers, together
with maps between them

¨ ¨ ¨ Ap´1 Ap Ap`1 ¨ ¨ ¨
dp´2 dp´1 dp di`1

called differentials, such that dp ˝ dp´1 “ 0 for each i. A map of complexes f : A‚ Ñ B‚ is
a collection of group maps fp : Ap Ñ Bp that commute with the differentials, meaning that
the following diagram is commutative:

¨ ¨ ¨ Ap´1 Ap Ap`1 ¨ ¨ ¨

¨ ¨ ¨ Bp´1 Bp Bp`1 ¨ ¨ ¨

dp´1
A

fp´1

dpA

fp fp`1

dp´1
B dpB

In this way, we may talk about kernels, images, cokernels, exact sequences of complexes, etc.
An element σ P Ap is called a cocycle if dpσ “ 0 and it is a coboundary if it lies in the

image of dp´1, that is, σ “ dp´1τ for some τ P Ap´1. The condition dp ˝ dp´1 “ 0 implies
that

Im dp´1 Ă Ker dp,

so every coboundary is a cocycle. The cohomology groups of the complex A‚ are designed to
measure the difference between these two notions. The p-th cohomology group is defined as
the quotient

HppA‚q “ Ker dp{Im dp´1.

One may think of HppA‚q as a group that measures the failure of exactness of the complex
A‚ at stage p: the complex A‚ is exact at p if and only if HppA‚q “ 0.

A map of complexes f : A‚ Ñ B‚ takes cocycles to cocycles and coboundaries to
coboundaries. Explicitly, if a P Ap is a cocycle (so that dpAa “ 0), then dpBpfpaq “

fp`1pdpAaq “ 0, so fpa is also a cocycle. Similarly, if a “ dp´1
A b is a coboundary, then

fpa “ dp´1
B pfp´1bq is also a coboundary. Consequently, f induces a map on cohomology

groups

HppA‚q ÝÝÑ HppB‚q; ras ÞÑ rfpas.

The following result is fundamental in the theory of cohomology:
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Proposition 15.1. Let 0 Ñ A‚ f
ÝÑ B‚ g

ÝÑ C‚ Ñ 0 be an exact sequence of complexes.
Then there is a long exact sequence of cohomology groups

¨ ¨ ¨ HppA‚q HppB‚q HppC‚q

Hp`1pA‚q Hp`1pB‚q Hp`1pC‚q ÝÑ ¨ ¨ ¨

Proof For each p P Z, consider the commutative diagram with exact rows

0 Ap Bp Cp 0

0 Ap`1 Bp`1 Cp`1 0

fp

dpA

gp

dpB dpC

fp`1 gp`1

Applying the Snake Lemma, we obtain an exact sequence

0 Ker dpA Ker dpB Ker dpC

Ap`1{Im dpA Bp`1{Im dpB Cp{Im dp`1
C 0.

fp gp

δ

fp`1 gp`1

Now consider the diagram:

Ap{Im dp´1
A Bp{Im dp´1

B Cp{Im dp´1
C 0

0 Ker dp`1
A Ker dp`1

B Ker dp`1
C

fp

d
p
A

gp

d
p
B d

p
C

fp`1 gp`1

where the rows are exact by the above. Observe that

HppA‚q “ Ker dpA{Im dp´1
A “ Ker d

p

A, Hp`1pA‚q “ Coker d
p

A,

and similarly for B‚ and C‚. Applying the Snake Lemma again, we get the desired exact
sequence.

Two maps f, g : A‚ Ñ B‚ are said to be chain homotopic if there are maps hp : Ap Ñ

Bp´1, such that

f ´ g “ dB ˝ h` h ˝ dA.

For any cocycle a P Ker dpA, this implies fppaq´gppaq “ dp´1
B phppaqq, an so rfpas “ rgpas

in cohomology. Consequently, chain homotopic maps induce the same maps on cohomology.

Example 15.2. As common strategy for proving thatHppA‚q “ 0 is to show that the identity
map is chain homotopic to the zero map. Explicitly, this means that one constructs maps
h : A‚ Ñ A‚´1 such that

dp´1phppaqq ` hp`1pdppaqq “ a for all a P Ap (15.2)
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If a P Ap is a cocycle (so that dpa “ 0), then this equation implies that a is a coboundary,
because a “ dp´1phpaq, and so HppA‚q “ 0. △

15.2 Cech cohomology

Let X be a topological space and let U be an open cover of X consisting of finitely many
open sets U1, . . . , Ur. For a sheaf F on X , we have the sheaf exact sequence

0 ÝÝÑ FpXq ÝÝÑ
ź

i

FpUiq ÝÝÑ
ź

iăj

FpUi X Ujq. (15.3)

The Cech complex is essentially the continuation of this sequence; it is a complex obtained by
adjoining all the groups FpUi1 X ¨ ¨ ¨ X Uirq over all possible intersections Ui0 X ¨ ¨ ¨ X Uir .

Definition 15.3. For a sheaf F on X , the Cech complex C‚pU ,Fq of F (with respect to
the open cover U ) is the complex

C0pU ,Fq C1pU ,Fq C2pU ,Fq . . .d0 d1 d2

where the p-th term is given by

CppU ,Fq “
ź

i0ăi1ă¨¨¨ăip

FpUi0 X ¨ ¨ ¨ X Uipq,

and the differentials dp : CppU ,Fq Ñ Cp`1pU ,Fq are defined by

pdpσqi0,...,ip`1
“

p`1
ÿ

j“0

p´1qjσi0,... pij ,...,ip`1
|Ui0

X¨¨¨XUip`1

where i0, . . . pij, . . . , ip`1 means i0, . . . , ip`1 with the index ij omitted.

Note that since we assume that the open cover is finite, we have CppU ,Fq “ 0 whenever
p R t0, . . . , ru, where r is the number of open sets.

Example 15.4. The two first terms in the Cech complex are given by

C0pU ,Fq “
ź

i0

FpUi0q and C1pU ,Fq “
ź

i0ăi1

FpUi0 X Ui1q.

The group C0pU ,Fq consists of r-tuples of sections σ “ pσ1, . . . , σrq, with σi P FpUiq
for each i. Likewise, an element σ “ pσijq P C1pU ,Fq is a collection of sections σij P

FpUi X Ujq, one for each pair i ă j.
The map d0 : C0pU ,Fq Ñ C1pU ,Fq sends an element σ “ pσ1, . . . , σrq, to the element

d0σ P C1pU , F q whose ij-th component is equal to

pd0σqij “ σj ´ σi
ˇ

ˇ

Uij
. (15.4)

The map d1 : C1pU ,Fq Ñ C2pU ,Fq sends σ “ pσijq to the element with ijk-th compo-
nent equal to

pd1σqijk “ σjk ´ σik ` σij
ˇ

ˇ

Uijk
(15.5)
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△

Substituting (15.4) into (15.5), we see that all the terms cancel, so that d1 ˝ d0 “ 0. The
same happens also in higher degrees:

Lemma 15.5. For every p, we have

dp ˝ dp´1 “ 0.

Proof For σ P CppU ,Fq and i0 ă ¨ ¨ ¨ ă ip`1, we compute:

dppdp´1pσqqi0,...,ip`1
“

p`1
ÿ

j“0

p´1qjpdp´1σqi0,..., pij ,...,ip`1
|Ui0,...,ip`1

“

p`1
ÿ

j“0

p´1qj

˜

j´1
ÿ

l“0

p´1qlσi0,...,pil,...,pij ,...,ip`1
|Ui0,...,ip`1

¸

`

p`1
ÿ

j“0

p´1qj

˜

p
ÿ

l“j

p´1qlσi0,...,pij ,...,pil`1,...,ip`1
|Ui0,...,ip`1

¸

.

For integers m ă n, the term σi0,...,xim,...,xin,...,ip`1
appears exactly twice in the sum: for

pl, jq “ pm,nq in the first sum and pl, jq “ pn ´ 1,mq in the second. As the signs are
different, the two terms cancel, and so dp ˝ dp´1 “ 0..

Therefore, the Cech complex is indeed a complex of abelian groups.

Definition 15.6. The p-th Cech cohomology of F with respect to U is defined as the
cohomology of the Cech complex:

HppU ,Fq “ Ker dp{Im dp´1.

The Čech cohomology groups depend on the choice of open cover U , but are independent
of the ordering of the open sets Ui in the cover. Given two orderings, there is an isomorphism
between the two associated Cech complexes which commutes with the differentials, and the
cohomology groups are canonically isomorphic (see Exercise ).

Example 15.7. The group H0pU ,Fq is the kernel of the map d0 : C0pU ,Fq Ñ C1pU ,Fq,
which is simply the usual map

ź

i

FpUiq ÝÝÑ
ź

iăj

FpUi X Ujq.

This kernel is equal to FpXq by the sheaf axioms, so H0pU ,Fq “ FpXq. △

Example 15.8 (H1 and lifting of sections). The most interesting cohomology group is
arguably H1pU ,Fq. It is the group of elements pσijq such that σik “ σij ` σjk modulo the
elements of the form σij “ τj ´ τi (restricted to Ui XUj). As mentioned in the introduction,
this group is closely related to the lifting of sections, as we now explain.

Suppose that we have a short exact sequence of sheaves

0 ÝÝÑ A ÝÝÑ B ÝÝÑ C ÝÝÑ 0
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Suppose we want to try to lift a section c P CpXq to a section of BpXq. Since the sequence
is exact, we can at least find lifts locally, i.e. there is an open cover U “ tUiu and sections
bi P BpUiq that map to c|Ui

over each Ui. Now we ask if we can assemble the bi to a section
b P BpXq. For this to be the case, we must have bj|Uij

´ bi|Uij
“ 0. In any case,

σ “
`

bj|Uij
´ bi|Uij

˘

defines an element of C1pU ,Aq (because bi and bj map to the same element in CpUijqq.
Furthermore, dσ “ 0, because

pdσqijk “ pbk ´ bjq ´ pbk ´ biq ` pbj ´ biq “ 0

(all terms restricted to Uijk). When is σ zero in H1pU ,Aq? This occurs if and only if there is
an element a “ paiq P C0pU ,Aq such that

bj|Uij
´ bi|Uij

“ aj|Uij
´ ai|Uij

,

which is equivalent to saying that the elements bi ´ ai P BpUiq agree over the overlaps Uij ,
or in other words, that they glue together to a section b P BpXq. Note that since ai P ApUiq,
the image of bi ´ ai is the same as that of bi, i.e. b maps to c.

In summary, the section c P CpXq can be lifted if and only if the associated element in
H1pU ,Aq equals 0. If the latter group is zero, any section of CpXq lifts.

In Example ?? we will see a concrete example of a section which does not lift. △

A morphism of sheaves ϕ : F Ñ G induces a morphism of Čech cohomology groups. For
each open set U Ă X , we have a map ϕU : FpUq Ñ GpUq, and for each p ě 0, we may
define the map ϕp : CppU ,Fq Ñ CppU ,Gq by applying ϕ componentwise. To see that this
is a map of complexes, we check that ϕp`1 ˝ dpF “ dpG ˝ ϕp. For σ P CppU ,Fq and any
i0 ă ¨ ¨ ¨ ă ip`1, we have

pϕp`1pdpFσqqi0,...,ip`1
“ ϕUi0,...,ip`1

˜

p`1
ÿ

k“0

p´1qkσi0,...,xik,...,ip`1
|Ui0,...,ip`1

¸

.

Since ϕ is a map of sheaves, it commutes with restrictions, so this equals
p`1
ÿ

k“0

p´1qkϕU
i0,...,xik,...,ip`1

pσi0,...,xik,...,ip`1
q|Ui0,...,ip`1

.

On the other hand,

pdpGpϕpσqqi0,...,ip`1
“

p`1
ÿ

k“0

p´1qkpϕpσqi0,...,xik,...,ip`1
|Ui0,...,ip`1

“

p`1
ÿ

k“0

p´1qkϕU
i0,...,xik,...,ip`1

pσi0,...,xik,...,ip`1
q|Ui0,...,ip`1

.

Since these are equal, we see that the maps ϕp form a map of complexes. In particular, they
induce a map between the corresponding cohomology groups

HppU ,Fq ÝÝÑ HppU ,Gq

which shows that HppU ,´q define functors from sheaves to abelian groups.
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15.3 Examples

Example 15.9. For a cover U “ tU0, U1u consisting of just two open sets, the Cech complex
takes the following simple form

0 ÝÝÑ FpU0q ˆ FpU1q
d

ÝÝÝÑ FpU0 X U1q ÝÝÑ 0 (15.6)

where dps0, s1q “ s1|U0XU1
´ s0|U0XU1

. Then

H0pU ,Fq “ Ker d and H1pU ,Fq “ Coker d,

and there is an exact sequence

0 Ñ H0pU ,Fq Ñ FpU0q ˆ FpU1q
d

ÝÝÑ FpU0 X U1q Ñ H1pU ,Fq Ñ 0. (15.7)

Concretely, H1pU ,Fq is the group of sections FpU0 X U1q modulo the sections of the form
s1 ´ s0 where s0 and s1 are restrictions of sections in FpU0q and FpU1q respectively.

If 0 Ñ F 1 Ñ F Ñ F2 Ñ 0 is an exact sequence, we can understand the connecting map
δ in the long exact sequence by applying the Snake Lemma to the diagram

0 C0pU ,F 1q C0pU ,Fq C0pU ,F2q 0

0 C1pU ,F 1q C1pU ,Fq C1pU ,F2q 0

(15.8)

Concretely, for s2 P H0pU ,F2q Ă C0pU ,F2q, lift to ps0, s1q P C0pU ,Fq, then δps2q is
represented by the class of s1|U0XU1

´ s0|U0XU1
in H1pU ,F 1q. △

Example 15.10 (The projective line). Consider the projective line P1
A over a ring A, with

the standard affine cover given by U0 “ SpecArx1{x0s and U1 “ SpecArx0{x1s with
intersection U0 X U1 “ SpecArx0{x1, x1{x0s. Let us compute the cohomology groups of
the sheaves OP1

A
pmq on P1

A. The Cech complex takes the form:

0 ÝÝÑ A

„

x1

x0

ȷ

xm0 ˆA

„

x0

x1

ȷ

xm1
d

ÝÝÝÑ A

„

x1

x0

,
x0

x1

ȷ

xm0 “ A

„

x1

x0

,
x0

x1

ȷ

xm1 ÝÝÑ 0

The kernel of d consists of pairs pfxm0 , gx
m
1 q which are equal on the overlaps, which

corresponds precisely to the space of homogeneous polynomials of degree m in Arx0, x1s.
To analyze the cokernel of d, we examine the monomials in each term. The module

Arx1{x0sxm0 is generated by xa0x
b
1 for a ` b “ m and b ě 0, while Arx0{x1sxm1 is

generated by xa0x
b
1 for a ` b “ m and a ě 0. The target module Arx1{x0, x0{x1sxm0 is

generated by all monomials xa0x
b
1 with a` b “ m.

Whenm ě 0, every monomial inArx1{x0, x0{x1sxm0 is obtained from eitherArx1{x0sxm0
or Arx0{x1sxm1 , so

H1pU ,OP1
A

pmqq “ 0 for all m ě 0.

In particular, H1pU ,OP1
A

q “ 0.
When m ă 0, the cokernel is generated as an A-module by the monomials xa0x

b
1 with

a, b ă 0, namely, the monomials x´1
0 xm`1

1 , x´2
0 xm`2

1 , . . . , xm`1
0 x´1

1 . Hence

H1pU ,OP1
A

pmqq » A´m`1 for all m ă 0.
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△

Example 15.11 (The cuspidal cubic). Consider the cuspidal cubic curveX “ V`px3
2´x0x

2
1q

in P2
k. This admits an open cover U with two open sets, U0 “ D`px0q and U1 “ D`px1q.

Writing u “ x1{x0, v “ x2{x0 and w “ x2{x1, we have

OXpU0q “ krx1{x0, x2{x0s{ppx2{x0q3 ´ px1{x0q2q “ kru, vs{pv3 ´ u2q

OXpU1q “ krx0{x1, x2{x1s{ppx2{x1q3 ´ px0{x1qq “ krws

OXpU0 X U1q “ krw,w´1s.

where we used the relation x0{x1 “ px2{x1q3 “ w3 to eliminate x0{x1. Note that the images
of u and v in krw,w´1s are given by x1{x0 “ px2{x1q3 “ w3 and px2{x1qpx1{x0q “

w ¨ w´3 “ x´2 respectively. Therefore, the differential is given by

dpppu, vq, qpwqq “ qpwq ´ ppw´3, w´2q.

The cokernel of d is generated by the monomial w´1. Hence,

H1pU ,OXq » k.

△

Example 15.12. Let U “ tU0, . . . , Uru be a finite open cover such that one of the members
is the whole space X . Then

HppU ,Fq “ 0 for all p ě 1

To see this, we use the trick described in Example 15.2. Suppose for simplicity that U0 “ X
(otherwise, reorder the indexes) and define the map h : Cp`1pU ,Fq Ñ CppU ,Fq by

hpσqj0,...,jp “

#

σ0,j0,...,jp if j0 ‰ 0

0 if j0 “ 0.

This is well-defined, because σ0,j0,...,jp P FpUj0 X ¨ ¨ ¨ X Ujpq.
We proceed to check that dh` hd “ id. For i0 ‰ 0, we have

pdh` hdqpσqi0,...,ip “
ÿp

j“0
p´1qjhpσqi0,...,̂ij ,...,ip ` dpσq0,i0,...,ip

“
ÿp

j“0
p´1qjσ0,i0,...,̂ij ,...,ip

` σi0,...,ip `
ÿp

j“0
p´1qj`1σ0,i0,...,̂ij ,...,ip

“ σi0,...,ip .

Likewise, if i0 “ 0, we have

pdh` hdqpσq0,i1,...,ip “
ÿp

j“0
p´1qjhpσq0,i1,...,̂ij ,...,ip ` 0

“ σ0,i1,...,ip .

Hence h is a chain homotopy between the identity map on Cp`1pU ,Fq and the zero map,
and the cohomology group Hp`1pU ,Fq is zero by Example 15.2. △
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Example 15.13 (The unit circle). Here is an example from topology. Consider the unit circle
X “ S1 with the Euclidean topology, equipped with the open cover U “ tU, V u consisting
of two overlapping intervals as shown in the figure blow. Consider the constant sheaf ZX on
Z.

The Cech complex takes the form

C0pU ,ZXq “ ZXpUq ˆ ZXpV q » Z ˆ Z C1pU ,Zq “ ZXpU X V q » Z ˆ Z.

and the differential d0 : C0pU ,ZXq Ñ C1pU ,ZXq is the map Z2 Ñ Z2 given by

d0pa, bq “ pb´ a, b´ aq.

Hence

H0pU ,ZXq “ Ker d0 “ Zp1, 1q » Z,

and

H1pU ,ZXq “ Coker d0 “ Z2{Zp1, 1q » Z.

Readers familiar with algebraic topology may recognize that this gives the same answer
as singular cohomology. More generally, the cohomology groups HppU ,ZXq agree with
the usual singular cohomology groups Hp

singpX,Zq for any topological space homotopy
equivalent to a CW complex, provided that the open sets in the cover U are contractible (see
e.g., (Griffiths and Harris, 1979, p. 42)). △

Example 15.14 (Constant sheaves on irreducible spaces). LetX be an irreducible topological
space and let AX denote the constant sheaf associated to an abelian group A. We claim that
for any finite open cover U “ tUuiPI of X ,

HppU , AXq “ 0 for all p ě 1.

AsX is irreducible, all the intersectionsUi0 X¨ ¨ ¨Uip are nonempty and connected. Therefore,
the Cech complex takes the following form:

ź

i

A ÝÝÑ
ź

iăj

A ÝÝÑ
ź

iăjăk

A ÝÝÑ ¨ ¨ ¨ (15.9)

Note that this complex does not depend on X nor on the open cover U ; only the index set I
plays a role. We can therefore replace U by the trivial cover where all Ui “ X . In this case,
the higher cohomology groups vanish by Example 15.12.

For this reason, constant sheaves are not particularly useful for studying geometric prop-
erties of schemes with the Zariski topology. For schemes, it is the quasi-coherent sheaves
which give us richer and more interesting geometric invariants. △
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15.4 Cech cohomology on schemes

As the previous examples illustrate, the cohomology groups HppU ,Fq can be computed if
we have a good understaning of the sections of F over the open sets in the finite cover U . In
such cases, the maps in the Cech complex are entirely explicit, and computing their kernels
and images can often be done quite algorithmically.

On the other hand, the current definition of the cohomology groups is unsatisfactory for a
few reasons. First of all, we have been restricted to working with finite open covers. Second,
the groups HppU ,Fq depend on the open cover U , whereas we want intrisic invariants that
only depend on F . This dependency is problematic: for instance, U could consist of the
single open set X , and so H ipU ,Fq “ 0 for all i ě 1. Moreover, Example 15.12 shows that
adding X to any cover U has the effect of making all the higher cohomology groups zero.

The solution to these issues is typically to use more refined covers, where the open sets
are ‘simple’ in some sense. In the context of schemes, this means considering open covers U
consisting of affine open sets. We will show that in good situations, that is, X is Noetherian
and separated and the sheaf F is quasi-coherent, the group H ipU ,Fq will, in fact, turn out
to be independent of the cover U .

Theorem 15.15 (Main properties of Cech cohomology). Let X be a separated scheme
and let U “ tUiu be a finite affine cover of X . Then

(i) The Cech cohomology groups define functors H ipU ,´q : AbpXq Ñ Ab.
(ii) H0pU ,Fq “ FpXq.

(iii) Short exact sequences of quasi-coherent sheaves induce long exact sequences

¨ ¨ ¨ Ñ HppU ,F 1q Ñ HppU ,Fq Ñ HppU ,F2q Ñ Hp`1pU ,F 1q Ñ ¨ ¨ ¨

(iv) For any other finite affine cover V “ tVju of X and quasi-coherent sheaf
F , there are canonical isomorphisms

HppU ,Fq “ HppV,Fq for allp ě 0

(v) If X has dimension n, then HppU ,Fq “ 0 for all p ą n and all quasi-
coherent F .

We have already proved (i) and (ii). These statements hold in complete generality – we
do not need to assume that X is separated, nor that the cover is finite. For the remaining
properties, the proofs rely on working with a finite affine cover tUiu such that all the
intersections Ui0 X ¨ ¨ ¨ X Cip are affine. If X is separated and Noetherian, then X always
admits such an affine cover. In light of item (iv), we make the following definition.

Definition 15.16. For a Noetherian separated scheme X , and a quasi-coherent sheaf F ,
we write HppX,Fq for the group HppU ,Fq, where U is any finite affine cover of X .

Let us prove item (iii), namely that short exact sequences of sheaves induce long exact
sequences in cohomology. Consider a short exact sequence of quasi-coherent sheaves

0 F 1 F F2 0.

By Corollary 12.11, for any affine open subset U “ SpecA, the sequence of sections is
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exact:

0 F 1pUq FpUq F2pUq 0 (15.10)

For our cover, U “ tUiuiPI , where all intersections are affine. Taking products of the exact
sequences (15.10) over all relevant intersections, we obtain exact sequences

0 CppU ,F 1q CppU ,Fq CppU ,F2q 0,

and consequently an exact sequence of Cech complexes

0 C‚pU ,F 1q C‚pU ,Fq C‚pU ,F2q 0.

Finally, applying Lemma 15.1, we obtain the desired long exact sequence

¨ ¨ ¨ H ipU ,F 1q H ipU ,Fq H ipU ,F2q ¨ ¨ ¨ .

15.5 Cohomology of sheaves on affine schemes

The following result is fundamental in the study of sheaf cohomology groups on schemes.

Theorem 15.17 (Cohomology on affine schemes). Let X “ SpecA and let F be a
quasi-coherent sheaf on X . Then for any finite affine cover U of X ,

HppU ,Fq “ 0 for all p ą 0.

This is the first example of a vanishing theorem for cohomology. The fact that higher
cohomology groups vanish is desirable thing – after all, these groups were introduced to
measure the ‘failure’ of certain desirable statements.

Proof Let U “ tU1, . . . , Uru be the affine cover. As X is affine, it is separated, so all
intersections Ui0 X ¨ ¨ ¨ XUip are also affine. We want to show that the complex ofA-modules

0 ÝÝÑ FpXq ÝÝÑ C0pU ,Fq ÝÝÑ C1pU ,Fq ÝÝÑ ¨ ¨ ¨ (15.11)

is exact. We know that the theorem holds in the ‘trivial case’ when one of the Ui, say, U0 is
equal to X (see Example 15.12). For the general case, we reduce to the trivial case as follows.

As (15.11) is a complex of A-modules, exactness can be checked by localizing at each
prime ideal p P SpecA. Without loss of generality, we may assume p P U0.

Consider the restriction F |U0
and the induced cover U X U0 of U0. The corresponding

Čech complex

0 ÝÝÑ FpU0q ÝÝÑ C0pU X U0,F |U0
q ÝÝÑ C1pU X U0,F |U0

q ÝÝÑ ¨ ¨ ¨ (15.12)

is exact by the ‘trivial case’, by Example 15.12. Localization commutes with finite products
and preserves exactness, so thefollowing sequence is also exact:

0 ÝÝÑ FpU0qp ÝÝÑ C0pU X U0,F |U0
qp ÝÝÑ C1pU X U0,F |U0

qp ÝÝÑ ¨ ¨ ¨ (15.13)

As F is quasi-coherent, the localization of (15.11) at p coincides with the complex (15.13).
Since the latter is exact, so is (15.11), completing the proof.
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The fact that the higher cohomology groups vanish for all quasi-coherent sheaves is a
distinctive property of affine schemes. In fact, this property characterizes affine schemes
among all schemes (see (Stacks Project, 2018, Tag 01XE)). Example ?? showed that even the
most basic non-affine scheme, P1

k, admits sheaves with non-vanishing higher cohomology.
Here is another example:

Example 15.18 (The affine line with two origins). Consider the affine line with two ori-
gins X , constructed by gluing two copies of Spec krxs along the open subset Dpxq “

Spec krx, x´1s via the identity map. The Čech complex for this cover takes the form

0 krxs ˆ krxs krx, x´1s 0,d

As we verified previously, H0pU ,OXq “ Ker d “ krxs. For the H1, note that

H1pU ,OXq “ Coker d “ krx, x´1s{krxs “
à

ią0

k ¨ x´i.

In particular, H1pU ,OXq is infinite-dimensional as a k-vector space. △

15.6 Independence of the cover

Our first application of the vanishing of higher cohomology groups on affine schemes will be
the proof of item (iv) in Theorem 15.15, which states that the Cech cohomology groups are
independent of the affine cover.

Let U “ tU1, . . . , Uru and V “ tV1, . . . , Vsu be two finite affine covers, and consider
the groups of sections over all the mixed intersections:

Cm,n “
ź

|I|“m,|J|“n

ΓpUI X VJ ,Fq

where UI “
Ş

iPI Ui and VJ “
Ş

jPJ Vj .
For fixed m, we have

Cm,‚ »
ź

|I|“m

C‚pUI X VJ ,F |UI
q

where C‚pUI X VJ ,F |UI
q is the Cech complex of F |UI

with respect to the cover tVj X

UIu
s
j“1. Similarly,

C‚,n »
ź

|J|“n

C‚pVJ X Ui,F |UI
q

where C‚pVJ X Ui,F |UI
q is the Cech complex of F |VJ

with respect to the cover tUi X

VJuri“1.
The collection of groups Cm,n form a double complex. This has two differentials, one

written d in the ‘rightwards’ direction (induced by the Cech differentials for V), and one in
the ‘upwards’ direction, δ (induced by the Cech differentials for U ). The figure in (15.14)
illustrates this.
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When m “ 0, we recover the Cech complex of F with respect to V

C0,n “
ź

|J|“n

ΓpVJ ,Fq and Cm,0 “
ź

|I|“m

ΓpUI ,Fq

whose cohomology in the d-direction is exactly H0pU ,Fq. Similarly, the cohomology in
the δ-direction is H0pV,Fq. To show the independence of the cover, we want to show that
the cohomology of these two complexes are equal. The key point is that the intersections
UI X VJ are affine, as X is assumed to be separated. By Theorem 15.17 this implies that all
the cohomology groups in positive degrees in both directions are zero, i.e., the complexes
Cm,‚ and C‚,n are exact when m,n ě 1.

To conclude thatHppU ,Fq andHppV,Fq are isomorphic, we apply the following lemma
from homological algebra:

Lemma 15.19. Let Cn,m be a double complex with H ipCm,‚q “ H ipC‚,nq “ 0 for all
m,n ě 1. Then Am “ H0pCm,‚q and Bn “ H0pC‚,nq are complexes and there is a
canonical isomorphism between their cohomology:

HppA‚q “ HppB‚q.

Proof We augment the double complex by adding Ap “ KerpCp,0 Ñ Cp,1q and Bp “

KerpC0,p Ñ C1,pq to get the diagram below.

B2 C0,2 C1,2 C2,2 ¨ ¨ ¨

B1 C0,1 C1,1 C2,1 ¨ ¨ ¨

B0 C0,0 C1,0 C2,0 ¨ ¨ ¨

A0 A1 A2 ¨ ¨ ¨

d d d

δ

d

δ

d

δ δ

d

δ

d

δ

d

δ δ

d

d d d

(15.14)

Now all rows and columns are exact except along A‚ and B‚. One now applies a diagram
chase to construct a map

HppA‚q ÝÝÑ HppB‚q.

To see how this works, consider the case p “ 1. We perform a diagram chase of the form

Dc3 P B1 c2 0

c1 c 0

c P A1 0

That is, starting with an element c P A1 so that dpcq “ 0, send it to c P C1,0, which by
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commutativity of the diagram must map to 0 in C2,0. By exactness, we may therefore lift
c to an element c1 P C0,0, which in turn maps to an element c2 P C0,1. By commutativity
of the diagram, c2 maps to zero in C1,1. Hence by exactness, there is an c3 P B1 such that
dpc3q “ c2. The element c3 satisfies δpc3q “ 0 because δpc2q “ 0, and hence it defines an
element in H1pB‚q. One checks that this assignment is independent of the choices of lifts,
and that the map H1pA‚q Ñ H1pB‚q is a map of groups. By a symmetric argument, one
constructs a map H1pB‚q Ñ H1pA‚q which defines the inverse. A similar argument works
for p ą 1.

For more details of this argument, see Exercise 15.18.18. For a full proof, see (?, p. 64).

15.7 Pushforwards and cohomology

The following lemma is very useful, and will be applied several times later on. Given an affine
morphism f : X Ñ Y , it will allow us to transport computations of cohomology groups on
X to computations on Y , at the cost of replacing F with f˚F .

Lemma 15.20. Let f : X Ñ Y be an affine morphism of Noetherian, separated schemes.
Then for each quasi-coherent sheaf F onX , and p ě 0, we have a canonical isomorphism

HppX,Fq “ HppY, f˚Fq. (15.15)

Proof Let V “ tViu be a finite affine covering of Y such that HppX, f˚Fq is computed
by the Čech complex C‚pVi, f˚Fq. Note that the latter complex equals C‚pf´1Vi,Fq. As
f is affine, the affine subsets Ui “ f´1pViq form a finite affine covering U of X , and the
lemma follows simply because the Cech complexes computing the two sides of (15.15) are
identical.

Example 15.21. For a closed embedding ι : Y Ñ X (which is affine), we obtain

H ipY,Fq “ H ipX, ι˚Fq.

In particular, for the structure sheaf,

H ipY,OY q “ H ipX, ι˚OXq.

△

Example 15.22. Let Z Ă P1
k be the subscheme given by two closed points p, q in P1

k and let
ι : Z Ñ P1

k be the inclusion. The ideal sheaf sequence 13.17 takes the following form

0 ÝÝÑ OP1
k
p´2q ÝÝÑ OP1

k
ÝÝÑ ι˚OZ ÝÝÑ 0.

The element p0, 1q P k ‘ k defines a section of the sheaf i˚OZpP1
kq “ k ‘ k corresponding

to a function which vanishes at p and takes the value 1 at q. This section cannot lift to a global
section of OP1

k
, since any regular function on P1

k must be constant and cannot take the value
0 at one point and 1 at another.

This failure of ability to lift can be explained by the cohomology groupH1pP1
k,OP1

k
p´2qq

which is 1-dimensional. Since H1pP1
k,OP1

k
q “ 0, one can think of the elements of this group
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as the group of elements of k ‘ k modulo those that lift to OP1
k
. Here it is clear that an

element pa, bq P k ‘ k lifts if and only if a “ b. In fact, in this example, the connecting map

δ : H0pP1
k, i˚OZq ÝÝÑ H1pP1

k,OP1
k
p´2qq

can be identified with the map k ‘ k Ñ k sending pa, bq to a´ b. △

15.8 Cohomology and dimension

The next result is another ‘vanishing theorem’ for cohomology groups. It states that the
cohomology groups vanish in degrees above the dimension of the scheme.

Theorem 15.23. Let X be a quasi-projective scheme of dimension n over a Noetherian
ring A. Then:

(i) X admits an open cover U by at most n` 1 affine open subsets.
(ii) For any quasi-coherent sheaf F on X , we have

HppX,Fq “ 0 for all p ą n.

Proof (i): Since X is quasi-projective, we may write X “ X ´W where X Ă PrA where
X and W are closed subschemes of PrA. Also, we may assume that no irreducible component
of rX is contained in W (simply by disregarding such components).

We prove (i) by induction on n “ dimX , showing that X can be covered by at most
n` 1 distuinguished open sets from PnA.

When n “ 0, the scheme X consists of finitely many closed points, which correspond
to homogeneous maximal ideals p1, . . . , ps in Arx0, . . . , xns. By prime avoidance, we may
choose a homogeneous element of positive degree f P Arx0, . . . , xns not contained in any
pi. This means that V`pfq is disjoint from X , and X is contained in D`pfq, which is affine.
Therefore, the statement holds for n “ 0.

For n ą 0, let IX , IW Ă Arx0, . . . , xrs be the homogeneous ideals defining X and
W respectively. Again by prime avoidance, we may choose a homogeneous polynomial
f P IW which does not vanish on any component of X . By construction, the hypersurface
H “ V`pfq contains W and PrA ´ H “ D`pfq is affine. The intersection X X D`pfq

is therefore an affine open subscheme of X . Since f does not vanish identically on any
component of X , the intersection X XH has dimension ă n. By the induction hypothesis,
X XH can be covered by at most n distinguished open sets in PrA. Combining X XD`pfq

with these affine opens gives the required cover of X by at most n` 1 affine opens.
(ii): The vanishing follows directly from the existence of the affine cover in (i). For any

quasi-coherent sheaf F , the Čech complex C‚pU ,Fq associated to this cover has length
n` 1, and consequently HppX,Fq “ 0 for all p ą n.

The vanishing HppX,Fq “ 0 for p ą n holds more generally for arbitrary sheaves on
Noetherian topological spaces, though the proof requires different techniques. The above
special case for quasi-coherent sheaves is sufficient for the geometric applications in this
book.
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15.9 Cohomology of sheaves on projective space

In Examples ?? and ?? we computed the cohomology groups of the sheaves OP1
k
pmq. For

m ě 0, we found that H0pP1
k,OP1

k
pmqq could be identified with the space of homogeneous

polynomials of degree m, and H1pP1
k,OP1

k
pmqq “ 0. On the other hand, for m ď ´2,

H0pP1
k,OP1

k
pmqq “ 0, while H1pP1

k,OP1
k
pmqq was non-zero.

We will now carry out a more general computation of the cohomology groups of OPn
A

pmq

for any projective space PnA over a ring A. The strategy is the same: we use the Cech complex
associated to the standard coverD`px0q, . . . , D`pxnq to to compute the cohomology groups.

Write R “ Arx0, . . . , xns. Then the nonzero groups in the Cech complex are

C0pU ,OPn
A

pmqq “
ź

0ďiďn

pRxi
qm

C1pU ,OPn
A

pmqq “
ź

0ďiăjďn

`

Rxixj

˘

m

...

CnpU ,OPn
A

pmqq “ pRx0x1¨¨¨xn
qm

and the Cech complex takes the form
ź

0ďiďn

pRxiqm
d0

ÝÑ
ź

0ďiăjďn

`

Rxixj

˘

m

d1
ÝÑ

ź

0ďiăjăkďn

`

Rxixjxk

˘

m

d2
ÝÑ ¨ ¨ ¨ (15.16)

where the maps are as usual composed of alternating sums of localization maps.

Theorem 15.24 (Cohomology of sheaves on Pn). Let A be a ring and let PnA be the
projective n-space over A. Then:

(i) For each m P Z,

H0pPnA,OPn
A

pmqq “ Arx0, . . . , xnsm.

(ii) For each m P Z,

HnpPnA,OPn
A

pmqq “
`

x´1
0 ¨ ¨ ¨x´1

n Arx´1
0 , . . . , x´1

n s
˘

m
(15.17)

In particular, there is a canonical isomorphism

HnpPnA,OPn
A

p´n´ 1qq » A.

(iii) For each m P Z and p ‰ 0, n,

HppPnA,OPn
A

pmqq “ 0.

Proof (i): In degree 0, we recover the following isomorphism:

H0pPnA,OPn
A

pmqq “ Ker d0

“ Arx0, . . . , xnsm.

(ii): Observe that

CnpU ,OPn
A

pmqq “ pArx0, . . . , xnsx0¨¨¨xn
qm
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is a free gradedA-module spanned by monomials of the form xe00 ¨ ¨ ¨xenn of degree
ř

ei “ m.
The image of dn´1 is generated by such monomials where at least one ei is non-negative.
Therefore, HnpX,OPn

A
pmqq, which is the cokernel of dn´1 is given by

HnpX,OPn
A

pmqq “ A
!

xe00 ¨ ¨ ¨xenn
ˇ

ˇ ei ă 0 for every i and
ÿ

ei “ m
)

“
`

x´1
0 ¨ ¨ ¨x´1

n Arx´1
0 , . . . , x´1

n s
˘

m

In degree m “ ´n´ 1, there is only one such monomial, namely x´1
0 ¨ ¨ ¨x´1

n , so

HnpPnA,OPn
A

p´n´ 1qq “ A ¨ x´1
0 ¨ ¨ ¨x´1

n .

(ii): We use induction on n. For n “ 0 and n “ 1, there is nothing to prove. Let n ě 2,
and write R “ Arx0, . . . , xns. Rewriting to single out the variable xn, we express the Cech
complex as the degree m part of the following complex:

C‚ : 0 Ñ

n´1
ź

i“0

Rxi
ˆRxn

Ñ ¨ ¨ ¨ Ñ
ź

|I|“p

ISn

RxI
ˆ

ź

|I|“p´1

ISn

RxIxn
Ñ ¨ ¨ ¨ (15.18)

To finish the proof, we need to prove that HppC‚q “ 0 for p “ 1, . . . , n´ 1.
If we localize the complex with respect to xn, we see that C‚ embeds as a subcomplex of

the following complex

D‚ : 0 Ñ

n´1
ź

i“0

Rxixn
ˆRxn

Ñ ¨ ¨ ¨ Ñ
ź

|I|“p

ISn

RxIxn
ˆ

ź

|I|“p´1

ISn

RxIxn
Ñ ¨ ¨ ¨ (15.19)

We recognize this as the same complex as the one given by the Cech complex of ODpxnq on
Dpxnq “ SpecpRxn

q associated to the covering with n` 1 open affines

Dpx0xnq, . . . , Dpxn´1xnq, Dpxnq.

In particular, since Dpxnq is affine, the complex (15.19) is exact in all positive degrees, i.e.,
HppD‚q “ 0 for all p ą 0.

Let S “ Arx0, . . . , xn´1s. Decomposing the elements in C‚ and D‚ according to their xn-
degree, we see that the quotient complex E‚ “ D‚{C‚ decomposes as E‚ “

À

lą0 E‚
l ¨ x´l

n ,
and E‚

l is the complex

0 Ñ

n´1
ź

i“0

Sxi
ˆ 0 Ñ ¨ ¨ ¨ Ñ

ź

|I|“p

ISn

SxI
ˆ

ź

|I|“p´1

ISn

0 Ñ ¨ ¨ ¨ , (15.20)

Disregaring the zeroes in (15.20), we see that the degree-m part of the complex E‚
l is exactly

the Cech complex of OPn´1
A

pmq on Pn´1
A . In particular, by induction, we have

HppE‚q “ 0 for p “ 1, . . . , n´ 2

Now, taking the long exact sequence of cohomology associated to the sequence

0 Ñ C‚ Ñ D‚ Ñ E‚ Ñ 0, (15.21)
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15.9 Cohomology of sheaves on projective space 307

we obtain the exact sequence

0 Ñ H0pC‚q Ñ H0pD‚q Ñ H0pE‚q Ñ H1pC‚q Ñ 0 (15.22)

and isomorphisms

HppC‚q » Hp´1pE‚q for p ą 1. (15.23)

Hence HppC‚q “ 0 for p “ 2, . . . , n´ 1.
For the remaining group H1pC‚q, note that (15.22) takes the form

0 Ñ R Ñ Rxn
Ñ

à

lą0

S ¨ x´l
n Ñ H1pC‚q Ñ 0

Here the map Rxn
Ñ

À

lą0 S ¨ x´l
n is clearly surjective, so we deduce that H1pC‚q “ 0.

This completes the proof of (ii).

The proof of Theorem 15.24 also provides an important duality between H0 and Hn on
PnA. To state this precisely, we recall the following definition:

Definition 15.25. Let A be a ring and let M and N be A-modules. A bilinear map
M ˆN Ñ A is a called a perfect pairing if the induced map M ÞÑ HomApN,Aq is an
isomorphism.

Consider the pairing of A-modules defined by

p , q : Arx0, . . . , xns ˆ
`

x´1
0 ¨ ¨ ¨x´1

n Arx´1
0 , . . . , x´1

n s
˘

Ñ A, (15.24)

sending a pair of Laurent polynomials pp, qq to the coefficient of x´1
0 . . . x´1

n in the product
pq. Note that this mapping isA-linear in each factor. In terms of the standard monomial basis,
we have

pxd00 . . . xdnn , x
e0
0 . . . xenn q “

#

1 if di ` ei “ ´1 for all i
0 otherwise

This pairing is perfect and allows us to canonically identify
`

x´1
0 ¨ ¨ ¨x´1

n Arx´1
0 , . . . , x´1

n s
˘

d
“ HomApArx0, . . . , xns´n´1´m, Aq.

This allows us to regard the n-th cohomology group HnpPnA,OPn
A

pmqq as the dual of a
corresponding H0:

Corollary 15.26 (Serre duality for Pn). For each m P Z, there is a canonical isomor-
phism

HnpPnA,OPn
A

pmqq “ HomApH0pPn,OPn
A

p´m´ n´ 1qq, Aq. (15.25)

When A “ k is a field, the dimensions of the cohomology groups are easily computed:
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Corollary 15.27. Let k be a field. Then for m ě 0

dimkH
0pPnk ,OPn

k
pmqq “

ˆ

m` n

n

˙

dimkH
npPnk ,OPn

k
p´mqq “

ˆ

m´ 1

n

˙

.

All other cohomology groups are 0.

15.10 Cohomology of sheaves on projective schemes

By the results of the previous section, the cohomology groups of Opmq on Pnk over a field k
are always finite-dimensional k-vector spaces. This is part of a more general result, saying
that on projective schemes of finite type over a ring, the cohomology groups of quasi-coherent
sheaves of finite type are always k-vector spaces of finite dimension. Note that this is
definitely not the case for affine schemes: even the H0 of the structure sheaf on A1

k is infinite
dimensional, as it equals krts.

Theorem 15.28 (Serre). Let X Ă PnA be a projective scheme of finite type over a
Noetherian ring A and let F be an OX-module of finite type. Then:

(i) For each i, the cohomology group H ipX,Fq is a finite A-module.
(ii) There exists an m0 ą 0 such that

H ipX,Fpmqq “ 0.

for all m ě m0 and i ą 0.

Proof Let ι : X Ñ PnA denote the closed embedding and consider the sheaf ι˚F . Since ι is
finite, the sheaf ι˚F is again of finite type (Exercise 12.12.36) and

H ipX,Fpdqq “ H ipX,F bOX
ι˚OPnpdqq

“ H ipPn, ι˚pF bOX
ι˚OPnpdqqq

“ H ipPn, ι˚F bOPn OPnpdqq

“ H ipPn, pι˚Fqpdqq. (15.26)

Therefore we reduce to the case X “ PnA.
Note that both parts of the theorem are trivially satisfied if i ą n because the cohomology

groups are zero in this case (PnA can be covered by n` 1 affines). The proof will take this as
the base case and proceed by downwards induction on i.

By Theorem ??, any finite type OPn
A

-module is of the form ĂM for some finitely graded
module M over R “ Arx0, . . . , xns.

(i): As M is finitely genenerated, we may pick a graded surjection
À

j Rp´ajq Ñ M
for M . Letting K be the kernel, we have an exact sequence of finitely generated graded
R-modules

0 ÝÝÑ K ÝÝÑ
à

i

Rp´ajq ÝÝÑ M ÝÝÑ 0
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Applying tilde, we have an exact sequence

0 ÝÝÑ K ÝÝÑ
à

j

OPn
A

p´ajq ÝÝÑ F ÝÝÑ 0.

If we take the long exact sequence of cohomology, we get

¨ ¨ ¨ Ñ H ipPnA,Kq Ñ
à

j

H ipPnA,OPn
A

p´ajqq Ñ H ipPnA,Fq Ñ H i`1pPnA,Kq Ñ . . .

By induction on i, the cohomology group H i`1pPnA,Kq is a finitely generated A-module,
and the same holds for each H ipPnA,OPn

A
p´ajqq by Theorem 15.24. H ipPnA,Fq is therefore

squeezed between two finitely generated A-modules, so by exactness, it must itself be finitely
generated.

(ii): Twist the above sequence by OPn
A

pmq and take the long exact sequence in cohomology
to get

H ipPnA,
à

j

OPn
A

pm´ ajqq ÝÝÑ H ipPnA,Fpmqq ÝÝÑ H i`1pPnA,Kpmqq

Again, by downward induction on i, and the fact that H ipPnA,OPn
A

pm ´ ajqq “ 0 for all
i ą 0 and m ą aj , we find that H ipPnA,Fpmqq “ 0.

Corollary 15.29. Let f : X Ñ SpecA be a projective scheme over A and let F be a
coherent OX-module of finite type. Then f˚F is a coherent sheaf on SpecA.

Proof The sheaf f˚F is in any case quasi-coherent by Theorem 12.31. In fact, f˚F “

ČΓpX,Fq, so it suffices to show that ΓpX,Fq “ H0pX,Fq is finitely generated as an A-
module. This is clear if f is a closed embedding X Ñ PnA, because f is finite and f˚F is of
finite type on PnA (Exericise 12.12.36). It is also clear if f is the projection PnA Ñ SpecA,
by item (i) in the above theorem. Now the general case follows by factoring f as a closed
embedding followed by the projection.

The assumption that X is projective over A is essential: for the structure morphism
f : Spec krxs Ñ Spec k, the pushforward f˚OSpec krxs “ Ąkrxs, but krxs is not of finite
type over k.

The Euler characteristic

If X is a projective scheme of finite type over a field k and F is an OX -module of finite type,
Serre’s theorem tells us that the cohomology groups H ipX,Fq are finite-dimensional k-
vector spaces. In particular, we can ask about their dimensions. It turns out that the alternating
sum of these dimensions has very good formal properties, so we make the following definition:

Definition 15.30. Let X be a projective scheme over a field k. We define the Euler
characteristic of F as

χpFq “
ÿ

kě0

p´1qk dimkH
kpX,Fq.
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Note that the sum is well-defined, as there are only finitely many non-zero cohomology
groups appearing on the right-hand side.

Proposition 15.31. The Euler characteristic χ is additive on exact sequences, i.e., if
0 Ñ F 1 Ñ F Ñ F2 Ñ 0 is an exact sequence of OX-modules of finite type, then

χpFq “ χpF 1q ` χpF2q.

Proof This follows from the fact that if 0 Ñ V0 Ñ V1 Ñ ¨ ¨ ¨ Ñ Vn Ñ 0 is an exact
sequence of k-vector spaces, then

ř

ip´1qi dimk Vi “ 0. Applying this to the long exact
sequence in cohomology gives the claim.

Example 15.32. Let X “ Pnk and F “ Opdq for d ě 0. Then dimkH
0pPnk ,Fq “

`

n`d
n

˘

and all of the higher cohomology groups are zero. In the case when d ă 0, only HnpX,Fq

can be non-zero, and the rank is given by
`

n`d
n

˘

, where we use the extended binomial
coefficient

ˆ

x

d

˙

“ xpx´ 1q ¨ ¨ ¨ px´ d` 1q{d!

for any x P R. In particular,

χpOPn
k
pdqq “

ˆ

n` d

d

˙

is a polynomial in d of degree n, which agrees with dimH0pPnk ,OPn
k
pdqq for all d ě 0. △

The example shows that for a direct sum E “ OPn
k
pa1q ‘ ¨ ¨ ¨ ‘ OPn

k
parq, the Euler

characteristic χpEpmqq is a polynomial in m. Even more generally, we can take any OPn
k

-
module of finite type and a free resolution of it:

0 Ñ En Ñ ¨ ¨ ¨ Ñ E1 Ñ E0 Ñ F Ñ 0

where the Ei are direct sums of invertible sheaves of the form Opdq. If we tensor this sequence
by OPn

A
pmq, we get1

0 Ñ Enpmq Ñ ¨ ¨ ¨ Ñ E1pmq Ñ E0pmq Ñ Fpmq Ñ 0

Note that each of the termsχpEipmqq is a polynomial inm. Then since the Euler characteristic
is additive on exact sequences, also χpFpmqq is a polynomial in m. Moreover, again by
Serre’s theorem, we have H ipX,Fpmqq “ 0 for m " 0 and i ą 0, and so χpFpmqq “

H0pFpmqq for m large.
If we start with an OX-module F of finite type on X Ă Pnk , and apply the previous

discussion to i˚F on Pnk , we have proved the following:

1 Recall that tensoring by a locally free sheaf preserves exactness.
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Corollary 15.33. Let X Ă Pnk be a projective scheme of finite type over k and let Op1q

be the Serre twisting sheaf. Then the function

PFpmq “ χpFpmqq

is a polynomial in m, and for large m, PFpmq “ H0pX,Fpmqq.

This polynomial is called the Hilbert polynomial of F . While χpFq is an intrinsic invariant
of F , the Hilbert polynomial is not, as it depends on the choice of embedding X Ă Pnk .

When F “ ĂM for a graded module M , PFpmq coincides with the usual Hilbert polyno-
mial of M as defined in commutative algebra.

15.11 Example: Plane curves

LetX “ V`pfq Ă P2
k be a plane curve, defined by an homogeneous polynomial fpx0, x1, x2q

of degree d. Let us compute the groups of the structure sheaf H ipX,OXq. We have the ideal
sheaf sequence

0 ÝÝÑ IX ÝÝÑ OP2 ÝÝÑ i˚OX ÝÝÑ 0

where the ideal sheaf IX is the kernel of the restriction OP2 Ñ i˚OX . By Example 13.17,
IX » OP2p´dq, and the sequence can be rewritten as

0 ÝÝÑ OXp´dq ÝÝÑ OP2 ÝÝÑ i˚OX ÝÝÑ 0 (15.27)

From the short exact sequence, we get the long exact sequence as follows:

0 H0pP2,Op´dqq H0pP2,OP2q H0pX,OXq

H1pP2,Op´dqq H1pP2,OP2q H1pX,OXq

H2pP2,Op´dqq H2pP2,OP2q 0.

Using the results on cohomology of line bundles on P2, we deduce the equalityH0pX,OXq »

k and hence

H1pX,OXq » kpd´1qpd´2q{2.

The dimension of the cohomology group on the left is the genus of the curve X (it will be
introduced properly in Chapter 18). So the above can be rephrased as saying the genus of a
plane curve of degree d is pd´ 1qpd´ 2q{2.

Tensoring the sequence (15.27) by OP2pmq, we obtain

0 ÝÝÑ OP2pm´ dq ÝÝÑ OP2pmq ÝÝÑ i˚OXpmq ÝÝÑ 0

and the long exact sequence gives that the Hilbert polynomial of OX equals

P pmq “

ˆ

m` 2

2

˙

´

ˆ

m´ d` 2

2

˙

“ dm´
d2 ´ 3d

2
.
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Example 15.34. A plane curve of degree 1, i.e., a projective line, is isomorphic to P1
k, and

the genus is 0 in accordance with the above result. △

Example 15.35. Suppose k is a field of characacteristic ‰ 2 and assume there is an i P k
with i2 “ ´1. Then the curve

X “ V`px2
0 ` x2

1 ` x2
2q Ă P2

k

is isomorphic to P1
k. This follows because the variable change u1 “ x1, u0 “ x0 ` ix2,

u2 “ x0 ´ ix2, brings the equation into the form u2
1 ´ u0u2 “ 0, and so the image is

isomorphic to P1
k embedded into P2

k via the standard embedding ps : tq Ñ ps2 : st : t2q.
A plane curve of degree 3, i.e., an elliptic curve, has genus 1. It follows for instance that

the curve

X “ V`px3
0 ` x3

1 ` x3
2q Ă P2

k

is not isomorphic to P1
k, over any field. △

15.12 Example: The twisted cubic

Let k be a field and consider P3 “ ProjR where R “ krx0, x1, x2, x3s. We will continue
Example 13.18 and consider the twisted cubic curve X “ V`pIq where I Ă R is the ideal
generated by the 2 ˆ 2-minors of the matrix

M “

ˆ

x0 x1 x2

x1 x2 x3

˙

.

Let us compute the group H1pX,OXq. Of course we know what the answer should be,
because X » P1, and H1pP1,OP1q “ 0.

Now, to compute H1pX,OXq on X , it is convenient to relate it to a cohomology group on
P3. We have H1pX,OXq “ H1pP3, i˚OXq where i : X Ñ P3 is the inclusion. The sheaf
i˚OX fits into the ideal sheaf sequence

0 ÝÝÑ I ÝÝÑ OP3 ÝÝÑ i˚OX Ñ 0

where I is the ideal sheaf of X in P3. Applying the long exact sequence in cohomology, we
get

¨ ¨ ¨ H1pP3, Iq H1pP3,OP3q H1pP3, i˚OXq

H2pP3, Iq H2pP3,OP3q ¨ ¨ ¨

By our description of sheaf cohomology on P3, H1pP3,OP3q “ H2pP3,OP3q “ 0, which
implies that H1pX,OXq “ H2pP3, Iq. We can compute the latter cohomology group using
the exact sequence of Example 13.18:

0 Ñ OP3p´3q2 Ñ OP3p´2q3 Ñ I Ñ 0.

Now, taking the long exact sequence we get
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¨ ¨ ¨ H2pP3,Op´3q2q H2pP3,OP3p´2q3q H2pP3, Iq

H3pP3,Op´3q2q H3pP3,OP3p´2q3q H3pP3, Iq.

Here H2pP3,Op´2qq “ 0 and H3pP3,Op´3qq “ 0 by our previsous computations. Hence
by exactness, we find H2pP3, Iq “ 0. It follows that H1pX,OXq “ 0 also, as expected.

15.13 Example: Hyperelliptic curves

Let us recall the hyperelliptic curves defined in Chapter ??. For simplicity, we work over an
algebraically closed field k and consider hyperelliptic curve associated to the polynomial
fpxq in krxs. More precisely, if the degree is n “ 2g ` 1 or n “ 2g ` 2, we consider the
scheme X glued together by the affine schemes U “ SpecA and V “ SpecB, where

A “
krx, ys

py2 ´ fpxqq
and B “

kru, vs

pv2 ´ u2g`2fpuqq
.

and before, we glue Dpxq Ă U to Dpuq Ă V using the identifications u “ x´1 and
v “ x´g´1y.

Let us compute the Cech cohomology groups of OX with respect to the affine covering
U “ tU, V u. As U has only two elements, the Cech complex has only two terms, OXpUq ˆ

OXpV q “ AˆB and OXpU X V q “ Ax. To simplify the computation, we use the relation
y2 “ fpxq to decompose A as a krxs-module as

krx, ys

py2 ´ fpxqq
» krxs ‘ krxsy

and similarly B » krus ‘ krusv as a krus-module. With these identifications, the Cech
complex takes the form

pkrxs ‘ krxsyq ‘
`

krx´1s ‘ krx´1sx´g´1y
˘ d

ÝÝÑ krx˘1s ‘ krx˘1sy,

where the differential d is given by

d0pppxq ` qpxqy, rpx´1q ` spx´1qx´g´1yq

“ ppxq ´ rpx´1q ` pqpxq ´ spx´1qx´g´1qy.

Comparing monomials on each side, we deduce that

H0pX,OXq “ Ker d0 “ k

and

H1pX,OXq “ Coker d0 “ k x´1y ‘ ¨ ¨ ¨ ‘ k x´gy » kg.

For g “ 2, we get a particularly interesting curve: it is an irreducible projective curve which
cannot be embedded in P2. Indeed, we showed that for any irreducible curve in P2 of degree d,
the corresponding cohomology group H1pX,OXq has dimension equal to 1

2
pd´ 1qpd´ 2q,

but this does not take the value 2 if d is an integer.
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Proposition 15.36. There exist nonsingular projective curves which cannot be embedded
in the projective plane P2.

