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Notation

N = {1,2,3,...} is the set of positive integers.

C means ‘is subset of’, i.e., the same thing as <.

If X and Y are two sets, then X — Y denotes the set of elements in X which are notin Y.
All rings are commutative with 1.

Ring maps are required to send 1 to 1.

The zero ring is not an integral domain (and hence not a field).

For aring A, we write A, and A for the localizations in the multiplicative sets S = A — p
and S = {1, f, f*, ...} respectively. Thus, Z,) = {$ |p{ b} and Z, = Z[%].
The fraction field of an integral domain A is denoted by K (A).

A ‘map’ is a morphism in the relevant category, e.g., a ‘map of rings’ is ring homomorphism.

We will occasionally write A = B if there is a canonical isomorphism A ~ B. So for
instance, Z Qy, Z = 7.

If C is a category, we denote its opposite category by CP. This category has the same objects
as C, but for any pair of objects, the morphisms from X to Y in C° correspond to the
morphisms from Y to X in C.
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1

Algebraic sets

In this chapter, we discuss algebraic sets and affine varieties, which will serve as the main
motivating examples in the theory of schemes. We will confine ourself to the basic definitions,
examine a few key examples, and establish notation for later chapters. As we progress through
the book, we will develop the theory of varieties in greater depth.

1.1 Algebraic sets

Algebraic sets and affine varieties are defined over a fixed ground field k. In this chapter, we
will assume that k is algebraically closed. It is useful to keep some specific fields in mind, e.g.
the field of complex numbers C, the field of algebraic numbers Q, or perhaps the algebraic
closure of a finite field, F,,.

We will denote the set k™ by A" (k), and refer to it as the affine n-space. The change in
notation is meant to underline that there is more to A" (k) than just the set of its elements; it
will soon be equipped with a topology, and ultimately, it will be a scheme. The elements of
A" (k) will be called points.

Definition 1.1. For a subset S of k[z1, ..., xz,], we define its zero ser as
Z(S)={PeA"(k)| f(P)=0forall feS}.

An algebraic set is a subset of A" (k) of this form.

If fi,...,f, € S, then every polynomial of the form } _, b; f;, with the b;’s being
polynomials, also vanishes at the points of Z(S). This means that the zero set of the ideal a
generated by the elements of .S is the same as Z(.5); thatis, Z(S) = Z(a). We will therefore
almost exclusively work with ideals and tacitly replace a set of polynomials by the ideal they
generate. Hilbert’s basis theorem (Theorem A.21) tells us that any ideal in k[zq, ..., x,] is
finitely generated, so an algebraic subset is always described as the set of common zeros of
finitely many polynomials.

The more constraints imposed, the smaller the solution set will be, so if a and b are two
ideals with a < b, one has Z(b) < Z(a). The assignment a — Z(a) therefore defines
an inclusion-reversing map from the partially ordered set of ideals in k[z1, ..., x,] to the
partially ordered set of subsets of A" (k).

Under this correspondence, different ideals can define the same algebraic set. For instance,
the ideals (z) and (x?) in k[z], both have the origin in A'(k) as their zero set. To deal with

4
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1.1 Algebraic sets 5

this ambiguity, we recall the radical /a of a, which is defined by
Va={f]|f €aforsomereN}.

For a point P € A" (k) and a polynomial f, we have f"(P) = 0 for some > 0 if and only
if f(P) =0, so see that Z(a) = Z(4/a). Two ideals with the same radical therefore have
the same zero sets. In fact, Hilbert’s Nullstellensatz, which we will state below, tells us that
the converse holds as well.

Here are a few basic properties of the zero sets of ideals:

Proposition 1.2. Let a and b be two ideals and {a;};c; a collection of ideals in the
polynomial ring k[z1, ..., x,]. Then:
(i) Ifa < b, then Z(b) € Z(a)
(i) Z(Xerai) = Nier Z(ai)
(iii) Z(ab) = Z(anb) = Z(a) U Z(b)
(iv) Z(a) = Z(y/a).

Proof We have already proved (i) and (iv). For item (ii): P € (),_; Z(«;) if and only if
f(P) =0forall f € a;andall i € I. This is equivalent to f(P) = 0 forall f € [ J._; a;.
Since ), ; a; is the ideal generated by | J,_; a;, so (ii) follows.

For (iii), we have ab < a n b and a N b is contained in both a and b. This shows that
Z(a)u Z(b) € Z(anb) = Z(ab). Conversely, if P ¢ Z(a) u Z(b), then there exist
f €aand g € bsothat f(P) # 0and g(P) # 0. But then (fg)(P) # 0, and hence
P ¢ Z(ab). O

el

The identities (ii) and (iii) tell us that finite unions and arbitrary intersections of algebraic
sets are again algebraic. Furthermore, as A" (k) = Z(0) and &J = Z(1), the algebraic sets
constitute the closed sets of a topology on the affine space A" (k). It is called the Zariski
topology.

If X < A™(k) is any subset, we get an induced Zariski topology on X by declaring that
the closed sets of X are of the form X n W, where W is a closed set in A" (k).

Examples

Example 1.3. The affine space A'(k) is called the affine line. Every proper nonzero ideal in
k[t] is principal, generated by some polynomial f. Since k is algebraically closed, f factors
as a product (t — ay)--- (t — a,), and its zero set Z(f) is exactly the finite set of roots
{a,...,a,}. Conversely, any finite set of points arises this way. Hence, the closed subsets of
A'(k) are precisely the finite sets and the whole space.

This means that the Zariski topology on A!(C) behaves very differently from the usual
topology on C. For instance, A'(C) is not Hausdorff - any two non-empty open sets must
intersect. JAN

Example 1.4 (Plane conics). Plane conics are classical examples of algebraic sets. They

are defined by a single quadratic equation in A?(k). Three familiar examples include (i) the

circle % + y? — 1 = 0; (ii) the parabola y — x? = 0; and (iii) the hyperbola xy — 1 = 0.
Note also the conic 22 + y? + 1 = 0, which has no solutions when say k = R. However,
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6 Algebraic sets

over C, it becomes equivalent to xy — 1 = 0, by the change of variables u© = x + 1y,

v = —x + 4y. In fact, when k is algebraically closed of characteristic # 2, any conic can
be transformed via a linear change of coordinates to one of the types 2 + y?> + 1 = 0,
y+22=0,22=0,zy =0and2® + 1 = 0. A

Example 1.5. A more interesting example is the so-called Clebsch cubic surface; the alge-
braic set in A*(C) defined by the equation

PP+l l=(r+y+z+1)>%

The real points of the surface, i.e. the points in A®(R) satisfying the equation, is depicted
below. This surface contains 27 lines, all defined over the real numbers. A

Figure 1.1 The Clebsch cubic surface

1.2 Hilbert’s Nullstellensatz

For a subset V' < A™(k), we can consider the set of all polynomials which vanish at every
point of V:

I(V)={feklz,...,x,] | f(P)=0forall Pe V}. (1.1)

Note that (V') is naturally a radical ideal of k[x1, ..., z,]. Moreover, if W < V/, then
I(V)c I(W).

We thereby have two inclusion-reversing mappings betwen the sets of radical ideals a
and the sets of closed sets of A”(k): a — Z(a) and X — I(X). The precise relationship
between them is explained by Hilbert’s Nullstellensatz:

Theorem 1.6 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field. Then
the map

{radical ideals a < k[z1,...,2,]} —> {closed sets X <= A"(k)} (1.2)

defined by a — Z(a) is a bijection, with inverse defined by X — I(X).

To prove the theorem, we have to show that Z(I(X)) = X for an algebraic set X and
I(Z(a)) = +/a for any ideal a. Three of the four required inclusions are straightforward, and
hold for any field k:

(i) v/ac I(Z(a)):If f € 1/a, then f" € a for some positive integer r. Therefore,

f7 vanishes on Z(a) and hence f also vanishes on Z(a). Hence f € I(Z(a)).
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1.2 Hilbert’s Nullstellensatz 7

() X < Z(I(X)): If P € X, then by definition of I(X), f(P) = 0 for all
f e I(X). Therefore, P € Z(I(X)).

(iti) Z(I(X)) < X: Write X = Z(a) for an ideal a. Then by (i), we have
I(Z(a)) © y/a D a. Taking zero loci, Z(I(Z(a))) < Z(a), or equivalently,
Z(I(X)) < X.

Thus the real content of the Nullstellsatz is that if & is algebraically closed, then the inclusion
v/a © I(Z(a)) is an equality. This means that /a is exactly the set of polynomial functions
which vanish on the closed set Z(a).

We will deduce Theorem 1.6 from the following algebraic result, which is a consequence
of Noether’s Normalization Lemma. (See Theorem A.38 for a proof)

Theorem 1.7. Let k& be a field and let K be a finitely generated k-algebra. If K is also a
field, then K is a finite field extension of k.

In particular, if k is algebraically closed, then there are no non-trivial algebraic field
extensions, and so K = k.

As a first consequence, we have the following result, which tells us that Z(a) is non-empty
whenever a is a proper ideal:

Theorem 1.8 (Weak Nullstellensatz). Let k be an algebraically closed field.

(i) Every maximal ideal in k[x1, ..., x,] is of the form
m= (T —Q1,...,Ty — Q)
for some point (ay, ..., a,) in A"(k).

(ii) For an ideal a, the zero set Z(a) is empty if and only if a = (1).

Proof (i): By Theorem 1.7, the field k[z1, . .., x,,|/m is a finite extension of &, hence equal

to k because k is assumed to be algebraically closed. Foreach? = 1,...,n, let a; € k denote
the image of x; under the quotient map 7 : k[zy,...,x,] — k[z1,...,2,]/m = k. Then
clearly all the polynomials z; — a; belong to the kernel m of 7. Since (z; —ay, ..., 2, —a,)

is already a maximal ideal, it must be equal to m.

(ii): If a = (1), then clearly Z(a) = . Conversely, if a is a proper ideal, there is a
maximal ideal min k[, . . ., z,, | containing it. By (i), m has the form (z,—ay, . .., z,—a,),
and consequently (a1, ...,a,) € Z(a), and so Z(a) is not empty. O

Proof of Hilbert’s Nullstellensatz 'To prove the theorem, it is sufficient to prove that for any
ideal a < k[zy,...,x,], we have

I(Z(a)) € Va.
Let f € I(Z(a)) and consider the k-algebra obtained by inverting f and modding out by a:
A= k[xh cee axnat]/(u + (tf - 1))

If A # 0, then there is a maximal ideal m < A. By the Weak Nullstellensatz, m corresponds
toapoint (a,...,a,,b) € A" (k) such that (ai,...,a,) € Z(a)and b- f(ay,...,a,)—
1 = 0. In particular, f(ay,...,a,) # 0, which contradicts the hypothesis f € I(Z(a)).
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8 Algebraic sets

We deduce that A = 0. But note that A is isomorphic to the localization k[z1, . .., 2,]/a
in the multiplcative set S = {1, f, 2, ... }. Therefore, if A = 0, then there is some n € N,
so that f™ € a, and hence f € \/a. O

Example 1.9. It is important to note that Hilbert’s Nullstellensatz only holds when the ground
field is algebraically closed. For instance, consider the ideal a = (% + y* + 1) in R[z, 9],
corresponding to the conic with no real points from Example 1.4. To vanish at the empty
set is an empty condition, so I(Z(a)) = (1), and hence the inclusion \/a < I(Z(a)) is
strict. A

Example 1.10. If £ = C, there is a quick way to prove Theorem 1.7 as follows. Suppose
that K = C[xy,...,x,]/mis a finitely generated C-algebra which is also a field. If there
exists an element £ € K which is not algebraic over C, the fractions i € K fora € C form
an uncountable set of elements in K which are linearly independent over C. This is however
not possible, because K has a countable basis as a C-vector space, as it is generated by the
monomials 7' - - - x5,

See also Exercise 1.8.24 for an alternative proof of Theorem 1.7. A

For an algebraic set X < A"(k), we define the coordinate ring of X as the quotient
A(X) = kl[xy, ..., 2,]/1(X).

where I(X) is the ideal of polynomials that vanish on X.
The elements of A(X) can be viewed as polynomial functions on X: any polynomial

in k[zq,...,x,] defines a function X — k by restriction, and two polynomials f and g
define the same function on X precisely when their difference f — g vanishes on X, that is,
f—gel(X).

1.3 The structure of algebraic sets

A consequence of the Hilbert’s Nullstellensatz, the geometric properties of algebraic sets can
be translated into algebraic properties of the ideals of the polynomial ring k[z1, ..., z,]. To
formulate these geometric properties, we recall a few notions from point set topology.

A topological space X is defined to be irreducible if it is nonempty and cannot be written
as the union of two proper closed subsets; that is, if X = Z u Z’ with Z and Z’ closed, then
either Z = X or 7/ = X.

Proposition 1.11. An algebraic set X < A" (k) is irreducible if and only if the ideal
I(X) is prime, i.e., A(X) is an integral domain.

Proof Suppose X = X; U X, with X; and X proper closed subsets. Then I(X;) > I(X)
and I(X,) D I(X) are strict inclusions, so we may pick f; € I(X;) — I(X) fori = 1,2.
Then f; fo € I(X), and hence I(X) is not prime.

Conversely, suppose I (X)) is not prime, so there exist f1, fo so that f; ¢ I(X) fori = 1,2,
but f1fo € I(X). Then X; = X n Z(f;) and Xy, = X n Z(f5) are closed proper subsets
and X; U Xy = X n Z(f1f2) = X, s0 X is not irreducible. O
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1.3 The structure of algebraic sets 9

The following is a preliminary definition of an affine variety. We will revisit the definition
in Chapter ?? after we have introduced schemes.

p

Definition 1.12. An affine variety is an irreducible algebraic set in A™ (k).

L

Example 1.13. The affine space A" (k) is irreducible, as k[z, . .., x,,] is an integral domain.

A

Example 1.14. The closed set Z(zyz) < A3(k) is not irreducible, as it can be written as a
union of three planes Z (z) U Z (y)UZ(z). Likewise, Z (22, yz) = Z(z,y)uZ(z) < A3(k)
is not irreducible, being the union of a plane and a line. A

We say that a topological space X is Noetherian if all descending chains of closed subsets
XoDXl DXQD

in X eventually stabilize, that is, there is an integer N such that X; = X forall? > N.

Proposition 1.15.
(i) Every algebraic set X is a Noetherian topologial space.
(i) Every Noetherian topological space has a unique decomposition

X=Xju---ulX, (1.3)
where X; < X is a closed irreducible subset and X; ¢ X, forall ¢ # j.

J

Proof (i):1f Xy © X; © X, D -+ is a chain of closed subsets, then I(X,) < I(X;) <

I(X,) < --- is achain of ideals in k[xq, . . ., x,, |, which must stabilize because the polyno-
mial ring is Noetherian. Since X; = Z(I(X;)), we see that the chain of closed subsets also
stabilizes.

(ii): Suppose for a contradiction that X does not admit such a decomposition. Then X
cannot be irreducible, so we may write X = X; u X where X, X are proper closed
subsets. As X = X; U X, the statement in (ii) must therefore fail for one of X; or X}.
Suppose that it fails for X;. Then again X; cannot be irreducible, so we write X; = X, U XJ,.
Continuing in this way, we obtain an infinite chain of closed subsets X > X; > X5 o ...,
where each inclusion is strict, contradicting (i). Removing any redundant subsets (where
X; < X,) gives the desired decomposition (1.3)

As to uniqueness, suppose X = X; u---u X, andY =Y; u--- U Y] are two such
decompositions. For each 7, we have

X = [JXinY)).
j=1

Since X is irreducible, X; = X; n Y] for some j, meaning X; < Y. Likewise, Y; < X,
for some k. Thus, X; < X, and by the minimality condition (X; ¢ X, unless i = £), we
must have ¢ = k and hence X; = Y. Similarly, every Y; must equal some X;. Therefore,
the two decompositions are the same up to reordering. O
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10 Algebraic sets

The irreducible sets appearing in the decomposition (1.3) are called the irreducible compo-
nents of X . They are exactly the closed irreducible subsets which are maximal with respect
to inclusion.

Example 1.16. Consider the algebraic set X = Z(I) in A*(k), where I is the ideal
I=(zz—y* 2" —y).

Let us find the irreducible components of X. Let P = (a,b,c) € X be a point. Then the
second equation implies that b = a?. Plugging this into the first equation, we get ac —a* = 0,
which implies that either @ = 0 or ¢ = a®. Hence P lies in one of the irreducible subsets
X, = Z(z,y) or Xy = Z(y — 22, z — 23). Conversely, a point in X clearly lies in X, and
if P = (a,b,c) € Xy, it holds that b = a? and ¢ = a® so that ac — b? = a* — a* = 0, and
P lies in X. Hence we find that

X =Z(z,y) v Z(y — 2%,z — 2°).

In geometric terms, X is the union of the z-axis and the ‘twisted cubic curve’ (see Example
1.33). A

Example 1.17. Consider the algebraic set Z(I) < A?(k), where I is the ideal
I=(y—a2*2*+(@y—1)7°-1).

Over the real numbers, we recognise the points of Z(I) as the intersection points of the
parabola y = 22 and the circle of radius 1 with centre in (0, 1). To find these intersection
points, one can either argue as in the previous example, or directly write the ideal as an
intersection:

1

(y—a2*,2°+ (@ —1)> - 1)

(y — 2% 2%(z — 1)(z + 1))
(y—a*2)n(y—a*z—1)n(y—2*,x+1)

=2 )n(y—Lz—1)n(y—1,2+1). (1.4)

This shows that Z(I) consists of the three points (0,0), (1,1), and (—1,1). In some sense,
the decomposition of ideals (1.4) contains more refined information than just the components
of the zero set. We will revisit this example in when we discuss non-reduced schemes in
Section 6.1. A

1.4 Dimension

One of the advantages of the correspondence an algebraic set X and its coordinate ring A(X),
is the ability to define and study invariants of X. As a first example of this, let us define
the dimension of an algebraic set. For the coordinate ring A(X), there is a well-established
notion of the Krull dimension, which is defined as the supremum of the lengths of chains of
prime ideals. Using the correspondence between prime ideals and irreducible closed subsets
as a guide, we make the following similar definition, which works for any topological space.
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1.4 Dimension 11

Y

| | x
I hd I

Figure 1.2 The curves y = 22 and 2% + (y — 1) = 1.

Definition 1.18 (Dimension). Let X be a topological space. The dimension of X is the
supremum of the lengths n of chains

Z()CZ1C"'CZn

of distinct irreducible closed subsets of X.

This definition is formulated for any topological space, but it mostly makes sense for spaces
with “Zariski-like’ topologies such as the ones found in algebraic geometry. For instance, R™
with the standard topology would be zero-dimensional according to the above definition, as
the only irreducible closed subsets are the singleton sets.

The following proposition follows almost immediately:

Proposition 1.19. Let X < A" (k) be an algebraic set. Then
dim X = dim A(X).

Proof It Zy ¢ Z; < --- < Z, is a chain of distinct irreducible subsets in X, then
I(Zy) o I(Z,) o --- o I(Z,) is a chain of distinct prime ideals in k[z1,...,z,]
containing I (X). These chains correspond exactly to the chains of distinct prime ideals in
the ring A(X) = k[x1,...,2,]/I(X). As the Krull dimension is defined as the suprema of
these lengths, we get the claim. 0

Example 1.20. The affine n-space A" (k) has dimension 7. This follows because the Krull
dimension of the polynomial ring k[z1, . .., x,] is equal to n. While this may seem intuitive,
it is in fact not so easy to prove. The lower bound, dim A} (k) > n, is straightforward,
because the following chain of linear spaces

Z(T1y. .y Tp) © Z(xgy ... ) - C Z(xy)

has length n (and each linear space is irreducible). However, the opposite inequality dim A" (k) <
n requires more work (see Proposition A.32). JAN

Example 1.21 (Hypersurfaces). Let f € k[z1,...,z,] be a non-constant polynomial, and
let X = Z(f) < A™(k) be the zero set of f. Then A(X) = k[x1,...,x,]/(f) which has
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12 Algebraic sets

Krull dimension n — 1. This is a consequence of Krull’s Principal Ideal Theorem (Theorem
A.30). It follows that dim(X) = n — 1. A

Example 1.22. The algebraic sets in A%(k) can be classified according to their dimension:
Dimension 0: X = {py,...,p,} is a finite set of points.
Dimension 1: X = Z(f), where f € k[x,y] is a non-constant polynomial.
Dimension 2: X = A?(k).
In contrast, the classification of closed subsets of A®(k) is much more complex, as there is
no simple description of the ideals in k[z, y, z| defining closed subsets of dimension 1. A

We will study the notion of dimension in more detail in Chapter ??.

)

/.
7

Figure 1.3 A Kummer surface

1.5 Regular and rational functions

The coordinate ring A(X) of an affine variety X is an integral domain, so it has a fraction
field, which we will denote by K (X). The field K (X)) is called the function field or field of
rational functions on X, and its elements are called rational functions.

A rational function is by definition an equivalence class of fractions a/b where a, b € A(X)
and b # 0, where two fractions a/b and ¢/d represent the same element if ad = bc in A(X).
If A(X) is a UFD, arational function f has a unique minimal representation as a fraction
a/b where a,b € A(X). In general however, there may be different expressions.

While rational functions are formally defined as fractions of polynomials, we may interpret
them as functions over open sets. A rational function f € K (X) is said to be regular at a
point P € X if it can be expressed as a fraction f = a/b with a,b € A(X) and b(P) # 0.
If this holds, we define the value f(P) of f at P to be a(P)/b(P) € k. One checks that this
is independent of the choice of representatives a/b. If f is regular at every point in some
open set U, then f defines a function

f: U — k. (1.5)

For instance, an element a/b € K (X ) will define a function D(b) — k over the open set
D(b) = {P e X |b(P) # 0}. It may however also be regular on a larger open set as well,
as illustrated below:

Example 1.23. Consider the affine variety X < A*(k) defined by the equation zw —yz = 0.
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1.5 Regular and rational functions 13

In the function field K (X ), we have an equality x/y = z/w, and the corresponding rational
function is therefore regular over the open set D(y) u D(w), which is strictly larger than
both D(y) and D(w) (for instance, it contains both (0, 1,0,0) and (0, 0,0, 1)). A

Rational functions are uniquely determined by their values over open sets: if two rational
functions f,g € K (X) are regular on some open set V and f(P) = g(P) forall P € V,
then f = g in K(X). To see this, write f = a/b and g = ¢/d in K(X). Shrinking V'
if necessary, we may assume that a(P)/b(P) = ¢(P)/d(P) for every P € V. Then the
polynomial function ad — bc vanishes on a dense subset of X, hence on all of X. But then
ad — be = 0in A(X) as well, and hence a/b = ¢/d in K (X).

If P € X is a point, the set of rational functions which are regular at P forms a subring of
K (X) called the local ring of X at P:

Oxp={feK(X)| fisregularat P }. (1.6)
The ring Ox p is indeed a local ring with maximal ideal
mp={feOxpl|f(P)=0}

In fact, if P = (ay,...,a,) € X, and we write mp = (x; — ay,...,2, — a,) for the
maximal ideal in A(X), then

Ox.p = A(X)mp.

To see this, note that as A(X) is an integral domain, the localization A(X ), is naturally
a subring of K (X). Then an element f € K (X) lies in A(X),,, if and only if f can be
written as a/b with b ¢ mp, which is equivalent to f being regular at P.

If U < X is an open set, we set

Ox(U) ={fe K(X)| f isregular at every pointin U } (1.7)

= ﬂ OX’p.

PeU
Note that each Ox (U) is a sub k-algebra of K (X). Moreover, if V < U, then any f €
K (X)) which is regular on U is also regular at V', so there is an inclusion Ox (U) < Ox (V).

Example 1.24. Let U = A'(k) — {0} be the complement of the origin in A'. Then
K(A'(k)) = k(x), and a rational function f is regular in U if and only if it is of the form
f = a(x)/x™ for some polynomial a(z). This means that Op1 () (U) = k[z, z7']. A

This example generalizes as follows:

Proposition 1.25. Let X be an affine variety.
(i) If a rational function g € K (X) is regular at every point of X, then g is a
polynomial function. In other words,

Ox(X) = A(X).
(i) More generally, if f € A(X) and D(f) = {P e X | f(P) # 0}, then
Ox(D(f)) = A(X);-
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14 Algebraic sets

Proof (i) follows from (ii) by taking f = 1.

(ii): Clearly A(X); < Ox(D(f)). Conversely, given g € K (X), define the ideal
a, = {be A(X) | bg € A(X) }. This ideal has the property that g is regular at P if and
only if P ¢ Z(a,). To see this, note that P ¢ Z(a,) if and only if some b € a, does not
vanish at P, which in turn is equivalent to g being of the form g = a/b for some b with
b(P) # 0. Therefore, if g is regular on all of D(f), it follows that Z(a,) < Z(f), and the
Nullstellensatz implies that " € a, for some n > 0. But then f"g € A(X), which shows
that g is an element of A(X) . O

The above proposition is a sort of ‘local-to-global principle’: being regular is a local
condition, which has to be verified near every point, but the conclusion is that a rational
function which is regular at every point can be represented globally by a polynomial function.

Example 1.26. Consider the complement of the origin in A%(k),
U = A%(k) —{(0,0)}

We claim that every rational function f € Ou2(;)(U) is the restriction of a polynomial
function, that is, Op2() (U) = k[, y]. To see this, identify the function field of A*(k), with
k(x,y), so that f can be expressed as a quotient of two polnomials without common factors
f = a/b. As k[z,y] is a unique factorization domain, this expression is unique. This means
that f cannot be regular at the points in Z(b).

If b is a constant, then f is a polynomial, so the conclusion follows. If b is not constant,
then Z(b) will contain infinitely many points (e.g., by Example 1.21). In particular, f will fail
to be regular in other points other than the origin {(0, 0)}, contradicting f € Ox (U). A

1.6 Morphisms of affine varieties

Let X and Y be two affine varieties. For a continuous map f: X — Y and a regular function
g € Oy (V), the pullback of g by f is defined as the composition

fHg)=gof,

which is a regular function on the open set f (V).

Definition 1.27. A morphism of affine varieties is a continuous map f: X — Y which
pulls back regular functions back to regular functions, that is, f#(g) € Ox(f~*V) for
every open set V' < Y and every g € Oy (V).

If f: X > Yandg: Y — Z are two morphisms, the compositiongo f: X — Zisa
morphism. Indeed, this map is continuous, and it pulls back regular functions because
(9o f)F(h) = (g (h).
A morphism of affine varieties f: X — Y is said to be an isomorphism if it has an inverse
map that is also a morphism.

Given n regular functions fi, ..., f, € A(X), we can define a morphism
f: X — A"(k)

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

1.6 Morphisms of affine varieties 15

To verify that f is continuous, we need to check that the preimage of any closed set in A™ (k)
isclosed in X:if W = Z(g1,...,9.) < A™(k), then

W) ={Pe X |g(fi(P),...,f.(P))=0foralli=1,...,7}
= Z(fﬁ(gl)v R fﬁ(gr))
Next, we check that f pulls back regular functions to regular functions. Let g € k(y1, ..., Yn)
be a rational function on A" (k) and assume ¢ is regular on an open set V. < A" (k). Let

Pe f~Y(V)and Q = f(P). Locally around @, we may write g = a/b where a, b are
polynomials in 41, . . ., y,,. Then in a neighborhood of P € f~!(V'), we have

a(fi(z), ..., fu(®))
filg)(x) = b(fr(2), s (@)

After expanding, this can be written as a quotient of polynomials where the denominator does
not vanish at P. Hence f*(g) € Ox(f~*V) and f is a morphism.

Proposition 1.28. Let X be an affine variety. Then every morphism f: X — A"(k) is
of the form

fr X — A"(k); f(P) = (fi(P),..., fa(P)) (1.9)
where f; € A(X) fori=1,...,n.

Proof Let f: X — A™(k) be a morphism. The coordinate functions ¥, . . ., y,, are regular
functions on A"(k), so their pullbacks f¥(y;) are regular on X. The morphism defined
by them, X — A"(k), coincides with f, as both are defined by the same set of regular
functions. O

Theorem 1.29 (The main theorem of affine varieties). Let X and Y be affine varieties.
Then there is a one-to-one correspondence between morphisms f: X — Y and maps of
k-algebras ¢: A(Y) — A(X).
Proof The correspondence is defined as follows: if f: X — Y is a morphism, then the
pullback f*: A(Y) — A(X) is a map of k-algebras.
To define the inverse, let ¢: A(Y) — A(X) be a map of k-algebras. Suppose that
Y < A™(k) and let yy, . . ., y,, be the coordinate functions on A" (k). Now set f; = ¢(y;)
fori =1,...,n.The fi,..., f, define a morphism

f: X — A"(k).
For any polynomial h € k[yi, ..., y,], we have
() (@) = h(f(2)) = h(fi(z), ..., fu(2)) = d(h(ys, .- yu)) () (1.10)

where the last equality holds because both sides of the equation are maps of k-algebras
in h and take the same values fi, ..., f, on the generators ¥, ..., ¥y,. This shows that
f#(h) = ¢(h) = 0 forevery h € I(Y), as h is zero in A(Y"). Therefore, the image of f is
containedin Y = Z(I(Y")).

Finally, (1.10) shows that f* = ¢, so the correspondence is one-to-one. O
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16 Algebraic sets

Figure 1.4 The cuspidal cubic curve

Corollary 1.30. Two affine varieties X and Y are isomorphic if and only if the k-algebras
A(X) and A(Y) are isomorphic.

If X ¢ A"(k)andY < A"(k) are affine varieties, the theorem implies that any morphism
f: X — Y is the restriction of a morphism of the form

A™M(k) —> A™(K); P> (hy(P),..., ha(P)) (1.11)

where hy, ..., h, € k[z1,..., ;] are polynomials. We could have taken this as the defini-
tion of morphisms of affine varieties. However, as we will see, the above definition generalizes
well to general varieties.

Examples

Example 1.31. Any linear map f: A" (k) — A™(k) is a morphism. Indeed, the components
hi of f are linear polynomials h; () = >, a;;z;. A

Example 1.32 (The cuspidal cubic curve). Consider the algebraic set X = Z(y* — ) in
A?(k). The affine coordinate ring of X is equal to

A(X) = kl[z,yl/(y* — 2%).

This is an integral domain because the polynomial 1> — 23 is irreducible.

Consider the morphism f: A'(k) — A?(k) defined by ¢ — (¢%,¢*). The image of f
is contained in X < AQ(k), and, in fact, f is a bijection between Al(k) and X. Indeed,
observe that f(t) = (0,0) only for ¢ = 0. Moreover, for points in X — {(0,0)}, the
assignment ¢ = y/x defines the inverse. However, f is not an isomorphism. As fﬁ(:c) = t?
and f*(y) = ¢, the induced ring map

fP k[, ]/ (v — ) — k[t]

has image k[t*, ¢*] and so is not surjective.
This means that in order to check that a morphism is an isomorphism, it is not enough to

check that it is injective and surjective — also the pullback map f* has to be an isomorphism.
A
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1.6 Morphisms of affine varieties 17

Example 1.33 (The Twisted Cubic). Consider the morphism
fo Al (k) — A%(k)
t—s (t,1%,1°).

If z,y, z are coordinates on A®(k), the image of f is the irreducible algebraic set X =
Z(y — 2% z — 2%). X is called the twisted cubic curve. The word ‘twisted’ refers to the fact
that X is not contained in a linear plane in A®(k).

Figure 1.5 The twisted cubic curve

The corresponding map of k-algebras is defined by
¢: k?[fL‘, y,Z] - k[t]

mapping x — t, y — t%, and z — t3. It is not hard to see that the kernel of ¢ is exactly
the ideal @ = (y — 2%,z — x®). Clearly, a = Ker ¢. Conversely, if g € k[x,y, 2] is any
polynomial, then using y = 2 and z = 2 to remove powers of 4 and z, we can write

g(z,y,2) = g(z,z*,2°) mod a.