We still haven’t yet proved that X is projective. This follows because X can be embedded
into the weighted projective space Pp1, 1, g ` 1q “ Proj krx0, x1, ws given by the equation

w2 “ a2g`2x
2g`2
0 ` a2g`1x

2g`1
0 x1 ` ¨ ¨ ¨ ` a0x

2g`2
1 . (15.28)

Note that this makes sense because w has degree g ` 1; the equation (15.28) does not define
a subscheme of P2

k. Then the two open sets U and V are isomorphic to the distinguished
opens D`px0q and D`px1q respectively. The weighted projective plane Pp1, 1, g ` 1q is a
projective variety, and hence so is X .

15.14 Example: Complete intersections

Let k be a field and let F and G be two homogeneous polynomials in krx0, . . . , xns of
degrees d and e respectively. Let X be the closed subscheme of Pnk defined by I “ pF,Gq.
Let us use the exact sequence (??) to compute the cohomology groups of X .

0 ÝÝÑ I ÝÝÑ OPn
k

ÝÝÑ ι˚OX ÝÝÑ 0.

Note that H0pPnk , Iq “ ΓpPnk , Iq “ 0, as there are no nonconstant global sections which
vanish along X . Taking the long exact sequence, we get that

‚ dimkH
0pX,OXq “ dimkH

1pPnk , Iq ` 1,
‚ dimkH

ppX,OXq “ Hp`1pPnk , Iq for p “ 1, . . . , n´ 1
‚ HnpPnk , Iq “ Hn´1pPnk , ι˚OXq “ HnpX,OXq “ 0, because X has dimension n´ 2.

We proceed to study the cohomology groups HppPnk , IZq. Recall the exact sequence from
Section ??,

0 Ñ OPn
k
p´d´ eq Ñ OPn

k
p´dq ‘ OPn

k
p´eq Ñ IZ Ñ 0.

Taking the long exact sequence of cohomology, we obtain that

HppPnk , Iq “ 0

for p “ 0, . . . , n´ 2, and

0 Ñ Hn´1pIq Ñ HnpOPn
k
p´d´ eqq Ñ HnpOPn

k
p´dqq ‘HnpOPn

k
p´eqq Ñ 0.

Therefore, we get

dimkH
n´1pX,OXq “

ˆ

d` e´ 1

n

˙

´

ˆ

d´ 1

n

˙

´

ˆ

e´ 1

n

˙

. (15.29)

Example 15.37. When n “ 3, X Ă P3
k is a curve, with H1pX,OXq of dimension

ˆ

d` e´ 1

3

˙

´

ˆ

d´ 1

3

˙

´

ˆ

e´ 1

3

˙

“
1

2
depd` e´ 4q ` 1

For instance, when d “ 1, e “ 2, X is a conic and we recover h1pX,OXq “ 0. △
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15.15 Example: Bezout’s theorem

Let k be an algebraically closed field. Let C and D be two curves in P2
k defined by homo-

geneous polynomials F and G of degrees d and e respectively, and assume that C and D
have no common component, so that closed subscheme Z “ V`pF,Gq is a 0-dimensional
subscheme. By a linear coordinate change, we may assume Z “ tx1, . . . , xru is contained
in Dpx0q » krx, ys. Then the classical form of Bezout’s theorem says that

r
ÿ

i“1

multxi
pC,Dq “ de, (15.30)

where

multxi
pC,Dq “ dimkOZ,xi

“ dimk

ˆ

krx, ys

pf, gq

˙

mxi

is the intersection multiplicity of C and D at xi, and f and g are the dehomogenizations of
F and G.

There is a quick proof of the formula (15.30) by computing the cohomology group
H0pZ,OZq in two different ways. First of all, this group is the space of global sections
OZpZq, so it decomposes as

OZpZq “

r
à

i“1

OZ,xi
“

r
à

i“1

ˆ

krx, ys

pf, gq

˙

mxi

(15.31)

where f, g are the dehomogenized equations for C and D. Therefore,

dimkH
0pZ,OZq “

r
ÿ

i“1

dimk

ˆ

krx, ys

pf, gq

˙

mxi

.

On the other hand, from (15.29), we find dimkH
0pZ,OZq “ dimkH

1pP2
k, IZq ` 1 and

hence

dimkH
0pZ,OZq “

ˆ

d` e´ 1

2

˙

´

ˆ

d´ 1

2

˙

´

ˆ

e´ 1

2

˙

` 1 “ de.

15.16 Example: Non-split locally free sheaves

A locally free sheaf is said to be split if it is isomorphic to a direct sum of invertible sheaves.
We have seen several examples of locally free sheaves that are not free, even on affine
schemes, but a priori it is not so clear whether these are direct sums of invertible sheaves. In
this section we will study the sheaf E from Section ?? and show that it is indeed non-split.

The sheaf E is the locally free sheaf of rank n on Pnk sitting in the exact sequence

0 ÝÝÑ OPn
k
p´1q ÝÝÑ On`1

Pn
k

ÝÝÑ E ÝÝÑ 0.

Suppose that E is split, i.e., E is isomorphic to a direct sum of invertible sheaves. Since
PicpPnkq “ Z is generated by the class of Op1q, this would mean that

E » OPn
k
pa1q ‘ ¨ ¨ ¨ ‘ OPn

k
panq
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for some integers a1, . . . an P Z.
Recall that for n ě 2, we have Hn´1pPnk ,Opmqq “ 0 for any m P Z. So if we could

show that Hn´1pPnk , Eq ‰ 0, we would have a contradiction. Actually, it is the case that
Hn´1pPnk , Eq “ 0, but we can instead consider F “ Ep´nq, which fits into the sequence

0 ÝÝÑ OPn
k
p´n´ 1q ÝÝÑ OPn

k
p´nqn`1 ÝÝÑ F ÝÝÑ 0.

Taking the long exact sequence in cohomology, we get

¨ ¨ ¨ Ñ Hn´1pOn`1
Pn
k

p´nqq Ñ Hn´1pFq
δ

ÝÑ HnpOPn
k
p´n´1qq Ñ HnpOn`1

Pn
k

p´nqq Ñ ¨ ¨ ¨

Here the two outer cohomology groups are zero, by Theorem 15.24. Hence, by exactness,
we find that Hn´1pPnk ,Fp´1qq » H0pPnkOPn

k
q “ k. Therefore, we find that F “ Ep´nq

is not split, and hence E is not split either.
This gives an example of a non-split locally free sheaf of rank n on Pnk . However, coming

up with examples of non-split sheaves of low rank on projective space is much more difficult.
In fact, a famous conjecture of Hartshorne says that any rank 2 vector bundle on Pnk for n ě 5
is split.

15.17 Example: The rational quartic curve

Let us consider the rational quartic curve X of Example 13.13. In other words, X Ă P3
k “

Proj krx0, x1, x2, x3s is the closed subscheme defined by the ideal

I “ px1x2 ´ x0x3, x
3
2 ´ x1x

2
3, x0x

2
2 ´ x2

1x3, x
3
1 ´ x2

0x2q (15.32)

We showed in the previous example that the natural map

krx0, x1, x2, x3s ÝÝÑ Γ˚pOXq (15.33)

is not surjective and that ΓpX,OXp1qq is 5-dimensional as a k-vector space. We may explain
this fact by looking at the cohomology of the ideal sheaf sequence

0 ÝÝÑ I ÝÝÑ OP3
k

ÝÝÑ ι˚OX ÝÝÑ 0 (15.34)

More precisely, we claim that the map OP3
k
p1q Ñ pι˚OXqp1q is not surjective on global

sections, and that H1pP3
k, Ip1qq is 1-dimensional.

Using a computer, we find that the ideal has a graded resolution given by

0 Ñ Rp´5q
U ¨
ÝÑ Rp´4q4

V ¨
ÝÑ Rp´2q ‘Rp´3q3

W ¨
ÝÝÑ I Ñ 0 (15.35)

where the matrices are given by

U “

¨

˚

˚

˝

x3

´x2

´x1

x0

˛

‹

‹

‚

, V “

¨

˚

˚

˝

´x2
1 ´x0x2 ´x1x3 ´x2

2

x2 x3 0 0
x0 x1 ´x2 ´x3

0 0 x0 x1

˛

‹

‹

‚

and W is the 4 ˆ 1-matrix with entries equal to the generators of I in (15.32). Note that
W ¨ V “ 0 and V U “ 0.
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If we twist the sequence by 1 and apply tilde, we get the following exact sequence of
sheaves on P3

k.

0 Ñ Op´4q Ñ Op´3q4
v
ÝÑ Op´1q ‘ Op´2q3 Ñ Ip1q Ñ 0 (15.36)

To compute the cohomology of Ip1q, we split this sequence into

0 Ñ Op´4q Ñ Op´3q4 Ñ Im v Ñ 0

0 Ñ Im v Ñ Op´1q ‘ Op´2q3 Ñ Ip1q Ñ 0

Taking the long exact sequence of the first sequence, we deduce that H2pP3
k, Im vq “

H3pP3
k,Op´4qq “ k. Then doing the same for the second, we see that H1pP3

k, Ip1qq “ k.
The cohomology group H1pP3

k, Ip1qq explains the failure of surjectivity of the map
(15.33). The fact that it is 1-dimensional explains the missing monomial x2y2 in the definition
of X .

15.18 Exercises

Exercise 15.18.1. Generalize Example 15.11 to show that the curve V pxd2 ´ x0x
d´1
1 q Ă P2

k

has an H1pX,OXq of dimension 1
2
pd´ 1qpd´ 2q as a k-vector space.

Exercise 15.18.2. LetX “ S1 and letU be the covering ofX with three pairwise intersecting
open intervals with empty intersection. Show that the Cech complex is of the form

Z3 d0

ÝÑ Z3 Ñ 0.

Compute the map d0 and use it to verify again that H ipU ,ZXq “ Z for i “ 0, 1 as above.

Exercise 15.18.3. Let X “ Ank ´ t0u be the complement of the origin.
a) Compute H ipX,OXq for all i.
b) Give a new proof that X is not an affine scheme for n ě 2.

Exercise 15.18.4. With reference to the twisted cubic example in Section 15.12, show that

‚ H0pP3, Ip2qq “ k3 (find a basis!)
‚ H1pP3, Ipmqq “ 0 for all m P Z.
‚ H2pP3, Ip´1qq “ k.

Exercise 15.18.5 (Künneth formula). LetX and Y be Noetherian schemes of finite type over
a field. Let F two two finite type quasi-coherent sheaves on X and Y respectively. Show that
there is a canonical isomorphism

HnpX ˆk Y, p
˚
1F b p˚

2Gq »
à

p`q“n

HppX,Fq bk H
qpX,Gq.

HINT: Use a Chech complex using products of affine opens.

Exercise 15.18.6. Let X Ă P5 denote a quadric hypersurface (i.e., X “ V pqq for a
homogeneous degree 2 polynomial). Recall the exact sequence ??

0 Ñ OP5p´1q4 Ñ O4
P5 Ñ i˚E Ñ 0
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where E is a locally free sheaf of rank 2.
Use this exact sequence to show that E is not split.

Exercise 15.18.7. Let n ą 0 be an integer and consider the integral projective scheme
X “ ProjpRq, where R is the ring

R “ krx, y, z, ws{px2, xy, y2, unx´ vnyq.

a) Show that X is irreducible, non-reduced, and of dimension 1.
b) Compute H0pX,OXq and H1pX,OXq.

Exercise 15.18.8. Let Yr Ă Pnk be a complete intersection of r hypersurfaces H1, . . . ,Hr

of degrees d1, . . . , dr.
a) Show that there is an exact sequence of the form

0 ÝÝÑ OYr´1
p´Hrq ÝÝÑ OYr´1

ÝÝÑ OYr
ÝÝÑ 0

b) The natural maps

H ipPnk ,OPn
k
pdqq ÝÝÑ H ipYr,OYr

pdqq

are isomorphisms for all i ă n´ r and all d P Z.
c) Show that Yr is connected if dimYr ě 1.

Exercise 15.18.9. Let E be a locally free sheaf of rank r on P1
k.

a) Show that the set of integers n such that there is an injection Opnq Ă E is
non-empty and bounded from above.

b) Show that if n is maximal as in a) then E{Opnq is locally free of rank r ´ 1
c) Show that if r “ 2, and the maximal n is ´1, then E{Op´1q » Opmq for

some m ă 0.
d) Show that, in general, there exists a a filtration

0 “ E0 Ă E1 Ă ¨ ¨ ¨ Ă Er “ E

such that Ei is locally free of rank i and Ei{Ei´1 » Opaiq for some a1 ě a2 ě

¨ ¨ ¨ ě ar.
e) Show that for every E with a filtration as above, we have E “ Opa1q ‘ ¨ ¨ ¨ ‘

Oparq and that the ai are uniquely determined by E .
f) Conclude that any locally free sheaf on P1

k splits as a direct sum of invertible
sheaves.

Exercise 15.18.10. Let X be a projective scheme and let Y,Z be closed subschemes of X
with Z Ă Y . Write PY and PZ for the Hilbert polynomials of OY and OZ respectively.
Show that PZpmq ď PY pmq for m " 0.

Exercise 15.18.11 (Length 2 subschemes). If Z is a 0-dimensional subscheme, then we
define the length of Z as the length of OZpZq, which is an Artinian ring.

Use a cohomological argument to show that any 0-dimensional subscheme of length 2 in
P2 is a complete intersection of two curves of degree 1 and 2.
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Exercise 15.18.12. Let X be a scheme and let Oˆ
X denote the sheaf of units (Exercise

4.11.44). Show that there is a natural isomorphism

PicpXq “ H1pX,Oˆ
Xq

HINT: Invertible sheaves can be specified using units in OXpUi X Ujq.

Exercise 15.18.13. Continuing Exercise 16.10.3, show that the map from Cartier divi-
sors to PicpXq (induced by D ÞÑ OXpDq) can be identified with the connection map
H0pX,KpXqˆ{Oˆ

Xq Ñ H1pX,Oˆ
Xq from the exact sequence

0 ÝÝÑ Oˆ
X ÝÝÑ KpXqˆ ÝÝÑÝÝÑ KpXq{Oˆ

X ÝÝÑ 0.

Exercise 15.18.14 (Double structures). Let X be a scheme such that Y “ Xred Ă X is
defined by an ideal sheaf I . Let us assume that I2 “ 0.

a) Show that there is an exact sequence 0 Ñ I Ñ Oˆ
X Ñ Oˆ

Y Ñ 0, where the
first map is f ÞÑ 1 ` f .

b) Assume that X is projective. Show that there is an exact sequence

0 Ñ H1pX, Iq Ñ PicpXq Ñ PicpY q Ñ H2pX, Iq

c) Compute the Picard group of the scheme

X “ Projpkrx, y, z, ws{px2, xy, y2qq.

Exercise 15.18.15 (P2 minus a point). Consider X “ P2
k ´ tp0 : 0 : 1qu, with the

affine covering given by U0 “ Spec krx, ys and U1 “ Spec krx´1, x´1ys. Show that
H0pX,OXq “ k and

H1pX,OXq “
à

bą´a, aă0

k ¨ xayb.

Deduce that P2
k ´ tp0 : 0 : 1qu is not an affine scheme.

Exercise 15.18.16. Continuing the previous exercise, letC be the curve defined by y3`x2`x
in U0 and px´1yq3 ` x´2 ` x´1 in U1. Show that H0pC,OCq “ k and

H1pX,OCq “ k ¨ x´1y2.

More generally, ifC is the curve defined by yd`xd´1`x inU0, and px´1yqd`x´d`1`x´1

in U1, then

H1pC,OCq » kpd´1
2 q.

Exercise 15.18.17 (Interpolation problems). Let Z “ tp1, . . . , pru Ă Pnk be a finite set of
points, with the reduced scheme structure.

a) Show that the space of degree d polynomials passing through p1, . . . , pr has
dimension equal to

dimH0pPn, IZpdqq “ dimkH
0pIZpdqq “

ˆ

n` d

d

˙

´ r `H1pPnZpdqq.

b) Show that for two points in P2
2 there is a unique line passing through them.
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c) Let Z “ tp1, p2, p3u be three distinct points in P2
k, show that

H1pP2
k, IZp1qq ‰ 0

if and only if p1, p2, p3 lie on a line.
d) Let p1, . . . , p5 be 5 points in P2

k. When is H1pP2
k, IZp2qq “ 0?.

Exercise 15.18.18. Consider a double complex Cm,n as in the text, with horizontal and
vertical coboundary maps d and δ. Assume that all rows Cm,n are exact except when n “ 0,
and that all columns are exact except when m “ 0.

For each p, consider the group Zp Ă
À

m`n“pC
m,n of ‘zig-zags’ pcp,0, cp´1,1, . . . , c0,pq

such that

δpci,jq “ dpci´1,j`1q @i ě 1, and δpc0,pq “ dpcp,0q “ 0.

Consider the quotient HipCq “ ZipCq{BipCq where BipCq Ă ZipCq is the subgroup
generated by the ‘trivial zig-zags’

pdpcp´1,0q, dpcp´2,1q ` δpcp´1,0q, . . . , dpc0,p´1q ` δpc1,p´2q, δpc0,p´1qq,

a) Define maps αp : HppCq Ñ HppA‚q and βp : HppCq Ñ HppB‚q.
b) Use a diagram chase similar to the one above to show that αp is surjective, and

then injective.
c) Prove Lemma 15.19.

Exercise 15.18.19. Let F be a sheaf on a topological space X and let U “ tUiu
r
i“1 be an

open cover. Let σ P Sr be a permutation and consider the permuted cover U 1 “ tUσpiqu
r
i“1.

For each p, define a map ϕp : CppU 1,Fq Ñ CppU ,Fq by

ϕppαqσpi0q,σpi1q,...,σpipq “ sgnpσ|i0,...,ipq ¨ αi0,i1,...,ip

where sgnpσ|i0,...,ipq is the sign of the permutation σ restricted to the indices ti0, i1, . . . , ipu.
a) Show that each σp is bijective.
b) Show that ϕp is a map of complexes, i.e., ϕp`1 ˝ dp “ d1p ˝ ϕp.
c) Conclude that that ϕ‚ induces a canonical isomorphismHppU ,Fq » HppU 1,Fq

Exercise 15.18.20. Let X be the scheme obtained by gluing two copies U, V of SpecpZp2qq

to itself over the generic point. Compute H1pU ,OXq for the covering tU, V u.

Exercise 15.18.21. Give a second proof of Corollary 12.11, using the fact thatH1pX,Fq “ 0
for any quasi-coherent sheaf F on X “ SpecA.

Exercise 15.18.22 (Cohomology of P3
k minus a line). Consider the scheme X “ P3

k ´

V`px0, x1q. Compute the cohomology groups of OX .

Exercise 15.18.23. Let X be the gluing of two copies of SpecZ along the open set U “

SpecZ ´ tp2qu.
Show that X is not separated and describe the diagonal map.
Compute the Cech cohomology groups H ipU ,OXq with respect to the cover given by two

copies of SpecZ.

Exercise 15.18.24 (Products of curves). Let C Ă P2
k be plane curve of degree 4.
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a) Compute the cohomology groups H ipC,OCq for i “ 0, 1, 2.
b) Compute the cohomology groups H ipC ˆk A1

k,OCq for i “ 0, 1, 2.
c) Compute the cohomology groups H ipC ˆk P1

k,OCq for i “ 0, 1, 2.
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16

Divisors

16.1 Weil divisors

Throughout this chapter we will assume that X is a separated Noetherian integral normal
scheme. A prime divisor is an integral subscheme Z Ă X of codimension 1. A Weil divisor,
or simply divisor, is a finite formal sum

D “ m1Z1 ` ¨ ¨ ¨ `mrZr

where mi P Z and the Zi’s are prime divisors. The set of divisors form a group, which will
be denoted by DivpXq.

We say that a divisor D is effective if each mi ě 0, and we write D ě 0. The support of
D is defined to be the closed subset SupppDq “ Z1 Y ¨ ¨ ¨ Y Zr.

Example 16.1. If X “ SpecA is affine, then every prime divisor is of the form V ppq where
p is a prime ideal of height 1. Hence DivpSpecAq “

À

htp“1 Z ¨ V ppq can be identified
with the free abelian group on all height 1 prime ideals. △

Example 16.2. On X “ P1
C, the prime divisors are simply the closed points. Here are some

examples of Weil divisors:

D1 “ 3 ¨ p1 : 0q ´ 5 ¨ p0 : 1q, D2 “ p1 : 1q ` 5 ¨ p0 : 1q

D1 `D2 “ 3 ¨ p1 : 0q ` p1 : 1q. △

The reader may wonder why we include the assumption that X is normal. Certainly,
the above definition can be made for any scheme, but the concept of a Weil divisor is not
particularly useful without the normality assumption. The main reason is that there is a
well-behaved notion of ’order of vanishing’, or ‘multiplicity’ for rational functions.

More precisely, as the scheme X is normal, all the local rings OX,x are integrally closed
in their fraction field, KpXq. This means that if Z Ă X is a prime divisor, and ζ P X is
the generic point of Z, then the local ring OX,ζ is a 1-dimensional normal ring, and hence a
discrete valuation ring (see Appendix ?). We write

ordZ : KpXq ÝÝÑ Z Y t8u

for the corresponding valuation. More explicitly, the function ordZ can be defined as follows.
Given a nonzero f P OX,ζ , we can write it as f “ u ¨ tm, where t is the generator for the
maximal ideal of OX,ζ and u is a unit, and define the valuation of f at Z to be ordZpfq “ m.
Finally, we extend this to elements of KpXq by setting ordZpf{gq “ ordZpfq ´ ordZpgq

and ordZp0q “ 8. The number ordZpfq is called the order of vanishing of f at Z. If

322
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16.1 Weil divisors 323

ordZpfq is non-negative we say that f vanishes to that order along Z . If ordZpfq is negative,
then we say that f has a pole of that order along Z.

If X “ SpecA is an affine scheme, then all prime divisors are of the form V ppq where
p is a prime ideal of height 1. For such a prime p, the local ring Ap is a discrete valuation
ring, consisting of exactly the fractions f “ a{b P KpAq where b R p, or equivalently,
ordV ppqpfq ě 0. In light of Theorem 16.3, which says that A “

Ş

ht p“1Ap, we conclude
that ordV ppqpfq ě 0 for every prime divisor V ppq if and only if f P A. Moreover, f P KpAq

has zero order of vanishing along every prime divisor if and only if f is invertible in Aˆ.
In general, for an integral scheme X , a rational function f P KpXq is regular if and only

if f P OX,x for every x P X , which by the affine case above means that ordZpfq ě 0 for
every prime divisor Z. Therefore, we have:

Proposition 16.3. For a rational function f P KpXqˆ, we have
(i) ordZpfq ě 0 for all prime divisors Z Ă X if and only if f P OXpXq.

(ii) ordZpfq “ 0 for all prime divisors Z if and only if f P OXpXqˆ.

This is illustrates one of the close links between rational functions and codimension 1
subschemes on normal schemes. If a rational function is regular outside a closed subset of
codimension at least 2, then it is regular everywhere.

Definition 16.4 (Principal divisors). For a rational function f P KpXqˆ, we define its
corresponding divisor by

divpfq “
ÿ

Z

ordZpfqZ, (16.1)

where the sum runs over all prime divisors. Divisors of the form divpfq are called
principal divisors, and they form a subgroup of DivpXq.

To ensure that this is well-defined, we need to verify that for a nonzero rational function
f P KpXq, there are only finitely many prime divisors Z Ă X such that ordZpfq ‰ 0. To
see this, let U “ SpecA be any open affine subset such that f |U P OXpUq. For a prime
divisor Z Ă X , there are two possible cases: (i) Z Ă X ´ U , or (ii) Z X U is a prime
divisor of U . As we assume X is Noetherian and integral, there can be only finitely many
codimension 1 components of the closed subsetX´U , so there are only finitely many Z’s in
case (i). For the ones in case (ii), note that ordZpfq ě 0 automatically, because f is regular
in U , and ordZpfq ą 0 if and only if f vanishes along Z. Again because X is Noetherian,
the zero set V pfq has only finitely many components, so we conclude.

Note that if f is a regular function, i.e., f P OXpXq, then divpfq is an effective divisor.
It is supported along the zero set of f , with multiplicity ordZpfq along each component Z.

Example 16.5. On SpecZ, a Weil divisor is an expression of the form

D “ n1V pp1q ` ¨ ¨ ¨ ` n1V pprq

where the pi are prime numbers. In the function field, Q, the ‘rational function‘ f “

pn1
1 ¨ ¨ ¨ pnr

r satisfies divpfq “ D. Hence every divisor is principal on SpecZ. △
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Example 16.6. Let k be an algebraically closed field, and let A1
k “ Spec krts be the affine

line with fraction field kptq. The prime divisors of A1
k correspond to k-points a P A1

k, each
associated to a maximal ideal pt´ aq in krts.

Consider the rational function

f “ t2pt´ 1q´1 P kptq.

Note that for a P k, the elements t, and pt ´ 1q are invertible in the local ring OA1
k,a

“

krtspt´aq except when a “ 0 or a “ 1.
When a “ 0, then t is a local parameter in OA1

k,a
“ krtsptq, and we may write f “

t2punitq. Hence the order of vanishing of f is equal to 2 at the point a “ 0. Similarly,
ordapfq “ ´1 at a “ ´1. Hence

divpfq “ 2V ptq ´ V pt´ 1q.

More generally, if fptq “ pt´ a1qn1 ¨ ¨ ¨ pt´ arq
nr , then

divpfq “ n1V pt´ a1q ` ¨ ¨ ¨ ` nrV pt´ arq. (16.2)

In particular, every divisor D is the divisor of some nonzero rational function. △

Example 16.7. The same rational function f “ t2pt´ 1q´1 may be considered as a rational
on P1

k, when A1
k is embedded as the open set U0 with coordinate t “ x1{x0. We have already

computed the values ordP pfq for P P U0. For the remaining point, P “ p0 : 1q, we use the
coordinate s “ x0{x1 “ t´1 and rewrite f as

ps´1q2ps´1 ´ 1q´1 “ s´1p1 ´ sq´1.

From this, we see that ordp0:1qpfq “ ´1 and ordp1:1qpfq “ ´1 (which was already com-
puted in U0). Therefore, the divisor of f on P1

k is given by

divpfq “ 2p1 : 0q ´ p1 : 1q ´ p0 : 1q. △

Example 16.8. LetX be the curve V px3´y3`yq Ă A2
k. Then x, y and y{x2 define rational

functions on X . Here x and y are regular, so they have nonnegative orders everywhere. Let
us find the points P P X where ordP pxq ą 0.

The function x vanishes exactly at the points in V px, x3 ´ y3 ` yq Ă A2, i.e., the three
points p0, 0q, p0, 1q, p0,´1q. The local ring at the origin p0, 0q is isomorphic to

OX,p0,0q “
`

krx, ys{px3 ´ y3 ` yq
˘

px,yq

In this ring we have x3 “ ypy2 ´ 1q, and so y “ x3punitq. Hence x is a local parameter. In
particular, ordp0,0qpxq “ 1 and ordp0,0qpyq “ 3. Similar computations show that

divpxq “ p0, 0q ` p0,´1q ` p0, 1q

As for y, this can only have non-zero orders of vanishing at the points in V px3 ´ y3, yq “

V px, yq, i.e., at the origin p0, 0q. We have already computed that ordp0,0qpyq “ 3, so
divpyq “ 3p0, 0q. Putting everything together, we obtain

divpy{x2q “ 3p0, 0q ´ 2 pp0, 0q ` p0,´1q ` p0, 1qq “ p0, 0q ´ 2p0,´1q ´ 2p0, 1q.

△
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16.2 The class group

One of the fundamental invariants of a scheme (or of a ring) is the class group, along with its
close relative, the Picard group. The class group can be interpreted as the group that captures
the obstructions to a divisor being the divisor of a rational function.

Definition 16.9. The class group of X is defined as the group of Weil divisors modulo
the principal divisors, i.e.,

ClpXq “ DivpXq{xdivpfq | f P KpXqˆy.

Two Weil divisors D and D1 are said to be linearly equivalent (written D „ D1) if they
have the same image in ClpXq, or equivalently, that D ´D1 is principal.

For an affine scheme X “ SpecA, the divisor of a rational function f P KpXq is equal to

divpfq “
ÿ

htp“1

ordppfqV ppq.

Hence divpfq “ 0 if and only if ordppfq “ 0 for all height 1 primes, which by Proposi-
tion 16.3 happens if and only if f P Aˆ. Hence the kernel of the map div : KpXqˆ Ñ

DivpSpecAq equals Aˆ, and the cokernel is by definition the class group ClpSpecAq.
Hence we have the exact sequence

0 Ñ Aˆ Ñ KpXqˆ div
ÝÝÑ DivpSpecAq Ñ ClpSpecAq Ñ 0. (16.3)

Example 16.10. The class group of SpecZ is trivial, as Z is a principal ideal domain, so
every prime ideal is principal, not just the ones of height 1. (See also Example 16.5.) △

Example 16.11. The class group of SpecZris is also trivial. This follows by the analysis of
Example 2.41, which showed that every prime ideal of Zris is principal. △

Example 16.12. Let A be a discrete valuation ring and let X “ SpecA. In A, the only
nonzero prime ideal is the maximal ideal m. Therefore, if x P X denotes the closed point,
we have DivpXq “ Z ¨ x. Any Weil divisor on X is principal: if t is a generator for m, then,
then divptnq “ n ¨ x for each n P Z. Hence ClpXq “ 0. △

Both the terms ‘divisor’ and ‘class group’ originate from algebraic number theory and
their origins can be traced back to Kummer’s work on Fermat’s Last Theorem. In this setting,
the class groups are designed to measure how far the base ring is from being a unique
factorization domain.

Proposition 16.13. Let A be a normal Noetherian integral domain. Then the following
are equivalent:

(i) ClpSpecAq “ 0.
(ii) Every height 1 prime ideal in A is a principal ideal.

(iii) A is a unique factorization domain.

Proof The equivalence of (ii) and (iii) is a fact from commutative algebra (see Proposition
A.59). It remains to show the equivalence (i) ô (ii).
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(ii) ñ (i): Write X “ SpecA. If Z is a prime divisor in X , then Z “ V ppq for some
prime ideal p Ă A, and as Z has codimension 1, p is of height 1. By assumption (ii), p “ pfq

for an element f P A, that is, Z “ divpfq. This shows that ClpSpecAq “ 0.
(i) ñ (ii): Assume that ClpSpecAq “ 0. Let p be a prime of height 1, and let Z “

V ppq Ă X . By assumption, there is an f P KpXqˆ so that divpfq “ Z. We want to show
that in fact f P A and that p “ pfq. For the first statement: as divpfq “ Z , the valuations of
f are given by ordqpfq “ 0 for q ‰ p and ordppfq “ 1, and so f lies in OXpXq “ A by
Proposition 16.3.

Secondly, to prove that f generates p, consider any nonzero element g P p. Then
ordppgq ě 1 and ordqpgq ě 0 for all q ‰ p. It follows that ordqpg{fq “ ordqpgq ´

ordqpfq ě 0 for every prime ideal q P SpecA. Hence g{f P Aq for every prime q of height
1, and hence g{f P A, by Proposition 16.3. It follows that g P fA, and so p “ pfqA is
principal.

Example 16.14. The class group of affine n-space Ank “ Spec krx1, . . . , xns is trivial, as
the polynomial ring is a unique factorization domain. △

Theorem 16.15. Let k be a field. The class group of projective n-space is

ClpPnkq “ Z,

generated by the class of a hyperplane.

Proof Write Pnk “ ProjR where R “ krx0, . . . , xns and let H “ V`px0q be the hyper-
plane defined by x0.

First we show that H generates ClpPnkq. Let Y Ă Pnk be any prime divisor. Then Y “

V`paq for some homogeneous prime ideal of height 1 in R. As the polynomial ring is a UFD,
we may write a “ pF q for some irreducible homogeneous polynomial F . Letting d “ degF ,
the fraction f “ F {xd0 defines a regular function on U0, hence a rational function on Pnk .
Note that f can only have nonzero orders of vanishing along Y andH . Since F is irreducible,
we have divpF {xd0q “ Y ´ dH . Therefore, rY s “ dH in ClpPnkq.

To conclude, we show that no nonzero multiple rHs is zero ClpPnkq. If mrHs “ 0 for
some m ą 0, then there would exist an f P kpPnkq such that mH “ divpfq. Note that
divpfq is effective, meaning ordZpfq ě 0 for every prime divisor Z. By Proposition 16.3,
f is regular on Pnk , hence a constant, which implies that m “ 0.

The isomorphism ClpXq » Z is better defined by the degree map. For a divisor D “
ř

niV`pGiq, where Gi P krx0, . . . , xns are irreducible homogeneous polynomials, we
define

degD “
ÿ

i

ni degGi.

As rational functions on Pnk have the form F {G where F,G P krx0, . . . , xns of the same
degree, this descends to a map ClpPnkq Ñ Z.
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16.3 The class group of an open set

If U Ă X is an open set and Z Ă X is a prime divisor, the intersection Z X U is either
empty (if Z Ă X ´ U ) or a prime divisor on U . This allows us to define the restriction of a
divisor D “

ř

nZZ to U by the formula

D|U “
ÿ

ZXU‰H

nZ ¨ Z X U. (16.4)

This defines a map of groups DivpXq Ñ DivpUq. Note that any divisor with support in
X ´ U is sent to 0 via this map.

If f is a rational function on X , the restriction f |U is a rational function on U , and it holds
that ordZXUpf |Zq “ ordZpfq whenever ZXU ‰ H (the two valuation rings are the same).
Consequently the divisor divpfq restricts to the divisor divpf |Uq, and the restriction map
sends principal divisors to principal divisors.

In this setting, it is natural to ask how the class group of X and U are related. The answer
is given by the theorem below.

Theorem 16.16. LetX be a normal integral Noetherian scheme. LetW Ă X be a closed
subscheme and let U “ X ´W . If Z1, . . . , Zr are the prime divisors corresponding to
the codimension 1 components of W , there is an exact sequence

r
à

i“1

ZZi ÝÝÑ ClpXq ÝÝÑ ClpUq ÝÝÑ 0, (16.5)

where the map ClpXq Ñ ClpUq is defined by rZs ÞÑ rZ X U s.

Proof If Z is a prime divisor on U , the closure in X is a prime divisor in X , so the
right-most map in (16.5) is surjective, and we just need to check exactness in the middle.

Suppose Z is a prime divisor which is principal on U . Then Z|U “ divpfq for some
f P KpUq “ KpXq. Now D “ divpfq is a divisor on X such that D|U “ divpfq|U .
HenceD´Z is a Weil divisor supported inX´U , and hence it must be a linear combination
of the Zi’s. Therefore D ´ Z is in the image of the left-most map, and we are done.

Corollary 16.17. If Z Ă X is a closed subset of codimension at least 2, then

ClpX ´ Zq “ ClpXq

Example 16.18. If P denotes the origin in Ank , then ClpAnk ´ P q “ ClpAnkq “ 0 for n ě 2.
If n “ 1, we have ClpA1

k ´ P q “ ClpSpec krx, x´1sq “ 0 because krx, x´1s is a
UFD. △

Example 16.19. Consider the projective line P1
k over a field k, and let P be a k-point. We

have the exact sequence

Z ¨ rP s ÝÝÑ ClpP1
kq ÝÝÑ ClpA1

kq ÝÝÑ 0.

We saw that ClpA1
kq “ 0, so the map Z Ñ ClpP1

kq is surjective. It is also injective: If
rnP s “ 0 in ClpP1

kq for some n, then nP “ divpfq for some f P KpP1q. We have
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nP |A1
k

“ 0, so we must have divpfq|A1
k

“ 0. Therefore, f must have neither zeros nor poles
on A1

k, implying that f is a constant, and hence n “ 0.
The same proof works in higher dimensions, and gives a new proof of the formula

ClpPnkq “ Z. △

16.4 Cartier divisors

If f P OXpXq is a nonzero regular function, then divpfq is an effective divisor with support
along the zero set of f , and ‘multiplicity’ ordZpfq along each component. Generally, we
expect that a codimension 1 closed subscheme can be defined by a single equation, at least
locally. As we will see this intuition is often correct, at least when X has mild singularities.

Definition 16.20. A divisor D is called locally principal or a Cartier divisor if there is
an open cover tUiuiPI of X and rational functions fi P KpXqˆ such that for each i,

D|Ui
“ divpfiq

If a divisor D is Cartier, then it is completely determined by the collection of rational
functions fi. This is sometimes a more useful description than the underlying prime divisors
and their multiplicities, especially in local computations.

To formalize this, let us define a set of Cartier data, to be the following data:
(i) an open cover tUiuiPI of X ,

(ii) elements fi P KpXq satisfying fif´1
j P OXpUi X Ujq

ˆ for every i, j P I .
By Proposition 16.3, the second condition is equivalent to

ordZpfiq “ ordZpfjq

for any prime divisor Z intersecting both Ui and Uj . This ensures that the coefficient nZ of
any prime divisor in D is uniquely determined by nZ “ ordZpfiq where i is any index such
that Z X Ui ‰ H.

The Cartier data is however not unique, as D may be locally principal both with respect to
several open coverings and different choices of rational functions. The ambiguity is resolved
if we consider two defining Cartier data tpUi, fiquiPI and tpVj, gjqujPJ to be the same if
fig

´1
j P OXpUi X Vjq

ˆ for all i and j.
The set of Cartier divisors forms a subgroup of DivpXq. In terms of Cartier data, the

identity element is represented by pX, 1q, that is, the trivial covering consisting of the open
set X and the rational function ‘1’. If D and E are represented by the data pUi, fiq and
pVj, gjq, then D`E is represented by pUi X Vj, figjq and ´D is represented by pUi, f

´1
i q.

Furthermore, pUi, fiq represents a principal divisor if and only if it is equivalent to pX, fq

for some f P KpXqˆ.

Example 16.21. Consider the projective n-space Pnk over a field k. Write Pnk “ ProjR
whereR “ krx0, . . . , xns. Any homogeneous polynomial of degree d, F px0, . . . , xnq P Rd
defines a closed subscheme of Pnk of codimension 1. The corresponding Weil divisor D is
Cartier. Concretely, we can write down the Cartier data with respect to the standard covering
Ui “ D`pxiq of Pnk . Note that F px{xiq “ F px0

xi
, . . . , xi´1

xi
, 1, xi`1

xi
, . . . , xn

xi
q defines a
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non-zero regular function on Ui, and the collection

pUi, F px{xiqq

forms a Cartier divisor D on X . Indeed, on the overlap Ui X Uj , we have the relation

F px{xiq “ pxj{xiq
d
F px{xjq (16.6)

and xj{xi is a regular and invertible function on Ui X Uj . Two homogeneous polynomials
F,G of the same degree d give linearly equivalent divisors, because the quotient F pxq{Gpxq

is a global rational function on Pnk . the coefficient nZ of Z in D is determined by nZ “

ordZpfiq where i is any index such that Z X Ui ‰ H. △

It is not true in general that every divisor is Cartier. We will see some basic counterexamples
in Section 16.8. However, if X is locally factorial, meaning that all the local rings OX,x are
UFD’s, then the two notions are the same:

Theorem 16.22. Let X be a Noetherian normal scheme such that every local ring OX,x

is a UFD. Then every Weil divisor is Cartier.

Proof ‘Being Cartier’ is a local condition, so we may assume X “ SpecA is affine.
Let Z “ V ppq be a prime divisor on X , where p is a height 1 prime ideal. Note that Z

is automatically principal over the open set U “ X ´ Z, because Z|U “ 0. If x P Z, then
x corresponds to a prime ideal q containing p. As p has height 1 in A, then pAq remains of
height 1 (there is a one-to-one correspondence between primes in A lying in q and primes in
Aq). As Aq “ OX,x is assumed to be a UFD, pAq is a principal ideal, by Proposition A.59.
Let a, b P A be elements such that a{b P Aq is a generator for pAq. As b R q, we see that in
fact p “ Aq “ paqAq.

If p “ pf1, . . . , frq, then fiAq P paqAq for each i “ 1, . . . , r, so we may write fi{1 “

ai{bi ¨ a. Setting b “ b1 ¨ ¨ ¨ br, we have pAb “ paqAb. Therefore, U “ Dpbq Ă X is an
open neighbourhood of x such that Y XU is defined by a principal ideal in OXpUq. In other
words, Y |U “ V ppq|U “ divpaq is principal over U .

Corollary 16.23. Let X be a Noetherian, nonsingular scheme. Then every Weil divisor
is Cartier.

Proof If X is nonsingular, then each local ring OX,x is a regular local ring, hence a UFD
by the Auslander–Buchsbaum theorem (see Theorem 10.5).

Cartier divisors have better formal properties than general Weil divisors because of their
close links to invertible sheaves. We will explore this in Section 16.5.

16.5 The sheaf associated to a Weil divisor

Let X be an integral, Noetherian, normal scheme. For a Weil divisor D “
ř

nZZ, we will
construct a sheaf, denoted by OXpDq, whose sections are the rational functions with ‘poles
at worst along D’. There are several ways to express this condition. The simplest way is to
require that a rational function f P KpXq satisfies ordZpfq ě ´nZ for all Z , meaning that
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the order of the pole of f along Z is at most nZ . Equivalently, we can formulate it by saying
that divpfq `D is an effective Weil divisor; in other words, divpfq `D ě 0. Informally,
this means that the ‘pole part’ of divpfq is canceled out by adding D.

Definition 16.24. Let X be a Noetherian integral normal scheme and let D be a Weil
divisor on X . We define the sheaf OXpDq by letting

OXpDqpUq “ t f P KpXq | ordZpfq ě ´nZ for all Z with Z X U ‰ H u

for each open subset U Ă X .

The rational function 0 P KpXq has by convention infinite order of vanishing at every
prime divisor, so every OXpUq contains 0.

The condition in the bracket is less restrictive when applied to a smaller subset U 1 Ă U , so
there is an inclusion OXpDqpUq Ă OXpDqpU 1q. Hence OXpDq becomes a presheaf with
inclusion maps as the restriction maps. It is not hard to see that the sheaf axioms are satisfied,
so OXpDq is a sheaf. As such, it is a subsheaf of the constant sheaf KpXq on the function
field KpXq. It is moreover an OX-module, because if a P OXpUq is a regular function U ,
we have ordY pafq “ ordY paq ` ordY pfq ě ´nZ for all Z and all f P OXpDqpUq, so
OXpDq is stable under multiplication by elements of OX .

Example 16.25. If D “ 0, then OXpDq “ OX . Indeed, if U is any open in X , then
ΓpU,OXpDqq consists of the rational functions g P KpXq such that ordZpgq ě 0 for
every prime divisor Z. Any such must be regular, by Proposition 16.3, so ΓpU,OXpDqq “

ΓpU,OXq. △

Example 16.26. If Z is a prime divisor, then

OXp´Zq » IZ

is the ideal sheaf defining Z. Indeed, over an open set U , ΓpU,OXpDqpUqq consists of the
rational functions g P KpXq so that ordZpgq ě 1 and ordZ1 pgq ě 0 for every prime divisor
Z 1 ‰ Z. In other words, g P OXpUq is regular, and vanishes along Z. △

Example 16.27. Let X be the projective line P1
k “ Proj krx0, x1s over k and consider the

divisor D “ V px1q “ p1 : 0q. We will compute ΓpX,OXpDqq using the standard covering
of P1

k by the open sets U0 “ Spec krx1{x0s “ Spec krts and U1 “ Spec krx0{x1s “

Spec krss (so s “ t´1 on U0 X U1).
Note that the point p1 : 0q does not lie inU1. This means that a rational function f P KpXq

such that divpfq `D ě 0 if and only if f is regular on U1. This means that

ΓpU1,OXpDqq “ krss.

Over the open set U0, we are looking at elements f P kptq a pole of order at most 1 at t “ 0,
and no other poles. This implies that

ΓpU0,OXpDqq “ tαt´1 ` pptq | α P k, pptq P krts u.

A section of ΓpX,OXpDqq corresponds to a pair pfptq, gpsqq with fptq “ αt´1 ` pptq in
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ΓpU0,OXpDqq and gpsq P krss “ ΓpU1,OXpDqq which agree over the overlap, meaning

fptq “ αt´1 ` pptq “ αs` pps´1q “ gpsq.

For equality to hold in krt, t´1s “ krs, s´1s, it is clear that p must be a constant, so we
obtain

ΓpX,OXpDqq “ k ‘ k t´1.

In fact, we will see in a bit that OXpDq » OP1p1q. △

Proposition 16.28. Let X be Noetherian integral normal scheme and let D be a Weil
divisor. Then OXpDq is a coherent sheaf.

Proof We may assume that X “ SpecA is affine. We first show that OXpDq is quasi-
coherent by showing that for any g P A, there is an equality of subgroups of KpXq:

ΓpX,OXpDqqg “ ΓpDpgq,OXpDqq.

Given this, it follows that OXpDq is the tilde of the A-module M “ ΓpX,OXpDqq.
The inclusion ‘Ă’ is clear: if h P ΓpX,OXpDqq, then divphq `D ě 0 on X , and since

g is invertible over Dpgq, ordZph{gmq “ ordZphq for any prime divisor Z which intersects
Dpgq.

For ‘Ą’, take any f P ΓpDpgq,OXpDqq such that divpfq ` D ě 0 on Dpgq. Then the
negative part of the divisor divpfq `D must be supported in the closed set V pgq Ă SpecA.
However, as V pgq has only finitely many components, there exists an m ą 0 such that

divpgmfq `D ě 0

over all of X . Then gmf P ΓpX,OXpDqq and f is the image of pgmfq{gm. This shows
that OXpDq is quasi-coherent.

To prove that OXpDq is coherent, it suffices to show that ΓpX,OXpDqq is a finitely
generated A-module. Write D “

ř

niZi, and let g P A be a nonzero element which van-
ishes on all the Zi, so that ordZi

pgq ą 0. Then we may choose an m so that ordZi
pgmq

is greater than ´ni for all i. This implies that for any f P ΓpX,OXpDqq we have
ordZi

pgmfq “ ordZi
pgmq ` divpfq ě 0, and hence gmf is contained in ΓpX,OXq “ A.

Hence gmΓpX,OXpDqq is an ideal of A. As we assume that A is Noetherian, this ideal is
finitely generated, and we deduce that ΓpX,OXpDqq is finitely generated as well.

Lemma 16.29. Let D and E be two Weil divisors on X . Then OXpDq “ OXpEq as
subsheaves of KpXq if and only if D “ E.

Proof Write D “
ř

mZZ and E “
ř

nZZ. If D ‰ E, there is a prime divisor Z such
that mZ ‰ nZ . We may assume that mZ ą nZ .

Choose an affine open U “ SpecA Ă X containing the generic point ζ of Z . Assuming
that OXpDq “ OXpEq, we get that OXpDqζ “ OXpEqζ . However,

OXpDqζ “ t f P KpXq | ordV ppqpfq ě ´mZ u (16.7)

OXpEqζ “ t f P KpXq | ordV ppqpfq ě ´nZ u. (16.8)
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Let t P Ap be a generator for the maximal ideal pAp. If mZ ą nZ , then t´mZ lies in (16.7),
but not in (16.8). This is a contradiction, so OXpDq ‰ OXpEq.

The sheaf OXpDq is best behaved when D is a Cartier divisor. In that case, OXpDq is an
invertible sheaf. This is essentially a consequence of the following lemma.

Lemma 16.30. For a nonzero rational function h P KpXq, we have

OXpdivphqq “
1

h
¨ OX (16.9)

Moreover, a Weil divisor D is principal if and only if OXpDq » OX .

Proof Let U Ă X be an open set. We claim that

ΓpU,OXpdiv hqq “
1

h
¨ ΓpU,OXq (16.10)

as subgroups of KpXq. Note that a rational function f P KpXq belongs to ΓpU,OXpDqq if
and only if divpfq ` divphq ě 0, or equivalently, divpfhq ě 0. In other words, r “ fh is
a rational function which has non-negative order of vanishing at every prime divisor Z which
intersects U . Therefore r P OV pUq is regular, by Proposition 16.3, and g “ r{f belongs to
the right-hand side. The opposite containment is clear.

For the last statement: If D “ divphq is principal, then (16.10) shows that multiplcation
by h induces an isomorphism of OXpUq-modules

ΓpU,OXpDqq ÝÝÑ ΓpU,OXq

This is compatible with the restriction maps, and so OXpDq » OX .
Conversely, suppose that OXpDq » OX . As OXpDq is an OX-submodule of KpXq

which is free of rank 1, there is a nonzero g P KpXq so that OXpDq “ g ¨ OX . Define
h “ 1{g. Then

OXpdivphqq “
1

h
OX “ g ¨ OX “ OXpDq

as subsheaves of KpXq, and hence D “ divphq by Lemma 16.29.

Proposition 16.31. Let X be a Noetherian integral normal scheme and let D be a Weil
divisor on X .

(i) D is Cartier if and only if OXpDq is an invertible sheaf.
(ii) If D is given by Cartier data tpUi, fiqu, then

OXpDq|Ui
“

1

fi
¨ OUi

for each i P I

Proof (i): First of all, if OXpDq is locally free, then it must have rank 1. This is because over
an open set V Ă X ´ SupppDq, the group OXpDqpV q consists of the rational functions
such that ordZpfq ě 0, for every prime divisor Z that intersects V , and hence f P OXpV q.
This means that OXpDq is isomorphic to OX over an open set, so it has rank 1.

Suppose first that D is Cartier, say given by D|Ui
“ divpfiq for rational functions fi
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and an open cover tUiu. Over each Ui, Lemma 16.30 shows that OXpDq|Ui
» OX |Ui

, so
OXpDq is invertible.

Conversely, if OXpDq is an invertible subsheaf of KpXq, we can define fi P KpXq by
choosing local generators so that OXpDqpUiq “ 1

fi
OXpUiq Ă KpXq. Then it follows that

D|Ui
“ divpfiq by Lemma 16.30.

The item (ii) follows from Lemma 16.30.

Two different Cartier data pUi, fiq and pVj, gjq for the same divisor D give rise to the
same invertible sheaf. This is because over Ui X Vj , the rational functions 1{fi and 1{gj are
related by a unit in OXpUi X Vjq

ˆ, and so they generate the same OX -submodule of KpXq.
Note that the units gij “ fif

´1
j automatically satisfy the cocycle condition, because

fkf
´1
j ¨ fjf

´1
i “ fkf

´1
i . In the notation of Section 14.1, OXpDq is the invertible sheaf

determined by the isomorphisms τij : OUij
Ñ OUij

given by multiplication by gij .

Proposition 16.32. Let X be a Noetherian integral normal scheme and let D and E be
two Cartier divisors. Then:

(i) OXpD ` Eq » OXpDq bOX
OXpEq

(ii) OXpDq » OXpEq if and only if D and E are linearly equivalent.

Proof We may pick a common affine covering Ui so that bothD andE are both represented
by data pUi, fiq, pUi, giq. Then D ` E is determined by the Cartier data pUi, figiq. Locally,
over Ui the sheaf OXpD`Eq is defined as the subsheaf of KpXq given by pfigiq

´1OUi
“

f´1
i g´1

i OUi
. As Ui is affine, the tensor product is locally given by f´1

i OUi
b gi

´1OUi
,

which is clearly isomorphic to f´1
i gi

´1OUi
via the map af´1

i b bgi
´1 ÞÑ abfi

´1gi
´1.

For the second claim, it suffices (i) to show that OXpDq » OX if and only if D is a
principal Cartier divisor. But this is a consequence of Lemma 16.30.

Example 16.33. Consider again the example of projective space Pnk . In the notation of
Example 16.21, if F is a homogeneous polynomial of degree d on Pnk , the sheaf OPn

k
pDq

determined by pD`pxiq, F px{xiqq is isomorphic to OPn
k
pdq. This follows from (16.6), which

shows that OXpDq has exactly the same gluing functions as OPn
k
pdq. In particular, this shows

that two divisors of different degrees are not linearly equivalent. This, together with the fact
that any Weil divisor is Cartier, gives a new proof of the equality ClpPnkq “ Z. △

16.6 The divisor associated to a section of an invertible sheaf

A prototype example of a Cartier divisor is the divisor associated to a section of an invertible
sheaf. The construction pararells the definition of a principal divisor.

One of the benefits of using zero schemes of sections of invertible sheaves is that they can
be defined on any scheme; we do not need to assume that X is normal, integral or Noetherian
to be able to work with them. (See Exercise 16.10.14.)

Let L be an invertible sheaf on X and let s be a nonzero global section of L. Let Ui be an
open cover of X such that L is trivial over Ui. Let si P ΓpUi, Lq be the local generators of
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L. Over each Ui, we may express

s|Ui
“ fisi

for some fi P OXpUiq. Equialently, fi is the element that maps to s|Ui
via the local

isomorphisms ϕi : OX |Ui
Ñ L|Ui

. As X is integral, we may regard fi as a nonzero element
of the function field KpXq. Then the data pUi, fiq defines a Cartier divisor on X , which we
denote by divpsq.

Explicitly, divpsq has the following description. For a prime divisor Z Ă X define
ordZpsq “ ordZpfiq, where i is any index such that Ui intersects Z. Then

divpsq “
ÿ

Z

ordZpsq ¨ Z.

The divisor divpsq is independent of the choice of local isomorphisms ϕi. If ψα : OVα
Ñ

L|Vα
is another set of isomorphisms, with local generators tα, then over the overlaps U Ă

UiXVα, the restrictions s|U “ fisi|U “ gαtα|U and fi and gα are equal up to multiplication
by an invertible element in OXpU X Ui X Vαq, and so the orders of vanishing along prime
divisors are the same.

Geometrically, D “ divpsq is an effective divisor on X which is supported on the zero
scheme Y “ V psq of s, with ‘multiplicity’ ordZpsq along each component. Note that
ordZpsq is nonnegative for each Z, because the fi are regular functions.

More precisely, the ideal sheaf of D is defined as the image of the map

s_ : L_ ÝÝÑ OX

given by multiplication by s. Over each Ui, the map s_|Ui
can be identified with the map

OUi
Ñ OUi

which sends 1 to fi. Hence I is locally generated by the local equations
fi P OXpUiq. Hence

I “ OXp´Dq » L_

, and the ideal sheaf sequence takes the form

0 ÝÝÑ OXp´Dq ÝÝÑ OX ÝÝÑ ι˚OD ÝÝÑ 0

where ι : D Ñ X is the inclusion.

Example 16.34. On X “ P1
k, the polynomial s “ x0x

3
1 ´ 2x2

0x
2
1 defines a global section

s of the invertible sheaf L “ OP1p4q. Over U0 “ Spec krx1{x0s, we have L|U0
“ OU0

x4
0

and so s “ f0x
4
0 where f0 “ px1{x0q3 ´ 2px1{x0q2. This rational function has divisor

divpsq|U0
“ divpf0q “ 2p1 : 0q ` p1 : 2q

Similarly, over U1, we have s “ f1 ¨ x4
1 where f1 “ px0{x1q ´ 2px0{x1q2. This gives

divpsq|U1
“ divpf0q “ p0 : 1q ` p1 : 2q.

Hence

divpsq “ 2p1 : 0q ` p0 : 1q ` p1 : 2q.

△
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Proposition 16.35. Let L be an invertible sheaf, s P ΓpX,Lq a global section. Then
there is an isomorphism

OXpdivpsqq » L. (16.11)

Two sections s, t give rise to the same divisor if and only if t “ λ ¨ s for some unit
λ P OXpXqˆ.

Proof Let tUiu be a trivializing cover of L and let si denote local generators for L. Let
gij P OXpUi X Ujq

ˆ be the transition functions, satsifying si “ gijsj on the overlaps. We
may express s|Ui

“ fisi where fi P KpXq. Over Ui X Uj we have

fjsj “ fisi “ figijsj

which shows that gij “ fj{fi.
Now consider the sheaf OXpdivpsqq, which is locally given by 1

fi
OUi

. Passing from
1
fj
OX |UiXUj

to 1
fi
OX |UiXUj

corresponds to multiplying by fj{fi. This means tat L and
OXpdivpsqq are defined by the same transition functions, and so they are isomorphic.

For the second statement, write t|Ui
“ hisi where hi P KpXq. Since divpsq “ divptq,

we see that the rational function λi “ hi{fi has no zeroes nor poles in Ui and hence
λi P OXpUiq

ˆ. Over Ui X Uj , we have fi “ gijfj and hi “ gijhj , and so

λi “
hi
fi

“
gijhj
gijfj

“
hj
fj

“ λj

Hence the λi glue to a global unit λ P OXpXqˆ, satisfying t “ λs.

The above constuction can in fact be carried out for a section s of L defined over any
nonempty subset V Ă X . We call such a section a rational section. If s P LpV q, the
trivializations of L still give rational functions fi (working over the open sets Ui X V ) and
we have well-defined orders of vanishing ordZpsq for any prime divisor Z Ă X .

Unlike the previous construction, when s was a global section, the divisor divpsq of a
rational section may no longer be effective. Here is a typical example:

Example 16.36. Continuing the example of X “ P1
k, consider the quotient s “

x3
0

x1
which

defines a section ofL “ OP1
k
p2q overD`px1q, hence a rational section onX . Let us compute

the divisor associated to s: Let t “ x0

x1
be the coordinate on U “ D`px1q “ Spec krts.

OXp2qpUq “ krx0{x1sx2
1 “ krtsx2

1.