If g € Ker ¢, then g(z, 22, *) is the zero polynomial, and so g € a.
As ¢ is clearly surjective, we see that

A(X) = klz,y, z]/a ~ k[t].
This also implies that f induces an isomorphism X ~ A!(k). A
Example 1.34. Let X = Z(zy — 1) < A?(k) and consider the first projection
fr X — AYk);  (vy) >

The map f is a bijection onto the open set U = A'(k) — {0}. The inverse is given by
g(z) = (x,z™') (note that ' is indeed a regular function on A'*(k) — {0}). On the
algebraic side, this reflects the fact that Opi k) (U) = k[z, 27 '] ~ k[z,y]|/(zy — 1). A

Example 1.35. Consider the morphism f: A%(k) — AZ%(k) given by (z,y) — (z,zy).
Then the image of f is equal to D () U {(0,0)}. This shows that the image of an algebraic
set need not even be an open set in an algebraic set. A
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18 Algebraic sets

Example 1.36 (Products). If X < A™(k) and Y < A" (k) are algebraic sets, we can define
the product X x Y < A™*"(k) as the subset

XXY={(al,...,an,bl,...,bn)‘(al,...,an)eX,(bl,...,bn)GY}.

This is indeed an algebraic set: if X = Z(f1,...,f.) andY = Z(gy,...,9s), then
X xY = Z(fi,..., fryg1,---,9s). Moreover, the projection maps m;: A™*"(k) —
A™(k) and my: A"t (k) — A™(k) are morphisms. A

1.7 Conclusion

The main theme of this chapter is that the geometric properties of an affine variety X <
A" (k) is reflected in the algebraic properties of the coordinate ring

A(X) = k[xy,...,2z,]/1(X).
For instance, by the Nullstellensatz the mappings V' +— I(V') and a — Z(a) give mutually

inverse inclusion-reversing bijections between the objects in the following table:

ALGEBRA ‘ GEOMETRY
radical ideals of A(X ‘ closed subsets of X

prime ideals of A(X ) closed irreducible subsets of X

maximal ideals of A(X) ‘ points of X

Since I(X) is a radical ideal, the k-algebra A(X) is always a reduced ring, that is, there
are no nilpotents. Moreover, A(X) is an integral domain if and only if X is irreducible
(Proposition 1.11).

Conversely, every reduced finitely generated k-algebra A is isomorphic to A(X') for some
algebraic set X . Indeed, choose a presentation A = k[z1, ..., x,]/a for some ideal a; then
X = Z(a) is an algebraic set in A" (k) with A(X) = A. Likewise, any finitely generated
k-algebra which is also an integral domain is of the form A(X) for some affine variety X.

In category theory terms, the affine varieties form a category, AffVar, where the objects are
affine varieties and the arrows betwen them are morphisms of affine varieties. By Theorem
1.29,if X and Y are two affine varieties, the assignment f > f* defines a bijection

HOmAffVar(X, Y) —> HomA|g/k(A(Y), A(X)) (112)

In sum, this means that the functor X — A(X) defines an equivalence of categories between
the category of affine varieties and the opposite category of finitely generated k-algebras
without zerodivisors (that is, the category where the objects are k-algebras, but where all
arrows are formally reversed).

1.8 Exercises

Exercise 1.8.1. Show that X = { (z,y) | y — cos(x) = 0} is not an algebraic set in A?(C).
What is the closure of X in the Zariski topology?

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

1.8 Exercises 19

Exercise 1.8.2. Show that the algebraic set Z (y*> — z® — 1) < A?(k) is irreducible.

Exercise 1.8.3. Let f: A'(k) — A'(k) be an isomorphism. Show that f is given by a linear
polynomial ax + b, where a,b € k and a # 0.

Exercise 1.8.4. Show that the product X x Y of two affine varieties X and Y satisfies the
following undersal property: for any affine variety V', with two morphisms f;: V — X
and fo: V' — Y, there is a unique morphism f: V — X x Y so that f; = m o f and
fa =m0 f.

Exercise 1.8.5. Consider the algebraic setin A®(k) givenby Y = Z (2 + y3 + 2% — 3zy2).
Decide whether Y is irreducible and find its dimension.

Exercise 1.8.6. Let X = Z(y?> — 2 + 1,2 — %) < A*(k). Show that X is isomorphic to
the cubic curve C' = Z(v? — u® + 1) < A%(k).

Exercise 1.8.7. Find the irreducible compoents of the algebraic sets below.
a) Z(z?y,y*x) < A%(k).
b) Z(2? —y?) < A%(k).
©) Z(x —yz,xzz —y?) < A3(k).
d) Z(x* +y?2? — 22 — 1) < A3(k).
e) Z(x? —y,xz —y?, 2% — xz) < A3(k).

NSNS

Exercise 1.8.8. Show that the Zariski topology on A?(k) is not the product topology on
A%(k) = A' (k) x A (k).

Exercise 1.8.9. Consider the algebraic set in A?(k) given by
X=Z@*—y* 2> +y*—1)

a) Show that X consists of 6 points.
b) If 7: A%(k) — A'(k) denotes the projection onto the z-axis, find the polyno-
mial describing the closed set Y = 7(X) in A'(k).

Exercise 1.8.10 (The diagonal). Let X be an affine variety and consider the map
A: X — X x X
x — (x,2)

a) Show that A is a morphism of affine varieties.
b) Let X = A™(k), and let z1,...,Zp, Y1, ..., Y, be coordinates on A" (k) x
A" (k). Show that the ideal defining the image of A is given by

a= (1 — Y1, oy Tpn — Yn)

¢) In general, for an affine variety X, show that the image of A is closedin X x X,
and that A gives an isomorphism X — A(X). HINT: Use the two projections
XxX - X.

Exercise 1.8.11. Prove that the coordinate ring of the affine curve X = Z(y — 2°) is
isomorphic to k[¢].

Exercise 1.8.12. With notation as in Example 1.23:
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20 Algebraic sets

a) Verify that zw — yz is an irreducible polynomial.

b) Show that the rational function z/y is not regular in any open set containing
the locus where y = w = 0.

¢) Show that there is no single distinguished open set so that D(b) contains all the
points where x/y is regular.

Exercise 1.8.13. Let x, . .., ,, be coordintes on the affine (n + 1)-space A" ™! (k) and let
f = f(xy,...,2,) be apolynomial in 1, ..., z,.
a) Show that the algebraic set X = Z(xo — f) is isomorphic to A" (k).
b) For which f’s is the algebraic set X = Z (a3 — f) irreducible?
¢) Find a bijection between the open set A" (k) — Z(f) in A™ (k) and the algebraic
set Z(xof — 1) in A" (k).

Exercise 1.8.14.
a) Let¢: A — B be aring map. Show that ¢~ '(p) is a prime ideal if p = B is
prime.
b) Assume further that A and B are finitely generated k-algebras, and k is al-
gebraically closed. Show that ¢~'(m) is a maximal ideal if m < B is one.
HINT: Use the Nullstellensatz to see that A/(¢~'m) = k.

Exercise 1.8.15. Let A be a ring and let a be an ideal
a) Show that \/a = ﬂp:u p, where the intersection is taken over all the prime
ideals containing a. HINT: If f ¢ 4/a the ideal aA; is a proper ideal in the
localization A 7, hence contained in a maximal ideal.
b) Using the Nullstellensatz, show that if A = k[z1, ..., x,] over an algebraically
closed field k, we have \/a = (1) ___m where the intersection is over all the
maximal ideals containing a.

Exercise 1.8.16. Let X = Z(f) and Y = Z(g) be two algebraic sets in A?(k) with X
irreducible. Show that either X N Y is a finite set,or X < Y.

Exercise 1.8.17. Show that the image of the map
¢ A(k) —> A%(k)
t—s (t3,1°,19)
is given by V(2® — y? 2 — 2%). Show that ¢ is bijective. Is ¢ an isomorphism of affine
varieties?

Exercise 1.8.18. Let X = Z(y? — 2® — z) < A?(k). Show that y/x and (22 + 1) /y define
the same rational function f on X. Show that f is regular on U = X — {(0,0)}. Show that
there are no polynomials a, b € k[z, y] so that f can be represented as a/b on all of U.

Exercise 1.8.19. Let X be a topological space.
a) Show a subset Z < X is irreducible if and only if its closure 7 is irreducible;
b) Show that X is irreducible if and only if every non-empty open subset is dense.
¢) Show that X is irreducible if and only if every pair of nonempty open sets
U,V < X intersect.
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1.8 Exercises 21

d) Let Xy < X be an irreducible component of X and U < X be an open subset
such that U n X is nonempty. Show that Xy n U is an irreducible component
of U.

e) If f: X — Y is a continuous map, show that f(X) is irreducible if X is.

Exercise 1.8.20. Let X < A*(k) be the affine variety defined by the equation zw — yz = 0.
a) Compute Ox (U) for the open set U = D(x) u D(y).
b) Compute the local ring Ox p where P = (0,0,0,0).

Exercise 1.8.21. Show that any open set in A" (k) can be written as a finite union of
distinguished open sets.

Exercise 1.8.22. Show that the open set A% — {(0, 0)} is not isomorphic to an affine variety.

Exercise 1.8.23. Show that any irreducible conic in A% (k) is isomorphic to either Z(y — %)
or Z(xy — 1).

Exercise 1.8.24 (Alternative proof of Hilbert’s Nullstellensatz). Let k be a field.

a) Show that k[x] contains infinitely many irreducible polynomials. HINT: Imi-
tate Eucclid’s proof of the infinitude of prime numbers.

b) Show that k(x1, ..., x,) is not finitely generated as a k-algebra.

¢) Suppose k € K < L are field extensions and that L is both a finitely generated
k-algebra and a k-vector space of finite dimension. Show that K is also finitely
generated over k.

d) Prove Theorem 1.7. HINT: Let K = k[yi,...,Yn]. If y, is transcendental
over k, writt K = F'[y,...y,_1]| where F' = k[y,]. Then argue by induction
on n.

Exercise 1.8.25 (Varieties defined by matrices). Identify the space of n x n matrices with
entries in k with affine n2-space A" (k).

a) Show that the set of symmetric matrices, i.e. matrices such that AT = A, isan
algebraic set in A" (k).

b) Show that the set GL,, (k) of invertible matrices is an open set in A™ (k).

¢) Show that the set SL,,(k) of matrices with determinant 1 is an algebraic set in
A" (k). Is it irreducible?

d) Show that the sets O(n) (resp. SO(n)) consisting of the matrices A such that
ATA =1, (resp. AT A = I, and det(A) = 1), where I, is the n x n identity
matrix. Show that O(n) and SO(n) are closed subsets of A" (k). Are they
irreducible?

Exercise 1.8.26. Identify A" (k) with the space of m x n-matrices over the field k. For
a given integer r, show that the set of matrices of rank less than r is an algebraic set. Is it
irreducible?

Exercise 1.8.27. Let S < A™*"(C) denote the set of diagonalizable matrices. Determine
the Zariski closure of S.
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22 Algebraic sets

Exercise 1.8.28 (Nilpotent matrices). As in Exercise 1.8.25 identify the space of 2 x 2-
matrices with A*(k) viathe map (2 4) — (a, b, ¢, d). Show that the two ideals in k[a, b, ¢, d]

a = (a® + be,ab + bd, ac + cd,be + d*) and b = (ad — be, a + d)
satisfy a # b but y/a = b. Furthermore, show that
Z(a) = Z(b) = {M | M is nilpotent} = A*(k).

Exercise 1.8.29. Show that if X is a Hausdorff space, then the only irreducible subsets are
the one-point sets {x}. Deduce that if X is an irreducible space with at least 2 points, then X
is not Hausdorff.

Exercise 1.8.30. Show that a topological space is Noetherian if and only if every non-empty
collection of closed subsets has a minimal element. Equivalently, every collection of open
subsets has a maximal element.

Exercise 1.8.31 (The Frobenius morphism). Let k be an algebraically closed field of positive
characteristic p.
a) Show that the map ¢: k[t] — k[t] defined by ¢ — ¢7, is a map of k-algebras.
b) Describe the corresponding morphism F': A'(k) — A'(k). Show that F is
bijective, but not an isomorphism.

Exercise 1.8.32. Let X < A3(k) denote the twisted cubic curve of Example 1.33 and let
p: A3(k) — A?(k) denote the projection map (z, vy, z) — (x,y). Describe the closed set

p(X)in A%(k).
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Schemes
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2

The spectrum of a ring

In this chapter we make the first step towards the notion of a scheme, by defining the spectrum
of aring. The spectrum of a ring A, denoted by Spec A, is a topological space with a topology
whose closed sets are defined by the ideals of A, in direct analogy with the Zariski topology
on affine varieties.

To motivate the construction, let us assume for a moment that A = A(X) is the coordinate
ring of an affine variety X < A"(k). By Hilbert’s Nullstellensatz, there is a one-to-one
correspondence between the points P = (ay,...,a,) of X and maximal ideals mp =
(x1 — ay,...,z, — ay,) in A. This allows us to identify X with the set of the maximal
ideals of A. Note that a point P € X lies in Z(a) precisely when a < m,. Therefore, under
this identification, the closed sets Z(a) now take the form { m | a < m } of maximal ideals
containing a. This shows that the ring A determines both the underlying set X and its Zariski
topology. Furthermore, morphisms between affine varieties correspond to ring maps between
their coordnate rings.

The rings appearing in this setting are rather special: they are integral domains and finitely
generated k-algebras. There is also the assumption that k is algebraically closed, which is
essential in order to have the above correspondence between points and maximal ideals.

There is a natural way of generalizing this to arbitrary rings, which involves considering
all prime ideals, rather than just the maximal ideals. Given a ring A, the spectrum Spec A of
A is simply the set of prime ideals of A. This set is then equipped with a topology, called the
Zariski topology, whose closed sets are the sets of the form V' (a) = {p € Spec A |ac p}
where a is any ideal in A.

The idea of replacing maximal ideals by prime ideals lies at the heart of scheme theory.
From a functorial perspective, this is a natural choice, because inverse images of prime
ideals under ring maps are prime ideals, and hence a ring map A — B induces a map
Spec B — Spec A. If X and Y are affine varieties, the induced map A(Y) — A(X), in
fact, pulls maximal ideals back to maximal ideals, but this is generally not true for arbitrary
ring maps (a simple example is the inclusion Z — Q).

2.1 The spectrum of a ring

Let A be aring. As always, A is commutative with 1.

25

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

26 The spectrum of a ring

Definition 2.1. The spectrum of A, denoted Spec A, is the set of all prime ideals in A:
Spec A = {p | p < Aisaprime ideal }.

The set Spec A has a Zariski topology similar to the Zariski topology as defined in Chapter
1. The definitions are very similar; the closed sets are those of the form

V(a)={peSpecA|p>a}. 2.1

where a A is an ideal. Note that a < b implies V'(a) © V' (b).

To draw a closer analogy to the zero sets Z(a) from Chapter 1, we can think of the sets
(2.1) as the ‘vanishing set’ of a set of functions on Spec A. To make this precise, we introduce
the concept of a residue field.

Definition 2.2. For a point p € Spec A, we define the residue field k(p) to be the field of
fractions of the integral domain A/p.

The field (p) is canonically isomorphic to A, /pA,, where A, is the localization of A at
p, which is a local ring with maximal ideal pA,.

Given f € A, we denote by f(p) € k(p) the image of f modulo p. In this way, we can
view f as a function on Spec A. Note however, that unlike the case of the coordinate ring
of an affine variety, the values of f do not lie in a fixed field &, but rather in many different
fields k(p), each associated with a different prime ideal p.

With this notation, it makes sense to talk about the vanishing set of f; that is,

V(f)={peSpecA| f(p) =0inrk(p)}.

Note that f(p) = 0 if and only if f € p. Therefore, this set is exactly the vanshing set
associated to the principal ideal a = (f) as defined in (2.1). More generally, if a — A is an
ideal, the set (2.1) can be written as

V(a) ={peSpecA| f(p) =0forall fea}. (2.2)

The advantage of expressing V' (a) in this way comes from the fact that all the identities
for the Z(a) remain valid for V' (a), and the proofs are the same.

The next lemma is analogous to Proposition 1.2. It tells us that the vanishing sets indeed
form the closed sets of a topology on Spec A.

Lemma 2.3. The vanishing sets in Spec A satisfy the following properties.
(i) (Arbitrary intersections): For any collection of ideals {a;};c; in A,

V() = V(> ). 2.3)

el el
(i1) (Finite unions): For two ideals a and b,
V(@) uV(b) =V(anb)=V(a-b). (24)
Additionally, V(A) = & and V(0) = Spec A.
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2.1 The spectrum of a ring 27

Proof (i): A prime ideal p lies in ﬂle ; V(a;) if and only if it contains every a;, which in
turn happens if and only if p contains the sum ZZE 7

(ii): Note that since a - b < a N b, it follows that V(a N b) < V(a-b). Similarly, we
get the inclusion V' (a) U V(b) < V(a n b). To prove (2.4), it suffices to prove V (a - b) <
V(a) u V(b).If P ¢ V(a) u V(b), there exist f € aand g € b so that f(P) # 0 and
g(P) # 0, but then (fg)(P) = f(P)g(P) # 0in x(P) and hence P ¢ V(a - b). This
shows that V' (a - b) < V(a) U V(a).

Finally, prime ideals are by definition proper ideals, so V/(A) = (. The zero ideal (0) is
contained in every ideal, so V' (0) = Spec A. O

The next lemma is about inclusions between the closed sets of Spec A. We recognize them
as analogues of some of the statements about algebraic sets in Proposition 1.2.

Lemma 2.4. For two ideals a and b in A, the following hold:
@) V(a) =V(/a)
(i) V(a) < V(b)if and only if v/b = \/a
(iii) V(a) = Jifandonlyifa = A
(iv) V(a) = SpecA if and only if a = 4/(0

Proof (i): For a prime ideal p, the condition p D a is equivalent to p O 4/a, since prime
ideals are radical. Hence V' (a) = V' (1/a).
(i1): We recall the following identity for the radical of an ideal (see page 418):

Va=[1= () » 2.5)
poa  peV(a)

If V(a) < V(b), then the intersection defining /b is taken over a larger set than 1/a, giving
Vb  /a. Conversely, if v/b < \/a, then by (i),

V(a) = V(va) € V(Vb) = V(b).

(iii): If a # (1), then it is contained in a maximal ideal. Hence V' (a) = V(1) = J if and
only if a = (1). (iv) follows from (ii), as V' (a) = V(0) if and only if v/a = 4/(0), which

happens if and only if a < 4/(0). O
As in the definition (1.1), we define the ideal of a subset S < Spec A as
I(S)={feA|f(p)=0forallpe S} =]p. (2.6)
pesS

Note that I(,S) is a radical ideal.

Proposition 2.5. For any subset S < Spec A, we have
V(I(S))=S. 2.7)

In particular, the closure {p} of the one-point set {p} is equal to V().

Proof Firstof all, S = V(I(S)), because if p € S then clearly p > [, .4 = I(S) and
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28 The spectrum of a ring

sop € V(I(S)). It remains to show that V' (I(.9)) is the smallest closed set containing S. If
V(b) is any closed subset containing S, then for any p € S, we have p € V(b) and hence
p O b. Taking the intersection over all p’s in S, we see that I(.S) D b. Applying V' (—), we
obtain V(I(S)) < V(b), as required. O

As a consequence, we get the following analogue of the Nullstellensatz:
Corollary 2.6. Let A be a ring. Then the map a — V' (a) defines a bijection

{radical ideals a = A} — {closed sets W < Spec A}, (2.8)
with inverse defined by W — (V).

Proof 1If a is any ideal, then I(V (a)) = ﬂpe\/(a) p = 4/a by the formula (2.5). Hence
I(V(—)) is the identity map on radical ideals a. Conversely, if I is a closed set, then
V(I(W)) =W = W by Proposition 2.5, so also V' (I(—)) is the identity. O

Corollary 2.7. A point in p € Spec A is closed if and only if p is a maximal ideal.

Proof 'V (p) = {p} says that p is the only prime ideal which contains p, which precisely
means that p is maximal. O

Corollary 2.7 shows that the Zariski topology on Spec A behaves rather differently from
not only the Euclidean topology on manifolds, but also the usual Zariski topology on affine
varieties. Indeed, the spectrum of a general ring typically contains many non-closed points
corresponding to the prime ideals which are not maximal.

Definition 2.8 (Generic points). A point z in a closed subset Z of a topological space X
is called a generic point for Z if {x} = Z.

In our context, the point p € Spec A is the generic point of the closed set V' (p). The point
p is in fact the only generic point of V'(p), because if V' (p) = V'(q), then Lemma 2.4 implies
that both p < qand q < p.

First examples

Example 2.9 (Fields). If K is a field, the prime spectrum Spec K has only one point, which
corresponds to the only prime ideal in K, the zero ideal. A

Example 2.10 (The integers). In the ring of integers 7Z, there are two types of prime ideals:
the zero ideal (0) and the maximal ideals (p), one for each prime number P.

As Z is a principal ideal domain, any ideal is of the form (n) for some integer n. It follows
that the closed subsets are of the form V' (n) = V(p;) U --- U V(p,) where the p; are the
prime factors of n. In other words, the closed sets are either finite sets of closed points or the
whole space. Dually, the non-empty open sets are the complements of finite sets of closed
points. This means that Spec Z is not Hausdorff, as every nonempty open set contains (0).

The residue field at a closed point (p) is equal to k(p) = Z/p = F,,, whereas the residue
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2.2 Affine spaces 29
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Figure 2.1 SpecZ

field at (0) is equal to Q. Each element f of the ring Z gives rise to a function on Spec Z
with values in the various residue fields. For instance, the integer f = 17 takes the values

£((0)) =17. f((2)) = L. f((3) = 2. f((5)) = 2. f((7)) = 3,.... in the fields Q, F>,

Fs, Fs, Fy, ..., respectively, where the bar indicates the class modulo the relevant prime. A

Example 2.11 (A polynomial ring). Consider the spectrum of the polynomial ring in one
variable, C[t]. Since C[¢] is a principal ideal domain, every ideal is of the form (f(t)) for
some polynomial f(¢). If f(¢) is not a constant, we may factor it into a product of terms of
the form ¢ — a;, so that

Vift)=V(t—a)u- -0 V(t—a,).

Therefore, the closed sets are either the empty set; the whole space; or a finite set of closed
points. As in the previous example, Spec C[¢] is not Hausdorff.

At the prime p = (¢ — a), the residue field x(p) is equal to C[t]/(t — a) ~ C. Under
this isomorphism, a polynomial f € C[t] maps to its value f(a) € C. Hence the ‘value’
f(p) € k(p) is identified with the usual evaluation of the polynomial at ¢ = a. A

Example 2.12. If A is an integral domain, the zero ideal (0) is prime, and as V' (0) = Spec A,
it is the generic point of all of Spec A. This explains the ‘fat’ points in the pictures in
Examples 2.10 and 2.14 — the closures of these points are the whole space. A

Example 2.13. The ring A = C[¢t]/(¢?) is not a field, but has only one prime ideal, namely
the ideal (). Note that the ideal (0) is not prime as t* = 0, but ¢ ¢ (0).

The ring A = C[¢t]/(¢t(t — 1)) has a spectrum which consists of two points. By the Chinese
Remainder Theorem,

A ~CJ[t]/t xC[t]/(t—1) ~C x C,
which has exactly two prime ideals, namely 0 x C and C x 0. A

Example 2.14 (Discrete valuation rings). Consider a discrete valuation ring A, such as
E[t] () or Z,). (See Appendix A for background on discrete valuation rings). The ring A
has exactly two prime ideals, the maximal ideal m and the zero ideal (0). Therefore, Spec A
consists of just two points: Spec A = {s, £} with s corresponding to the maximal ideal m
and & to (0). The closed sets are (J, {s} and {s, £}, while the open sets are (&, Spec A and
{¢}. In particular, £ is an open point. Once again Spec A is not Hausdorff, as there are no
open sets that separate s and . A

2.2 Affine spaces

The most important examples of prime spectra are the affine spaces.
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S

Figure 2.2 The spectrum of a DVR

Definition 2.15. For each non-negative integer n, we define the affine n-space as
A" = SpecZ[zy, ..., x,].
More generally, for a ring R, we define the affine n-space over R by

A% = Spec R[xy,...,Ty,].

When R = k is a field, each n-tuple (ai,...,a,) € k™ determines a maximal ideal
m = (z; —ay,..., T, — a,) in the polynomial ring A = k[z,,...,z,], and hence a point
of A}l = Spec A with residue field

A/m = kl[x, ... z,)/(x1 — a1, ..., 2, —a,) ~ k.

Conversely, every maximal ideal m in A with residue field A/m isomorphic to k is of the
form (z; — ay,...,x, — a,): the a; are uniquely determined as the images of x; via the
quotient map A — A/m = k. Therefore, there is a bijection between k™ and the points in
Spec A with residue field isomorphic to k.

For these ‘traditional points’, we will frequently switch between writing the n-tuple
(ay,...,a,) € k™ and the maximal ideal m = (1 —ay, ..., x, —a,) for the corresponding
point in A},

If k is algebraically closed, then Hilbert’s Nullstellensatz tells us that every maximal ideal
is of the foom m = (27 — aq, ..., =, — a,), so every closed point of A} will be of the form
(a1,...,a,). This means that A" (k), as introduced in Chapter 1, forms a subset of the affine
n-space A}, and the Zariski topology on A™ (k) is simply the topology induced from A}.

In general, the affine space A} also contains many points which are not of the ‘traditional’
type. There can be maximal ideals with residue fields not isomorphic to k, and prime
ideals which are not maximal (the zero ideal for instance). Hence, A} is strictly larger than
the previously defined A" (k). The differences between A} and A" (k) become even more
apparent if k is not algebraically closed.

Example 2.16 (The affine line). The prime spectrum A} = Spec k[t] is called the affine line
over k. The polynomial ring k[t] is a principal ideal domain, so the prime ideals are either of
the form (f(¢)) where f(t) is an irreducible polynomial, or the zero ideal (0). In the first
case, the ideals are automatically maximal. Therefore, A} has two types of points: the closed
points and the generic point 7.

When £ is algebraically closed, the maximal ideals are all of the form (¢ — a) for a € k,
and their residue fields are isomorphic to k.

When £ is not algebraically closed, there will be other closed points in Spec k[t] besides
the ones of the form (¢t — a). An interesting example is when & = R. By the Fundamental
Theorem of Algebra, a non-zero prime ideal p of R[¢] is of the form p = (f(¢)) where f(t)
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2.3 Distinguished open sets 31

is either linear, that is, f(t) = t — a for some a € R; or f is quadratic with two conjugate
complex non-real roots, that is, f(t) = (t — a)(t — a) with a € C but a ¢ R. The closed
points in Spec R[¢] may therefore be identified with the set of pairs {a, a} with a € C. For
instance, the maximal ideal (¢* 4+ 1) corresponds to the pair {7, —i}. The residue field at this
point is isomorphic to R[¢]/(t* + 1) ~ C.

In general, if a maximal ideal m in k[t] is generated by the irreducible polynomial f(t),
the residue field at the corresponding point in A} is the extension of k obtained by adjoining
aroot of f.

Affine spaces over non-algebraically closed fields can be quite complicated. Even the
affine line Ag, over Q is quite mysterious, as the monic irreducible polynomials in Q[¢] have
a very intricate structure. A

Example 2.17 (The affine plane). When k is algebraically closed, one can show that the
prime ideals of k[z, y] come in three types: the maximal ideals, which are all of the form
(x — a,y — b) for a, b € k; the prime ideals of the form p = (f), where f € k[z,y] is an
irreducible polynomial; and the zero ideal (0) (see also Example 1.22).

Note that the point (f) belongs to the closed set V'(f). In addition to this point, V'(f)
contains the maximal ideals (z — a,y — b) which contain (f), or equivalently, f(a,b) = 0.
Hence the points of V'(f) correspond to the points of the ‘plane curve’ defined by the equation

fz,y) = 0. A
(r—a,y—0) (f) (0)
O °
o o o
S °
o [¢)
closed points generic points of curves generic point

2.3 Distinguished open sets

The Zariski topology of Spec A has a convenient basis consisting of particularly simple open
sets. For an element f € A, we define the distinguished open set, D( f) to be the complement
of the closed set V'(f), that is,

D(f) ={peSpecA|fé¢p}=SpecA—V(f).

These open sets will turn out to be very important in computations involving the spectrum of
aring.

Lemma 2.18. For aring A and elements f, g € A, we have
() D(f) ~ D(g) = D(fg)
(i) D(g) < D(f) if and only if some power of g is a multiple of f, i.e., we
may write g" = af forsome a € A, r € N.
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32 The spectrum of a ring

Proof (i): If p is a prime ideal, then f ¢ p and g ¢ p hold if and only if fg ¢ p.
(ii): The inclusion D(g) < D(f) holds if and only if V' (f) = V(g), and by Lemma 2.4

on page 27, this is equivalent to (g) < +/(f), i.e., g" € (f) for some n € N. O
Lemma 2.19.
(i) The distinguished open sets {D(f)}c4 form a basis for the topology of
Spec A.

(i) A collection {D(f;)}icr is an open cover of Spec A if and only if the
fi’s generate the unit ideal. Equivalently, there are finitely many indices
i1,...,i, € T and aq,...,a, € A such that

Il=aifiy, +-+afi. (2.9

Proof (i): We need to show that every open subset U of Spec A can be written as the union
of distinguished open sets. By definition of the Zariski topology, the complement of U is of
the form U¢ = V (a) with a < A an ideal. If we choose a (possibly infinite) set of generators
{fi}ier for a, then we have

U=V =V(D£) = (V) =D (2.10)

el el el
(ii): By the identity (2.10) with U = Spec A, the collection of open sets {D(f;)}icr
covers Spec A if and only if V' (3, ;(fi)) = &. By Lemma 2.4, this in turn happens if and
only if }},_;(fi) = (1), or in other words, the f; generate the unit ideal. But this happens if
and only if 1 can be expressed as a combination of finitely many of the f;’s. O

In algebraic geometry, a topological space is said to be quasi-compact if every open
covering has a finite subcover. (This terminology is a bit unfortunate, as spaces with this
property are usually called ‘compact’, but the jargon has become standard.)

Corollary 2.20. Spec A is quasi-compact.

Proof Let {U,}cr be any open cover of Spec A. Then each U; can be covered by distin-
guished open sets D( f;;) with f;; € A. Since the D( f;;)’s cover Spec A, finitely many of
them will suffice, by Lemma 2.19. As each U; contains D( f;;), we can cover Spec A with
finitely many U, as well. O

Example 2.21. In the affine line A}, over a field, every closed set is of the form V'(f) for
some polynomial f, so every open set is a distinguished open set D( f).

In A? = Spec k[x,y], the set U = A — V(x,y) is open, but not of the form D(f). Still,
we have U = D(z) u D(y). A

Example 2.22 (The circle). Consider the spectrum X = Spec R[z,y]|/(z* + y* — 1). The
maximal ideal m = (z,y — 1) defines the point (0, 1) on X. Even though the ideal m is not
a principal ideal (Exercise 2.7.10), the complement X — {m} is a distinguished open set. In
fact, it is equal to D(y — 1) because modulo the relation 2 = 1 — y?, we have

m? = (2% 2(y = 1), (y = 1) = (y = 1). (2.11)
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2.4 Irreducibility and connectedness

Recall from Chapter 1 that a topological space X is irreducible if it cannot be written as the
union of two proper closed subsets. From Proposition 1.11, we know that the coordinate ring
of an affine variety is an integral domain, and simple examples (like Example 2.28 below)
indicate that reducibility of Spec A is closely linked to zerodivisors in A. In general, one has
the following:

Proposition 2.23. Let A be a ring.
(i) A closed subset Z < Spec A is irreducible if and only if Z = V(p) for
some prime ideal p.
(ii) The space Spec A itself is irreducible if and only if A has just one minimal
prime ideal, or equivalently, the nilradical \/@ is prime.

Proof (i): By Proposition 2.5 we have V' (p) = @ and this is irreducible, being the closure
of a singleton. For the opposite implication, let V' (a) — Spec A be a closed subset. Recall
that \/a = ), p. If /a is not prime, there must be more than one prime involved in the
intersection. We may divide them into two different groups, thereby representing /a as an
intersection 4/a = b N b’ where b and b’ are the intersections of the primes in the two groups,
and hence are different radical ideals. From this, we get that V' (a) = V(b) U V(b'), and
V (a) is not irreducible.

(ii): The space Spec A is irreducible if and only if it is of the form V' (p) for some prime
ideal p by part (i). Since Spec A = V((0)), this is equivalent to requiring that \/@ isa
prime ideal.

The nilradical is the intersection of all prime ideals \/@ = ﬂp p, and the intersection can
be reduced to just the minimal prime ideals. If A has only one minimal prime ideal q, then

(0) = q is prime. Conversely, if q1, ¢ are distinct minimal primes, then \/@ g1 N qa,
and \/@ could not be prime (as it would be properly contained in both ¢; and q2). O

A consequence of the proposition is that Spec A is irreducible whenever A is an integral
domain, as in that case (0) is a minimal prime ideal. However, Spec A may certainly be
irreducible for other rings as well. For example, the ring A = C[t]/(¢?) is not an integral
domain, and yet has only one prime ideal, namely the principal ideal (¢). By part (ii) tells us
that this example is typical for such rings: every zerodivisor in the ring is nilpotent. In the
spirit of the analogy with functions, there are non-zero functions which vanish everywhere:
the element ¢ is nonzero in A, but it becomes zero in the residue field C[¢]/(t) ~ C.

Example 2.24. The spectrum Spec C[z, y]/(y? + x® + 1) is irreducible, as the polynomial
y? + x° + 1 is irreducible, and hence generates a prime ideal. A

Example 2.25. The spectrum Spec C[z, y, z, w]/(z?, xy, y?, zw — yz) is irreducible. In-
deed, the nilradical is given by 4/(0) = (z, y), and this is a prime ideal. A

Recall that a topological space is connected if it cannot be written as a disjoint union of
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34 The spectrum of a ring

two proper open subsets. All of the examples we have seen until now, with the exception of
Example 2.13, are connected.

Example 2.26 (A disconnected spectrum). Suppose that A = A; x A, is the direct product
of two non-trivial rings A; and A,. In A we have the two orthogonal idempotents e; = (1,0)
and e, = (0, 1); they satisfy the relations €2 = e;, e;e5 = 0, €3 = ey and e; + €5 = 1.
The spectrum Spec A decomposes as the disjoint union Spec A = V(e1) u V(e2) of
the two closed sets V' (e;). Indeed, since e; + e; = 1, it holds that V(e;) n V(ey) =
V(el, €2> = (. Since e1e5 = 0, either e; € p or e; € p for each prime p € Spec A, so the
V (e;)’s cover Spec A. A

In fact, there is a converse to this example.

Proposition 2.27. A spectrum Spec A is disconnected if and only if A is isomorphic to
a direct product A = A; x A, of non-trivial rings A; and A,.

While it would certainly be possible to give a direct proof of this proposition at the present
stage, we will wait until the next chapter to do so. There, we will see a much more conceptual
proof using the structure sheaf (see Example 3.26 on page 57). For reduced rings however,
the argument is straightforward (see Exercise 2.7.5).

Example 2.28. Note that any irreducible space is also connected. The converse does not
hold: the spectrum X = Spec k[z, y]/(zy) is connected but not irreducible. The coordinate
functions = and y are zerodivisors in the ring k[x, y|/(zy), and their zero-sets V' (z) and
V (y) show that X has two components. Since these two components intersect at the origin,
X is connected. A

2.5 Maps between prime spectra

Let A and B be two rings and let ¢: A — B be a ring map between them. The inverse
image ¢~!(p) of a prime ideal p — B is a prime ideal: that ab € ¢~ '(p) means that
@d(ab) = ¢(a)p(b) € p, so at least one of ¢(a) or ¢(b) has to lie in p. This means that there
is an induced map of spectra

Spec(¢): Spec B — Spec A (2.12)
po— o7 (p)

This map is continuous in the Zariski topology, because preimages of closed sets are closed;
this follows from item (i) in the next proposition.

Proposition 2.29. ¢: A — B be a ring map and let f: Spec B — Spec A be the
induced map of spectra. Then

(i) f~'V(a) = V(¢(a)B) for each ideal a = A.

(i) f~'D(g) = D(¢(g)) for each g € A.

(i) f(V (b)) = V(¢ (b)) for each ideal b of B.
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2.5 Maps between prime spectra 35

Proof (i): Let a — A be an ideal. Then we have the following equalities:

f7V(@={pcBlac¢ (0} ={pc Bl cp}=V(6(a)B).

(ii): For each element g € A, we have

f7'D(g)={p<=Blg¢ s (M} ={p=Blog¢r}=D())

(iii): By Corollary 2.5, the closure f(V'(b)) equals V' (a) where a is the ideal

a= () ))p= ERO!

pef(V (b bcg

Here the second equality holds because p € f(V/ (b)) implies that p = ¢~*(q) for some q
with b < g. So we get that

a=[)o () =0 ([)a) = ¢ (Vo) = /6 (b).

bcq bcq
Hence V' (a) = V(¢~!(b)), which gives the desired identity. O

The following propositions gives prototypical examples of induced maps on spectra.

Proposition 2.30. For an ideal a — A, the quotient map A — A/a induces a homeo-
morphism

f: Spec(A/aA) — V(a) < Spec A

Proof 1f ¢: A — A/a denotes the quotient map, the map p — ¢~ *(p) gives an inclusion
preserving one-to-one correspondence between the set of prime ideals in A/a and the set
of prime ideals in A containing a, with inverse given by q — ¢/a. This shows that f is a
continuous bijection onto the closed subset V' (a). To show that f is a homeomorphism, it
suffices to show that it is closed, and this follows from the equalities

f(V(b/a)) = {p e SpecA | b/ac p/ac Spec(A/a)} = V(b). O

By the proposition, if the ring map ¢: A — B is surjective, then Spec B maps homeo-
morphically onto the closed subset V (Ker ¢) < Spec A.

In the special case where a = 4/(0) is the nilradical of A, we have V' (a) = Spec A, and
the proposition implies the following:
Corollary 2.31. Let A be aring and let A,.q = A/ \/@ be the reduction of A. Then
the map A — A,.q induces a homeomorphism

Spec(Area) >~ Spec(A).

We next consider the maps of spectra induced by localization maps. The next result implies
in particular that distinguished open sets D( f) can themselves be viewed as prime spectra.
This fact will be important later on.
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36 The spectrum of a ring

Proposition 2.32.
(i) For any f € A, there is a canonical homeomorphism

t: Spec(A;) — D(f) < Spec A.

(ii) More generally, if S — A is a multiplicative subset, the localization map
¢: A — S~'Ainduces a homeomorphism

t: Spec(S™'A) —— D < Spec 4,
where D = {pe SpecA|pn S =T}

Proof It suffices to prove the statement (ii). Let ¢ — S~ A be a prime ideal. As q does not
contain 1, we see that £~*(q) does not contain any elements of S. In particular, £~ (q) € D.
Conversely, if p — A is a prime ideal with p NS = (7, thatis p € D, then pS~' A is a prime
ideal in S~'A, and we have p = ¢~'(pS~'A). From this it follows that ¢ is continuous,
injective, with image D. To show that ¢ is a homeomorphism, it is enough to show that it is
closed. This follows from the following equalities:

(V@) ={¢ (@) [a>a}
={peSpecA|p>l ' (a)andpn S =}
=V '(a))n D.
(|

For two distinguished open sets with D(g) < D(f), we may write g" = cf for some ¢ €
A and r € N (statement (ii) of Lemma 2.18). This relation implies that f becomes invertible
in A,. This means that the localization map A — A, factors uniquely as A — Ay — A,.
Explicitly, the right-most map is given by

Ay — Ay a/f" —ac"/g™. (2.13)

This ring map identifies D(g) with the distinguished open set D(g/1) in Spec(A), where
g/1 denotes the image of g in Aj.

Note also that D(g) = D(g") = D(cf). This shows that any distinguished open set
contained in D( f) is of the form D(fg) for some g € A.

Examples

Example 2.33 (Reduction modulo a prime p). The reduction mod p-map Z — [F,, induces a
map Spec F,, — Spec Z. The one and only point in Spec [F,, is sent to the point in Spec Z
corresponding to the maximal ideal (p).

Likewise, the inclusion Z < Q induces a map Spec Q — Spec Z. It sends the unique
point in Spec Q to the generic point 7 of Spec Z. A

Example 2.34 (The twisted cubic curve). Let k be a field. The ring map ¢: k[z,y, z] — k[t]
given by x > t,y > t2, 2z +> t> correspondes to a map of prime spectra

fr A, — A7
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As ¢ is surjective, f is a homeomorphism onto the closed set defined by a = Ker¢ =

(y — x?, 2 — ). This is the scheme version of the twisted cubic curve from Example
1.33. A

Example 2.35. Let k be a field. The natural inclusion ¢: k[z] — k[z,y]/(xy — 1) induces
a morphism

Spec k[z,y]/(zy — 1) —> A, = Spec k[z].

On the level of closed points, when k is algebraically closed, this maps (a,a™!) to a. Since
k[z,y]/(xy — 1) is an integral domain, Spec k[z, y]/(zy — 1) has a unique generic point 7,
and this is mapped to the generic point of A}.. Note that Spec k[z, y|/(zy—1) ~ D(z) < A
via this morphism. In particular, the image is dense, but not closed in A}. A

2.6 Fibers

To understand a map of spectra f: Spec B — Spec A, it is often useful to understand the
fibers of f, that is, the inverse images of points. If f is induced by a ring map ¢: A — B
and y € Spec A is a point corresponding to p in A, the fiber f~!(y) consists of the primes q
in B such that p = ¢ *(q).

If y € Spec A is a closed point, so that p is a maximal ideal, then {y} = {y} = V(p), so
Proposition 2.29 implies that f~'V (p) = V (pB). In particular, the fiber f~*(y) is a closed
set, homeomorphic to Spec(B/pB).

If y is not closed, the fiber f~!(y) may or may not be closed in Spec B. While we still
have f~'V (p) = V(pB), this closed set may contain other primes than the ones mapping to
y. For instance, in the sitation when p = (0) is prime in A, then V' (pB) = Spec B.

To describe the fiber, we consider the localization B, = S~' B in the multiplicative set

S =¢(A—p).
The idea is that the ‘extra primes’ in V' (pB) which do not map to p will localize to the unit
ideal in B,,.
Consider the composition
Spec(B,/pB,) — Spec(B,) — Spec(B), (2.14)

which is induced by the localization map B — B, and the quotient map B, — B, /pB,.

Proposition 2.36. Let f: Spec B — Spec A be a map between prime spectra and let
p € Spec A. Then the composition (2.14) induces a homeomorphism

f71(p) ~ Spec(By/pB,).
If p is a closed point, then f~*(p) is homeomorphic to Spec(B/pB).

Proof The first map is a homeomorphism onto the subset V' (pB,) (Proposition 2.29),
and the second is a homeomorphism onto the set of primes q € Spec B disjoint from
S = ¢(A — a) (Proposition 2.32). Therefore the composition is a homeomorphism onto
the set of prime ideals q € Spec B such that 0 S = (J and qB, D ¢(p)B,. The second
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38 The spectrum of a ring

equality implies that ¢ © ¢(p) and hence ¢~*(q) D p. The first equality then implies that
¢~ (q) = p (if 9~ (q) D p were strict, then elements in ¢~ *(q) — p would map to elements
of g n 5). Therefore, the image of (2.14) consists of precisely those prime ideals ¢ in B so

that ¢~*(q) = p, thatis, f(q) = p. O
In computations involving fibers, we will frequently use the fact that localization commutes
with taking quotients, i.e., B, /pB, ~ S~'(B/p).
Example 2.37. Consider the map
f: SpecClz,y] — SpecC|z],

induced by the ring map C[z] — C[z,y defined by z — zy. Let us compute the fibers
f~(p) over the maximal ideals p = (z — a). Note that

B/pB = Clz,y]/(zy — a).

There are two cases. If a # 0, then zy — a is an irreducible polynomial, and then
Spec(B/pB) is irreducible. This is intuitive, as it corresponds to the hyperbola V (xy — a)
in AZ. If @ = 0, we are left with Spec C[x, y]/(zy), which is not irreducible. It has two
components, the two coordinate axes V' (x) and V' (y).

Let us also consider the fiber over the generic point 77 of Spec C[z], which corresponds
to p = (0). In this case, the ring (B/pB), is the localization of B with respect to the
multiplicative set S = C[z] — {0}; that is, the ring

C(2)[z, yl/(xy — 2).

This is again an integral domain, so the fiber f~*(n) is irreducible. This fiber may be regarded

as a hyperbola in the affine plane A?C(z) over the field C(z). JAN
Example 2.38 (Double covers). Let k be a field of characteristic different from 2 and let
g € k[zq,...,z,] be a non-zero polynomial. Consider the spectrum

X = Speck[xy,...,z,,y]/(y* — g)-
The inclusion k[zy, ..., x,| — k[z1,...,2,]/(y*> — g) induces a map

f: X — A} = Speck|z1,...,x,].

We call X the double cover of A} associated to g.

The name ‘double cover’ comes from the fibers of f. For a point a = (a4, ...,a,) € k",
letm = (z; —ay, ..., %, — a,) be the corresponding maximal ideal. Then the fiber f~*(m)
is the spectrum of the ring

k[xla"wxnay] ~ k[y] .
W =gz —ay,... w0 —an) (¥ —g(a))

There are three cases, depending on the value b = g(a):

(i) If b # 0 and b is a square in k, say b = ¢?, then the polynomial y? — b factors
as (y — ¢)(y + c). By the Chinese Remainder Theorem, the fiber is

Spec( klyl /f[y]>>’

(y—c) (y+ec
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2.6 Fibers 39

which is the disjoint union of two copies of Spec k.

(ii) If b # 0, but b is not a square in k, then the fiber equals Spec k(+/b), where
k(\/g) is a quadratic field extension of k. This fiber is a single point, but with
‘multiplicity 2’ (in the sense that the degree of the field extension k < k(\/g) is
2).

(iii) If b = 0, the fiber is then to Spec k[y]/(y*), which is single point. Again there
is a ‘multiplicity 2’, accounted for by the presence of nilpotent elements in the
ring (k[y]/(y?) has dimension 2 as a k-vector space).
A

Example 2.39 (The Mébius strip). Let A = R[z,y]/(z? + y*> — 1) and consider the
A-algebra B = Alu,v]/(ve — uy). This induces a map

f: Spec Alu,v]/(ve — uy) — Spec A.

Let us compute the fibers of f. As > + y*> = 1 in A, z and y generate the unit ideal, and
so Spec A is covered by the two affine subsets D(x) and D(y). If p € D(z), then x is
invertible in Ap, and so we compute

By/pB, = (Ap/p)[u,v]/(v — 2~ uy) ~ k(p)[u],

and the fiber is homeomorphic to A,}c(p)‘ A similar argument works when p € D(y). Hence
all fibers are isomorphic to affine lines. A

Example 2.40. The inclusion R[¢] < C[¢] induces a map from the affine line over C to the
affine line over R:

m: Spec C[t] — SpecR[¢].

By Example 2.16 there are three cases to consider for the fiber 771 (y) of a point y € Af,.
(i) The point y corresponds to the maximal ideal (¢ — a) with a € R. Then the fiber
is given by
7 (y) = Spec (C[1]/(t — a)) ~ SpecC,

and the fiber is a single closed point with residue field C.
(i) The point y is a closed point corresponding to p = (f(¢)) where f € R[t] has
two conjugate complex roots a, a. Then

rr1<y>=Speccm/<f<t>>zspec( e, Ci )

(t—a) (t—a)
Hence the fiber consists of two closed points, both with residue field C.
(iii) The point y equals the generic point 7. Then 7~*(n) is the spectrum of the
localization S~'C[t] = C(t) where S = R[t]—(0). Therefore, 7' (1) consists
of a single point with residue field C(t).
The Galois group G = Gal(C/R) ~ 7Z/2 acts on the fibers in this example. More precisely,
consider the conjugation map C[¢] — C|[t] on the polynomial ring C[¢] given by conjugating
the coefficients of the polynomials; that is, sending a polynomial Y., a;t* to Y., @;t". This
defines an automorphism

t: Spec C[t] — SpecC[t].
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40 The spectrum of a ring

Note that the subring R[¢] < C[¢t] is fixed by the conjugation map, so the following diagram
commutes:

Spec C[t] ‘ Spec C[t]

\/

SpecR[t]

Therefore, G = (id, t) ~ Z/2 acts by automorphisms on the fibers of 7, and Spec R[] can
be viewed as the quotient space of Spec C[t] by G} i.e. the space of G-orbits. Indeed, by
Example 2.16, the closed points of Spec R[¢] correspond exactly to the orbits of G and the
generic point of Spec C[¢] is invariant and corresponds to the generic point of Spec R[¢]. A

Example 2.41 (The Gaussian integers). The inclusion Z c Z[i] induces a morphism
f: SpecZ|i] — SpecZ.

We will study Spec Z[i] by studying the fibers of this map. If p € Z is a prime, the fiber over
(p) € Spec Z is given by V((p)Z]i]). This is homeomorphic to the spectrum

. ~ Fplz]
Spec (Z[i]/p) ~ Spec <x2 n 1) .
The ring F,[z]/(2* + 1) is not an integral domain precisely when the equation 2% + 1 = 0
has a solution modulo p. This happens® if and only if p = 2 or p = 1 mod 4. By Fermat’s
Two Square Theorem, this is equivalent to p = a® + b* being a sum of two squares, or in
other words, that p = (a + ib)(a — ib) factors in Z[]. This means that there are three cases:
(i) p = 2. Then (2)Z[i] = (1 + ¢)?Z][i]. Therefore, f~*((2)) consists of the single
point corresponding to the prime ideal (1 + 7).
(i) p=1 (mod 4). In this case, we may factor p = (a + ib)(a — ib) in Z[i] and
so the fiber consists of the two points with residue fields I,

FHP) = V((P)ZLi]) = {(a +ib), (a — ib)}.

(iii) p =3 (mod 4). Then the ideal (p) stays prime in Z[7] and the fiber f~*((p))
consists of the single point = corresponding to (p)Z[i]. The residue field x(x)
is in fact isomorphic to F,[z]/(z? + 1) ~ F,e, the field with p* elements.
Note that the complex conjugation map o : Z[i] — Z[i] acts on Spec Z[i] and the fibers of
the map f. For instance, the primes sitting over (5) are (2 + ¢) and (2 — 4), and complex
conjugation sends one to the other. We therefore picture Spec Z[i] as a curve lying above
Spec Z, with o permuting the points in each fiber

A

Example 2.42 (The affine line A}). Consider the affine line A} = SpecZ[t] and the
morphism f: SpecZ[t] — SpecZ induced by the inclusion Z < Z[t].
There are two cases for a fiber f~!(y) of a point y € Spec Z. If y corresponds to the closed

1 Here is a quick proof for p # 2: The elements {1, ...,p — 1} modulo p can be partitioned into subsets of the
form C(z) = {z, —z,z~!, —z~1}. If |C(x)| # 4, then either z = ! (meaning C(z) = {1, —1}); or
x = —x~! (meaning C(z) = {x, —x} consists of the two solutions to 2 + 1 = 0 mod p). This implies that

p—1=>|C(x)|is conguent to 2 mod 4 if 22 + 1 = 0 has no solutions, and to 0 mod 4 otherwise.
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(2+z) (3+2Z) (4+Z)
©) (1+1) 3) o (7) (11) o o
o o o
2-19) (3 —2i) (4—4)
© o o o o o o o
(0) ) ®3) (5) (7 (11) (13) (17)

Figure 2.3 The spectrum Spec Z[i]

point (p) € Spec Z, the fiber f~*(y) consists of all primes p < Z[¢] such thatp N Z = (p).
According to Proposition 2.36, this is given by

V((p)ZIt]) = Spec(Z[)/(p)Z[1]) = AL,.

Likewise, if y = 7 is the generic point of Spec Z, Proposition 2.36 tells us that the fiber
f71(n) is the spectrum of the localization S™'Z[t] = Q[t], where S = Z — (0). In other
words,

f7(n) = SpecQ[t] = Ag,.

The affine line A} is shown in Figure ??2. In the figure, we have depicted the two closed sets
V(6 + 1) and V(2> + 3). Note that V(62 + 1) is disjoint from the fibers above the primes
2 and 3 (why?). The closed subset V' (x* + 3) should be compared to Example 2.41). A

1 1 1
Af, \ 1 Ag, Af,

1
Af, Ag

Figure 2.4 The affine line Spec Z[z]

2.7 Exercises

Exercise 2.7.1. Show that Spec A is the empty set if and only if A is the zero ring.
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42 The spectrum of a ring

Exercise 2.7.2. Describe Spec Z[ 5= ].

Exercise 2.7.3. Consider the discrete valuation ring R = C[u](,,). Describe Spec A[t] and
the map Spec A[t] — Spec A induced by the inclusion A < A[t]. Which fibers are closed?

Exercise 2.7.4. Let p be a prime ideal in a ring A. Show that there is a canonical inclusion
A/p — A,/pA, and that this yields an identification of A, /pA, with the fraction field of
Alp.
Exercise 2.7.5 (Disconnected spectra).
a) Show that a topological space X is disconnected if and only if it has two
orthogonal idempotents, i.e., continuous maps e, ez: X — {0, 1} such that
e? = ey, €5 = ey, €165 = 0and e; + e; = 1. HINT: Try the characteristic
functions of two open sets.
b) Let A be a reduced ring. Show that Spec A is disconnected if and only if
A = A; x A, for two non-trivial rings A; and A,. HINT: Find two ideals
a,bsuchthata + b = Aand a n b = (0). Use this to find two non-trivial
idempotents.

Exercise 2.7.6. Let A be an Artinian ring. Show that X = Spec A is a finite set, and the
topology is the discrete topology. HINT: Write A as a product of its localizations.

Exercise 2.7.7. With the notation of Proposition 2.32, show that the set I can be written
D ={p|s(p) #0ink(p) foralls e S}
Find an example of an S so that D is not an open set.

Exercise 2.7.8. Show that D(f) = (7 if and only if f is nilpotent. HINT: Use the identity
V (0) = ﬂpeSpecA p.

Exercise 2.7.9. Show that D(f) = D(g) if and only if there are integers m, n such that
g™ = wu - f™ for some unit u € A.

Exercise 2.7.10. Show that the ideal m = (2, — 1) in A = R[z, y]/(2® + y* — 1) is not
principal.

Exercise 2.7.11. Check that for a nested inclusion D(h) < D(g) < D(f), we have
Pfh = Pgh © Psg-

Exercise 2.7.12. Let A be a ring, let a be an ideal in A and let { f;};c; be elements from

a. Show that the open distinguished sets D( f;) cover Spec A — V' (a) if and only if some
power of each element f € a lies in the ideal generated by the f;’s.

Exercise 2.7.13. Let k be a field and let A = k[t, t1, . .. ] be a polynomial ring in countably
many variables. Let m be the maximal ideal m = (¢o, ¢y, ... ). Show that U = Spec A —m
is not quasi-compact. Conclude that U is not the spectrum of a ring. HINT: Consider the
open cover {D(t;)}i>o.

Exercise 2.7.14. Find an open set of A}, which is not a distinguished open set.

Exercise 2.7.15. Let ¢: A — B and ¢: B — C be two ring maps. Show that, with the
notation of (2.12), we have Spec(¢) o ¢) = Spec(¢) o Spec(1)).
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Exercise 2.7.16 (The Gaussian integers). For a complex number z = a + ib, we let N(z) =
a® + b? denote the norm of z.
a) Show that for any two «, 5 € Z[i], there exists p and p in Z[i] such that
a = ufB + pwhere N(8) > N(p). HINT: Consider the lattice generated by
5,4/ and consider the square nearest .
b) Show that Z[i] is a PID. HINT: If a < Z[7] is a non-zero ideal, show that a is
generated by a non-zero element in a of minimal norm.
¢) Conclude that Zi] is a UFD.

Exercise 2.7.17. Show that the Zariski topology on Spec A is Hausdorff if and only if every
prime ideal p is maximal.

Exercise 2.7.18. Show that the closed points in Spec A form a dense set if and only if Vo
equals the intersection ﬂmc o mof all maximal ideals in A. HINT: Corollary 2.5 on page 27.

Exercise 2.7.19. Let A be an integral domain and U < Spec A an open non-empty subset.
Show that there is no closed point in U if and only if there is an f € A such that A is a field.
HINT: Consider distinguished open subsets D(f) < U.

Exercise 2.7.20. Let {A;};c; be an infinite sequence of non-trivial rings, and let X be the
disjoint union of the spectra Spec A;. Show that X is not homeomorphic to a spectrum of a
ring.

Exercise 2.7.21. Recall that a ring is local if there is only one maximal ideal.

a) Show that A is local if and only if Spec A has a unique closed point.

b) Give examples of local rings A so that Spec A consists of (i) one point; (ii) two
points; (iii) infinitely many points.

¢) A map of rings ¢: A — B is said to be local if ¢(m,4) < mp. Show that ¢ is
local if and only if the induced map f: Spec B — Spec A maps the unique
closed point of Spec B to that of Spec A.

d) Give an example of a map of rings f: A — B which is not local. Describe
your example in terms of the corresponding map on spectra.

Exercise 2.7.22. Show that Spec A has just one element if and only if A is a local ring
all whose non-units are nilpotent, i.e. the radical 4/(0) of the ring is a maximal ideal. For
Noetherian rings this is equivalent to the ring being an Artinian local ring.

Exercise 2.7.23. Perform the analysis of the fibers of the map in Example ?? on page ??
when the field % has characteristic 2.

Exercise 2.7.24. With reference to Example 2.41 on page 40:
a) Show that the fiber of ¢ over a prime ideal (p) is homeomorphic to

SpecF,[z]/(z* + 1)

and that dimg F,[2]/(2® 4+ 1) =2. HINT: Use that Z[i] = Z[z]/(2* + 1).
b) Show that F,[z]/(x* + 1) is a field if and only if 22 4+ 1 does not have a root
in I,
c¢) Show that F,[z]/(z? + 1) is a field if and only if (p)Z[] is a prime ideal.
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44 The spectrum of a ring

Exercise 2.7.25. Consider the ring map

d): (C[Jf,y] - C[l‘,y, z]/(a:z - y)

which induces f: SpecC|z,y, 2]/(zz — y) — AZ. Show that the map f on the level of
closed points sends (a, ab, b) to (a, ab), and the generic point to the generic point. Show that
in this example, the image is neither open nor closed: it equals D(z) u V(x,y).

Exercise 2.7.26. Let p and g be two different prime numbers and consider the morphism
¢: A — A? induced from the map k[z,y] — k[t] which is defined by the assignments
x — tP and y — 9. Determine all fibers of ¢.

Exercise 2.7.27. Let A = C|z,y, z]/(zy,xz,yz) and X = Spec A. Consider the map
f: X — A' corresponding to the C-algebra homomorphism C[¢t] — A that sends ¢ to
 + y + z. Determine all fibers of f. HINT: The set of closed points of X is the union of
the three coordinate axes in C3, and the map sends a point to the sum of the coordinates.

Exercise 2.7.28. Describe all fibers of the following morphisms.

9 £+ SpecClz, yl/(zy — 1) — SpecCla]

b) f: SpecClz,y]/(2* — y*) — SpecC[z]

¢) f: SpecZ|z,y]/(xy — n) — Spec Z, where n is a non-zero integer.
d) SpecClz,y]/(z* + xy + 1) — Spec Cly].

Exercise 2.7.29. Describe the fibers of the map
Ay — Speck[z,yl/(y* — 2° — ?)
inducedby z — t2 — 1,y — t3 — t.

Exercise 2.7.30. Determine all the fibers of the morphism
SpecZ[(1 + /5)/2] —— SpecZ[v/5]

induced by the natural inclusion Z[v/5] < Z[(1 + +/5)/2].

Exercise 2.7.31. Let A = Z[z,y]/(z* —y* — 5) and consider the morphism f: Spec A —
Spec Z. Compute the fibers over (0), (2), (3) and (5). What happens if you replace A with
the ring Z[z, y]/(32* — 3y* — 15)?

Exercise 2.7.32. Describe the following prime spectra
a) SpecC[z]/(z® + z?)
b) SpecR[x]/(z? + x?).
Exercise 2.7.33. Let A and B be finitely generated k-algebras, and let f : Spec B —

Spec A be the map induced by a ring map A — B. Show that f maps closed points to closed
points.

Exercise 2.7.34. Study the fibers of the morphisms
a) SpecZ[t]/(t* + ¢+ 1) — SpecZ;
b) SpecQ(t)[z]/(z* + 3z + 1) — Spec Q(¢t).

Exercise 2.7.35. Let A = R[z,y]/(2® + y*> + 1).
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a) Show that for each a, b, ¢ € R with (a, b) # (0,0), the ideal m = (ax+by+c)
is a maximal ideal of A.

b) Show that every non-zero prime ideal is of this form. Use this to describe
Spec A. HINT: A/m s a finite extension of R. Show that 1, z, 2* are linearly
dependent, and likewise 1, y, y°.

Exercise 2.7.36. Show that Spec Q[z] is homeomorphic to Spec Z.

Exercise 2.7.37. Let X = Spec A4, and let U = Spec(A;) < X be a distinguished open
set. If V' is a distinguished open set in U, show that V' is a distinguished open set in X as
well.

Exercise 2.7.38. Let X = Spec A show that the intersection (), x.uzg U 1s equal to the
set of generic points of X.

Exercise 2.7.39. Let A = C[a, b, c] and R = A[x]/(ax?* + bz + ¢). Study the fibers of the
morphism Spec R — Spec A.

Exercise 2.7.40. Let f: Spec B — Spec A be a map of spectra induced by a ring map
¢: A—> B
a) Show that if ¢ is injective, then the image of f is dense in Spec A.
b) More generally, show that f(Spec B) is dense if and only if Ker ¢ < 4/(0).
¢) Define ¢ : Q[z] — C by sending x to 7. Show that ¢ is injective. Describe the
morphism Spec C — Spec Ag,.

Exercise 2.7.41. Describe the spectrum of the ring
A={(a,b)eZ xZ|a=b (mod2)}.

Exercise 2.7.42. Let X be a topological space with an open cover {U, }c1, and let {U, } jc s
be a finite subcover where J < I. Show that if the sheaf sequence for F with respect to the
cover {U, } ;e is exact, then it is also exact for the full cover {U, }e;.

Exercise 2.7.43. Describe the following prime spectra:
a) SpecZ[z ]/(m +2)
b) SpecZ[z]/(2* - 2)
¢) SpecZ[x]/(x® + 2)
d) SpecZ[z,y|/(z* +y,y* + 1)

Exercise 2.7.44. Let X be the spectrum of a DVR, as described in Example 2.14. Show that
any presheaf on X is automatically a sheaf.

Exercise 2.7.45. Let n be a positive integer. Study the fibers of the morphism Spec k[x] —
Spec k[y] induced by the ring map y — ™.
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3

The Structure Sheaf

In this chapter, we define the structure sheaf on the spectrum of a ring X = Spec A, which
generalizes the notion of regular functions on an affine variety. As in Chapter 1, there is, for
for every open set U < X, aring Ox (U) whose elements may be thought of as functions
on U. However, as we’ll see, this interpretation needs to be carefully handled when working
with general rings, where elements may not have a natural way to be evaluated at points.

More broadly, a sheaf is a mathematical structure which systematically assigns algebraic
data to open sets of a space. Initially, it is helpful to think of sheaves as defining ‘distinguished
functions’ on a space (regular, continuous, holomorphic, ..), but they can also represent
more abstract mathematical objects, such as modules or sets of morphisms. The essential
requirement is that this assignment satisfies the two sheaf axioms: locality and gluing.

The theory of sheaves is truly central to algebraic geometry. Every scheme carries with
it a whole ecosystem of sheaves, and understanding a scheme often means understanding
the sheaves it carries. In this chapter, we will lay the groundwork by introducing sheaves
generally, leading up to the definition of the structure sheaf in Section ??. We will return to
sheaf theory in greater detail in Chapter 11, where we will develop more advanced techniques
and apply them to study sheaves on schemes.

Presheaves and sheaves

The concept of a sheaf may be defined for any topological space, and the theory is best
studied at this level of generality. We begin with the definition of a presheaf.

Definition 3.1 (Presheaf). Let X be a topological space. A presheaf of abelian groups F
on X consists of the following two sets of data:

(i) For each open U — X, an abelian group F(U).

(i1) For each pair of nested opens V' < U, a map of groups

puv: F(U) — F(V).

called the restriction map. These data are required to satisfy the following two conditions:
(a) For any open U c X, we have pyy = idr.
(b) For any three open subsets W < V' < U, one has pyw = pyw © puv.

L

We will usually write s|y for pyy-(s) when s € F(U). The elements of F(U) are usually
called sections (or sections of F over U). It is also common to write I'(U, F) for the group
F(U); T is the ‘global sections’-functor (it is functorial in both U and F).