So the rational function f “ ϕpsq is given by x3
0

x3
1

“ t3 which has non-zero order of vanishing
only at the point t “ 0 P U , where we have ordtpfq “ 3. To compute divpsq, we must also
consider the point outside D`px1q. On U “ D`px0q, we use the coordinate u “ x1

x0
, and

we have

OXp2qpUq “ krusx2
0.

So the rational function ϕpsq is given by f “ x0

x1
“ u´1. This has order of vanishing

ordtpfq “ ´1 at t “ 0 (and ordZpfq “ 0 at all other points). Hence we obtain

divpsq “ 3p0 : 1q ´ p1 : 0q.
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△

Proposition 16.37. Let X be a Noetherian integral normal scheme.
(i) For any invertible sheaf L and any nonzero section s of L, the divisor of s is

a Cartier divisor.
(ii) Every Cartier divisor D can be realized as divpsq for some rational section

s of an invertible sheaf L (specifically OXpDq)

Proof The divisor divpsq is Cartier, by definition. For the second statement, ifD is a Cartier
divisor, given by the data pUi, fiq, then the sheaf L “ OXpDq is invertible. Consider the
open set V “ X ´ SupppDq. Then the element 1 P KpXq belongs to ΓpV,OXpDqq and
defines a distinguished rational section s of OXpDq. It follows from the definitions that
divpsq “ D: over Ui, the local trivialization OUi

Ñ OXpDq|Ui
is given by multiplication

by 1{fi, so the section 1 P ΓpV,OXpDqq to the rational function fi, and hence the associated
Cartier divisor is exactly D.

Corollary 16.38. Let X be a Noetherian integral normal scheme. Then the map D ÞÑ

OXpDq induces an isomorphism between PicpXq and the subgroup of ClpXq generated
by Cartier divisors.

Proof By the item (i) and (ii) in Proposition 16.32, the assignmentD ÞÑ OXpDq is additive,
and has the subgroup of principal divisors as its kernel. Also, by Proposition 16.37, any
invertible sheaf L is isomorphic to one of the form OXpdivpsqq.

Corollary 16.39. On a nonsingular variety X , then every Weil divisor is Cartier, and
there are natural bijections between

(i) Weil divisors (up to linear equivalence)
(ii) Cartier divisors (up to linear equivalence)

(iii) Invertible sheaves (up to isomorphism)

From our previous computation of ClpAnkq and ClpPnkq, we get the following theorem:

Theorem 16.40. Let k be a field. Then
(i) PicpAnkq “ ClpAnkq “ 0.

(ii) PicpPnkq “ ClpPnkq “ Z.

In particular, any invertible sheaf on Pnk is isomorphic to some OPn
k
pmq.

16.7 Pullbacks of divisors

Given a morphism ϕ : X Ñ Y and a divisor D on Y , we can ask whether we can define a
Weil divisor on X supported on ϕ´1D. In general, this is not possible. Consider for instance,
the case where ϕ is the inclusion of a closed subscheme, say Y “ P2

k and f : X Ñ Y is the
inclusion of a line X “ V px0q. Then of course D “ V px0q defines a Weil divisor on Y , but
there is no reasonable definition of ϕ´1D that defines a codimension 1 subscheme of X .
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P
Q

R

S T

Figure 16.1 P `Q`R „ 2S ` T

There is a situation where we can always define the pullback of a divisor D. This is when
ϕ : X Ñ Y is a dominant morphism and D is a Cartier divisor. In that case, there is a
covering Ui such that D|Ui

is given by divpfiq over Ui. The fact that f is dominant, means
that there is an induced map on function fields ϕ7 : KpY q Ñ KpXq. We can therefore define
a divisor ϕ˚D by

ϕ˚D “
ÿ

ZĂX

ordZpϕ7fiqZ

where Z runs over all the prime divisors in X .
As before, this is well-defined, as the rational functions ϕ7pfiq are related by invertible

elements in OXpϕ´1Ui X ϕ´1Ujq.
On the level of invertible sheaves, we have

ϕ˚OY pDq “ OXpϕ˚Dq.

Note that there is always a pullback map for invertible sheaves, even if f is not dominant.
Furthermore, if s P ΓpY, Lq is a global section, there is also a well-defined pullback f˚s P

ΓpX, f˚Lq. However, as f˚s may be zero section, it may not define a divisor divpsq.

Example 16.41. Consider the plane curve

X “ V px3
0 ´ x0x

2
1 ` x1x

2
2q Ă P2

k.

Then OP2
k
p1q restricts to an invertible sheaf on X and the sections x0, x1, x2 restricts to

nonzero sections. The corresponding divisors are computed as follows:

divpx0q “ p0 : 0 : 1q ` 2p0 : 1 : 0q

divpx1q “ 3p0 : 0 : 1q

divpx2q “ p0 : 1 : 0q ` p1 : 1 : 0q ` p1 : ´1 : 0q

From these, we see that 2p0 : 0 : 1q „ 2p0 : 1 : 0q, as the their difference is the principal
divisor divpx1{x0q. It actually turns out that p0 : 0 : 1q ȷ p0 : 1 : 0q in the class group of
X , that is, p0 : 0 : 1q ´ p0 : 1 : 0q is not the divisor of a rational function on X . This is in
fact not so easy to prove (it will be a consequence of Proposition 20.13).

On the other hand, the section s “ x3
0 ´ x0x

2
1 ` x1x

2
2 of OP2

k
p3q does not define a divisor

on X ,, as it restricts to the zero section in OXp3q.
△
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16.8 Extended examples

The circle

Proposition 16.42. Let X “ SpecA, where A “ Rrx, ys{px2 ` y2 ´ 1q. Then

ClpXq » Z{2.

Proof Consider the point P “ p0, 1q corresponding to the maximal ideal m “ px, y ´ 1q.
The first step will be to show that the complement X ´ P has trivial class group. Note that
X ´ P “ Dpy ´ 1q is the spectrum of the ring

Ay´1 “
`

Rrx, ys{px2 ` y2 ´ 1q
˘

y´1
.

By the formulas for stereographic projection from P , there is an isomorphism of rings

Ay´1 » Rrts1`t2 , px, yq ÞÑ

ˆ

2t

1 ` t2
,
1 ´ t2

1 ` t2

˙

with inverse sending t to x{py ´ 1q. As Rrts1`t2 is a localization of a UFD, we have
ClpX ´ P q “ 0.

The exact sequence (16.5) applied to the open set X ´ P shows that P generates ClpXq.
To determine the order of P , note that divpy ´ 1q “ 2P , because x is a local parameter at
P and y ´ 1 “ py ` 1q´1x2 in OX,P . Hence 2P “ 0 in ClpXq.

To see that P is nonzero in ClpXq, it suffices to show that OXpP q ‰ OX . We do this by
computing the global sections. Consider the covering of X consisting of the two open sets
U0 “ Dpy ´ 1q and U1 “ Dpy ` 1q. Then

ΓpU0,OXpP qq “ Ay´1, ΓpU1,OXpP qq “ x´1 ¨Ay`1

and the two local sections s0 “ x{py ´ 1q and s1 “ ´py ` 1q{x glue to a global section of
OXpP q, which is not constant. This shows that OXpP q fi OX .

The non-triviality of the class group ClpXq reflects the arithmetic properties of A: the
equation x2 “ py´1qpy`1q shows thatA is not a UFD, as x, y´1, and y`1 are irreducible
but not prime. In contrast, for the complexified circle XC “ SpecCrx, ys{px2 ` y2 ´ 1q,
the class group is trivial, as Crx, ys{px2 ` y2 ´ 1q » Cru, vs{puv ´ 1q » Crt, t´1s is a
UFD.

The quadric cone

Proposition 16.43. Let k be a field of characteristic ‰ 2 and let X “ SpecA where
A “ krx, y, zs{pxy ´ z2q. Then

ClpXq “ Z{2

generated by the prime divisor Z “ V py, zq.

Proof Note that Z corresponds to the line ty “ z “ 0u, which is indeed an integral
subscheme of X of codimension 1.
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Figure 16.2 A singular quadric surface

The complement X ´ Z “ X ´ V pyq “ Dpyq can be identified with Spec kry, y´1, us

via the isomorphism

krx, y, y´1, zs{pxy ´ z2q » kry, y´1srt, us{pt´ u2q » kry, y´1, us

where u “ y´1z. As this is a UFD, we have ClpX ´ Zq “ 0. By the exact sequence for
class groups, we see that ClpXq is generated by Z.

We next claim that divpyq “ 2Z, so 2rZs “ 0 in ClpXq. Because of the equation
xy “ z2, we have V pyq “ V py, zq “ Z , as sets. Therefore, the only prime divisor where y
has non-zero order of vanishing is Z. The local ring at the generic point of Z is given by

Apy,zq “ pkrx, y, zs{pxy ´ z2qqpy,zq

Since x is invertible in this ring, we see that y P pz2q and that z is a local parameter. This
shows that ordZpyq “ 2, so 2Z “ divpyq.

To see that Z itself not a principal divisor, we investigate the local ring at the origin
P “ p0, 0, 0q:

OX,P “ pkrx, y, zs{pxy ´ z2qqpx,y,zq

In this ring, p “ py, zq is a height 1 prime ideal, but it cannot be principal. Indeed, the
quotient m{m2 (that is, the Zariski cotangent space at P ) is 3-dimensional as a vector space
over k, spanned by tx, y, zu and y, z define a 2-dimensional subspace of m{m2. If p were
principal, the span of ȳ and z̄ would be contained in a 1-dimensional subspace of m{m2, a
contradiction.

This means that rZs ‰ 0 in ClpXq and hence ClpXq “ Z{2.

Note that the open subscheme U “ X ´ tp0, 0, 0qu is nonsingular, and the divisor Z
becomes Cartier on U . This example shows that removing a codimension 2 subset has no
effect on Weil divisors, as ClpUq “ ClpXq “ Z{2, but the subgroup of Cartier divisors
might change.

Here is an alternative, direct way to see that ClpXq “ 0. The key point is that there is a
natural action of kˆ on X defined by t ¨ px, y, zq ÞÑ ptx, ty, tzq. More formally, there is a
morphism of schemes Gm ˆX Ñ X induced by the ring map A ÞÑ Art, t´1s defined by
x ÞÑ tx, y ÞÑ ty, and z ÞÑ tz. This extends to a morphism

φ : A1
k ˆk X ÝÝÑ X
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Let ι0 and ι1 be the closed embeddings X Ñ A1
k ˆX defined by the fibers over t “ 0 and

t “ 1 respectively. Note that φ ˝ ι1 “ idX , so the composition

ClpXq
φ˚

ÝÑ ClpA1 ˆXq
ι˚
1

ÝÑ ClpXq

is equal to the identity. As ι˚1 is an isomorphism, we conclude that φ˚ is an isomorphism.
On the other hand, φ ˝ ι0 equals the zero map px, y, zq ÞÑ p0, 0, 0q and so φ˚ ˝ ι˚0 is

the zero map ClpXq Ñ ClpXq. As both ι˚0 and φ˚ are isomorphisms, this shows that
ClpXq “ 0 must be 0.

Nonsingular quadric surfaces

Proposition 16.44. Let k be an field, and let X “ P1
k ˆk P1

k. Then

ClpXq “ ZrF1s ‘ ZrF2s

where F1 “ p0 : 1q ˆ P1
k and F2 “ P1

k ˆ p0 : 1q.

Proof Note that X ´ F1 ´ F2 is isomorphic to A2
k, so it has trivial class group. From the

exact sequence

ZF1 ‘ ZF2 ÝÝÑ ClpXq ÝÝÑ ClpX ´ F1 ´ F2q ÝÝÑ 0

we deduce that ClpXq is generated by rF1s and rF2s. We claim that the first map is also
injective, so that in fact

ClpXq “ ZrF1s ‘ ZrF2s.

If F1 and F2 are related by aF1 „ bF2 for some integers a, b, then

OXpaF1q » OXpbF2q. (16.12)

Let us compute the restrictions of both sides of (16.12) to F1 and F2. First, since F1 „ F 1
1

where F1 “ p1 : 0q ˆ P1
k and F1 X F2 “ H, we have OXpF1q|F1

» OF1
.

For the second restriction, observe that that F2 is the pullback of p0 : 1q P P1
k under the

second projection pr2 : X Ñ P1
k. Therefore,

OXpF2q|F1
» pr˚

2 OP1
k
p1q|F1

» OP1
k
p1q

since pr2 restricts to the identity on F1.
Finally, restricting both sides of (16.12) to F1, the two statements imply that a “ b “ 0,

so F1 and F2 are independent.

We say that a divisor D „ aF1 ` bF2 has ‘type’ pa, bq the ‘type’ of D. For instance, a
divisor of type p1, 0q or p0, 1q is a line on the quadric surfaceX Ă P3. We have OP3p1q|X »

OXpF1 ` F2q, so a p1, 1q-divisor is represented by a hyperplane section of X (a conic).

Exercise 16.8.1. Let X “ P1
k ˆk P1

k and consider X as a the quadric surface X “

V`px0x3 ´ x1x2q.
a) Show that X contains the twisted cubic curve C of Example 5.28 and that C

defines a prime divisor of type p1, 2q or p2, 1q.
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b) Conversely, show that any prime divisor p1, 2q or p2, 1q is projectively equiva-
lent to the twisted cubic curve.

The 3-dimensional quadratic cone

Proposition 16.45. Let k be a field and let X “ SpecA, where A “

krx, y, z, ws{pxw ´ yzq. Then

ClpXq “ Z,

generated by the class of the line V px, yq.

Note that the ring A is a normal integral domain, but it is not a UFD, as xw “ yz.
Consider the principal divisor H “ divpyq “ V pyq, which decomposes as Z ` Z 1

where Z “ V px, yq and Z 1 “ V py, wq. The complement X ´ H “ SpecpAyq “

Specpkrx, y, y´1, wsq has trivial class group, as Ay is a UFD. From the exact sequence
(16.5), we see that ClpXq is generated by Z and Z 1. As H is principal, we have Z `Z 1 „ 0
in ClpXq, so ClpXq is in fact generated by Z.

To prove that ClpXq » Z., we will show that no nonzero multiple of Z is principal. In
fact, Z is a Weil divisor which has no multiple which is Cartier!

The key observation is that the open subset X ´ Z is not affine (as shown in Exercise
4.11.50). Note that the complement X ´ Z does not see the scheme structure on Z. In
particular, if nZ were Cartier for some n, then X ´ Z would be affine by the folowing
general fact:

Proposition 16.46. Let X be an affine Noetherian normal scheme, and let V psq be the
zero scheme of a section s of an invertible sheaf L. Then X ´ V psq is also affine.

Proof Let X “ SpecA. Let Vi “ SpecBi be a finite affine cover of X that trivializes L
with isomorphisms ϕi : L|Vi

Ñ OVi
. Under these isomorphisms, the section s|Vi

corresponds
to some fi P Bi. Then V psq X Vi “ SpecpBi{pfiqq and Vi ´ V psq “ SpecppBiqfiq.

Consider the inclusion ι : U Ñ X of the open set U “ X ´ V psq. As ι´1pViq “

Vi ´ V psq is affine, and the open sets ι´1pViq form a cover of U , we see that ι is an affine
morphism. But then U “ ι´1pXq is affine as well.

The projective quadric cone

Proposition 16.47. Let X “ V`pxy´ z2q Ă P3
k be the projective quadratic cone. Then

ClpXq “ Z

generated by the hyperplane section H “ V`pwq.

The exact sequence of class groups takes the form

0 ÝÝÑ ZH ÝÝÑ ClpXq ÝÝÑ ClpX ´Hq ÝÝÑ 0 (16.13)
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Injectivity on the left follows because H corresponds to the invertible sheaf OP3
k
p1q|X which

has infinite order in ClpXq since OP3
k
pdq|X ‰ OX for every d ą 0 (to see this, consider the

space of global sections).
The complementX´H is isomorphic to the affine quadric cone Spec krx, y, zs{pxy´z2q,

hence ClpX ´ Hq “ Z{2. Hence (16.13) shows that ClpXq is either Z, generated by a
divisor D such that 2D “ H or Z ‘ Z{2. The correct answer is ClpXq “ Z, generated by
the divisor D “ V`px, zq. This can be seen from the relation divpxq “ 2D, where D is the
prime divisor corresponding to the line ℓ “ tx “ z “ 0u.

The Weil divisor D is not Cartier: being Cartier is a local condition, so this follows from
the example of the affine quadric cone above.

Here is an alternative way to see it: if D “ V`px, zq were Cartier, the sheaf L “ OXpDq

would be invertible, and the same would be true for for the restriction to the line ℓ. The Picard
group of ℓ » P1

k is Z, generated by OP1
k
p1q, so we would have L|ℓ » OP1

k
paq for some

a P Z. On the other hand, we know that the divisor H “ 2D is Cartier, and

OXpHq|ℓ » OP3
k
p1q|ℓ » OP1

k
p1q,

as the divisor of w is just one reduced point on ℓ. This implies that 2a “ 1, which is not
possible. Hence D is not Cartier.

16.9 Extended example: Zr
?

´5s

The ring A “ Zr
?

´5s “ Zrxs{px2 ` 5q has already appeared a few places throughout the
book. As we have seen, A is not a UFD, so ClpSpecAq ‰ 0. Now we claim the following:

Proposition 16.48. The class group of A “ Zr
?

´5s is given by ClpSpecAq “ Z{2,
and it is generated by the class of the prime divisor Y “ V p2, 1 ` xq.

Proof First, note that p2, 1 ` xq is prime, because

A{p2, 1 ` xq » Zrxs{p2, 1 ` xq » Z{2.

Let p be a height 1 prime ideal in A. We will show that V ppq is either principal or equivalent
to Y in ClpSpecAq.

The idea is to study the morphism π : SpecA Ñ SpecZ induced by the integral extension
Z Ă A. Note that π is surjective, by the Going-Up Theorem. The point p lies over a nonzero
prime ppq P SpecZ. There are three cases to consider:

(i) ppq remains prime in A.
(ii) ppq is a square of a prime ideal in A.

(iii) ppq decomposes as

ppq “ pp, x´ aq X pp, x` aq (16.14)

where a P Z is an integer such that a2 ` 5 ” 0 pmod pq.
In case (i), pA is prime in A, and so V ppq “ V ppAq is principal. The case (ii) happens if
and only if the minimal polynomial x2 ` 5 “ 0 has a multiple root modulo p. This happens
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only for the primes p “ 2 and p “ 5. For p “ 2, we have p2q “ p1 ` xq2. Therefore,
divp2q “ 2V p2, 1 ` xq “ 2Y , and hence

2Y “ 0 in ClpSpecAq.

For p “ 5, we have p5q “ pxq2, and so V ppq “ V p5, xq “ V pxq, which is principal.
We therefore reduce to the case (iii). By adjusting a by a multiple of p, we may assume

0 ď a ă p. From (16.14),

divppq “ V pp, x` aq ` V pp, x´ aq, (16.15)

Which shows that V pp, x` aq “ ´V pp, x´ aq in ClpSpecAq. Hence it suffices to analyze
V pp, x` aq.

Consider more generally ideals of the form pn, x` aq where n ě 2 and 0 ď a ă n and
a2 ` 5 ” 0 pmod nq.

If n “ 2, we recover Y “ V p2, 1 ` xq.
If n “ 3, then we must have a “ 1. As p1 ` x, x2 ` 5q “ p1 ` x, 6q, we get

divp1 ` xq “ V p3, 1 ` xq ` V p2, 1 ` xq.

Hence V p3, 1 ` xq “ ´Y in ClpSpecAq.
If n “ 4, no solutions exist, as a2 ` 1 ” 0 pmod 4q has no integer solutions.
If n “ 5, then a “ 0, and p5, xq “ pxq, which is principal.
If n ě 6, write a2 ` 5 “ bn. Then we get

divpx` aq “ V px` a, x2 ` 5q

“ V pa` x, bnq “ V pa` x, bq ` V pa` x, nq

But as a2 ` 5 “ bn and n ě 6, we must have b ă n. Therefore, by induction on n, the
class of V pb, a` xq can be written as a multiple of Y in the class group. This completes the
proof.

More generally, consider the quadratic number fieldK “ Qp
?
dq, where d is a square-free

integer. The ring of integers OK , that is, the integral closure of Z in K, is a normal integral
domain of dimension 1 (see Exercise 10.6.8 for more details). When d ă 0, it is known that
the class group ClpOKq is trivial if and only if

d P t´1,´2,´3,´7,´11,´19,´43,´67,´163u.

It is currently unknown whether there exist infinitely many positive values of d for which
ClpOKq ‰ 0.

16.10 Exercises

Exercise 16.10.1. Verify that the set of principal divisors form a subgroup of DivpXq.

Exercise 16.10.2. Consider the curve y2 “ x3 ´ 1 in A2
k where k is algebraically closed of

characteristic different from 2 and 3. If pa, bq P X we let σpa, pq “ pa,´bq, which also lies
in X .

a) Show that for any P P X , it holds that P ` σpP q „ 0.
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b) Show that if P , Q and R are three collinear points on X , then P `Q`R „ 0.
c) Show that any Weil divisor on X is linearly equivalent to a prime divisor.

Exercise 16.10.3. Let X be an integral normal scheme and let KX denote the constant sheaf
onK “ KpXq. Note that the sheaf Oˆ

X of invertible sections of OX embeds as a subsheaf of
KX . Show that a Cartier divisor is the same thing as a global section of the sheaf K ˆ

X {Oˆ
X .

Exercise 16.10.4. Check that the inverse of a Cartier divisors and the sum of two are well-
defined; that is, that all cocycle conditions are fulfilled and that the inverse, respectively the
sum, is independent of choices of representatives.

Exercise 16.10.5. Check that the ideal sheaf InP of the divisor nP in Example ?? is
isomorphic to OP1p´nq.

Exercise 16.10.6. Describe Cartier data that defines the hyperplane V pxiq in Pnk .

Exercise 16.10.7. Show that all the local rings OX,p of the curve X given by y2 “ x3 ´ 1
in A2

k are discrete valuation rings, and hence X is a normal variety. We assume that k is
algebraically closed and of characteristic different from three and two. More precisely, if
pa, bq is a point on X show that x´ a is a parameter if b ‰ 0 and that y is one when b “ 0.
HINT: Note that y2 ´ b2 “ x3 ´ a3.

Exercise 16.10.8. Let X “ SpecCrx, ys{py2 ´ x3 ´ xq. Compute the divisors of the
rational functions x, y and x2{y.

Exercise 16.10.9. Consider the curve Z “ V pF q Ă P2
k defined by an irreducible homoge-

neous polynomial F of degree d ě 1. Consider the open set U “ P2
k ´ Z. Show that the

exact sequence (16.5) takes the form

0 ÝÝÑ Z ¨d
ÝÝÑ Z ÝÝÑ ClpUq ÝÝÑ 0.

Deduce that ClpUq » Z{d.

Exercise 16.10.10. Show that for the weighted projective space P “ Pp1, 1, dq we have
ClpPq “ ZD and CaClpPq “ ZH where H “ dD.

Exercise 16.10.11. The same reasoning as for P1
k can be applied to the affine line X with

two origins. Compute PicpXq for this example.

Exercise 16.10.12. The aim of this exercise is to prove the following statement, known as
Nagata’s lemma: Let A be a Noetherian integral domain, and let x P A ´ 0. Suppose that
pxq is prime, and that Ax is a UFD. Then A is a UFD.

a) Show that Ax is normal.
b) Show that A is normal. HINT: If t P KpAq is integral over A, then t P Ax.
c) Show that there is an exact sequence

ZD Ñ ClpSpecAq Ñ ClpSpecAxq “ 0.

d) Use the above sequence to show that ClpSpecAq “ 0, and conclude that A is
a UFD.
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Exercise 16.10.13. Let d be a square free integer and assume that d ı 1 mod 4 so that
Zr

?
ds is a Dedekind ring. Show that the class group of Zr

?
ds is finite. HINT: Imitate the

technique used for the example with Zr
?

´5s.

Exercise 16.10.14. Let X be a scheme and let D Ă X be a closed subscheme with ideal
sheaf I . Show that the following statements are equivalent:

(i) I is an invertible sheaf.
(ii) For every x P X , the ideal Ix Ă OX,x is principal and generated by a nonzero-

divisor.
(iii) There is an open covering Ui of X and nonzerodivisors fi P OXpUiq such that

fi generates IpUiq.
(iv) For every x P X , there is an open affine neighbourhood U “ SpecA of x such

that U XD “ SpecA{pfq where f P A is a nonzerodivisor.
(v) D is the zero scheme of a global section s of an invertible sheaf L.

When X is normal integral Noetherian, these are also equivalent to
(vi) D is an effective Cartier divisor.

Exercise 16.10.15. Show that the Picard group of the general linear group GLn is trivial.
HINT: Use an exact sequence.

Exercise 16.10.16. Let X be a normal integral scheme and let π : X ˆ A1 Ñ X . We will
consider the map

π˚ : PicpXq ÝÝÑ PicpX ˆ A1q

We will also need a section ι : X Ñ X ˆ A1 defined by x ÞÑ px, 0q.
a) Show that the composition ι˚ ˝ π˚ is the identity. Deduce that π˚ is injective.
b) Let L be an invertible sheaf on X ˆ A1 and assume that there is an affine

covering Ui of X such that L is trivial when restricted to each π´1pUiq. Show
that L » π˚A for some A invertible sheaf on X .

c) Using b), deduce that π˚ is surjective.

Exercise 16.10.17. Let k be a field. Use the fact that A2
k has trivial Picard group to show that

the morphism A2
k ´ tp0, 0qu Ñ P1

k does not extend to a morphism A2
k Ñ P1

k.

Exercise 16.10.18 (Norms). Let f : X Ñ Y be a finite morphism of integral Noetherian
normal schemes. Then f induces an inclusion of function fields KpY q Ñ KpXq, making
KpXq into a finite extension of KpY q.

a) Show that the multiplication g P KpY q induces a KpXq-linear map of KpXq-
vector spaces mg : KpY q Ñ KpY q.

b) We define the norm to be the map N : KpY q Ñ KpXq to be the determinant
of mg. Show that N is multiplicative, i.e., Npghq “ NpgqNphq for each
g, h P KpY q.

c) Use the norm to define a morphism f˚ : DivpXq Ñ DivpY q.
d) Show that if h P KpXq, then f˚f

˚ divphq “ pdeg fq ¨ divphq.

Exercise 16.10.19. Let X “ A2
k ´ p0, 0q and let f : X Ñ P1

k be the quotient morphism.
Show that f˚OP1

k
p1q » OX . Deduce that the induced map f˚ : PicpP1

kq Ñ PicpXq may
fail to be injective.
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Find a dominant morphism f : X Ñ Y so that PicpY q Ñ PicpXq is not surjective.

Exercise 16.10.20. Show that the rings Zr
?

´5s2 and Zr
?

´5s3 are unique factorization
domains.

Exercise 16.10.21. For non-Noetherian schemes one quickly runs into difficulties when
defining the divisor of a rational function.

a) Imitating the construction of the affine line with two origin, one can construct
the affine line X with infinitely many origins.

b) Show that X is integral, normal, with fraction field kptq, but there are infinitely
many closed points p P X for which ordpptq “ 1.

Exercise 16.10.22 (Quadric hypersurfaces in higher dimension). LetA “ krx1, . . . , xn, y, zs{px2
1`

¨ ¨ ¨ ` x2
n ´ yzq. We will prove that A is a UFD for n ě 3.

a) Show that A is an integral domain.
b) Show that A is normal. HINT: Show first that Ay is a UFD, hence normal. pyq

is prime for n ě 3.
c) Show that ClpSpecAq “ 0 and conclude that A is a UFD. HINT: Consider
Z “ div y

d) Suppose that k contains a square root of ´1 and let X “ V px2
0 ` ¨ ¨ ¨ ` x2

nq Ă

An`1
k “ Spec krx0, . . . , xns. Show that

(a) n “ 2, ClpXq “ Z{2
(b) n “ 3, ClpXq “ Z
(c) n ě 4, ClpXq “ 0

Exercise 16.10.23. Consider a quadric X “ V px2
0 ` ¨ ¨ ¨ ` x2

n´2 ` xnxn´1q Ă Pnk . Show
that ClpXq is

(i) If n “ 2, then ClpXq “ Z.
(ii) If n “ 3, then ClpXq “ Z2.

(iii) If n ě 4, then ClpXq “ Z.

Exercise 16.10.24. Show that if two Weil divisors D and E are linearly equivalent then
OXpDq » OXpEq as OX-modules.

Exercise 16.10.25. Consider the rational function f from Example ??. Regarding f as a
rational function on P1

k, compute divpfq.

Exercise 16.10.26. Let A be a discrete valuation ring with maximal ideal m and let X “

SpecA. Fix a local parameter t P A, such that m “ ptq and let x P X be the closed point
corresponding to m.

a) Show that OXpnxq “ t´n ¨ OX , as subsheaves of KpXq.
b) Show that if f P KpXqˆ, then divpfq “ ordx f ¨ x and OXpdivpfqq “

t´ ordx fOX .
c) Show that ClpXq “ Z.
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17

Differentials

17.1 Derivations

In this section, we discuss derivations of a k-algebra A. Here we allow ‘k’ to be any base
ring, but of course the main example we have in mind is when k is a field.

Definition 17.1. Let k be a ring and let A be a k-algebra. An k-derivation from A with
values in M is a k-linear map D : A Ñ M satisfying the Leibniz rule

Dpfgq “ g ¨Dpfq ` f ¨Dpgq

for every f, g P A.

Note that even though M is an A-module, a derivation D is usually not a map of A-modules;
we only require it to be linear over k.

If D is a derivation, then Dpaq “ 0 for every element a P k. This follows because
Dpa ¨ aq “ a ¨ Dpaq and Dpa ¨ aq “ a ¨ Dpaq ` a ¨ Dpaq “ 2Dpaq. We think of the
elements in A coming from k as the ‘constants’. However, a derivation can be zero on other
elements in A as well (a silly example is the zero map, which is a derivation).

Example 17.2. If A “ krxs, then we can define a derivation D : A Ñ A by sending a
polynomial fpxq “

ř

i aix
i to f 1ptq. Here f 1pxq is the formal derivative defined by

f 1pxq “
ÿ

i

iaix
i´1. (17.1)

More generally, the partial differential operators B

Bx1
, . . . , B

Bxn
, as well as their k-linear

combinations, are k-linear derivations on the polynomial ring krx1, . . . , xns. △

Many of the familiar formulas for derivatives from calculus hold also for general derivations.
For instance, an easy induction shows that Dpxnq “ nxn´1Dpxq for every x P A, and in
case g is invertible inA,Dpf{gq “ pDpgqf´Dpfqq{g2. Moreover, if fpxq is a polynomial,
one has the chain rule Dpfpgqq “ f 1pxqDpgq.

The set of k-derivations D : A Ñ M is denoted by DerkpA,Mq. While derivations need
not be A-linear, the set DerkpA,Mq has an A-module structure, where an element a P A
acts by D ÞÑ a ¨D.

If ρ : M Ñ N is a map of A-modules, and D : A Ñ M is a k-derivation, then the
composition ρ ˝ D : A Ñ N is again a k-derivation with values in N . This means that
DerkpA,´q is a functor from ModA to itself.
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The set of derivations DerkpA,Mq is also functorial in the base ring k and the k-algebra
A. If k Ñ k1 is a ring map, any k1-derivation A Ñ M can be regarded as a k-derivation,
so we obtain an inclusion Derk1 pA,Mq Ă DerkpA,Mq. Likewise, if A Ñ A1 is a map of
k-algebras, then a derivation A1 Ñ M induces a derivation A Ñ M by composition.

17.2 Kähler differentials

For a k-algebra A, there exists an A-module ΩA{k and a derivation dA : A Ñ ΩA{k which is
universal among derivations from A into modules M . This means that for any k-derivation
D : A Ñ M there exists a unique A-linear map α : ΩA{k Ñ M such that D “ α ˝ dA:

A ΩA{k

M.

dA

D
α

In other words, the map sending α ÞÑ α ˝ dA is a bijection

HomApΩA{k,Mq ÝÝÑ DerkpA,Mq. (17.2)

We can construct theA-module ΩA{k explicitly as follows. For each element a P A introduce
a symbol da and consider the free A-module G “

À

aPAAda. Inside G, we have the
submodule H generated by the expressions

dpa` bq ´ da´ db, dpabq ´ a ¨ db´ b ¨ da, dc

for a, b P A and c P k. We then define ΩA{k “ G{H , and the map dA : A Ñ ΩA{k by
dApaq “ da. Note that dA is additive, because any Z-linear relation among the da’s maps to
zero in G{H , and it is a derivation because the Leibniz rule dpabq “ a db` b da is imposed
to hold in G{H . Finally, it will be k-linear because dpc ¨ aq “ c ¨ da` 0 “ c ¨ da in G{H .

The module G{H also satisfies the universal property above: given any k-derivation
D : A Ñ M , we define the A-linear map α : ΩA{k Ñ M by αpdaq “ Dpaq, which is
well-defined precisely because D is a derivation.

Definition 17.3. The A-module ΩA{k is called the module of differentials of A over k.

Here is an important example, which will serve as a basis for essentially all explicit
computations involving ΩA{k.

Proposition 17.4 (Polynomial rings). Let k be a ring and let A “ krx1, . . . , xns. Then
ΩA{k is the free A-module with basis dx1, . . . , dxn:

ΩA{k “

n
à

i“1

Adxi.

The universal derivation is defined by dApfq “
řn

i“1
Bf
Bxi

dxi.

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

17.2 Kähler differentials 349

Proof The universal property follows from the general chain rule: for any k-derivation
D : A Ñ M into a A-module M , we have

Dpfq “

n
ÿ

i“1

Bf

Bxi
Dpxiq. (17.3)

Indeed, an easy induction using the Leibniz rule, shows that (17.3) holds when f is a
monomial, and then we conclude using k-linearity.

Given a derivation D, we can define the A-linear map α :
Àn

i“1Adxi Ñ M by sending
dxi to Dpxiq. Then (17.3) implies that we have the equality D “ α ˝ dA, so the required
universal property holds.

Differentials and the diagonal

While the construction in the previous section is useful for efficiently defining ΩA{k, there is
an alternative description of ΩA{k, which is a bit more geometric. This description will be
useful when we construct the sheaf of differentials, as the previous construction does not
behave well with respect to gluing.

Let A be a k-algebra, let µ : A bk A Ñ A be the multiplication map µpx b yq “ xy
and let I “ Kerpµq Ă Abk A. Then as we saw in Chapter ??, I is the ideal describing the
diagonal embedding

∆: SpecA ÝÝÑ SpecpAbk Aq.

The next result shows that the module of differentials ΩA{k can be identified with the quotient
I{I2. Just to clarify, there are a priori two A-module structures on I Ă Abk A, one given
by A Ñ Abk A via a ÞÑ ab 1 and the other defined by a ÞÑ 1b a. But these two coincide
when passing to the quotient I{I2, because for any x P I ,

pab 1qx´ p1 b aqx “ pab 1 ´ 1 b aq ¨ x P I2.

Another useful fact is that I is generated (as an ‘A bk 1-module’) by the elements of the
form a b 1 ´ 1 b a where a P A. Indeed, for a given element

ř

i ai b bi P I , we have
ř

i aibi “ 0 in A, hence
ř

i 1 b aibi “ 0 in Abk A, and this implies that
ÿ

i

ai b bi “
ÿ

i

pai b 1qpbi b 1 ´ 1 b biq.

Proposition 17.5. There is an isomorphism of A-modules

ΩA{k » I{I2. (17.4)

The universal derivation δ : A Ñ I{I2 is defined by δpaq “ ab 1 ´ 1 b a.

Proof Let us first check that δ is a derivation. Note that δ is k-linear, because for a, b P k
and x, y P A, we have

δpax` byq “ pax` byq b 1 ´ 1 b pax` byq

“ axb 1 ´ 1 b ax` by b 1 ´ 1 b by

“ a ¨ δpxq ` b ¨ δpyq.
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Moreover, the Leibniz rule holds:

δpabq “ abb 1 ´ 1 b ab

“ pab 1qpbb 1 ´ 1 b bq ` p1 b bqpab 1 ´ 1 b aq

“ a ¨ δpbq ` b ¨ δpaq.

Next, we check that I{I2 and δ satisfy the universal property. Let D : A Ñ M be a k-linear
derivation. This defines an ‘Abk 1’-linear map

α : Abk A ÝÝÑ M, ab x ÞÑ a ¨Dpxq

We have αpI2q “ 0, because

αppxb 1 ´ 1 b xqpy b 1 ´ 1 b yqq “ αpxy b 1q ´ αpxb yq ´ αpy b xq ` αp1 b xyq

“ xy ¨Dp1q ´ x ¨Dpyq ´ y ¨Dpxq `Dpxyq “ 0

The last expression is zero because D is a derivation.
Therefore we get an induced map ᾱ : I{I2 Ñ M so that d “ ᾱ ˝ δ:

A I{I2

M

D

δ

ᾱ

The map δ is surjective, because I is generated by the expressions xb1´1bx. This implies
that the induced map ᾱ is unique. Finally, ᾱ is A-linear because α is Ab 1-linear.

17.3 Properties of differentials

Let k be a ring and let ρ : A Ñ B be a map of k-algebras. There are two important
exact sequences that relate the three modules ΩA{k,ΩB{k and ΩB{A. The maps involved are
defined as follows. Note first that there is a natural A-linear map ΩA{k Ñ ΩB{k defined by
da ÞÑ dpρpaqq. Taking the tensor product, we obtain a natural map of B-modules

ρ˚ : ΩA{k bAB Ñ ΩB{k; dAab b ÞÑ b ¨ dBρpaq. (17.5)

We also have the ‘change of constants’ map

β : ΩB{k ÝÝÑ ΩB{A; dBb ÞÑ dBb.

Note that the elements of the form dBρpxq all map to zero in ΩB{A. The next proposition
shows that these elements in fact generate the kernel of β:

Proposition 17.6 (Cotangent sequence). There is an exact sequence of B-modules

ΩA{k bAB ΩB{k ΩB{A 0
ρ˚ β

(17.6)

Proof The surjectivity of β is easy, because both B-modules are generated by symbols of
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the form dBb, but there are more relations imposed in ΩB{A. In fact, from the description of
ΩB{A in terms of generators and relations, we see that

ΩB{A “ ΩB{k{
〈
B dBa : a P A

〉
Moreover, the submodule

〈
B dBa : a P A

〉
is exactly the image of the map ρ˚, so we get

also exactness in the middle.

In general, the map ρ˚ needs not be injective nor surjective. There is one important
case where it is surjective, and where one can describe the kernel explicitly, namely when
B “ A{I and ρ is the quotient map. In this case ΩB{A “ 0, because for each a P A, we
have dB{Apaq “ a ¨ dB{Ap1q “ 0 in ΩB{A, by A-linearity. Therefore, the left-most map
appearing in the cotangent sequence (17.6), ρ˚, is surjective. By the description of ΩB{k in
terms of generators and relations, we see that the kernel of ρ˚ is generated by elements of the
form dab 1 where a P A. Note that this is also the image of the map

δ : I{I2 ÝÝÑ ΩA{k bk B; f ÞÑ df b 1.

This map is well-defined, because if f, g P I , then dpfgq b 1 “ pg df ` f dgq b 1 “ 0 by
the Leibniz rule. Moreover, it is B-linear, because

δpa ¨ fq “ dpa ¨ fq b 1 “ pf da` a dfq b 1 “ a df b 1 “ a ¨ δpfq.

We have proved the following proposition.

Proposition 17.7 (Conormal sequence). Let A be a k-algebra and let B “ A{I for
some ideal I Ă A. Then there is an exact sequence of B-modules

I{I2 ΩA{k bAB ΩB{k 0.δ ρ˚

(17.7)

The conormal sequence allows us to find explicit presentations of modules of differentials. If
A is a finitely generated k-algebra, say A “ krx1, . . . , xns{I where I “ pf1, . . . , frq, then
we have

Ωkrx1,...,xrs{k bk A »
Àn

i“1Adxi.

and the sequence (17.7) takes the form

I{I2
Àn

i“1Adxi ΩA{k 0.δ

As I{I2 is generated as a A-module by the classes of the f1, . . . , fr modulo I2, there is a
surjection Ar Ñ I{I2 which gives the exact sequence

Ar
Àn

i“1Adxi ΩA{k 0. (17.8)

Here the left-most map sends the i-th basis vector ei to dfi “
řn

j“1
Bfi
Bxj

dxj . This means that
it can be identified with the A-linear map J t : Ar Ñ An defined by multiplication by the
transpose of the Jacobian matrix

J “

¨

˚

˝

Bf1
Bx1

¨ ¨ ¨
Bf1
Bxn

...
...

Bfr
Bx1

¨ ¨ ¨
Bfr
Bxn

.

˛

‹

‚
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We summarize the discussion in the following theorem:

Theorem 17.8. Let k be a ring and let A “ krx1, . . . , xns{pf1, . . . , frq. Then

ΩA{k “

Àn

i“1Adxi〈
Adf1 ` ¨ ¨ ¨ `Adfr

〉 “ Coker J t (17.9)

and the universal k-derivation is given by dApfq “
řn

i“1
Bf
Bxi

dxi.

The description in (17.9) allows for easy computations of differentials for a large class of
rings. We will see many examples in Section 17.5.

Another nice property of differentials is that they behave well under base change and
localization:

Proposition 17.9. Let k be a ring and let A and B be k-algebras.
(i) (Base change) For the k-algebra C “ Abk B, we have

ΩC{B “ ΩB{A bB C.

(ii) (Localization): For a multiplicative set S Ă A, we have an isomorphism of
S´1A-modules

ΩS´1A{k “ S´1pΩA{kq

Proof See Exercises 17.11.3 and 17.11.4.

Combining Theorem 17.8 and Proposition 17.9, we get the following:

Corollary 17.10. Let k be a ring and let A be a finitely generated k-algebra, or a
localization of such. Then ΩA{k is a finitely generated A-module.

17.4 The sheaf of differentials

The primary motivation for studying the module of differentials ΩB{A is that it provides
an intrinsic sheaf ĆΩB{A on SpecB associated to a morphism SpecB Ñ SpecA. In this
section, we globalize this construction to an arbitrary separated morphism X Ñ S.

Definition 17.11. LetX be a separated scheme over a scheme S. Let I be the ideal sheaf
corresponding to the diagonal embedding ∆: X Ñ X ˆS X . We define the sheaf of
Kähler differentials to be the sheaf

ΩX{S “ ∆˚pI{I2q.

When S “ SpecA, we write ΩX{A “ ΩX{ SpecA.

Concretely, if U “ SpecB Ă X is an affine open that maps into V “ SpecA Ă S, then
the restriction ∆|U : U Ñ U ˆS U “ U ˆV U “ SpecpB bA Bq is a closed embedding
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corresponding to the ideal I “ IpUq inBbAB. Moreover, I{I2|UˆV U “ ĄI{I2. Therefore,

ΩX{S|U » ĆΩB{A.

Hence the sheaf ΩX{S is built out of the various ΩB{A over affine opens. In particular, ΩX{S

is a quasi-coherent sheaf. If X is of finite type over a ring k, then ΩX{k is also of finite type,
by Corollary 17.10.

The algebraic properties of the Kähler differentials ΩB{k translate into the following
statements for ΩX{S .

Proposition 17.12.
(i) (Base change): Let X Ñ S, and S1 Ñ S be separated morphisms and let

X 1 “ X ˆS S
1 with projection p : X 1 Ñ X . Then

ΩX1{S1 “ p˚ΩX{S.

(ii) (Cotangent sequence): Let S be a scheme and f : X Ñ Y a morphism of
separated schemes over S. Then there is an exact sequence of OX -modules

f˚pΩY {Sq Ñ ΩX{S Ñ ΩX{Y Ñ 0. (17.10)

(iii) (Conormal sequence): Let Y be a closed subscheme of a scheme X over
S. Let IY be the ideal sheaf of Y . Then there is an exact sequence of
OY -modules

IY {I2
Y Ñ ΩX{S|Y Ñ ΩY {S Ñ 0. (17.11)

17.5 Examples

Example 17.13 (Affine space). For the affine n-space Ank “ Spec krx1, . . . , xns over a ring
k, we have

ΩAn
k {k “ ČΩkrx1,...,xns{k “

n
à

i“1

OX dxi.

△

Example 17.14. Let k be a field and let hpxq P krxs. Then for A “ krxs{phq, we have

ΩA{k “
Adx

h1pxqdx
.

Consider the ring map ρ : krus Ñ krxs sending u to hpxq. Writing krxs “ krusrxs{phpxq´

uq, we compute

Ωkrxs{krus “ pkrxsdxq{ph1pxqdxq

Ωkrus{k bkrus krxs “ krxsdu “ krxsh1pxqdx

and the cotangent sequence (17.6) takes the form

0 ÝÝÑ krxs du ÝÝÑ krxs dx ÝÝÑ krxs dx{ph1pxqdxq ÝÝÑ 0
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(Here the left-most map sends du to h1pxqdx, so the sequence is in fact short exact.)
On the geometric side, assuming h is non constant, ρ defines a finite morphism f : A1

k Ñ

A1
k. The module Ωkrxs{krus is supported on the points where h has multiple roots, or in other

words, where f is not pdeg hq-to-1. △

Example 17.15 (Plane curves). Let k be a field and letX “ SpecAwhereA “ krx, ys{pfq.
By Theorem 17.8, the module of differentials is given by

ΩA{k “ pAdx‘Adyq {

ˆ

Bf

Bx
dx`

Bf

By
dy

˙

.

Write fx “
Bf
Bx

and fy “
Bf
By

for the partial derivatives. IfX is smooth, that is, V pf, fx, fyq “

H, then X is covered by the two open sets Dpfxq and Dpfyq. The module of differen-
tials ΩA{k will be a locally free A-module of rank 1. Over the open set Dpfxq, we have
pΩA{kqfx “ ΩAfx {k and we may eliminate dx using the relation fx dx ` fy dy “ 0, and
pΩA{kqfx is generated by the element dy{fx. Likewise, over Dpfyq, the module is generated
by ´dx{fy. Note that on the overlap Dpfxq X Dpfyq, these two generators coincide, as
fxdx` fydy “ 0 in ΩA{k. This means that we have defined a global section of ΩX{k. △

Example 17.16 (The nodal cubic). Let k be a field and let A “ krx, ys{py2 ´ x2px` 1qq.
Then X “ SpecA is a plane curve which has a singular point at the origin P corresponding
to m “ px, yq, and nonsingular at all other points. The module of differentials is given by

ΩA{k “
Adx‘Ady

p2y dy ´ p3x2 ` 2xqdxq
.

In this case ΩA{k has rank 1 for every point px, yq ‰ p0, 0q. Indeed, dx will generate ΩA{k

over the open set Dpyq, and dy will generate over Dpxq (except where 3x ` 2 “ 0, but
these points are covered by the first case, as y ‰ 0 there.)

At the origin, where x “ y “ 0, the relation 2y dy ´ p3x2 ` 2xqdx is identically zero,
and ΩA{k is not locally free there. More precisely, ΩA{k bA kpP q is isomorphic to

ΩA{k bA A{px, yq “
Adx‘Ady

px, y, 2ydy ´ p3x2 ` 2xqdxq
“ k dx‘ k dy

which is a k-vector space of dimension 2. △

Example 17.17 (The cuspidal cubic). Let k be a field of characteristic ‰ 2, 3 and let
A “ krx, ys{py2 ´ x3q. The module of differentials is given by

ΩA{k “
Adx‘Ady

p2y dy ´ 3x2 dx
q

As in the previous example, ΩA{k is locally free of rank 1 outside the origin px, yq.
In fact, the module ΩA{k contains non-zero torsion elements. Consider for instance the

element η “ 3ydx´ 2xdy, which is killed by y and x2:

x2η “ 3x2y dx´ 2x3dy “ yp3x2 dx´ 2y dyq “ 0

yη “ 3y2 dx´ 2xy dy “ xp3x2dx´ 2ydyq “ 0.
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To see that η is non-zero, note that we can view A as an algebra over the polynomial ring
krxs, and

ΩA{krxs “ pAdyq{p2y dyq.

The ‘change of constants map’ ΩA{k Ñ ΩA{krxs, sends dx ÞÑ 0 and dy ÞÑ dy. Therefore,
η “ 3ydx´ 2xdy maps to 2x dy, which is non-zero, and so η must be non-trivial. △

Example 17.18. Let k be a ring and consider the projective line P1
k over k. Then

ΩP1
k{k » OP1

k
p´2q.

To see this, we use the standard covering of P1
k “ Proj krx0, x1s, given by Ui “ D`pxiq.

Over U0, Example 17.13 shows that

ΩU0{k » k

„

x1

x0

ȷ

d

ˆ

x1

x0

˙

and similarly on U1. On the intersection D`px0q XD`px1q, the two generators are related
by

d

ˆ

x1

x0

˙

“ ´

ˆ

x1

x0

˙2

d

ˆ

x0

x1

˙

.

This shows that, up to a sign, ΩP1
k{k is constructed using the same gluing function as OP1

k
p´2q,

and hence ΩX{k » OXp´2q. △

Example 17.19. In this example we will consider the sheaf of differentials of the hyperelliptic
curves of Example B.4. Let ppxq be a polynomial of degree d “ 2g ` 1 or d “ 2g ` 2 and
assume that p has distinct roots. In the affine chart U “ SpecA, where A “ krx, ys{py2 ´

ppxqq, we have

ΩU{k “ Adx‘Ady{p2y dy ´ p1pxq dxq. (17.12)

This is locally free of rank 1: it is generated by dx over the open set Dpyq and by dy
over Dpp1pxqq, and these two open sets cover U as V pp1pxq, yq “ V pp1pxq, ppxqq “ H

by assumption. Over the intersection Dpyq X Dpp1pxqq, these generators are related by
dy “ p1pxq{y dx and p1pxq{y is a unit.

In the other chart, V “ SpecB, where B “ kru, vs{pv2 ´ u2g`2ppu´1qq, we have

ΩV {k “ B du‘B dv{p2v dv ´ pp2g ` 2qu2g`1ppu´1q ` u2g`2p1pu´1qq duq. (17.13)

A similar analysis as above shows that also ΩV {k is locally free of rank 1 over V .
Over the intersection U X V “ Dpxq “ Dpuq, the module of differentials is given by the

localization of (17.12) and (17.13) in x and u respectively. Here the generators are related by
x “ u´1 and y “ u´g´1v, which gives

dx “ ´u´2 du, dy “ ´pg ` 1qu´g´2v dx` u´g´1 dv.

Consider the element ω “ y´1 dx P ΩK{k. Over the open sets Dpyq, Dpp1pxqq, Dpvq,
Dpp1puqq, this can be represented

ω “
dx

y
“

2 dy

p1pxq
“ ´

ug´1 du

v
“ ´

2ug´1 dv

p1puq
.
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From this, it follows that ω in fact defines a global section of the sheaf ΩX{k. The same
holds for the g differentials y´1 dx, . . . , xg´1y´1 dx. We will see later, in Chapter 18, that
ΓpX,ΩX{kq is g-dimensional, generated by these expressions. △

17.6 The Euler sequence and differentials of Pn
k

In this section, we will give a concrete description of the sheaf of differentials on projective
space, suitable for explicit computations. We continue to work over a general ring k.

The description is in terms of the so-called ‘Euler sequence’ in (17.14) below. The name
comes from Euler’s formula which states that if f is a homogeneous polynomial in x0, . . . , xn
of degree m, then

řm

i“0 xi
Bf
Bxi

“ m ¨ f . (See Exercise 17.11.8). This formula will be used in
the proof below.

Theorem 17.20 (The Euler Sequence). Then there is an exact sequence

0 ΩPn
k {k

Àn

i“0 OPn
k
p´1q OPn

k
0. (17.14)

Proof Write Pnk “ ProjR, where R “ krx0, . . . , xns. The module ΩR{k “
Àn

i“0Rdxi
is naturally a graded R-module if we give each dxi degree 1.

Next consider the ‘Euler map’ e : ΩR{k Ñ R, defined by dxi ÞÑ xi. This is a map of
graded R-modules. Let M “ Ker e and consider the exact sequence

0 M ΩR{k R.e

If we apply the tilde functor, we obtain the sequence of sheaves

0 ĂM ĆΩR{k OPn
k

ẽ (17.15)

Note that with the above grading, we have ĆΩR{k »
Àn

i“0 OPn
k
p´1q. This will be the middle

sheaf in the sequence (17.14). While e is not surjective, we will show that the map ẽ is
surjective, so that (17.15) is a short exact sequence. To prove this, it suffices to show this over
each distinguished open D`pxiq, and for simplicity, we assume i “ 0.

OverD`px0q, the pRx0
q0-module ΓpD`px0q,ĆΩR{kq “

`

pΩR{kqx0

˘

0
is free of rank n`1,

with basis
dx0

x0

,
dx1

x0

, . . . ,
dxn
x0

. (17.16)

We then have

e

ˆ

dx0

x0

˙

“ 1, e

ˆ

dxj
x0

˙

“
xj
x0

for j “ 1, . . . , n

This means that ẽ is surjective over D`px0q. Moreover, as the modules involved are free
pRx0

q0-modules, the kernel Mx0
is also free; it is generated by the n elements

xj
x2
0

dx0 ´
1

x0

dxj “ d

ˆ

xj
x0

˙

for j “ 1, . . . , n. (17.17)
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17.7 Nonsingularity and smoothness 357

Next, we show that ĂM » ΩPn
k {k. Note that the universal derivation d : R Ñ ΩR{k preserves

the grading, and so it induces a morphism of OPn
k

-modules

d̃ : OPn
k

ÝÝÑ ĆΩR{k.

Over D`px0q, it is given by

d̃

ˆ

f

xm0

˙

“
xm0 df ´ fmxm´1

0 dx0

x2m
0

Note that if f P Rm is a homogeneous polynomial of degree m, Euler’s formula implies that
df “

řn

i“0
Bf
Bxi
dxi is sent to m ¨ f by the map e. This means that

e

ˆ

d̃

ˆ

f

xm0

˙˙

“ e

ˆ

xm0 df ´ fmxm´1
0 dx0

x2m
0

˙

“
xm0 m ¨ f ´ fmxm´1

0 x0

x2m
0

“ 0 (17.18)

Note that over D`px0q, the map d̃ induces the universal derivation pRx0
q0 Ñ ΩpRx0

q0{k. By
(17.18), this takes values inside pMx0

q0, and in fact pMx0
q0 “ ΩpRx0 q0{k as both modules

are generated by the expressions in (17.17). This happens over the other distinguished opens
D`pxiq as well, so we get isomorphisms ĂM |D`pxiq » ΩPn

k {k|D`pxiq. As these are induced
by the universal derivation, they are forced to agree over the overlaps D`pxixjq as well. This
shows that ĂM » ΩPn

k { and we get the exact sequence (17.14).

Since ΩPn
k {k injects into OPn

k
p´1qn`1, which has no global sections, we see that

ΓpPnk ,ΩPn
k {kq “ 0 (17.19)

Example 17.21. On P1
k, the Euler sequence takes the form

0 ÝÝÑ OP1
k
p´2q ÝÝÑ OP1

k
p´1q ‘ OP1

k
p´1q ÝÝÑ OP1

k
ÝÝÑ 0.

In particular, the exact sequence is not split exact. △

17.7 Nonsingularity and smoothness

Recall that a scheme X is said to be nonsingular at a point P P X , if OX,P is a regular local
ring. Moreover, if X is of finite type over a field k, we defined X to be smooth at P if there
is an affine open U “ Spec krx1, . . . , xns{pf1, . . . , frq containing P , so that the Jacobian
matrix

J “

¨

˚

˝

Bf1
Bx1

¨ ¨ ¨
Bf1
Bxn

...
...

Bfr
Bx1

¨ ¨ ¨
Bfr
Bxn

˛

‹

‚

. (17.20)

has maximal rank at P , that is rank JpP q “ n´ dimP X .

Proposition 17.22. Let X be an integral scheme of finite type over a field k. Then X is
smooth over k if and only if ΩX{k is locally free of rank dimX .
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Proof Let us first assume that P P X is a closed point. The statements involved are local in
nature, so we reduce to the case where X “ SpecA, where

A “ krx1, . . . , xns{pf1, . . . , frq.

The conormal sequence takes the form

Ar
Jt

ÝÝÑ An ÝÝÑ ΩA{k ÝÝÑ 0

Tensoring this by κpP q, we obtain

κpP qr
JpP q

t

ÝÝÝÝÝÑ κpP qn ÝÝÑ ΩA{k bA κpP q ÝÝÑ 0. (17.21)

In other words, ΩA{k bA κpP q equals the cokernel of the transpose of the Jacobian matrix
JpP q. This shows that

dimκpP q

`

ΩA{k bA κpP q
˘

“ n´ rankpJpP qq (17.22)

Now, X is smooth at P if and only if rankpJpP qq “ n ´ dimX which by the formula
happens if and only if dimκpP qpΩA{k bA κpP qq “ dimX . Therefore, if ΩX{k is locally
free of rank dimX in a neighbourhood of P , then X is smooth at P .

For the converse direction, note that ΩX{k is an OX-module of finite type, so there
is an open subset W Ă X for which ΩX{k|W is locally free (see Section 14.8). The
rank is in fact equal to dimX here, because X contains a smooth point, by Corollary
10.22. If we assume that JpP q has rank n ´ dimX for every closed point P P X . Then
dimκpP qpΩA{k bA κpP qq “ dimX for every closed point P . Recall that the function
P ÞÑ dimκpP q ΩX{kpP q can only increase upon specialization (???). As this takes the value
dimX at the generic point, and every closed point, Corollary 14.36 shows that ΩX{k is
locally free of rank dimX .