46
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The notion of a presheaf is not confined to presheaves of abelian groups. One can also
consider presheaves of sets, rings, vector spaces etc. In fact, for any category C one may
define presheaves with values in C. The definition is essentially the same as for presheaves of
abelian groups, the only difference being that one requires that the F(U) are objects from C,
and of course, that restriction maps are all morphisms in C. We are certainly going to meet
sheaves with more structure beyond that of abelian groups, e.g. sheaves of rings, but they will
usually have an underlying structure of abelian group, so we start with these. We will also
encounter sheaves of sets. Most of the results we establish for sheaves of abelian groups can
be proved for sheaves of sets as well, as long as they can be formulated in terms of sets, and
the proofs are essentially the same.

Definition 3.2 (Sheaf). A presheaf F is a sheaf if it satisfies the following two conditions
for every open set U — X and every open cover {U, };c; of U:
(i) (Locality axiom) If s,t € F(U) are sections such that

S U, = t U;
for all ¢, then s = ¢.

(i) (Gluing axiom) Given a collection of sections s; € F(U;) such that

Si|U;nU; = SjlU~U; for all Z,j € I,

then there exists a unique section s € F(U) such that s

v, = s; for all 7.

These two axioms mirror the properties of continuous functions mentioned in the introduction.
The Locality axiom says that sections are uniquely determined from their restrictions to
smaller open sets. The Gluing axiom says that you are allowed to patch together local sections
to a global one, provided they agree on overlaps.

There is a convenient way of formulating the two sheaf axioms simultaneously. For each
open cover U = {U, };c; of an open set U < X, there is a sheaf exact sequence

0 —— FU) =2 (Lo, FU) —25 T1,.., FU: A U;), G.1)

i,5€l
where the maps o and /3 are defined by a(s) = (s|v, ) and 3(s;) = (si|v,~v, —55|vinu, )iy-
Then F is a sheaf if and only if these sequences are exact. Indeed, exactness at F (U') means
that «v is injective, i.e. that s|;;, = 0 for all ¢ implies that s = 0 (this is equivalent to the
Locality axiom). Exactness in the middle means that Ker 5 = Im «; that is, elements s;
satisfying s;|v, ~v;, — Sj|v,~v; = 0 come from an element s € F (U) (the Gluing axiom).
When F is a sheaf, since 7(U) = Ker /3, we can often use the sequence to compute
F(U) if the F(U;)’s and the F (U; n U;)’s are known.
Remark 3.3 (The empty set). For a sheaf F of abelian groups, it is common to include the
condition F () = 0. This is essentially forced upon us by the sheaf axioms: the empty set is
covered by the empty covering, and the sheaf axioms requires F () to be the empty product
I & in the category of abelian groups, which is the trivial group (the terminal object).

A morphism (or simply a map) of (pre)sheaves ¢: F — G is a collection of maps of
abelian groups ¢y : F(U) — G(U), one for each open set in X, which are required to be
compatible with the restriction maps, in the sense that the following diagram commutes for
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48 The Structure Sheaf
each inclusion V' < U of open sets:

FU) —— G(U)

lva lpuv (3.2)
FV) -2 g(v).

In this way, presheaves of abelian groups on X, together with their morphisms form a
category, which is denoted by PAb(X). Likewise, the we have the category of sheaves of
abelian groups, Ab(X'), which forms a full subcategory.

As usual, a map ¢ between two (pre)sheaves F and G is an isomorphism if it has a two-
sided inverse, i.e. a map ©: G — JF such that ¢ o ¢) = idg and 1) o ¢ = id z. This the same
as saying that ¢y is an isomorphism for every open set U.

A presheaf G is a subpresheaf of a presheaf F if G(U) < F(U) for every open U < X,
and such that the restriction maps of G are the restrictons of those of F. If F and G are
sheaves, G is naturally called a subsheaf.

Examples

Example 3.4 (Continuous functions). Take X = R" and let C'(U, R) denote the presheaf
whose sections over an open set U is the ring of continuous real valued functions on U, and
whose restriction maps pgry are the usual restrictions of functions. Then C'(—, R) is a sheaf
of rings (functions can be added and multiplied), and both sheaf axioms are satisfied. Indeed,
any function f: X — R which restricts to zero on an open covering of X takes the value
zero at every point, so it is the zero function. Also, given continuous functions f;: U; — R
that agree on the overlaps U; n U;, we can form the continuous function f: U — R by
setting f(x) = f;(x) for any 7 such that x € U;. A

Example 3.5 (Holomorphic functions). For a second familiar example, let X = C and
consider the presheaf @7y of holomorphic functions. That is, for any open U < X, the
sections «7x (U) is the ring of complex differentiable functions on U. Just like in the example
above, one checks that .oy forms a sheaf. In fact, <7 is a subsheaf of the sheaf of continuous
functions U — C. A

Example 3.6. More generally, for any two topological spaces X and Y, the presheaf
C(—,Y) of continuous maps f: U — Y forms a sheaf (they are sheaves of sets, because
we cannot in general add or multiply maps).

Furthermore, any presheaf of the form

FU)={f:U— Y| fsatisfies (*) }

is a subsheaf of C'(—, Y'), provided () is a condition that can be checked locally. For instance,
we can take () to mean ‘differentiable’, ‘smooth’, ‘analytic’, and so on. Locality holds
because it holds in C(—,Y"). Given local sections f; € F(U;), agreeing on the overlaps,
we can glue them to an element f € C'(U,Y'), and the result lies in F(U), because the
restriction of f to U; is equal to f;, which satisfies (*). See Example 3.8 for an example
where () is not a local condition. A
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The Structure Sheaf 49
One of the main examples in this book will be the following:

Example 3.7 (Affine varieties). Let k be an algebraically closed field, and let X be an affine
variety in A" (k). As in Section 1.5, we define, for an open set U < X, the ring of all rational
functions which are regular in U:

Ox(U)={feK(X)| fisregularin U }.

Note that if V' < U, then Ox(U) < Ox(V), so this defines a presheaf by letting the
restriction maps be the inclusions.

The sheaf axioms are also satisfied: The Locality axiom holds, because if f € K(X)
restricts to zero in some Ox (U), then this simply means that f = 0 in K (X ). The Gluing
axiom holds, because if f; € Ox (U,) is a collection of rational functions that agree on the
overlaps U; N U; of an open covering, then they are all equal to the same element f in /£ (X).
This rational function f must in turn be regular in all of U, because if p € U is a point, then
p lies in some U;, and hence f = f; can be written as a/b with b(p) # 0. It follows that O x
defines a sheaf of rings, which is called the sheaf of regular functions on X.

We obtain subsheaves sheaves of Ox by imposing vanishing conditions on the regular
functions. For example, if p € X is a point, one has the sheaf denoted m,, of holomorphic
functions vanishing at p. This is an example of an ideal sheaf: for each open U < X, m,(U)
is an ideal of the ring Ox (U). A

Example 3.8 (A presheaf which is not a sheaf). Let us continue the set-up in Example 3.5
to construct an example of a presheaf which is not a sheaf. Let X = C — {0}, and let &
denote the sheaf of holomorphic functions. Inside .&/x we find a subpresheaf given by

FU)={fedxU)| f=g*forsomege x(U)}.

While F satisfies the Locality axiom (being a subpresheaf of a sheaf), the Gluing axiom
fails. Consider for instance, the function f(z) = z in F(X). For each point a € C — {0},
we can find an open neighbourhood U, and a local square root g, such that g2 = z. The g,
can moreover be chosen to agree on the overlaps U, N U, by consistently choosing signs.
However, there is no continuous function g(z) on C — {0} such that g(z)? = z, as any such
function would change sign when z transveses a loop around the origin. A

Example 3.9 (Constant presheaves). For any space X and any abelian group A, one has the
constant presheaf defined by A(U) = A for any nonempty open set U (and A(J) = 0).

This is not a sheaf in general. For instance, if X = U; u U, is a disjoint union, and
A = 7, then any choice of integers a, as € Z will give sections of A(U;) and A(U,), and
they automatically agree over the intersection, which is empty. But if a; # as, they cannot
be glued to an element in A(X) = Z. In fact, the constant presheaf is a sheaf if and only if
any two non-empty open subsets of X have non-empty intersection. Algebraic varieties with
the Zariski topology are examples of such spaces.

There is a quick fix for this. We can define the following sheaf A x by letting

Ax(U) ={f: U — A| fislocally constant }

As before, we also must put Ax () = 0. For a connected open set U, we then have
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50 The Structure Sheaf

Ax(U) = A. More generally, since f must be constant on each connected component of U,
we have Ax(U) ~ [ ] ) A, where mo(U) denotes the set of connected components of U

The new presheaf Ay is called the constant sheaf on X with value A. It is a sheaf (e.g. by
Example 3.6). That being said, the sheaf A x is not quite worthy of its name, as it is not quite
constant. A

3.1 Stalks

Let F be a presheaf of abelian groups on a topological space X . For any point x € X, we
can associate an abelian group JF, called the stalk of F at x. The stalk captures the local
behavior of sections of F near x (ignoring differences that occur away from x). The elements
of F, are called germs of sections, or simply germs, near x; they represent the sections of F
defined in some sufficiently small neighbourhood of z.

Formally, the group F, is defined as the direct limit of the groups F(U) as U runs through
the directed set of open neighbourhoods U of x (ordered by inclusion)?:

F, = lim F(U).
Uszx
Concretely, F, can be constructed as follows. Consider the disjoint union | [, F(U),
where the elements are pairs (s, U) with U an open neighbourhood of x and s is a section
in F(U). We identify sections that coincide near = by declaring (s,U) and (s’, U’) to be
equivalent, written (s, U) ~ (s',U’), if there is an open V. < U n U’ with z € V such that

sly = ¢'|v.

The relation ~ is reflexive and symmetric by definition. For transitivity, suppose (s, U) ~
(s',U’) and (s',U’) ~ (s”,U"). Then there exist open neighbourhoods V' < U n U’ and
V' c U nU” of x such that s|y, = §'|y and §'|y» = s”|y. The restrictions of s and s” then
coincide over the open set V' n 'V, and so (s,U) ~ (s”,U"). Therefore, ~ is an equivalence
relation.

Definition 3.10. The stalk F, at x € X is defined as the set of equivalence classes

F=][F@)/~.

Usx

When F is a presheaf of abelian groups, the stalks F, are all abelian groups. This
is not completely obvious, because sections over different open sets can not be added
directly. However, if (s, U) and (s’, U’) are given, the restrictions s|y and s'|y to any open
V < U U’ can be added within F(V'), and this suffices to define an abelian group structure
on F,.

For any neighbourhood U of 2z € X, there is a natural map F(U) — F, sending a section
s € F(U) to its equivalence class in F,. This class is called the germ of s at x, and it is
denoted s,.

1 For background on direct limits, see Appendix ??
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3.2 The pushforward of a sheaf 51

Taking the germ is compatible with restrictions: if V' < U is another open set containing
x, we have s, = (s|y ). This is illustrated by the following commutative diagram:

FU) — F,
v / (3.3)
FV).

When working with sheaves and stalks, it is useful to keep in mind the following properties:

e The germ s, of a section s vanishes if and only if s vanishes on some neighbourhood of z.

e All elements of the stalk F,, are germs. That is, every element of F, is of the form s, for
some section s over some open neighbourhood of x.

o A sheaf F is the zero sheaf if and only if all stalks are zero: F, = 0 forall z € X.

A map of presheaves ¢p: F — G induces a map between the stalks

This map sends the equivalence class of (s, U) to the equivalence class of (¢ (s),U). As ¢
commutes with restrictions, this assignment is well-defined: if (s, U) ~ (s’,U’) and s and
s’ coincide on an open set V' < U n U’, then the diagram (3.2) gives

ou(s)lv = dv(slv) = ov(s'lv) = duv(s)|v.

One also verifies that (¢ 0 ¢), = ¢, 09, and (idr), = idz,, so the assignments F — F,
and ¢ — ¢, define a functor from the category of sheaves to the category of abelian groups.

Example 3.11. Let X = C, and let @7x be the sheaf of holomorphic functions in X. The
stalk @7 , at a point p € X is determined as follows: Two holomorphic functions f and g
have the same germ at p if they agree on some neighbourhood of X . This in particular implies
that f and g must have the same Taylor series at p. The stalk .7x , is therefore identified
with the ring of power series that converge in a neighbourhood of p. A

3.2 The pushforward of a sheaf

Given a continuous map f: X — Y and a sheaf F on X, we define the pushforward f.F
to be the sheaf on U defined by

(f«F)U) = F(fU),
and the restriction maps F(f~'U) — F(f~'V) to be those coming from F.

Definition 3.12. The sheaf f.F is called the pushforward or the direct image of F.

It is straightforward to verify that f,.F is a sheaf and not merely a presheaf. Indeed, if
{U,} is an open covering of U, then { f ~'U;} is an open covering of f~'U. A set of gluing
data for f,JF and the given covering consists of sections s; € I'(U;, f+F) = T'(f~1U;, F)
that agree on the intersections. This means that they coincide in I'(U; n U, f.F), which
equals I'(f~'U; n f~'U;, F), and they may therefore be glued together to a section in
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52 The Structure Sheaf

L(f~'U, F) =T(U, f4+F), as F is a sheaf. The Locality axiom follows for f,JF, because it
holds for F.
The pushfoward is also functorial in f:if g: X — Y and f: Y — Z are continuous

maps between topological spaces, and F is a sheaf on X, one has an equality of sheaves on
A

(fog)*]:z f*(g*]:) (3.4

Example 3.13 (Skyscraper sheaves). Let ¢: {} — X be the inclusion of a closed point in
X and let A be the constant sheaf of an abelian group A on {x}. The skyscraper sheaf of A
at x, denoted A(z), is the pushforward sheaf ¢,.A. Explicitly, the sections are given by

A@)(U) = {A ifzeU,

0 otherwise.

3.3 Sheaves defined on a basis

Recall that a basis for the topology on a space X is a collection of open subsets 2 such that
every open set of X can be written as a union of members of 8. In many situations, it turns
out to be convenient to define a sheaf by saying what it should be over the open sets in a
specific basis for the topology on X. This leads to the concept of a Z-sheaf.

The definition is similar to that of a sheaf: a %-presheaf F consists of (i) for each
U € %, an abelian group F'(U), and (ii) for each pair V' < U in 4, a restriction map
puv: F(U) — F(V) satisfying ppy = idpw) and pyw = pvw © pyv for each triple
W < V < U of open sets in A.

A PB-presheaf is a B-sheaf if, for every open set U € £ and any open cover {U; };c; with
U; € &, the following sequence is exact:

0— F(U) — [ [F(U:) — [T FW (3.5)

iel VcU,nU;, VeRB

where the maps are defined by restrictions and differences of restrictions, as before.
The whole point of introducing 8-sheaves is expressed in the following proposition.

Proposition 3.14. Let X be a topological space and let 4 be a basis for the topology.
Then:
(i) Every #-sheaf I extends to a sheaf F on X, which is unique up to isomor-
phism.
(ii) Every morphism of #-sheaves ¢ : F' — G extends uniquely to a morphism
of sheaves ¢: F — G.

The basic idea is to define F(U) as the set of all possible gluings of sections of F’ over
open sets in # that cover U. That is, a section s € F(U) is given by a set of sections
s; € F(V;) for some open cover {V;}.c; of U with V; € 4, such that

Silw = 5j|W
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3.4 The structure sheaf on the spectrum of a ring 53

forany W e B with W < V; n V;. If we define F(U) and G(U) as the sets of compatible
sections of F" and G in this way, we can define the extended sheaf map ¢y : F(U) — G(U)
by sending (s;) to (¢o)v; (s:).

This is indeed the best way to think of an element of F(U). The only drawback is that
each section depends on the choice of a covering V;. To define the group F(U) in a way
that is independent of any particular cover, we consider the ‘biggest cover’ of U, where we
include every V € B contained in U.

Proof LetU c X be any open subset. Let Z;; < 4 denote the open sets in &8 which are
contained in U and define

FUy={ e [T FO) | svlw =sw, YW Vinz (3.6)

VeZBy

An element of F(U) is therefore given by a set of sections sy, € F'(V'), such that whenever
W < V in By, we have the compatibility condition sy |y = sy .

Note that if U’ < U, then By < Py, and so the projection maps give us restriction maps
F(U) — F(U’). This makes F into a presheaf. We leave it as an exercise for the reader to
check the sheaf axioms for F.

Note that if U is an open set in A, there is an obvious map

F(U) — F(U).

sending t € F'(U) to the collection sy = t|y. This is in fact an isomorphism, with inverse
defined by the projection F(U) — F(U) to the ‘U-th component’.

(ii): Saying that ¢g: F' — G is a map of Z-sheaves amounts to saying that the following
diagram commutes for each pair V' < V of opens in %:

JT(V) (¢0)v G(V)

| |

FV) ——— G(V').
(¢O)v’
Taking the products over all open subsets V' € 2, we obtain a natural map F(U) — G(U)
which extends ¢g. These maps are moreover compatible with the restriction maps, so we get
a map of sheaves ¢: F — G.

The extension F is unique: If G is another extension, satisfying F(U) = G(U) for every
U € %, then since F and G are sheaves, we may use the expression (3.6) to compute F(U)
and G(U) for any open set. Using this, we obtain a canonical isomorphism of sheaves F ~ G.
A similar argument shows that the extended morphism ¢: F — G in (ii) is unique. O

3.4 The structure sheaf on the spectrum of a ring

We now define the structure sheaf Ox on X = Spec A. To motivate the definition, consider
an affine variety X < A" (k) be an affine variety with coordinate ring A = A(X). For each
open set U < X, the ring O x (U) consists of the rational functions that are regular at every
point of U. The elements of Ox (U) can be viewed either as elements of the function field
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K (X), or as functions f: U — k. Moreover, each restriction map Ox (U) — Ox (V) can
be seen as an inclusion of subrings of K (X), or as an actual restriction map on functions.

For a distinguished open set D( f), the ring of regular functions Ox (D(f)) is simply
the localization A; (Proposition 1.25). This is intuitive, because the elements of the form
a/f™ define regular functions on D(f). Moreover, if D(g) < D(f), the restriction map
corresponds to the canonical localization map Ay — A,.

In fact, the sheaf O is completely determined by knowing Ox (D(f)) = A for each
f € A.Indeed, inside K (X)), we have

Ox(U)= () Ox(D(f)). (3.7)
D(

Heu

If one tries to carry out the above construction for a general ring A, there are a few issues
that arise. First, there may not exist a natural field k& for which we can view elements of
Ox (U) as functions U — k. More critically, the localization maps A; — A, may fail to
be injective (so an intersection like (3.7) does not make sense). This happens already in the
simple example when A = k[, y]/(xy), which corresponds to the union of z-axis and the
y-axis in the affine plane. Here the nonzero element x € A maps to 0 via the localization
map A — A,. So this behaviour is not a big surprise; it naturally appears once we allow
reducible spaces into our discussion.

Motivated by this discussion, we consider the basis of distinguished open sets D( f).
We would like Oy to satisfy Ox (D(f)) ~ Ay for every f € A, with restriction maps
Ox(D(f)) — Ox(D(g)) corresponding to the localization maps A; — A, whenever
D(f) o D(g). There is a small subtlety here, namely that two different f’s may define the
same distinguished open set U (for instance, D(f) = D(f?)). A nice way to resolve this is
to work with a more canonical localization:

Definition 3.15. For a distinguished open set U, we define
o) =SU)'A. (3.8)

where S(U) = {s€ A | D(s) D U } is the multiplicative subset of elements s € A that
vanish nowhere on U.

The elements of O(U) are fractions a/s so that s(p) # O forallp e U.IfU > V are two

distinguished open sets, then S(U) < S(V), so by the universal property of localization,
there is a canonical map

S(U)""A— S(V) A,
which we use to define the restriction maps O(U) — O(V).

Note that for U = D(f), we have f € S(U), and so there is a canonical localization map
Ay — S(U)~A. We claim that this is an isomorphism:

Lemma 3.16. When U = D(f), there is a canonical isomorphism S(U) 'A ~ A;.

Proof This map is injective: if a/f™ € A; maps to 0in S(U) ' A, there is an s € S(U)
such that sa = 0. By definition, we have D(f) < D(s), which is equivalent to being able
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3.4 The structure sheaf on the spectrum of a ring 55

to write f~ = cs for some ¢ € A and N € N. Multiplying sa = 0 by ¢ now shows that
fNa = 0in A, and hence a/f™ = 0 in A;. The map is also surjective: if a/s € S(U) 7' A,
then writing ¥ = cs as before, we have a/s = (ca)/f" in S(U)~* A, which is in the
image of A; — S(U)'A. O

In light of this, we will from now on always identify O(D(f)) = Ay, and O(D(f)) —
O(D(g)) with Ay — A, whenever D(g) < D(f).
We now prove that O is a #-sheaf. This will follow from the following algebraic lemma:

Lemma 3.17. Let R be aring and let fi,..., f,. € R be elements generating the unit
ideal. For any R-module M, the following sequence is exact:

0 M = HZ:] Mfi L H Mfifj 3.9

r
i,=1

where o (s) = (s/1,...,s/1) and B(s1,...,5,)i; = si/1 —s;/1.

Proof As (3.12) is a sequence of R-modules, it is exact if and only if it is exact after being
localized at every prime ideal p. After reordering the indices, we may assume that p € D(f;).
As localization commutes with finite products, the localization of (3.10) at p can be obtained
via localizing the following sequence

0 Mf - HZ=1 Mflf,-, — H:,j=1 Mflfifj (3.10)

1

It it is therefore enough to show that (3.10) is exact. We write this as

T b T r
0 My, —— My x [ Loy My o —— [y My g < T 1m0 Mgy,
(3.11)
Now it is clear that a is injective, by projecting onto the first factor. Next, if (sq,...,5,) €

My, x [1;_, My, y, lies in Ker b, then by projecting onto the factor [ [_, My, ;,, we see that
si/1 = s1/1in My, foralli = 1,...,r. This means that (sq,...,s,) = (s1/1,...,51/1)
is in the image of a. O

Proposition 3.18. O is a %-sheaf of rings.

Proof  Step 1. Finite covers. Suppose that D( f) is a distinguished open set and {D(f;)}!_,
is a finite cover of D(f). Then applying Lemma 3.17 to R = Ay and M = A; gives an
exact sequence

0 Af - H;EJ Afz‘ L H;j&] Afifj (3.12)

The Locality and Gluing axioms follow immediately from this.

Step 2. Arbitrary covers. Suppose now that { D( f;)}.cs is a general cover. Since D(f) is
quasi-compact, we may pick a finite subset J < I, so that {D( f;)} e, forms a subcover.

Locality axiom: If s € A maps to zero in Ay, for every ¢ € I, then in particular, it maps
to zero in each Ay, fori € J, so by Step 1, we have s = 0 in A;.

Gluing axiom: Given compatible elements s, € Ay, for i € I (meaning s;/1 = s;/1 in
Ay, g, forall 4, j € I), then Step I provides a unique s € Ay such that s, = s/1 € Ay, for all
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1 € J. We claim that s in fact induces s; for all ¢ € 1. For this, fix an index o € I. Applying
Step 1 to the finite covering consisting of D(f;), 7 € J U {a}, we get an element s’ € A;
such that s'/1 = s; in Ay, forall ¢ € J and also s/1 = s,,. As s and s’ coincide in each Ay,
for i € J, we must also have s = s’ in A by uniqueness in Step 1, and hence s/1 = s,
holds in A, as well. O

Using Proposition 3.14 on page 52, we may now make the following definition:

Definition 3.19. The structure sheaf Ogpec 4 on Spec A is the unique sheaf extending
the %-sheaf O.

The formula (3.6) tells us how to compute sections for a general open set U < X: cover
U by distinguished open sets D(f;), ¢ € I; then Ogpec 4(U) is identified with the group

Ospeca(U) = {(Sl) € HAfi | s;=s;in Ay, foralli, j € I} . (3.13)

iel
That being said, we will basically never need to know the ring Ogpec 4(U) for other open

sets than distinguished open sets U = D(f).
We will an alternative construction of Oy in Example 11.18.

Proposition 3.20.
(1) F(Spec A, OSpecA) = A.
(ii) If P € Spec A is a point corresponding to a prime ideal p, then

OSpec AP = Ap-
Proof We defined Ogpec 4 50 that Ogpec 4(D(f)) = Ay for every every f € A. Taking
f =1, we see that (i) holds. For (ii), since the distinguished open sets form a basis for the
topology, we may compute the stalk as:

Ospeca,p = 1 Ospec a(D(f)) ~ lim Ay
PeD(f) fép

We claim that the natural map h_H)l Ay — A, is an isomorphism. Surjectivity holds

Iép
because any element a/s € A,, where s ¢ p is in the image of a/s € A, under the canonical
map A, — A,. For injectivity: an element a/f™ maps to 0 in A, precisely when there is an
element s € A — p such that as = 0, but then a/f" = 0 in A,, where g = sf. Hence a/f"

vanishes in the direct limit, and so we get (ii). L]

Remark 3.21. The structure sheaf behaves particularly well when the base ring A is an
integral domain. In this case, all the localizations A are subrings of the field of fractions
K of A, and for D(g) < D(f), the localization maps A; — A, are simply inclusions of
subrings. This implies that O x (U) is a subring of K for any open set U. Indeed, covering U
by distinguished open sets { D(f;)}cr, the formula (3.13) shows that Ox (U) is identified
with the intersection ﬂie I Ay, inside K. Moreover, by Proposition A.5, we have

ox) =(Ar=1 [ 4 =[)A4
)

el i€l peD(f; pelU
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3.4 The structure sheaf on the spectrum of a ring 57

Consequently, when A is an integral domain, the intuition from affine varieties is valid: the
rings Ox (U) are subrings of the fraction field of A, and the elements f € Ox(U) are
precisely those for which, for each point P € U, we may write f = a/b and b(P) # 0.

Examples

Example 3.22. For a field K, the structure sheaf Ogy,c. i is a constant sheaf with the value
K at the single point of Spec K. A

Example 3.23. The structure sheaf of Spec Z satisfies Ogpecz(D(n)) = Z[+] for each
natural number n. The stalks of Os,e. 7 at the closed point (p) is equal to Ogpec Z.(p) = L(p)
and at the generic point the stalk is equal to Ogpecz,(0) = Z(o) = Q. A

Example 3.24. Let X = Spec C[t]. Then the stalk of Oy at the generic point § = (0) is
equal to Ox ¢ = C(t). Each closed point P € X corresponds to a maximal ideal (¢t — a),
and the stalk of O at P is equal to Ox p = C[t](;—a). A

Example 3.25. We continue Example 2.14 about the spectrum of a discrete valuation ring
A. The space X = Spec A has two points, s and £, and there are three open sets: ¢, {£},
and X. The maximal ideal of A is principal, so we may write m = (¢) for ¢ € A. Then
{€} = D(t) is a distinguished open in X . The structure sheaf takes the following values at
the open sets:

OX(@):Q OX(X):Aa OX({é}):AtZK,

where K denotes the fraction field of A. The stalks are given by Ox , = A;) = A and
OX7§ = A(O) = K A

Example 3.26 (Disconnected spectra). Using the structure sheaf, we may now prove that if
A is a ring such that X = Spec A is not connected, then A is a nontrivial product of two
rings. Suppose X = U; u U,, where U; and U, are open subsets with U; n Us = (. The
sheaf exact sequence takes the form

and we deduce that there is an isomorphim of rings A ~ Ox (U;) x Ox (Us). A

Example 3.27. Consider the open subset U = A? — V (x,y) of A? = Spec k[x, y]. We can
use the sheaf sequence to compute OA% (U). In analogy with Example 1.26, we will show that
the restriction map Oz (A7) — Oz (U) is an isomorphism; that is, Oz (U) = k[, y].

To do this, we use the sheaf sequence (3.1) for the covering { D(x), D(y)} of U. In view
of the equalities Oz (D(7)) = k[z,y]. and Ox2 (D(y)) = K[z, y],, the sheaf sequence
takes the form

0 —— OA%(U) L> k[xay]w®k[$ay]y7 L k[a:vy]wy

Here o(s) = (s|p(), | p(y)) and 3 sends a pair (a/x™, b/y™) to a/x™ — b/y™. The group
Oyz (U) is identified with the kernel of 3, which consists of pairs (a/z", b/y™) such that
a/z" = b/y™ in k[z,y],,. This equality implies that ay™ = bx" in k[z,y]. As the
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58 The Structure Sheaf

polynomial ring k[z,y] is a UFD, we conclude that a = cz™ and b = cy™ for some ¢ €
k[z,y]. But this means that any element in the kernel is of the form (¢, ¢) with ¢ € k[z, y],
and so Oy (U) = k[, y]. A

3.5 The sheaf associated to an A-module

The contruction of the structure sheaf can be extended for arbitrary A-modules. For each
A-module M, we define a presheaf M on Spec A, whose sections over distinguished open
sets D(f) are given by

M(D(f)) = M.
If D(g) < D(f), the restriction map is given by the localization map M; — M. The same
proof as for the structure sheaf (Proposition 3.18), shows that this is actually a %-sheaf,
which extends uniquely to a sheaf on Spec A, which we will continue to denote by M.

Proposition 3.28. (i) The global sections of M recovers the module:
F(SpecA,M) =M.

(ii) For a point € Spec A corresponding to a prime ideal p, the stalk is given
by

M, = M,.

This tilde-construction is functorlal in M. For C any A-linear map ¢: M — N, there is an
induced map of sheaves (Z) M — N. To define qb it suffices, by Proposmon 3.14, to specify
it over the distinguished open sets D(f). Here, we define ¢p ) M(D(f)) — N(D(f))
to be the localization of ¢, that is, the map

¢p: My — Nyso m/f" > ¢(m)/f"
This defines a map of Z-sheaves because the following diagram commutes for each f and g
with D(g) < D(f):

MfLNf

I

M, —% N,

Indeed, writing ¢" = a f, the composition M; — M, — N, sends m/f™ to p(ma™)/g"™ =
a™¢(m)/g"™, which is is the same as the image via Mf — Ny — N,.

We also have qb P = qb 1/1 whenever ¢ and v are composable A-linear maps. Conse-
quently the tilde-operation defines a functor from the category Mod 4 of A-modules to the
category of sheaves on Spec A.

Example 3.29. Let A be aring and let I — A be an ideal. Then T is an ideal sheafin Ogpec A-
This means that for each U < Spec A, the space of sections I(U) is an ideal of O x (U). For
U = D(f),wehave I(D(f)) = I Ay, the ideal generated by [ in A;. A
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Example 3.30. Let A = k[z,y]/(2* + y*> — 1) and X = Spec A. Consider the A-module
M = (Ae, @ Aes) /(zer + yea).

Let us determine the stalk of M at the point P = (0,1) € X corresponding to the prime
ideal p = (z,y — 1). Since y ¢ p, y is invertible in A,, and we can replace the relation
ze; + yey by xy~te; + eo. This allows us to eliminate the component Apes, and we find:

(M)P = Mp = (Apel @Ap@Q) /(a:y_lel + 62) sl Ap = OX,P'

As X is covered by the two distinguished open sets D(z) and D(y), the same type of

argument shows that (M), ~ A, for every p. Therefore M and O x have isomorphic stalks
at every point. A

3.6 Exercises

Exercise 3.6.1 (Differential operators). Let X = R and let C"(X,R) be the sheaf of
functions f: U — R which are r times continuously differentiable.
a) Show that C" (X, R) is a subsheaf of C'(X, R).

b) Show that the differential operator D = d/dz defines a morphism of sheaves
D: C"(X,R) —» C"}(X,R).

Exercise 3.6.2. Let X be the set with two elements with the discrete topology. Find a presheaf
on X for which the Locality axiom fails. HINT: Define F(X) to be much bigger than

F({p}) and F({q}).

Exercise 3.6.3. In the notation of Example 3.5, the differential operator gives a map of
sheaves D: @y — fx, where as previously X < C is an open set.
a) Show that the assignment

F(U)={feaxU)|Df=0}

defines a subsheaf F of 7.

b) Show that if U is a connected open subset of X, one has F(U) = C.

¢) For a not necessarily connected set U, show that (U) = [ ;) C where the
product is taken over the set my(U) of connected components of U. Deduce
that F is the constant sheaf with value C.

Exercise 3.6.4. Let X < C be an open set.

a) For U c X open, define KC(U) to be the group of meromorphic functions on U
(these are functions holomorphic on all of U except for a set of isolated points,
where they have poles). Show that C(U) is a sheaf of groups which contains
the sheaf of holomorphic functions Ay as a subsheaf.

b) For points a4, ...,a, € X and ny, ..., n, natural numbers, define F(U) to
be the set of meromorphic functions in U which are holomorphic away from
the a;’s and having a pole order bounded by n; at a;. Show that F is a sheaf of
abelian groups.

¢) Are K and F sheaves of rings?
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60 The Structure Sheaf

Exercise 3.6.5. Let X be a topological space and let Z < X be a closed subset with
inclusion ¢: Z — X. For a sheaf F on Z, describe the stalks of ¢, F.

Exercise 3.6.6. Let X be a topological space and define F by setting 7 (X ) = 0, F(&) =0
and F(U) = Z for every other open set, and with restriction maps F(U) — F (V) equal to
the identity if U and V' are different from ¢ and X, and the zero map otherwise. Show that
F is a presheaf. Is F a sheaf?

Exercise 3.6.7 (The sheaf of homomorphisms). Given two presheaves F and G, we may
form a presheaf Hom(F, G) by letting the sections over an open U be given by

Hom(F,G)(U) = HomAb(X)(]:‘U>g’U)- (3.14)

If V' < U, the restriction map sends ¢: F|y — G|y to the restriction ¢|y : Fly — Gly.
Show that Hom(F, G) is a sheaf whenever G is a sheaf.

Exercise 3.6.8. Let F be a sheaf and let s,¢ € F(U) be two sections. Show that s = ¢ if
and only if s, = t, forevery x € U.

Exercise 3.6.9. Let ¢, : F — G be maps of presheaves and assume that G is a sheaf. Prove
that ¢ = 1) if and only if ¢ and %) induce the same maps on all stalks, i.e. ¢, = 1, for every
x € X. HINT: Use Exercise 3.6.8.

Exercise 3.6.10. Let ¢ : F — G be a map of sheaves. We say that ¢ is injective (resp.
surjective) if ¢, : F, — G, is injective (resp. surjective) for every point € X.
a) Show that ¢ is injective if and only if ¢ : F(U) — G(U) is injective for every
open set U.
b) Give an example of a map of sheaves ¢ so that ¢,, is surjective for all x € X,
but px : F(X) — G(X) is not surjective. HINT: Example 3.8.

Exercise 3.6.11. Verify the formula (3.4).

Exercise 3.6.12. Denote by {x} a one point set. Let X be a topological space and f: X —
{} be the one and only map. Show that f,F = I'(X, F) (where strictly speaking I'( X, F)
stands for the constant sheaf on {*} with value T'(X, F)).

Exercise 3.6.13. Let X be a topological space and x € X a point that is not necessarily
closed. Let ¢ : {} — X be the inclusion. Let .4 be the constant sheaf on {z} with value the
group A. Show that the stalks of ¢,.4 are

(A, = {A ify e {z}

0  otherwise.

Exercise 3.6.14. Let F and G be two sheaves on a space X and assume there is an open
covering U of X and isomorphisms 0y : F ]U o~ Q|U that match on intersections; that is,
Ov|v~vr = Our|u~vr. Show that there is an isomorphism 6: F ~ G extending the 6;’s.
HINT: It is possible to do this via Z-sheaves.

Exercise 3.6.15. Let U = {U,};c; be an open cover of a space X and let U’ = {U,};c; be a
subcover (J < I). Show that the sequence (3.1) is exact for the covering I/ if and only if it is
exact for U’.
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Exercise 3.6.16 (The restriction of a sheaf). Let U — X be an open subset of a topological
space X and let F be a sheaf on X. Define F|;; by the assignment F|; (V) = F(V) for
VcU.
a) Show that F|;; defines a sheaf on U, and that the stalks at points in U are equal
to the corresponding stalks of F.
b) Let G be a sheaf on U. Let .: U — X be the inclusion map. Show that
L (G)v ~G.

Exercise 3.6.17. Let X = R with the standard topology.
a) Let F be the subpresheaf of C'(—, R) defined by

FU)={f:U—R]| fisbounded}

Show that F is not a sheaf.
b) Let G be the subpresheaf of C'(—, R) defined by

GU)={f:U—->R|f(0)=f(1)}
Show that G is not a sheaf.

Exercise 3.6.18. Let X be a topological space where every open cover of any open set has a
finite subcover (i.e., if U = | J,.; U, then there exists a finite J < I such that U =  J,_; U,).
Show that a presheaf F is a sheaf if and only if it satisfies the Locality and Gluing axioms for
all finite covers.

Exercise 3.6.19. Let % be a basis and let F’ be a & sheaf. Show that the stalk of the extended
sheaf F at a point z € X is given by
F, = h_r)n F(U). (3.15)
UeAB, xeU

Exercise 3.6.20. Let X = Spec A where A = Qlz,v, z]/(2*, 2y, z2). Show that if
U =X —-{(0,0,0)}, then

Ox(U) # S(U)"A.

HINT: Write U = D(y) u D(z) and imitate Example 3.27.
This example shows that the formula Ox (U) = S(U) ' A does not hold for all open sets
U.

Exercise 3.6.21 (Alternative description of Ox). Let X = Spec A. Consider the partial
order on the elements of A defined by g < f if D(g) < D(f).
a) Show that the localizations A form a directed system of A-modules with the
localization maps Ay — A, whenever g < f.
b) For an open set U < X, define

Ox(U) = lin Af.
feA, D(f)cU

That is, a section of Ox(U) is a collection of elements (s;); where each
sy € Ay such that if D(g) < D(f), then s; maps to s, under Ay — A . If
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62 The Structure Sheaf

V' < U are two opens, then any D( f) which is contained in V' is also contained
in U, so there are canonical restriction maps Ox (U) — Ox (V).
Compare with the formula (3.7).
¢) Show that Oy is a sheaf.
d) Show that O is isomorphic to the structure sheaf on Spec A as defined in the
text.

Exercise 3.6.22. Describe the points of the prime spectrum X = Spec C|z, y](, ). Compute
Ox(U) where U = X — {(z,y)}.

Exercise 3.6.23. Let X < C be an open set and let .4 be the sheaf of holomorphic functions
on X. Show that for a point P € X, the stalk .Ap can be identified with the ring of power
series that converge in a neighbourhood of P.

Exercise 3.6.24. Let X be a topological space and let F be a sheaf of rings on X. Show
that if s € 7 (X), the map F(U) — F(U) given by multiplication by s is a morphism of
sheaves.

Exercise 3.6.25. Let A be an Artinian ring and let X = Spec A. Using the structure sheaf
and the fact that X is discrete, show that

A:HAm.
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4

Schemes

4.1 Locally ringed spaces

We would like to define a scheme to be a space which is ‘locally affine’, that is, one where
every point has a neighbourhood which is isomorphic to the spectrum of a ring. To be able to
make such a definition precise, we need a suitable category of spaces to work with. To this
end, we use the two pieces of data we have: Spec A and its sheaf of rings Ogpec 4.

Definition 4.1 (Locally ringed spaces). A locally ringed space is a pair (X, Ox ) where
X is a topological space and Oy is a sheaf of rings on X such that all the stalks Ox
are local rings.

To make this into a category, we need to specify what a morphism between two locally ringed
spaces is. Reflecting the above definition, a morphism betwen (X, Ox ) and (Y, Oy ) should
have two components, one map between the underlying topological spaces X and Y and one
on the level of sheaves. Note that it does not make sense to talk about morphisms Oy — Oy,
as these sheaves live on different spaces. Instead, once a continuous map f: X — Y is
specified, the sheaf map should be a map Oy — f,.Ox of sheaves of rings on Y. This means
that for all open subsets U < Y, there are ring maps

Ji: Oy (U) — Ox(f7'U),
compatible with the restriction maps; that is, such that the following diagrams commute:

Oy (U) — T 0y (D)

oy | [prmrvsmrv 1)

Oy (V) T> Ox(f~'V).
\'4

The intuition again comes from the setting of affine varieties. As we saw on page ??, a

morphism of affine varieties f: X — Y is precisely a continuous map such that the pullback

g o f is a regular function on f~!(U) whenever g is regular on U. In other words, the

pullback is a ring map Oy (U) — Ox(f~'U), and the collection of all of these defines a

map of sheaves Oy — f,.Ox.

Note that if g is a regular function which vanishes at a point y € Y then its pullback
f*(g) = g o f vanishes at every point of z € f~!(y) in U. In other words, if g € m,, then
f*(g) € m,, for each such x and y.

For a general locally ringed space, we do not have the luxury of speaking about functions
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64 Schemes

into some fixed field k, so the sheaf map f* has to be specified as part of the definition of a
morphism. Moreover, the condition of ‘pulling back vanishing functions’ translates into the
following requirement. For a point z € X and y = f(z), the morphism f* induces a map of
local rings:

fa’i: OY,y I OX,CE’ (42)

This map is defined as follows: pick an element s, € Oy, and represent it as the germ of a
section s € Oy (1) over some open set W Y. Then the section t = f%,(s) is a section of
Ox (f~'W). We define f%(s,) to be the germ of this section at z, i.e. fi(s,) = t, € Ox ..
This makes sense because f~'WW contains z. By the definition of the stalk, this does not
depend on the choice of open set W containing y.

In the case of affine varieties, the map (4.2) sends a rational function g € Oy, which is
regular at y = f(z) to g o f which is regular at z. By what we said above, f¥ sends the
maximal m,, into m,, for every = € X. In other words, fﬁ is a map of local rings.

Definition 4.2 (Morphisms of locally ringed spaces). A morphism, or simply map, of
locally ringed spaces (X, Ox) — (Y, Oy) is a pair (f, f*), where

(i) f: X — Y is a continuous map,

(i) f*: Oy — f+Ox is a map of sheaves of rings on Y,
such that for every « € X, the induced map on stalks

fﬁi Oy,f(gc) — Ox,x

is a map of local rings; that is, f#(my(,)) < m,.

For simplicity, we usually denote the morphism by f: X — Y, omitting f*.

Morphisms of locally ringed spaces can be composed. Given (f, f*): (X,0x) —
(Y,Oy) and (g,9%): (Y,0y) — (Z,0), we define the morphism X — Z by the
composition g o f on the level of topological spaces. The sheaf map (g o f )ﬁ is defined over
an open set U  Z by the composition

04(U) —L Oy(g'U) —L Ox((go £)~'U) = (U, (g o 1), Ox).

An isomorphism of locally ringed spaces is a morphism f: X — Y which admits an inverse
morphism. In other words, there is a morphism ¢g: ¥ — X such that g o f = idx and
f o g = idy. In concrete terms, this boils down to: (i) f being a homeomorphism, and (ii)
fl: Oy(U) — Ox(f'U) being an isomorphism of rings for every open U < Y.

Spec A as a locally ringed space

For aring A, the pair (Spec A, Ogpec 4) is by design a locally ringed space. The set Spec A
is endowed with the Zariski topology and the structure sheaf Ogpec 4 is a sheaf of rings with
stalks which are local rings of the form A,. In this section, we show that ring maps induce
maps of locally ringed spaces.

Let ¢: A — B be a map of rings and write X = Spec B and Y = Spec A. We define a
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4.1 Locally ringed spaces 65
morphism
(f, f): (X,0x) — (Y, Oy). (4.3)
as follows. On the level of topological spaces, we define f: X — Y by
f(p) =67 (p). (4.4)

The sheaf map f#: Oy — f,Oyx is defined on the basis of distinguished open sets. Consider
a distinguished open set D(g) < Y = Spec A. Then,

f7H(D(9)) = D(¢(9))- 4.5)

The sections involved are

Oy (D(g)) = Ay,
f+0x(D(g)) = Ox(D(¢(9))) = Bs(g)-

We define f*: Oy — f.Ox over D(g) by the canonical localization map

Ay —> By(q)
a ¢(a)

—_— .

9" ¢(g)"

Note that if ¢(g) = 0, then By, = 0, and this is the zero map.
These maps define a morphism of ZB-sheaves: if D(h) < D(g), we have a commutative

(4.6)

diagram
Oy (D(g)) — Ox(D(¢(9))) Ag — Bay(y)
Oy (D(h)) —— Oy(D(¢(h))) Ap —— Bsw)

In the diagram on the left, the vertical maps on the left are restriction maps of sheaves, while
on the right, the vertical maps are localization maps of rings.

Finally, we check that for each point z € X, the induced map f?: Oy ¢(,) — Ox isa
map of local rings. Let p be the prime ideal corresponding to x, so that ¢ = ¢~ '(p) is the
prime ideal corresponding to f(x) € Spec A. From the paragraph following (4.2), we can
understand the map fﬁ as follows: For an element ¢t € Oy, y(,) = Aq, writingitast = a/g"
allows us to view it as the germ of a section a/g" € Oy (D(g)) for some open set D(g)
containing . Note that ¢ € D(g) means that g ¢ q = ¢~ '(p). Then f#(#) is the image of ¢
via the composition

Ag _—> B¢(g) _— Bp = OX,:L" (47)
Now, if ¢ € A, lies in the maximal ideal, then we can write t = a/¢" witha € q = ¢~ *(p).

Then ¢(a)/¢(g)™ € pBy(y), and hence fi(t) € pB, lies in the maximal ideal of Ox . This
shows that (f, f¥) is a morphism of locally ringed spaces.

The second part of the next example gives a pair (f, f*) which is not a morphism of locally
ringed spaces.
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Example 4.3. Let X = SpecC(t) and Y = A}l = SpecC[t]. There is a natural map
f: X — Y induced by the inclusion C[t] < C(t). On the level of topological spaces, X
consists of a single point &, and f maps £ to the generic point v of Y. The corresponding
stalk map fg: Oy,, — Ox ¢ is the identity map

Oy, = Clt]o) = C(t) —> C(t) = Ox,

which is certainly a map of local rings.

On the other hand, we could try to define a strange map g: X — Y by sending & to
some other point y € A} corresponding to a maximal ideal (¢ — a) < C[t]. This map is
certainly continuous. For the sheaf map, note that (g, Ox)(U) = C(t) if U contains y and 0
otherwise. We can therefore define g*: Oy — ¢, Ox as follows: for an openset U < Y, g,ﬁ]
is the inclusion map Oy (U) < C(t) if y € U, and the zero map otherwise. This is clearly a
map of sheaves of rings. However, the map on stalks is given by

gt Oyy = Clt](1—a) — C(t) = Ox

and this sends the maximal ideal (¢ — a) to the unit ideal in C(¢). In other words, the element
t — a vanishes at y € Y, but its pullback, the image of ¢ — a in C(¢) does not vanish at &.
Therefore, g is not a morphism of locally ringed spaces. A

4.2 Schemes

‘We have now come to the definition of a scheme.

Definition 4.4. An affine scheme is a locally ringed space (X, Ox ) which is isomorphic
to (Spec A, Ogpec 4) for some ring A.

If X is a locally ringed space and U < X is an open subset, the restriction Ox | is a
sheaf on U making (U, Ox|y) into a locally ringed space. Indeed, the stalks of O x |y are the
same as those of O x at every point of U. In particular, it makes sense to ask when a locally
ringed space is locally isomorphic to an affine scheme:

Definition 4.5 (Schemes). A scheme is a locally ringed space (X, Ox ) which is locally
isomorphic to an affine scheme in the following sense: there is an open cover {U; };cr
of open subsets of X such that each (U;, Ox|y,) is isomorphic to some affine scheme

(Spec Ai7 OSpec Ai)'

To summarize, a scheme consists of a topological space X, which has a covering consisting
of open sets of the form Spec A;, and sheaf of rings Ox which restricts to the structure
sheaves Ogyec 4,. For a point P € X, the stalk Ox p is a local ring with maximal ideal mp.
The quotient field x(P) = Ox p/mp is called the residue field. If P is contained in an affine
open set U = Spec A and corresponds to a prime ideal p, then we have

OX7P = Ap7 mp = pApa ’i(P) = Ap/pAP

A morphism, or map for short, between two schemes X and Y is simply a map f between X
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4.3 Morphisms into an affine scheme 67

and Y regarded as locally ringed spaces. In this way, the schemes form a category, which we
shall denote by Sch. It contains the category of affine schemes AffSch as a full subcategory.

4.3 Morphisms into an affine scheme

The following is a fundamental result in the theory of schemes.

Theorem 4.6. Let X be a scheme and let A be a ring. Then there is a canonical bijection
Homs, (X, Spec A) = Homgipgs (A4, Ox (X)). (4.3)
defined by sending (f, f*): X — Spec A to the map of rings fgpecA: A — Ox(X).

Proof Injectivity of (4.8): Let (f, f*) and (g, g*) be two morphisms of schemes X —
Spec A and assume that f* and g* induce the same ring map ¢: A — Ox (X).

Let 2 € X and write p < A for the prime ideal corresponding toy = f(z). If £: A — A,
denotes the localization map and p,.: Ox (X ) — Oy, denotes the germ map, then there is
a commutative diagram

A =—— 0y(Y) -2 Ox(X)
¢ . 4.9)
L)
Ap _ Oy,f(x) — OXJ
From the diagram, we see that
p =0 (pAn) D ) = 67 o (m)). (4.10)

where in (), we have pA, = (f#)~!(m,), because f! is a map of local rings. As the right-
hand side of (4.10) only depends on ¢ and x, we see that p is determined by ¢ and hence
f(z) and g(x) must be equal, as they correspond to the same prime ideal in A. Therefore, f
and g are equal on the level of topological spaces. We will from now on write f for this map.

Next we show that f# = ¢ as maps of sheaves Oy — f.Ox. As the sheaves involved
are on Y = Spec A, it suffices to show that they agree over the distinguished open sets. For
h € A, consider the diagram

Oy (Y) —2— Ox(X) A—2 4 04(X)
Oy (D) 20 0D Ay 2 0 (D)

By the universal property of localization, a morphism A;, — Ox (f~'D(h)) exists if and
only if h becomes invertible Ox (f~'D(h)), in which case it is unique. This means that
fg(h) = g%(h) as ring maps. As this happens for every h € A, we find that f* = ¢*.

Surjectivity of (4.8): Let p: A — Ox (X)) be a ring map. We will define a morphism of
schemes f: X — Y such that ff, = ¢.
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In light of (4.4), there is a natural choice for the map on topological spaces. For x € X,
we set f(z) to be the prime ideal in A that is the preimage of m,, under the composition

A2 Ox(X) L5 Ox,.
First we check that this assignment is continuous. For a section s € Ox (X), define the set
D(s)={zxe X |s,¢m,}.

This set is open in X, because if s, ¢ m, for some point x € X, then s, is invertible in
Ox ., but then s|y is also invertible in some neighbourhood V' of z, and V' < D(s) (see
Lemma 4.7).

Consider a distinguished open set D(g) < Spec A. Then

f(D(g)) ={ze X | f(z)eD(g)}
={zeX|g¢(p0¢)  (m)}
={ze X |p.(¢(g)) ¢ ms }
={ze X [(6(9): ¢ m:}
= D(#(9))-

Since D(¢(g)) is open in X, and the sets D(g) form a basis for the topology on Spec A, we
conclude that f is continuous.

By Lemma 4.7, the restriction ¢(g)|p(s(g)) is invertible in Ox (D(4(g))). Therefore, by
the universal property of localization, the ring map ¢ induces a ring map

Ay — Ox(D(¢(9)))- (4.11)

Explicitly, (4.11) sends ag~" t0 ¢(a)| p(s(9)) - (#(9)| D(6(g))) " Moreover, if D(h) < D(g),
then we have the following diagram

Ay — Ox(D(9(9)))

l l (4.12)

Ap — Ox(D(¢(h)))

which commutes by the uniqueness part in the universal property of localization.
We define f]ﬁj () t0 be the ring map (4.11). By (4.12), these maps are compatible with the

restriction maps, and so we get a map of sheaves f*: Oy — f,Ox.

To see that (f, f ti) is a morphism of locally ringed spaces, we need to check that for each
z € X, the induced map f#: Oy ;) — Ox_, is a map of local rings. That is, we need to
check that f ti(pAp) C m,. But this follows by looking at the commutative diagram (4.9),
because p is exactly the inverse image of m, under the composition p,, o ¢.

Finally, if we set g = 1 in the definition of f*, then ¢(g) = 1 and (4.11) is simply given
by the original ring map ¢: A — Ox (X). This means that ¢ is induced by (f, f¥). O

For the surjectivity part of the above proof, we used the following little lemma:
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Lemma 4.7. Let X be a scheme and let s € Ox (U) be a section.
(i) If s, is invertible in Ox , for some point x € U, then there is an open set '
containing x such that s|y is invertible in Ox (V).

(ii) If s, is invertible in Oy, for every x € U, then s is invertible in Ox (U).
Proof (i): Lett, € Ox , be the inverse of s,, so that s, - t, = 1in Ox ,. As all elements
of Ox ., are germs, we may find an open set V' containing = and a section ¢, € Ox (V') such
that (ty ), = t,. Then (ty ), - S, = 1in Ox ., so shrinking V' if neccessary, we may assume
that sy, - t|v = 1lin Ox<V)

(ii): By the first part, we may find an open covering {V; };c; of U and sections t; € Ox (V})
such that ¢; - s|y, = 1in Ox (V). As inverses are unique, we must have Z;|v,~v, = t;|v,~v,
for every i and j, and so the ¢; glue to a section t € Ox (U). By the Locality axiom, the
section ¢ has the property that st = 1 in Ox (U), because st and ‘1” both restrict to the same
section over each V;. Hence s is invertible in Ox (U). O

In the above proof, we never used the fact that X had an affine covering consisting of
affine schemes. This means that the theorem and the proof is valid even in the case where X
is a general locally ringed space.

-

Corollary 4.8. For any scheme, there is a canonical morphism §: X — Spec Ox (X).
If f: X — Spec A is any morphism to an affine scheme, then there is a unique morphism
h: Spec Ox(X) — Spec A such that f = h o 6.

Proof The morphism 6 is obtained by taking the identity map in the right-hand side of
(4.8). Morphisms f: X — Spec A are in one-to-one correspondence with ring maps A —
Ox (X); the factorization f = h o 6 comes from the composition A — Ox(X) —
Ox(X). O

Example 4.9 (Morphisms to A' and Ox (X)). For aring A, there is a bijection between
ring maps ¢: Z[t] — A and elements of A (¢ is determined uniquely by the image of t).
Therefore, by Theorem 4.10, there is a bijection

HOmsch(X, Al) = Ox(X)
That is, an element of Ox (X)) is the same thing as a morphism
f: X — AL

Thus the global sections of the structure sheaf Oy do indeed correspond to some sort of
‘regular functions’ on X, not into a field &, but into the affine line over Z. AN

The main theorem of affine schemes

The main consequence of Theorem 4.6 is that the category of affine schemes, AffSch, is
anti-equivalent to the category of rings, Rings. To formulate this precisely, we note that the
assignment A — Spec A defines a functor

Spec: Rings” —— AffSch. (4.13)
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For each ring map ¢: A — B, this sends ¢ to the morphism (f, f¥): Spec B — Spec A.
It follows by the definitions that Spec ¢ o Spec ) = Spec() o ¢), whenever ¢ and 1 are
composable ring maps (Exericse 4.11.60).

In the opposite direction, there is the global sections functor I' which sends each affine
scheme X to the ring I'(X, Ox) = Ox (X). For a morphism of affine schemes f: X — Y
the associated sheaf map f#: Oy — f,Ox induces a ring map on global sections:

ffxi Oy (Y) — I'(Y, f:Ox) = Ox(X).

By Theorem 4.6, these two functors give an equivalence of categories, analogous of Theorem
1.29 for affine varieties.

Theorem 4.10 (Main Theorem of Affine Schemes). The two functors
Spec: Rings” — AffSch and T': AffSch — Rings™

define an equivalence of categories between Rings®” and AffSch.
Proof AsT'(Spec A, Ospec 4a) = A for any ring A, we have an equality of functors I o
Spec = idgingsor . Conversely, starting with an affine scheme X', Theorem 4.6 shows that X is
canonically isomorphic to Spec(Ox (X)). Therefore Spec o I' is equivalent to idagsch. [

To summarize, affine schemes X are completely characterized by their rings of global
sections Ox (X), both on the level of topological spaces and the structure sheaf. Morphisms
between affine schemes X — Y are in bijective correspondence with ring homomorphisms
Oy (Y) — Ox(X). In particular, a morphism between two affine schemes is an isomorphism
if and only if the corresponding ring map is an isomorphism.

Example 4.11. There is one and only one morphism of schemes Spec Z — Spec Z. Indeed,
ring maps are required to send 1 to 1, so there is only one ring map Z — Z.

More generally, for any scheme X, there is a unique map of rings Z — Ox(X), so by
the theorem, any scheme admits a unique morphism X — Spec Z. In categorical terms, this
means that Spec Z is the terminal object in the category of schemes. A

Example 4.12. In order to check that a morphism of schemes f: X — Y is an isomorphism,
it is not enough to check that f is injective and surjective — also the structure sheaves have
to be isomorphic. For instance, Spec C — Spec R is a homeomorphism, but the two affine
schemes are not isomorphic. For another example, see Example 1.32. A

If & is a field, then any n-tuple of polynomials fi, ..., f, in k[xy, ..., x,,]| determines a
morphism A" — A7 via the ring map ¢: k[y1,...,yn] — k[z1,. .., x,] which sends y;
to f1, ys to fo etc. Conversely, any morphism A" — A7} is of this form; the polynomials
fi, ..., fn can be recovered as the images ¢(y1 ), . .., d(Yn)-

For brevity, we will continue to denote such morphisms by

fr A" — A"
(T1,...y2n) — (fi(z),..., fulz))

This is a useful notation, but one should keep in mind that the indicated mapping on sets is
only valid for the ‘traditional points’ of the form (a4, ..., a,) € k™.
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4.4 Relative schemes

For aring A, a scheme over A or simply A-scheme, is a scheme X together with a morphism
X — Spec A. A morphism of A-schemes is a morphism f: X — Y which is compatible
with the two morphisms to Spec A, that is, so that the following diagram commutes:

! Y

\ / (4.14)

Spec A

X

The schemes over A form a category Sch/A, with the category of affine schemes over A,
AffSch/A, as a full subcategory.
The Main Theorem of Affine Schemes (Theorem 4.10) has the following analogue:

Theorem 4.13. Let A be aring. Then the category AffSch/A of affine schemes over A
is equivalent to the opposite category of the category of A-algebras Alg/A.

One motivation for discussing relative schemes is that it allows us to precisely say what it
means for a scheme or a morphism of schemes to be ‘defined’ over a field or a ring. If X is a
scheme over a field k, then all of the rings Ox (U) and the local rings O, are k-algebras.
Moreover, for a morphism f: X — Y of k-schemes, the ring maps Oy (V) — Ox (f~'V)
are maps of k-algebras. So this is a scheme-analogue of being an ‘affine variety over k’.

Example 4.14. An affine scheme Spec B is an A-scheme precisely when B is an A-algebra.
A morphism Spec B’ — Spec B is a morphism over A precisely when then corresponding
ring map B — B’ is a map of A-algebras. A

Example 4.15. A}@ is a scheme over QQ. It is however not a scheme over R. A

Example 4.16. By Example 4.11, every scheme has a unique structure as a Z-scheme. Hence
there is an equivalence of categories Sch/Z = Sch. A

By the requirement (4.14), the set of morphisms between two fixed schemes X and Y
depends on the category of schemes in which we consider them. The next example illustrates
this.

Example 4.17. The scheme X = Spec C can be regarded as a scheme over Z, R or C. The
set of self-morphisms X — X to depends on the context as follows:
(i) Asa C-scheme, the only morphism X — X is the identity, so Homgp c (X, X)
has a single element.
(i1) As an R-scheme, there are two morphisms: the identity and the one induced by
complex conjugation C — C. Hence Homg,y, /R(X , X) has two elements.
(iii) As a scheme over Z, the set of self-morphisms is considerably larger, as it can
be identified with the set of field automorphisms of C. In particular,

Homsh/z(Spec C, Spec C)

is an uncountable group. A
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There is an important generalization of relative schemes where we replace the base scheme
Spec A by an arbitrary scheme. Given a scheme S, a scheme over S, or simply S-scheme,
is a scheme X together with a morphism X — S. As above, the schemes over S form a
category Sch/S, where the morphisms between two S-schemes X — S and Y — S are the
morphisms X — Y that are compatible with the two morphisms to .S.

The power of this definition comes from thinking of X as a family of schemes parametrized
by the points of S. This perspective turns out to be conceptually very useful e.g. when we
discuss fiber products and base change in Chapter 7.

Example 4.18. The Mobius strip scheme
X = SpecR[z,y,u,v]/(ve —uy,z* +y* — 1)

from Example 2.39 can be viewed as a scheme over R, but one can also view it as a scheme
over S = Spec R[z,y]/(z* + y* — 1). The latter perspective offers extra geometric insight,
as all the fibers of X — S are affine lines. A

4.5 Open embeddings and open subschemes

If X is a scheme and U < X is an open subset, the restriction Ox | is a sheaf on U making
(U, Ox|y) into a locally ringed space. This is moreover a scheme, because if X is covered by
affines V; = Spec A;, then each U n V; is open in V, hence can be covered by distinguished
open subsets, which are all affine schemes. We call (U, Ox|y7) an open subscheme of X and
refer to the scheme structure on U has the induced scheme structure.

A morphism of schemes ¢: V' — X is called an open embedding if it is an isomorphism
onto an open subscheme of X.

When referring to an ‘open affine subset’ in X or an ‘open affine covering’ of X, we
will always implicitly assume that the open sets are endowed with their canonical scheme
structures, so that they are open subschemes.

Example 4.19. The open set U = A; — V(z) is an open subscheme of the affine line
A} = Spec k[z]. Note the isomorphism U =~ Spec k[x,z~'] = Speck[z,y]/(zy — 1) of
schemes. A

Example 4.20 (Distinguished open subsets). More generally, each distinguished open set
D(f) in an affine scheme Spec A is an open subscheme. It is affine, isomorphic to Spec A;.
Indeed, by Proposition 2.32 the map ¢: Spec Ay — Spec A corresponding to the local-
ization map A — Ay is a homeomorphism onto D(f), and it follows readily from the
definition of the sheaf Oy that the restriction O x | p(y) coincides with the structure sheaf on
Spec Ay. A

Example 4.21. Spec k — Spec k[z]/(x?) is not an open affine subscheme of Spec k[z]/(z?),
even though the subset is open and the scheme is affine. A

A word of warning: an open subscheme of an affine scheme might not itself be affine, as the
next example shows.

Example 4.22 (A non-affine scheme). The open subset U = A? — V(z,y) of A7 =
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Spec k[x, y] is not an affine scheme. This is a consequence of Example 3.27 which showed
that the restriction map

1 Op2 (A7) — 02 (U) (4.15)

is an isomorphism. Indeed, if U were affine, the inclusion ¢: U — A2, being induced
by the ring map ¢*, would be an isomorphism by the Main Theorem of Affine Schemes
(Theorem 4.10), but obviously this is not the case. A

4.6 Closed embeddings and closed subschemes

In this section, we define closed subschemes of a scheme. Intuitively, a closed subscheme of
a scheme X is a scheme Z which is embedded as a closed subset Z — X. Here there are
many possibilities for choosing the scheme structure on the same underlying closed set, and
this makes the definition slightly more subtle than the one for open subscheme.

The main example to have in mind is Spec(A/a), which naturally embeds as the closed
subset V' (a) of Spec A (Proposition 2.29 on page 34). In general, a closed subscheme
is a scheme (Z,0z) with a morphism ¢: Z — X, which locally looks like the map
Spec(A/a) — Spec A. We formalize this in the following definition.

Definition 4.23 (Closed embeddings and closed subschemes). A morphism ¢: Z — X
is called a closed embedding if there is an affine open cover {U, };c; of X such that for
eacht e I:
(1) ¢~ Y(U;) is affine, and
(ii) the ring map
l,jj . Ox(UZ) —> Oz(Lil(Ui))

is surjective.
In this case, we say that Z is a closed subscheme of X . Two closed subschemes Z, Z’
are considered equal if there is an isomorphism ¢ : Z — Z' such that t = ¢’ o ¢.

In concrete terms, X and Z can be covered by affine schemes U; = Spec(4;), and
1~Y(U;) = Spec B, so that for each i, the induced ring map A; — B, is surjective, which
means that B; ~ A;/a; for some ideal a;. Moreover, the morphism = 'U; — Uj is identified
with the morphism Spec(A;/a;) — Spec(A4;).

Even if a closed subscheme Z is defined as an abstract scheme which maps into X, we
usually view it as a closed subset of X. This is justified because the image V' = «(Z) is a
closed subset (the U;’s form an open cover of X, and each subset ¢(Z) n U is closed being
equal to V' (a;)). Moreover, we can equip V' with a structure sheaf by defining Oy to be
Ly Oz.