Corollary 17.23. IfX is a variety over an algebraically closed field k, then the following
are equivalent:

(i) X is nonsingular
(ii) X is smooth

(iii) ΩX{k is locally free of rank dimX .

Example 17.24. For the curve X Ă A2
k defined by f “ y2 ` xp ` t over k “ Fpptq

from Example ??, the module of differentials is given by ΩA{k “ Adx ‘ Ady{p2yq.
While X is nonsingular, ΩX{k “ ĆΩA{k is not locally free in a neighbourhood of the point
m “ pxp ` y, yq. △

Example 17.25. ΩX{k can be locally free (of the wrong rank) even if X is not smooth. For
instance, the scheme X “ SpecFprϵs{pϵpq is not smooth over k “ Fpptq, but ΩX{k “

Čkrϵs{ϵp dϵ is locally free of rank 1. △
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17.8 The Tangent sheaf

For a scheme X over a field k, we define the tangent sheaf TX , as the dual of the sheaf of
differentials,

TX “ HomOX
pΩX{k,OXq.

This is a quasi-coherent sheaf on X , and it coherent if X is of finite type over k. To see this,
note that if U “ SpecA is an affine open set of X , then TXpUq “ HomApΩA{k, Aq “

DerkpA,Aq is the A-module of k-linear derivations of A.
The name comes from the following. If P P X is a k-point, then the sequence (17.21),

and the Jacobian Criterion, shows that there is an isomorphism of k-vector spaces

mP {m2
P » ΩOX,P {k bOX,P

κpP q

Taking duals, we obtain the following isomorphism

pTXqP bOX,P
κpP q » HomκpP qpmP {m2

P , κpP qq “ TPX.

Thus TX is a sheaf which collects all the tangent spaces as its fibers.

Example 17.26. For X “ Ank , we get ΩAn
k

“ TAn
k

“ On
An

k
. △

Example 17.27 (The tangent sheaf of Pnk ). Taking the dual of the Euler sequence, we get the
following exact sequence:

0 ÝÝÑ OPn
k

ÝÝÑ OPn
k
p1qn`1 ÝÝÑ TPn

k
ÝÝÑ 0. (17.23)

Taking the long exact sequence in cohomology, find that ΓpPn, TPn
k
q is a k-vector space of

dimension pn` 1q2 ´ 1, and H ipPn, TPn
k
q “ 0 for all i ą 0. △

17.9 The sheaf of p-forms

If X is a variety of dimension n over a field k, and p is an integer we define the sheaf of
p-forms as the OX-module

ΩpX{k “
Źp

ΩX{k.

On affine space Ank , the sheaf of p-forms on affine space is not particularly interesting,
as ΩpAn

k {k is free of rank
`

n
p

˘

. However, for projective varieties, the sheaves ΩpX{k are of
significant interest because they allow us to define important invariants of the variety.

The most important of these is the sheaf ΩnX{k, which is usually called the canonical
sheaf or the canonical bundle of X . If X is smooth over k, then ΩX{k is locally free of rank
n, and so ΩnX{k is an invertible sheaf. The canonical sheaf plays a fundamental role in the
classification of varieties. We will demonstrate this in the setting of curves in Chapter 18.

The following gives a computation of the canonical sheaf of projective space.

Proposition 17.28. ΩnPn
k

“ OPn
k
p´n´ 1q.

Proof Consider the Euler sequence for the cotangent bundle of Pn

0 ÝÝÑ ΩPn ÝÝÑ OPn
k
p´1q‘pn`1q ÝÝÑ OPn

k
ÝÝÑ 0
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Taking determinants, we get

det
`

OPn
k
p´1q‘pn`1q

˘

“ OPn
k
p´n´ 1q “ detpΩPn

k
q b detpOPn

k
q “ ΩnPn

k
.

We can use the Euler sequence to compute the cohomology groups of the sheaves of
p-forms on Pnk as follows. By Exercise 17.11.20, there are exact sequences

0 ÝÝÑ Ω1
Pn
k

ÝÝÑ OPn
k
p´1qpn`1

1 q ÝÝÑ OPn
k

ÝÝÑ 0.

0 ÝÝÑ Ω2
Pn
k

ÝÝÑ OPn
k
p´2qpn`1

2 q ÝÝÑ Ω1
Pn
k

ÝÝÑ 0. (17.24)

...

0 ÝÝÑ ΩnPn
k

ÝÝÑ OPn
k
p´nqpn`1

n q ÝÝÑ Ωn´1
Pn
k

ÝÝÑ 0.

Proposition 17.29. Let k be a field and let n P N. Then

HqpPnk ,Ω
p
Pn
k
q “

#

k if p “ q and 1 ď p ď n

0 otherwise
(17.25)

Proof Recall that the sheavesOPn
k
p´dq have no higher cohomology on Pnk for d “ 0, . . . , n.

Therefore, the long exact sequence applied to (17.24) shows that for p “ 1, . . . n

HqpX,ΩpPn
k
q “ Hq´1pX,Ωp´1

Pn
k

q.

The result then follows by induction on p, starting with p “ 0, where the it follows from
Theorem 15.24.

Using the conormal sequence, we can also study differentials on other projective varieties.

Example 17.30 (Hypersurfaces). Let X Ă Pnk be a smooth hypersurface of degree d. The
conormal sequence takes the form

I{I2 ÝÝÑ ΩPn
k {k|X ÝÝÑ ΩX{k ÝÝÑ 0. (17.26)

Note that I{I2 » OXp´dq is an invertible sheaf. Therefore, the left-most map in the
sequence (17.26) is in fact injective (the map is nonzero because the term in the middle has
rank n` 1). Hence we get the following exact sequence

0 ÝÝÑ OXp´dq ÝÝÑ ΩPn
k {k|X ÝÝÑ ΩX{k ÝÝÑ 0. (17.27)

Taking determinants, we get that ΩnPn
k
|X » Ωn´1

X b OXp´dq, and hence

Ωn´1
X » OXpd´ n´ 1q.

△

Example 17.31 (Quartic surfaces). Let X Ă P3
k be a smooth surface defined by a ho-

mogeneous polynomial of degree 4. We can compute the cohomology groups of Ω1
X and
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17.10 Application: irrationality of hypersurfaces 361

Ω2
X » OX using the following three exact sequences

0 ÝÝÑ OP3
k
p´4q ÝÝÑ OP3

k
ÝÝÑ ι˚OX ÝÝÑ 0

0 ÝÝÑ OXp´4q ÝÝÑ Ω1
P3
k{k|X ÝÝÑ Ω1

X{k ÝÝÑ 0

0 ÝÝÑ ΩP3
k{kp´4q ÝÝÑ Ω1

P3
k{k ÝÝÑ Ω1

P3
k{k|X ÝÝÑ 0

Here the first sequence is the ideal sheaf sequence of X , the second is the conormal sequence,
and the third is obtained by tensoring the first by ΩP3

k{k. From the corresponding long exact
sequences in cohomology, we compute the various hp,q “ dimkH

qpX,ΩpXq, shown in the
following table (the ’Hodge diamond’ of X):

h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h2,1 h1,2

h2,2

“

1
0 0

1 20 1
0 0

1

△

17.10 Application: irrationality of hypersurfaces

One of the main reasons for introducing the sheaves ΩX and ΩpX is to define geometric
invariants. As these are intristically defined, they provide a useful method to distinguish
varieties, i.e., show that two varieties are not isomorphic.

In some cases, these invariants are strong enough to even distinguish varieties up to
birational equivalence. The aim of this section is to prove the following theorem.

Theorem 17.32. Let k be a field and let X Ă Pnk be a nonsingular hypersurface of
degree d. If d ě n` 1, then X is not rational.

In the theorem, it is essential that the hypersurface is nonsingular. For instance, the curve
defined by

x0x
d´1
1 ´ xd2 “ 0

is rational: it is the image of the morphism P1
k Ñ P2

k ps : tq ÞÑ pstd´1 : td : sdq

Proposition 17.33. Let f : X 99K Y be a birational map of varieties over a field k and
assume that X is normal. Then the locus of points x P X where f is not defined has
codimension at least 2 in X .

Theorem 17.34. Let f : X 99K Y be a birational map between smooth projective
varieties over an algebraically closed field. Then, for any integer p ě 0, there is an
isomorphism of global sections of the sheaves of differential forms:

H0pX,ΩpXq » H0pY,ΩpY q.

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

362 Differentials

Proof Since f : X 99K Y is a birational map, there exists a non-empty open subset U Ă X
such that the map f : U Ñ Y is a morphism and induces an isomorphism between U and its
image fpUq Ă Y . The complement X ´ U has codimension at least 2 in X , because X is
nonsingular, and birational maps between normal varieties are isomorphisms outside subsets
of codimension at least 2.

The morphism f : U Ñ Y induces a pullback map:

f˚ : Ω1
Y ÝÝÑ Ω1

U .

Since f is an isomorphism on U , the pullback map f˚ is an isomorphism over U . Taking the
exterior powers, this induces an isomorphism:

f˚ : ΩpY ÝÝÑ ΩpU .

Since X is nonsingular, and k is algebraically closed, the sheaf ΩpX is locally free and the
sections of ΩpX over U extend uniquely to sections overX by the Algebraic Hartogs’ theorem
(see Exercise 17.11.24, which applies because X ´ U has codimension at least 2). Thus, the
restriction map:

H0pX,ΩpXq ÝÝÑ H0pU,ΩpUq

is an isomorphism.
The morphism f : U ÝÝÑ Y is dominant, so the pullback map on global sections

f˚ : H0pY,ΩpY q ÝÝÑ H0pU,ΩpUq

is injective (see Exercise 17.11.23). Combining this with the isomorphism H0pU,ΩpUq »

H0pX,ΩpXq, we obtain an injective map:

H0pY,ΩpY q ÝÝÑ H0pX,ΩpXq.

By symmetry, the same argument applies to the inverse birational map Y 99K X , which
gives an injective map H0pX,ΩpXq Ñ H0pY,ΩpY q. Combining these, we conclude that

H0pX,ΩpXq » H0pY,ΩpY q.

We are now ready to prove the main theorem of this section.

Proof of Theorem 17.32 We apply the previous theorem to the case p “ dimX “ n´ 1.
Then

ΩX » OXpn´ d´ 1q.

When n ě d` 1, we have H0pX,Ωn´1
X q ‰ 0, by the following exact sequence

0 ÝÝÑ OPn
k
pn´ 2d´ 1q ÝÝÑ OPn

k
pn´ d´ 1q ÝÝÑ OXpn´ d´ 1q ÝÝÑ 0.

Note that n ě d` 1 ě 2 implies that H1pPnk ,OPn
k
pmqq “ 0 for all m P Z.

17.11 Exercises

Exercise 17.11.1. Let k be a field. Compute ΩA{k for the following k-algebras:
a) A “ krx, ys{px2 ` y2q. HINT: This will depend on the characteristic of k.
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b) A “ krx, yspxyq

c) A “ krx, y, zs{py2 ` x3 ´ x2z2q

Exercise 17.11.2 (Tangent vectors and derivations). Recall that for a scheme X over a field
k, the tangent space TpX at a k-point p P X is defined as the k-vector space of linear
functionals ℓ : mp{m

2
p Ñ k. There is a natural way to identify TpX with the vector space of

derivations of OX,p into k, that is, DerkpOX,p, kq. Write A “ OX,p and m “ mp.
a) Show that the structure map k Ñ A{m2 induces a splittingA{m2 “ k‘m{m2.
b) For f P A, let Df denote the image of f in m{m2 via the composition A Ñ

A{m2 Ñ m{m2, i.e., Df “ f ´ fppq mod m2. Show that D is k-linear and
satisfies the Leibniz rule.

c) Show that for each k-linear map ℓ : m{m2 Ñ k, the composition D ˝ ℓ is a
k-linear derivation A Ñ k.

d) Show that this defines an isomorphism Homkpm{m2, kq » DerkpA, kq.

Exercise 17.11.3 (Base change). Show that for the k-algebra C “ A bk B, there is an
isomorphism

ΩC{B “ ΩB{A bB C.

HINT: Show that db idC is the universal derivation.

Exercise 17.11.4 (Localization). For a multiplicative set S Ă A, show that there is an
isomorphism of S´1A-modules ΩS´1A{k “ S´1pΩA{kq. HINT: Define the universal
derivation by dS´1Apa{sq “ psdAa´ adAsq{s2.

Exercise 17.11.5 (Products). Let A and B be k-algebras.
a) Show that ΩpAˆBq{k “ ΩA{k b ΩB{k, with universal derivation dAˆB “

dA ˆ dB .
b) Show that ΩAbkB{k “ pΩA{k bk Bq ‘ pΩB{k bk Aq with universal derivation
dpab bq “ pdAaq b b` ab pdBbq for a P A, b P B.

Exercise 17.11.6 (The differentials of a tensor product). Let B and C be two A-algebras.
Consider the map

d : BbAC Ñ pΩB{A bACq ‘ pBbAΩC{Aq

given by bb c ÞÑ bb dCc` dBbb c. Show that d is an A-derivation, and show that

ΩBbAC{A » BbAC Ñ pΩB{A bACq ‘ pBbAΩC{Aq.

Exercise 17.11.7. Prove the properties of the sheaf of differentials listed in (17.12).

Exercise 17.11.8. Prove Euler’s formula, that
řn

i“0 xi
Bf
Bxi

“ d ¨ f whenever f is a homoge-
neous polynomial of degree d in x0, . . . , xn. HINT: Prove it first for monomials.

Exercise 17.11.9. Let A Ă B be a ring extension. Show that

ΩBrts{A “ Brtsdt‘ pΩB{A bB Brtsq.

Exercise 17.11.10. Let B “ krx, ys{px2 ` y2q. Show that if k has characteristic ‰ 2, then

ΩB{k “ pB dx‘B dyq {px dx` y dyq
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and if k has characteristic 2, then ΩB{k “ B dx‘B dy.

Exercise 17.11.11. Show that for a point x P X , the stalks of ΩX{S are given by

pΩX{Sqx » ΩOX,x{OS,fpxq
. (17.28)

Exercise 17.11.12. Let F be an OX module. A morphism D : OX Ñ F of OX -modules is
an S-derivation if for all open affine subsets V Ă S and U Ă X with fpUq Ă V , the map
D|U is an OSpV q-derivation of OXpUq with values in F . The set of all such S-derivations is
denoted by DerSpOX ,Fq. Show that the sheaf ΩX{S represents the functor of S-derivations,
in the sense that there is a functorial isomorphism

HomOX
pΩX{S,´q » DerSpOX ,´q.

Show that this property defines ΩX{S up to isomorphism.

Exercise 17.11.13. In this chapter, ΩX{S was defined for a separated morphism X Ñ S.
Show that ΩX{S can be defined in general, without the separatedness assumption. HINT:
Show directly that the sheaves ĆΩB{A glue for each affine SpecA Ă S and SpecB Ă X
with SpecB mapping into SpecA.

Exercise 17.11.14 (Smooth morphisms). Let f : X Ñ S be a morphism and let p P X be
a point. We say that f is smooth of relative dimension r at p if there exist affine open sets
U “ SpecB Ă X , containing p, and V “ SpecA Ă S with fpUq Ă V and an open
embedding ι : U Ñ SpecArt1, . . . , tns{pf1, . . . , fn´rq such f |U factors as

U
ι

ãÝÑ SpecArt1, . . . , tns{pf1, . . . , fn´rq ÝÝÑ SpecA

and such that the Jacobian matrix Jppq of the fi has rank n´ r at ιppq.
a) Show that AnS Ñ S and PnS Ñ S are smooth for any scheme S.
b) Show that the property of smoothness is stable under base change.
c) Show that if f : X Ñ S is smooth of relative dimension r, then ΩX{S is locally

free of rank r.

Exercise 17.11.15. Consider the morphism f : SpecZrx, ys{pxy´3q Ñ SpecZ. Compute
the smooth locus of f , that is, the set of points p P SpecZrx, ys{pxy´3q so that f is smooth
at p. Find a maximal open set U Ă SpecZ for which f´1pUq Ñ U is smooth.

Exercise 17.11.16 (The conormal sheaf). Let X be a smooth scheme over a field and let
Y be a smooth subscheme defined by an ideal sheaf I . The sheaf I{I2 is naturally an
OY -module via I{I2 “ I b OX{I “ I b OY . We call I{I2 the conormal sheaf of Y . Its
dual, NY “ HomOY

pI{I2,OY q is the normal sheaf of Y in X .
a) Show that the sheaves I{I2 andNY are locally free of rank r “ codimpY,Xq.
b) Show that the conormal sequence

0 Ñ I{I2 Ñ ΩX|k|Y Ñ ΩY |k Ñ 0

is exact.
c) Show that

0 Ñ TY Ñ TX |Y Ñ NY Ñ 0

is exact.
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Exercise 17.11.17. Let k be an algebraically closed field, and let X and Y be two smooth
hypersurfaces in Pnk of different degrees d and e. Show that X and Y are not isomorphic
unless n “ 2 and either pd, eq “ p1, 2q or pd, eq “ p2, 1q.

Exercise 17.11.18. Let k be a field and let X Ă A2
k be the subscheme defined by the ideal

I “ px2, y2q. Show that I{I2 Ñ ΩA2
k{k|X is not surjective. What is the kernel?

Exercise 17.11.19. Let 0 Ñ E Ñ F Ñ G Ñ 0 be an exact sequence of locally free sheaves.
a) If E is an invertible sheaf, show that for any p ě 1, there is an exact sequence

0 Ñ E b Symp´1 F Ñ SympF Ñ Symp G Ñ 0.

b) If G is an invertible sheaf, show that for any p ě 1, there is an exact sequence

0 Ñ Symp E Ñ SympF Ñ Symp´1 E b G Ñ 0.

Exercise 17.11.20. Let 0 Ñ E Ñ F Ñ G Ñ 0 be an exact sequence of locally free sheaves.
a) If E is an invertible sheaf, show that for any p ě 1, there is an exact sequence

0 Ñ E b ^p´1F Ñ ^pF Ñ ^pG Ñ 0.

b) If G is an invertible sheaf, show that for any p ě 1, there is an exact sequence

0 Ñ ^pE Ñ ^pF Ñ ^p´1E b G Ñ 0.

Exercise 17.11.21. Use Exercise 17.11.20 to show that the sequences (17.24) are exact.

Exercise 17.11.22 (Bott vanishing). Let k be a field. Show that HqpPnk ,Ω
p
Pn
k
pdqq “ 0 except

when:
(i) p “ q and d “ 0.

(ii) q “ 0 and d ą p.
(iii) q “ n and d ą p´ n.

Exercise 17.11.23. Let f : X Ñ Y be a dominant morphism of schemes, and let E be a
locally free sheaf on Y .

a) Show that if Y is integral, then the pullback map

ΓpY, Eq ÝÝÑ ΓpX, f˚Eq (17.29)

is injective.
b) Show that (17.29) is not injective for the morphism f : Spec k Ñ Spec krϵs{pϵ2q

when E is the structure sheaf.

Exercise 17.11.24 (Algebraic Hartogs for locally free sheaves). Let X be a Noetherian
normal scheme and let E be a locally free sheaf of finite rank on X . Show that if U Ă X is
an open set so that X ´ U has codimension at least 2, then the restriction map

ΓpX, Eq ÝÝÑ ΓpU, E |Uq

is an isomorphism. HINT: This may be reduced to the usual statement for E “ OX .

Exercise 17.11.25. Let X Ă P1
k ˆ P2

k be a nonsingular surface defined by a bihomogeneous
equation f of bidegree pd, eq.
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a) For d “ 1, describe X and the two morphisms to P1 and P2. In particular, show
that X is rational.

b) For e “ 1, show that X is rational.
c) Show that X is not rational if d ě 2 and e ě 3.
d) * Show that X is rational if e “ 2. HINT: One way is to apply Tsen’s theorem

on quadrics over kptq.

Exercise 17.11.26. Let X Ă P2
k ˆ P2

k be a nonsingular 3-fold defined by a bihomogeneous
equation f of bidegree pd, eq.

a) For d “ 1 or e “ 1, describe X and the two morphisms to P2. In particular,
show that X is rational.

b) Show that X is not rational if d, e ě 3.
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18

Curves

In this chapter, we will study curves. Recall that a curve is a variety of dimension 1 over
a field k. We will mostly be interested in the case when the field k is algebraically closed,
although most of the results in this chapter remain valid over more general fields, for instance,
perfect fields.

We will also focus on nonsingular curves. In other words, each local ring OX,P is a regular
local ring of Krull dimension 1. Equivalently, for each k-point x, the cotangent space mP {m2

P

is 1-dimensional as a vector space over k.

Proposition 18.1. Let X be a curve over an algebraically closed field k. Then the
following are equivalent

(i) X is nonsingular
(ii) X is smooth over k

(iii) ΩX{k is an invertible sheaf
(iv) X is normal.

Proof As k is algebraically closed, the equivalence of (i) ô (ii) holds in any dimension,
see Proposition 10.18. The equivalence (i) ô (iv) holds by Corollary 10.48 as each local ring
OX,P has dimension 1.

What makes the study of curves special is that the local rings OX,P at (closed) points are
discrete valuation rings, so they satisfy the statements in Proposition 10.47. In particular, this
means that the maximal ideal mP Ă OX,P is a principal ideal. A generator t P mP for mP is
called a local parameter at P .

Any non-zero rational function f P KpXq can be expressed uniquely f “ u ¨ tn where
n P Z and u is a unit in OX,x. The corresponding valuation map

ordP : KpXqˆ ÝÝÑ Z

is defined by setting ordP pfq “ n. Note that ordP pZě0q “ OX,P and ordP pZě1q “ mP .
This fact will be important later on, when we study morphisms from curves to other

varieties and when we study divisors.

Example 18.2. If X is a curve over k, then the normalization X is a nonsingular curve. The
normalization map π : X Ñ X is finite and birational. △

Example 18.3 (Local parameters for plane curves). Let X Ă A2
k “ Spec krx, ys be the

affine curve defined by an equation fpx, yq “ 0 and let P “ pa, bq be a k-point of X . Then
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mP {m2
P is generated by x ´ a and y ´ b. If we assume that X is nonsingular at P , the

tangent space is defined by the linear equation

Bf

Bx
pP q ¨ px´ aq `

Bf

By
pP q ¨ py ´ bq “ 0. (18.1)

This means that if Bf
By

pP q ‰ 0, then we can express y ´ b in terms of x´ a in mP {m2
P . In

other words: if Bf
By

pP q ‰ 0, then x´ a is a local parameter at P .
For a concrete example, consider the curve X defined by the equation x2 ` y2 “ 1 and let

P “ p1, 0q. Then the rational function x´ 1 has order of vanishing 2 at P . To see this, note
that y is a local parameter at P , because B

Bx
px2 ` y2 ´ 1q “ 2x is nonzero at P . Moreover,

in OX,P , we have the relation px ´ 1qpx ` 1q “ ´y2, and x ` 1 is a unit in OX,P , and
hence ordP px´ 1q “ 2. △

18.1 Morphisms between curves

Morphisms between curves f : X Ñ Y are rather simple. There are two cases: either f is not
dominant, in which case the image fpXq is a point (being a proper, closed and irreducible
subset of X); or it is dominant, in which case fpXq is dense in Y , hence equal to an open
set of Y . In the case X and Y are also projective, we can say more.

Proposition 18.4. Let f : X Ñ Y be a dominant morphism of curves over k.
(i) KpXq is a finite field extension of KpY q.

(ii) If X is projective over k, then f is surjective.
(iii) If both X and Y are projective, then f is finite.

Proof (i): As f is dominant, f 7 induces a map of function fields KpY q Ñ KpXq. The two
function fields KpXq and KpY q are both of transcendence degree 1 over k, and so KpXq is
algebraic over KpY q. Note that X is of finite type over Y , since it is of finite type over k.
Therefore KpXq is a finite extension of KpY q.

(ii): If X is projective, then the image fpXq is closed in Y (by Corollary 13.21), hence
equal to Y , as f is dominant.

(iii): By the assumption, the morphism f : X Ñ Y is projective, and so Proposition 13.24
shows that f is finite.

Example 18.5. It is essential that X is projective for the items (ii) and (iii) to hold: the
morphism Spec krx, ys{pxy ´ 1q Ñ Spec krxs is dominant, but it is neither finite nor
surjective. △

This leads to the notion of the degree of a morphism between curves:

Definition 18.6 (The degree of a finite morphism). Let f : X Ñ Y be a dominant
morphism between curves. The degree of the field exension KpY q Ă KpXq is called
the degree of f and is denoted deg f .

Note that if f : X Ñ Y and g : Y Ñ Z are dominant morphisms between curves, the
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18.2 Extensions of rational maps 371

composition g ˝ f is dominant and degpg ˝ fq “ deg f ¨ deg g. This follows because
rM : Ks “ rM : LsrL : Ks for a tower of field extensions K Ă L Ă M .

Example 18.7. The ’n-th power map’ f : P1
k Ñ P1

k of Example 12.33 has degree n. Indeed,
locally it is given by the ring map krus Ñ krxs sending u to xn, and kpxq “ kpuqrxs{pu´

xnq has dimension n as a kpuq-vector space. △

Example 18.8. If X is a hyperelliptic curve, as discussed in Section B.4, then the morphism
X Ñ P1

k has degree 2. In this case, KpXq is obtained from kpxq by adjoining a square root
y of a polynomial fpxq P krxs, so it is spanned by 1 and y as a kpxq-vector space. △

18.2 Extensions of rational maps

This section presents two fundamental results on nonsingular curves. The first basically says
that any rational map from a nonsingular curve into a a projective variety can be extended to
a morphism. Combining this with Theorem ?? and the fact that every curve is birationally
equivalent to a nonsingular curve, we obtain the second result, which says that the category
of projective nonsingular curves over k with dominant maps is equivalent to the category of
finitely generated field extensions of k of transcendence degree 1.

Proposition 18.9. Let X be an irreducible curve over k and let P P Xpkq be a non-
singular point. Then any morphism f : X ´ tP u Ñ Y to a projective variety Y has a
unique extension to a morphism f : X Ñ Y .

Proof It suffices to treat the case where Y “ Pnk . Let t be a local parameter of OX,P ,
and denote by K the function field of X . Restricting to the generic point, the morphism f
gives a K-point SpecK Ñ PnK . By Proposition ??, any such a morphism is described by
homogenous coordinates pa0t

ν0 : ¨ ¨ ¨ : ant
νnq where the ai are units in OX,P and the νi’s

are integers. After multiplying by t´ min νi we may assume that νi ě 0 for all i and at νi0 “ 0
for at least one i0. Now the ai are induced by non-vanishing sections of OX over some some
open neighbourhood U of P . Also, after shrinking U if neccesary, we may assume that t
will also be a section of OX over U with P as the only zero. Therefore, the aitνi define a
map U Ñ Pnk . Over the open set U ´ tP u, this morphism coincides with f , so we have the
desired extension.

Finally, the extension is unique because X is separated over k.

Corollary 18.10. Any rational map between two nonsingular projective curves can be
extended to a morphism. In particular, if two nonsingular projective curves are birational,
then they are isomorphic.

Proof Any rational map X 99K Y is a morphism outside a finite number of points
x1, . . . , xr. Therefore, the first statement follows by applying Proposition 18.9 finitely many
times.

If two curves X and Y are birationally equivalent, then there are open subsets U Ă X
and V Ă Y and an isomorphism f : U Ñ V . If X and Y are nonsingular, both f and f´1

extend respectively to morphisms g : X Ñ Y and h : Y Ñ X , and since h ˝ g|U “ idU and
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g ˝ h|V “ idV , it follows that h ˝ g “ idX and g ˝ h “ idY (two morphisms that agree on
an open dense set of a separated scheme are equal, by Proposition 9.14).

Example 18.11. Let X Ă P2
k be the projective curve defined by the equation x0x

2
2 “

x3
1 ` x0x

2
1. The projection px0 : x1 : x2q ÞÑ px0 : x1q induces a morphism

f : X ´ tp0 : 0 : 1qu Ñ P1
k.

To see that f extends over p0 : 0 : 1q, following Proposition 18.9, consider the affine
open set D`px2q “ A2

k with affine coordinates u “ x0{x2 and v “ x1{x2. In this chart, the
equation of X becomes u “ v3 ` uv2 and p0 : 0 : 1q corresponds to pu, vq “ p0, 0q. The
morphism f is given by pu, vq ÞÑ px : yq.

Since u “ v3 ` uv2, we can express u in terms of v as u “ v3p1 ´ v2q´1 in OX,p0,0q

(note that 1 ´ v2 is a unit in OX,p0,0q). This shows that t “ v is a local parameter at p0, 0q.
In terms of t, the morphism takes the form

pu, vq ÞÑ

ˆ

t3

1 ´ t2
: t

˙

.

Dividing by t, shows that the extension is given by

pu, vq ÞÑ

ˆ

t2

1 ´ t2
: 1

˙

“
`

t2 : 1 ´ t2
˘

.

Hence the extension of f sends p0 : 0 : 1q to p0 : 1q.
Note that while f extends over p0 : 0 : 1q the original map P2 ´ tp0 : 0 : 1qu Ñ P1

k does
not. △

Proposition 18.12. Any nonsingular curve is quasi-projective.

Proof Let X be a nonsingular curve and let U1, . . . , Us be an affine cover of X . For
each i “ 1, . . . , s, choose an affine embedding Ui Ñ Ani

k , and embed Ani

k Ă Pnk as a
distinguished open set. Let Ui denote the closure of Ui in Pni

k . As X is nonsingular and Ui is
projective, we may extend the embedding Ui Ñ Ui to a morphism ϕi : X Ñ Ui.

Next we consider the product of all of the ϕi

ϕ : X ÝÝÑ U1 ˆ ¨ ¨ ¨ ˆ Us Ă Pn1

k ˆ ¨ ¨ ¨ ˆ Pns

k .

Let V be the closure of ϕpXq. Then V is a projective variety (by the Segre embedding).
Note that if we restrict to Ui Ă X , the composition of ϕ with the projection pi : V Ñ Ui

to the i-th factor coincides with the inclusion Ui Ñ Ui. Therefore, the induced morphism
ϕ : X Ñ V is not constant, so V is a projective curve. Moreover, the image W “ ϕpXq

is an open set of Y . We claim that ϕ : X Ñ W is an isomorphism; this will prove the
proposition.

To see this, let x P X , and choose an index i such that x P Ui. As the composition
Ui

ϕi
ÝÑ W

pi
ÝÑ Ui coincides with the inclusion Ui Ă Ui, the induced composition of maps of

local rings

OUi,ϕipxq

p7

i,ϕpxq

ÝÝÝÝÑ OV,ϕpxq

ϕ7
i,x

ÝÝÑ OX,x
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is an isomorphism. Note that both pi and ϕi are dominant, so both ring maps here are injective,
and hence ϕ7

i,x is an isomorphism. Moreover, V is nonsingular, hence normal, at every point
of the open set W “ ϕpXq. As ϕ : X Ñ W is a birational morphism of normal curves, it is
an isomorphism (by the universal property of normalization).

Corollary 18.13. Let X be a projective curve over a field k. Then the normalization X
is also projective.

Proof By the previous proposition, the nonsingular curve X is in any case quasi-projective,
so we may regard X Ă Pnk as a locally closed subset of projective space. We claim that X is
closed in Pnk . Let V denote the closure of X and let σ : V Ñ V denote the normalization of
V . As V and X are birational, there is a birational map V 99K X . As X is projective, this
extends to a morphism g : V Ñ X . As V is normal, this factors via a morphism h : V Ñ X
as in the diagram below:

V

X X V

σ
h

From the diagram, we have σpV q Ă X . However, σ is finite, hence surjective by Proposition
6.38. This gives a contradiction unless X “ V . This completes the proof.

Theorem 18.14. There is an equivalence of categories between the following categories:
(i) The category of nonsingular projective curves over k and dominant mor-

phisms.
(ii) The category of finitely generated field extensions of k of transcendence

degree 1 and maps of k-algebras (with the arrows reversed).

Proof If X and Y are two nonsingular projective curves, any rational map X 99K Y
extends to a morphism. This, combined with Theorem ?? on page ??, shows that the functor
X ÞÑ KpXq is fully faithful.

Next, to show that it is essentially surjective, we need to show that every finitely generated
field K of transcendence degree 1 over k is of the form KpXq for some nonsingular
projective curveX . If a1, . . . , ar is a transcendence basis forK over k, then the k-subalgebra
A “ kra1, . . . , ars will be of dimension 1, by Theorem ?? on page ??. The affine scheme
X “ SpecA is naturally a closed subvariety of the affine space Ark, and taking the Zariski
closure in Prk, yields a (possibly singular) projective curve Y which is birational toX . Taking
the normalization of Y , we finally get a nonsingular projective curve which has K as its
function field (by Corollary 18.13).

The above theorem is not true with ‘projective’ replaced by ‘affine’. A1
k and A1

k ´ t0u are
two affine curves which isomorphic function fields but which are not isomorphic.

Example 18.15 (Morphisms to P1
k). IfX is a nonsingular curve, then any element g P KpXq,
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defines a morphism to P1
k,

G : X Ñ P1
k. (18.2)

We define G as follows. Let U Ă P1
k be the maximal open set where g is regular, that is,

g P OP1
k
pUq. Likewise, let V Ă P1

k be the maximal open set where 1{g is regular. Note that
U X V is non-empty (it contains the generic point), and U Y V “ X (for each p P P1

k, the
local ring OX,P is a DVR, hence either g or 1{g belongs to it). Now g P OXpUq defines a
morphism U Ñ D`pt0q » A1

k. Likewise, 1{g defines a morphism U Ñ D`pt1q » A1
k, and

these clearly glue to a morphism G : X Ñ P1
k.

Note that G is a constant map if and only if g is constant. This has the following conse-
quence:

Proposition 18.16. For a nonsingular curve X over k, there is a one-to-one correspon-
dence between the elements of KpXq ´ k and dominant morphisms of k-varieties
X Ñ P1

k.

△

18.3 Sheaves on curves

Recall that an element of an A-module is called a torsion element if it is killed by a nonzero-
divisor of A, and a module is a torsion module if all elements are torsion. On the other hand,
a module is torsion free if no non-zero element is torsion. The sum of two torsion elements is
clearly torsion, so the subset of a module M formed by the torsion elements, is a submodule
T . It has the property that M{T is torsion free. If the base ring A is a PID, a torsion free
A-module is in fact free. This follows from the Structure Theorem for Modules over a PID,
see Corollary A.61.

This generalizes to sheaves on curves as follows. If X is a curve, then any OX -module of
finite type contains a torsion subsheaf T , whose sections over an open set U Ă X equals
the subgroup of FpUq of elements annihilated by some nonzerodivisor of OXpUq (see
Exercise 12.12.41 on page 249). The quotient E “ F{T is torsion free in the sense that
on open affine subsets U EpUq (which equals FpUq{T pUq) is a torsion free module over
OXpUq. Note that for x P X , the stalk Ex is a torsion free module over OX,x which is a PID.
Hence every stalk Ex is free, and so E is locally free by Proposition ??.

As X is a curve, the torsion part T is a sheaf supported on finitely many points p1, . . . , pr.
Moreover, T is the direct sum of its stalks at these points: T “

Àr

i“1 Tpi .

Theorem 18.17. Let X be a nonsingular curve and let F be an OX-module of finite
type. Then there is a decomposition

F “ E ‘ T

where T Ă F is the torsion subsheaf and E is locally free.

Proof What remains to be seen is that the splitting F “ E ‘ T . We claim that the exact
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18.4 Divisors on curves 375

sequence

0 T F E 0 (18.3)

is split exact. Let U be an affine neighbourhood about pi. By Exercise ??, E |U is the tilde
of a projective module, and so the sequence (18.3) splits when restricted to U . Hence there
is a map ϕi : F |U Ñ Tpi splitting the inclusion Tpi Ñ F . This map extended by zero
gives a map of sheaves ϕi : F Ñ Tpi . Then, taking the direct sum of the ϕi, we get a map
ϕi : F Ñ T which splits the inclusion T Ñ F for the entire torsion sheaf.

Proposition 18.18. Let f : X Ñ Y be a finite morphism of projective nonsingular curves
over a field k. Then f˚OX is a locally free sheaf of rank deg f . More generally, if E is a
locally free sheaf of finite rank on X , then f˚E is locally free of rank pdeg fqprank Eq.

Proof Note first that f˚OX and f˚E are coherent, because f is finite (see Exercise 12.12.36).
Let U “ SpecB Ă X and V “ SpecA Ă Y be affine open subsets so that fpUq Ă V

and f |U is induced by a ring map ϕ : A Ñ B. Then ϕ is injective, because X and Y are
integral and f is dominant.

Then f˚OX |V “ f˚
rA “ ĂBA. Now, as B is an integral domain, and ϕ : A Ñ B is

injective, B is torsion-free as an A-module, and hence f˚OX is torsion-free when restricted
to V . Therefore, f˚OX is locally free by Theorem 18.17. To compute the rank, note that the
stalk of f˚OX at the generic point is given by the fraction field of B, i.e., KpXq, and this
has rank rKpXq : KpY qs “ deg f as a vector space over KpY q.

The statement for f˚E follows from this, because as X is a curve, E is trivial over a
covering consisting of open sets of the form f´1pUq where U is affine.

18.4 Divisors on curves

LetX be a nonsingular curve over an algebraically closed field k. The codimension 1-subsets
of a curve are precisely the closed points, so that a Weil divisor is a finite formal combination

D “
ÿ

niPi

of closed points P1, . . . , Pr in X , where the coefficients are integers. We define the degree as

degD “
ÿ

ni

If D is given by the Cartier data pUi, fiq (see Definition 16.31), then

degD “
ÿ

PPX

ordP pfiq

where we for each P choose an i so that P P Ui.

Pullbacks of divisors

If f : X Ñ Y is a dominant morphism of curves, we can pull back invertible sheaves from
Y to X , as well as sections of these. By the correspondence between divisors and invertible
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sheaves, this gives us a way of pulling back divisors from Y toX . In the context of projective
curves, we can make this a little bit more explicit.

We assume that the morphism f : X Ñ Y is dominant, hence finite, it is then surjective,
and f 7 induces an inclusion of function fields KpY q Ă KpXq.

If Q P Y is a closed point, choose a local parameter t P OY,Q. Then we define

f˚pQq “
ÿ

PPf´1pQq

ordP pf 7tqP,

where as usual ordP is the order of vanishing at P . The number ordP pf 7tq is called the
ramification index of f at P , and it is usually written eP . Multiplying t by a unit in OY,Q does
not alter ordP pf 7tq because a unit in OY,Q stays a unit in OX,P . Therefore, the ramification
index eP is independent of the choice of local parameter t. Extending f˚ by linearity, we
obtain a well-defined map of groups

f˚ : DivX ÝÝÑ Div Y.

We can also understand this map on the level of Cartier divisors: if D is a Cartier di-
visor on Y given by the data tpUi, giqu, where gi P KpY qˆ, we can consider the data
tpf´1Ui, f

7giqu, which defines a Cartier divisor on X .
Note that f˚pQq is a divisor supported on the inverse image f´1pQq. In fact, divisor

f˚pQq has the same multiplicities as the scheme-theoretic fiber XQ. This follows because
f˚pQq is locally defined by the equations f 7pgiq and these form local generators for the ideal
sheaf of the closed subscheme XQ.

Example 18.19 (Principal divisors). Let g P KpXqˆ be a rational function. Then ifG : X Ñ

P1
k denote the induced morphism, (from Example 18.15 on page 373), we have

div g “ G˚pp0 : 1q ´ p1 : 0qq.

This follows because G7pt0{t1q “ g and G7pt1{t0q “ 1{g and and t0{t1 and t1{t0 are local
parameters at p0 : 1q and p1 : 0q respectively. △

Lemma 18.20. If f : X Ñ Y is finite and D is a divisor on Y , we have

deg f˚D “ deg f ¨ degD.

Proof It suffices to treat the case when D “ Q is a point. Let SpecA be an affine
neighbourhood of Q and SpecB the inverse image of SpecA. As we saw in Proposition
18.18,B is a torsion freeA-algebra which is locally free of rank equal to rKpXq : KpY qs “

deg f . If t is a local parameter at y the value ordP pf 7tq is the ramification index of f at P .
Then

deg f˚Q “
ÿ

fpP q“Q

ordP pf 7tq “
ÿ

fpP q“Q

eP “ deg f.
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Lemma 18.21. For a non-zero g P KpY q and a morphism f : X Ñ Y , we have

f˚ div g “ div g ˝ f.

Proof Let G : Y Ñ P1 be the extension of g then G ˝ f is the extension of g ˝ f and so
according to Example 18.19 above, it holds that

f˚ div g “ f˚pG˚pp0 : 1q ´ p1 : 0qq “ pG ˝ fq˚pp0 : 1q ´ p1 : 0qq “ div g ˝ f.

Corollary 18.22. For a non-zero rational function g P KpXq, we have deg div g “ 0.
Hence the degree map descends to a well-defined map

deg : ClpXq Ñ Z.

In other words, linearly equivalent divisors have the same degree.

Proof This is clear if g is a constant. If not, g defines a dominant morphism G : X Ñ P1
k

so that

div g “ G˚pp1 : 0q ´ p0 : 1qq.

and we are done by the above lemma.

Corollary 18.23. If D is a divisor with degpDq ă 0, then ΓpX,OXpDqq “ 0.

Proof The group ΓpX,OXpDqq consists of rational functions f P KpXq so that divpfq `

D is effective. However, if f is non-zero, then divpfq ` D has negative degree, whereas
effective divisors have non-negative degree.

Example 18.24. Assume that k is a field of characteristic 0. and consider the curve X Ă

A2
k “ Spec kru, vs given by the equation

v2 “ u3 ` u2 ` 1 (18.4)

which is a nonsingular curve. Consider the rational function g “ v ` 1 on X . What is div g?
Note that g is regular, so there are no points P for which ordP pgq ă 0. Rewriting (18.4) as

pv ´ 1qpv ` 1q “ u2pu` 1q, (18.5)

we see that the zeros of v`1 are the points x “ p0,´1q and y “ p´1,´1q. Near x “ p0, 1q

both pv ` 1q and u` 1 are invertible, and the equality

v ´ 1 “ u2pu` 1qpv ` 1q´1 (18.6)

shows that u is local parameter there (the maximal ideal mP is generated by v ´ 1 and u). In
the same vein, near y “ p´1,´1q both v ` 1 and u are invertible, and we infer from (18.6)
that u` 1 is a local parameter. It follows that

div g “ ordP pu2qP ` ordypu` 1qQ “ 2P `Q. (18.7)

△
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Example 18.25. Consider the curve Y Ă P2
k “ Proj t0, t1, t2 given by the equation

t22t0 “ t31 ` t21t0 ` t30

Note that the curve in the previous example equals X XDpt0q, where we use coordinates
u “ t1{t0, v “ t2{t0. Let us compute div g for the same rational function g “ t2{t0 ` 1 as
before, but this time on Y . For this, we only need to consider the points where t0 “ 0. From
the equation, we see that there is a single point in Y XV pt0q, namely the point z “ p0 : 0 : 1q.
To compute ordP pgq here, we use the chart Dpt1q. Then Y X Dpx2q is isomorphic to the
plane curve given by the equation

u “ v3 ` v2u` u3 (18.8)

where now u “ t0{t2 and v “ t1{t2. The point z is then the origin pu, vq “ p0, 0q in
D`pt2q. Note that g “ u´1 ` 1. Rewriting (18.8) as

v3 “ up1 ´ v2u´ u3q,

we see that v is a uniformzer at z and that ordP puq “ 3. Hence we find we also see that
ordzpuq “ 3, and so

ordP pgq “ ordP pu´1 ` 1q “ ordP pu` 1q{uq “ ordP pu` 1q ´ ordP u “ ´3

Finally, we concude thats

div g “ 2p1 : 0 : ´1q ` p1 : ´1 : ´1q ´ 3p0 : 0 : 1q. (18.9)

Note that, since Y is projective we may use Corollary 18.22 and conclude that deg div g “ 0,
which immediately yields 18.9. △

The canonical divisor

Also in this section, we work with a curve X defined over an algebraically closed field k. As
k is algebraically closed, the module of differentials ΩX{k is an invertible sheaf.

Definition 18.26 (The canonical divisor). Let X be a nonsingular curve over k. A
canonical divisor is a divisor KX such that

OXpKXq » ΩX{k. (18.10)

Because of (18.10), any two canonical divisors will be linearly equivalent. It is therefore
the class of KX in the class group ClpXq which is ‘canonical’, rather than the divisor itself.

In our setting, one can describe the set of canonical divisors as follows. We will consider
ΩKpXq{k, which is are called rational differential forms. Note that ΩKpXq{k is 1-dimensional
as a KpXq-vector space, being the stalk of the invertible sheaf ΩX{k at the generic point.

If η is a local generator ΩX{k at a point P P X , it defines a generator for ΩKpXq{k as a
KpXq-vector space as well, and every rational differential form ω is of the form ω “ gη for
some rational function g P KpXq. In fact, ΩKpXq{k “ ΩOX,P {k bOX,P

KpXq.
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Now let ω P ΩKpXq{k be a nonzero element. For each point P P X choose a generator ηP
for ΩOX,P {k and write ω “ gPηP with gP P KpXq. Then define

divω “
ÿ

PPX

ordP pgP qP. (18.11)

The expression on the right in (18.11) is independent of the choice of local generators. This is
because two generators η1

P and ηP will be related by ηP “ uη1
P with u a unit in OX,P , and

hence ω “ gPηP “ ugPη
1
P , and ordP pugP q “ ordP pgP q. Note also that the sum in fact is

finite, because any local generator ηP extends to a generator for ΩU{k in some neighbourhood
U of P , and the corresponding rational function gP has only finitely many zeroes and poles
(and X ´ U is a finite set as well).

If ω and ω1 are two rational differentials, then ω1 “ hω for some h P KpXq. Therefore,
for each P P X we have ordP phgP q “ ordP phq ` ordP pgP q, and by the formula (18.11),
we get

divphωq “ div h` divω.

What we have done so far is valid over any field as long as ΩX{k is invertible. When the
ground field is algebraically closed, there is a local description of the rational differentials in
terms of local parameters that make calculations easier.

Lemma 18.27. Assume that X is nonsingular at the closed point P P X and that t is
local parameter at P . Then each element of ΩKpXq{k is of the form g dt with g P KpXq;
in other words, ΩKpXq{k is of rank 1 over KpXq with dt as a basis.

Proof The Zariski cotangent space mP {m2
P at P is always generated by the class of a local

parameter, and by Proposition ??, it follows that dt generates ΩOX,P {k whenX is nonsingular
at P .

Note that gdt defines a section of ΩU{k over some open set U Ă X . In other words, ω is a
rational section of ΩX{k. Using Proposition 16.35, we obtain

Proposition 18.28. The invertible sheaf associated to divω is isomorphic to ΩX .

Example 18.29. Let us find the canonical divisor of P1
k “ Proj krx0, x1s. Write x for the

affine coordinate t “ x1{x0 on D0px0q. We will consider the differential

ω “ dt

which is an element in Ωkptq{t. Note that ω “ 1 ¨dt “ 1 ¨dpt´aq for any a P k. Thererefore,
as t´ a forms a local parameter at a, we see that the divisor of ω is 0 on D`px0q. It remains
to see what happens at the point p0 : 1q. Here u “ x´1 is a local parameter, and

dx “ u´2du

Therefore, divpωq “ ´2p0 : 1q. As this divisor has negative degree, we again compute that
ΓpP1

k,ΩP1
k
q “ 0. △
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Example 18.30. Assume that k is of characteristic different from 2. Let X Ă A2
k be the

elliptic curve given by the equation

v2 “ u3 ´ u,

and consider the differential ω “ du. At a point p “ pa, bq where b ‰ 0, the coordinate u is
a local parameter, and so du “ dpu´ aq has zero valuation at p. When b “ 0, the curve has
three points: p1 “ p0, 0q, p2 “ p´1, 0q, and p3 “ p1, 0q.

At these points, v will be a local parameter, and since 2vdv “ p3u2 ´ 1qdu, it holds that

du “ 2v{p3u2 ´ 1qdv.

Hence ordpipduq “ 1 for all three. Summing up, we conclude that

divω “ p1 ` p2 ` p3.

△

Example 18.31. We consider the projectivization X Ă P2
k of the previous example, i.e. the

curve whose homogeneous equation is

x2
1x2 “ x3

0 ´ x0x
2
2.

Consider again the rational differential ω “ dpx0{x2q. We know the behaviour of ω on
the distinguished open set D`px2q, so what remains to compute the divisor of ω, is the
valuation ordP pωq for each point in X X V px2q, but this intersection has just one single
point x “ p0 : 1 : 0q.

Dehomogenizing the chart D`px1q by setting u “ x0{x1 and v “ x2{x1, the equation of
X in D`px1q becomes

v “ u3 ´ uv2.

Since 1 ` uv is invertible near x, this shows that u is a local parameter at x and that
ordP pvq “ 3. Our differential ω takes the form ω “ dpx0{x1 ¨ x1{x2q “ dpu{vq “

pudv ´ vduq{v2. We find

dv “ 3u2 ´ v2 ´ 2uvv1qdv,

which yields

udv ´ vdu “ p3u3 ´ uv2 ´ 2u2vv1 ´ vqdu

“ p2u3 ´ 2uv2 ´ 2u2vv1qdu
(18.12)

The terms uv2, 2u2vv1 vanish to order at least 5 at x, and the dominating term in (18.12) is
2u3, which means that ordP pωq “ ordP pu3q ´ 2 ordP pvq “ ´3. We conclude that

divω “ p0 : 0 : 1q ` p´1 : 0 : 0q ` p1 : 0 : 0q ´ 3p0 : 1 : 0q

△
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18.5 The genus of a curve

Let X be a projective nonsingular curve over a field k. We define the arithmetic genus of X
is defined as the integer

papXq “ 1 ´ χpOXq “ 1 ´ dimkH
0pX,OXq ` dimkH

1pX,OXq.

If we assume thatX is geometrically irreducible, that is,Xk̄ is irreducible, thenH0pX,OXq “

k, and so papXq “ dimkH
1pX,OXq.

The geometric genus of X is defined as

pgpXq “ dimkH
0pX,ΩXq.

Note that χpOXq “ dimH0pX,OXq ´ dimH1pX,OXq, so we get

papXq “ 1 ´ χpOXq.

These numbers are defined using different sheaves, and there is no a priori reason to expect
that they should have anything to do with each other. However, we shall see later in the
chapter that there is a strong relation between them: they are equal wheneverX is nonsingular.
For the time being we will still refer to the arithmetic genus pa as the genus of X .

Example 18.32. When X “ P1, we have H1pP1,OXq “ 0 so the arithmetic genus is 0.
Likewise, we have that H0pP1,ΩP1q “ H0pP1,OP1p´2qq “ 0, so also pg “ 0. △

Example 18.33. Let X Ă P2 be a plane curve, defined by a homogeneous polynomial
fpx0,1 , x2q of degree d. In Chapter ??, we computed that H1pX,OXq » kpd´1

2 q. Hence the
genus of X is equal to pd´1qpd´2q

2
. △

Example 18.34. LetX “ P1
k with the usual coveringU0 “ Spec krts andU1 “ Spec krt´1s.

The differential form dt is an element of ΩKpXq{k, which generates ΩX{k|U0
. This means

that ordxpdtq “ 0 for every x P U0. For the remaining point p1 : 0q at infinity, note
that t´1 is the local parameter there, p1 : 0q corresponding to the origin in U1. We have
dpt´1q “ ´t´2dt, and hence dt “ ´pt´1q´2dpt´1q. This means that ordp1:0q dt “ ´2, so
that div dt “ ´2p1 : 0q.

As a Cartier divisor, the corresponding divisor is given by pU0, 1q, pU1, t
2q. This shows

that ΩX » OP1p´2q. △

Example 18.35. The arithmetic genus can show unexpected behaviour over non-algebraically
closed fields. For instance, one can regard X “ P1

C as a nonsingular curve SpecR. Then
dimRH

0pX,OXq “ 2, and dimRH
1pX,OXq “ 0, and hence X has arithmetic genus

papXq “ ´1! The issue is that X is not geometrically irreducible, as the base change XC
has two components. △

18.6 Hyperelliptic curves

Let X be a hyperelliptic curve defined by the affine equation

y2 “ xn ` an´1x
n´1 ` ¨ ¨ ¨ ` a0

Let λ1, . . . , λn be the roots of ppxq. We assume that X is smooth, so the λi are distinct.
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382 Curves

Example 18.36 (Canonical divisors). We can compute a canonical divisor of X by choosing
KX “ divpωq, where ω “ y´1dx (the appearance of the term y´1 will be explained later.)

In the affine chart U “ Spec krx, ys{py2 ´ ppxqq, with coordinates x and y, we have

KX |U “ 0. (18.13)

Indeed, for any point pa, bq P U , where b ‰ 0, x´ a defines a local parameter, as B

By
py2 ´

ppxqq “ 2y is nonzero at P . Moreover,

ω “ y´1dx “ y´1dpx´ aq.

so ordP pωq “ 0 in this case, because y is a unit in OX,P .
For the points of the form pλi, 0q, y forms a local parameter (as y2 equals px´ λiq times

a unit in the local ring). Here we have

dx

y
“

2 dy

p1pxq

As p as no repeated roots, p1pxq is a unit in OX,P , so ordP pωq “ 0 also in this case. This
means that KX |U “ 0.

The remaining points lie in the closed set V puq in Spec kru, vs{pv2 ´ u2g`2ppu´1qq. If
we assume n is even, then these are two points P1 “ p0, 1q and P2 “ p0,´1q. For these
points, u defines a local parameter. Moreover,

ω “
dx

y
“

2 dy

p1pxq
“ ´

ug´1 du

v
.

As v is invertible at P1 and P2, we get

divpωq “ pg ´ 1qP1 ` pg ´ 1qP2. (18.14)

If n is odd, then V puq consists of a single point, P “ p0, 0q, and v2 “ u¨(unit) in OX,P .
Therefore, v is a local parameter at P and ordP puq “ 2. We furthermore get that 2vdv “

du¨(unit), and hence by (18.14), we get

divpωq “ pg ´ 1q ordP puqP “ p2g ´ 2qP.

△

Proposition 18.37. Let X be a hyperelliptic curve of genus g defined by the affine
equation y2 “ ppxq where p has degree 2g ` 1 or 2g ` 2. Then

H0pX,ΩXq “ k
dx

y
‘ k

x dx

y
‘ ¨ ¨ ¨ ‘ k

xg´1 dx

y

Let us consider some examples of divisors on these hyperelliptic curves. For simplicitly,
we will assume that n “ 2g ` 1 is odd, and X is defined using the affine equation

y2 “ ppxq “ x2g`1 ` x

In other words, X is glued together by the affine schemes U “ SpecA and V “ SpecB,
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18.6 Hyperelliptic curves 383

where

A “
krx, ys

p´y2 ` x2g`1 ` xq
and B “

kru, vs

p´v2 ` u` u2g`1q

As before, we glue Dpxq to Dpuq using the identifications u “ x´1 and v “ x´g´1y.
We will compute the groups ΓpX,OXpmP qq, where P is the ‘point at infinity’ of X , that

is, the point corresponding to the maximal ideal m “ pu, vq in V . In other words, we look
for rational functions f P KpXq which are regular on X ´ P “ U and have a pole of order
at most m at p.

To control the pole of f at P , we first compute the orders of vanishing of x, y, u, v at P .
In the local ring OX,P “ Bm, we can use the defining relation to express u as

u “ v2p1 ` u2gq´1 “ v2punitq. (18.15)

Therefore, v is a local parameter at P . Using this, the orders of v, u, x, y are given by

ordP pvq “ 1, ordP puq “ 2 ordP pxq “ ordP pu´1q “ ´2

ordP pyq “ vpxg`1vq “ pg ` 1qp´2q ` 1 “ ´2g ´ 1. (18.16)

Let us identify KpXq with the fraction field of A, so that f is expressed in terms of x and
y. Note P does not lie in U , and in fact X ´ P “ U , as V puq “ V pu, vq “ tP u. As f is
regular on U “ SpecA, this means that f can be identified with a polynomial in x and y.

If we view A as a module over krxs, we can write A “ krxs ‘ krxsy and express f as
apxq ` bpxqy where apxq and bpxq are polynomials. By (18.16), we have

ordP papxqq “ ordP papu´1qq “ ´2 deg a

ordP pbpxqyq “ ordP pbpu´1qyq “ ´deg b´ 2g ´ 1.

Therefore, as we assume g ě 1, we have ordP pfq ď ´2 for any non-constant rational
function with a pole at P . Hence ΓpX,OXpP qq “ k consists of only the constants.

On the other hand, for the divisor 2P , we obtain a new section, namely the rational function
x. As ´deg b ´ 2g ´ 1 ď ´3, we find that there are additional functions with bpxq ‰ 0,
and hence

ΓpX,OXp2P qq “ k ‘ k x.