For notational convenience, we will henceforth use V'(a) to refer to both the closed
subscheme associated with a and the underlying closed subset. The intended meaning will
usually be clear from the context.

Example 4.24. The schemes Spec k[x]/(z™) with n € N and k a field, give different
subschemes of Aj. Still, the underlying topological spaces are identical (a single point).
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However, they are not isomorphic as schemes, as the underlying structure sheaves are not
isomorphic. A

Example 4.25. Consider the affine 4-space A} = Speck[z,y, z, w] over a field k. The
three ideals

Il = (x7y>7 IQ = (1'2;9) and 13 = (372’55%3/2795“1 - yZ),

have the same radical (,y), and hence give rise to the same closed subset V (z,y) < Af,
but they define different closed subschemes of A. A

While the above definition allows us to specify and study a closed subscheme, it is not
immediately clear how to classify all possible closed subschemes of a given scheme — even
in the case of affine schemes. Although every ideal a — A gives rise to a closed subcheme
Spec(A/a) — Spec A, the definition a priori also allows for closed subschemes defined in
terms of other affine coverings. Nevertheless, it is a theorem that all closed subchemes of
Spec A arise from ideals. We will defer the proof of this fact to Section ??, as it is more
naturally proved using sheaves.

Proposition 4.26. Let X = Spec A be an affine scheme. The map a — Spec(A/a)
defines a one-to-one correspondence between the set of ideals of A and the set of closed
subschemes of X . In particular, every closed subscheme of an affine scheme is also affine.

For later use, we include the following definition, which combines the two types of
embeddings we have seen:

p

Definition 4.27 (Locally closed embeddings). A morphism f: Z — X is said to be a
locally closed embedding if it factors as

75U X

where t: Z — U is a closed embedding and j: U — X is an open embedding.

4.7 R-valued points

Until now, we have considered morphisms from a scheme o an affine scheme. If we instead
study the set of morphisms from an affine scheme we arrive at the concept of ‘ring-valued
points’.

A basic motivation for studying R-valued points comes from the viewpoint that spaces in
algebraic geometry are defined in terms of solutions of polynomial equations. Concretely,
given a set of polynomials fi, ..., f. € Z[z1,...,z,], we would like to study the set of
common solutions

filzy, ..o xn) == fu(z1,...,2,) =0 (4.16)

Of course, one has to specify the ring in which the variables x4, ..., z, take their values.
In fact, since the polynomials have integer coefficients, the equations are meaningful over
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4.7 R-valued points 75

any ring R. The scheme X = SpecZ|zy,...,2,]/(f1,--., f+) encodes the all possible
solution sets in a single geometric object. More precisely, the solutions of (4.16) over R will
be the set of R-valued points of X.

~

Definition 4.28. Let X be a scheme and let R be a ring.
An R-valued point is a morphism of schemes

Spec R — X.
The set of R-valued points is denoted X (R), that is,
X (R) = Homs,(Spec R, X). 4.17)

Note that if f: X — Y is morphism, then composition induces a map of sets X (R) —
Y (R). The sets X (R) also depend functorially on R: to each ring map R — S there is a
corresponding morphism Spec S — Spec R, which induces a map of sets X (R) — X (5)
via composition. Therefore the scheme X determines a functor from the category of rings to
Sets. We will explore the link between a scheme and its associated functor in Section 8.1.

Example 4.29. For the affine n-space A" = Spec Z[x1, ..., z,], we have
A"(R) = R™.
Indeed, by Theorem 4.10 on page 70, the R-valued points f: Spec R — A" correspond
bijectively to ring maps
¢: 2|z, ..., v, — R, (4.18)

and these in turn, are in bijection with the set of n-tuples (¢(z1), ..., ¢(z,)) € R"; there is
one for every element of R"™.

In particular, for fields k it holds that A" (k) = k", which explains the notation A" (k)
used in Chapter 1.

Likewise, if X < A" is the closed subscheme defined by an ideal a = (gy,...,9,) C
Z[xy,...,x,], the set of R-valued points X (R) are in a one-to-one correspondence with ring
maps ¢: Z[xy,...,2,]/a — R. These are in turn in bijection with ring maps ¢ as in (4.18)
that vanish on the ideal a. That is, they are in bijection with n-tuples a = (ay,...,a,) €
R™ = A™(R) such that g;(a) = 0 for all 4, or in other words, the solutions of the system
gr=--=g,=0inR. A

Example 4.30. For a concrete example, consider the scheme
X = Spec Z[u,v]/(u® + v* — 1).

Then the set X (R) of R-points consists of the points of the unit circle in R?, and the Z-points
X (Z) consists of the four points (+1,0) and (0, +1). (See Exercise 4.11.28 for a description
of X(Q).) A

Looking at maps from spectra of fields helps us understand the points of a scheme. Every
point of X is a K -point for some field K. Namely, if x € X is a point, there is a canonical
morphism

L2 Speck(x) — X
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76 Schemes

which maps the unique point of Spec x(z) to . To see this, suppose x is contained in an
open affine subset U = Spec A and corresponds to a prime ideal p = A. Then the residue
field is given by x(x) = A, /pA,, and the morphism ¢, : Spec k(z) — X is defined by the
composition

Spec k(x) — Spec(4,) - U — X.

The residue fields k() allow us to understand K -valued points of X in general:

Proposition 4.31. Let X be a scheme and let K be a field. Then there is a bijection

X(K) = {(m,a)

a: k(x) — K is a map of fields

z € X is a point, and }

Proof Fix apointx € X, and let U = Spec A be an open affine subscheme containing x,
so that  corresponds to a prime ideal p in A.

Write 0 € Spec K for the unique point in Spec K. Since Spec K has a single point, any
K-valued point f: Spec K — X with image x, factors uniquely via U — X. We therefore
reduce to considering the K -valued points of U. By Theorem 4.6, these are in bijection
with ring maps ¢: A — K. Under this correspondence, we have f(0) = x precisely when
¢~1(0) = p, which means that ¢ factors uniquely as A — A/p — K. Since K is a field,
any ring map A/p — K in turn factors uniquely via the residue field A/p — k(p) — K.
Hence the K -valued points f are are in bijection with the maps of fields x(z) — K. O

There is also the relative version of the notion of R-valued points. Let X be a scheme
over aring A and let R be an A-algebra. Then an R-valued point of X is a morphism of
A-schemes Spec R — X. The set of R-valued points is denoted by

X (R) = Homge/a(Spec R, X).

Working over a base ring A is in fact very important here. The reason is that considering
all morphisms Spec R — X typically leads to a set that is too large and does not capture
the geometric picture we want. For instance, for X = Spec C, the set X (C) has 1, 2 or an
infinite number of elements depending on whether we view it as a scheme over C, R or Z
respectively (see Example 4.17).

Even though the base ring A is not present in the notation X (R), it will usually be clear
from the context which category we are working in.

4.8 Gluing two schemes together

By definition, a scheme is a space which is locally built from affine open subschemes. Over
the next few sections, we will explain how to conversely construct schemes by gluing together
schemes along open subschemes. These gluing techniques are fundamental in scheme theory.
As we will see in Chapter ??, this gives a vast collection of new examples of schemes. The
gluing of schemes is also an important part in many general existence proofs, such as the
construction of the fiber product.

We begin by examining the most basic case, where we glue together two schemes X
and X, along a common open subscheme. Precisely, this means that we are given open
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4.8 Gluing two schemes together 77

Figure 4.1 Gluing two schemes together

subschemes X, < X; and X5; < X; respectively, and we use an isomorphism 7: X5, —
X129 to identify the points of X5 and X5;.
The new scheme X has an underlying topological space given by the quotient space

X =(XiuXy)/~

where ~ is the equivalence relation defined by x ~ 7(z) forall x € X5 < X,.

q: X1 u X5 — X denote the quotient map, and define g; = ¢|x,: X; — X fori = 1,2.
Then the maps g; are open, and their images U; = g;(X;) form an open cover of X. By the
definition of the quotient topology, a set V' < X is open if and only if g; 'V is open in X
fori =1,2.

We define the sections of O x over an open set V' < X as the set of compatible pairs of
sections from X; and X5:

Ox(V) = {(51752) € Ox,(97'V) x Ox, (92 V) | 51l -1y x,, = Tﬁ(82|g2_1Vr\X21)}

For V' < V, the restriction Ox (V') — Ox (V") sends (s1, 52) to (81]y-1y, 2 ,-1y). It s
not hard to check that Oy is a sheaf and that (X, Ox) is a locally ringed space. Moreover,
the maps g;: X; — X are open embeddings onto U; < X for ¢ = 1, 2, so every point of
X has an open neighbourhood which is an affine scheme. (We will prove a more general
statement below).

A basic example to keep in mind is when X; and X, are both affine, say X; = Spec A
and X, = Spec B, glued together along distinguished open subsets D(a) and D(b) for
some a € A and b € B. The gluing map 7 is specified by a ring isomorphism between the
localizations

¢:Aa—)Bb-
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78 Schemes

We picture this by the following diagram
Spec A © Spec A, = D(a) <—=— D(b) = Spec B, < Spec B

The scheme X will not be affine in general. Still, it can be concretely studied in terms of
A, B and the ring map ¢. For instance, the global sections have the following description:

Ox(X) ={(f,9) e Ax B|g/l = ¢(f/1)in By }. (4.19)

This basic construction produces a surprisingly rich set of examples (see the examples at the
end of this chapter.)

4.9 Gluing sheaves

We will now study the more general situation where we glue together an arbitrary collection
of schemes. For this, we also need general results on gluing sheaves and morphisms of
sheaves.

Let X be a topological space X and let {U, };c; be an open cover of X . For convenience,
we will denote the pairwise and triple intersections by

U;=U;nU; and Uy =U;nU; "Uy, 1i,jkel.

The simplest case of gluing involves morphisms of sheaves. The following proposition gives
the precise conditions under which this can be done:

Proposition 4.32 (Gluing conditions for maps for sheaves). Let F and G be sheaves
on X. Suppose we are given, for each ¢ € I, a morphism of sheaves

¢i: Flu, = Glu,,
such that for all 4, j € I, the restrictions agree on overlaps:
Gilv,;, = ¢jlu,,- (4.20)
Then there exists a unique morphism of sheaves ¢: F — G satisfying ¢|y;, = ¢; for all

1el.

N

Proof LetV c X be an open set and let s € F(V') be a section. We want to define ¢(s).
The open sets V; = U; n 'V form a cover of V. Consider the sections ¢;(s|v,) € G(V;). By
(4.20), we have

¢i(s)|vi, = Pi(slvi;) = ¢5(slvi;) = ¢i(s)

Since G is a sheaf, the sections ¢;(s|y;) glue to a unique section in G(V'), and we define
¢(s) to be this section. This assignment is additive and compatible with restrictions, so ¢
defines a map of sheaves. Moreover, by construction, ¢|y, = ¢; for all .

For uniqueness, suppose ¢ and 1) are two morphisms of sheaves so that ¢|y, = Y|y,
for all ¢ € I. Then ¢y (s) = Yy (s) forall s € F(V), by the Locality axiom for G, and
consequently ¢ = . O

v,, forallé,jel.
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4.9 Gluing sheaves 79

For gluing sheaves, the set-up is as follows: given a sheaf F; on each U, the goal is to
construct a global sheaf F on X that restricts to JF; for every U;. A necessary condition for
such an F to exist is that the J;’s should be isomorphic over the intersections U, ;. In fact, by
specifying the precise conditions that these isomorphisms must satisfy (the gluing data), we
get not just a necessary but also a sufficient condition.

p

Proposition 4.33 (Gluing conditions for sheaves). Let {U,},c; be a covering of X.
Suppose we are given, for each ¢ € I, a sheaf F; on U,, and for each ¢,7 € I an
isomorphism

Tjil ]:i|Ui] *’]‘—j

Uij»
satisfying the three conditions
(i) 7 = idg,
(i) 75 = Tigl
(iii) T, = Ti; © T;; over the triple intersection U, jy,.
Then there exists a sheaf 7 on X and isomorphisms

v,: F

U; ’]:i

such that v; = 7;; o v; over each U;;. The sheaf F, equipped with the isomorphisms v,
is unique up to isomorphism.

Proof If W < X is an open set, we will write W; = U; n W and W;; = U;; n W.

We first define F as a presheaf. A section of F over an open set V' is given by a collection
of compatible sections s; € F;(V;). Precisely, for each 4, j € I, we want to identify s; and
7;i(s;) over V;;, and define

]:(V) = {(Si)iel | Tji(si

vij) =Sj

vt R 4.21)

el

The restriction maps are induced componentwise: if W < V', the map F (V') — F (W) sends
(8i)ier to (Si|lw; )ier- This is well-defined, because the 7;; are compatible with restrictions,
which ensures that 7;;(s;|w,,) = s;|w,, if Tji(siv;,) = s,

We next check the two sheaf axioms.

Locality: Let s = (s;) € F (V') be a section, and suppose that s|y, = 0 over every open
set in a cover {V,},ea of V. Then also s;|y,~v, = 0in F;(V, n U;) for all & and 7. As
V., n U; forms an open cover of V' n Uj;, and F; is a sheaf on U, this means that s; = 0 in
F(V n U,). Since this holds for every 7, we see that s = 0 in F(V).

Gluing: Let s* € F(V,,) be a set of compatible sections over the opens of a covering
{V.}aea of V. This means that s* and s are equal when restricted to Vug = VoanVg. Fora
fixed ¢ € I, we then have a compatible collection of sections s € F(U; n V), which, since
F; is a sheaf, glue to a unique element s; € F(U;). We have 7;;(s;) = s; in F(V;;) because
this holds when restricted to each V, n U,;, and since s* € F(V,,). The tuple s = (s;)
therefore defines an element of F(V), which by construction restricts to s* on each W,,.

Note that we have not used the condition (iii) yet. It will be needed in order to construct
the isomorphisms v; : F|y, — JF;. To avoid getting confused by the indices, we work with a

‘/'i..
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80 Schemes
fixed index 0 € I. Suppose V' < Uj is an open set. The projection map

vo: Flu, (V) — Fo(V), (8i)ier — So

induces a well-defined sheaf map v : F|y, —> Fo. We claim that v is an isomorphism.
To begin with, we note requirement v = T 0 1y is fulfilled. Indeed, by the compatibility
condition in (4.21), we have for V' < Uyg,

750(v0(8)) = Tao(80) = 85 = V.

Vo is injective: if s = (s;) € F (V) is a section such that sp = 0 € Fo(V/), then we also have

S; = S; Vio — 7'1'0(50) = 0
forall 2 € I, and hence s = 0.

vy is surjective: take any section o € Fo(V') over some V < U, and define s =
(Ti0(0|v,y ) )ier- Note that for every 7, j € I, we have

Tji(TiO(U|Vjio)) = Tj0(0|‘/ji0)

Therefore, s satisfies the condition in (4.21), and defines an element of F (V). As 10(0|vy, ) =
o by the first gluing condition, we also have v,(s) = o. O

Example 4.34. If X is the scheme obtained by gluing together X; = Spec A and X, =
Spec B, Proposition 4.33 tells us that giving a sheaf F on X is equivalent to specifying (i) a
sheaf F; on X7; (ii) a sheaf > on X5; (iii) a sheaf isomorphism

V2! »7:2|D(b) _— fl‘D(a):

where we use the isomorphism 7 to identify D(b) and D(a). In the special case that F; = M
and F, = N for modules M and N over A and B respectively, it is equivalent to specify an
isomorphism of A,-modules

V12t Aa _— Bb' A

4.10 Gluing schemes

When we talk about gluing schemes, the set-up is as follows. We are given a collection
of schemes {X,};cs, and in each of the schemes X, we are given a collection of open
subschemes X;, one for each j € I. The goal is to produce a new scheme X by gluing
together all the X;’s along these open subschemes. This is done by identifying the open
sets X;; < X, and X;; < X, using scheme isomorphisms 7;;: X;; — X,;. If we let
Xijr = Xir 0 X, (these correspond to the triple intersections before the gluing has been
done), we require that 7;;(X;;,) = X Notice that X is an open subscheme of X;.
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4.10 Gluing schemes 81

Xy

X
e 5 Q
’ \T;g/‘(s

There are three gluing conditions, similar to the ones we saw for sheaves, which must be
satisfied for the gluing to be possible.

Proposition 4.35 (Gluing conditions for schemes). Suppose that we are given a col-
lection of schemes {X;};cr; for each i, j an open subschemes X;; © X, and scheme
isomorphisms 7;;: X;; — X, satisfying

(i) 7 = idx,

(11) Tij = ’7'_;1
(iii) 7;; takes Xj;, into X, and 73,; = Ty; 0 T;; over Xy
Then there exists a scheme X with open embeddings g;: X; — X onto an open

subscheme U; = ¢;(X;) < X such that

e {U;}cr is an open cover of X.
e Foreachi,j € I, g;(X;;) = U; n U; and the following diagram commutes:

Tij

UiﬁUj

X..

Je

The scheme X with the g; is uniquely characterized by these properties up to unique
isomorphism.

For the latter, we rely on the gluing technique for sheaves explained in Proposition 4.33.
The fact that X is locally affine will follow immediately once the embeddings g; are in place,
because the X;’s are schemes and therefore locally affine.

Proof We construct the scheme X in two steps: first the underlying topological space X
and then the structure sheaf.

Define the topological space X as the quotient of the disjoint union [ [, X; by the equiv-
alence relation generated by = ~ 7;;(z) for x € X;;. The three gluing conditions enusure
that this is an equivalence relation. The first requirement means that the relation is reflexive,
the second that it is symmetric, and the third ensures it is transitive. Here X has the quotient
topology: if 7: | [, X; — X denotes the quotient map, a subset U of X is open if and only
if 7= 1(U) is open.
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Topologically, the maps g;: X; — X are simply the maps induced by the open inclusions
X; — [, X;. They are clearly injective, because a point z € X is never equivalent to
another point in X;. Now, by definition of the quotient topology, a subset U of X is open if
and only if g; ' (U) = X; n 7~1(U) is open for all i. In view of the formula

7 (g:(U)) = Usz‘(U N Xij),

we conclude that each g; is an open map, hence a homeomorphism onto its image.

Write Ul = gz<Xz>’ Uij = Ui N Uj and Ui_’jk = Ui M Uj N Uk. On Xijs we have
the isomorphisms Tfi: Ox,|x,, = Ox,|x,, the sheaf maps of the scheme isomorphisms
7;i: Xij — X,i. These satisfy 77, = id, Tﬁi — (%) Vand 7}, = T;‘i o T,ﬁj (on X;;1.) by the
gluing conditions for the morphisms 7;;. Applying Proposition 4.33 the structure sheaves
Oy, glue to a sheaf of rings Ox. By construction, this sheaf of rings restricts to Oy, on each
of the open subsets U;, and therefore the stalks are local rings. So (X, Ox) is a locally ringed
space which is locally affine, hence a scheme.

We leave it to the reader to check the uniqueness statement in the proposition. O

Finally, we consider conditions under which we can glue morphisms of schemes.

Proposition 4.36 (Gluing morphisms of schemes). Let X and Y be schemes and let
{U,}icr be an open cover of X. Given morphisms f;: U; — Y such that

fi
for each ¢ and j, there exists a unique morphism

f: X —Y

U;nU; = fj U;nU;

such that f|y, = f; forevery i€ I.

N

Proof On the level of topological spaces, we set f(z) = f;(z) if z € U;. This is well-
defined because f;(x) = f;(x) for z € U; n Uj, and continuity follows from the continuity
of each f;.

Next we define the sheaf map f*. If V' < Y is an open set, we construct the ring map
f*: Oy (V) — Ox(f~1V) as follows. Take any section s € Oy (V). Using the sheaf maps
fFover U;, we get sections t; = f7(s)in Ox(f~'V nU;). As fF and fjTi restrict to the same
map on U;;, we have

tilyvau, = tilivau,

in Ox(f~*V n Uj;). The t; therefore glue together to a section t € Ox(f~'V), and we
can define f¥(s) to be t. This assignment is compatible with restriction maps, and define a
sheaf of rings f* and that f%, = (f;)%,(s) when V  Uj,. The pair (f, f*) is therefore a map
of locally ringed spaces because it is locally given by the f;.

The uniqueness of f follows from the fact that morphisms of schemes are determined by
their restrictions to any open cover, and the restrictions f|y, are equal to f; by design. [
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4.10 Gluing schemes 83

The affine line with two origins

Consider the scheme X obtained by gluing together two copies X and X, of the affine line
A}, = Spec k[u] over a field k along their common open subset X152 = Spec k[u, u™*] with
the identity morphism ¢ : k[u, u'] — k[u,u '] on the open set. The resulting scheme X
is covered by two A}’s which overlap outside the origin. However, as the gluing process does
nothing over the origins of each A}, there are now two points in X that replace the origin. X
is called the affine line with two origins.

0 Al

O 01 X
1 ©

0 A h

A%

This scheme is not affine. To see this, we use the sheaf sequence, which takes the form

O E— F(X, Ox) — F(AIIWOA,{)@F(A}C’OA}C) E— F(X12,0X12)

@ w

k[u] @ k[u] ———— k[u,u™']

where now p(p(u), q(u)) = p(u) — q(u), and it follows that I'( X, Ox) ~ k[u]. Moreover,
both inclusions ¢: A} — X induce the identity map «*: k[u] — k[u] on global sections. If
X were affine, this would imply that ¢: Aj = Spec k[u] — X is an isomorphism, which is
clearly not the case (it is not surjective, since the image misses one of the two origins).

Semi-local rings

Semi-local rings are rings with finitely many maximal ideals. In the next two examples we
give a few examples of such rings and how they can be described as local rings glued together.

Example 4.37 (Semi-local rings). Consider the two rings Z) and Zs). These are both
discrete valuation rings with with a common fraction field Q and maximal ideals (2) and
(3) respectively. As described in Example 2.14 on page 29, X; = Spec Zs) consists of two
points: the closed point z; corresponding to (2), and the generic point 7; corresponding to
(0). Likewise, Spec Zs) consists of two points -, and 7,. The generic points given the open
embeddings Spec Q — X fori = 1, 2. Hence we can glue together X; and X, along the
two generic points and we obtain a scheme X with one open point 77 and two closed points
x1 and xo.
By (4.19), we can compute O x (X)) as follows:

OX(X) = {(a,b) € Z(g) X Z(g) | a = bln@} ~ Z(Q) N Z(g).

The ring Z2) N Zs) is a semi-local ring with the two maximal ideals (2) and (3). By the
Main Theorem of Affine Schemes (Theorem 4.10) there is a map X — Spec Zz) N Zs),
and it is left as an exercise to show that this is an isomorphism. A
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Example 4.38 (More semi-local rings). More generally, if P = {py, ..., p,} is a finite set
of distinct prime numbers, we can consider the schemes X, = SpecZ, for p € P and
glue them together to form a new scheme X. Indeed, each X, has an open point 7,,, which
is the image of the canonical open embedding Spec Q — X, and we glue X, and X, by
identifying 7, and 7, using the identity map on Spec Q.

We may compute the global sections of the structure sheaf of the new scheme using the
sheaf sequence

0->I(X,0x) — HpE'PF(XP7OX) o HMQ,F(XP N X,, Ox)

| !

HpeP Z(P) 14 ]._[p,qep Q

Here, the map p sends an 7-tuple (a,),ep to the sequence (a, — a,), 4ep, and it follows that
the kernel of p is equal to the intersection Ap = ﬂpep Z(y). This is a semi-local ring whose
maximal ideals are the (p) Ap’s for p € P. There is a canonical morphism X — Spec Ap,
and again we leave it to the reader to verify that this is an isomorphism. A

4.11 Exercises
Exercise 4.11.1. Prove the uniqueness part in Proposition 4.35.

Exercise 4.11.2. Let X and Y be schemes and let & be a basis for the topology on X.
Suppose that there is a collection of morphisms fi;: U — Y, one for each U € 4, such that
if V e A satisfies V < U, we have

fulv = fv.
Show that there exists a unique morphism of schemes f: X — Y such that f|; = fy.

Exercise 4.11.3 (A finite non-affine scheme). Consider a set X consisting of three elements,
x,y, z. Define a topology on X where the open sets are defined as J, {z}, {z,y}, {z, 2},
and X itself. On X, define a sheaf of rings Ox where Ox({z}) corresponds to the field
Q(t), while for the open sets Ox ({z, y}), Ox ({z, z}), and Ox (X) we assign the localized
ring Q[]4). Show that (X, Ox) is a scheme which is not isomorphic to an affine scheme.
HINT: An affine scheme is isomorphic to Spec Ox (X).

Exercise 4.11.4 (The cuspidal cubic). Let k be an algebraically closed field, and consider
the morphism

f: Ay — Speck[z,y]/(z® — y°)
t — (7,1).

induced by the ring map ¢: k[x,y] — k[t] sending x to > and y to 3.
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a) Show that f is a homeomorphism.

b) Letp € A} be the origin. Compute the map fﬁ: Ox,0,00 = Oa1 , and show
that it is not an isomorphism. Conclude that the cuspidal cubic is not even
"locally isomorphic’ to A}, near the origin.

Exercise 4.11.5. Consider the ring A = Z[+/—5] and the ideal a = (2,1 + 1/—5). Show
that a is not principal as follows. For an element o = a + by/—5, define the norm of « as
N(a) = a® + 5b.

a) Show that A/a ~ 7Z/2.

b) Show that N(xy) = N(z)N(y) forall z,y € A.

¢) Show that N(x) = 1 if and only if x is a unit.

d) Show that there is no element = with N (z) = 2.

e) Show that a is not principal. HINT: If a = (), show that  must be a unit.

Exercise 4.11.6. Let X be a scheme whose underlying topological space is a finite and
discrete set. Show that X is affine.

Exercise 4.11.7. Let f: X — Spec A be a morphism of schemes. Show that the closure of
the image f(X) is given by V (Ker ¢) where ¢: A — Ox(X) is the ring map inducing f.

Exercise 4.11.8. Let k be a field and let X = Spec A, where A = k[x,y, z, w]/(zz, 2w, yz, yw).
a) Show that X is the union of two affine planes intersecting at the origin.

b) Let U < X be the open subset obtained by removing the origin. Define the
subset S < A by

S:={feA| f(p) #O0forallpe U}

where m,, is the maximal ideal of the local ring O, at the point p € U.
Prove that the natural homomorphism S™'A — Ox (U) is not an isomor-
phism.
¢) Explain why the analogous statement in part does hold for the union of two
affine lines intersecting at a single point.

Exercise 4.11.9 (The reduction of a scheme). Let X be a scheme and let 4 be the basis of
affine open subschemes of X. For aring R, we let R,cq = R/ +/0, where 1/0 is the ideal of
nilpotent elements in R.

a) Show that V' +— Ox (V),eq defines a B-sheaf of rings on X. If X = Spec A,
show that this sheaf is isomorphic to the sheaf associated to the A-module
Ared = A/\m

b) Let Ox . _, denote the sheaf associated to the Z-sheaf from a). Show that
(X, Ox,.,) is a scheme, which is isomorphic to Spec(A,q) if X = Spec 4 is
affine.

¢) Show that there is a closed embedding ¢: X,.q — X.

d) Show that X,.q and ¢ satisfies the following universal property: for any reduced
scheme Y and a morphism f : Y — X, there is a unique morphism g: ¥ —
Xieqasothat f =10g.

e) If f: X — Y is amorphism, show that there is a unique morphism fieq: X;eq —

Yiea so that fioq 0 7x = Ty © fieq. Show that assignments X — X, .4 and

red

red
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f — freq defines a functor Sch to RedSch which is adjoint to the inclusion
functor RedSch — Sch, where RedSch is the full subcategory of Sch whose
objects are the reduced schemes.

Exercise 4.11.10. Let f: X — Y be a morphism of schemes. Show that the following are
equivalent.
(1) f is dominant.
(i) f(D) is dense for one dense subset D < X.
(iii) f(D) is dense for all dense subsets D < X.
If X is irreducible, they are also equivalent to
Y is irreducible and the generic point of X maps to the generic point of Y.

Exercise 4.11.11. Let X be an integral scheme and let f € K(X). Show that the set of
points p € X such that f € Oy, is open.

Exercise 4.11.12. Fill in the details for the proof of Proposition ??.

Exercise 4.11.13. Let X be an integral scheme and let f: X --» Y be a rational map. Show
that there is a unique maximal open set U for which the f is defined. This is another way of
resolving the ambiguity in the definition of a rational map. HINT: Proposition 4.36.

Exercise 4.11.14. Let X < P? denote the Klein quartic curve defined by the equation
23y + 32 + 22z = 0. Compute the number of k-points on X for k = Fy, F, and Fy.

Exercise 4.11.15. Let X be a scheme. Show that the map p — @ defines a bijection

X — {irreducible closed subsets of X}

Exercise 4.11.16. Let X = Spec A and let M be an A-module. Show that Misan O x-
module, that is, T'(U, M ) is an Ox(U)-module, and the module structure is compatible
with restriction maps. HINT: Show this first for U = D(f), then cover a general open by
destinguished open sets.

Exercise 4.11.17. Let f: X — Y be a morphism. Show that if g € Oy (Y) corresponds
to the morphism g: Y — Al, then f*(g) € Ox(X) corresponds to the composition
X —>Y — AL

Exercise 4.11.18. Show that Al embeds as a closed subscheme of A%. Can A}, be a closed
subscheme of some Ag?

Exercise 4.11.19. Let f: Z — X be a morphism and let U — X be an open subscheme
such that f(Z) < U (as sets). Show that there exists a unique morphism g: Z — U such
that f = 1 o g where ¢: U — X is the inclusion map.

Exercise 4.11.20. Consider X = Spec A, where A = R[u,v]/(u? + v* + 1). Show that
X(R) = &, but X(C) is infinite. Show that A contains infinitely many maximal ideals, so
the underlying topological space of X is infinite.

Exercise 4.11.21. Let X, F;, 7;; be as in Proposition 4.33.
a) Let I3 be the collection of all open sets U < X such that U < U, for at least
one index i € I. Show that 4 is a basis for the topology on X.
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b) For each U € B, choose an index ¢ = i(U) € I such that U < Uj, and set
F(U) = F;(U). For an inclusion V- < U in B, leti = i(U) and j = i(V),
so that also V' < U; n U; = U,;. Define the restriction maps by

puv: FU) = F(U) — F(V) 25 7)) = F(V)  @.22)

Show that this makes JF into a #-presheaf.
¢) Show that 7;; defines an isomorphism v; v : F(V) — F;(V). Use this to
define an isomorphism of presheaves F |y, — F;. Deduce that F; is a B-sheaf.
d) Show that the extended sheaf F and v; satisfy the conclusion in Proposition
4.33.

Exercise 4.11.22. Show that the sections of Oge. 4 over an open set U < X = Spec A,
are given by the inverse limit of the localizations

Ox(U) = lim O(D(f))= lim A. (423)
D(f)cU D(f)cU

Exercise 4.11.23. Let A = k[z,y, z]/(xyz) and X = Spec A. Compute O , where
corresponds to the prime ideal p = (z — 1, y, z). Show that yz # 0 in Ox ,, but takes the
value O for all points in a neighbourhood of p.

Exercise 4.11.24. Show that if f: X — Y is a morphism of locally ringed spaces, the stalk
maps f?: Oy, ) — Ox., induce maps between the residue fields ( f(x)) and £ (x). What
happens when X and Y are affine varieties?

Exercise 4.11.25. Let X = Spec Z. Compute X (F,), X (Q) and X (C).

Exercise 4.11.26. Show that Spec Q[z] and Spec Z are homeomorphic, but not isomorphic
as schemes.

Exercise 4.11.27. Is Spec Q — Spec Z a closed embedding?
Exercise 4.11.28. Show that the Q-points of the scheme Spec Z[u, v]/(u? + v? — 1) are

iven b
o x@ - {( 25 155 lte@futo-

L+t271+12
HINT: Consider lines trough (0, 1) and the ‘second intersection point’ with the circle.

Exercise 4.11.29. With reference to Example 4.30, show that one may interpret X (Q) as the
set of Pythagorean triples:

X(Q) = {(a,b,c) € Z* | a® + b* = ¢ and a, b, c relatively prime }.

Exercise 4.11.30. With reference to Example 4.30, let p be a prime such that p 22 1 mod 4.
Show that the description in Example 4.30 also is valid for X (FF,).

Exercise 4.11.31. With reference to Example ??, consider the natural inclusion
A = Rlu,v]/(v® + v* + 1) < Clu,v]/(v® + v* + 1) = Ac.