The invertible sheaf L “ OXp2P q is in fact globally generated by these two sections: the
section ‘1’ generates L over the open set X ´ p, and x generates L in a neighbourhood of p.
This is of course no big surprise: the morphism defined by 1, x is exactly the double cover
morphism X Ñ P1

k.
For the divisor D “ 3P , we allow poles of order 3 at P . Note that we have ordP papxq `

bpxqyq ď ´4 unless g “ 1 and b is constant. This means that ΓpX,OXp3pqq “ k‘kx‘ky
if g “ 1, and ΓpX,OXp3pqq “ k ‘ kx for g ě 2.

Let us investigate the two cases g “ 1 and g “ 2 in more detail.

Example 18.38 (g “ 1). When g “ 1, the sections s0 “ 1, s1 “ x, s2 “ y define a closed
embedding

ϕ : X ÝÝÑ P2
k.
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To see this, write t0, t1, t2 for the homogeneous coordinates on P2
k, so that ϕ˚ti “ si for

i “ 0, 1, 2. Over U “ Dps0q “ ϕ´1D`pt0q, the morphism ϕ is given by

ϕ|U : U ÝÝÑ D`pt0q » A2
k; px, yq ÞÑ p1 : x : yq (18.17)

which can be identified with the closed embedding

Spec krx, ys{p´y2 ` x3 ` xq ÝÝÑ Spec krx, ys.

In particular, ϕ is a closed embedding over ϕ´1D`pt0q. Likewise, over V “ Dpxq “

ϕ´1D`pt1q, we rewrite the sections in terms of u and v:

p1 : x : yq “ px´1 : 1 : x´1yq “ pu : 1 : vq,

so the morphism takes the form

ϕ|V : V ÝÝÑ Dpt1q Ă P2
k; pu, vq ÞÑ pu : 1 : vq. (18.18)

This shows that ϕ is a closed embedding over ϕ´1D`pt1q as well. As these two open
sets cover the image ϕpXq Ă P2

k, the morphism ϕ is a closed embedding. The relation
y2 “ x3 ` x gives the following defining equation for X in P2

k:

t22t0 “ t31 ` t20t1.

That is, X embeds as a plane cubic curve. △

Example 18.39 (g “ 2). When g “ 2, the divisor 3P does not give a projective embedding,
as there is only the two global sections 1 and x. For the divisor 4P , we have ΓpX,OXp4P qq

is spanned by the three sections 1, x, x2. Geometrically, the induced morphism X Ñ P2
k

maps onto the degree 2 curve t21 “ t0t2. It is not a projective embedding because degree 2
curves have genus 0. More directly, X Ñ P2

k factors as X Ñ P1
k Ñ P2

k, where the first map
is the double cover and P1

k Ñ P2
k is the second Veronese embedding.

On the other hand, for the divisor 5P , we obtain

ΓpX,OXp5P qq “ k ‘ kx‘ kx2 ‘ ky.

Moreover, the sections s0 “ 1, s1 “ x, s2 “ x2, and s3 “ y globally generate OXp5pq,
and define a morphism

ϕ : X ÝÝÑ P3
k

Over the open set U “ Dps0q, ϕ is given by the map

ϕ|U : U ÝÝÑ A3
k; px, yq ÞÑ p1 : x : x2 : yq

Over V “ Dps1q, we rewrite the sections in terms of u, v as 1, u´1, u´2, u´3v, and so
multiplying by the unit u3, the morphism is given by

ϕ|V : V ÝÝÑ A3
k; pu, vq ÞÑ pu3 : u2 : u : vq

This shows that ϕ is a closed embedding.
From the defining sections, we see that s21 ´ s0s2 “ 0, so the image of X lies on the

quadric surface t21 ´ t0t2 “ 0. There are additional relations among the sections coming
from the relation y2 “ x5 ` x, for instance, t23t0 ´ t1t

2
2 ´ t1t

2
0 “ 0. Computing the primary
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decomposition of the ideal generated by these two polynomials, we find that X is embedded
in P3

k as the curve defined by the prime ideal

I “ pt21 ´ t0t2, t
2
0t2 ` t32 ´ t1t

2
3, t

2
0t1 ` t1t

2
2 ´ t0t

2
3q.

Let us use the ideal I to verify that the genus of X is equal to 2. A free resolution of I is
given by

0 Ñ Rp´4q2‘
T
ÝÑ Rp´2q ‘Rp´3q2 Ñ I Ñ 0

where T is the matrix

T “

¨

˝

t20 ` t22 ´t23
´t1 t2
t0 ´t1

˛

‚

Applying tilde, we get the following sequence of sheaves on P3
k

0 Ñ OP3
k
p´4q2

T
ÝÑ OP3

k
p´2q ‘ OP3

k
p´3q2 Ñ I Ñ 0

Taking Euler characteristics, we find that χpX,OXq equals

χpOP3q ´ χpIq “ 1 ´

ˆ

´2

ˆ

´4 ` 3

3

˙

`

ˆ

´2 ` 3

3

˙

` 2

ˆ

´3 ` 3

3

˙˙

“ ´1.

As h0pX,OXq “ 1, we find that h1pX,OXq “ 2, as expected. △

18.7 Exercises

Exercise 18.7.1. Let k be an algebraically closed field. Show that any two curves over k are
homeomorphic (!).

Exercise 18.7.2. Let X be a variety over an algebraically closed field k and let x, y P X be
two k-points. Show that if OX,x Ă OX,y and mx Ă my, then x “ y.

Exercise 18.7.3. Let f : X Ñ Y be a birational morphism between curves, where Y
is nonsingular. Then fpXq is open in Y , and f induces an isomorphism X » fpXq.
HINT: The complement of fpXq is a finite set of points. For x P X , show that OY,fpxq

contains OX,x inside KpXq and deduce that OY,fpxq “ OX,x by the properties of discrete
valuation rings.

Exercise 18.7.4. Find the singularities of the curve in P2
k whose equation is x2y2 ` x2z2 `

y2z2 “ 0.

Exercise 18.7.5. a) Show that the pushforward of a torsion sheaf is a torsion
sheaf.

b) Show that a sheaf F is torsion iff it is supported on a proper closed subset
c) Show that if F is a torsion sheaf on a curve X then H0pX,Fq “ 0 if and only

if F “ 0.

Exercise 18.7.6. Let R “ krx0, . . . , xns{a and suppose that each of the ideals xi are
prime. Consider X “ ProjR as a closed subscheme of Pnk with ideal sheaf IX . Show that
H1pPnk , IXpdqq “ 0 for every d P Z. HINT: Use Proposition ??.
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19

The Riemann–Roch theorem

A fundamental problem in algebraic geometry, is how to compute the spaces of global
sections H0pX,OXpDqq for some divisor D. The sections of OXpDq allow us to define
morphisms and rational maps to projective space Pnk , and in good cases, we even get a
projective embedding. Subsequently, we we can ask about geometric information coming
from the embedding, e.g., the degree, or the equations defining the image.

In this chapter we will develop the most powerful tool to attack these questions, the
Riemann–Roch theorem. This has many important consequences for the classification of
algebraic curves. We will study a few of these in Chapter XXX.

19.1 The Riemann–Roch formula

In this chapter, X will denote a nonsingular projective curve over an algebraically closed
field k. When we say ‘point’, we will always mean a closed point.

The cohomology groups H ipX,Fq are finite-dimensional k-vector spaces. For notational
purposes, we define

hipX,Fq :“ dimkH
ipX,Fq

Since X is a curve, the interesting cohomology groups are H0pX,Fq and H1pX,Fq; the
other cohomology groups are zero by Theorem ??. We will mostly be interested in the case
when F “ OXpDq for some divisor D. In this case, we will occasionally write hipDq for
hipX,OXpDqq, provided the context is clear.

Our most basic tool for studying the cohomology groups H0pX,OXpDqq is the ideal
sheaf sequence of a point P P X , which takes the form

0 ÝÝÑ OXp´P q ÝÝÑ OX ÝÝÑ κpP q ÝÝÑ 0 (19.1)

The first map is the inclusion and the second is evaluation at P . Here we have identified
the ideal sheaf mP Ă OX by the invertible sheaf OXp´P q, and the sheaf i˚OP with the
skyscraper sheaf with value κpP q at P . If L is an invertible sheaf, we can tensor (19.1) by L
and get the exact sequence

0 ÝÝÑ Lp´P q ÝÝÑ L ÝÝÑ κpP q ÝÝÑ 0, (19.2)

where Lp´P q is the invertible sheaf of sections of L vanishing at P , and we also identify
L b κpP q » κpP q (note that L b κpP q is also the constant sheaf with value k at P ). In
particular, taking L “ OXpD ` P q in (19.2) we get

0 ÝÝÑ OXpDq ÝÝÑ OXpD ` P q ÝÝÑ κpP q ÝÝÑ 0 (19.3)

386
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19.1 The Riemann–Roch formula 387

This leads to the following basic bound:

Lemma 19.1. Let X be a nonsingular projective curve, and let D be a divisor on X .
Then

(i) h0pX,OXpD ` P qq ď h0pX,OXpDqq ` 1 for each P P X .
(ii) h0pX,OXpDqq ď degD ` 1.

Proof The first item follows by taking global sections in the sequence (19.3). To see the
second inequality, it suffices to consider the case when D “

ř

nPP is effective (otherwise
the left-hand side is 0). In that case, the inequality follows by applying the first inequality
degD times.

Recall that the Euler characteristic χpFq is defined as the alternating sum of the dimensions
hipX,Fq. Applying χ to (19.3), and recalling that χ is additive on exact sequences, we get

χpOXpD ` P qq “ χpOXpDqq ` χpκpP qq “ χpOXpDqq ` 1. (19.4)

The next result is a very useful formula to compute χpOXpDqq for any divisor D:

Theorem 19.2 (Easy Riemann–Roch). Let X be a smooth projective curve of genus
g “ h1pX,OXq and let D be a divisor on X . Then

χpOXpDqq “ h0pOXpDqq ´ h1pX,OXpDqq “ degD ` 1 ´ g (19.5)

Proof Let P P X be a point. Consider the formula (19.5). By (19.4), the left-hand side
increases by 1 if we replace D by D ` P . On the other hand, also the right-hand side of the
equation above increases by 1 by adding P to D, because degpD ` P q “ degD ` 1. This
means that the theorem holds for a divisor D if and only if it holds for D ` P for any closed
point P . So by adding and subtracting points, we can reduce to the case when D “ 0. But in
that case the left-hand side of the formula is simply

dimkH
0pX,OXq ´ dimkH

1pX,OXq “ 1 ´ g

which equals the right-hand side, by the definition of g.

As a first basic corollary, we prove that the divisor of a rational function always has degree
0. This explains the observations that the ‘number of zeros’ and ‘number of poles’ matched
up in the examples in Chapter 18.

Corollary 19.3. If f P KpXq ´ 0, then degpdivpfqq “ 0.

Proof Let D “ divpfq, then OXpDq » OX (Proposition 16.32), so degpdivpfqq “ 0 by
the formula (19.5).

Note that the right-hand side of 19.5 is easy to compute, as it only involves the degree of
D and the genus. Of course, the number we are really after is the number h0pX,OXpDqq,
since this is the dimension of global sections of OXpDq. So if we, for some reason, could
argue that H1pX,OXpDqq “ 0 we would have a formula for the dimension of the space of
global sections of OXpDq.
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388 The Riemann–Roch theorem

In any case, we can certainly say that h1pX,OXpDqq ě 0, and this leads to the following
lower bound on h0pX,OXpDqq, which is often enough in applications.

Corollary 19.4. h0pX,OXpDqq ě degD ` 1 ´ g.

Example 19.5. That the Riemann–Roch formula holds for X “ P1 follows from the
computations in Chapter 15. Indeed, as ClpP1

kq “ Z, it suffices to check that the formula
holds for divisors of the form D “ dP where P P P1 is a point and d P Z. In this case, the
right-hand-side of the fomula equals degD ` 1 ´ 0 “ d` 1.

If d ě 0, H0pP1,OXpdP qq is identified with the space of homogenous degree d polyno-
mials in x0, x1, while H1pP1,OXpdP qq “ 0. Hence h0pX,Dq “ d` 1. If d ă 0, we have
h0pX,Dq “ 0 and h1pX,Dq “ ´d´ 1. △

Example 19.6. Consider again the case where X is a hyperelliptic curve of genus 2,
as in Example 18.39. We have the following table of the various cohomology groups
H ipX,OXpnP qq for the point P “ pu, vq:

D 0 1P 2P 3P 4P 5P 6P 7P
H0pX,OXpDqq 1 1 2 2 3 4 5 6
H1pX,OXpDqq 2 1 1 0 0 0 0 0
χpOXpDqq -1 0 1 2 3 4 5 6

△

As the example shows, the cohomology groups H1pX,OXpDqq vanish provided that the
degree degD is large enough. This is a general fact for all divisors on all projective curves,
and it will be a consequence of the following theorem, known as ’Serre duality’. Although
we will only prove this when X is a curve, we include the general statement, which holds in
any dimension:

Theorem 19.7 (Serre duality). Let X be a smooth projective variety of dimension n
over an algebraically closed field k. Then there is an isomorphism HnpX,ΩnXq » k, and
for any locally free sheaf E on X , a perfect pairing

H0pX, Eq ˆHnpX, E_ b ΩnXq ÝÝÑ HnpX,ΩnXq » k (19.6)

The theorem allows us to view the space of global sections H0pX, Eq as the dual of
the top cohomology group HnpX, E_ b ΩnXq via a certain k-linear pairing. The important
consequence of this is that H0pX, Eq and HnpX, E_ b ΩnXq have the same dimension.

In the case whereX is a curve, we choose a canonical divisorKX so that ΩX “ OXpKXq.
Applying the theorem to E “ OXpKX ´Dq, we get an equality

h1pX,OXpDqq “ h0pX,OXpKX ´Dqq,

and the previous Riemann–Roch formula takes the following form:
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19.1 The Riemann–Roch formula 389

Theorem 19.8 (Riemann–Roch). Let X be a nonsingular projective curve of genus g
and let D be a divisor on X . Then

h0pX,OXpDqq ´ h0pX,OXpKX ´Dqq “ degD ` 1 ´ g

This result is significantly more powerful than the Riemann–Roch formula we saw earlier.
It gives stronger conclusions, because the group H0pX,OXpKX ´Dqq is easier to interpret:
it is the space of global sections of the sheaf associated to the divisor KX ´D. Often, we
can readily argue that no such global sections exist, due to simple reasons. For instance, in
the case degD ą dimKX then KX ´ D cannot be effective, as effective divisors have
non-negative degree.

In fact, we can use the Riemann–Roch formula to compute the degree of the canonical
divisor KX :

Corollary 19.9. Let X be a nonsingular projective curve of genus g “ h1pOXq. Then
(i) degKX “ 2g ´ 2

(ii) h0pX,OXpKXqq “ g.

Proof From Serre duality, we get that H0pX,OXpKXqq and H1pX,OXq have the same
dimension. Therefore, applying the Riemann–Roch formula to D “ KX , we get

g ´ 1 “ dimkH
0pX,OXpKXqq ´ dimkH

0pX,OXpKX ´KXqq “ degK ` 1 ´ g

which gives that degKX “ 2g ´ 2.

Combining this with the previous paragraph, we obtain:

Corollary 19.10. Let D be a divisor of degree ě 2g ´ 1. Then
(i) H1pX,OXpDqq “ 0.

(ii) h0pX,OXpDqq “ degD ` 1 ´ g.

Moreover, if degD “ 2g ´ 2, then H1pX,OXpDqq ‰ 0 if and only if D „ KX .

Proof For the last part, note that h0pX,OXpKX ´ Dqq ‰ 0 if and only if KX ´ D is
effective. But the only effective divisor of degree 0 is the divisor 0, so this happens if and
only if KX and D are linearly equivalent.

Therefore, in our path to computing h0pX,OXpDqq for a divisor D, we are left with
the ‘intermediate cases’ where D has degree between 0 and 2g ´ 2. In this region, the
computations become more subtle, and in particular, the rank of H0pX,OXpDqq does not
depend on degD and g alone.

degD ă 0 0 1 . . . 2g ´ 2 ě 2g ´ 1
h0pX,Dq ? ? ? . . . ? degD ` 1 ´ g
h1pX,Dq ´pdegD ` 1 ´ gq ? ? . . . ? 0
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19.2 Proof of Serre duality

The aim of the next few sections is to prove the following:

Theorem 19.11 (Serre duality). LetX be a projective curve over an algebraically closed
field k. Then there is an OX-module ωX of finite type, together with an isomorphism
H1pX,ωXq » k, such that for any locally free sheaf F on X , there is a perfect pairing

H0pX,Fq ˆH1pX,ωX b F_q ÝÝÑ H1pX,ωXq » k (19.7)

In particular, H0pX,Fq and H1pX,ωX b F_q have the same dimension.

The sheaf ωX is called a dualizing sheaf. The existence of ωX is usually not enough for
applications or explicit computations. The cruicial point is that, when X is nonsingular, the
dualizing sheaf is isomorphic to the cotangent sheaf:

Theorem 19.12. If X is a nonsingular, projective curve, the dualizing sheaf ωX is
isomorphic to the cotangent sheaf ΩX .

These results are fundamental in algebraic geometry and one can find several proofs in
the literature (see for instance, Hartshorne (2013), Liu (2002), Serre (1955),Serre (2013),
Kempf (1993), Vakil (2024)). The proof presented here uses very little machinery, and it is
inspired by the proofs found in Kempf (1993) and Vakil (2024). The approach here is however
more ad hoc and much less conceptual than the standard proofs, and it gives essentially no
information about the isomorphism H1pX,ΩXq » k.

We will prove the two theorems in three steps:
(i) We note that both theorems hold for X “ P1

k, where ωX “ OP1
k
p´2q serves as

a dualizing sheaf (and we know this coincides with ΩP1
k
).

(ii) Then we prove the existence of ωX for a general curve, by using a finite map
f : X Ñ P1

k. The sheaf ωX is constructed just to satisfy the formal properties
of Serre duality.

(iii) We finally prove that ωX » ΩX .
The first step, Serre duality for P1

k, is the easiest:

Lemma 19.13 (Serre duality for P1
k). Serre duality holds for P1

k with ωP1
k

“ OP1
k
p´2q.

Proof We showed in Chapter 15 that Serre duality holds for any projective space for the
sheaves F of the form OP1

k
pdq. For P1

k specifically, we identify H0pX,OP1
k
pdqq with the

k-vector space of homogeneous polynomials of degree d and H1pX,OP1
k
p´2 ´ dqq with

the k-vector space spanned by Laurent monomials x´u
0 x´v

1 with u` v “ d` 2, u, v ě 1.
The multiplication map

xa0x
b
1 ˆ x´u

0 x´v
1 :“

#

x´1
0 x´1

1 if pu, vq “ pa´ 1, b´ 1q

0 otherwise

defines a perfect pairing, which induces (19.7) for F “ Opdq with d ě 0. For d ă 0, all
groups are zero.
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Recalling that any locally free sheaf F on P1
k is a direct sum of invertible sheaves, we get

the pairing (19.7) in general.

19.3 The dualizing sheaf

Let ϕ : A Ñ B be a map of rings making B into a finite A-module. For an A-module N , we
will consider the ‘dual module’ HomApB,Nq, which is a priori an A-module. The crucial
observation is that this can also be viewed as a B-module, via the rule

b ¨ ϕpyq :“ ϕpb ¨ yq, y P B

for each A-linear map ϕ : B Ñ N . Note that HomApB,Nq is finitely generated as a
B-module if N is finitely generated as an A-module.

The main property we need is the following:

Lemma 19.14. For a B-module L, there is a natural isomorphism of A-modules

HomApLA, Nq ÝÝÑ HomBpL,HomApB,NqqA (19.8)

Proof The map (19.8) is defined by sendingψ : L Ñ N to ϕ : L Ñ HomApB,Nq defined
by ϕpℓq “ pb ÞÑ ψpb¨ℓqq. The inverse is defined by the map sending ϕ : L Ñ HomApB,Nq

to ℓ ÞÑ ϕpℓqp1q.

The operation N ÞÑ HomApB,Nq defines a functor from A-modules to B-modules. It
behaves well with respect to localization: if S Ă A is a multiplicative set, then asB is finitely
generated, there is a natural isomorphism of S´1B-modules

S´1 HomApB,Nq “ HomS´1BpS´1B,S´1Nq. (19.9)

Because of this, the construction generalizes well to a version for sheaves. For a finite
morphism f : X Ñ Y of Noetherian schemes and a quasi-coherent OY -module G, we define
f !G by the formula

Γpf´1U, f !Gq “ HomOY pUqpOXpf´1Uq,GpUqq (19.10)

for each affine U “ SpecA. Note that f !G is quasi-coherent, as it coincides with the tilde of
HomApB,Nq over affines. As f is finite, f !G is moreover of finite type if G is.

By (19.10), we have f˚f
!G “ HomOY

pf˚OX ,Gq. More generally, if F is an OX -module
of finite type, we have a natural isomorphism

f˚ HomOX
pF , f !Gq » HomOP1

k

pf˚F ,Gq. (19.11)

This follows because the isomorphisms in the map (19.8) are compatible with localizations.

Definition 19.15. Let X be a nonsingular projective curve over k, and let f : X Ñ P1
k

be a finite morphism. We define the dualizing sheaf of X to be the OX-module

ωX “ f !ωP1
k
.
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392 The Riemann–Roch theorem

So far we haven’t used the fact that X is nonsingular; any projective curve admits a
dualizing sheaf ωX . In the nonsingular case, we will prove in Section 19.4 that ωX » ΩX . In
particular, the sheaf is independent of the chosen finite map to P1

k. As a first step towards this,
we next show that ωX is invertible.

Proposition 19.16. Let X be a nonsingular projective curve. Then ωX is an invertible
sheaf.

Proof Since X is a nonsingular curve, ωX is locally free if and only if it is torsion free.
Let T denote the torsion subsheaf and E is the torsion free part, so that ωX “ E ‘ T by
Theorem 18.17. Applying f˚, we get

f˚ωX “ f˚E ‘ f˚T .

Applying the formula (19.11), shows that f˚ωX “ Hompf˚OX , ωP1
k
q. As f is finite and

surjective, f˚OX is locally free (Proposition 18.18). Since ωP1
k

“ OP1
k
p´2q is also invertible,

we find that f˚ωX is also locally free. Note that f˚T is again a torsion sheaf on P1
k. As

f˚T is a direct summand of a locally free sheaf, we must have f˚T “ 0. This implies that
ΓpX, T q “ ΓpP1

k, f˚T q “ 0. On a curve, the only torsion sheaf with no global sections is
the zero sheaf, so T “ 0, and hence ωX is locally free.

We next show that ωX has rank 1. To show this, it suffices to compute the stalk at the
generic point ξ “ SpecKpXq. We can compute this using the affine open sets SpecB Ă X
and SpecA Ă P1

k. Then with S “ B ´ 0, the stalk ωX,ξ is given by

S´1 HomApB,Lq “ HomKpP1
kqpKpXq,KpP1

kqq

which is a KpP1
kq-vector space of dimension equal to the degree of the field extension

KpXq{KpP1
kq, i.e., the degree of f . Hence, as a KpXq-vector space it has dimension 1.

Therefore, ωX is an invertible sheaf.

Having established this fact, we can finish the proof of Serre duality on X . For any locally
free sheaf F on X , we have a a chain of natural bijections:

H1pX,F_ bOX
ωXq “ H1pP1

k, f˚pF_ bOX
ωXqq (19.12)

“ H1pP1
k, f˚ HompF , ωXqq (19.13)

“ H1pP1
k,Hompf˚F , ωP1

k
qq (19.14)

“ H1pP1
k, pf˚Fq_ bOP1

k

ωP1
k
q (19.15)

“ H0pP1
k, f˚Fq_ (19.16)

“ H0pX,Fq_. (19.17)

Many of the steps here are non-trivial: (19.12) and (19.17) use Lemma 15.20. (19.13) and
(19.15) follow by Proposition 14.3 and the fact that F , f˚F , ωX and ωP1 are locally free.
(19.14) uses the adjoint property (19.11) and finally (19.16) is Serre duality on P1

k.
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19.4 The dualizing sheaf is the canonical sheaf

The goal of this section is to show that the dualizing sheaf ωX is isomorphic to the cotangent
sheaf ΩX . Both of these sheaves are locally free: the first by Corollary 19.16, and ΩX because
X is nonsingular. However, at this point, we do not even have a map between them.

The proof makes use of the following two basic properties of the dualizing sheaf:
(i) H1pX,ωXq ‰ 0.

(ii) H1pX,ωX b OXpP qq “ 0 for every point P P X .
In fact, we will see that these properties characterize ωX uniquely, and it is this which in turn
allows us to conclude that ΩX “ ωX .

Proof of Theorem 19.12 We will work with the fiber product X ˆX (taken over k) with
the two projections p, q : X ˆ X Ñ X . Consider the diagonal ∆ Ă X ˆ X (which we
view as a closed subscheme, because X is separated over k). Since X ˆX is a nonsingular
surface, ∆ is a divisor on X ˆX , and the corresponding ideal sheaf I is the invertible sheaf
OXˆXp´∆q. Consider the ideal sheaf sequence

0 ÝÝÑ OXˆXp´∆q ÝÝÑ OXˆX ÝÝÑ i˚OX ÝÝÑ 0

where i : X Ñ X ˆX is the diagonal embedding. Tensoring the sequence by OXˆXp∆q,
we obtain

0 ÝÝÑ OXˆX ÝÝÑ OXˆXp∆q ÝÝÑ OXˆXp∆q bOXˆX
i˚OX ÝÝÑ 0 (19.18)

By the projection formula, the sheaf on the right is isomorphic to i˚pi˚OXˆXp∆qq. On the
other hand, by the definition of the cotangent sheaf, the pullback i˚OXˆXp´∆q is given by
ΩX . Dually, this means that the sheaf on the right-hand side in (19.18) is isomorphic to i˚TX ,
and the sequence takes the form

0 ÝÝÑ OXˆX ÝÝÑ OXˆXp∆q ÝÝÑ i˚TX ÝÝÑ 0. (19.19)

We now tensor this sequence by q˚ωX , to get a sequence

0 ÝÝÑ q˚ωX ÝÝÑ q˚ωXp∆q ÝÝÑ i˚pωX bOX
TXq ÝÝÑ 0 (19.20)

Here we have used the projection formula again:

i˚TX bOXˆX
q˚ωX “ i˚pTX bOX

i˚q˚ωXq “ i˚pTX bOX
ωXq.

If we restrict the sequence (19.20) to the open set V ˆ X , where V is affine, and take the
long exact sequence in cohomology, we get an exact sequence

ΓpV ˆX, i˚pωX bOX
TXqq ÝÝÑ H1pV ˆX, q˚ωXq ÝÝÑ H1pV ˆX, q˚ωXp∆qq

(19.21)
By Lemma 15.20, we may identify the first group with ΓpV, ωX bOX

TXq. The next lemma
identifies the middle group.
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Lemma 19.17. Let V and X be varieties over k with V affine. Let q : V ˆ X Ñ X
denote the second projection. Then for any quasi-coherent sheaf F onX , there are natural
isomorphisms

H0pV ˆX, q˚Fq “ OV pV q bk H
0pX,Fq

H1pV ˆX, q˚Fq “ OV pV q bk H
1pX,Fq. (19.22)

Proof Recall the exact sequence

0 Ñ H0pX,Fq Ñ FpU0q ˆ FpU1q
d0

ÝÝÑ FpU0 X U1q Ñ H1pX,Fq Ñ 0. (19.23)

Tensoring by OV pV q over k preserves exactness, so we get an exact sequence

0 Ñ OV pV q bk H
0pX,Fq Ñ OV pV q bk FpU0q ˆ OV pV q bk FpU1q

Ñ OV pV q bk FpU0 X U1q Ñ OV pV q bk H
1pX,Fq Ñ 0.

Note that the map in the middle is exactly the Cech complex with of the sheaf q˚F with
respect to the two affine open sets V ˆ U0 and V ˆ U1. By exactness, we get the desired
isomorphisms.

By the lemma, we may identity the middle cohomology group in (19.21) with ΓpV,OXq bk

H1pX,ωXq » ΓpV,OXq. Below, we will show that

H1pV ˆX, q˚ωXp∆qq “ 0. (19.24)

Given this, the sequence (19.21) can be written

ΓpV, ωX b TXq ÝÝÑ H1pX,ωXq bk OXpV q ÝÝÑ 0. (19.25)

These identifications are compatible with restriction maps, i.e., if V 1 Ă V is a smaller affine
open set, the following diagram commutes

ΓpV, ωX b TXq H1pV ˆX, q˚ωXq H1pX,ωXq bk OXpV q

ΓpV 1, ωX b TXq H1pV 1 ˆX, q˚ωXq H1pX,ωXq bk OXpV 1q

δ

δ

Therefore, these maps glue to define a map of sheaves

ωX b TX ÝÝÑ OX .

By (19.25), this map is surjective. As both sheaves are locally free, this must be an iso-
morphism (the kernel is locally free of rank 0), so ωX b TX » OX . But this means that
ωX » ΩX .

To conclude, we need to show that (19.25) holds. Let y P V be a k-point and consider the
subscheme ι : y ˆX Ñ V ˆX . Identifying y ˆX with X , we have

ι˚pq˚ωXq “ ωX

and

ι˚pOXˆXp∆q|VˆXq “ OXpyq
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Hence ι˚pq˚ωXp∆qq “ ωXpyq. This sheaf has an H1 which is zero, by the dualizing
property:

H1pX,ωXpyqq “ H0pX,OXp´yqq_ “ 0 (19.26)

Indeed, ΓpX,OXp´yqq is the group of global regular functions vanishing at y, but all regular
functions are constants, as X is projective.

Now we will apply the following lemma.

Lemma 19.18 (H1 and base change). Let f : Y Ñ S be a a projective morphism of
Noetherian schemes, where S “ SpecA is affine, and assume that Y can be covered
by two affine open sets U0 and U1. Let h : YB Ñ Y be the morphism defined by a base
change SpecB Ñ SpecA. Then for any OY -module of finite type F , we have a natural
isomorphism of B-modules

H1pY ˆA B, h
˚Fq “ H1pY,Fq bA B. (19.27)

Proof Consider the exact sequence

FpU0q ˆ FpU1q
d
ÝÑ FpU0 X U1q Ñ H1pY,Fq Ñ 0. (19.28)

coming from the Cech complex on U0 and U1. Tensoring this complex by B gives the Cech
complex of the pullback h˚F . Therefore, H1pY ˆA B, h

˚Fq is the cokernel of d b idB
and so since the tensor product is right exact, we get the isomorphism (19.27).

We apply the lemma to Y “ V ˆ X , S “ V , f “ p, B “ A{m and F “ q˚ωXp∆q.
Since H1pX, ι˚pq˚ωXqq “ 0, we find that the A-module M “ H1pV ˆ X, q˚ωXp∆qq

satisfies M bA A{m “ 0. Since this happens for every maximal ideal m in A, we get that
M “ 0 by Nakayama’s lemma. This concludes the proof.
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Applications of the Riemann–Roch theorem

20.1 A criterion for being a closed embedding

If f : X Ñ Y is a morphism of schemes, it can easily happen that f is a homeomorphism
without being an isomorphism, even when X and Y are varieties. (See Example 20.3 below).
In light of this, it is natural to ask if there is a sufficient extra condition to guarrantee that
f is a closed embedding. As it turns out, it turns out that it is enough that f induces an
isomorphism on cotangent spaces:

Proposition 20.1. Let f : X Ñ Y be a finite map of schemes of finite type over an
algebraically closed field k. Then f is a closed embedding if and only if

(i) f is injective on k-points; and
(ii) for each k-point P P Xpkq, the induced map on cotangent spaces

f˚ : mfpP q{m
2
fpP q ÝÝÑ mP {m2

P (20.1)

is surjective.

Proof The conditions (i) and (ii) are easily seen to be satisfied for a closed embedding, so
we need to prove the converse direction.

The question is local on Y , so we may assume that Y is affine, say Y “ SpecA. As f is
finite, X is also affine, say X “ SpecB, for some finite A-module B, and f is induced by a
ring map ϕ : A Ñ B. We need to show that ϕ is surjective.

Viewing ϕ as a map of A-modules, it is enough to show that ϕm : Am Ñ Bm is surjective
for every maximal ideal m in A. Let Q P Y be the k-point corresponding to m. Recall that
the scheme-theoretic fiber XQ of Q is given by SpecpB{mBq. If Q is not in the image of
f , then B{mB “ 0. In this case Bm “ 0 because mB is the unit ideal in B, and ϕm is
trivially surjective. If Q is in the image, then assumption (i) shows that Q “ fpP q for a
unique k-point P P X , corresponding to a maximal ideal n in B.

We claim that n “ mB. Consider the ideal b “ ϕpmqB in B. As P maps to Q, we have
in any case an inclusion b Ă n. By the hypothesis (ii), the composition m Ñ m{m2 Ñ n{n2

is surjective, so b Ñ n{n2 is surjective, and hence b ` n2 “ n. Consider the B-module
M “ n{b. Then b ` n2 “ n implies that nM “ M and so M “ 0 by Nakayama’s lemma.
Therefore b “ n.

From this it follows that A{m “ B{ϕpmqB “ B{n “ k. Moreover, the map ϕ b A{m,
which is the map A{m Ñ B{n, is surjective. As B is a finite A-module, it follows that ϕ is
surjective as well (by Nakayama’s lemma again).
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Note that the condition 20.1 is equivalent to the induced map on tangent spaces

dfP : TPX ÝÝÑ TfpP qY (20.2)

is injective. Yet another way of rephrasing it is that f is a closed embedding if and only if the
induced maps Xpkq Ñ Y pkq and XpRq Ñ Y pRq are injective, where R “ krϵs{ϵ2 is the
ring of dual numbers.

Example 20.2. The assumption that k is algebraically closed is important in the above
proposition. For instance, the scheme map f : SpecC Ñ SpecR satisfies (i) and (ii), but it
is not a closed embedding. △

Example 20.3. We saw in Example ?? that the morphism

f : SpecCrxs ÝÝÑ SpecCrx, ys{py2 ´ x3q

is a homeomorphism. f satisfies the condition (i), but not (ii), as the map on tangent spaces
at the origin is the zero map. △

20.2 Ample invertible sheaves and Serre’s theorems

If L is a globally generated invertible sheaf, and X is Noetherian, we can find finitely many
sections s0, . . . , sn that generate L and define a morphism to projective space ϕ : X Ñ Pn
so that L “ ϕ˚OPnp1q. It is natural to ask when ϕ is a closed embedding. If this is the case,
then we can view X as a closed subscheme of Pn and L is simply the restriction OPnp1q|X
to X . Hence the closed embedding is completely determined by the sections s0, . . . , sn and
the polynomial relations between them.

Definition 20.4. Let X be a scheme over a Noetherian ring A. We say that an invertible
sheafL is very ample if there is a closed embedding ι : X Ñ PnA such thatL » ι˚OPn

S
p1q.

L is said to be ample if LbN is very ample for some N ą 0.

Example 20.5. If X “ SpecA is affine, then OX is very ample. The closed embedding in
question is simply the identity morphism SpecA Ñ P0

A “ SpecA. △

Example 20.6. If R is a graded ring which is finitely generated in degree 1 over a field k,
then OProjRpdq is very ample for every d ą 0. If x0, . . . , xn are generators for R, then the
homogeneous polynomials in x0, . . . , xn of degree d define a morphism to projective space
ProjR Ñ PNk which is a composition of the closed embedding X Ñ Pnk and the Veronese
embedding vd : Pnk Ñ PNk . △

We will see several examples of ample, but non-very ample invertible sheaves in Chapter
18 (Example 18.39).

In this chapter, we give a few of the (many) consequences of the Riemann–Roch formula.
We begin by translating the results of Chapter ?? into concrete numerical criteria for a divisor
D to be base point free or very ample. Then we use these results to classify all curves of
genus ď 4.
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20.3 Base-point freeness and very ampleness on curves

Let X be a nonsingular projective curve over an algebraically closed field k and let D be a
divisor on X . We say that a point P P X is a base point of D (or perhaps more precisely, the
linear system |D|) if every section of H0pX,OXpDqq vanishes at P . If there are no base
points, we say that D is base-point free.

In light of the isomorphism OXpDqbOX
mP » OXpD´P q, we see that P is a base-point

if and only if the inclusion H0pX,OXpD ´ P qq Ă H0pX,OXpDqq is an isomorphism. In
general, the dimension of H0pX,OXpD ´ P qq can be at most 1 less than H0pX,OXpDqq,
by the exact sequence

0 ÝÝÑ H0pX,OXpD ´ P qq ÝÝÑ H0pX,OXpDqq
evP

ÝÝÝÑ κppq (20.3)

Therefore, D is base-point free if and only if for every point P P X ,

h0pD ´ P q “ h0pDq ´ 1.

If this condition is satisfied, we obtain a morphism f : X Ñ Pnk , by Theorem 14.26.
We now turn to the question whether f is a closed embedding. For this, we use the two

conditions appearing in Proposition 20.1. That is, f should be injective on k-points, and the
map f˚ on cotangent spaces should be surjective.

Let us choose a basis s0, . . . , sn for H0pX,OXpDqq. Then, over the open set Dps0q, f
is induced by the ring map

k

„

x1

x0

, . . . ,
xn
x0

ȷ

ÝÝÑ ΓpDps0q,OXq (20.4)

sending xi{x0 to si{s0. Here we recall that si{s0 is viewed as regular function on Dps0q as
in Section 14.7.

To show that f is injective, we want to show that for any two points P,Q P Xpkq, we have
fpP q ‰ fpQq. This happens if we are able to find a section s “

ř

aisi such that spP q “ 0
and spQq ‰ 0. Because in that case, fpP q lies in the hyperplane V p

ř

aixiq Ă Pnk , whereas
fpQq does not.

Therefore, we want to show that there is a section s which lies in H0pX,OXpD ´ P qq,
but not in H0pX,OXpD ´ P ´Qqq. It is therefore enough to show that for any P and Q,
we have a strict inequality h0pD ´ P ´Qq ă h0pD ´ P q. As h0pD ´ P q “ h0pDq ´ 1,
by the above, this is equivalent to the condition

h0pD ´ P ´Qq “ h0pDq ´ 2 for every pair P,Q P X. (20.5)

Next we would like to know whether the pullback map on cotangent spaces

f˚ : mfpP q{m
2
fpP q ÝÝÑ mP {m2

P

is surjective. As X is a nonsingular curve, mP {m2
P is 1-dimensional vector space, so we just

need f˚ to be non-zero.
Let us for simplicitly assume that P maps to the point p1 : 0 : ¨ ¨ ¨ : 0q P Pnk (we may

acheive this by a linear change of coordinates). This means that the morphism is given locally
by Dps0q Ñ Dpx0q as in (20.4). More precisely, if yi “ xi{x0 i “ 1, . . . , n denote the
affine coordinates onDpx0q, we have f 7pyiq “ si{s0 P ΓpDps0q,OXq. In these coordinates,
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mfpP q{m
2
fpP q

is the k-vector space generated by the classes y1, . . . , yn, and f˚ maps yi to

si{s0 in mP {m2
P . It is therefore enough to show that some linear combination of the yi pulls

back to an element in mP which vanishes to order 1 at P . Note that a linear combination
ř

ai
si
s0

vanishes to order 1 at P if and only if
ř

aisi vanishes to order 1 at P , that is, lies in
H0pX,OXpD ´ P qq but not in H0pX,OXpD ´ 2P qq.

Therefore, to show that such linear forms exist, we need to show thatH0pX,OXpD´2P qq

is strictly smaller than H0pX,OXpD ´ P qq. As above, the dimension can drop by at most
1, so this happens if and only if

h0pD ´ 2P q “ h0pD ´ P q ´ 1 “ h0pDq ´ 2

To summarize, we have proved the first two items in the following theorem:

Theorem 20.7 (Base-point free and very ample divisors on curves).
Let X be a nonsingular projective curve over an algebraically closed field k and let D be
a divisor on X . Then

(i) D is base point free if and only if

h0pD ´ P q “ h0pDq ´ 1 for every point P P Xpkq.

(ii) D is very ample if and only if

h0pD ´ P ´Qq “ h0pDq ´ 2 for every two points P,Q P Xpkq

(including the case P “ Q)
(iii) If degD ě 2g, then D is base point free and h1pX,Dq “ 0.
(iv) If degD ě 2g ` 1, then D is very ample.

As OXpDq|U » OU over U “ X ´ SupppDq, it is enough to check the condition (i) for
all P in the support of D.

Proof The items (i) and (i) follow from Proposition 20.1 and the discussion above.
For (iii), note that H1pD ´ P q and H1pDq are both zero, by Corollary 19.10. Therefore,

the exact sequence (20.3) is in fact a short exact sequence, and hence h0pD´pq “ h0pDq´1.
Since this holds for any P P X , we conclude by (i)

Similarly, for (iv), we get h1pD´P´Qq “ 0, which implies h0pD´P´Qq “ h0pDq´2,
and this allows us to apply (ii).

In particular, the theorem implies that a divisor D on a curve is ample if and only if
degD ą 0.

Example 20.8. On X “ P1 a divisor D is base point free if and only if deg ě 0 and very
ample if and only if degD ą 0. △

Example 20.9. If X is a curve of genus 1, a divisor D is base point free if degD ě 2. We
will see later that, if D “ P for a k-point P , we have h0pX,OXpDqq “ 1, so D cannot be
base point free (a generator s P H0pX,OXpDqq satisfies divpsq “ P , so it vanishes at P ).

A divisor D on X is very ample if degD ě 3. △
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20.4 Curves of genus 0

The results of the previous sections are particularly strong when the genus is small. In the
case X is a curve of genus 0, a divisor D is base-point free if and only if degD ě 0 and
very ample if and only if degD ą 0.

If we apply this observation to a divisor of the form D “ P for a k-point P , we see that
h0pDq “ 1 ` 1 ´ 0 “ 2 and D defines a closed embedding X Ñ P1

k. Therefore, we have
proved the following remarkable theorem:

Theorem 20.10. Let X be a nonsingular curve of genus 0 over an algebraically closed
field k. Then X is isomorphic to P1

k.

Example 20.11. Consider the plane curve X Ă P2
k defined by the homogeneous equation

x2
0 ` x2

1 ´ x2
2 “ 0.

Then X as a k-point P “ p1 : 0 : 1q. Let us find a basis for H0pX,OXpP qq.
We are looking for rational functions g which have a pole of order 1 at P and no poles

at any other point. The linear form x0 ´ x2 vanishes at P , but it has multiplicity 2 there.
To make up for this, we can consider a quotient ℓ{px0 ´ x2q where ℓ is a linear form in
x0, x1, x2 vanishing with order 1 at P . For instance, we can take ℓ “ x1. And indeed, the
quotient

g “
x1

x0 ´ x1

satisfies

divpgq “ p1 : 0 : 1q ` p1 : 0 : ´1q ´ 2p1 : 0 : 1q “ p1 : 0 : ´1q ´ p1 : 0 : 1q.

and so g P H0pX,OXpP qq. As P has degree 1, we see that H0pX,OXpP qq “ k ‘ k g.
The corresponding morphism

X ÝÝÑ P1
k

px0 : x1 : x2q ÞÑ px1 : x0 ´ x2q

can be viewed as the projection from P . △

Remark 20.12 (Curves of genus 0 over general fields). For non-algebraically closed fields
k, there exist curves of genus 0 which are not isomorphic to P1

k. The isomorphism to P1
k is

closely linked to the existence of a k-point on X .
For instance, the conic curve X “ V`px2

0 ` x2
1 ` x2

2q Ă P2
R has genus 0, but it has no

R-points at all. Similarly, the conic X “ V`px2
0 ` x2

1 ´ 3x2
2q has infinitely many R-points,

but no Q-points. In these examples, X cannot be isomorphic to P1
k, but the base change to

the algebraic closure Xk̄ “ X ˆk k becomes isomorphic to P1
k
.

That being said, curves of genus 0 over arbitrary feidls are well understood. Here is a brief
explaination. If we assume that H0pX,OXq “ k and H1pX,OXq “ 0 and Xpkq ‰ H,
then X » P1

Q. Indeed, if X admits a k-point P , then one shows that the invertible sheaf
OXpP q is very ample by pulling back toXk̄, where one can apply Theorem 20.10. Therefore,
we again find that X » P1

k.
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A nice and surprising fact, which holds for any field k, is that any nonsingular projective
curve of genus 0 is isomorphic to plane curve of degree 2, X “ V`pQq Ă P2

k. To prove
this, one considers the anticanonical divisor D “ ´KX (which is always defined over k,
regardless of whether X has a k-point or not). By working on Xk̄, one shows that this is very
ample, and embeds X as a degree 2 curve in P2

k.

We conclude by another characterisation of P1, which will be important for studying curves
of higher genus as well.

Proposition 20.13. Let X be a nonsingular projective curve over an algebraically closed
field k and D any divisor on X . Then

dimkH
0pX,OXpDqq ď degD ` 1

with equality if and only if X » P1
k.

Proof We may assume that D is effective, i.e., D “ P1 ` ¨ ¨ ¨ ` Pd for some k-points
P1, . . . , Pk P X (possibly equal) (otherwise replace D by some other effective divisor
D1 „ D). The proof is by induction on degD “ d.

First suppose d “ 1. There is an exact sequence

0 ÝÝÑ OX ÝÝÑ OXpP q ÝÝÑ κpP q ÝÝÑ 0.

Now h0pX,OXq “ 1 and h0pκpP qq “ 1 therefore h0pOXpP qq ď 2. If h0pOXpP qq “ 2,
then |P | cannot have any base points, so we obtain a finite morphism X Ñ P1

k. As X is
nonsingular and degP “ 1, this must be an isomorphism, and so X » P1

k.
Next supposeD “ P1 ` ¨ ¨ ¨ `Pd. LetD1 “ P1 ` ¨ ¨ ¨ `Pd´1. There is an exact sequence

0 ÝÝÑ OXpD1q ÝÝÑ OXpDq ÝÝÑ κpPdq ÝÝÑ 0.

Now h0pOXpD1qq ď d by induction and h0pκpPdqq “ 1 so h0pOXpDqq ď d`1. Moreover,
h0pOXpDqq ď d ` 1 with equality if and only if h0pOXpD1qq “ d which by induction
happens if and only if X » P1

k.

Corollary 20.14. A nonsingular curve X over an algebraically closed field is isomorphic
to P1

k if and only if ClpXq » Z.

Proof By Proposition ??, the Picard group of any projective space Pnk is isomorphic to
Z. Conversely, suppose X is a curve with ClpXq » Z. Let p, q be two distinct points on
X . By assumption, the two divisors p and q are linearly equivalent, so the invertible sheaf
L “ OXppq has at least 2 linearly independent global sections (one vanishing at p and one
vanishing at q). Therefore, X » P1

k by Proposition 20.13.

20.5 Curves of genus 1

A plane curve X Ă P2
k of degree 3 has genus 1. This follows by taking cohomology of the

exact sequence

0 ÝÝÑ OP2
k
p´3q ÝÝÑ OP2

k
ÝÝÑ ι˚OX ÝÝÑ 0.
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In this section, we show that in fact every curve of genus 1 arises this way:

Theorem 20.15. Any projective curve X of genus 1 over an algebraically closed field
can be embedded as a plane cubic curve in P2

k.

Proof Pick a point P P X and consider the divisor D “ 3P . Then D has degree 3 ě

2g ` 1, so it is very ample. Furthermore, by Riemann–Roch, h0p3P q “ 3, so there is a
projective embedding ϕ : X Ñ P2

k. The image ϕpXq is a smooth curve of degree equal to
deg ϕ˚OP2

k
p1q “ degD “ 3.

We can make this a little bit more explicit, as follows. For a point P P X , consider the
multiples D “ mP where m “ 1, . . . , 6. By the Riemann–Roch formula, we can compute
the spaces of global sections as follows

h0 basis
OXpP q 1 1
OXp2P q 2 1, x
OXp3P q 3 1, x, y
OXp4P q 4 1, x, y, x2

OXp5P q 5 1, x, y, x2, xy
OXp6P q 6 1, x, y, x2, xy, x3, y2

As H0pX,OXp6P qq is 6-dimensional, there must be a linear relation between the sections
1, x, y, x2, xy, x3, y2. It is not hard to see that, after a coordinate change, we can take it to
be the following cubic

y2 ` a1xy ` a2y “ x3 ` a3x
2 ` a4x` a5

where a1, a2, a3, a4, a5 P k. When the characteristic of k is not 2 or 3, the equation can be
further simplified, to

y2 “ x3 ` ax` b.

This is known as the Weierstrass form of the curveX . Any such equation defines a nonsingular
genus 1 curve, provided that 4a3 ` 27b2 ‰ 0 (Exercise 10.6.4).

In contrast to the genus 0 case, there are many non-isomorphic genus 1 curves. For instance,
among the curves Xt “ V px2

1x2 ` x3
0 ` x0x

2
2 ` tx3

2q Ă P2
k, where t P k, a given curve Xa

is isomorphic to at most a finite number of other Xt’s.

The group law on X

One of the most important facts about genus 1 curves is that the set of k-points Xpkq form an
abelian group. That is, there is a natural way of ‘adding’ k-points on X . This only happens
for curves of genus 1.

To make the discussion a bit more concrete, we consider the curve X Ă P2
k defined by the

equation

y2z “ x3 ´ xz2

The key point in understanding the group structure is to consider divisors on X .
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If L Ă P2
k is a line, we get a divisor L|X on X , supported on the finite set LXX . More

formally, we take a section s P OP2
k
p1q defining L and restrict it to X . The restricted divisor

on X consists of three points P,Q,R (counted with multiplicity). In particular, since any
two lines are linearly equivalent on P2

k, we get for every pair of lines L,L1 and corresponding
triples P,Q,R, a relation

P `Q`R „ P 1 `Q1 `R1

where „ denotes linear equivalence.
Let us consider the point O “ p0 : 1 : 0q on X . This is a special point on X: it is an

inflection point, in the sense that there is a line L “ V pzq Ă P2
k which intersects X with

multiplicity three at O. That means that L restricts to 3O on X . The point O will serve as
the identity in the group Xpkq. It has the property that any three collinear points P,Q,R in
X satisfy

P `Q`R „ 3O

Next, consider the subgroup Cl0pXq Ă ClpXq consisting of degree 0. This fits into the exact
sequence

0 ÝÝÑ Cl0pXq ÝÝÑ ClpXq
deg

ÝÝÝÑ Z ÝÝÑ 0

Let us define the following map:

ξ : Xpkq ÝÝÑ Cl0pXq

P ÞÑ rP ´Os

Lemma 20.16. ξ is a bijection.

Proof ξ is injective: ξpP q “ ξpQq implies that P „ Q. Then P “ Q (otherwise X would
be rational by Proposition 20.14). (Alternatively, it follows because h0pX,OXpP qq “ 1 by
Riemann–Roch).
ξ is surjective: Take a divisor D “

ř

niPi P DivpXq of degree 0. Then D1 “ D ` O
has degree 1, so by Riemann–Roch, H0pX,OCpD1qq is 1-dimensional. Hence there exists
an effective divisor of degree 1 in |D1|, which must then be of the form D1 “ Q for some
k-point Q. But this means that D `O „ Q, or in other words, D „ Q´O “ ξpQq, as we
wanted to show.

Using this bijection, we can put a group structure on the set Xpkq by transporting the
group structure of Cl0pXq. We have shown:

Theorem 20.17. The set of k-points Xpkq on a genus 1 form an abelian group.

The group law has the following famous geometric interpretation. Given two points
P,Q P X , we draw the line L they span (see Figure 20.1). This intersects X in one more
point, say R. In the group Cl0pXq we have

P `Q`R “ 3O
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P

Q

P ` Q

y

x

L
R

Figure 20.1 The group law on X

To define the ‘sum’ P `Q (which should be a new k-point of X), we then look for a point
S so that

S ´O “ pP ´Oq ` pQ´Oq

or in other words, S `O “ P `Q. In light of the above, this becomes S `O “ 3O ´R
or, R ` S `O “ 3O. This tells us that we should define S as follows: We draw the line L1

from O to R (shown as the dotted line in the figure), and define S to be the third intersection
point of L1 with X . By construction, we get pP ´ Oq ` pQ ´ Oq “ pS ´ Oq in Cl0pXq.
We then define P `Q to be the k-point S.

Given the equation of X in P2
k, and coordinates for the points P and Q, we can of course

write down explicit formulas for the coordinates of S, and they are rational functions in the
coordinates of P and Q. This construction has many applications in cryptography.

20.6 Hyperelliptic curves

A nonsingular curve X of genus g ě 2 is said to be hyperelliptic if there is a finite degree
2 map X Ñ P1

k. There was already a notion of ‘hyperelliptic curves’ in Section ??, so we
should start by showing that the two definitions are equivalent.

Let X be curve admitting a degree 2 morphism f : X Ñ P1
k. Then the function field

KpXq is a degree 2 extension of KpP1
kq “ kpxq. Let 1, y be a basis for KpXq as a kpxq-

vector space. Then the elements 1, y, y2 are kpxq-linearly dependent, so there is a relation of
the form Ay2 `By ` C “ 0 for some elements A,B,C P kpxq. Multiplying this relation
by a suitable polynomial, we may assume that A,B,C P krxs. Furthermore, multiplying
the relation by A, and replacing y by Ay, we see that we may take the relation to be of the
form y2 `By ` C where B,C P krxs. If the characteristic of k is not equal to 2, we may
furthermore complete the square to reduce to y2 “ ppxq for some ppxq P krxs. Finally, by
performing variable changes of the form y “ px´ aq ¨ v, and we may assume that ppxq has
no repeated roots.

This shows that X has the same function field as the nonsingular curve defined by y2 “

ppxq in A2
k. Hence X is birational, hence isomorphic, to one of the hyperelliptic curves of

Section ??.
If the field k has characteristic 2, most of the steps in the above parapgraph remain valid,
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20.6 Hyperelliptic curves 405

except that the defining equation has the form y2 ` qpxqy “ ppxq for some qpxq P krxs of
degree ď g.

The construction in Section ?? shows that there are hyperelliptic curves of any genus g.
Here is another construction:

Example 20.18. Let X Ă P1
k ˆ P1

k be a smooth divisor of bidegree p2, g ` 1q. Then by the
exact sequence

0 ÝÝÑ OP1
kˆP1

k
p´2,´g ´ 1q ÝÝÑ OP1

kˆP1
k

ÝÝÑ ι˚OX ÝÝÑ 0

and by Exercise 15.18.5,

H2pP1
k ˆ P1

k,Op´2,´g ´ 1qq “ H1pP1
k,Op´2qq bH1pP1

k,Op´g ´ 1qq » kg,

so X has genus g.
Explicitly, X is defined by a bihomogeneous equation of the form

fpx0, x1; y0, y1q “ Apy0, y1qx2
0 `Bpy0, y1qx0x1 ` Cpy0, y1qx2

1

whereA,B,C P kry0, y1s are homogeneous of degree g`1. Therefore, the second projection
p2 : X Ñ P1

k is finite of degree 2, so X is hyperelliptic of genus g.
In fact, any hyperelliptic curve can be embedded in P1

k ˆk P1
k as a divisor of bidegree

p2, g`1q, at least when char k ‰ 2. To see this, note that we may write ppxq “ qpxq2`rpxq

where q and r are polynomials of degree ď g ` 1. Then, if we make the substitution u “ x
and v “ y ` qpxq, we see that the curve is birational to the plane curve with affine equation
v2 ´ 2vqpuq ´ rpuq “ 0 in Spec kru, vs. A projective model in P1

k ˆk P1
k is given by the

bihomogeneous equation

x2
0y
g`1
0 ´ 2x0x1qpy1{y0qyg`1

0 ´ rpy1{y0qyg`1
0 x2

1 “ 0.

△

The following theorem summarizes the various ways to define a hyperelliptic curve.

Theorem 20.19. LetX be nonsingular curve of genus g ě 2 over an algebraically closed
field with char k ‰ 2. Then the following are equivalent:

(i) X admits a finite degree 2 map f : X Ñ P1
k.

(ii) X is birational to a plane curve of the form y2 “ ppxq, where p is a
polynomial with distinct roots.

(iii) X admits a divisor D of degree 2 and h0pDq “ 2.
(iv) X is isomorphic to a divisor in P1

k ˆk P1
k of bidegree p2, g ` 1q.

Proof The discussion in the beginning of this section showed that (i)ô (ii). Example 20.18
showed that (iv)ô(i). Hence we need only address the item (iii).

(i)ñ(iii): Take D “ f˚Q for a point Q P P1pkq. Then D has degree 2, and two sections,
because the morphism is non-constant.

(iii)ñ(i): Given such a divisor D, let us show that D is base-point free. By Theorem
20.7, it suffices to show that h0pD ´ P q “ 1 for every point P P X . Since h0pDq “ 2,
h0pD ´ P q can drop by at most 1 by the exact sequence (20.3), so h0pDq ď 1. On the other
hand, D ´ P is a degree 1 divisor, hence h0pD ´ P q ď 1 by Proposition 20.13.
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20.7 Curves of genus 2

Let X be a nonsingular projective curve of genus 2. We have seen examples of such curves
already, namely the hyperelliptic curve obtained by gluing two copies of the affine curve
y2 “ ppxq where ppxq is a polynomial of degree 5 or 6. However, we show the following,
which tells us that any genus 2 curve arisises from the construction in Section B.4.

In fact, if X is a genus 2 curve, the canonical divisor KX is base-point free, and gives a
morphism

f : X ÝÝÑ P1
k

As KX has degree 2g ´ 2 “ 2, this proves the following:

Proposition 20.20. Any curve of genus 2 is isomorphic to a hyperelliptic curve.