For each point z = (a, b) € X (C) consider the ideal n, = m_ n A. Show that n, is maximal
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and that n, = n,, if and only if w = (@, b) with z = (a, b). Conclude that A has infinitely
many maximal ideals.

Exercise 4.11.32. Let X be a scheme and let x € X be a point.
a) Show that there is a canonical morphism

f: SpecOx, — X

b) Show that f induces a homeomorphism between Spec(Oyx . ) and the subset
W < X of points w € X such that w € T.
¢) Show that the map ¢, : Spec r(z) — X defined in the text factors via f.
d) Show that on the level of topological spaces, the image of f is the intersection
of all open neighbourhoods containing x.
e) Compute the image of f when:
(1) z is the generic point of an irreducible scheme.
(ii)  is a closed point of AZ.

Exercise 4.11.33. Deduce Theorem 4.13 from Theorem 4.10.

Exercise 4.11.34. An inclusion Q — Q induces a morphism A% — Ag. Compute the images
of the following points under the morphism A?@ — AZ:
a) (z — 2,y —/2)

b) (z —w,y — w?) where w is a cube root of unity.

) (vV2z +/3y)

Exercise 4.11.35. Let (f, f*): X — Y be a morphism of locally ringed spaces. Show that
(f, f*) is an isomorphism if and only if f is a homeomorphism and the sheaf map f* is an
isomorphism (that is, f(ﬂ] is an isomorphism for every open set U — Y").

Exercise 4.11.36. Show that being a closed embedding is a property which is ‘local on
the target’. In clear text: given a morphism f: Z — X and an open cover {U;} of X. Let
V; = f~'U; and assume that each restriction f|y,: V; — Uj is a closed embedding. Prove
that then also f is a closed embedding.

Exercise 4.11.37. Show that being a locally closed embedding is ‘local on the image’.
Assume that f: Z — X is a morphism and that {U;} is a collection of open subsets of X
covering the image f(Z). Assume further that each restriction f|;-1y,: f~'U; — U, isa
closed embedding, then f is a locally closed embedding.

Exercise 4.11.38. Let f: X — Y and g: Y — Z be two morphisms of schemes. Prove
that if both f and g are closed embeddings, then g o f is one as well.

Exercise 4.11.39. Let f: X — Y be a morphism which is both an open embedding and a
closed embedding. Show that f is an isomorphism.

Exercise 4.11.40. Consider the ring R = Z[t] and let X = Spec R.
a) For a prime number p, show that m = (¢, p) is a maximal ideal of R.
b) Let U = X — {m}. Show that U = D(p) u D(t) and that

OX(U) = Z[t]

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp
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¢) Deduce that U is not affine.

Exercise 4.11.41. Let X = {a, b, ¢} be a set with three elements. Let X have the coarsest
topology so that the two subsets U = {a, b}, and V' = {a, ¢} are open. Define a presheaf
Ox by Ox(U) = Ox(V) = C[t]) and Ox(U n V') = C(t) with the restriction map
given by the inclusion C[t] ;) < C(¢).

a) Show that Oy is a sheaf.

b) Show that (X, Ox) is a scheme.

¢) Show that (X, Ox) is not affine.

Exercise 4.11.42. Let X be a scheme.

a) Show that any irreducible and closed subset Z < X has a unique generic point.
HINT: Reduce to the affine case.

b) Show that in general schemes are not Hausdorff. What are the possible underly-
ing topologies of affine schemes that are Hausdorff?

¢) Show that X satisfies the zeroth separation axiom (they are Tj); that is, given
two points x and y in X, there is an open subset of X containing one of them
but not the other.

Exercise 4.11.43. a) Show that Hompgings(Z, Q) has only one element.
b) Define continuous maps Spec Q — Spec Z, sending (0) to (p). Is it possible
to make these into morphisms of schemes?

Exercise 4.11.44 (The sheaf of units). Let X be a scheme with structure sheaf Oy . We say
that s € Ox (U) is a unit if there exists a multiplicative inverse s ' € Ox (U).
a) Show that s € Ox(U) is a unit if and only if for all z € U, the germ s, is a
unit in the ring O x,¢; that is, if and only if s, does not lie in the maximal ideal
of OX,x .
b) We let O% (U) denote the subgroup of units in Ox (U). Show that O% (U) is a
subsheaf of Ox.

Exercise 4.11.45. In the same vein as Example 2.33, show that a ring A is a Q-algebra
(that is, it contains a copy of Q) if and only if the canonical map Spec A — Spec Z factors
through the generic point Spec Q — Spec Z.

Exercise 4.11.46. For every ring A, there is a canonical map Z — A which sends 1 to
1. Hence there is a canonical map Spec A — Spec Z. Show that map factors through the
canonical map Spec F,, — Spec Z if and only if A is of characteristic p.

Exercise 4.11.47 (The Frobenius morphism). Let p be a prime number and let A be a ring of
characteristic p. The ring map F4 : A — A given by a — a? is called the Frobenius map on
A.
a) Show that F'4 induces the identity map on Spec A.
b) Show that if A is local, then F4 is a map of local rings.
c¢) For a scheme X over IF,,, define the Frobenius morphism F'x : X — X by the
identity on the underlying topological space and with F' )ﬁ( : Ox — Ox given
by g — ¢P. Show that F'y is a morphism of schemes.
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d) Show that Fx is natural in the sense that if f : X — Y is a morphism of
schemes over F,,, we have f o F'x = Fy o f.
In particular, this exercise shows that for a morphism of schemes f: X — Y, in order to
check that f is an isomorphism, is not enough to check that f is a homeomorphism; also the
map f* must be an isomorphism.

Exercise 4.11.48. Let X be an integral scheme over a ring A. Let f € K(X) and let
Uy < X be the open set of points = € X such that f € Ox ,. Show that there is a morphism
¢: Uy — Al such that ¢*: A[t] — T'(Us, Ox) is given by t — f.

Exercise 4.11.49. Prove Proposition 6.5. That is, prove that a scheme X is integral if and
only if Ox (U) is an integral domain for each open U < X.

Exercise 4.11.50. Let X = Speck[z,y, z, w]/(zw — yz) and consider the open set U =
X — V(z,y). Use the above strategy as in Example 4.22 to compute Ox (U). Conclude that
U is not affine.

Exercise 4.11.51. Prove that a composition of two closed embeddings is a closed embedding.

Exercise 4.11.52. Let X be a scheme so that the underlying topological space is finite and
discrete. Show that X is an affine scheme. HINT: Consider the case where X has one point
first.

Exercise 4.11.53. Prove that a morphism f: X — Y is a closed embedding if and only if f
induces a homeomorphism from X onto a closed subset of Y, and for each x € X, the map
of local rings Oy s(y) — Ox , is surjective. HINT: Consider the stalks of f,Ox. You need
to use the fact that f is a homeomorphism onto f(X).

Exercise 4.11.54. Describe the following schemes and the structure sheaf on them.
a) SpecC[t]/(t* + 1)
b) SpecR[t]/(t* —t?)
c) SpecFs[t]/(t* —1).

Exercise 4.11.55. Let K be a finite field extension of Q and let X = Spec K. Show that
Homs, (X, X) can be identified with the Galois group Gal(K /Q).

Exercise 4.11.56. Let A be a ring and consider a morphism g: A’} — A’} given by
polynomials g1, ..., g, € Alzy, ..., 2,,]. Consider the morphism f: A} — A" given
by (1, ..., Tn, g1, -, gn). Show that f is a closed embedding.

Exercise 4.11.57. Show that the Spec-functor preserves inverse limits of rings. That is, if
{R;}icr is a directed system of rings, then

Spec(lim R;) = lim Spec R;.
HINT: The Spec-functor is a right adjoint to the global sections functor.

Exercise 4.11.58. Let A be aring and let M be an A-module. Show that for each f € A,
there is a natural isomorphism of sheaves on D(f) = Spec(Ay)

My = M|p(y).
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Exercise 4.11.59. Describe the schemes Spec A for
a) A=17Z[z]/(2x —1)
b) A=7Z[z]/(3z —1)
c) A=2Z[z]/(9x — 3)
d) A=7Z[z]/(22* — 1)

Which of these are isomorphic/homeomorphic?

Exercise 4.11.60. Check that Spec ¢ o Spect) = Spec(1) o ¢), whenever ¢ and 1) are
composable ring maps.

Exercise 4.11.61. Prove that A} — {(0,...,0)} is not affine for any n > 2.

Exercise 4.11.62. Let f: Spec(B) — Spec(A) be the morphism associated to a ring map

¢: A — B. Show that the sheaf map f*: Ogpec 4 — fxOspec 5 is given by qb A é
where we regard B as an A-module via ¢.

Exercise 4.11.63. Let X be a scheme and let X..q be its reduction. Show that if & is a field,
then there is a natural bijection X (k) = X,.q(k). Generalize the statement to reduced rings.

Exercise 4.11.64. Show that the morphism
Spec C[z, b, ¢]/(z* + bx + ¢) — Spec C[b, c]

is finite and describe its fibers.
What about the morphism Spec C[z, a, b, c]/(ax? + bz + ¢) — Spec C|a, b, c|?

Exercise 4.11.65. Let A} = Spec k[z, y, z]. Compute the scheme-theoretic intersection of
the two subschemes V' (z — zy?) and V'(2). Is it irreducible? Reduced?

Exercise 4.11.66. Show that any closed embedding ¢: X — Y is of finite type.

Exercise 4.11.67. Show that open subschemes U — X satisfy the following ‘universal
property’: for any scheme Z, to give a morphism Z — U is equivalent to giving a morphism
f:Z — X suchthat f(Z) < X (as sets).

Exercise 4.11.68 (A" minus a point). Consider the affine line A' = Spec Z][t].

a) For a prime number p, show that m = (¢, p) defines a closed point of A'.
b) Let X = A' — {m}. Show that U = D(p) u D(¢) and that

Ox(U) = Z[t]

¢) Is U an affine scheme?
d) What happens if we replace Z by a field k in the above?

Exercise 4.11.69. Let X and Y be schemes and define for an open set U < X,
F(U) = Homs,(U,Y)
Show that F is a sheaf of sets on X.

Exercise 4.11.70. Consider the weighted projective space P(p, q) = Proj R, where R =
k[zo, 1] with deg(zy) = p and deg(x1) = ¢. Show that

P(p,q) ~ P}.
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HINT: Consider the Veronese subring R where d = pq, and define aring map ¢: k[u, v] —
R by u v xd, v — b,
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5

Projective space

5.1 Projective space

Traditionally, the projective n-space over a field k is defined as the quotient space
P (k) = (k"' —{0}) / ~ (5.1)

where we say that two (n + 1)-tuples (ao, . .., a,) and (b, . . ., b,) are equivalent if there is
some A € k* so that b; = Aa; for all i. Geometrically, this means that P" (k) parameterizes
the 1-dimensional subspaces in k", or in other words, the lines through the origin.

The equivalence class of an (n + 1)-tuple (zo, . .., z,) is usually written (zg : - - - : x,,).
So for instance, (1 : 3) = (—1: —3)and (1 :2:3) = (2:4:6). The xg,...,z, are
called homogeneous coordinates. It is important to note that z, . . . , &,, are not coordinates
in the usual sense, as they are not even functions. However, the ratios x; /x; define functions
on the subset

U ={(xg: - :x,) eP"(k)|x; #0}.

Note that P" (k) is covered by these sets:

P (k) = Ui
i=0
Foreach ¢ = 0,...,n, there is a bijection
Y1y oy Yn) — (Y1 iy Loy ooy
The inverse is defined by sending a point (xq : - - : z,,) € U; with ; # 0 to the point
(330, L e LE”“,...‘”) e A"(k). (5.3)
Z; Z; Z; Z;

Thus P™ (k) is a union of n + 1 affine spaces A" (k) with affine coordinates given by the
ratios in (5.3). We can define a topology on P (k) by defining a set W < P" (k) to be open
ifand only if W n U is openin U; forall: = 0,...,n.

The ratios xo/;, . . ., T,/x; also serve as natural candidates for defining regular func-
tions on P™(k). A regular function f: U; — k, however it is defined, should pull back
to a regular function D(z;) < A"*!(k). This pullback corresponds to an element g €
k[xo, ..., T, z; ] which is invariant under scaling x; ~— tz; for t € k*. When k is infinite,
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such polynomials must be homogeneous of degree 0, or equivalently, they are polynomials in

the ratios xo/x;, . .., z;/x;.
Note that the set P} — Uy consists of all the points (zg : - - - : ,,) where oy = 0. This can
be naturally be identified with P"~!(k) viathe map (yo : -+ : Yn_1) — (0191 : -+ yp).

We may write
P (k) = Uy u P" (k).

This way of thinking of P"(k), as adding to A™ (k) a P*~!(k) ‘at infinity’ is often a more
useful way of thinking about the points of P" (k).

Example 5.1. The projective line P* (k) is a union
Pl(k) = UO U U1

We identify Uy = {(x¢ : 1) | zo # 0} with A'(k) using the map z — (1 : 2), so
informally z = x;/x defines an affine coordinate over Uy. Likewise, U; is identified with
A'(k) using the map w — (w : 1) and w = x(/x, is the affine coordinate over U,. The
intersection Uy n U; consists of the points (xy : x;) where both xy and z; are non-zero.
Over this open set, the coordinates z and w are related by w = z~!. One can then view
P! (k) as a space obtained by gluing together two copies of A'(k), using the homeomorphism
z +— 27! over the subset A' (k) — {0}.

Note that P! (k) = Uy U {(0 : 1)}, so we can think of P! (k) as adding to A'(k) a ‘point

at infinity’. A
(1:0)
Uo = AL (k) o
P! (k)
Ui = Al(k) U,
(0:1)

Figure 5.1 P! (k) obtained by gluing two affine lines.

As P"(k) is defined from A" ™! (k) — {(0,...,0)} the closed sets of P"(k) are closely
related to closed sets in A""!(k), which are in turn defined by ideals in k[zo, ..., x,].
However, because of the equivalence relation, one cannot directly speak of the zero set of
any polynomial F'(zg,...,,) in P"(k). For instance, on P! (k) the polynomial 22 — z;
takes the value O for (zg,z;) = (1,1), but not at (zg,z;) = (2,2). However, if F' is
homogeneous, that is, all the terms have the same degree, then the zero set of F' is well-
defined, as F'(Axg, ..., \x,) = A F(xy,...,z,) where d is the degree of F. Then it makes
sense to define the zero set

Z,(F) = {PeP"(k) | F(P) = 0}.
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5.1 Projective space 95

More generally, if a  k[zg, ..., x,] is a homogeneous ideal, e.g., generated by homoge-
neous polynomials, we can define

Z,(a)={PeP'(k)| F(P)=0forall F' € a homogeneous }.
Every closed set of P" (k) is of this form (see Exercise ??).
Example 5.2. The projective plane P?(k) is covered by 3 open sets
P2(k) = Uy u Uy U U,

and each U; can be identified with an affine plane A%(k). For instance, Uy is identified with
A?(k) with affine coordinates x = z1/z and y = xy/xq and U, is A%(k) with affine
coordinates u = g /1:1 and v = x4 /a:l. Over the intersection Uy n U; these are related by
u=ztandv = 27 ly.

We have P?(k) = Uy u P*(k), where P*(k) sits inside P?(k) as the closed set {z, = 0}.
Thinking about P? as A? with the ‘line at infinity added’ leads to a space where the theory
of intersections is much nicer than in affine space. For instance, consider two paralell lines
Ly, Ly in A7 defined by the linear equations

Li:ay, +by; +¢c=0
Lzzay1+by2+d=0

where ¢ # d. If we identify A? with the open set Uy < P?, the closures L, and L, are given
by the equations

Lyi:azxy +bry+cxg =0

Lo: azy + bxy +dzg =0
These lines do intersect, namely in the point (0 : —b : a), which lies in P> — U. In fact, any
two lines in Pz(k), that is, closed subsets defined by a linear equation, will always intersect

in 7. This is the most classical example illustrating that projective varieties have better
geometric properties than affine varieties. A

s T T N
\ / 1 |
N~ - - |
|
| AQ |
s -0 N ! |
i \ | |
I | \ ’
! 2 I ST
| A |
! 1
\ ’

Figure 5.2 The projective plane
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Projective space as a scheme

We would now like to construct a scheme P", so that for every field k, the k-points of P" is
given by the set (5.1), that is, the 1-dimensional subspaces in £**1. In fact, the construction
works over any base ring A. The basic idea is to construct P?; from n + 1 copies of affine
n-space A’} using similar gluing formulas in the previous section.

Fix aring A and variables x, . . ., z,. Foreach i = 0, ..., n, define the ring

RizA[,...,}. (54)

Since R; is a polynomial ring in n variables, each U; = Spec R; is isomorphic to an affine
space A”. We will also, for 0 < 7, 7, k < n consider the rings

Lo Ln &g Lo Ln Ti Ty
R”:A Ty e ey Ty T and R”k:A Ty ey Ty Ty | .
xX; T Ij ZT; Ty Tj Ty
If we consider these rings as subrings of the ring A[xy, :Eal, .+ Ty, x, '], we have for each

pair ¢, 7 an equality of subrings
Rij == Rﬂ
This follows from the identities x;/x; = z;/x; - x;/x;, for all 4, j and [. Similarly,
Riji = Rjir. = Rjpi.

Note that we may view R;; as the localization of R; in the element z;/z,;. Hence U;; =
Spec R;; can be identified with the distinguished open subscheme D(xz;/x;) < U;. Since
R;; = Rj;, using the identity maps 7;;: U;; — Uj; as gluing maps, we see that the gluing
conditions are satisfied, and the U; glue together to a scheme, which we denote by P’} .

Definition 5.3. The scheme PP’} is called the projective n-space over A.
The projective space over Z is called the projective n-space, and it is denoted by P".

Note that all rings R; are A-algebras, so each U, is a scheme over A and comes with a
structure map U; — Spec A. The same is true for the localizations Rij, and we see that the
structure maps glue together to a morphism 7: P, — Spec A, making P’} an A-scheme.

If Spec A is irreducible, then so is IP;. This is because P’} contains Uy ~ A’} as a dense
open subset and A’} is irreducible if A is. Likewise, P’} is reduced if A is, because it has the
same local rings as A%, and A’} is reduced if A is. This means that P} is integral if A is an
integral domain.

Example 5.4. The projective line P, over A is constructed by gluing two copies of the affine
line AY, Uy = Spec A[u] and U; = Spec A[u~'], along Uy; = Spec A[u,u~"] which is
a distinguished open set in both Uy and U;. A

Example 5.5. The projective plane P2 is constructed by gluing together the three affine
planes U; = D (z;) = Spec R; fori = 0, 1, 2. It is sometimes convenient to rewrite these
charts using the ‘Uy-coordinates’, i.e., writing * = x1/x¢ and y = x5/xo. We can then
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5.1 Projective space 97

express the other ratios in terms of x and y. For instance x5 /2, = 2~'. With this convention,
the three affine opens become

Uo = Spec A[z,y], Uy = SpecAlz~',yz™"], Us = SpecAly ', zy~'].

There is a morphism of schemes
7 AN — Vixg, ..., x,) — P (5.5)

which can be seen as a scheme-analogue of the quotient map k"' — {0} — P"(k).
To define it, we work locally over U;. The inclusions R; < A[zg, ..., Z,, x;l] determine
morphisms of affine schemes

7o Spec A[zg, ..., xn, x; '] — UL

K3
Note that the scheme of the left can be identified with the distinguished open set D(x;) <
AT and the collection of these form an affine cover of D(zo) U -+ U D(z,,) = A% —
V(zo,...,x,). To check that the morphisms 7; glue, we need only check that they agree
over the intersections. This follows by applying Spec to the following diagram:

—1 —1 —1
Alzo, ... xn, 2 | — Alzo, ..., 20,2, 25

T T T

R—— R [;] — R, [i] P

| «— Alag, ..., xn, 25 "]

z;

The projective space over Z is especially important, because for every field k, the k-valued
points of P} coincides with the projective space P" (k) as defined in the introduction.

~

Proposition 5.6. For any field &, we the k-valued points of P" is given by (5.1), i.e.,
P (k) = (k"' —{0}) / ~ . (5.6)

N

Proof The image of a k-point : Speck — P is a single point in P", so it must be
contained in one of the U;. Therefore, the k-points of P" (k) is the union of the k-points of
the U;. Identifying U;(k) = A"(k) = k", we define 7: k"** — {0} — P"(k) by the map

a a;—1 Q; a .
T(ao,...,an):<0,..., 1, +1,...,">€Ui(k) lfai7é0
a; a; a; a;
Then 7 is well-defined, surjective, and 7(ag, ...,a,) = 7(bg,...,b,) precisely when
(bo,...,b,) = A (ag,...,a,) forsome \ € k*. O
More generally, if R is any ring, and s = (so, ..., S,) is an (n + 1)-tuple of elements

which generate the unit ideal in R, there is a corresponding R-point
g : Spec R — P, 5.7

We define this morphism using the gluing theorem for morphisms. By our assumption,
the distinguished open sets D(sg), ..., D(s,) cover Spec R. Over the distinguished open
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sets D(s;) = Spec Ry,, we have ring maps ¢; : Z[zo/2;, ..., 2,/x;] — R, defined by
Zy/x; — Si/s; which make the following diagrams commute:

Z[””O L] <—>Z[L Zn 7] <—)Z[——]

a:i’ ’Ii’Ij Zj

| | |

RS RS,‘ Sj RS

°J

i

It follows that the scheme maps Spec R,, — U; glue to the desired morphism (5.7).

Observe that if A € R is a unit, then (Aso, ..., \s,) determines the same R-point as
(Soy - -+, Sn). This is because multiplying each s; by a unit do not change the expressions
s1/s; used in the construction of ¢;.

It is natural to ask whether the formula P"(R) = (R"™ — {0}) / ~ holds for all rings R,
that is, whether every R-valued point is of ‘homogeneous form’. While this is true if R is a
local ring (Exercise B.5.27) or R = Z (Exercise B.5.28), it does not hold in general. In fact,
it fails for an interesting reason, as the following example shows:

Example 5.7. Let us consider the R-valued points of P! for R = Z[+/—5]. The ring
Z[+/—5] is famously not a UFD, as

2-3=(1++v/=5)(1—-+-5). (5.8)

We will exploit this observation to define a non-trivial R-point of Pk.

Note that 2 and 3 generate the unit ideal of R, so Spec R is covered by the two distin-
guished open sets D(2) = Spec R[] and D(3) = Spec R[], and these two intersect along
the distinguished open set D(6) = Spec R[+]. Leta« = (1 ++/5) and 8 = 1(1 — v/5)
and consider the ring maps ¢ : Z[z] — R[3] and ¢; : Z[z~'] — R[3] sending z — o

and x7! — 5. By the factorization (5.8), we see that a8 = 1, so the following diagram
commutes:
/ el : R[%]
Zlz, 271 R[é]
Z[2 2 R[4]

Applying Spec, we see that the morphisms Spec(¢g) and Spec(¢;) glue to a morphism
Spec R — P'. The corresponding R-point in P*(R) is not of the form (a : b) with a,b € R
generating the unit ideal. If it were, it would correspond to (1 + V=5 2) (this is what it is
over D(2)). However, the ideal (1 + /=5, 2) is not the unit ideal in R, in fact it is not even
a principal ideal in R. (For a proof of this, see Exercise 4.11.5.)

What makes this example work is the fact that I is not a UFD and has many non-principal
ideals. We will consider this example later in Chapter 16 when we discuss invertible sheaves
and maps to projective space. A
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5.1 Projective space 99

The structure sheaf of P"}

The following computation is very important.

p

Proposition 5.8. For each ring A, we have I'(P%}, Op» ) = A.

Proof By the sheaf sequence associated to the covering Uy, . .., U, a global section of
(’)M consists of elements s; € I'(U;, Opz ) that agree on the overlaps U; n U;. Over U; we
have I'(U;, Opn ) = R; and a section s; is a polynomial of the form

g (xo o x) (5.9)
xZ; ZT;

The compatability condition on the overlaps means that

Zo Ly Zo T
g (=2 ) =g (222 (5.10)
X € xX; €T;

The only way (5.10) can hold is that g; and g, are of degree 0 as polynomials in the ratios
xy/x; and xy/x;. That is, g; and g; are equal to the same element in A. Conversely, if we
choose any element a € A and set g; = a for every ¢ = 0, ..., n, then the sections clearly
glue to a global section of Opr, . O

In particular, for a field k, the space of global sections of O]pg is just the ‘constants’, k.
When k = C, this can be seen as an analogue of Liouville’s theorem, that the only global
analytic functions on CIP* are the constants. This example also shows that the group O x (X))
may not give much information about X for general schemes.

We note that we also have got yet another example of a scheme which is not affine: if P¢
were affine, it would have to be isomorphic to Spec C according to Theorem 4.10 on page 70.
But this is clearly not the case, as P{ contains infinitely many closed points. ¢ is in fact
related to the first example of a non-affine scheme of Example 4.22 on page 72, namely the
affine plane A% = Spec C[u, v] with the ‘origin’ V' (u, v) removed, see (5.5).

Closed subschemes of P}

In this section, we will consider closed subchemes of the projective space P’;. We say that
a polynomial F' € A|xy,...,x,] is homogeneous of degree d if the monomials in the x;
appearing in F’ all have degree d. For such elements, we can consider their ‘dehomogenization’
with respect to the variable z;, defined by

F(i):xidF(xo,...,a:n):F<$0 1 ,w”> eRl':A[mo,...,xn]_

z; w i T; Z;
Conversely, if f € R; is a polynomial of degree d in the zo/z;, . .., x,/x;, then the polyno-
mial
z Tic1 T z
d 0 i—1 i+1 n
F(xg,...,x,) = ! (,..., , ,>
Z; Ly L Z;

will be homogeneous of degree d.
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100 Projective space

The homogenization dehomogenization operations will in most cases be inverses. There are
exceptions however: any power & will dehomogenize to 1, and there is no way of recovering
x¢ without knowing d. The best we can say is that there is a bijection between polynomials

in A [%, ey an] of degree d and homogeneous polynomials in A[x, ..., z,] of degree d
not divisible by ;.

More generally, if a = R is a homogeneous ideal, we define the dehomogenization of a
with respect to x; by

To Tn
7’.--’7

a(i)z{F(i)eA[ ]|F€a}

X X

It is not difficult to check that if a is a prime ideal, then so is a(;) foreach¢ = 0, ..., n.
Consider the subschemes defined by the a;:

X, = Spec(R;/a(;)) — Spec(R;).

If F{; and F{;y denote the dehomogenizations with respect to x; and x;, we have

d
T ) Z; s
Fiy = (;) Fy inR; [m] =R [;]
i j i

This implies that the two ideals a(;) and a(;, become equal in the localization A;[z;/x;] =
A;[x;/z;]. Consequently, the subschemes X; coincide over the intersections U;;, and conse-
quently they glue together to a closed subscheme X =V, (a) < P7.

Definition 5.9. We say that an A-scheme X is projective over A if it is isomorphic to
one of the form V., (a) for some homogeneous ideal a = A[zo, ..., z,].

Example 5.10. For d € N, the homogeneous polynomial F' = :L'g + ¢ + ¢ defines a closed
subscheme X = V (F) < P%. When A = k is a field, X is covered by three affine charts,
each isomorphic to the plane curve V (z? + y¢ + 1) < A2, so we may picture as a plane
curve of degree d. The geometry of this scheme is however more intricate for other rings,

suchas A = Z or A = C[t]. A

Example 5.11. If a = (zo,...,2,), then the corresponding closed subscheme is empty.
Indeed, over U;, the dehomogenized ideal contains x;/z; = 1, so a defines the empty scheme
in each U,. The same argument applies to any ideal a such that \/a = (xq, ..., z,). For this
reason, (g, ..., x,) is called the irrelevant ideal.

This also implies that two ideals can correspond to the same closed subscheme. For
instance, in P} the two ideals () and (23, zox;) = (x9) N (22, 1) both define the point

(0:1). A

Example 5.12 (Homogeneous coordinates). For an (n + 1)-tuple (ao, . .., a,) of elements
in A which generate the unit ideal, we define a closed subscheme defined by the ideal a
generated by the 2 x 2-minors of the matrix

ag @y ... ap/)’ )
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5.1 Projective space 101

That is, the homogeneous ideal a = (a;x; — a;x; |0 < i, < n). One can check that the

corresponding closed embedding is exactly the morphism ¢, : Spec A — P defined in (5.7)

(see Exercise B.5.8). A
Proposition 5.13. Every closed subset Z < P7; is of the form V, (a) for some homoge-
neous ideal a < A[xo, ..., x,].

J

Proof By construction, a subset Z is closed if and only if Z n U; foreach? = 0, ..., n.
As each U; = Spec R; is affine, we have Z n U; = V (q;) for some radical ideal a; — R;.
Let us define

a={FeAlzy,...,x,] | F homogeneous and z; “&" F € q; foralli = 0,...,n}.

Then a is homogeneous. Let us check that Z = V, (a).

Let p € Z be a point. We may assume that p € Z n Uy = V(ay). Therefore f(p) = 0 for
every f € ao. Consider F' € a of degree d. Then 23, F € ay, so (x5 F)(p) = 0. As p € Uy,
we must have F'(p) = 0. Hence p € V, (a).

Conversely, let p € V. (a). As before, we may assume that p € Uy. By assumption, for
every F' € a, we have F'(p) = 0 and hence z;, “** " F € a,. Therefore, p € V (ay) = Z nUy.
This shows that p € Z, so V, (a) = Z. O

If I ¢ Alxy/xo,...,T,/To] is an ideal, we define the homogenization of I as the ideal
a c Alzg,...,z,] obtained by homogenizing all the elements of I. Geometrically, the
subscheme V, (a) P represents the closure of V(I) < U; in 7.

A family of sheaves on P’}

The projective space [P’ carries a special family of sheaves, known as the twisting sheaves
OPZ (m), where m is an integer. These sheaves will play an important role in the study of
projective schemes.

These sheaves are closely related to homogeneous polynomials. While homogeneous
polynomials of degree m > 1 in k[xq, ..., x,] do not define regular functions on P}, they
do define global sections of the sheaf Op, (m). Intuitively, over an open set U < Py, the
sections of Opy (m) can be identified with the set of quotients

fzo,...,xy,)
9(zo,. .., Tn)
where f, g are homogeneous and g(p) # 0 forall p € U.

To define these sheaves by gluing, we use the covering of P by U; = Spec R; where
R; = A%, ..., 2=], as before. Over U;, we define the R;-module

M:A[]m

X X !

where deg f — degg =m

Note that since }" = (x;/x;)™ ", there is an equality of A-modules

A[%,.., %x]xm:A{%x%]xm (5.12)

) 9
Z; T Iy Z Tj T J
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In other words, we may identify the localizations

as modules over the ring R;[2:] = R;[*2].
J 7
Note that M; is a free R;-module of rank 1, with z}" serving as a generator. For each ¢
and j, one can pass from M; to M; by multiplying by (z,/x;)™:

o Tn\ i \" Zo T\ m
g\ —--s— )z ={—) 9|, — |z} (5.14)
T T Z; Zj L

By the equality (5.13), the two sheaves ]\f\fz and J\f\fj on U; restrict to the same sheaf on
Ui; = Spec(A;[x;/x;]), namely the tilde of the module (5.12) (see Exercise 4.11.58). As

the isomorphisms are identity maps, the gluing conditions are satisfied, and the sheaves M;
over U; glue to a sheaf on P’;. We denote this sheaf by Opx (m).

In the special case m = 0, we have M; = A; and the sheaf OPZ (0) = (’)pz is simply the
structure sheaf of P’;. The following computation generalizes Proposition 5.8:

Proposition 5.14. T'(P";, Opx (m)) can be identified with the free R-module of homo-
geneous polynomials of degree m in the zy, . . ., T,.

J

Proof By the sheaf sequence associated to the covering Uy, . .., U,, a global section of
Opr (m) consists of sections s; € I'(U;, Opx (m)) that agree on the overlaps U; N U;. Over
U; we have I'(U;, Opn (m)) = M; and a section s; is an element of the form

g (550%) z™ e M. (5.15)
Ly €Ty
The compatability condition on the overlaps implies that
o Xy m Lo x m
gj<,...,L>:):j =gi<,...,">xi. (5.16)
Z € xT; Z;
If m < 0, then clearly there is only one tuple satisfying (5.16), namely where go = - -+ =
If m > 0, we see that the g; are determined by g,. Comparing degrees in (5.16), we see
that go must have degree < m as a polynomial in the z;/xq, . . ., , /. This means that
I = gox{® is a homogeneous polynomial of degree m in xy, . .., x, with coefficients in
A,and s; = g;x]" = F forall¢ = 0,...,n. Conversely, any such F' determines a valid
(n + 1)-tuple (sg, .-, Sn)- O

5.2 The Proj construction

In this section, we discuss a generalization of the construction of P";, known as the Proj-
construction. Starting with any graded ring

R=@R, (5.17)

d=0
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we will construct a scheme Proj R, called the projective spectrum. See Appendix ??? for
background and notation on graded rings and modules.