We saw in Proposition 15.36 that a genus 2 curve cannot be embedded in the projective
plane P2

k. However, in light of Theorem 20.19, it can be embedded as a p2, 3q-divisor in
P1
k ˆk P1

k.

20.8 Curves of genus 3

We next classify curves of genus 3. We have seen a few examples of such curves already:

Example 20.21. A plane curve X Ă P2 of degree d “ 4 has genus 1
2
pd´ 1qpd´ 2q “ 3.

Note that

ΩX “ OP2pd´ 3q|X “ OXp1q

soKX is very ample, since it is the restriction of the very ample invertible sheaf OP2p1q. △

Example 20.22. TheX on the quadric surfaceQ » P1
k ˆP1

k in P3
k of type (2,4) is hyperellip-

tic. It is a curve of degree 6 and genus 3 in P3
k. As we showed in Section 20.7, the canonical

divisor KX is not very ample (in this case, it defines a degree 2 morphism X Ñ P2
k onto a

nonsingular conic). △

These two examples are a bit different. The curves in the first example have very ample
canonical divisor KX , whereas in the second case KX defines the degree 2 map X Ñ P1

k.
We show that this distinction is a general phenomenon for curves of genus 3:

Proposition 20.23. Let X be a curve of genus 3. Then there are two possibilities:
(i) KX is very ample. Then X embeds as a plane curve of degree 4.

(ii) KX is not very ample. Then X is a hyperelliptic curve, and it embeds as a
p2, 4q divisor in P1

k ˆ P1
k.

Proof of Proposition 20.23 We still need to check the last part of the above theorem, namely
that every hyperelliptic curve arises as a curve of type p2, 4q on the quadric surface P1

kˆP1
k Ă

P3
k.
Write F for the divisor inducing the degree 2 morphism X Ñ P1

k. We first claim that
KX „ 2F . Since both divisors have degree 4, it suffices to show that KX ´ 2F is effective.
Note that in any case h0pX, 2F q ě 3, as the sections x2

0, x0x1, x
2
1 are linearly independent
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(they are pullbacks of independent sections from ΓpP1
k,OP1

k
p2qq and the pullback map is

injective by Exercise ??). Then applying Riemann–Roch to the divisor D “ 2F , we get

h0p2F q ´ h0pKX ´ 2F q “ 4 ` 1 ´ 3 “ 2,

from which we find that h0pKX ´ 2F q ‰ 0, as desired.
We next look for a base-point divisor D of degree 4. This is the divisor which will induce

the ‘first projection’ X Ñ P1
k, once we have established that X is a p2, 4q-divisor. We will

find points P1, . . . , P4 so that the divisor D “ P1 ` ¨ ¨ ¨ ` P4 satisfies
(i) h0pDq “ 2

(ii) D is base-point free.
(iii) D ´ F is not effective.

In fact, there is a Zariski open set U Ă Xpkq ˆ Xpkq ˆ Xpkq ˆ Xpkq so that these
conditions are satisfied for every pP1, P2, P3, P4q P U .

Let us start with the condition (i). Note that by Riemann–Roch, we have

h0pDq ´ h0pKX ´Dq “ 4 ` 1 ´ 3 “ 2

Note that KX ´D has degree 2g ´ 2 ´ 4 “ 0, so KX ´D is a divisor of degree 0. This is
effective if and only if KX „ D. Note that in selecting the points P1, P2, P3, P4, we have 4
dimensions of freedom, whereas there is only a 2-dimensional space of canonical divisors
|KX |, therefore most divisors P1 ` P2 ` P3 ` P4 will not be a canonical divisor.

To argue a little bit more rigorously, note that KX is base-point free, so h0pKX ´P1q will
be be equal to 3 ´ 1 “ 2 for all points P1. The divisor LX ´ P1 has at most finitely many
base points, so h0pKX ´ P1 ´ P2q “ 1 for most points P2. Continuing subtracting points
like this, we see that KX ´P1 ´P2 ´P3 ´P4 is not effective, and hence the claim (i) holds.

We can use a similar argument to show (ii). We need to show that

h0pD ´ P q “ h0pDq ´ 1 “ degD ` 1 ´ 3 ´ 1 “ 1

for every point P . Suppose this is not the case, and let P be a base point of D. Since
D “ P1 ` P2 ` P3 ` P4, we may suppose that P “ P4. By Riemann–Roch, we are done if
we can show that h0pKX ´D` P q “ 0. Note that KX ´D` P “ KX ´ P1 ´ P2 ´ P3.
There is a 3-dimensional space of effective divisors of the form P1 ` P2 ` P3 for points
Pi P X , but only a 2-dimensional linear system of effective canonical divisors |KX |. Hence
KX ´D ` P is not effective.

Finally, to see (iii), write F “ Q1 ` Q2 for the degree 2 divisor on X . When defining
the divisor D, we may assume that the points Pi are choosen so that Q1 will not be a base-
point of D and Q2 will not be a base-point of D ´ Q1. Therefore h0pD ´ Q1q “ 1 and
h0pD ´Q1 ´Q2q “ 0, and so D ´ F is not effective.

We therefore have two morphisms: f : X Ñ P1
k and g : X Ñ P1

k (induced by D). By the
universal property of the fiber product, this gives a morphism

ϕ “ pf ˆ gq : X ÝÝÑ P1
k ˆk P1

k

We claim that this is a closed embedding.
Let F “ P `Q be the divisor which induces f .
Next, we claim thatD`F is very ample. This divisor is base-point free of degree 2`4 “ 6

and h0pD ` F q “ 6 ` 1 ´ 3 “ 4 (there is no h1 because 6 ą 2g ´ 2).
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408 Applications of the Riemann–Roch theorem

We can see the sections of H0pX,OXpD ` F qq as follows. Write H0pF q “ xx0, x1y

and H0pDq “ xy0, y1y. As F is base-point free, the Koszul complex on x0, x1 gives the
following exact sequence:

0 Ñ OXpD ´ F q Ñ OXpDq2 Ñ OXpD ` F q Ñ 0 (20.6)

Note that H0pD ´ F q “ 0 by item (iii). Then H1pD ´ F q “ 0 as well, by Riemann–Roch.
This implies that the multiplication map H0pOXpDqq2 Ñ H0pOXpD ` F qq which sends
ps, tq to x0s` x1t, is an isomorphism. Hence

H0pD ` F q “ xx0y0, x0y1, x1y0, x1y1y. (20.7)

Now, to show that D ` F is very ample, we need to show that

h0pX,D ` F ´ p´ qq “ h0pD ` F q ´ 2 “ 2

for any pair of points p, q P X . By Riemann–Roch again, we can conclude if we know that
h0pKX ´D ´ F ` p` qq “ 0. But since KX „ 2F , we have

KX ´D ´ F ` p` q „ F ´D ` p` q

These are divisors of degree 0, so if this is effective, we must have D ´ F „ p` q. But this
contradicts item (iii) above.

Therefore, D ` F is very ample, and embeds X into P3
k. By (20.7), the image of X lies

on the quadric surface u0u3 ´ u1u2 “ 0. Hence X Ñ P3
k factors via the Segre embedding

X Ñ P1
k ˆk P1

k Ñ P3
k. Hence we may view X as a divisor X Ă P1

k ˆk P1
k. By construction,

the two projections to P1
k are given by the sections of D and F . This means that X has

bidegree p2, 4q as a divisor on P1
k ˆk P1

k.

20.9 Curves of genus 4

Recall that curves of genus g ě 2 split up into two disjoint classes, the hyperelliptic curves,
which admit a degree 2 morphism to P1

k; and the canonical curves, where KX is very ample.
Here are two examples of genus 4 curves in P1

k ˆk P1
k.

Example 20.24. Consider a type p2, 5q curve C on Q Ă P3
k. Then C has degree 7 “ 2 ` 5

and C is hyperelliptic (because of the degree 2 map coming from projection onto the first
fact p1 : Q Ñ P1). A type p3, 3q curve on Q is also of genus 4. It is a degree 6 complete
intersection of Q and a cubic surface. △

Let us try to classify curves X of genus 4. If X is hyperelliptic, then a very similar
argument to the one in the previous section shows that X embeds as a p2, 5q-divisor in
P1
k ˆk P1

k.
So we may assume that KX is very ample. This means that KX defines an embedding

ϕ : X Ñ Pg´1
k “ P3

k and the degree of the embedded curve is degKX “ 2g ´ 2 “ 6.
What are the equations of X in P3

k? To answer this, we use a very powerful technique in
curve theory, namely combining Riemann–Roch with the sheaf cohomology of projective
space.
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Twisting the ideal sheaf sequence of X by OP3
k
p2q and taking cohomology gives the exact

sequence

0 Ñ H0pP3
k, IXp2qq Ñ H0pP3

k,OP3
k
p2qq Ñ H0pX,OXp2qq Ñ ¨ ¨ ¨

Note that OP3p1q “ OXpKXq. Applying Riemann-Roch to the divisor 2KX , we get

h0pOP3p2q|Xq “ deg 2KX ` 1 ´ g ` h1pOXp2KXqq “ 12 ` 1 ´ 4 “ 9.

(Note that h1pOP3p2q|Xq “ h1p2KXq “ h0p´KXq “ 0, as ´KX has negative degree).
Since h0pP3

k,OP3p2qq “ 10, it follows that the map H0pOP3p2qq Ñ H0pOXp2qq must
have a nontrivial kernel, and so h0pP3

k, IXp2qq ą 0.
The conclusion is that X lies in some surface of degree 2, say Q Ă P3

k is defined by
q P krx0, x1, x2, x3s. Note that X does not lie in a plane (then X could not have genus
4). This implies that q must be irreducible. So X lies on either a singular quadric cone
V px0x2 ´ x2

1q or the nonsingular quadric surface V px0x3 ´ x1x2q. The quadric surface Q
is moreover unique, as if X Ă QXQ1, and so X would have degree ď 4.

What about cubics in IX? Of course x0q, . . . , x3q give a 4-dimensional space in IX “

H0pP3
k, IXp3qq. We next consider the sequence

0 Ñ H0pOXp3qq Ñ H0pOP3p3qq Ñ H0pOXp3qq Ñ ¨ ¨ ¨

We have h0pP3
k,OP3p3qq “ 20, and h0pX,OXp3qq “ 15 by Riemann–Roch. Hence

h0pOXp3qq ě 5, and we find that there is a cubic c P krx0, x1, x2, x3s which is not in
the span of x0q, . . . , x3q, hence c R pqq. Note that V pq, cq is a 1-dimensional subscheme of
degree 6 containingX as a component. AsX is also of degree 6, we must haveX “ V pq, cq.

This proves the following theorem:

Theorem 20.25. Let X be a nonsingular curve of genus 4. Then either
(i) X is hyperelliptic (in which case X embeds as a p2, 5q-divisor in P1 ˆ P1q;

or
(ii) X “ V pQq X V pCq is the complete intersection of a quadric surface and a

cubic surface in P3
k.

There are further classical results about the canonical embedding for genus ě 3.

Theorem 20.26 (Enriques–Petri). Let X be a nonsingular non-hyperelliptic curve of
genus ě 3. Then the image of the canonical emeddingX Ñ Pg´1 is defined by quadratic
equations unless:

(i) X is trigonal, i.e., birational to an affine curve of the form y3 “ ppxq.
(ii) X is isomorphic to a curve of degree 5 in P2

k.

20.10 Exercises

Exercise 20.10.1. Let X be a nonsingular quasi-projective curve over an algebraically closed
field k. Show that if ΓpX,OXq ‰ k, then X is affine. HINT: Embed X in a projective
nonsingular curve X and consider divisors supported on the closed subset X ´X .
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410 Applications of the Riemann–Roch theorem

Exercise 20.10.2. Consider the relation D ď D1 on divisors such that D ´D1 is effective.
Let D be a divisor of maximal degree such that H1pX,OXpDqq ‰ 0. Show that D is a
canonical divisor, i.e., D „ KX .

Exercise 20.10.3. Let f : X Ñ Y be a non-constant morphism of curves. If D is a divisor
on Y , show that h0pX, f˚OY pDqq ě h0pY,OY pDqq.

Exercise 20.10.4 (Riemann–Roch for higher rank). Let X be a nonsingular projective curve
and let E be a locally free sheaf of rank r. Show that

χpX, Eq “ degpdet Eq ` rχpOXq (20.8)

Exercise 20.10.5 (Lüroth’s theorem). Let X be a nonsingular proper curve over an alge-
braically closed field k and let f : P1

k Ñ X be a non-constant morphism. Show that X is
isomorphic to P1

k.

Exercise 20.10.6. Find an example of an OX -module F of finite type so that the equality in
(19.27) is not true if we replace H1 by H0.

Exercise 20.10.7. Let X Ă P2
k be a plane curve of degree ď 3. Show that the automorphism

group of X is infinite.

Exercise 20.10.8. Let X Ă P2
k be a plane curve of degree 4. Show that any automorphism

ϕ : X Ñ X is induced by a linear transformation P2
k Ñ P2

k. Deduce that the general plane
quartic has trivial automorphism group.

Exercise 20.10.9 (Curves of genus 5). a) Let X be a complete intersection of 3
quadric hypersurfaces in P4

k. Show that X is non-hyperelliptic of genus 5.
b) Conversely, show that any non-hyperelliptic curve of genus 5 is contained in

the intersection of 3 quadric hypersurfaces Q0 XQ1 XQ2 in P4
k.

c) * Show that there exist non-hyperelliptic genus 5 curves which are not complete
intersections of 3 quadrics (it can happen that Q0 XQ1 XQ2 has dimension
ě 2).

Exercise 20.10.10 (Curves of genus 6). Show that the following varieties define genus 6
curves:

a) A degree 5 curve in P2
k

b) A p2, 7q-divisor in P1
k ˆ P1

k.
c) A p3, 4q-divisor in P1

k ˆ P1
k.

d) * Show that the classes of curves constructed in a), b), c) are disjoint.

Exercise 20.10.11. Let X be a smooth hyperelliptic curve of genus g. Show that if f : X Ñ

P1
k is a finite morphism of degree at most g, then f factors via the degree 2 covering
σ : X Ñ P1

k. HINT: Consider a map X Ñ P1
k ˆk P1

k.

Exercise 20.10.12 (Curves of degree 3). Let X Ă Pnk be a nonsingular curve of degree 3.
Show that X has genus ď 1 and is either a twisted cubic or a plane cubic.

Exercise 20.10.13 (Curves of degree 4). Let X Ă Pnk be a nonsingular curve of degree 4.
Show that X has genus 0, 1 or 3. Find a projective models in each case.
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Exercise 20.10.14 (Hyperelliptic curves). Let X be a hyperelliptic curve of genus g, that is,
admitting a base-point free divisor D of degree 2.

a) Show that if g ě 2, then D is unique up to linear equivalence, and that
KX „ pg ´ 1qD. POSSIBLE HINT: If f, g : X Ñ P1

k are two degree 2
morphisms, consider a point P P X such that f´1pfpP qq “ P ` Q and
g´1pgpP qq “ P ` Q for P,Q,R P X distinct. Then consider the divisor
P `Q`R.

b) Show that if g “ 1, then X contains infinitely many such divisors D which are
non-linearly equivalent.

Exercise 20.10.15. Let X be a curve over a field k and let F be a sheaf on X . Show that
H ipXk, q

˚Fq » H ipX,Fq bk k for all i, where q : Xk Ñ X is the base change morphism.

Exercise 20.10.16 (Trace map). Let f : X Ñ Y be a finite morphism of nonsingular
projective curves. Show that there is a natural map Tr : f˚OX Ñ OY which splits the usual
map f 7 : OY Ñ f˚OX . Deduce that

f˚OX » OY ‘ E

for some locally free sheaf E .

Exercise 20.10.17. a) Let f : X Ñ Y be a domninant morphism of nonsingular
projective curves. Show that gpXq ě gpY q HINT: Apply Exercise 20.10.16.

b) (Lüroth’s theorem): Let f : P1
k Ñ X be a dominant morphism of nonsingular

projective curves. Show that X » P1
k.

Exercise 20.10.18 (Fermat’s Last Theorem for polynomials). As an application of Exercise
20.10.17, show that if n ě 3, there are no non-constant polynomials P,Q,R P krts such
that

P n `Qn “ Rn.

What happens when n “ 1 or 2?
HINT: Construct a morphism to a Fermat curve in P2

k.
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414 Some results from Commutative Algebra

A.1 Operations on ideals

If A is a ring and S Ă A is subset, the ideal generated by S is defined as the ideal

ta1s1 ` ¨ ¨ ¨ ` arsr | r P N, ai P A, si P Su

For a collection of ideals taiuiPI , the sum
ř

iPI ai is defined as the ideal generated by finite
sums ai1 ` ¨ ¨ ¨ ` air where aij P aij . This is the smallest ideal containing all the ai. In
particular, for two ideals a and b, the sum a ` b consists of sums a` b where a P a, b P b.

If a1, . . . , ar are ideals, the product ideal a1 ¨ ¨ ¨ ar is the ideal generated by products
a1 ¨ ¨ ¨ ar, where ai P ai. There is always an inclusion

a1 ¨ ¨ ¨ ar Ă a1 X ¨ ¨ ¨ X ar.

By the next result, this is an equality if the ideals are pairwise coprime, that is, ai ` aj “ p1q

for each i ‰ j.

Theorem A.1 (Chinese remainder theorem). Let a1, . . . , an Ă A be a collection of
ideals which are pairwise coprime. Then the homomorphism φ : A Ñ

śn

i“1A{ai is
surjective, and

Kerφ “ a1 X ¨ ¨ ¨ X an “ a1 ¨ ¨ ¨ an,

giving an isomorphism

A{
č

ai »
ź

A{ai.

The radical of an ideal a is defined as
?
a “ t a | an P a for some n P N u

If a and b are two ideals, we define the ideal quotient as the ideal

pa : bq “ t a P A | ab Ă a u.

If x P A, the ideal p0 : xq is sometimes called the annihilator of x.
An element a P A is called a zero divisor if there exists a nonzero b P A such that ab “ 0.

It is a unit if there exists a b with ab “ 1. a is nilpotent if an “ 0 for some n P N. a is
irreducible if it is not a unit and a “ xy implies that x or y is a unit.

An A-algebra is a ring B equipped with a ring map ϕ : A Ñ B. For instance, B “

Arx1, . . . , xns is an A-algebra. B is said to be finitely generated if it is isomorphic to one of
the form Arx1, . . . , xns{a for some ideal a Ă Arx1, . . . , xns.

The ring map ϕ allow us to multiply elements of B with elements of A, by defining
ab “ ϕpaqb. For this reason, it is common to suppress ϕ from the notation.

A.1.1 Prime ideals. An ideal p is prime if xy P p implies either x P p or y P p. This is
equivalent to saying that A{p is an integral domain.
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A.2 Some field theory 415

A.1.2 Ideals in quotients. For an ideal a of A, there is a one-to-one correspondence

tIdeals in A{au ÐÑ tIdeals in A containing au (A.1)

Let π : A Ñ A{a be the quotient map. If b Ă A is an ideal containing a, then πpbq “ b{a
is an ideal of A{a. Conversely, if J is an ideal of A{a, then π´1pJq is an ideal containing
a. These operations are inverse to each other, as πpπ´1pJqq “ J and π´1pπpbqq “ ta P

Auπpaq P πpbq “ b ` a “ b.
This correspondence preserves inclusions: if a Ă b Ă c, then b{a Ă c{a, and if I Ă J Ă

A{a, then π´1pIq Ă π´1pJq Ă A.

A.1.3 Prime ideals in quotients. The correspondence (A.1) also gives a bijection between
the prime ideals of A{a and the prime ideals containing a. This follows because b is prime if
and only if A{a is an integral domain, and A{b “ pA{aq{pb{aq is an integral domain if and
only if b{a is prime in A{a.

A.2 Some field theory

A field extension K{k is a ring map k Ñ K between two fields. The degree of the field
extension is defined as the dimension of K as a k-vector space; this number is denoted by
rK : ks. If k Ñ K Ñ L is a sequence of field extensions, then rL : ks “ rK : ksrL : Ks.

We say K{k is called finite if K is finite-dimensional as a k-vector space. It is called
fintely generated if there exist elements a1, . . . , an P K so that K “ kpa1, . . . , anq. Here
kpa1, . . . , anq denotes the field extension generated by the ai, i.e., the field of fraction of the
ring kra1, . . . , ans.

An element a P K is called algebraic over k if it satisafies a polynomial equation
P paq “ 0, where P has coefficients in k. The field extension K{k is said to be algebraic, if
every element of K is algebraic over k. K{k is called transcendental if it is not algebraic.
K{k is purely transcendental if there exists an algebraically independent collection of
elements txiuiPI such thatK “ kppxiqiPIq. An extension is finite if and only if it is algebraic
and finitely generated.

A field k is called algebraically closed if k Ă L algebraic implies that k “ L. If k is a
field, we call a field extension K{k an algebraic closure if it is algebraically closed, and for
any other extension k Ñ L where L is algebraically closed, there is a map of k-algebras
K Ñ L. The algebraic closure is unique up to isomorphism (of k-algebras).

A.2.1 Transcendence degree. If K{k is a field extension, a set of elements a1, . . . , ar
from K is said to algebraically independent over k if there are no polynomial relations
between them, i.e.,P pa1, . . . , arq ‰ 0 for every polynomialP P krt1, . . . , tns. Equivalently,
the map ti ÞÑ ai defines a k-algebra isomorphism krt1, . . . , trs » kra1, . . . , ars. Likewise,
one says that a possibly infinite subset S Ă K is algebraically independent if any finite
collection of (distinct) elements of S is algebraically independent.

A transcendence basis for K over k is a maximal algebraically independent set S Ă K . If
a1, . . . , an are algebraically independent, they form a transcendence basis if and only if the
field extension kpa1, . . . , anq Ă K is algebraic. One can prove that all transcendence bases
have the same cardinality. This common cardinality is called the transcendence degree of K
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over k and is denoted by trdegkK. In general, the transcendence degree may be infinite,
but for finitely generated field extensions, it will always be finite. Note that if A Ă B is an
extension of integral domains with B of finite type over A, then the associated extension
KpAq Ă KpBq will be a finitely generated field extension with a finite transcendence
degree.

If k Ă K Ă L are fields, and taiuiPI is a transcendence basis for K{k and tbjujPJ is
a transcendence basis for L{K, then tai, bjuiPI,jPJ is a transcendence basis for L{k. In
particular,

trdegkpLq “ trdegkpKq ` trdegKpLq.

A.2.2 Separable extensions. A field extension K{k is called separable if every algebraic
element K over k is a root of a separable polynomial over k, that is, a polynomial whose
roots are distinct in an algebraic closure of k. Equivalently, K{k is separated if for every
field extension k Ñ L, the tensor product K bk L is reduced.

‚ A field extension of characteristic 0 is always separable.
‚ In characteristic p ą 0, an extension is separable if and only if the formal derivative of

every irreducible polynomial is non-zero.
‚ Every purely transcendental extension is separable.

A field k is said to be perfect if every irreducible polynomial over k has no repeated root in
any field extension K{k. Any field of characteristic 0, such as Q, R, or C, is perfect. If k has
characteristic p, k is perfect if and only if every element of k is a p-th power.

Example A.2. Examples of perfect fields include: Any field of characteristic 0, such as Q, R,
or C; finite fields, since any finite field of characteristic p is closed under taking p-th powers;
and algebraically closed fields, by virtue of having no proper algebraic extensions. △

As in the definition of an algebraic closure, we define the separable closure and perfect
closure of a field. These are again unique up to isomorphism.

A.3 Modules

An A-module M is said to be free if M » AI , where I is an index set and AI “
À

iPI A.
The rank of M is defined as the cardinality of I .

A.3.1 Finiteness conditions. M is said to be finite if M » An for some n ě 0.
M is finitely generated, or of finite type if there there are finitely many elementsm1, . . . ,mn

which generate it as an A-module, that is, there is a surjective map of A-modules An Ñ M .
M is of finite presentation if there is an exact sequence

Am Ñ An Ñ M Ñ 0

for some integers m,n ě 0.
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A.3.2 Composition series. An A-module M is called simple if it is nonzero and its only
submodules are 0 and M itself. Equivalently, M » A{m for some maximal ideal m.

If M is an A-module, then a compostion series is a chain of submodules 0 “ M0 Ă

M1 Ă M2 Ă ¨ ¨ ¨ Ă Ms “ M such thatMi`1{Mi is simple for any i “ 0, . . . , s´1. Given
a compsition series, the quotients Mi`1{Mi are uniquely determined up to isomorphism. We
define thelength of M , lengthpMq to be the length s of a composition series.

The length is additive on exact sequences.

A.3.3 Torsion. If M is an A-module, we define the torsion submodule of M as the sub-
module Mtors “ tm P M | am “ 0 for some a P A ´ 0 u. M is said to be torsion free if
the torsion submodule is zero.

A.4 Localization

A nonempty subset S of a commutative ring A is called a multiplicative set if it is closed
under multiplication and contains the identity element of A.

The localization of A with respect to a multiplicative set S, denoted S´1A, is the set of
fractions a{s with a P A and s P S. There is a well-defined addition and multiplication
making S´1A into a ring. Formally, S´1A is constructed by definiing an equivalence relation
on Aˆ S by pa, sq „ pa1, s1q if there exists an element t P S such that tpas1 ´ a1sq “ 0 in
A. The elements of S´1A are denoted by a{s or a

s
.

There is a canonical localization map

ρ : A Ñ S´1A, x ÞÑ x{1

which makes S´1A into an A-module. The kernel of ρ consists of those elements which are
annihilated by some element of S, i.e., sx “ 0 for some s P S. In particular, the map ρ is
injective if A contains no zerodivisors.

The localization S´1A is the zero ring if and only if 0 P S (if 0 P S, then a{s “ 0{1 by
definition).

If M is an A-module, one also defines a localization S´1M as the set of fractions m{s,
for m P M , s P S, using the equivalence relation pm, sq „ pm1, s1q if tpms1 ´ m1sq “ 0
in M . As above, there is a canonical localization map ρ : M Ñ S´1M . Also, S´1M is
naturally an S´1A-module.

The localization S´1A and the map ρ satisfies the following universal property: For every
A-module N and any ring map f : A Ñ B such that fpsq P B is invertible for all s P S,
there exists a unique map of rings g : S´1A Ñ B making the following diagram commute:

A B

S´1A

f

φ
D!g

(A.2)

The map g is uniquely determined by gpm{sq “ fpmq ¨ fpsq´1 for all m P M and s P S.

Example A.3. The first prototype example is when S “ A´ p for a prime ideal p. In this
case the localization S´1A is denoted Ap. The ring Ap is a local ring with maximal ideal
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pAp. The elements in A´ p become units in Ap, and every non-unit in Ap is in the maximal
ideal pAp. △
Example A.4. The second prototype example is when S “ t1, f, f2, . . . u for some f P A.
In this case the localization S´1A is denotedAf . Elements ofAf are of the form a{fn where
a P A and n ą 0. The map

ř

ant
n ÞÑ

ř

anf
´n induces an isomorphism Arts{p1´ ftq »

Af . △
The functor M ÞÑ S´1M has excellent properties. It is exact, and commutes with direct

sums, direct limits, and tensor products.
If p is a prime ideal, and f R p, then there is a canonical localization map Af Ñ Ap. The

localizations Af form a directed system as f runs over the set of elements in A´ p and there
is an isomorphism

lim
ÝÑ
fPA´p

Af ÝÝÑ Ap.

A.4.1 Ideals in localizations. Let S Ă A be a multiplicative set. If a Ă A is an ideal
such that S X a ‰ H, then S´1a “ p1q in S´1A. Hence the ideals that intersect S map to
non-proper ideals in S´1A.
For prime ideals, there is a one-to-one correspondence

tPrime ideals P in S´1Au ÐÑ tPrime ideals p in A with p X S “ Hu (A.3)

The correspondence sends P Ă S´1A to ρ´1pP q, and the inverse is given by p ÞÑ S´1p.
These maps are mutual inverses. For a prime ideal P in S´1A, we have S´1ρ´1pP q “ P .

Indeed, a{s P P ô a{1 P P ô a P ρ´1pP q ô a{s P S´1pρ´1pP qq. On the other hand,
if p is a prime ideal in A such that p X S “ H, then ρ´1pS´1pq “ p. The ‘Ą’-inclusion is
clear. Conversely, if a P ρ´1pS´1pq, then a{1 P S´1p, so there exists t P S such that ta P p.
Since p X S “ H, t R a, therefore a P a.

A.4.2 Radicals and intersections. For an ideal a Ă A, we have

?
a “

č

aĂp

p. (A.4)

Indeed, if f P
?
a, then f r P a for some r P N. Therefore, f r P p for every p that contains a,

which implies f P p.
Conversely, if f r R a for every r P N, then Af ‰ 0 and the localized ideal af is a proper

ideal in Af . Taking the preimage of any maximal ideal in Af containing af , we get a prime
ideal p Ă A such that p Ą a and p X t1, f, f2, . . . u “ H. But then f does not lie in the
intersection of the right-hand side of (A.4).

A.4.3 Local rings. A ring A is called local if there is exactly one maximal ideal in A.
If A is a ring and m is an ideal, the following are equivalent:
(i) A is a local ring and m is the maximal ideal

(ii) All elements in A´ m are units
(iii) m is maximal, and every element of the form 1 ` x where x P m is a unit.

Fields are local rings (with maximal ideal p0q). Other examples include discrete valuation
rings and localizations Ap (with maximal ideal pAp.)
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A.4.4 Integral domains. If A is an integral domain, we let K “ KpAq be the fraction
field, i.e., the localization S´1A where S “ A ´ t0u. Then A Ă K and via the map
a ÞÑ a{1. Moreover, the various localizations Af , Ap and Am lie as subrings of K.

Lemma A.5. Let A be an integral domain. Then

A “
č

m

Am

where the intersection is taken over all maximal ideals of A.

Proof The containment A Ď
Ş

mAm is clear. Conversely, let f P K be an element which
lies in all the localizations Am. Consider the ideal I “ t a P A | af P A u. If I “ p1q, then
1 P I , i.e., f P A, so we are done. If I is a proper ideal, it is contained in a maximal ideal m.
But then f cannot be contained in Am, because otherwise there would exist some s R m such
that sf P A and hence A P I , which contradicts the maximality of m.

A.5 Tensor products

Let M and N be two A-modles. We define the tensor product M bA N as the quotient of
the free module AMˆN with basis pem,nq modulo the relations

em1`m2,n ´ em1,n ´ em2,n “ 0

em,n1`n2
´ em,n1

´ em,n2
“ 0

eam,n ´ em,an “ aem,n ´ eam,n “ 0

for all m P M , n P N , a P A. We write mb n for the class of em,n in M bA N .
The assignment pm,nq ÞÑ mbA n defines map γ : M ˆN Ñ M bAN which is bilinar

as a map of A-modules. It satisfies the following universal property: for any bilinear map
ϕ : M ˆN Ñ P , there is a unique map ϕ : M bA N Ñ P so that ϕ “ ϕ ˝ γ.

Example A.6. If A and B are k-algebras over some field k, then Abk B is a ring via the
multiplication rule pa b bq ¨ pa1 b B1q “ paa1 b bb1q. As such, it is naturally a k-algebra
via the map k Ñ Abk B sending x ÞÑ xp1 b 1q. If R is another k-algebra, the universal
property says that there is a bijection

HomkpAbk B,Rq “ HomkpA,Rq ˆ HomkpB,Rq.

△

A.6 Basic formulas

In the formulas below, M,N,L denote A-modules; S Ă A is a multiplicative set; and p is
a prime ideal of A. Each equality ‘=’ between two modules means that there is a canonical
isomorphism between them.

A.6.1 Localization identities.
(i) S´1pM{Nq “ S´1M{S´1N

(ii) If M is finitely presented: S´1 HomApM,Nq “ HomS´1ApS´1M,S´1Nq.
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A.6.2 Tensor product identities.
(i) AbAM “ M

(ii) M bA N “ N bAM
(iii) M bA pN bA P q “ pM bA Nq bA P
(iv) p

À

iPIMiq bA N “ p
À

iPIMi bA Nq

(v) M bA A{a “ M{aM for every ideal a Ă A.
(vi) If A Ñ B is a ring map, and P is a B-module, then there is a canonical

isomorphism of B-modules

M bA pN bB P q “ pM bA Nq bB P.

(vii) HomApM bA N,P q “ HomApM,HompN,P qq.
(viii) S´1M “ M bA S

´1A.
(ix) S´1pM bA Nq “ S´1M bS´1A S

´1N .
(x) If A “ k is a field, dimkpM bk Nq “ pdimkMq ¨ pdimkNq.

(xi) If f : A Ñ B is a ring map and M , N are B-modules, then M bB N ”

M bA N .

A.6.3 Exactness properties. If 0 Ñ M 1 Ñ M Ñ M2 Ñ 0 is an exact sequence, then

0 ÝÝÑ S´1M 1 ÝÝÑ S´1M ÝÝÑ S´1M2 Ñ 0

is exact for every multiplicative set S;

0 Ñ HompL,M 1q Ñ HompL,Mq Ñ HompL,M2q

0 Ñ HompM2, Lq Ñ HompM,Lq Ñ HompM 1, Lq

are exact for every A-module L; and

M 1 bA N Ñ M bA N Ñ M2 bA N Ñ 0

is exact for any A-module N .

Proposition A.7.
(i) For an A-module M , M “ 0 if and only if Mm “ 0 for every maximal

ideal m.
(ii) A sequence of A-modules 0 Ñ M 1 Ñ M Ñ M2 Ñ 0 is exact if and only

if the induced sequence 0 Ñ M 1
m Ñ Mm Ñ M2

m Ñ 0 is exact for every
maximal ideal m.

(iii) A map of A-modules ϕ : M Ñ N is injective (resp. surjective) if and only
if ϕm : Mm Ñ Nm is injective (resp. surjective) for every maximal ideal m.

A.6.4 Finitely presented modules and Hom. We say that a moduleM is finitely presented
if there is an exact sequence

Aq Ñ Ap Ñ M Ñ 0. (A.5)

If A is Noetherian, then any finitely generated module finitely presented.

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

A.7 Change of rings 421

Proposition A.8. If M is finitely presented, then HomApM,´q commutes with local-
ization. That is, there is an isomorphism of S´1A-modules

S´1 HomApM,Nq ÝÝÑ HomS´1ApS´1M,S´1Nq (A.6)

Proof The isomorphism is defined as follows: sending ϕ : M Ñ N to the S´1A-linear
map m{s ÞÑ ϕpmq{s, defines a map of A-modules

HomApM,Nq ÝÝÑ HomS´1ApS´1M,S´1Nq

Since multiplication by an element s P S is an isomorphism on the A-module on the right,
the map extends to a map (A.6).

ForM “ A, we haveHomApA,Nq “ N and (A.6) is the isomorphismS´1 HomApA,Nq “

§´1N Ñ HomS´1ApS´1A,S´1Nq “ S´1N . More generally, it is an isomorphism for any
M “ AN , N P N.

The map (A.6) is functorial in M . Applying HomApM,´q to (A.5), we get the following
commutative diagram:

0 S´1HomApM,Nq S´1HomApAp, Nq S´1HomApAq, Nq

0 HomS´1ApS´1M,S´1Nq HomS´1ApS´1Ap, S´1Nq HomS´1ApS´1Aq, S´1Nq

The two right-most vertical maps are isomorphisms (as shown above). By the five lemma, the
left-most vertical map is an isomorphism as well.

A.7 Change of rings

For a ring map ϕ : A Ñ B, there are three natural operations on modules. Here M is an
A-module, and N is a B-module:

‚ ϕ!M “ M bA B is the induced B-module.

‚ ϕ˚M “ HomApB,Mq is the coinduced module.

‚ ϕ˚N “ NA is the module formed by restriction of scalars, i.e., N but viewed as an
A-module.

These form adjoint functions, in the sense that there are natural bijections

HomApϕ!M,P q Ñ HomBpM,ϕ˚P q (A.7)

defined by sending ℓ : M bA B Ñ P to m ÞÑ ℓpmb 1q; and

HomApϕ˚P,Mq “ HomBpP, ϕ˚Mq (A.8)

sending ℓ : PA Ñ M to h : P Ñ HomApB,Mq defined by hppq “ pb ÞÑ ℓpb ¨ pqq.
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A.8 Nakayama’s Lemma

Lemma A.9 (Nakayama’s lemma, local version). Let A be a local ring with maximal
ideal m, and let M be a finitely generated module. If mM “ M , then M “ 0.

Proof Assume M ‰ 0, and let m1, . . . ,mr, r ě 1, be a minimal set of generators for M .
As M “ mM , we may write mr as a linear combination of the form mr “ a1m1 ` ¨ ¨ ¨ `

armr for some ai P m. This means that p1 ´ arqmr “ a1m1 ` ¨ ¨ ¨ ` ar´1mr´1. However,
1 ´ ar is a unit in A, so this relation allows us to express mr in terms of m1, . . . ,mr´1,
contradicting the minimality assumption on m1, . . . ,mr.

Corollary A.10. Let A be a local ring, and let φ : M Ñ N be map of finitely generated
A-modules, such that M{mM Ñ N{mN is surjective. Then φ is surjective.

Proof If M{mM Ñ N{mN is surjective, then N “ φpMq ` mN . Hence

mpN{φpMqq “ pmN ` φpMqq{φpMq “ N{φpMq.

Applying Nakayama’s Lemma to N{φpMq, we get that N{φpMq “ 0, so φ is surjective.

The above result can be helpful also in the case A is not local, as by Proposition A.7, a
map of A-modules ϕ : M Ñ N is surjective if and only if the localization ϕm : Mm Ñ Nm

is surjective for each maximal ideal m.

A.9 Cayley–Hamilton Theorem

Theorem A.11 (Cayley-Hamilton). Let A be a ring, a Ă A an ideal and let M be a
finitely generated A-module. Let φ : M Ñ M be an A-module homomorphism with
φpMq Ă aM . Then there exists a monic polynomial

xn ` an´1x
n´1 ` ¨ ¨ ¨ ` a0 P Arxs

with a0, . . . , an´1 P a such that

φn ` an´1φ
n´1 ` ¨ ¨ ¨ ` a0id “ 0 P HomApM,Mq,

Here φi denotes the composition of φ with itself i times.

Let T “ pbijq1ďi,jďn be an pnˆ nq-matrix with entries in A, and let Tij be the pnˆ nq-
matrix obtained by deleting row i and column j. The adjugate of T is the matrix adjpT q “

pcijq1ďi,jďn, where

cij “ p´1qi`j detpTjiq.

The adjoint matrix has the property that T ¨ adjpT q “ adjpT q ¨ T “ detpT qIn, where In is
the pnˆ nq identity matrix. This follows by the cofactor expansion of the determinant.

Proof Let m1, . . . ,mn be generators for M . By the assumption on ϕ, we have φpmiq P
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aM for all i “ 1, . . . , n. Therefore, for each i, we may express

φpmiq “

n
ÿ

j“1

bijmj

for some elements bij P a. Next, consider M as a module over the ring Arxs by setting
xi ¨m :“ φipxq for all m P M . If I denotes the nˆ n identity matrix, and T “ pbijq, then
the above equation can be written as

pxI ´ T q ¨

¨

˚

˝

m1

...
mn

˛

‹

‚

“ 0

If we multiply both sides by the adjoint matrix of pxI ´ T q, we obtain

detpxI ´ T q ¨ I ¨

¨

˚

˝

m1

...
mn

˛

‹

‚

“ 0

Let P pxq be the monic polynomial detpxI´T q. Then P pxq anihilates all themi, and hence
P pϕq acts as the zero endomorphism on M . By the Laplace expansion of the determinant,
we also see that the coefficient of xj of P belongs to aj .

A.10 Integral Extensions

Let A Ă B be rings, and let b P B. We say b is integral over A if it satisfies a monic
polynomial relation

bn ` an´1b
n´1 ` ¨ ¨ ¨ ` a1b` a0 “ 0, ai P A.

Theorem A.12. Let A Ă B, and let b P B. The following are equivalent:
(i) b is integral over A.

(ii) Arbs is a finitely generated A-module.
(iii) There is a ring C with Arbs Ă C Ă B such that C is a finitely generated

A-module.

Proof (i) ñ (ii): If b is integral, we can write bk “ ´pak´1b
k´1 ` ¨ ¨ ¨ ` a0q, and therefore

we may express every higher power

bk`m “ pak´1b
k`m´1 ` ¨ ¨ ¨ ` a0b

mq.

in terms of bi for i ă k `m. This gives that 1, b, . . . , bk´1 generate Arbs.
(ii) ñ (iii): Take C “ Arbs.
(iii) ñ (i): Applying the Cayley–Hamilton theorem to M “ C, a “ A and ϕ : M Ñ M

given by multiplication by b, we get that ϕ satisfies an integral relation with coefficients in A.
Applying this relation to 1 P C, we get that b is integral over A.

Corollary A.13. Any finite ring extension A Ă B is integral.
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Proof Taking C “ B in (iii) in the proposition above, we see that any element b P B is
integral over A.

For a ring extension A Ă B, we define integral closure of A in B as the subring

C “ tb P B | b integral over Au

If A is equal to its integral closure, we say it is integrally closed in B.
Using Theorem A.12 on can show that The integral closure C of A in B is itself integrally

closed in B.
An integral domain A is said to be normal if it is integrally closed in its fraction field

K “ kpAq. In other words, any element z P K which satisfies a monic equation with
coefficients in A, is already contained in A.

Example A.14. The ring Z is normal. More generally, every unique factorisation domain is
integrally closed. △

Proposition A.15. Let A be an integral domain. Then the following are equivalent:
(i) A is integrally closed.

(ii) Ap is integrally closed for all prime ideals p Ă A.
(iii) Am is integrally closed for all maximal ideals m Ă A.

Proposition A.16. Let A Ă B be rings, and let C Ă B be the integral closure of A in
B. Let S Ă A be a multiplicatively closed subset. Then S´1C Ă S´1B is the integral
closure of S´1A in S´1B.

Proposition A.17. Let A Ă B be an integral extension of integral domains. Then A is a
field if and only if B is a field.

There is a collection of results, the Cohen–Seidenberg Theorems, about prime ideals in
integral extensions. We collect the ones we need in the following theorem.

Theorem A.18. Let A Ă B be an integral extension of rings.
(i) (Lying-Over) If p prime ideal in A, there is prime ideal q in B so that

q XA “ p.
(ii) If q Ă q1 are prime ideals in B such that q XA “ q1 XA, then q “ q1.

(iii) (Going–Up) If p Ă p1 are two prime ideals in A and q P SpecB with
q XA “ p, there is a q1 P SpecB with q1 XA “ q.

(iv) (Going–Down) Assume that A is integrally closed and that p1 Ă p are
two prime ideals. If q P SpecB is such that q X A “ p, then there is a
q1 P SpecB such that q1 XA “ p1.

Proposition A.19. Let A Ă B be an integral ring extension. Then dimA “ dimB.

Proof Let p0 Ĺ p1 Ĺ ¨ ¨ ¨ Ĺ ps be a chain of prime ideals in A. By the Lying-Over
Theorem, there is a prime ideal q0 Ă B such that q0 XA “ p0. Now B{q0 is integral over
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A{p0 and p1{p0 is a prime ideal of A{p0. Applying the Going-Up Theorem again, we see
that there is a prime ideal q1 in B{q0 such that q1 X pA{p0q “ p1{p0. This ideal must have
the form q1 “ q1{q0 for some prime ideal q1 Ą q0 in B. The inclusion q1 Ą q0 must be
strict, because otherwise we would have p1 “ p0. Furthermore, q1 XA “ p1. Proceeding in
this manner, we can produce a chain of prime ideals in B of the same length l, and hence
dimA ď dimB.

For the reverse inequality, suppose that q0 Ĺ q1 Ĺ ¨ ¨ ¨ Ĺ qs is a chain of prime ideals
in B. Define pi “ qi X A. Then p0 Ď ¨ ¨ ¨ Ď ps is a chain of prime ideals in A. We claim
that each inclusion pi Ă pi`1 is strict. Given this, we can conclude that dimA ď dimB,
complete the proof. Suppose for a contradiction that pi “ pi`1. It suffices to show that
qi Ě qi`1. Let y P qi`1. Since B{qi is integral over A{pi, we have an integral relation
yn ` an´1y

n´1 ` ¨ ¨ ¨ ` a1y ` a0 “ 0, and we may assume that n is minimal with this
property. Note that a0 P A{pi “ A{pi`1 and a0 P qi`1{qi, and so a0 “ 0. But this means
that ypyn´1 `¨ ¨ ¨`y1q “ 0. AsB{qi is an integral domain, and yn´1 `¨ ¨ ¨`a1 is non-zero
(by the minimality of n), we must have y “ 0, and hence y P qi.

The following is a non-trivial result from commutative algebra about the integral closure:

Theorem A.20 (Finite generation of integral closure). Let A be an integral domain,
K “ KpAq its fraction field, and let K Ă L be a finite separable field extension. Let B
be the integral closure of A in L (that is, the elements of L which are integral over A).
Then

(i) If A is integrally closed, then B is a finitely generated A-module
(ii) If A is finitely generated as a k-algebra, then B is a finitely generated

A-module.

The second part does not hold in general: there are non-noetherian rings where the integral
closure is not finitely generated.

A.11 Noetherian rings

A ring A is called Noetherian if every ascending chain of ideals I1 Ă I2 Ă ¨ ¨ ¨ stabilizes,
meaning that there exists n P N such that In “ In`1 “ ¨ ¨ ¨ . Equivalently, A is Noetherian if
every ideal of A is finitely generated.

Theorem A.21 (Hilbert’s Basis Theorem). If A is a Noetherian ring, then the polyno-
mial ring Arx1, . . . , xns is also Noetherian.

The ring A is called Artinian if it satisfies the descending chain condition on ideals, which
means that every descending chain of ideals I1 Ą I2 Ą ¨ ¨ ¨ eventually stabilizes, with there
existing some n P N such that In “ In`1 “ ¨ ¨ ¨ .

If A is an Artinian ring, then A is also Noetherian and there are only finitely many prime
ideals. In particular, its has Krull dimension zero. Moreover,A is the product of local Artinian
rings. More precisely, the natural map A »

ś

pAp is an isomorphism.
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426 Some results from Commutative Algebra

Theorem A.22 (Krull’s Intersection Theorem). Let A be a Noetherian local integral
domain with maximal ideal m. Then

Ş

jě1 m
j “ p0q.

Proof 1 Write J for the ideal
Ş

jě1 m
j , and let a P J . We claim that a P mJ , so that

J “ mJ . Given this, Nakayama’s Lemma implies that J “ 0.
Choose generators x1, . . . , xn for the maximal ideal m. Then the ideal md consists of

elements of the form P px1, . . . , xnq where P P ArX1, . . . , Xns is a homogeneous poly-
nomial of degree d. As a P md for every d, we may choose homogeneous polynomials
P1, P2, ¨ ¨ ¨ P ArX1, . . . , Xns so that a “ Pdpx1, . . . , xnq for every d. Consider the ideal
pP1, P2, . . . q generated by all the Pi. As ArX1, . . . , Xns is Noetherian, this ideal is finitely
generated, say by homogeneous elements P1, . . . , Pr of degrees d1, . . . , dr. In particular, we
may express

Pr`1 “ c1P1 ` ¨ ¨ ¨ ` crPr

for some ci P ArX1, . . . , Xns. In this relation, we may choose the ci to be homogeneous of
degree degPr`1 ´ di “ d` 1 ´ di ą 0. This means that cipx1, . . . , xnq P m and hence

a “ Pr`1px1, . . . , xrq “
ÿ

i

cipx1, . . . , xnqPipx1, . . . , xnq P m ¨
č

dě1

md.

In particular, this implies that in a Noetherian ring no nonzero element a P A can lie in all
powers of all maximal ideals.

A.12 Primary decomposition

An ideal q is called primary if xy P q implies that either x P a or yn P a for some n P N. If
q is a primary ideal, then the radical p “

?
q is a prime ideal; it is the smallest prime ideal

containing q. We say that q is p-primary. If q, q1 are p-primary, then the intersection q X q1 is
also p-primary.

If p is a prime ideal, then any power pl is primary. q “ px2, yq is a primary ideal which is
not the power of any prime ideal.

Theorem A.23 (Lasker–Noether). In a Noetherian ring A, any ideal a can be expressed
as a finite intersection of primary ideals:

a “ q1 X ¨ ¨ ¨ X ar (A.9)

The set of prime ideals pi “
?
qi are uniquely determined by a.

A decomposition (A.9) is called minimal if the prime ideals
?
qi are different, and the

decomposition is minimal, i.e.,
Ş

i‰j qi Ć qj for each j.

Example A.24. Consider the ideal a “ px2, xz, xy, yzq of the polynomial ring A “

1 This proof follows ”Hervé Perdry. An elementary proof of Krull’s intersection theorem”
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A.12 Primary decomposition 427

krx, y, zs. Then we have two different minimal primary decompositions

a “ px, yq X px, zq X px, y, zq2 “ px, yq X px, zq X px2, y, zq.

Note by the way that a “ px, yq ¨ px, zq. △

If q is a p-primary ideal, then we have

‚ pq : xq “ A if x P q

‚ pq : xq “ q if x R p

‚ pq : xq is p-primary if x P q.

Furthermore, there is an element x P A such that p “ pq : xq. Using this observation, one
shows that the set of prime ideals pi appearing in the decomposition of a is exactly the prime
ideals of the form pq : xq where x P A (in particular, they are uniquely determined by q).
These prime ideals are called the associated primes of a, and the set of these is sometimes
denoted by Asspaq.

The minimal prime ideals pi associated to a (minimal with respect to inclusion) play an
important role: V ppiq give the irreducible components of the closed set V ppq. The non-
minimal associated prime ideals are sometimes called the embedded components of a.

For instance, in the example above, the associated prime ideals are p1 “ px, yq and
p2 “ px, zq. The prime ideal p3 “

a

px2, y, zq “ px, y, zq is an embedded prime.
We will need two results about primary decompositions in localizations.

Proposition A.25. Let A be a Noetherian ring and let S Ă A be a multiplicative subset.
Let a Ă A be an ideal, and a “ q1 X ¨ ¨ ¨ X qr be a mimimal primary decomposition
of a with associated prime ideals pi “

?
qi. Assume that the qi are ordered such that

pi X S “ H for every i “ 1, . . . , s and pi X S ‰ H for i “ s` 1, . . . , r. Then
(i) For each i “ 1, . . . , s, the ideal S´1qi is S´1qi-primary

(ii) S´1a “
Şs

i“1 S
´1qi

(iii) S´1a XA “
Şs

i“1 S
´1qi.

Moreover, the decompositions in (ii) and (iii) are minimal.

Here S´1a XA denotes the preimage of S´1a via the localization map A Ñ S´1A.

Proof This is Proposition 4.9 in Atiyah (2018).

Proposition A.26. Let a Ă A be an ideal with a minimal primary decomposition
a “

Şr

i“1 qi, where each qi is pi-primary. Then, for each index i such that pi is a
minimal prime ideal, we have

qi “ aApi
XA.

In this case, we call qi the pi-primary component of a.

In particular, the primary components qi corresponding to minimal primes pi are unique
and depend only on a.

Given a Noetherian ringR, we can use the uniqueness result mentioned above to define the
n-th symbolic power of any prime ideal p Ă R for n ě 1. Consider a primary decomposition
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of pn, and note that p is the only minimal prime ideal of pn. The p-primary component of pn

is unique and given by

ppnq :“ pnRp XR.

This is called the n-th symbolic power of p. Clearly, pn Ă ppnq and equality pn “ ppnq holds
if and only if pn is primary.

A.13 Dimension theory

The Krull dimension of a ring A, denoted by dimpAq, is the supremum of the lengths n of
chains

p0 Ĺ p1 Ĺ ¨ ¨ ¨ Ĺ pn

of distinct prime ideals pi in A. The height of a prime ideal is the supremum of the lengths
of chains of prime ideals contained in p. By the correspondence between primes in Ap and
primes contained in p, we have htp “ dimAp.

Example A.27. The Krull dimension of a field is zero. The Krull dimension of Z equals
1. △

Example A.28. If p is a prime ideal in a finitely generated k-algebra A, then

dimpAq “ dimpA{pq ` htppq.

△

Theorem A.29 (Krull’s Principal Ideal Theorem). Let A be a Noetherian ring and let
f P A be a nonunit. Let p be a minimal prime ideal containing pfq. Then either (i) p is a
minimal prime ideal of A; or (ii) the height of p is 1, i.e., the maximal chains in p have
the form p0 Ă p. If f is a nonzerodivisor, then

Theorem A.30 (Krull’s Principal Ideal Theorem). Let A be a Noetherian ring and
I “ pf1, . . . , frq a proper ideal of A. Then each prime ideal that is minimal among those
that contain I has height at most r.

Corollary A.31. Let A be a Noetherian local ring with maximal ideal m and let f P m.
Then

dimpA{pfqq ě dimA´ 1

with equality if f is not contained in any minimal prime ideal of A.

Proposition A.32. If A is a Noetherian ring, then the Krull dimension of Arxs equals
dimA` 1.

In particular, dim krx1, . . . , xns “ n and dimZrx1, . . . , xns “ n` 1.
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A.14 Noether’s Normalization Lemma 429

Proof Here is a proof in the case A “ k is a field. The proof goes by induction on n. The
case n “ 1 is clear.

Consider an irreducible nonconstant polynomial f inA “ krt1, . . . , tns. As in Lemma A.36,
let ui “ ti ´ ts1 Then

fpt1, . . . , tnq “ fpt1, u2 ` ts1, . . . , un ` ts1q

is a monic polynomial in t1 with coefficients in B “ kru2, . . . , uns Ă A, and the ui’s are
algebraically independent. By induction dimB “ n´ 1.

Consider now the algebra A{pfqA. The algebra B maps injectively into A{pfqA: a
polynomial in the kernel depends only on the ui’s, but it also is a multiple of f (which
depends on t1), hence it must vanish. The extension

B Ă A{pfqA

is integral because A{pfqA is generated over B by the class of t1, which is integral since f
is monic. The Going-Up Theorem then shows that dimA{pfqA “ n´ 1.

Example A.33. If K{k and L{k are field extensions, then

dimpK bk Lq “ minptrdegkpKq, trdegkpLqq.

△

A.14 Noether’s Normalization Lemma

We now turn to one of the key results in the theory of varieties, Noether’s Normalization
Lemma, due to Emmy Noether.

Theorem A.34 (Noether’s Normalization Lemma). Let k be a field and let B be an
integral domain which is finitely generated as a k-algebra and let n be the transcendence
degree of the fraction field KpBq over k. Then there are algebraically independent
elements x1, . . . , xn P B such that B is finite as a module over krx1, . . . , xns.

Noether’s Normalization Lemma is a powerful tool, which allows us to reduce many ques-
tions about k-algebras to statements about the polynomial ring krx1, . . . , xns. It has many
fundamental results as consequences; in particular, we will obtain Hilbert’s Nullstellensatz as
a corollary.

With only minor modifications, the standard proof of the classical version of the Normal-
ization Lemma yields a more general result, which will be useful for our purposes.

Theorem A.35. Let A Ă B be two integral domains with B of finite type over A, and
let n be the transcendence degree of the quotient field KpBq over KpAq. Then there are
elements x1, . . . , xn in B which are algebraically independent over A and an element
f P A such that Bf is a finite module over Af rx1, . . . , xns.

When A is a field, the localization has no effect, and Theorem A.34 follows directly from
Theorem A.35.
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430 Some results from Commutative Algebra

We prove the theorem by induction on the minimal number of generators of A. The key to
the inductive step is the following lemma:

Lemma A.36. Let A be a ring and let P P Art1, . . . , tns. Then if s is a sufficiently large
integer, we have

P pt1 ` tsn, . . . , tn´1 ` ts
n´1

n , tnq “ g ¨ tdn ` pterms of order ă d in tnq

where g P A is nonzero.

Proof If we replace ti with ti ` ts
i

n for i “ 1, . . . , n ´ 1 in a monomial te11 . . . tenn , we
get a polynomial in tn of the form tNn `(lower degree terms), where N “ en ` e1s `

e2s
2 ` ¨ ¨ ¨ ` en´1s

n´1. The key observation is that for s sufficiently large, the expressions
en`e1s`e2s

2 `¨ ¨ ¨`en´1s
n´1 will all be different. Indeed, for two n-tuples pe1, . . . , enq,

pe1
1, . . . , e

1
nq, an equality

e1 ` e2s` ¨ ¨ ¨ ` ems
m´1 “ e1

1 ` e1
2s` ¨ ¨ ¨ ` e1

ms
m´1

holds only for finitely many integers s because non-zero polynomials have only finitely many
zeros. Since f has only finitely monomials, we can simply choose s so that no such equalities
take place.

This means that if we expand P pt1 ` tsn, t2 ` ts
2

n , . . . , tn´1 ` ts
n´1

n q into powers of tn,
there cannot be any cancellation between the leading terms, and so the leading term is of the
desired form gtNn , where g is a non-zero element of A.

Proof of Theorem A.35 Choose generators w1, . . . , wm for B as an algebra over A. Then
KpBq is generated as a field over KpAq by the wi’s as well. It follows that m ě n “

tr.degKpAqpKpBqq. In the case m “ n, the w1, . . . , wm are algebraically independent over
A, and B “ Arw1, . . . , wms is a polynomial ring, so the theorem holds in this case.

Ifm ą n, the elements are not algebraically independent, so there is a non-zero polynomial
P pt1, . . . , tmq P Art1, . . . , tms such that P pw1, . . . , wmq “ 0. Pick an s P N as in Lemma
A.36. Then the polynomial

Qpt1, t2, . . . , tmq “ P pt1 ` tsm, t2 ` ts
2

m , . . . , tm´1 ` ts
m´1

n , tmq

has a leading coefficient g P A as a polynomial in tm. If we define zi “ wi ´ ws
i´1

m for
i “ 1, . . . ,m´ 1, then Qpz1, z2, . . . , zm´1, wmq “ 0. The polynomial g´1Q has a leading
term equal to 1 in tm, so the localization Bg is an integral extension of the subalgebra
B1 “ Agrz1, . . . , zm´1s.

Now, KpBq “ KpBgq is an algebraic field extension of KpB1q, so the two fields have
the same transcendence degree over KpAq “ KpAgq. Moreover, by construction, B1 is gen-
erated by fewer than m elements over Ag. By induction, there is an h P Ag and algebraically
independent elements x1, . . . , xn P B1 such that B1

h is finite over Aghrx1, . . . , xns. Now, g
is invertible in B1, so B1

h “ Bgh, and taking f “ gh, we are done.

Example A.37. The algebra krx, x´1s is not finite over krxs, as it requires all the negative
powers x´n as generators. However, for any elements a, b of k with ab ‰ 0, the ring
krx, x´1s is finite over krax`bx´1s. Indeed, krx, x´1s is generated by x over krax`bx´1s,
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and x satisfies the monic equation

T 2 ´ a´1pax` bx´1qT ` ba´1 “ 0.

△

Corollary A.38. Let A be a finitely generated algebra over a field k and let m be a
maximal ideal in A. Then A{m is a finite field extension of k.

Proof The field K “ A{m is finitely generated as a k-algebra because A is. By Noether’s
Normalization Lemma, K is an integral extension over some polynomial ring kry1, . . . , yrs.
If r ě 1, then K has dimension ě 1, which is not possible. Therefore, r “ 0, and K is a
finite field extension of k.

A.15 Prime ideals in k-algebras

Lemma A.39. Let A be an integral domain which is finitely generated as a k-algebra. If
p Ă A is a prime ideal of height one, then A{p has transcendence degree n´ 1 over k.

Proof Assume first that A “ krx1, . . . , xns. Then p is a principal ideal, say p “ pfq, for
some polynomial f P krx1, . . . , xns. After a change of coordinates, we may assume that f
is of the form

f “ adpx1, . . . , xn´1qxdn ` ¨ ¨ ¨ ` a0px1, . . . , xn´1q

Consider the polynomial ring B “ krx1, . . . , xn´1s Ă A. We have B X pfq “ p0q. There-
fore, the ring map B Ñ A{p is injective, and the classes of x1, . . . , xn´1 are algebraically
independent in A{p. On the other hand, by the relation f , the element x1 is algebraic over
the fraction field KpBq “ kpx1, . . . , xn´1q. Hence tr.degkpA{pq “ n´ 1.

For the general case, let B “ krx1, . . . , xns Ă A be a Noether normalization of A.
Applying the Going-Down theorem, we see that the prime q “ p XB has height 1 in B. By
the previous paragraph, B{q has transcendence degree n´ 1, and so

A.16 Graded rings

In this book, a graded ring will refer to a ring R which is graded by the non-negative integers,
i.e. a ring which admits a decomposition

R “
à

ně0

Rn “ R0 ‘R1 ‘ ¨ ¨ ¨

as an abelian group, such that Rm ¨Rn Ă Rm`n for each m,n ě 0. Occasionally, we will
also discuss Z-graded rings, where we allow negative degrees as well.

A ring map ϕ : R Ñ S between two graded rings R and S is said to be a map of graded
rings if it respects the grading, that is, if ϕpRnq Ă Sn for all n.

Note that R0 is a subring of R and that R is an algebra over R0. Moreover, each Rn is
an R0-module. The elements in Rn are said to be homogeneous of degree n, and one writes
deg x “ n when x P Rn. (By convention, 0 is considered homogeneous of any degree.)
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Every non-zero element x P R can be expressed uniquely as a finite sum x “
ř

n xn with
xn P Rn, and the non-zero terms in the sum are called the homogeneous components of x.

Example A.40. The simplest examples of graded rings are the polynomial rings R “

Art0, . . . , trs, with the standard grading where each variable ti has degree 1 and the elements
from A have degree 0. Each graded piece Rn is a free module over R0 “ A with the
monomials of degree n serving as a basis. △

An R-module M is graded if it has a similar decomposition M “
À

nPZMn as an
abelian group and RmMn Ă Mm`n for all n and m. Note that we allow also elements of
negative degrees. A map of graded R-modules is an R-linear map ϕ : M Ñ N satisfying
ϕpMnq Ă Nn for all n P Z. With this notion of morphisms, the graded R-modules form a
category, denoted GrModR.

As for graded rings, a non-zero element x P M is homogeneous of degree n if it lies in
Mn. Any element x P M may be expressed in a unique way as a finite sum x “

ř

n xn with
each xn in Mn, and the non-zero terms are called the homogeneous components of x.

Most of the familiar definitions for modules carry over to the graded setting. For instance,
the direct sum of a collection of graded modules

À

iMi is graded in a natural way such
that canoncal inclusions Mj ãÑ

À

iMi preserve the grading. Likewise, the kernel and the
cokernel of a map of graded modules are also graded in a natural way.

A sequence of graded modules

0 M 1 M M2 0,

is exact if it is exact as sequence of ordinary modules. As maps of graded modules preserve
the grading, this is equivalent to saying that each of the sequences

0 M 1
n Mn M2

n 0.

are exact (as a sequence of R0-modules).
An ideal a Ă R is called homogeneous if the homogeneous components of each element

in a belongs to a. In other words, we may write a “
À

n an with an “ a XRn. An ideal a
is homogeneous if and only if it is generated by homogeneous elements (see Exercise 5.4.4).
It is readily verified that radicals, intersections, sums and products of homogeneous ideals
are homogeneous. If a is an homogeneous ideal, the quotient R{a inherits a grading from R
and R{a “

À

nRn{an.
A homogenous ideal p is prime if and only if for each pair of homogeneous elements

f, g P R, fg P p implies f P p or g P p.
We will write R` for the direct sum

À

ną0Rn. This is naturally a homogeneous ideal of
R, which we call the irrelevant ideal.

Example A.41. The irrelevant ideal of a polynomial ring R “ Art0, . . . , trs is equal to
R` “ pt0, . . . , trq. △

Example A.42 (Veronese subrings). For a graded ring R and d P N, we define Rpdq to
be the subring of R defined by

À

ně0Rnd. As every element of Rpdq has degree equal to a
multiple of d, it is often useful to redefine the grading on Rpdq by dividing all degrees by d.

For instance, when R “ krx0, x1s, the Veronese subring Rp2q is given by krx2
0, x0x1, x

2
1s.
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We may adjust the grading by defining deg x0 “ deg x1 “ 1
2
, the elements of the ring Rp2q

will have integer degrees. A different viewpoint is to note that Rp2q is isomorphic to the
graded ring kru0, u1, u2s{pu2

1 ´ u0u2q, where in the latter ring, the variables have degree
1. △

If S Ă R is a multiplicative system consisting of homogeneous elements, and M is a
graded module, the localization S´1M is naturally a graded R-module with degree n part
equal to

pS´1Mqn “
␣

m{s P S´1M | m P M homogeneous, s P S and degm´ deg s “ n
(

.

In particular, if f is a homogeneous element of positive degree, the localization Rf is
a Z-graded ring. As we will see, the degree 0 part pRf q0 will play a crucial role in the
Proj-construction.

Example A.43. In the polynomial ring R “ Art0, . . . , tns, with the standard grading, the
elements of degree zero in the localization Rtj are polynomials in the ratios t0{tj, . . . , tn{tj ,
so the piece of degree zero pRtj q0 is the polynomial ring

pRtj q0 “ A

„

t0
tj
, . . . ,

tn
tj

ȷ

.

△

A.17 Regular local rings

If A is a local Noetherian ring with maximal ideal m, the cotangent space m{m2 is naturally
a vector space over the residue field A{m. This is finite dimensional, because m is finitely
generated. If x1, . . . , xr are elements from A that generate m{m2 as a A{m-vector space,
then Nakayama’s lemma implies that the x1, . . . , xr generate m. But then Krull’s Principal
ideal theorem implies dimA “ htm ď r “ dimA{m m{m2. This gives:

Proposition A.44. Let A be a Noetherian local ring with maximal ideal m. Then

dimA ď dimA{m m{m2 ă 8.

We say that the ring A is a regular if equality holds, that is, if m can be generated by n
elements, where n “ dimA is the Krull dimension. A general Noetherian ring A is said to
be regular if every localization Ap is a regular local ring.

A.18 Discrete valuation rings

Let K be a field. A discrete valuation is a surjective function v : K ´ 0 Ñ Z Y t8u

satisfying, for each f, g P K:
(i) νpfgq “ νpfq ` νpgq.

(ii) νpf ` gq ě mintνpfq, νpgqu, with equality in the latter when νpfq ‰ νpgq.
(iii) νpfq “ 0 if and only if f “ 0.
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An integral domain A with fraction field K is called a discrete valuation ring if there exists a
valuation ν : K Ñ Z Y t8u such that

A “ tx P K | νpxq ě 0 u

Given a valuation ν, the set tx P K | νpxq ě 0 u is a subring of K. Therefore the discrete
valuation ring determines and is determined by ν.

Example A.45. Let K “ kpxq be the field of rational functions in one variable. Then
any element f P K can be written as f “ xngpxq{hpxq where n P Z; and gpxq, hpxq

are polynomials such that fp0q, gp0q ‰ 0. The ‘order of vanishing at 0’ gives a valuation
va : K

ˆ Ñ Z by setting vpfq “ n. In this case, the elements of non-negative valuation are
exactly the ones of the form gpxq{hpxq, where hp0q ‰ 0. Therefore, the valuation ring is the
localization of krxs at pxq:

A “ krxspxq.

△

Example A.46. Let K “ kpxq be the field of rational functions in one variable. Define the
valuation v8 : Kˆ Ñ Z by setting

v8

ˆ

f

g

˙

“ deg g ´ deg f

One can check that this defines a valuation on kpxq. The valuation v8 is supposed to measure
the order of a pole ‘at infinity’. The corresponding valuation ring is

A “ tf{g P kpxq|deg f ď deg gu.

with maximal ideal m “ tf{g P kpxq|deg f ă deg gu. △

Example A.47. Let K “ Q be the field of rational numbers, and let p be a prime number.
Any y P Q can be expressed as y “ pna{b where n P Z and a, b are coprime to p. We can
define the p-adic valuation vp : Qˆ Ñ Z by setting vpyq “ n. In this case, the valuation
ring is the localization of Z at ppq:

A “ Zppq “

!m

n
P Q | gcdpp, nq “ 1

)

△
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Proposition A.48. Let A be a discrete valuation ring with fraction field K. Then
(i) A is a local ring with maximal ideal

m “ t f P K | νpfq ě 1 u

and group of units

Aˆ “ t f P K | νpfq “ 0 u.

(ii) If t P A is an element with νptq “ 1, then m “ ptq.
(iii) If t is any element with νptq “ 1, then every non-zero ideal of A is of the

form ptnq for some n ě 1.
(iv) A is Noetherian and of Krull dimension 1.
(v) A is normal.

Proof (i): Let f P A be a nonzero elemement. Then f is a unit if and only if the inverse
1{f P K belongs to A, which is if and only if νp1{fq “ ´νpfq ě 0. But as f P A,
νpfq ě 0, and so νpfq “ 0. Therefore Aˆ “ t f P K | νpfq “ 0 u and the non-units is
given by m “ t f P K | νpfq ě 1 u.

(ii) In general, if f, g P A and vpgq ě vpfq, then vpf{gq ě 0, so f{g P A, which means
that g P pfq. In particular, m “ ptq for any element t P A with vptq “ 1. (The discrete
valuation ν is assumed to be surjective, so there exists at least one such element t.)

(iii) Let a be an ideal, and let f P a be such that vpfq is minimal. Then for any g P a, we
have vpgq ě vpfq, so as above we find g P pfq. Consequently, a Ă pfq and hence a “ pfq.

(iv) By the previous two points, we have that the ideals of A are p1q, pxq, px2q, . . . , and
p0q. It is easy to see that pxq and p0q are the only prime ideals of A, so A is Noetherian of
Krull dimension 1.

(v) Let x P K , and assume that x is integral over A. We must show that x P A. Since x is
integral over A, we can find a relation

xn ` an´1x
n´1 ` ¨ ¨ ¨ ` a0 “ 0, ai P A

so

xn “ ´an´1x
n´1 ´ ¨ ¨ ¨ ´ a0.

If vpxq “ d, we then get

vpxnq “ nvpxq “ nd “ vp´an´1x
n´1 ´ ¨ ¨ ¨ ´ a0q ě min

i
pvp´aix

iqq.

Hence there exists an i ď n´ 1 such that

nd “ vpxdq ě vp´aix
iq “ vp´aiq ` vpxiq ě id.

This gives pn´ iqd ě 0, and so d ě 0. Hence, x P A.

An element t P A with νptq “ 1 is called a uniformizing parameter for A. By the above
proof, any element t P m ´ m2 is a uniformizing parameter. In fact, we can recover the
valuation from the maximal ideal m: any non-zero element in the fraction field K may be
written as utn with u a unit in A and n an integer. Indeed, if f P A and f ‰ 0, we let νpfq
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be the unique non-negative integer n such that f P mn ´ mn`1, then f “ utvpfq for a unit u.
For a general non-zero element f{g in K, one has f{g “ utνpfq´νpgq with u a unit.

Proposition A.49. Let A be a Noetherian local domain of dimension 1 with maximal
ideal m. Then the following are equivalent:

(i) A is a discrete valuation ring.
(ii) The maximal ideal m is principal.

(iii) Every non-zero ideal is a power of m.
(iv) A is integrally closed.
(v) A is regular, i.e., dimk m{m2 “ 1.

Proof (i) ñ (ii), (iii) and (iv) by Proposition A.48.
(ii) ñ (i). We will need the fact that

8
č

n“1

mn “ p0q (A.10)

Let t be a generator for m. Suppose a P
Ş8

n“1ptnq. This means that for every n P N, there is
an an P A such that a “ ant

n. As A is an integral domain, we have an`1 “ ant for every
n ě 1 and hence there is a chain of ideals pa1q Ą pa2q Ą pa3q Ą ¨ ¨ ¨ . As A is Noetherian,
this chain stabilizes, meaning that there is an N such that paNq “ paN`1q “ ¨ ¨ ¨ , or in other
words, an`1 “ unan for n ě N and un is a unit. Then a “ an`1t

n`1 “ ant
n, implies

punt ´ 1qant
n “ 0 for n ě N . But unt ´ 1 is clearly a unit, as t P m. Therefore an “ 0

for n ě N , and hence a “ 0.
From this it follows that any f P A can be written as f “ utn, where n ě 0 and u P Aˆ

is a unit. Explicitly, n is the unique integer n such that f P mn´mn`1. (Note that mn´mn`1

nonempty for every n by (A.10).) If we extend this via νpf{gq “ νpfq´νpgq for f{g P Kˆ

and νp0q “ 8, then A is exactly the discrete valuation associated to ν.
(ii) ñ (iii). Let t be a generator for the maximal ideal m and let a Ă A be a non-zero

ideal. Let n be the largest integer such that a Ă mn. (Such an n exists beccause a cannot
be contained in all powers of m by (A.10).) Since a Ę mn`1, there is an a P a such that
a “ btn with b R m; that is, b is a unit since the ring is local. It follows that ptnq Ă a, and
hence a “ mn.

(iv) ñ (ii). Assume that A is integrally closed and let x P m be any non-zero element.
Since A is Noetherian and of dimension 1, m is the only non-zero prime ideal in A, and so m
is associated to pxq.

There is an integer n such that mn Ă pxq. If we choose n to be minimal among these, so
that mn´1 Ć pxq, and mn ´ pxq is non-empty. Pick y P mn´1 ´ pxq. Set z “ x{y P K.
Then we claim that z P A and m “ ptq.

z´1m Ă x´1m Ă x´1mn Ă x´1pxq Ă A

Therefore z´1A is an ideal of A. There are two cases:
Case 1: z´1 P m. Then consider the endomorphism ϕ : A Ñ A given by ϕpaq “ z´1a,

takes A into m. By the Cayley–Hamilton theorem, this would mean that z´1 is integral over
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A. By assumption, A is normal, so z´1 P A. Hence z´1 “ yx´1 P A and hence y P A. But
this contradicts the definition of y.

Case 2: z´1 R m. Then z´1A “ A is the unit ideal. But then m “ pzq, and m is principal.
(ii) ô (v). If m “ pxq, then m{m2 is generated by the class of x modulo m2. We also have

m ‰ m2 (since A has dimension 1), so dimk m{m2 “ 1. The converse implication follows
by Nakayama’s lemma.

A.19 Normal domains

Theorem A.50 (Serre). Let A be Noetherian local ring. Then A is normal if and only if
(i) Ap is regular for every prime ideal of height at most 1.

(ii) A is reduced, and for every nonzerodivisor f P A, the associated primes of
A{pfq are of height 1 in A.

Theorem A.51 (Krull). Let A be an integral domain, then A is normal if and only if
(i) Ap is a discrete valuation ring for every non-zero minimal prime ideal p

(ii) A “
Ş

pAp, where the intersection is taken over all minimal prime ideals
of A.

Let us recall that an ideal quotient pb : aq “ tx | xa P pbq u equals the annihilator of the
class of a in A{pbqA. A basic result from the theory of primary decomposition in Noetherian
rings asserts that each proper annihilator is contained in a maximal annihilator. In this case,
these are precisely the prime ideals associated with pbq.

Lemma A.52. A Noetherian domain A equals the intersection
Ş

pAp, where p runs
through the prime ideals associated with principal ideals.

Proof Assume for contradiction that there is an element ab´1 in the fraction field of A that
lies in

Ş

pAp but not in A. The ideal quotient pb : aq “ tx P A | xa P pbq u is a proper
ideal because ab´1 R A, and so pb : aq is contained in a maximal ideal, that is, a prime p
associated with pbq. Since ab´1 P Ap, we can write ab´1 “ cd´1 with c, d P A and d R p.
Hence ad “ bc, implying that d P pb : aq Ă p, which is a contradiction.

Theorem A.53. Let A be a Noetherian domain. Then A is normal if and only if the
following conditions are met:

(i) The local ring Ap at each height 1 prime ideal p is a DVR.
(ii) Each principal ideal has no embedded components, that is, all associated

primes have height 1.

Proof Assume first that the two conditions are fulfilled. By Lemma A.52, A is the inter-
section of the local rings Ap where p runs over the prime ideals associated to a principal
ideal. Each such p has height 1 by Krull’s Principal Ideal Theorem, and by assumption (i) the
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localization Ap is a DVR, hence normal. Intersections of normal rings are normal, so A is
normal.

Conversely, assume that A is normal. Then the localizations Ap at height 1 primes are
also normal, and being 1-dimensional, they are discrete valuation rings XXX. For item (ii):
let p be a prime in A associated with a principal ideal pbq. In the local ring Ap, its maximal
ideal m “ pAp remains associated with the principal ideal pbqAp. By Proposition A.49, m is
principal. Hence, Ap is a DVR, so p is of height 1 and cannot be an embedded prime.

When the first condition of the criterion is met, the p-primary ideals of height 1 are well
understood. They are all symbolic powers ppνq “ AX pνAp. Indeed, if q is p-primary, then
q “ A X qAp, and since Ap is a DVR, every ideal in Ap, including qAp is a power of the
maximal ideal pAp.

If A is normal and f P A is a nonzero element, then the primary decomposition of pfq

has the form

pfq “ p
pν1q

1 X ¨ ¨ ¨ X ppνrq
r .

where the pi are height 1 primes. The primes pi and the exponents νi completely determine
pfq, that is, they determine f up to an invertible factor.

Theorem A.54 (Algebraic Hartogs’ theorem). Let A be a Noetherian normal integral
domain. Then

A “
č

htp“1

Ap. (A.11)

Proof If g P A is a nonzero element, then each prime ideal p associated to pgq is of height
1. This is because pAp is associated to pgqAp, and Ap is a discrete valuation ring, hence
htppq “ dimAp “ 1.

Now assume for a contradiction that there is an element f{g P K which lies in every Ap

for p of height 1, but not in A. In other words, f P pgqAp for every height 1 prime p.
Let pgq “ q1 X ¨ ¨ ¨ X qr be a primary decomposition of pgq, and let pi “

?
qi be the

assocated prime ideals. By the above paragraph, the pi have height 1, we get f P pi for every
i. By Proposition A.26, we get

f P

r
č

i“1

ppgqApi
XAq “

r
č

i“1

qi “ pgq

In other words, there is an element a P A such that f “ a ¨g, or in other words f{g “ a P A.

Theorem A.55 (Generic freeness). Let A be a Noetherian integral domain and let B be
a finitely generated A-algebra.

Proof See (Matsumura, 1970, p.185) or (?, Tag 051S).
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A.20 Unique factorization domains

In a Noetherian ring A, any nonzero nonunit x P A admits a factorization

x “ x1 ¨ ¨ ¨xn (A.12)

where each xi is irreducible (that is, a non-zero element that is not a unit and is not the
product of two non-units). To see this, suppose for a contradiction that no such factorization
exists. Set a1 “ x. We must be able to write x as x “ yz where neither y nor z is irreducible,
nor a unit. Without loss of generality, we may assume that y cannot be written as a product
of irreducibles. Set a2 “ y. Writing y in the same way, and so on, we arrive at a sequence
a1, a2, a3, . . . of elements of A such that ai`1 divides ai for each i ě 1 and ai`1{ai is not
a unit. This means that the chain pa1q Ă pa2q Ă pa3q Ă . . . is an infinite strictly increasing
sequence of ideals, contradicting the fact that A is Noetherian.

We say that A is a unique factorization domain (UFD) if the factorization in (A.12) is
unique up to order and multiplication by units.

Example A.56. Examples of UFDs include Z, Zris, fields, and principal ideal domains. If A
is a UFD, then so is Arxs. △

Proposition A.57 (Gauss’ Lemma). LetA be a UFD with fraction fieldK . If f P Arxs

is a polynomial which factors into a product of non-constant polynomials in Krxs, then
it does so also in Arxs.

Proposition A.58. Let A be an integral domain and let f P A be a nonzero element
which is not a unit. Then if pfq is prime, then f is irredcucible. If A is a UFD, then the
converse also holds.

Proof If pfq is prime and f “ gh is a factorization, then g P pfq or h P pfq. If e.g.,
g “ a ¨ f , then f “ pafqh, implying that h is a unit. Hence f is irreducible.

Suppose that f is irreducible and that xy P pfq. Then we can write xy “ af for some
a P A. Write x “ x1 ¨ xs, y “ y1 ¨ ¨ ¨ ys where the xi and yj are irreducible. As A is a UFD
and f is irreducible, we see that f has to be one of the xi or the xj , that is, f divides either x
or y.

Proposition A.59. Let A be a Noetherian integral domain. Then A is a UFD if and only
if every height 1 prime ideal is principal.

Proof Suppose first thatA is a UFD and let p be a height 1 prime ideal. Take x P p non-zero
and let x “ x1 ¨ ¨ ¨xn be a factorization into irreducible elements. Since p is prime, we must
have, say, x1 P p. Then p Ą px1q Ą p0q. A is UFD, px1q is prime, and hence p “ px1q

because p has height 1.
Conversely, suppose that every height 1 prime is principal. By (A.12), any element can be

written as a product of irreducibles, so we need to show that the factorization is unique up to
order and multiplication. For this, it suffices to prove that an irreducible element is prime.
But this follows by Proposition A.58.
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A.21 Modules over a PID

A very useful theorem for modules over a principal ideal domain R is the fact that any
matrix with entries in R can be put into so-called Smith normal form (see below). This is a
generalization of the diagonalization process from Linear Algebra; finding the normal form
involves only basic elementary row and column operations, and multiplying by units.

Theorem A.60 (Smith Normal form). Let R be a PID and let A be an mˆ n matrix
with entries from R. Then there exist invertible matrices P and Q, with dimensions
mˆm and nˆ n respectively, such that

PAQ “ diagps1, . . . , sv, 0, . . . , 0q

is a diagonal matrix where the non-zero entries satisfy si|si`1 for i “ 1, . . . , v ´ 1. The
elements si are unique up to multiplication by a unit of R and are called the invariant
factors of A.

If A is a matrix A and si P R are the elements in the Smith Normal Form of A, then we
have

CokerA » R{ps1q ‘ ¨ ¨ ¨ ‘R{psvq ‘Rm´v.

Over a PID, any finitely generated module M has a presentation 0 Ñ E Ñ F Ñ M Ñ 0,
where E and F are free modules of finite rank.

Corollary A.61 (Modules over a PID). Let R be a principal ideal domain and let M be
a finitely generated R-module. Then there are elements d1, . . . , dm P R with di|di`1 for
each i, such that

M » Rr ‘R{pd1q ‘ ¨ ¨ ¨ ‘R{pdmq.

In particular, if M is a free R-module of rank m (so M » Rm), then any submodule
N Ă M is free of rank at most m.

A.22 Symmetric powers and Exterior powers

For an A-module M , the tensor algebra T pMq is defined as

T pMq “

8
à

n“0

Mbn

where Mbn is the n-fold tensor product M bA ¨ ¨ ¨ bAM . T pMq has a multiplication given
by the tensor product, but this is not commutative except in a few special cases. However, we
can define SympMq as the quotient of T pMq by the two-sided ideal generated by all elements
of type xby´ybx for x, y P M . Then SympMq is a graded, commutative,A-algebra. For
n P N, we define Symn

pMq to be the n-graded piece of SympMq. As the multiplication is
commutative, we write x1x2 ¨ ¨ ¨xn for the image of x1b¨ ¨ ¨bxn in SympMq. So, explicitly,
Symn

pMq is generated as an A-module by all symbols x1x2 ¨ ¨ ¨xn where x1, . . . , xn P M ,
modulo the relations x1x2 ¨ ¨ ¨xn “ xσp1qxσp2q ¨ ¨ ¨xσpnq where σ P Sn is a permutation.
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Example A.62. If M “ Ar, then SympMq “ Arx1, . . . , xrs and Symn
pArq is the degree-

n piece. In particular, if M is a free A-module of rank r, then Symn
pMq is a free module of

rank
`

n`r´1
r´1

˘

, generated by elements of the form xe11 ¨ ¨ ¨xerr , where e1 ` ¨ ¨ ¨ ` er “ n. △

Next, we define the exterior algebra
Ź

M as the quotient of T pMq by the two-sided ideal
generated by products x b x, where x P M . We let x1 ^ ¨ ¨ ¨ ^ xn denote the image of
x1 b ¨ ¨ ¨ b xn in ^pMq. In this notation, we have x ^ y “ p´1qkly ^ x for x P

Źk
M ,

y P
Źl

M , and more generally xσp1q ^ xσp2q ¨ ¨ ¨ ^ xσpnq “ psignpσqqx1 ^ x2 ^ ¨ ¨ ¨ ^ xn
for a permutation σ P Sn. In particular, the wedge product in

Ź

M is skew-commutative.

Example A.63. If M is free of rank r, then
Źn

M is free of rank
`

n
r

˘

, generated by the
elements xi1 ^ ¨ ¨ ¨ ^ xin where i1 ă i2 ă ¨ ¨ ¨ ă in. △

Example A.64. An important special case is when M “ Ar is a free module of rank r. Then
the A-module

Źr
M is called the determinant of M . The name comes from the following:

x1, . . . , xr and y1, . . . , yr are two bases of M , related by py1, . . . , yrq “ px1, . . . , xrq ¨ S
for some matrix S, then y1 ^ ¨ ¨ ¨ yr “ pdetSqx1 ^ ¨ ¨ ¨ ^ xr. △

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

Appendix B

Further constructions and examples

B.1 Toric varieties

In this section, we explore a large class of examples, known as toric varieties. Like projective
spaces, toric varieties are defined in terms of algebras generated by monomials. The corre-
spondence between monomials an lattice points in Rn sets up an interesting interplay between
algebra and combinatorics, which allows us to do computations with toric varieties using
combinatorial methods (and in some cases, solve combinatorial problems using tools from
algebraic geometry). We will confine ourself to discussing affine and projective toric varieties.
We refer to the standard texts Fulton (1993) and Cox et al. (2024) for more information about
this rich subject.

B.1.0 Affine toric varieties. Let k be a field and consider the ring of Laurent polyno-
mials krx˘1

1 , . . . , x˘1
n s. We will use multiindex notation for monomials, that is, if m “

pm1, . . . ,mnq P Zn, then xm “ xm1
1 ¨ ¨ ¨xmn

n .
Given a subset S Ă Rn, we define the cone of S to be the non-negative span of S, that is,

ConepSq “

"

λ1v1 ` ¨ ¨ ¨ ` λsvs | vi P S, and λi ě 0,@i “ 1, . . . , s

*

.

For a cone C , we define the following subalgebra generated by the monomials corresponding
to the lattice points in C:

krCs “
à

mPCXZn

k xm. (B.1)

The toric variety associated to C is the affine scheme X “ Spec krCs.
We will usually assume that C is rational polyhedral, meaning that it is generated by a

finite set of integer points S Ă Zn. This implies that there are finitely many lattice points
m1, . . . ,mr P C so that every point in C X Zn can be expressed as a non-negative Z-linear
combination of the m1, . . . ,mr. On the level of rings, this means that the following map of
k-algebras

ϕ : kry1, . . . , yrs ÝÝÑ krCs; yi ÞÑ xmi . (B.2)

is surjective, and hence induces a closed embedding

ι : X ÝÝÑ Ark.

To find the ideal defining X inside Ark, we need to find the kernel of ϕ. Write A for the
nˆ r matrix with the vectors m1, . . . ,mr as column vectors.
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Proposition B.1. The kernel of ϕ is given by the ideal

IA “ pyu ´ yv | u´ v P KerAq (B.3)

Proof It is clear that IA Ă Kerϕ. For the reverse inclusion, we use a monomoial order
argument. More precisely, we will consider the lexicographic ordering ă on monomials in
kry1, . . . , yns, so that for instance

y21 ą y1y2 ą y1y3 ą y22 ą y2y3 ą y23.

If g P Kerϕ, we can write it as

g “ cuy
u `

ÿ

vău

cvy
v.

where cuyu ‰ 0 is the leading term with respect to ă. Applying ϕ, we get

0 “ ϕpgq “ cux
Au `

ÿ

vău

cvx
Av.

This is an identity of polynomials in krx˘1
1 , . . . , x˘1

m s, so there must be cancellations between
the monomials. In particular, the term cux

Au must cancel with some other terms in the sum.
This means that there exists some v with v ă u such that Au “ Av, or in other words,
u ´ v P KerA. Replacing g with g ´ cupxu ´ xvq, we obtain a polynomial which has a
leading term which is strictly smaller than that of g with respect to ă. Note that xu ´ xv

belongs to the ideal IA. Continuing in this manner, we eventually obtain the zero polynomial,
which means that g is an element of IA.

Hence IA is a prime ideal defined by binomials. To find a finite generating set, a few more
computations are usually needed. A basic algorithm is to keep adding binomials yu ´ yv

until one obtains a prime ideal with the right codimension.

(0,0)

(2.2,0)

(0,2.2)

1 2

1

2

(0,0)

(2.2,4.4)

(2.2,0)1 2

1

2

Figure B.1 Two cones in R2. On the left, the cone generated by p1, 0q and p0, 1q. On
the right, the cone generated by p1, 0q and p1, 2q.

Example B.2. If C is the first quadrant, generated by p1, 0q, p0, 1q, then krCs “ krx, ys.
The corresponding toric variety is A2

k. △

Example B.3. If C is the cone generated by p1, 0q, p1, 2q, then krCs “ krx, xy, xy2s. In
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444 Further constructions and examples

this case,

A “

ˆ

1 1 1
0 1 2

˙

which has kernel generated by the vector p1,´2, 1q. This gives IA “ pv2 ´ uwq, and
krx, xy, xy2s » kru, v, ws{pv2 ´ uwq. Therefore, the corresponding toric variety is the
quadratic surface v2 “ uw in A3

k. △

Example B.4. Note that C “ Rn itself is a cone. The corresponding toric variety is the
algebraic torus

T “ Gn
m “ Spec krx˘1

1 , . . . , x˘1
n s

The reason behind the name is the following. When k “ C, the set of C-points T pCq is
identified with pCˆqn, which in the Euclidean topology is homotopy equivalent to a product
pS1qn. Thus, for n “ 2, this is the classical torus S1 ˆ S1.

If X is any toric variety, then T embeds as a distinguished open subscheme in X . Indeed,
if v P C is any vector in the interior of C, then the localization krCsxv is isomorphic
to krx˘1

1 , . . . , x˘1
n s. Thus toric varieties can be viewed as ‘compactifications’ of the torus

T . △

B.1.0 Projective toric varieties. A lattice polytope in Rn is the convex hull of a finite set
of points in Zn. In other words, there are m1, . . . ,mr P Zn such that

P “

"

λ1m1 ` ¨ ¨ ¨ ` λrmr |

r
ÿ

i“1

λi “ 1 and λ1, . . . , λr ě 0

*

.

Starting with a lattice polytope P , we can define a collection of cones as follows. For each
v P P X Zn, let P ´ v “ tx P Rn | x` v P P u denote the translate of P by ´v, so that
the vertex v ends up at the origin. Then the cone

Cv “ ConepP ´ vq

is a cone spanned by the elements of P as viewed from the vertex v. This is pictured in the
figure below.

Pv

w

v ´ w

w ´ v

0

0

Cw

Cv

Let k be a field and consider the ring of Laurent polynomials S “ krx˘1
1 , . . . , x˘1

n s, and
use multiindex notation for monomials in S, that is, if m “ pm1, . . . ,mnq P Zn, then
xm “ xm1

1 ¨ ¨ ¨xmn
n .
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B.1 Toric varieties 445

For a cone C we define the following subalgebra of S, generated by the monomials
corresponding to the lattice points in C:

krCs “
à

mPCXZn

k xm. (B.4)

In particular, to the polytope P , we can attach k-algebras krCvs, one for each v P P X Zn.
AsP has only finitely many vertices, the conesCv are each spanned by finitely many points

with integer coordinates. Morever, there are finitely many lattice points m1, . . . ,mr P Cv

so that every point in Cv X Zn can be expressed as a non-negative Z-linear combination of
the m1, . . . ,mr. This implies that each krCvs is a finitely generated k-algebra.

Lemma B.5. If v and w are two vertices of P , then

k rCvsxw´v “ k rCwsxv´w . (B.5)

Proof Let v1, . . . ,vr be the vertices of P , ordered so that v “ v1 and w “ v2. Then
the cone Cv is the non-negative span of the vectors v2 ´ v1, . . . ,vr ´ v1, and Cw is the
non-negative span of the vectors v1 ´ v2,v3 ´ v2, . . . ,vr ´ v2. Clearly, these spans are
the same up to translation by v2 ´ v1, so we get

Cv ` Rpw ´ vq “ Cw ` Rpw ´ vq. (B.6)

The equality (B.5) follows, because both sides are generated by the same monomials.

Consider the affine schemes

Xv “ SpecpkrCvsq

where v P P is a vertex. If w P P is another vertex, the affine scheme

Xv,w “ SpecpkrCvsxw´vq

is identified with a distinguished open set inXv (defined by the monomial xw´v). The gluing
conditions for gluing the Xv are then satisfied. The resulting scheme, XP , is called the toric
variety associate to the polytope P .

Example B.6 (The projective line). Let P “ r0, 1s be the unit interval in R. Then P has
two vertices 0 and 1. For the vertex 0, which is already at the origin, the cone S0 is the
non-negative span of P , that is, S0 “ r0,8q. Likewise S1 “ p´8, 0s. This gives the
following two k-algebras:: A0 “ krxs and A1 “ krx´1s. The corresponding toric variety is
P1
k. △

Example B.7 (Projective space). Let P Ă R2 be the triangle with vertices at 0, e1 and
e2. There are three cones: S1 “ tx ě 0, y ě 0u, S2 “ tx ď 0, x ` y ď 0u and
S2 “ ty ď 0, x` y ď 0u. These are depicted in Figure ??.
The cones S1, S2, S3 give the following three k-algebras

A1 “ krx, ys, A2 “ krx´1, x´1ys, A3 “ kry´1, xy´1s.

In light of Example ??, we recoginze the corresponding toric variety as the projective plane
P2
k.
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S1

S3

S2

P

Figure B.2 Constructing the projective plane

More generally, if P Ă Rn is the standard n-simplex, that is, the polytope with vertices at
the origin and the n standard basis vectors 0, e1, . . . , en, then the corresponding toric variety
is the projective space Pnk .

△

Example B.8. Consider the polytope P given by the unit square, that is, the convex hull of
the four points p0, 0q, p1, 0q, p1, 1q, p0, 1q.

P

Then the four cones S1, . . . , S4 are the four quadrants in R2. Hence

A1 “ krx, ys A2 “ krx´1, ys

A3 “ krx´1, y´1s A4 “ krx, y´1s

The corresponding toric variety is P1
k ˆk P1

k. We will define products of general schemes in
Chapter 7. Note that the polytope P is itself a product: P “ r0, 1s ˆ r0, 1s, and r0, 1s is the
polytope defining P1

k. This is a general fact about products of toric varieties (see Exercise
???). △

Example B.9 (Hirzebruch surfaces). Let r be an integer and consider the polytope P defined
by the four points p0, 0q, p0, 1q, p1, 1q and pr ` 1, 1q. This is pictured below for r “ 1. The
case r “ 0 was considered in the previous example.

P

This gives the following k-algebras:

A1 “ krx, ys A2 “ krx´1, x´rys

A3 “ krx´1, xry´1s A4 “ krx, y´1s
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B.1 Toric varieties 447

The corresponding toric variety Fr is called a Hirzebruch surface.

P

There are four vertices, so four cones. Two of these are shown below:

S2

S3

We compute that

A1 “ krx, ys A2 “ krx´1, x´1ys

A3 “ krx´1, xy´1s A4 “ krx, y´1s

△

Each of the rings krCvs and their localizations are subrings of krx˘1
1 , . . . , x˘1

n s, and the
morphisms T Ñ Spec krCvs glue to an open embedding T Ñ X .

The toric variety XP admits a closed embedding into projective space. More precisely, let
m1, . . . ,mr be the lattice points of P , and assume that P satisfies the following property: for
each i, the semigroupCmi

XZn is generated by the elements m1´mi,m2´mi, . . . ,mr´

mi. This condition is not too restrictive, as it is satisfied for sufficently large scalings of P ,
and XP remains unchanged under scaling P . Moreover, it is automatically satsfied if P has
dimension at most 2.

In this setting, krCmi
s is generated by the monomials xm1´mi , . . . ,xmr´mi , and we can

define a surjective map of k-algebras

ϕi : k

„

y1
yi
, . . . ,

yr
yi

ȷ

ÝÝÑ krCmi
s;

yj
yi

ÞÑ xmj´mi (B.7)

and hence a closed embedding Spec krCmi
s Ñ Ui “ Spec kr

y1
yi
, . . . , yr

yi
s. It is straightfor-

ward to check that these embeddings glue to an embedding

f : X ÝÝÑ Pr´1
k .

Alternatively, one can consider the morphism

f0 : Spec krx˘1
1 , . . . , x˘1

n s ÝÝÑ Pr´1

defined by the monomials xm1 , . . . ,xmr . Then X is isomorphic to the Zariski closure of
image of f0 in Pr´1

k .
Another nice property of the toric varieties XP is that they provide natural ways to
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448 Further constructions and examples

‘compactify’ affine hypersurfaces. If f P krx1, . . . , xns is a nonzero polynomial, we can
consider the associated Newton polytope Pf Ă Rn by taking the convex hull of the points in
Zn corresponding to monomials appearing in f . This is best explained through an example

Example B.10. Consider the polynomial

f “ 1 ` x2y ` xy2

Then the Newton polytope P “ Pf is the convex hull of the vertices p0, 0q, p2, 1q, p1, 2q.
The toric variety associated to P is covered by the three affine charts

R1 “ krx2y, xy, xy2s “ kru1, u2, u3s{pu2
2 ´ u1u3q

R2 “ krx´2y´1, x´1, x´1ys “ krv1, v2, v3s{pv32 ´ v1v3q

R3 “ krx´1y´2, y´1, xy´1s “ krw1, w2, w3s{pw3
2 ´ w1w3q

The hypersurface given by V pfq Ă T “ Spec krx˘1, y˘1s is an open set in a hypersurface
Y Ă XP . Over the open set U1 “ SpecR1 this is simply given by the linear equation
1 ` u1 ` u3 “ 0. Over U2 “ SpecR2 it is given by the ‘dehomogenization’ x´2y´1 ` 1 `

x´1y “ v1 ` 1 ` v3 and so on. △

While any affine hypersurface can be embedded into some projective space by homogeniz-
ing, the toric varieties XP tend to be ‘more economical’, as they take into account only the
monomials appearing in f .

1 2

1

2

(0,0)

(2,1)

(1,2)

Figure B.3 The polytope P Figure B.4 A cubic surface.

Exercise B.1.1. Let P Ă R3 be a the convex hull of the lattice points 0, e1, e2, e1 `e2 `3e3.
Show that P has only 4 lattice points and that P does not satisfy the condition mentioned on
page 447.

Exercise B.1.2. In the notation of Proposition B.1, let T “ tu1, . . . , uru be a Z-basis for
KerA and let

I 1
A “ pyu` ´ yu´ | u P Sq

where we decompose u “ u` ´ u´ P Zn in terms of its non-negative and non-positive
entries. Show that IA is the saturation of I 1

A with respect to the maximal ideal at the origin,
i.e., IA “ I 1

A : py1, . . . , ymq8.
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B.2 The blow-up of the affine plane 449

B.2 The blow-up of the affine plane

In this section we will construct the blow-up of A2
k at the origin, by gluing together two affine

planes.
Consider the morphism π : A2

k ´ tp0, 0qu Ñ P1
k from (5.5). On k-points, the morphism is

given by pa, bq ÞÑ pa : bq, where pa : bq are the homogeneous coordinates on P1
k. It will be

helpful to think geometrically, so that P1pkq parameterizes lines through the origin in A2pkq.
Then π sends a point pa, bq ‰ p0, 0q to the unique line passing through p0, 0q and pa, bq In
particular, all the points on the line bx´ ay “ 0 get mapped to the point pa : bq P P1

k.
From this perspective, it is not surprising that π cannot be extended to a morphism

A2
k Ñ P1

k. In fact, there is not even an extension as a continuous map, because π takes
different values along lines bx´ ay “ 0 and p0, 0q is contained in all of them.

While π cannot be extended to A2
k, it is possible to embed A2

k ´tp0, 0qu as an open set in a
scheme X that does admit a morphism to P1

k extending π. This scheme is called the blow-up
of A2

k at the origin. The blow-up amits two morphisms, p : X Ñ A2
k and q : X Ñ P1

k such
that

(i) The scheme theoretic fiber E “ p´1p0, 0q over the origin p0, 0q is isomorphic
to P1

k.
(ii) p defines an isomorphism betwen X ´ E and A2

k ´ tp0, 0qu.
(iii) The morphism q ˝ p´1, defined over A2

k ´ tp0, 0qu, coincides with π.
This is pictured in the diagram below (the dashed arrow indicates that π is only defined on an
open set):

X

A2
k P1

k

p q

π

Before we construct the scheme X , let us describe what the set of k-points of X looks like.
The k-points of X can be thought of as pairs pp, rLsq where p P A2pkq is a k-point and
L Ă A2pkq is a line containing p. In terms of coordinates, we can define this as

Xpkq “

"

ppx, yq, pu0 : u1qq
ˇ

ˇu1x´ u0y “ 0

*

Ă A2pkq ˆ P1pkq. (B.8)

In other words, Xpkq is the graph of the mapping px, yq ÞÑ px : yq.
We can verify that the properties (i), (ii), (iii) hold as follows. Firstly, note that p´1p0, 0q “

p0, 0q ˆ P1pkq is a copy of the projective line P1pkq, as the equation u1x´ u0y “ 0 puts no
conditions on u0 and u1. On the other hand, if px, yq is a k-point in the open set A2

k´tp0, 0qu,
then px : yq is a well-defined point in P1pkq, and p´1px, yq “ ppx, yq, px : yqq. Therefore,
p defines a bijection over the set A2pkq ´ tp0, 0qu. Now composing the inverse of p´1 with
the second projection sends px, yq to px : yq, so (iii) follows as well.

Note that (B.8) is just as set of k-points. We haven’t yet defined a scheme structure on the
blow-up. However, this set provides a clue for constructing X as a scheme.

We consider the usual construction of P1
k via gluing V0 “ Spec krus to V1 “ Spec krvs

using the identification v “ u´1 over the overlaps. In light of (B.8), we then define

X0 “ SpecB0; B0 “ krx, y, us{py ´ uxq. (B.9)
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Figure B.5 The blow-up of the plane at a point

and over the open set V1, we define

X1 “ SpecB1; B1 “ krx, y, vs{px´ vyq.

Note that B0 » krx, us and B1 » kry, vs, so X0 and X1 are both isomorphic to affine
planes.

Furthermore, the map u ÞÑ v´1 defines an isomorphism of rings

pB0qu “ krx, y, u, u´1s{py ´ uxq » krx, y, v, v´1s{pvy ´ xq “ pB1qv.

This means that we may identify the distinguished open Dpuq Ă X0 with the distinguished
open Dpvq Ă X1, and hence glue X0 and X1 together to form a new scheme X .

We next define the morphisms p and q. Note that there is a morphismX0 Ñ V0 induced by
the ring map krus Ñ B0. Likewise, there is a morphism X1 Ñ V1 induced by krvs Ñ B1.
These morphisms are compatible with the gluing isomorphism u ÞÑ v´1, so they glue to a
morphism X Ñ P1

k. Similarly, the two ring maps krx, ys Ñ B0 and krx, ys Ñ B1 induce
a morphism p : X Ñ A2

k.
The k-points of the scheme X are precisely given by the set (B.8). To see this, consider

a morphism ι : Spec k Ñ X . Such a morphism must have image contained in either X0

and X1. Assuming, say, ι maps to pa, b, cq P X1pkq, then b “ ac, which corresponds to
the point ppa, bq, p1 : cqq in the set (B.8). Conversely, any pair pa, bq, pc0 : c1q satisfying
c1a´ c0b “ 0, we can assume without loss of generality that c0 “ 1. Then b “ ac1, and the
pair defines the k-point pa, b, c1q in X0.

Let us consider the fiber of the morphism q : X Ñ P1. On the level of k-points, if
pu0 : u1q P P1pkq is fixed, the k-points of the fiber q´1pu0 : u1q consists of the points
px, yq, pu0 : u1q such that u1x´ u0y “ 0, that is, the points on the line u1x´ u0y “ 0 in
A2pkq. In fact, the scheme-theoretic fibers are all isomorphic to affine lines. To see this, take
a point p P P1

k, which we may assume lies in the open set V0 “ Spec krus and corresponds
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B.3 Line bundles on P1 451

to a prime ideal p Ă krus. Then the scheme-theoretic fiber is given by

Spec krx, y, us{ ppy ´ uxq ` pq “ Spec krx, us{p » A1
kppq

The fibers of the morphism p : X Ñ A2
k are also interesting. First off all, the scheme theoretic

fiber E over the origin p0, 0q, which corresponds to m “ px, yq Ă krx, ys, is glued together
by the two affine schemes

E0 “ Spec krx, y, us{py ´ ux, x, yq “ Spec krus

and

E1 “ Spec krx, y, vs{pvx´ y, x, yq “ Spec krvs.

Hence, the scheme theoretic fiber E is isomorphic to P1
k.

We claim that p restricts to an isomophism of schemes

X ´ E ÝÝÑ A2
k ´ tp0, 0qu. (B.10)

Indeed, note that EXX0 Ă X0 is the closed subscheme V pxq inside X0. Likewise, EXX1

is given by V pyq in X1. This means that X ´ E is covered by the two affine subsets
Dpxq Ă X0 and Dpyq Ă X1. Note that p maps Dpxq Ă X0 isomorphically to Dpxq Ă A2

k.
This follows because it is induced by ring isomorphism

krx, x´1, ys Ñ pB0qx “ krx, x´1, y, us{py ´ uxq

Likewise p restricts to an isomorphism over Dpyq, proving the claim.
While the discussion on k-points required working over a field, the scheme X constructed

via gluing two copies of the plane works over any ring. So for instance, there is a blow-up of
A2

Z at the origin px, yq.
One can also define the blow-up of Ank at the origin, or in fact, along any linear subspace.

While the details can be worked out, they are more naturally understood in the context of the
Proj-construction, as we will see in Example ??.

B.3 Line bundles on P1

The sheaf OP1
k
pnq on the projective line P1

k, which we constructed in Example 5.1, has a
geometric counterpart, known as a line bundle over P1

k. This is a scheme equipped with a
morphism

π : X ÝÝÑ P1
k. (B.11)

whose fibers are affine lines (hence the name ‘line bundle’).
In this section, we will consider a family of schemes, constructed by gluing two affine

planes A2
k along distinguished opens. Let n P Z, and consider the affine schemes

X0 “ Spec krx, ts, X1 “ Spec krx´1, xnts, (B.12)

These are glued along the open set X01 “ Spec krx, x´1, ts. Here, X01 is a distinguished
open set in both X0 and X1: it arises by inverting x in krx, ts and x´1 in krx´1, xnts. The
gluing conditions are in this case automatically fulfilled, and hence we obtain a scheme,
which we denote by X .
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The schemeX admits a morphism π : X Ñ P1
k. This is defined by gluing together the two

morphisms Spec krx, ts Ñ A1
k “ Spec krxs and Specrx´1, xnts Ñ Spec krx´1s. These

glue to a morphism X Ñ P1
k by applying Spec to the following commutative diagram:

krx, ts krx, x´1, ts krx´1, xnts

krxs krx, x´1s krx´1s

(B.13)

In summary, the scheme X and the morphism X Ñ P1
k is obtained by gluing together two

copies of A2
k and the projection morphisms A2

k Ñ A1
k onto the first factor, but there is a twist

– the two morphisms X01 Ñ Spec krx, x´1s are related by a multiplication of xm.
The diagram (B.13) also shows that if P P Spec krxs is a point, then π´1pP q is contained

in X0. One can see directly that the fiber is an affine line as follows: if P corresponds to a
maximal ideal m Ă krxs, then

π´1pP q “ Specpkrx, ys{mq “ Specpkrxsrys{mq “ SpecpκpP qrysq » A1
κpP q.

As noted above, this is the reason for the term ‘line bundle’. Intuitively, X is a family of
affine lines parameterized by the base space P1

k.
The scheme X admits a closed subscheme isomorphic to P1

k. In X0, the closed subscheme
V ptq, corresponding to ‘x-axis’, is isomorphic to A1

k and similarly for V pxntq Ă X1. Since
x is invertible in krx, x´1, ts, these two subschemes coincide on X01 (with the subscheme
defined by the ideal ptq), and hence glue to a closed subscheme C Ñ X . By construction,
C is construced by gluing Spec krx, ts{ptq » Spec krxs and Spec krx´1, xnts{pxntq »

Spec krx´1s, so it is isomorphic to P1
k. We also see that the composition C Ñ X Ñ P1

k is
the identity, as it restricts to the identity maps over X0 and X1. In other words, C is a section
of the morphism π.

Ln

P1

C

π

The ring of globaly sections OXpXq can be obtained from the exact sequence

0 ÝÝÑ OXpXq ÝÝÑ krx, ts ˆ krx´1, xnts ÝÝÑ krx, x´1, ts (B.14)

which shows that

OXpXq “ krx, ts X krx´1, xmts. (B.15)
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This intersection depends on n. If n ě 0, then

krx, ts X krx´1, xnts “ krxnt, xn´1t, . . . , ts (B.16)

If n ă 0, then

krx, ts X krx´1, xnts “ k.

Let us study a few special cases.

Example B.11 (n “ 0). The scheme X is glued together of two copies of A2
k via the

inclusions

krx, ts krx, x´1, ts krx´1, ts.

where the variable t is unchanged in the process. In this case, we notice that X is isomorphic
to P1

krts. In addition to the morphism σ : X Ñ P1
k, there is the projection X Ñ SpecA1

k “

Spec krts. The scheme X is in fact equal to the ‘fiber product’ P1 ˆk A1
k (fiber products will

be studied in Chapter 7). The k-points of X are given by P1pkq ˆ A1pkq. △

Example B.12 (n “ ´1). When n “ ´1, the scheme X is isomorphic to the complement
of a closed point P in the projective plane. Indeed, with the standard affine covering of
P2
k, the open set U “ P2

k ´ tp0 : 0 : 1qu is covered by the two affine subschemes V0 “

Spec krx1{x0, x2{x0s and V1 “ Spec krx0{x1, x2{x1s. By setting x “ x1{x0 and t “

x2{x0 in V0 and observing that x2{x1 “ x0{x1 ¨ x2{x0 “ x´1t, we recover exactly the
gluing data for L´1.

Geometrically, the morphism P2
k ´ tP u Ñ P1

k is given by ‘projection from the point P ’.
The fibers are the lines in P2

k through P with the point P removed, and the zero section is
identified with V`px2q (the ‘line at infinity’). △

Example B.13 (n “ 1). The line bundle L1 can be identified with the blow-up of A2
k at

the origin. Recall that the blow-up X comes equipped with a map q : X Ñ P1
k, which is

described in Section B.2. It is not hard
One checks without much difficulties that the gluing maps used for forming X are the

same as for making L´1. The zero-section C corresponds to the exceptional divisor E in the
blow-up.

In this example, the canonical mapX Ñ SpecpOXpXqq is exactly the blow-up morphism
X Ñ A2

k. Again, it makes sense that the exceptional divisor E is contracted by this map, as
any map from P1

k to an affine scheme must factor via a k-point. △

Example B.14 (n “ 2). The schemeL2 is quite interesting. It is a so-called desingularization
of a quadratic cone.

The ring of global sections R “ OXpXq has the following description:

R “ krx2t, xt, ts » kru, v, ws{pv2 ´ uwq

via the identification u “ x2t, v “ xt and w “ t.
The inclsuions R Ă krx, ts and R Ă krx´1, x2ts induce morphisms σ0 : X0 Ñ SpecR

and σ1 : X1 Ñ SpecR which glue to a morphism σ : X Ñ SpecR (over the intersection
they both correspond to the inclusion R Ă krx, x´1, ts).

We claim that X Ñ SpecR is surjective and induces an isomorphism between X ´ C
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and SpecR ´ tP u, where P “ p0, 0, 0q is the origin corresponding to the maximal ideal
pu, v, wq Ă R.

C L2

σ

v2 “ uw

P

To understand the fibers, consider the restriction σ0 : Spec krx, ts ÝÝÑ SpecR to X0 Ă X .
The fiber over m “ pu, v, wq is given by

Specpkrx, ts{mkrx, tsq “ Specpkrx, ts{px2t, xt, tqq “ Specpkrx, ts{ptqq

Hence the fiber equals the closed set σ´1
0 pV pmqq “ V ptq. This means that the ’x-axis’

V ptq in A2 “ Spec krx, ts is collapsed to the origin in SpecR. Likewise, the ’x´1-axis’ in
A2
k “ Spec krx´1, xmts is collapsed to the origin, and hence the entire zero-section C Ă X

is mapped to the origin. This is consistent with the fact that any morphism from P1
k to an

affine scheme is constant.
To see the isomorphism X ´ C » SpecR ´ tP u, note that SpecR ´ tP u is covered

by the two distinguished open sets Dpuq and Dpwq (note that Dpvq “ Dpv2q “ Dpuvq

by the quadratic relation defining R). Similarly, the complement X ´ C is covered by the
distinguished open subsets Dptq Ă X0 “ Spec krx, ts and Dptq Ă V1 “ Spec kru´1, ts.

Note that the inclusion R Ă krx, ts becomes an isomorphism after inverting t, because
x “ pxtqt´1. Likewise, Rx2t Ă krx´1, x2t, x´2t´1s is an isomorphism because x´1 “

pxtqpx´2t´1q. Therefore, the two morphisms ϕ0 and ϕ1 restrict to isomorphisms over the
respective open sets Dptq Ă X0 and Dpx2tq Ă X1. All together, σ is an isomorphism
outside C.

The morphism σ is helpful for understanding the quadratic cone. In the terminology of
Chapter 10, SpecR has a ‘singularity’ at the origin, and the morphism ‘X Ñ SpecR’
resolves this singularity. △

Exercise B.3.1. Show that when n “ ´3, the ring R “ OXpXq is isomorphic to the
homogeneous coordinate ring of the projective twisted cubic curve. Describe the morphism
L´3 Ñ SpecR.

B.4 Double covers

B.4.0 Hyperelliptic curves. Let k be a field and let ppxq “ anx
n ` ¨ ¨ ¨ ` a1x ` a0 be

a polynomial of degree n. We write n “ 2g ` 1 if n is odd and n “ 2g ` 2 if n is even.
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B.4 Double covers 455

Consider the two affine schemes X1 “ SpecA and X2 “ SpecB, where

A “ krx, ys{py2 ´ ppxqq and B “ kru, vs{pv2 ´ u2g`2ppu´1qq.

Here

u2g`2ppu´1q “ an ` an´1u ¨ ¨ ¨ ` a1u
n´1 ` a0u

n (B.17)

if n is even, and

u2g`2ppu´1q “ anu` an´1u
2 ¨ ¨ ¨ ` a1u

n´1 ` a0u
n`1 (B.18)

if n is odd.
The gluing of X1 and X2 is achieved via the isomorphism ϕ : Bu Ñ Ax defined by

ϕpuq “ x´1 and ϕpvq “ x´g´1y. This is well-defined, since

ϕpv2 ´ u2g`2ppu´1qq “ x´2pg`1qy2 ´ x´2g´2ppxq “ x´p2g`2qpy2 ´ ppxqq

and its inverse is defined by x ÞÑ u´1 and y ÞÑ u´g´1v.
The resulting schemeX is called a hyperelliptic curve. In the case g “ 1, the curveX is an

example of an elliptic curve. As a set, the scheme X consists of the points of SpecA, along

y2 “ ppxq

Figure B.6 A hyperelliptic curve

with the points of SpecB outside Dpuq “ Dpxq, that is, the points of V puq Ă SpecB.
The number of points in V puq depends on whether n is even or odd. If n is odd, then the
equation (B.18) implies that V puq consists of a single point, corresponding to the maximal
ideal pu, vq. If n is even, then

V puq “ V pu, v2 ´ anq

which consists of two points if an has a square root in k and a single point otherwise.
The scheme X admits a morphism π : X Ñ P1

k to the projective line. Consider the two
inclusions krxs Ă A and krus Ă B. Under the isomorphism ϕ : Bu Ñ Ax above, krus is
mapped into krxs and u maps to x´1, so there is a commutative diagram:

krus krxs

Bu Ax.

uÞÑx´1

ϕ

The two inclusions give maps X1 Ñ U0 “ Spec krxs Ă P1
k and X2 Ñ U1 “ Spec krus Ă

P1
k, where U0 and U1 are joined together to a P1

k according to the rule x Ø u´1. By the

https://tinyurl.com/yc5y6dwp


Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015–2025

456 Further constructions and examples

observation above, this is compatible with the way X1 and X2 are joined together, and the
two maps glue to the morphism π.

The morphism π is also called a double cover of P1
k. Over each affine, π restricts to a

double cover of A1
A. Therefore, if A is an algebraically closed field, the fibers remain either

two points, or one point with ‘multiplicity 2’ as in the previous example.
Notice that the gluing map definingX is very similar to the one involved in the construction

of the schemes Lm from Section B.3. In fact, X is a closed subscheme of L´g´1. Indeed,
L´g´1 is obtained by gluing U1 “ Spec krx, ys and U2 “ Spec kru, vs and X1 and X2

are naturally closed subschemes of U1 and U2 respectively. As the isomorphism defining
L´g´1 is exactly by the same formula as ϕ, we find that X1 and X2 glue together to a
closed subscheme of L´g´1. The gluing isomorphisms are moreover compatible with the
two morphisms to P1

k, in the sense that the following diagram commutes:

X L´g´1

P1
k

B.4.0 Higher-dimensional double coverings. The above construction generalizes in
a straightforward manner to higher-dimensional projective spaces. We will even consider
projective spaces over any ring A.

Let A be a ring and let R “ Arx0, . . . , xns with the usual grading. Let f P R be a
homogeneous polynomial of degree 2d, and for each 0 ď i ď n let

Si “ A

„

x0

xi
, . . . ,

xn
xi
,
y

xdi

ȷ

L

˜

ˆ

y

xdi

˙2

´ f

ˆ

x0

xi
, . . . ,

xn
xi

˙

¸

(B.19)

For each pair i, j, we define Sij “ Sirxi{xjs. Then we have equalities Sij “ Sji, by the
following identity

ˆ

xi
xj

˙2d
˜

ˆ

y

xdi

˙2

´ f

ˆ

x0

xi
, . . . ,

xn
xi

˙

¸

“

ˆ

y

xdj

˙2

´ f

ˆ

x0

xj
, . . . ,

xn
xj

˙

.

As in the example of projective space, the SpecSi’s glue together along the open subschemes
SpecSij’s to a scheme X . Moreover, keeping the notation Ri from the previous section,
the morphisms SpecSi Ñ SpecRi, induced by the inclusions Ri Ñ Si, glue together to a
morphism π : X Ñ PnA.

B.5 Exercises

Exercise B.5.1. Consider Pnpkq as defined on page 93. Show that every closed subset of
Pnpkq is of the form Z`paq for some homogeneous ideal a.

Exercise B.5.2. Let Fpr denote the field with pr elements.
a) Show that #AnpFprq “ prn.
b) Show that #PnpFprq “ prn ` prpn´1q ` ¨ ¨ ¨ ` pn ` 1.
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V pfq

X

P2

Figure B.7 A double cover of the projective plane.

Exercise B.5.3. Let X “ SpecA be an affine scheme over a field k. Show that every
morphism P1

k Ñ X is constant, i.e. it factors through some k-valued point of X .

Exercise B.5.4. Show that P1
A is not affine for any ring A. HINT: The canonical map

P1
A Ñ SpecA is never an isomorphism.

Exercise B.5.5. Describe the closed subsets of P1
C,P1

R and P1
Q.

Exercise B.5.6. Prove that Pnk is irreducible for any n ě 0.

Exercise B.5.7. Show that the Z-valued points of P1
Z is given by t pa : bq | a, b P Z u.

Exercise B.5.8. Let A be a ring and let a0, . . . , an be elements generating the unit ideal
in A. Show that the closed subscheme defined by (5.11) corresponds to the A-valued point
ιa : SpecA Ñ PnA defined in (5.7). HINT: If π : PnA Ñ SpecA is the structure map, show
that π´1Dpaiq “ PnAai

and reduce to the case where a0 is invertible.

Exercise B.5.9. Let k be a field and let F P krx0, x1s be a nonzero homogeneous polynomial
of degree d. Show that the subscheme Z “ V`pF q consists of d points counted with
multiplicity. More precisely, show that d “

ř

xPZ dimkOZ,x.

Exercise B.5.10. Let X be the affine line with two origins, as defined in Section ??.
a) Imitate the construction of the sheaves OP1

k
pnq on P1

k to form a collection of
sheaves OXpmq on X , one for each integer m.

b) Show that OXpmq and OXpnq are not isomorphic unless m “ n. HINT:
Consider the behaviour of sections at the two origins.

Exercise B.5.11. Verify the claims in Examples 4.37 and 4.38 above that X is isomorphic
respectively to SpecZ2 X Z3 and to SpecAP . HINT: Use the uniqueness statement in
Proposition 4.35 on page 81.

Exercise B.5.12. Glue SpecZp2q to itself along the generic point to obtain a scheme X .
Show that X is not affine. HINT: Show that OXpXq “ Zp2q.

Exercise B.5.13. Show that for any ring A, ΓpPnA,OPn
A

q “ A.

Exercise B.5.14. Compute the space OXpXq of global sections of the blow-up X and
describe the canonical map X Ñ SpecOXpXq.
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Exercise B.5.15. Imitate the construction above to define the blow-up of An along a codi-
mension 2 linear space V px, yq.

Exercise B.5.16. Let k be a field and consider the schemeGL2 “ Spec krx11, x12, x21, x22,
1

det
s

where det “ x11x22 ´ x12x21.
a) Find a non-constant morphism f : GL2 Ñ P1

k.
b) Show that f is surjective. Deduce that the image of an affine scheme may not

be contained in an affine scheme in general.
c) Describe the fibers of f .

Exercise B.5.17. Check that L´1 is indeed the blow-up constructed in Section B.2.

Exercise B.5.18. Show that for m ě 0, the scheme L´m admits a morphism σ : L´m Ñ Y
contracting the zero-section C to a point.

Exercise B.5.19. For the canonical morphism π : Lm Ñ P1
k, show that

π˚OLm
“
à

iě0

OP1
k
p´imq.

Exercise B.5.20. When k is an algebraically closed field the k-points of Lm are described
by expressions resembling homogeneous coordinates.

a) Show that the k-points of Lm are precisely the equivalence classes of triples

px0 : x1 | tq,

where x0, x1, t P k, with px0, x1q ‰ p0, 0q under the relation

px0 : x1 | tq “ pαx0 : αx1 | αmtq,

for α P k a non-zero scalar.
b) Show that the zero section is the set of points of the form px0 : x1 | 0q, and that

if m ě 0 and ppx0, x1q is a homogeneous polynomial of degree m, then the
map P1pkq Ñ Lmpkq given by the assignment

px0 : x1q ÞÑ px0 : x1 | qpx0, x1qtq

is a well-defined section of Lmpkq Ñ P1pkq (at least in a set-theoretic sense).

Exercise B.5.21. Define f : L´mpkq Ñ Am`1pkq by

px0 : x1 | tq ÞÑ ptxm0 , tx
m´1
0 x1, . . . , tx0x

m´1
1 t, xm1 q

Show that this map is well-defined and collapses the zero-section to the origin. Define and
describe a scheme version of this map.

Exercise B.5.22. Assume that k is algebraically closed. Let a2g`1 “ 1 and a1 “ ´1 and
ai “ 0 for the other indices. Determine the image of Dpxq and Dpuq in P1

k. Find all points
in P1

k where the fiber of the double covering f does not consist of exactly two points. How
many are there?
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Exercise B.5.23. Let k be an algebraically closed field. Show that the k-points of Fmpkq are
in a one-to-one correspondence with the equivalence classes of quadruples

px0 : x1 | y0 : y1q

under the equivalence relation

px0 : x1 | y0 : y1q „ pαx0 : αx1 | αmβy0 : βy1q

for non-zero scalars α and β.

Exercise B.5.24. The different Hirzebruch surfaces are closely related, as this exercise shows.
a) Show that for some point P there is a map Fm ´ P Ñ Fm´1 that induces an

isomorphism on the complement of two fibers.
b) Show that for some point P there is a map Fm´1 ´ P Ñ Fm that induces an

isomorphism on the complement of two fibers.
HINT: On k-points, these are px0 : x1 | y0 : y1q ÞÑ px0 : x1 | y0 : x1y1q with P “ p1 : 0 |

0 : 1q and px0 : x1 | y0 : y1q ÞÑ px0 : x1 | x1y0 : y1q with P “ p1 : 0 | 1 : 0q.

Exercise B.5.25. Show that the open subschemes Lm ´C´m and Lm ´Cm of respectively
Lm and L´m are isomorphic over P1

k. Show that gluing them together gives Fm.

Exercise B.5.26. Let X “ P1
k. Show that any element OXpXq corresponding to a map

X Ñ A1 factors via a ”constant map” Spec k Ñ A1.

Exercise B.5.27. Let R be a local ring. Show that PnpRq “ PnpRq “ pRn ´ 0q { „ .
HINT: The maximal ideal must land in some Ui; show that the other points must be contained
there as well.

Exercise B.5.28. Show that the Z-points of P1 are in bijection with the set of pairs pa, bq P Z2

with a, b coprime up to multiplication by ´1.

Exercise B.5.29. A cyclic cover of AnA is a scheme described by the equation yr “

fpx1, . . . , xnq in An`1
A . Generalize (B.19) to define cyclic covers of PnA.

Exercise B.5.30. Let P be a lattice polytope and let Q Ă P be a face of P , that is, there
is a linear form ℓ on Rn so that P Ă tℓ ě 0u and P X tℓ “ 0u “ Q. Show that there is a
closed embedding XQ Ñ XP . Describe the corresponding embeddings for the examples P1

k

and P2
k.

Example B.15. Let K be a field and let tAiuiPI be a collection of subrings of K. Suppose
that for each pair i, j P I , there is an element gij P Ai such that for all i, j, k P I:

(i) pAiqgij “ pAjqgji
(ii) pAiqgijgik “ pAjqgjigjk “ pAkqgkigkj

where the equalities are as subrings of K. Show that the affine schemes Ui “ SpecAi can
be glued together to a scheme X . △
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B.6 Grassmannians

Grassmannian varieties are important examples in algebraic geometry. Just like projective
space parameterize lines through the origin of a vector space, Grassmannians are designed to
parameterize linear subspaces of a fixed vector space. In fact, for natural numbers d and n,
there is a scheme Grpd, nq of finite type over Z such that for any field k, the k-points are
given by the set

Grpd, nqpkq “

"

rLs | L Ă kn is a linear space of dimension d
*

. (B.20)

Projective space Pn´1
Z is the special case when r “ 1.

In the present discussion, we will find it notationally simpler to work with linear spaces of
codimension r. The basic idea is to parameterize the r “ n´ d linear equations defining L.

a1,1x1 ` a1,2x2 ` ¨ ¨ ¨ ` a1,nxn “ 0

a2,1x1 ` a2,2x2 ` ¨ ¨ ¨ ` a2,nxn “ 0

...

ar,1x1 ` aq,2x2 ` ¨ ¨ ¨ ` ar,nxn “ 0

(B.21)

or equivalently, we write

L “ KerpAq Ă kn where A “

¨

˚

˝

a1,1 ¨ ¨ ¨ a1,n
...

. . .
...

ar,1 ¨ ¨ ¨ ar,n

˛

‹

‚

Of course, the matrix A is not unique in determining L. For instance, the two matrices
ˆ

1 1 0 1
1 0 1 0

˙

and
ˆ

1 0 1 0
0 1 ´1 1

˙

(B.22)

give rise to the same 2-dimensional subspace in k4, as the second matrix is the row reduction
of the first. In fact, two matrices A and A1 give rise to the same subspace L precisely they
are related by an element of GLrpkq, that is, A1 “ gA for some g P GLrpkq. Moreover, the
matrix A must have rank r for L to have dimension n´ r.

Let Arnpkq denote the k-points of the affine space of dimension rn with affine cordinates
xij , i “ 1, . . . , r, j “ 1, . . . , n. We will think of the points of Arnpkq as r ˆ n-matrices
with entries in k. Let Z Ă Arnpkq denote the closed subset defined by the vanishing set of
all r ˆ r-minors of the generic matrix pxijq. Then Z corresponds to the matrices of rank at
most r ´ 1.

Based on the above paragraph, we want to consider the quotient space

pArnpkq ´ Zq {GLrpkq (B.23)

This is of course possible in the category of topological spaces, as we can simply give the set
on the right-hand side the quotient topology. What is not yet clear, is that this works on the
level of schemes. While there is a vast theory on constructing quotients of schemes, it turns
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out in the present setting to be simpler to construct the scheme Grpr, kq by gluing together
affine spaces, like we did for projective space.

To explain how the gluing works we consider again the situation above. If a subspace L Ă

kn is represented by A, we can by Gaussian elimination find a more canonical representative,
by putting the matrix A in reduced echelon form. In other words, we may represent each L
by a matrix A with some r ˆ r identity matrix as a submatrix. Conversely, any such matrix
A determines a subspace L of kn and now two matrices A,B give the same L if and only if
A “ B. Note that matrices A with a fixed r ˆ r identity submatrix are parameterized by an
affine space of dimension nr ´ r2 “ rpn´ rq. It therefore makes sense to try to construct
the variety Grpr, nq by gluing together these affine spaces.

Write

Arn “ SpecZrxij : 1 ď i ď r, 1 ď j ď ns

We think of Arn as an affine space parameterizing r ˆ n-matrices.
We write M “ pxijq for the rˆn-matrix of indeterminates. If I Ă t1, . . . , nu is a subset

of size r and A is an r ˆ n-matrix, we let AI denote the r ˆ r submatrix of A given by the
columns in I .

For each subset I Ă t1, . . . , nu of size r, consider the closed subscheme of Arn defined
by

UI “ V pxij ´ δij : i, j P Iq » Arpn´rq

Note that there are
`

n
r

˘

choices for the r columns, so
`

n
r

˘

affine spaces in total.
If J is another r-subset, let UI,J Ă UI denote the distinguished open set DpdetMJq in

UI .

Example B.16. For n “ 4, r “ 2, there are 6 affine spaces, each isomorphic to A4. In
suggestive notation:

U12 “ SpecZ
„

1 0 x13 x14

0 1 x23 x24

ȷ

U13 “ SpecZ
„

1 x12 0 x14

0 x22 1 x24

ȷ

U14 “ SpecZ
„

1 x12 x13 0
0 x22 x23 1

ȷ

U23 “ SpecZ
„

x11 1 0 x14

x21 0 1 x24

ȷ

U24 “ SpecZ
„

x11 1 x13 0
x21 0 x23 1

ȷ

U34 “ SpecZ
„

x11 x12 1 0
x21 x22 0 1

ȷ

.

△

If T is a scheme, the T -valued points UIpT q is the set of r ˆ n-matrices with entries in
OT pT q and the identity matrix in the columns indexed by I . Furthermore, UI,JpT q is the set
of r ˆ n-matrices A P UIpT q such that the determinant of MJ is invertible, i.e., belongs to
OT pT qˆ.

Note that ifA is an rˆnmatrix and detAI is invertible, thenA´1
I A has the identity matrix

in columns I . Hence, A ÞÑ pAIq
´1A defines a bijection of sets UJ,IpT q Ñ UI,JpT q. Note

that if f : S Ñ T is a morphism of schemes, the pullback induces a map UIpT q Ñ UIpSq.
In this way, we obtain natural transformations betwen the functors of points hUI,J

and hUJ,I
.

By Yoneda’s Lemma, we obtain isomorphisms of affine schemes

τJI : UI,J ÝÝÑ UJ,I
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These isomorphisms moreover satisfy the gluing condition

τKI “ τKJ ˝ τJI . (B.24)

Indeed, both sides of the equation, when applied to a matrix A with the identity matrix in
the I-columns, row-reduce A to a matrix with the identity matrix in the K-columns. The
left-hand side does this directly, while the right-hand side does so in two steps: first to the
identity in columns J , then to the identity in columns K.

It follows that the affine spaces UI glue to a scheme, which we call the Grassmannian
Grpd, nq. The next proposition tells us that the k-points of Grpd, nq are in bijection with the
set of d-dimensional linear subspaces of kn, as we alluded to in (B.20).

Proposition B.17. Let k be a field. Then the k-points of Grpr, nq are in bijection with
the set of equivalence classes of r ˆ n-matrices of rank r modulo the action of GLrpkq.

Proof If A is an r ˆ n-matrix with entries in k, and the rank of A is equal to r, then some
submatrix AI must be invertible. The bijection is defined by sending A to A´1

I A, which
defines a k-point in UI , and hence in Grpd, nq. If A1 is another matrix equivalent to A, then
also A1

I is invertible, and A1´1
I A “ A´1

I A. It follows that the assignment is injective. It is
also surjective, as any k-point Grpd, nq lies in some UI , and hence comes from a matrix A
with identity matrix in the I-columns.

The Grassmannians resemble projective spaces in several ways:

Generalized homogeneous coordinates. In light of Proposition B.17, we may also talk
about generalized homogeneous coordinates on Grpr, nq: for a field k, the k-points are
equivalence classes rM s of r ˆ n-matrices, where we say rM s “ rM 1s if M 1 “ gM for
some g P GLrpkq. For instance, for the two matrices in (B.22) we have

„ˆ

1 1 0 1
1 0 1 0

˙ȷ

“

„ˆ

1 0 1 0
0 1 ´1 1

˙ȷ

.

Local coordinates. Just as the ratios x0{xi, . . . , xn{xi form affine coordinates onD`pxiq Ă

Pn, the affine coordinates ofUI are given by the entries of the matrixM´1
I M . More precisely,

if ZrM´1
I M s denotes the k-algebra generated by the entries in the matrix M´1

I M , then
Grpr, nq is obtained by gluing together the affine spaces

UI “ SpecZrM´1
I M s » Arn (B.25)

using the isomorphisms given by the following equality of subrings of Qpx11, . . . , xnnq:

ZrM´1
I M sdetpM´1

I MJ q “ ZrM´1
J M sdetpM´1

J MIq. (B.26)

Quotient morphism. If Z Ă Arn denotes the closed subset defined by all the r ˆ r-minors
of the matrix of variables M , then there is a a quotient morphism

π : Arn ´ Z ÝÝÑ Grpr, nq. (B.27)

This morphism is obtained by gluing together morphisms between affine schemes

πI : DpdetMIq ÝÝÑ UI (B.28)
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B.6 Grassmannians 463

To define (B.28), we can use Yoneda’s Lemma. Note that a T -point of the open subscheme
DpdetMIq Ă Arn is given by an r ˆ n-matrix A with entries in OT pT q so that detAI is
invertible in OT pT q. On the level of T -points, the morphism (B.28) then sends the matrix
A to A´1

I A which is a well defined point in UIpT q. It is clear that this defines a natural
transformation between the functors of points, and that the morphism is surjective. Moreover,
two matricesA,B P DpdetMIq map to the same point in UI if and only ifA´1

I A “ B´1
I B,

which happens if and only if B “ gA where g “ AIB
´1
I is an element in GLrpOT pT qq.

In fact, the multiplication map defines a bijection between GLrpOT pT qq ˆ UIpT q and
DpdetMIqpT q, and consequently an isomorphism of schemes

GLr ˆUI
»

ÝÝÑ DpdetMIq (B.29)

It is straightforward to check that the morphisms (B.28) are compatible with the gluing of
Grpd, nq, so we obtain the morphism (B.27). In light of (B.29), π is a so-called ‘fiber bundle’
over UI with fiber GLr’.

Universal sheaves. On projective space, Pn there is the invertible sheaf Op1q which is glued
together by copies of OUi

using the transition functions gij “
xj

xi
over the distinguished opens

D`pxiq » An. Moreover, the homogeneous coordinates x0, . . . , xn determine a surjection

On`1
Pn ÝÝÑ Op1q ÝÝÑ 0

Likewise, the Grassmannian carries a universal quotient sheaf Q, which satisfies Q|UI
»

Or
UI

, and it is glued together using the transition functions

gIJ “ M´1
I MJ P GLrpOUI,J

q. (B.30)

and there is a surjection

On
G ÝÝÑ Q ÝÝÑ 0. (B.31)

Note that on Arn, there is such a map, namely, the map given by the r ˆ n matrix M

On
Arn

M
ÝÝÑ Or

Arn (B.32)

This is surjective on all stalks contained in the open set
Ť

I DpdetMIq. Moreover, restricting
this to the UI we obtain

On
UI

M
ÝÝÑ Or

UI
(B.33)

In terms of the affine charts in (B.25), the map (B.33) is induced by

ZrM´1
I M sn

M´1
I M

ÝÝÝÝÝÑ ZrM´1
I M sr

Passing to the localization, these maps glue to the sheaf map (B.31), because the following
diagram commutes.

pZrM´1
J M sdetpM´1

J MIqq
r pZrM´1

I M sdetpM´1
I MJ qq

r

pZrM´1
I M sdetpM´1

I MJ qq
n

M´1
I MJ

M´1
J M pMIq

´1M
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The Plucker embedding Consider the morphism

p : Arn ÝÝÑ Apn
rq “ SpecZryIs

which is induced by all the rˆ r determinants of M , that is, p7pyIq “ detMI . This induces
a morphism

ρ : Arn ´ Z ÝÝÑ Ppn
rq´1

where Z “
Ş

I V pdetMIq is the closed subset defined by all the r ˆ r-minors of M .
We claim that ρ is a closed embedding. To do this, it suffices to show that ρ restricts to an

isomorphism over each UI , which maps into the distinguished open D`pyIq Ă Ppn
rq´1. We

write ρI : UI Ñ D`pyIq for this morphism.

Lemma B.18. For each I , the morphism ρI is a closed embedding.

Proof After re-indexing, it suffices to consider the case I “ t1, 2, . . . , ru. Then, if we
expand the minors of the r ˆ n matrix (corresponding to a matrix UI)

¨

˚

˝

1 x1,r`1 . . . x1,n

. . .
...

. . .
...

1 xr,r`1 . . . xr,n

˛

‹

‚

it is clear that the set of minors contains (up to sign) all the variables xij with j R I . Hence

ρI : Arpn´rq Ñ Apn
rq´1 is given by the graph of a morphism Arpn´rq Ñ Apn

rq´1´rpn´rq,
and hence is a closed immersion (Exercise 4.11.56).

This means that Grpr, nq embeds as a closed subscheme of Ppn
rq´1. The image of ρ is

defined by all the polynomial relations between the r ˆ r-minors of the matrix M . These
relations are known to be generated by the so called Plucker quadrics. These quadrics take
the form

r`1
ÿ

l“1

p´1qlyi1,...,ir´1,jlyj1,...,ĵl,...jr`1
“ 0. (B.34)

There is one relation for each pair of increasing sequences I “ pi1 ă ¨ ¨ ¨ ă ir´1q,
J “ pj1 ă ¨ ¨ ¨ ă jr`1q of length r ´ 1 and r ` 1 respectively, and j1, . . . , ĵl . . . jr`1

denotes the sequence j1, . . . , . . . jr`1 with the term jl omitted. Moreover, in the sum (B.34),
the indexes in the variables may not be increasing: here we adopt the convention that yI is
equal to 0 if I contains repeated elements, and yi1,...,ir “ ´yi1,...,is´1,is`1,...,ir .

The proof that these quadrics generate the entire ideal of the Grassmannian is not partic-
ularly difficult, but it requires algebraic manipulations that make it a little bit lengthy (see
(Dolgachev, 2003, Corollary 2.5)). Besides we do not need this fact in what follows. In fact,
Grpk, nq is probably the best example of a projective variety that is not best studied by its
equations in some projective space.

Example B.19. Let us continue the example of n “ 4, r “ 2. In this case, the image of ϕ is
the quadric

Q “ V py12y34 ´ y13y24 ` y14y23q Ă P5
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This is a consequence of the following relation between the minors of a 2 ˆ 4 matrix∣∣∣∣x11 x12

x21 x22

∣∣∣∣ ∣∣∣∣x13 x14

x23 x24

∣∣∣∣ ´

∣∣∣∣x11 x13

x21 x23

∣∣∣∣ ∣∣∣∣x12 x14

x22 x24

∣∣∣∣ `

∣∣∣∣x11 x14

x21 x24

∣∣∣∣ ∣∣∣∣x12 x13

x22 x23

∣∣∣∣ “ 0

and the fact that both Grp2, 4q and Q are integral and of the same dimension (over a field,
they are 4-dimensional). △

If R is a ring, we define GrRpd, nq » GrZpd, nq ˆZ SpecR. The main case of interest is
when R “ k is a field.

Proposition B.20. For a field k, the Grassmannian Grkpr, nq is a non-singular projective
variety of dimension

dimGrkpr, nq “ rpn´ rq.

B.6.0 The Grassmannian functor. Let r and n be non-negative integers and consider the
functor

Gr,npT q “

"

short exact sequences 0 Ñ U Ñ On
T Ñ Q Ñ 0

where U ,Q are locally free of ranks n´ r and r

*

{ „

where two exact sequences are said to be equivalent if there are isomorphisms making the
following diagram commutative

0 U On
T Q 0

0 U 1 On
T Q1 0

» »

Theorem B.21. The functor Gr,n is represented by the Grassmannian Grpr, nq.

Proof Suppose we have a scheme T and a short exact sequence of locally free sheaves

0 ÝÝÑ U 1 ÝÝÑ On
T ÝÝÑ Q1 Ñ 0. (B.35)

Choose an affine open covering of T given by Ti “ SpecpAiq so that Q1|Ti
» Or

Ti
. The

surjection On
Ti

Ñ Q1|Ti
» Or

T is given by some nˆ r matrix Mi with entries in Ai, which
naturally determines a morphism gi : SpecAi Ñ Arn.

As On
T Ñ Q is surjective, all of these morphisms factor through Arn ´ Z, so they

induce morphisms φ ˝ gi : SpecpAiq Ñ Grpr, nq. The morphisms hi “ φ ˝ gi glue
to give a morphism h : T Ñ Grpr, nq. Indeed, the hi are defined from the morphism of
locally free sheaves, which implies that they agree on overlaps. Moreover, it means that the
construction of h does not depend on the trivializations used, and also is independent of
choice of the sequence (B.35) within its equivalence class (as two equivalent sequences may
be simultaneously trivialized by the same data).

If ϕ : T Ñ Grpr, nq is any morphism, covering Grpr, nq by the open affine pieces UI
and then covering h´1pUIq by open affine pieces SpecpAiq over which Q1 is trivial, we see
that ϕ pulls back the universal family to S if the following diagram commutes:
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But this happens if and only if h|SpecpAiq “ gi. Therefore g is the unique morphism pulling
back the universal family to T , as required.

Remark B.22. The Plucker embedding P : Grpk, nq Ñ Ppn`r
r q´1

Z has an elegant interpreta-
tion in terms of the functor of points. The morphism P comes from the natural transformation
which takes a T -valued point of Grpk, nq, that is, a quotient On

T Ñ Q Ñ 0, and sends it

to ^rOn Ñ ^rQ Ñ 0, which since ^rQ has rank 1, defines a point in Ppn`r
r q´1

Z pT q. It is
possible to use this to produce a completely coordinate-free proof of the fact that P is an
embedding in this functorial language.

Example B.23. The functor F : Schop Ñ Sets given by

F pT q “ tlocally free sheaves of rank r on T u{isomorphism

is not representable. To see why, assume that there is a scheme X such that F » hX . For a
scheme T , let oT P F pT q denote the element corresponding to the trivial sheaf Or

T .
Now, let T be any scheme, and let E be a locally free sheaf E or rank r on it. We may

choose a covering Ui of T such that E |Ui
» Or

Ui
. This means that the corresponding element

e P F pT q must map to oUi
P F pUiq via the maps F pT q Ñ F pUiq. The same is of course

true for the element oT P F pT q. So by the above remark, we must have that e “ oT P F pT q.
However, this would mean that any locally free sheaf on T is trivial, which is false in general.
For instance, for T “ Pn and E » OP1p1qr, then E is non-trivial. △

B.6.0 Enumerative problems. The Grassmannian appears in classical algebraic geometry
involving enumerative questions involving linear spaces in projective space. One example
is the following theorem, which is one of the most celebrated results in classical algebraic
geometry.

Theorem B.24 (Cayley–Salmon). Over an algebraically closed field, every smooth cubic
surface S Ă P3 contains exactly 27 lines.

Example B.25. For illustration, let us consider the lines on the Fermat cubic surface defined
by

F “ x3
0 ` ¨ ¨ ¨ ` x3

3 “ 0

We identify lines in P3
k with planes in k4. Let us find equations for the set of points in

Grp2, 4q corresponding to lines in S “ V pF q. Let us consider lines L of the form

x0 ` a2x2 ` b2x3 “ 0,

x1 ` a3x2 ` b3x3 “ 0.

These correspond to points contained in the affine chart Ut1,2u Ă Grp2, 4q. Then L is
contained in S if and only if the cubic F restricts to the zero polynomial in L. In other words,
F p´a2s´ b2t,´a3s´ b3t, s, tq is the zero polynomial in s and t. Expanding and collecting
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coefficients, we obtain the following system of equations for a2, a3, b2, b3:

a32 ` a33 “ 1

a22b2 ` a23b3 “ 0

a2b
2
2 ` a3b

2
3 “ 0

b32 ` b33 “ 1.

Let a denote the ideal generated by these equations. Then a can be simplied to:

a “ pa2a3, a2b2, a3b3, b2b3, b
3
2 ` b33 ´ 1, a33 ` b33 ´ 1, a32 ´ b33q.

From this we see that either a2 “ 0 or a3 “ 0. If a2 “ 0, then the last equation implies that
b3 “ 0 as well, and the two remaining equations reduce to b32 “ 1 and a33 “ 1. Here a3 and
b3 can be any cubic root of unity, leading to 3 ˆ 3 “ 9 solutions. Doing the same for a3 “ 0
leads to a number of 9 ` 9 “ 18 lines in UI . By permuting the coordinates, we find the lines
contained in the other UI as well, leading to a total of 27 lines contained in V pF q:

x0 ` ωkx1 “ x2 ` ωjx3 “ 0, 0 ď j, k ď 2

x0 ` ωkx2 “ x1 ` ωjx3 “ 0, 0 ď j, k ď 2

x0 ` ωkx3 “ x1 ` ωjx2 “ 0, 0 ď j, k ď 2

where ω is a primitive cube root of 1. △

B.7 The Picard group of a Grassmannian

Proposition B.26. Let k be a field. Then the Picard group of the Grassmannian Grpr, nq

is isomorphic to Z. It is generated by the restriction of Op1q from the Plücker embedding.

Proof Consider Grpr, nq Ă PN embedded via the Plücker embedding. Fix an r-tuple
I Ă t1, . . . , nu. Then the divisor H “ divpxIq|X is a well-defined divisor on Grpr, nq.
The complement Grpr, nq is the open set UI Ă Grpr, nq (corresponding to nˆ r-matrices
whose I-th minor is nonzero). As UI » Arpn´rq has trivial class group, the exact sequence
(16.5) shows that the class group of Grpr, nq is generated by H . Clearly, no multiple of H is
zero in ClpGrpr, nqq. That would mean that some OXpmq » OX . This is not possible, as
Op1q has N ` 1 linearly independent global sections.

Exercise B.7.1. Show that the set of lines on the quadric surface S “ V px0x3´x1x2q Ă P3
k

is a union of two conics in Grp2, 4q Ă P5
k.

Exercise B.7.2 (Gluing relative schemes). Let X be a scheme and suppose that we are given
the following data:

(i) For each affine open U Ă X , a scheme YU and a morphism πU : YU Ñ U .
(ii) For any pair of affine open subschemes V Ă U Ă X , a morphism ρUV : YV Ñ
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YU such that the following diagram commutes

YV YU

V U

πV

ρU,V

πU
(B.36)

and induces an isomorphism YV » π´1
U pV q.

(iii) For any affine open subschemes W Ă V Ă U Ă X , we have ρU,W “

ρV,U ˝ ρW,V .
Show that there exists a scheme Y together with a morphism π : Y Ñ X , and isomorphisms
ιU : π

´1pUq Ñ YU , such that for each V Ă U affine, the following diagram commutes:

π´1pUq YU U

π´1pV q YV V

ιU πU

ιV πV

ρU,V

and πU ˝ ιU “ π|U for each U . Show that as an X-scheme, Y is unique up to isomorphism.
HINT: See (?, Tag 01LG).

B.8 Relative Spec

Let X be a scheme and let A be a quasi-coherent sheaf of OX-algebras. This means that A
is a quasi-coherent sheaf and for each open set U Ă X , the group ApUq is an algebra over
the ring OXpUq.

Let us apply Proposition ?? to the case where

YU “ SpecApUq

and πU : YU Ñ U is the morphism induced by the ring map OXpUq Ñ ApUq. Let us check
the that the second condition in the proposition is satisfied. If V Ă U is another affine subset,
we have there is a ring map ApUq Ñ ApV q which induces a morphism YV Ñ YU inducing
a commutative diagram

SpecpApV qq SpecpApV qq

V U

πV

ρU,V

πU
(B.37)

The diagram is actually Cartesian, because ApV q “ ApUq bOXpUq OXpV q, as A is quasi-
coherent. The third condition is also satisfied, because the ring map ApUq Ñ ApW q factors
via restriction to V .

It follows that the schemes YU glue together to a scheme, which we denote SpecpAq

which we call the ‘relative spectrum of A’. There is a morphism π : SpecpAq Ñ X which
satisfies

π˚OSpecpAq “ A.
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The schemeSpecpAq satisfies the following universal property: For each morphism h : Z Ñ

X with a map of OX -algebras A Ñ h˚OZ , there is a unique morphism f : Z Ñ SpecpAq

such that h “ π ˝ f .

Example B.27. For A “ OXrt1, . . . , tns, the relative Spec coincides with the relative affine
space AnX “ X ˆSpecZ An. △

Example B.28. Let X “ Ank “ Spec krx1, . . . , xns and let f P krx1, . . . , xns be a
polynomial. Then

A “ OXrts{ptm ´ fpx1, . . . , xnqq

is an OX-algebra. The relative spec Y “ SpecA is exactly the degree m cover of An
branched over the zero set of f . △

Example B.29. More generally, let X be a normal integral scheme, D Ă X an effective
divisor, and let L be an invertible sheaf on X such that Lbm » OXpDq. Let s P OXpDq be
the section that defines D; we will view it as a map s : OX Ñ Lbm. Define the OX -module

A “ OX ‘ L´1 ‘ ¨ ¨ ¨ ‘ L´m`1

This becomes an OX-algebra via the multiplication

L´a b L´b » L´a´b b OX
idbs
ÝÝÝÑ L´a´b b Lm » L´a´b`m.

Let Y “ SpecA with the projection π : Y Ñ X . We call Y the ramified cyclic cover of s.
Over an open set U where L » OU , pick a local generator s. The image sm P ΓpU,Lmq.

On such an open, we have A|U » Om
U , which is generated by 1 and f subject to the relation

zm “ f .
It is not hard to show that Z is nonsingular if and only if X and D are. △

Exercise B.8.1. Check that the scheme SpecpAq and the morphism π satisfies the above
universal property.

Example B.30 (Closed subschemes). An important special case is when A “ OX{I for
some quasi-coherent ideal I . In this case there is a morphism

i : Spec pOX{Iq ÝÝÑ Spec pOXq “ X

and Y “ Spec pOX{Iq is exactly the closed subscheme associated to I . △

Example B.31 (Vector bundles). Let E denote a locally free sheaf of rank r. The symmetric
algebra

Sym˚
pE_q “ OX ‘ E_ ‘ S2pE_q ‘ ¨ ¨ ¨

is naturally an algebra over OX . The corresponding relative Spec is denoted by VpEq. The
projection π : VpEq Ñ X is what is known as a vector bundle; all the scheme-theoretic fibers
are affine spaces of dimension r. More precisely, if x P X , the fiber Epxq “ E bOX

kpxq

is isomorphic to kpxqr, and so the scheme-theoretic fiber of π over x is isomorphic to the
spectrum of

Sym˚
pkpxqrq » kpxqrt1, . . . , trs

△
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Example B.32 (Normalization). Now suppose X is a general integral scheme. For an affine
subset U “ SpecA Ă X , we set YU “ SpecA, where A is the integral closure of A in
KpXq. We check that the collection of morphisms πU : YU Ñ U satisfy the conditions of
Proposition ??, so that they glue to a morphism π : X Ñ X .

If U, V are two affines with V Ă U , we can consider the open subscheme W “

π´1
U pV q Ă YU . By assumption, this scheme is affine, because πU is an affine morphism, and

integral and normal, being an open set in YU . Furthermore, inside KpXq, we have

OW pW q “
č

yPW

OYU ,y.

As the local rings OYU ,y are integrally closed, we see that OW pW q is normal. As W Ñ V
is finite, OXpV q Ñ OW pW q a finite ring extension, and we see that OW pW q is the integral
closure of OXpV q in KpXq. This allows us to canonically identify YV with π´1

U pV q, and
consequently the fiber product YU ˆU V . Finally, if W Ă V Ă U are three affines, the map
YW Ñ YU clearly factors via YV . Therefore the conditions of Proposition ?? are satisfied,
and the schemes YV glue to a scheme which we will denote by X .

Finally, we prove that the scheme X and πX : X Ñ X satisfy the universal property. So
let h : Z Ñ X be a dominant morphism from a normal integral scheme Z . Over each Ui, we
have an induced dominant morphism h´1pUiq Ñ Ui, which by the universal property over
the Ui must factor uniquely via Ui via a morphism hi : h

´1pUiq Ñ Ui. Again the uniqueness
in the universal property tells us that these maps must agree over the overlaps h´1pUijq.
Since the h´1pUiq form an open cover of Z , these maps glue to a map h : Z Ñ X factoring
h. △

B.9 Relative Proj

Let X be a scheme and let R be a quasi-coherent sheaf of graded OX -algebras. This means
that for each open set U Ă X , the group RpUq is a graded ring with degree 0 isomorphic to
OXpUq.

For an open affine U Ă X , set YU “ ProjRpUq, with projection π : YU Ñ U induced
by the natural map ProjRpUq Ñ SpecOXpUq “ U . If V Ă U is another affine, the map
RpUq Ñ RpV q is a map of graded rings, this induces a map YV Ñ YU . Checking that the
conditions of Proposition ?? are satisfied is similar to the Relative Spec-case. We call the
resulting scheme ProjpRq Ñ X the ‘relative Proj of R’.

Example B.33 (Projective bundles). Let E be a locally free sheaf on a schemeX and consider
the symmetric algebra Sym˚

pEq, which we for notational convenience write as

Sym˚
pEq “ OX ‘ Et‘ S2pEqt2 ‘ ¨ ¨ ¨

The scheme ProjpSym˚
pEqq is usually1 denoted by PpEq. △

Example B.34 (Hirzebruch surfaces). Consider the sheaf E “ OP1
k

‘ OP1
k
p´dq, where

1 Warning: The notation in the literature here is not always consistent; in many texts PpEq refers to
ProjpSym˚pE_qq. The differences in notation is rooted in the contrasting viewpoints of denoting Pn

k by lines
or hyperplanes in kn`1. The notation here is the so-called ‘Grothendieck notation’ for projective bundles.
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d P Z. The corresponding projective bundle PpEq is exactly the Hirzebruch surface Fm from
Example XX. △

B.10 Blow-ups

Let A be a k-algebra. We are interested in morphisms

SpecpAq Ñ Pnk “ Projpkrx0, . . . , xnsq.

Interpreting A as P0
A “ ProjArts, the map of graded k-algebras

ϕ : krx0, . . . , xns Ñ Arts; xi ÞÑ fit

defines an A-valued point pf0 : ¨ ¨ ¨ : fnq of Pnk .
The base locus Bspϕq is empty if and only if pf0, . . . , fnq “ p1q, which happens if and

only if pf0t, . . . , fntq “ ptq in Arts, that is, f0t, . . . , fnt generate the irrelevant ideal.
If pf0, . . . , fnq “ pgq is a principal ideal, then we have fi “ gci for some elements

ci P A. This means that we can extend the morphism over Bspϕq by defining the A-valued
point pc0, . . . , cnq.

In general, let a “ pf0, . . . , fnq Ă A, and consider the graded ring

Rpaq “
à

iě0

aiti,

where t is a variable, i.e., R is the subring Arts of polynomials
ř

iě0 ait
i with ai P ai. In

the ring R, t has degree 1, while the elements of A have degree 0. Since R0 “ A, ProjR is
a scheme over SpecA with structure morphism

π : ProjR SpecA,

(this was introduced just after Definition ?? on page ??). We claim that π is an isomorphism
outside the closed subset π´1V paq, and so π merits being called the *blow-up* of V paq.
Indeed, if f P a, it holds that aAf “ Af and consequently aiAf “ Af for all i. Therefore,
we have the equality Rf “ Af rts. By Exercise 5.4.13 and Example ??, we then find that π
induces an isomorphism

π´1Dpfq “ ProjRf “ ProjAf rts » SpecAf “ Dpfq.

Note that the elements f0t, . . . , fnt by definition generate the irrelevant ideal of R. This
means that they induce a morphism

rF : ProjR Ñ Pnk ,

which fits into the diagram

ProjR

SpecA Pnk

π rF

F

The scheme ProjR is called the *blow-up* of SpecA along a.
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The blow-ups can be computed as follows. Let a Ă A be an ideal, generated by f0, . . . , fr.
Let J be the kernel of the map of graded rings

Aru0, . . . , urs ÝÝÑ Rpaq “
à

ně0

antn, (B.38)

sending ui to fit. Then the blow-up of a is the closed subscheme

BlapXq “ V`pJq Ă PrA,

where X “ SpecA.

Proposition B.35. Let a Ă A be an ideal and let X “ SpecA. The blow-up BlapXq

and the morphism π : BlapXq Ñ X have the following properties:
(i) E “ π´1pV paqq is a Cartier divisor on BlapXq.

(ii) π is surjective, and if U “ X ´ V paq, the restriction π|U : π
´1pUq Ñ U

is an isomorphism.

Let a “ pf0, . . . , fnq Ă A. We define the morphism

rF : BlapXq Ñ Pnk
by the composition

BlapXq Ñ PnA Ñ Pnk .

Then π is proper, because it is a composition of a closed embedding and PnA Ñ Pnk , which is
proper.

Let U “ X ´ V paq. Then U “
Ť

fPaDpfq. For any f P a, we have

π´1pDpfqq “ ProjpRpaq bA Af q “ ProjpAf rtsq » SpecAf .

These isomorphisms glue to an isomorphism

π : π´1pUq » U.

Therefore, π is surjective, being closed and the image containing a dense open U .

Now considerDi “ D`pfitq “ SpecA
”

f0t
fit
, . . . , fnt

fit

ı

. Then π´1pV paqqXDi “ V pfiq,

as fj “ fi ¨
fjt

fit
.

Proposition ?? gives a description of the scheme-theoretic inverse image of V paq, as

p
à

iě0

aitiq bAA{a “
à

iě0

ai{ai`1,

and hence π´1V paq “ Proj
À

iě0 a
i{ai`1.

Example B.36 (The blow-up of the plane). Consider the polynomial ring A “ krx, ys and
the ideal a “ px, yq. Let R be the graded ring

R “
à

iě0

aiti,

where the graded piece of degree i equals aiti. The irrelevant ideal R` is generated by xt
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and yt, and consequently ProjR is the union of the two open affine subschemes SpecpRxtq0
and SpecpRytq0.

There is a map of graded rings ϕ : Aru, vs Ñ R, where u and v are of degree 1, given by
u ÞÑ xt and v ÞÑ yt. This map is surjective because a is generated by x and y. The kernel of
ϕ contains the element xv ´ yu, and by Exercise 5.4.27, we have

R » Aru, vs{pxv ´ yuq. (B.39)

From this description, we see that ProjR is covered by the two distinguished open sets

D`puq “ SpecpRuq0 and D`pvq “ SpecpRvq0,

where

pRuq0 » krx, vu´1s and pRvq0 » kry, uv´1s.

These affine schemes are glued together along their intersection, which is

SpecpRuvq0 » pAru, vsuv{pxv ´ yuqq0.

One finds that

pAru, vsuv{pxv ´ yuqq0 » krx, y, uv´1, vu´1s{pxvu´1 ´ yq » krx, uv´1, vu´1s.

Therefore, ProjR coincides with the blow-up construction described in Section B.2 on
page 449. △

Example B.37. Let A “ Zrts and R “ Aru0, u1s{ptu1 ´ 7u0q. The projective scheme
ProjR with its structure morphism

π : ProjR ÝÝÑ A1
Z “ SpecA,

can be viewed as the blow-up of A1
Z in the closed point m “ p7, tq P A1

Z. Then

π´1pDptqq “ Proj
`

R bA Ar 1
t
s
˘

“ ProjpAru0,
1
t
sq » Dptq

π´1pDp7qq “ Proj
`

R bA Ar 1
7
s
˘

“ ProjpAru1,
1
7
sq » Dp7q

This shows that π restricts to an isomorphism over the open subset ProjR ´ π´1V pmq. On
the other hand, the schreme-theoretic fiber of m is given by

ProjpAru0, u1s bA A{mq “ ProjpAru0, u1s{p7, tqq “ P1
F7
.

△

Proposition B.38. Let X “ SpecA and Y “ V paq, and let rX “ BlapXq.
(i) If X is reduced/irreducible/integral, then so is rX .

(ii) We have rX Ă Z “ V`pfiuj ´ fjuiq Ă PnA. If f0, . . . , fn are a minimal
set of generators for a and Z is integral, then rX “ Z.

Proof (i): Let rX “ BlapXq “ ProjRpaq, where Rpaq “
À

dě0 a
dtd is the Rees algebra

of a. If X “ SpecA is reduced, then A has no nilpotent elements. Since Rpaq is a graded
subring of Arts, it inherits the reduced property from A. Thus, rX “ ProjRpaq is reduced.
The same argument shows that rX is also irreducible, integral.
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(ii): rX Ă Z “ V`pfiuj ´ fjuiq Ă PnA, and if f0, . . . , fn are a minimal set of generators
for a and Z is integral, then rX “ Z.

The blow-up rX is defined by the kernel J of the graded surjection (B.38). This kernel
contains the relations fiuj´fjui for all i, j, since fipfjtq “ fjpfitq. Thus, rX “ ProjRpaq

is a closed subscheme of Z “ V`pfiuj ´ fjuiq Ă Pnk .
Suppose f0, . . . , fn are a minimal set of generators for a, and Z is integral. Since rX Ă Z

and both are integral schemes, it suffices to show that the map rX Ñ Z is an isomorphism on
an open dense subset.

Let U “ X ´ V paq. On U , the blow-up rX restricts to an isomorphism π´1pUq » U , as
shown earlier. Similarly, Z restricts to an open subset isomorphic to U because the relations
fiuj “ fjui define the same structure as the blow-up onU . SinceZ is integral and rX Ă Z is
a closed subscheme that agrees with Z on a dense open subset, we conclude that rX “ Z .

Example B.39. LetA “ krx, ys{py2´x3q and a “ px, yq. The blow-up rX “ BlapSpecAq

embeds into P1
A “ ProjArU, V s. We compute rX on the affine charts D`pUq and D`pV q.

On D`pUq: Let u “ V {U . The blow-up is defined by the relation y “ ux. Substituting
into y2 “ x3, we get:

puxq2 “ x3 ùñ u2x2 “ x3 ùñ u2 “ x.

Thus, rX X D`pUq “ SpecArus{pu2 ´ xq, with y “ u3. The morphism Spec krus Ñ

SpecA is given by:

x ÞÑ u2, y ÞÑ u3.

On D`pV q: Let v “ U{V . The blow-up is defined by the relation x “ vy. Substituting
into y2 “ x3, we get:

y2 “ pvyq3 ùñ y2 “ v3y3 ùñ 1 “ v3y.

Thus, rX X D`pV q “ SpecArvs{p1 ´ v3yq, with x “ vy. The morphism Spec krvs Ñ

SpecA is given by:

x ÞÑ v3, y ÞÑ v2.

The blow-up morphism π : rX Ñ SpecA is obtained by gluing these two charts. On
D`pUq, it is induced by x ÞÑ u2, y ÞÑ u3, and on D`pV q, by x ÞÑ v3, y ÞÑ v2. △

B.11 Pushouts of affine schemes

Gluing schemes along open subschemes have been a central theme in this book. In some
cases, we can also glue two schemes along a common closed subsheme. In this section, we
explain how this can be done for affine schemes.

Let A,B,C be rings and let f : A Ñ C, g : B Ñ C be surjections. From this data, we
can form the pullback ring AˆC B arising in the pullback diagram

AˆC B B

A C

g

f
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B.11 Pushouts of affine schemes 475

Explicitly, the ring AˆC B is defined by

AˆC B “ t pa, bq P AˆB | fpaq “ gpbq u.

The diagram above induces a pushout diagram of schemes

SpecC SpecB

SpecA SpecpAˆC Bq

This means that SpecAˆC B satisfies a universal property dual to that of the fiber product:
it is universal among diagrams of the form (B.11) with SpecpA ˆC Bq replaced by some
other scheme.

Proposition B.40. As a topological space, SpecpAˆC Bq is homeomorphic to

pSpecAq YSpecC pSpecBq (B.40)

Example B.41. The nodal cubic curve can be obtained from this construction; it is obtained
by identifying two points of A1

k. [ADD MORE DETAILS.] △

Example B.42. Here is an example of a non-normal surface with an isolated singularity. We
let X be the scheme obtained by identifying two points in A2

k; X is the affine variety given
by the k-algebra

A “ tf P krx, ys | fp0, 0q “ fp0, 1qu.

Then the normalizationX is the affine plane. The algebraA is generated by the 4 polynomials

x, xy, y2 ´ y, y3 ´ y (B.41)

To see this, note that if fpx, yq is any polynomial satisfying fp0, 0q “ fp0, 1q, we may
subtract products of the form bpxqpy2 ´ yqk or bpxqpy2 ´ yqkpy3 ´ yq until the y-degree of
f is at most 1; the remaining polynomials can be written as polynomials in x and xy.

The polynomials (B.41) define a closed embedding of the surface X in A4. △

Theorem B.43. Let X and Y be schemes and let i : Z Ñ X and j : Z Ñ Y be closed
embeddings. Then the pushout X YZ Y exists as a scheme.

Example B.44 (SpecZ
?

´3). The spectrum of the ring R “ Zr
?

´3s is rather interesting.
It can be viewed as a sort of singular curve over SpecZ. As such it shares many properties
with the nodal cubic curve of Example 10.37.

Note first that R is not a unique factorization domain. For example,

2 ¨ 2 “ p1 `
?

´3qp1 ´
?

´3q.

It is also not normal, because the element ω “ p1`
?

´3q{2 P Qp
?

´3q satisfies the monic
equation x2 ` x` 1 “ 0, but ω R R. In fact, the integral closure of R is given by the ring
the ring of Eisenstein integers Zrωs, and Zrωs is a unique factorization domain. In particular,
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Zrωs is normal, and equals the integral closure of R inside the fraction field Qp
?

´3q. It
follows that the morphism

SpecZrωs Ñ SpecZr
?

´3s,

induced by the inclusion Zr2ωs Ñ Zrωs, is the normalization map.
Note that R is not a Dedekind domain: an integral domain is Dedekind if and only if each

of its localizations is a discrete valuation ring. However, the localizationRp at the prime ideal
p “ p2, 1`

?
´3q is not a discrete valuation ring; the maximal ideal requires two generators.

However the square of p is principal; it satisfies

p2 “ p2q Ă Zr
?

´3s.

There are two ring maps ϕ, ψ : Zrωs Ñ F2rxs{px2 ` x` 1q “ F4, one sending ω to
x, and the other sending ω to x ` 1. The subring of Zrωs where these coincide is exactly
Zr2ωs “ R. We get a pushout diagram

F4 Zrωs

Zrωs Zr
?

´3s

ψ

ϕ

This induces a homeomorphism between SpecZr
?

´3s and SpecZrωs with two points
identified. Hence SpecR is obtained by identifying two points in the spectrum of the
Eisenstein integers. △

B.12 Multigraded rings

The Proj-construction has the following multigraded analogue.
Let R “ krx1, . . . , xns be a ring graded by the group Zn. This means that each variable

xi is assigned a degree di P Zn. Let f P R denote a homogeneous element with respect to
the Zn-grading. Let pRf q0 denote all the elements in the localization of degree 0 P Zn.

Definition B.45. For w P Zn, we define the subring

Rpwq “
à

ně0

Rnw Ă R

and the w-irrelevant ideal as the graded ideal

Iw “
à

ną0

Rnw Ă R

Note that Rpwq and Iw are graded R0-modules, in the usual sense. In fact, Rpwq is a
graded algebra over R0.

Definition B.46. For a given w P Zn, we define the multigraded projective spectrum
w-ProjpRq as the set of homogeneous prime ideals p that do not contain the irrelevant
ideal Iw.
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As in the usual Proj-construction, the set w-ProjpRq inherits a Zariski-topology, by
declaring that the closed sets are exactly the sets V paq of homogeneous prime ideals
p Ą a (not containing the irrelevant ideal Iw). There is also the set of distinguished opens
D`pfq “ w-ProjpRq ´V pfq, defined for Zn-homogeneous f . As before, these give a basis
for the topology on w-ProjpRq and

D`pfq » SpecpRf q0.

Next, we define the structure sheaf on the topological space X “ w-ProjpRq. We define
it on the basis consisting on distinguished opens by

OXpD`pfqq “ pRf q0

and the restriction maps are as usual given by the localization maps Rf Ñ Rg for D`pfq Ą

D`pgq. This defines a sheaf of rings OX on X whose stalks at are the local rings pRpq0.
Therefore, the locally ringed space pX,OXq is a scheme.

B.13 Examples

Example B.47. Letm,n ě 1 be integers and consider the polynomial ringR “ krx0, . . . , xm, y0, . . . , yns

with the Z2-grading given by deg xi “ p1, 0q and deg yj “ p0, 1q.
For the vector w “ p1, 1q, we find

Iw “ px0y0, . . . , xmynq “ px0, . . . , xmq X py0, . . . , ynq.

Note that w-ProjpRq is covered by the affine schemes

Uij “ SpecpRxiyj q0 » Spec k

„

x0

xi
, . . . ,

xn
xi
,
y0
yj
. . . ,

y0
yj

ȷ

» Am`n
k .

This is the usual affine cover of Xw “ Pmk ˆ Pnk .
△

Example B.48. Consider the polynomial ring R “ krx0, x1, y0, y1s with the grading given
by the columns of the matrix

M “

ˆ

1 1 0 ´1
0 0 1 1

˙

Let us choose the vector w “ p1, 1q as the degree vector. Then the irrelevant ideal is
generated by all monomials of bidegree w, i.e., Iw “ px2

0y1, x0x1y1, x0y0, x
2
1y1, x1y0q.

This has radical
?
Iw “ px0y0, x1y0, x0y1, x1y1q “ px0, x1q X py0, y1q. The localizations

are given by

pRpx0y0qq0 “ k
”

x1

x0
, x1y1
y0

ı

pRpx0y1qq0 “ k
”

x1

x0
, x0y0
y1

ı

pRpx1y0qq0 “ k
”

x0

x1
, x0y1
y0

ı

pRpx1y1qq0 “ k
”

x0

x1
, x0y0
y1

ı

.

This is the same affine cover as the blow-up of P2
k at a point. △
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