The construction is somewhat parallel to that in the spectrum of a ring in Chapter 2.
In both constructions, the topological space is defined in term of prime ideals in the ring
and the structure sheaf is defined in term of localizations of the ring. There are however
several notable differences between the two constructions. For instance, Proj R does not
depend functorially on the ring R, in the sense that graded ring maps do not always induce
maps between the projective spectra. Also, different graded rings R may yield isomorphic
projective spectra.

Definition 5.15. Let R be a graded ring. The projective spectrum, Proj R is defined as
the set of homogeneous prime ideals of R that do not contain the irrelevant ideal R, that
is,

Proj(R) = {p € Spec R — V(R.) | p homogeneous}.

The reason for excluding primes containing the irrelevant ideal R, comes from Example
5.11. In that example, when R = k[z, ..., x,]| with the standard grading, the irrelevant
ideal (zo, ..., x,) corresponds to the origin (0, ...,0) in A"*!(k), which does not give a
well-defined point of P™.

The set Proj R is endowed with the Zariski topology where the closed sets are of the form

Vi(a) ={peProjR|acp}

with a a homogeneous ideal. The three topology axioms follow from the identities in the
following lemma.
Lemma 5.16. Let a, b and {a;};c; be homogeneous ideals. Then:
(i) If a < b, then V, (b) < V, (a).
() Vi (Xa) = Vi ().
(iii) Vi(ab) =V, (anb)=V,(a) UV (b).
iv) Vi(v/a) = Vi (a).

Proof Note that sums, products and radicals remain homogeneous when the involved ideals
are homogeneous. The proofs of the four statements are exactly the same as in Lemma 2.3
for Spec R (the arguments there remain valid under the additional constrains that the prime
ideals are homogeneous and do not contain the irrelevant ideal). 0

Just as for the spectrum of a ring, Proj R has a collection of distinguished open sets, which
form a basis for the topology.

For each f € R which is homogeneous of positive degree, we define the distinguished
open set D, (f) as

D, (f) ={peProjR|p 3 f}.

In other words, D, (f) is the set of homogeneous prime ideals in R that do not contain
the irrelevant ideal R, and do not contain f. It is clear that D (f) is an open set, being the
complement of the closed set V., (f).
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Lemma 5.17. Let R be a graded ring.
(i) For any two homogeneous elements f and g of positive degree, we have

D.(f)nDy(g9) = Di(f9g).

(i) The sets D (f), where f ranges over homogeneous elements of R of
positive degree, form a basis for the topology on Proj R.

Proof These statements follow as in the affine case. For (i), for a homogeneous prime ideal
p, the conditions f ¢ p and g ¢ p are equivalent to fg ¢ p.

For (ii), note that a closed set V, (a) is equal to the intersection of the V. (f)’s for the
homogeneous f € a n R, . Taking complements we see that any open set Proj R — V., (a)
is the union of the corresponding D (f)’s. O

In analogy with the formulas for defining P}, we will use the degree 0 localizations of R
to define the structure sheaf on Proj K. More precisely, for a nonzero homogeneous element
f € R, the ring R is naturally a Z-graded ring, by defining

deg(a/f") = dega — ndeg f.

Thus it makes sense to consider the subring of degree 0 elements (R)o.

Recall that for a distinguished open set D(f) of an affine scheme Spec A, there is a
canonical homeomorphism between D( f) and Spec A which sends a prime p € D(f) to
the prime ideal pA;. In analogy with this, we will show below that the map p — (pR;)o
defines a homeomorphism between D ( f) and Spec (R)o, where (R ), denotes the degree
0 part of the localization 2.

If f, g € R are homogeneous elements of positive degree, the canonical localization map
Ry — Ry, induces a map of rings

(Rf)o — (Ryg)o (5.18)

The ring on the right can be viewed as a localization of the ring on the left in the degree 0
element g4°8/ f=de8/ Indeed, in (R #)u» both f and g are invertible, so we may identify
(Rf)u = Ry,. As the element g8/ f =96/ has degree 0, this identification preserves the
Z-grading. Looking in degree 0 part, we find

((Rf)o)gdegff—degg = (ng)o. (519)

Proposition 5.18. For each nonzero homogeneous f € R, the map

o(p) = (PRs)o

defines a homeomorphism

¢: D (f) — Spec(Ry)o. (5.20)
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The homeomorphisms (5.20) are compatible in the sense that the following diagram

Dy(fg) ——— D.(f)
%l % (5.21)
SpeC(ng)O —> Spec(Rf)o

commutes for each f, g € R, homogeneous.
Proof Note that ¢ is defined as the composition
D, (f) = D(f) ~ Spec(R¢) — Spec(Ry)o. (5.22)

Therefore, ¢ is continuous. We next show that it is bijective.
The following observation will be useful. If z € R,,4, and p is a homogeneous prime ideal
such that p 3 f, then

a-fT"ep(p) < aep. (5.23)

This follows because af~" € ¢(p) is equivalent to a/1 € pRy, and this is equivalent to
a € p, because f ¢ p.

Injectivity of ¢: If ¢(p) = ¢(p’), and a € R, then (5.23) shows that a® € R,  is
contained in p if and only it is contained in p’. But as p is prime, it contains a? if and only if
it contains a, and the same applies to p’. Hence p = p’,

Surjectivity of ¢: let ¢ < (Ry), be a prime ideal. We consider the homogeneous prime

ideal p = D, bn Where

pn:{GERn | ad-f_”eq}.

In other words, p,, consists of the homogenous elements of degree n that end up in g when
‘dehomogenized’.

The first thing to check is that p is a prime ideal. Once we know it is an ideal, it will be
homogeneous by definition. It is clear that it is closed under multiplication by elements of R:
ift € R, and a’f~" € q, then ta’ f~™~" € qin (R} ), and hence ta € P, . It is also
an additive subgroup: assume we are given two elements a, b € p,,. By definition, we have
a®- f~" e qand b?- f~" € q. Expanding (a + b)* - f=2", we obtain a sum where every
term is a multiple of either a? - f~" or b% - f~". Therefore (a + b)*! - f~2" € q, and hence
(a+ b)?- f~™ € q, because q is prime. Consequently p is closed under addition.

To show that p is prime, it suffices to check that ab € p implies either a € p or b € p for a
and b homogeneous. That a € R,, and b € R,, satisfy ab € p means that (ab)?f~(™*™) € q.
Since f is a unitin Ry, it holds that (ab)? € q, and hence either a € q or b € q. Therefore we
have either a?f~™ € p,,, or b f~™ € p,,, and so p is prime.

Next we verify that ¢(p) = g. This follows from the implications

af "eq = a'f "eq = acpg = af "ep(p) (5.24)

which follow from (5.23) and the primeness of p and q.
Hence ¢ is bijective. To prove that ¢ is a homeomorphism, it suffices to show that it is
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open. Since the open sets of the form D, (fg) form a basis for the open sets contained in
D, (f), it suffices to show that for any homogeneous element g € R, we have

(Do (fg)) = D(g?f~ 7).

For p € D (f), the following series of equivalences hold because pR is a prime ideal:

peD.(fg) <= g¢p
= g'f %9 ¢ (pRy)o = ¢(p).
— ¢(p) € D(g*f =)

Hence ¢(D.(fg)) = D(g"f~ 7).

Finally, we show that the diagram (5.21) commutes. The lower horizontal map is induced
by the localization map ¢: Ry — Ry,.If p € D, (fg) is a homogeneous prime ideal such
thatp  f and p % g, then we have £~ (pR;,) = pR;. Since ¢ preserves the gradings, we
have

Eil(prg N (Ryg)o) = pRy 0 (Ry)o-
This shows that p maps to pR; N (Ry,)o via both compositions in (5.21). O

In light of (5.19), we may identify Spec(R;,), with a distinguished open subset of both
Spec(Ry)o and Spec(R,)o. We now glue Spec(R;), to Spec(R,)o along Spec(Ry,)o
using the ring maps

(Rf)O - (ng)O D (RQ)O'

Here the ‘triple intersections’ can be identified with the affine scheme Spec(R 4, )o. The
gluing conditions for schemes are satisfied (taking the gluing isomorphisms to be the identity
maps), and hence we obtain a scheme, which we denote by Proj R. The resulting structure
sheaf has the property that for each f € R homogeneous of positive degree,

OFro; r(D+(f)) = (Rf)0~ (5.25)
The scheme Proj R is in a natural way a scheme over Spec Ry. Indeed, for each open set U,
the group Op,.;(U) is an Ry-algebra (this is clear if U = D, (f) since O(D, (f)) = (Ry)o
is an Rg-algebra, and the general case follows by covering U by D, (f)’s). In particular,
Oproj r(Proj R) is an Ry-algebra, so applying Theorem 4.6 to Ry — Op,oj r(Proj R) we
get a canonical morphism 7: Proj R — Spec Ry. When restricted to a distinguished open
D (f), this morphism can be identified with the canonical map Spec((Rs)o) — Spec(Rp).

Example 5.19. For aring A and each non-negative integer n, we have
P, = Proj A[zo, ..., z,].

To see this, note that for R = A[zo, ..., x,], then D, (z;) = (R,,)o = Spec R; with R; =
Alzo/z;, . .., x,/x;] and the intersections D (x;) n D (z;) are equal to D, (x;x;) =
Spec (R4, )o. Thus Proj R is obtained as exactly the same gluing construction as P%. A
Example 5.20. The projective 0-space P = Proj A[t] is particularly simple: since the
irrelevant ideal is generated by ¢, we have

Proj A[t] = D, (t) = Spec(A[t,t'])o = Spec A.
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5.3 Functoriality 107
Over a field, we recover the expected geometric picture where P = Spec k is a point. A

Example 5.21. Consider R = k[xo, z1]/(xox;) with the natural grading. Geometrically,
Spec R — V (xg, z,) represents the union of the xo- and z;-axes, excluding the origin.
Therefore, we expect Proj R to consist of only two points. Besides the irrelevant ideal
R, = (xg,21), there are only two homogeneous prime ideals, (xy) and (z;). Hence,
Proj R indeed consists of two points. A

5.3 Functoriality

In contrast to the Spec-construction, the Proj-construction is not entirely functorial. While
a map of graded rings ¢: R — S induces a map on homogeneous prime ideals via p —
¢~ (p), this does not always yield a morphism. The issue is that the preimage ¢~ *(p) of a
homogeneous prime ideal p < S may contain the irrelevant ideal R, .

To remedy this, we define the base locus of ¢ as the closed set

V (¢(Ry)) < Proj S.

This consists of precisely the prime ideals p in S for which ¢~!(p) > R, . This means that
for prime ideals p ¢ V (¢(R, )), the preimage ¢~ *(p) defines a point of Proj R.

Proposition 5.22. Let ¢: R — S be a map of graded rings. Then there is a morphism of
schemes

F: ProjS —V(¢(R;)) — Proj R.
which on the level of topological spaces is given by p — ¢~ *(p).
Proof Note that the complement U = Proj S — V(¢(R.)) is open in Proj S and has a
canonical scheme structure. By the above remarks, the mapping p — ¢! (p) which defines
F'is well-defined. It is also continuous, because it is the restriction of the continuous map
Spec S — Spec R.
Next, we define the map of sheaves of rings F*: Oprojr — F«Op. We define this map

using the Z-sheaf construction on the open sets D, (f). Note that as f runs through the
homogeneous elements of R, , the D, (¢(f)) cover U. Moreover,

F(D+(f) = D+(o(f)) (5.26)
Indeed, for p € U:

F(p)e Dy (f) = f¢ o7 () = o(f)¢p <= peD((f))

We have Op,oj r(D+(f)) = (Ry)o and (F.Ou)(D+(f)) = (Ss(s))o. We define the map
F* over D, (f) to be the degree part 0 part of the localization

(Rf)o — (Ss(p))o- (5.27)

By the diagram below, these ring maps are compatible with the restriction maps, and define a
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map of sheaves Op,oj g — F1Op.

(Bp)o — (Ses))o

| |

(Rfg)o — (Ss(rg))0

If we restrict (F, F'*) to a distinguished open set D (f) < Proj S, we obtain the morphism
of affine schemes

Spec(Sy(r))o — Spec(Ry)o-

In particular, this implies the map induced by F* on local rings is a map of local rings. (In
fact, the induced map is given by (Ry-1(p))0 — (Sp)o.) Hence (F, F*) is a morphism of
schemes. (|

Example 5.23 (Projection from a linear subspace). If we consider the graded ring map given
by the inclusion Z[zg, ..., z,.| < Z[zo,...,z,], the base locus equals the subscheme
V., (xg,...,x,.). We get a corresponding morphism

P" —Vi(xo,...,z,) —> P".

On the level of k-points, the induced map P" (k) — V. (zo,...,2,) — P'(k) is just the
projection (ag : -+ - : a,) — (ag: ...,a,). A

Closed embeddings

Let a be a homogeneous ideal in the graded ring R. The quotient map ¢: R — R/a is
a map of graded rings, and it satisfies (R, ) = (R/a),. To see this, note that a prime
q € Proj(R/a) contains (R/a) if and only if ¢!(q) contains ¢! ((R/a),) = R, . The
base locus is therefore empty, and we obtain a morphism

t: ProjR/a — Proj R

whose image is V, (a).

We claim that ¢ is a closed embedding. It will suffice to check this over each D, (f)
for f € R homogeneous. Over this open set, we have . ' D, (f) = D, (¢(f)), and the
restriction of ¢ to t~* D (f) is identified with the morphism

Spec ((R/a)f)o — Spec (Ry)o

induced by the degree zero part of the localization Ry — (R/a);. Since this map is surjective,
t|,~1p, (s is a closed embedding.

In fact, under some mild assumptions on the graded ring R, every closed embedding into
Proj R arises in this way. We will prove this in Chapter ??.

Example 5.24. Let R = k[zo, ..., z,| with the standard grading, and let a < R be a
homogeneous ideal. Consider the closed subscheme Y = V, (a) < P} = Proj(R). For

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

5.3 Functoriality 109

eachi = 0, ..., n, the distinguished open subset D (z;) < PP} is isomorphic to A} via the
map

Z; €

The ideal (aR,,)o in (R,,)o is generated by the dehomogenizations of elements of a with
respect to x;, i.e.,

(aR.)o = {fi) | 2/ f € afor some d € N},
The intersection Y N D (x;) is then defined by
Y n Dy(z;) = V((aRs,)o) © Dy () ~ AR

Thus Y coincides with the closed subscheme V. (a) defined earler. A

Veronese subrings

Let R be a graded ring and let n be a positive integer. The Veronese subring
R™ = @ Ry

d=0
is a graded ring. The inclusion R — R induces a morphism
v, Proj(R) — Proj(R™).

To see that the base locus is empty, note that the irrelevant ideal of R(™ is generated by
all elements in R whose degree is positive and divisible by n. Then ¢(RS_")) defines the
empty set, since any prime p — R such that R, n R™ < p must contain all of R, : for any
ae R,,wehave a” € R, n R™, which forces a € p as well.

Proposition 5.25. The morphism v,, is an isomorphism.

Proof Both Proj(R) and Proj(R(™) are covered by distinguished open sets of the form
D, (f™) where f € R, is homogeneous. Over such an open set, the morphism v,, is induced
by the inclusion

(RY)o — (Rpn)o
This inlcusion is actually an equality: if g/f"* € (Rgx)o, then degg = ns - deg f, so
ge R™ and g /™ belongs to the left-hand side.

This means that v, restricts to an isomorphism of schemes over an open covering of
Proj(R@), and hence it is an isomorphism. O]

More examples

An important special case is when R = A[xg,...,z,| and S = Alyo,...,Ym] with
¢: R — S is defined by

QS:A[y07"'>ym]_—_’A[I‘Ow"axn]; yz'_)fz
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where fy, ..., f.. are homogeneous polynomials of the same degree d. In that case, the base
locus of ¢ is the closed subscheme V. (fo, ..., fi). Strictly speaking, to make ¢ into a map
of graded rings, we need to adjust the grading by defining deg(y;) = d for each i. However,
doing this does not change the Proj by Proposition 5.25.

We will for brevity write

PZL _V+(f07"'7fn) —)]P;Z
(wO e CCM) — (fO(x) s fn(x))

for the morphism defined by fj, . . ., f,, even if the indicated map is only valid on the level
of k-points, when A = Z or A = k.
In good cases, the subscheme V, (fy, ..., f,) is empty, and we obtain an actual morphism

P’y — P7. This happens if and only if the radical of (fo, ..., f,) contains irrelevant ideal
(550, s 7xn)'
Example 5.26. Let n € N and consider the morphism
[Py — P
(xo:21) —> (xg @ xT)
Here the base locus is indeed empty, as the radical of (xj, z') is equal to the irrelevant ideal
(2o, x1). The morphism f is called the n-th power map. If k is a field, the map on k-points

is given by (a : b) — (a™ : b"). In general, f is a finite morphism, as over the two standard
affines it coincides with the morphism A, — A, induced by u — u". JAN

Example 5.27. Consider the morphism
L Py — PY
(g : 1) —> (23 : Ty @ 73)

This is actually a closed embedding. Over the open set D (1), we have t (D (y0)) =
D, (z() and the morphism ¢ is given by

Spec A [wl} —— Spec A [yl, y2] (5.28)
To Yo Yo

induced by the ring map v, /yo — (zoz1)/x3 = z1/x¢ and yo/yo — 2 /x%. As this ring
map is surjective, we obtain a closed embedding. Similarly, ¢ is a closed embedding over
Dy (y1)-

Note the relation (xgx;)? = (23)(x7) between the three monimials. This translates into
the equation y7 — yoy, = O for the image of ¢. In fact, ¢ is exactly the closed subscheme
associated with the homogeneous ideal a = (y7 — yoy2)- A

Example 5.28 (Rational normal curves). More generally, the d + 1 monomials of degree d,

xd, i xy, ..., ¢ define a closed embedding

.ol d
v:P, — P}.

onto the closed subscheme V, (a) < P’} defined by the ideal a generated by the 2 x 2-minors
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5.3 Functoriality 111

of the matrix

(yo Yo yd_1>_ (5.29)
Y1 Yo Yd

When A = k is a field, this closed subscheme is called the rational normal curve of degree d.
The case d = 3 is perhaps especially interesting: it is the twisted cubic curve, which is the
projective version of the curve appearing in Example 1.33. It is the curve in P} defined by

the 2 x 2 minors of the matrix
Yo Y1 Y2
Y Y2 Y3

A

Example 5.29 (The rational quartic curve). Consider the morphism ¢: P; — P} defined by
the four monomials

4 .3 3 .4
Ly, L1, ToLy, Ty

Note that the monomial z2x7 is missing. By looking in the four affine charts of P} one can
check that ¢ is a closed embedding. Writing 1o, 41, Y3, ¥4 for the coordinates on [P}, the image
X = (Py}) is defined by ideal

I = (y1ys — YoYar Y3 — V1V, Yo¥3 — Yi¥s, Y5 — Yoys)

Geometrically, X arises as the projection of the rational normal curve in P} from the closed
point (0:0:1:0:0). A

Example 5.30 (Veronese varieties). The morphism v, : P? — P} defined by
(g : @1 1 o) > (T 2 ToTy & TTy 1 X5 1Ty 1 TF),

defines an isomorphism between P? and the Veronese surface V, (a) < P3. Here a is the
ideal generated by the 2 x 2-minors of the matrix

Yo Y1 Y2
Y Ys Ya
Y2 Ysa Ys

Under this embedding, lines in P are mapped into conics on V.
P2 v
V2
—_—
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Weighted projective spaces

A rich source of examples is given by the weighted projective spaces, which are defined in
terms of polynomial rings with non-standard gradings:

Definition 5.31. For a field k and integers dy, . ..,d,, € N, we define the weighted
projective space over k as

P(dy,...,d,) = Projk[zo,...,z,]

where deg(x;) = d; for each i.

While this definition resembles that of a traditional projective space (where all d; are equal
to 1), the weighted projective spaces give a surpringly diverse and rich class of examples.

Example 5.32 (The weighted projective space P(1, 1, d)). Consider the graded ring R =
k[z,y, z] where deg(z) = deg(y) = 1and deg(z) = d,andlet X = P(1,1,d) = Proj R.
The scheme X is covered by the affine open subsets D, (z), D (y), and D, (2).

The first two open subsets are easily understood: we have (R,), = k[y/x, z/x?] and
(Ry)o = k[z/y, z/y"], both isomorphic to the polynomial ring in two variables, so that
D, (z) and D, (y) are each isomorphic to A?. The third open subset is more subtle: the
degree 0 part of IR, is the k-subalgebra generated by the monomials z¢~‘yiz =1 for 0 < i < d,
so that

(R.)o = k[z7"y'z7" |0 <i < d].

This ring is not a polynomial ring when d > 1, and in fact D (2) is singular if d > 2.

The inclusion S = k[z, y] < R defines a rational map f: X --» P, whose base locus is
the closed point p = V. (z,y). On the open subset D, (x), the map f is given by projection
onto the first factor, i.e., by the map (y/z, z/x?) — y/z, and similarly on D, (y) it is given
by (z/y, z/y?) — x/y. The gluing of D, (z) and D (y) over D, (xy) is determined by
the transition function z/x? = (z/y)%z/y%, which shows that X — {p} is isomorphic to the
line bundle L, from Section B.3. Thus, X is obtained from this line bundle by contracting
the section to the point p. A

Example 5.33. The weighted projective plane P(1,2,3) is the Proj of the ring R =
k[zo,x1,z2] where the variables xq, 1, o have degrees 1,2, 3 respectively. The affine
opens are

(RIO)O = k ﬂ m‘2:|

233
| To Zo

[ 22 zozy 22

(le)o =k ) 2 v 3
| Z1 P72y

[ .3 3

X Lo xr

0 +0+1 &

(ng)o =k ) y o
| L2 T Ty

This means that D, (zy) = Spec(R,, ) is isomorphic to an affine plane AZ. The open sets
D, (z,) and D, () are not. For instance,

(Ra,), = k[U, V,W]/(UW — V?).

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp
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We can embed IP(1, 2, 3) into a standard projective space by looking at the Veronese subring
generated by degree 6 elements

6 6 3 2 4 3 2.2
R® = k[xS 23 a2 aday, xdx,, 2222 wox25).

The graded surjection k[yq, ..., ys] — R© defined by yo — 28,41 — 2°,... ys
Tox1Z2 induces a closed embedding

v P(1,2,3) — PY.
A

One of the advantages of weighted projective spaces is that they provide natural ambient
spaces for projective schemes. Given a graded ring R generated by homogeneous elements
To, ..., T, of degrees dy, ..., d, respectively, there is a graded surjection

Ro[.fo,. ..,l‘n] — R

which induces a closed embedding Proj R — P(dy, . ..,d,) over Ry. Here is a concrete
example:

Example 5.34. Recall the hyperelliptic curves from Section B.4. While the equation

y2 = f(%o,71)

where f is homogeneous of degree 2d, does not define a closed subscheme of P2, it does
define a closed subscheme in the weighted projective space P(1,1,d) = Proj k[zq, 21, y]
with deg(y) = d. In fact, every hyperelliptic curve constructed earlier embed as closed
subschemes of P(1, 1, d) defined by this equation.

The affine covering of P(1, 1, d) consists of three open sets D, (), D (x1),and D, (y).
However, for the hyperelliptic curve X defined by y?> = f(xo,z1), only the first two
charts are needed since X is entirely contained in D, (x¢) U D, (z1) = P(1,1,d) —

V+ (fl?(), 331).

Exercise 5.3.1. Let a be a homogeneous ideal. Then y/a = ﬂpm
is taken over all the homogeneous ideals that contain a. HINT: If x ¢ 1/a, then pick a
homogeneous prime ideal p so that ™ ¢ p for all n, and choose p maximal with respect to
this property. Show that p is a prime ideal.

p where the intersection

Exercise 5.3.2. Let a and I be homogeneous ideals in the graded ring R. Show the following:
a) Ifv/I = R, then V, (a) = V. (a n I). Hence, when constructing the closed
sets V,, (a), it suffices to work with ideals contained in the irrelevant ideal.
b) V. (a) = ¢Jifand only if R, < 4/a. HINT: Use Exercise 5.4.11.
¢) Show that the Zariski topology on Proj(R) — Spec(R) is the induced topology
from Spec(R). HINT: Any ideal a has a corresponding ~homogenization’, the
ideal generated by all homogeneous components of the elements in a.

Exercise 5.3.3. Let R be a graded ring and let S — R be a subring such that for some
NeN,S; =R, foralld = N. Show that Proj(S) ~ Proj(R).

Exercise 5.3.4. Let ¢: R — S be a map of graded rings.
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114 Projective space

a) Assume that R; — S, is surjective for all sufficiently large d. Show that
V(¢(Ry)) = .

b) If Ry — S is an isomorphism for all sufficiently large d, show that Proj .S —
Proj S is an isomorphism.

Exercise 5.3.5. Let k be an infinite field. Show that a Laurent polynomial f € k[xq, ..., 2, z; ']

i
is invariant under the scaling operation x; — tx; if and only if it belongs to the subring

klxo/iy ..., xn/2;].

Exercise 5.3.6. Consider the projective twisted cubic curve Y < P} as described in Example
5.28. Show that Y n D (y,) can be identified with the affine twisted cubic, as defined in
Chapter 1. Describe the “points at infinity” V (yo) n'Y.

5.4 Exercises

Exercise 5.4.1. Let a C k[xz,y, z] be the ideal (zy, xz,yz). Show that A = R/a is graded
ring and describe each homogeneous component A,,.

Exercise 5.4.2. Consider the weighted projective space P(p,q) = Proj R, where R =
k[zo, x| with deg(zy) = p and deg(x,) = ¢. Show that

P(p,q) ~ Pj.

HINT: Consider the Veronese subring R where d = pq, and define aring map ¢: k[u, v] —
R by u v zd, v > 2F.

Exercise 5.4.3. A polynomial ring k[to, ..., t,] can be given a non-standard grading by
declaring the degree of each ¢; to be any given natural number d;. For instance, give R =
k[to,t1] a grading by letting deg t, = 2 and degt; = 3.
a) Describe the homogeneous pieces R, of degree n.
b) Let k[u] have standard grading and define a map ¢: R — k[u] by the assign-
ments t, — u® and ¢, — u?. Show that ¢ is a map of graded rings.
c¢) Describe the kernel and the cokernel of ¢ as graded modules.

Exercise 5.4.4. Show that an ideal a in a graded ring R is homogeneous if and only if it is
generated by homogeneous elements.

Exercise 5.4.5. Let R be a graded ring which is not necessarily positively graded. Assume
that a homogeneous element f of R is expressed as a combination f = ) a,;g; where the
g;’s are homogeneous. Show that f may be expressed as f = .. b;g;, where each b, is
homogeneous of degree deg f — deg g;. HINT: Homogeneous components are unique.

Exercise 5.4.6. Let R be a graded ring and a, b and {a; };,c; be homogeneous ideals. Show
that the ideals v/a, ab, (a : b), 3 a;, ), a; are homogeneous.

Exercise 5.4.7. Let R be a graded ring and let f € R, be homogeneous of degree d. Show
that there is an isomorphism of rings

(Ry)o = R™W/(f —1). (5.30)
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Exercise 5.4.8. Let R be a graded ring and p a homogeneous prime ideal. Show that (R,)o
is a local ring with maximal ideal equal to

m={fg " | fep,geS(p)anddeg f=degg}.
where S(p) is the multiplicative subset of homogeneous elements in R — p.

Exercise 5.4.9. Let R be a graded ring and p a homogeneous ideal in R. Show that p is
prime if and only if xy € p implies x € p or y € p for all homogeneous elements x and y.

Exercise 5.4.10. Let R and S be graded rings and ¢: R — S a map of graded rings. Show
that the inverse image ¢~ *(p) of an ideal p < .S is homogeneous whenever p is.

Exercise 5.4.11. Let a be a homogeneous ideal. Then y/a = (1],

is taken over all the homogeneous ideals that contain a. HINT: If 2 ¢ 4/a, then pick a
homogeneous prime ideal p so that " ¢ p for all n, and choose p maximal with respect to
this property. Show that p is a prime ideal.

p where the intersection

Exercise 5.4.12. Let R be a graded ring and let f and { f;}.c; be homogenous elements from
R all of positive degree. Show that the distinguished open sets D, (f;) cover D, (f) if and
only if a power of f lies in the ideal generated by the f;’s.

Exercise 5.4.13. Let R be a graded ring and let he m: Proj R — Spec R, be the structure
map. Show that for each f € Ry, the inverse image 7~ D( f) is isomorphic to Proj R;.

Exercise 5.4.14. Let R be a 1-dimensional graded ring, with Ry = k a field, and assume that
R is finitely generated as a k-algebra. Show that Proj R is a finite set. HINT: the maximal
ideal R, contains all homogeneous prime ideals.

Exercise 5.4.15. If R is a graded integral domain, show that the function field of X = Proj R
is given by

K(X):{Z\geR,heR,degg:degh}ck(R) (5.31)

Exercise 5.4.16. Show that Proj R is empty if and only if every element in I, is nilpotent.

Exercise 5.4.17. Let R a graded ring. Show R is Noetherian if and only if R, is Noetherian
and R, is finitely generated.

Exercise 5.4.18. Find a non-Noetherian graded ring R such that

a) Proj R is Noetherian.

b) R is not of finite type over a field k, but Proj R is.

¢) R isnot an integral domain, but Proj R is an integral scheme.
Exercise 5.4.19. Consider the Q-scheme X = Proj(Q|z, v, z]/(22* + y* — 522)). Show
that X (Q) = &.

Exercise 5.4.20. Consider the projective scheme
X = ProjZ[x,y, 2]/(22* + 2y* — 32?).

Describe the scheme-theoretic fibers of the canonical map 7: X — Spec Z. Which ones are
irreducible, reduced, integral? What are their dimensions?
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Exercise 5.4.21 (Cremona transformation). Let A be a ring and consider the map of graded
rings ¢: Z[ug, w1, uz] — Z[xo, x1, 2] defined by the three assignments u; — x ;5 where
the indices satisfy {i, j, k} = {1,2,3}.

Determine the base locus Bs(¢) and describe the k-points of V' (Bs(¢)) when k is a field.

Exercise 5.4.22. Show that the inverse of the Veronese map v, is not induced by a map of
graded rings R — R,

Exercise 5.4.23. Show that Proj k[zo, z1]/(23, 27) = &.

Exercise 5.4.24. Show that P(1,...,1,d) is isomorphic to the cone over the Veronese
variety V,, 4.

Exercise 5.4.25. Let tq,...,t, be a finite set of generators for the graded ring R and let
di = deg ti'
a) Let D be the least common multiple of the d; and set D; = D/d;. Show that
the Veronese ring R(P) is generated by elements of degree D.
b) Show that Proj R embeds as a closed subscheme of the weighted projective
space P(dy, ..., d,) over Ry.

Exercise 5.4.26. Let x and y be two points in P}. Prove there is an open affine U < P}
containing both x and y.

Exercise 5.4.27. Show that equation (B.39) holds.

Exercise 5.4.28 (The weighted projective space P(1, 1, p)). Let R be as in the Example 5.32
above, and let A = k[x, y, w] with the usual grading. Furthermore, let «:: R — A be the
map of graded rings that sends 2 to w?, while leaving x and y unchanged.

a) Show that cv is a map of graded rings and induces a morphism 7: P7 — Proj R.

b) Describe the fibers of 7 over closed points in case k is algebraically closed.

Exercise 5.4.29. Let R = k[x, y, z] be the polynomial ring with grading given by deg x = 1,
degy = 2 and deg z = 3, and consider Proj R (which also is denoted P(1, 2, 3)). The aim
of the exercise is to describe the three covering distinguished subschemes D (x), D (y)
and D (z).
a) Show that (R, )y = k[yxz~2, zz~*] and that D (z) ~ AZ.
b) Show that (R,)o ~ k[z?y !, 2%y~ % xzy~?]. Show that the map of graded
rings k[u, v, w] — (R,)o given by the assignments x — yz =2, v — 2%y~ °
and w — xzy 2 induces an isomorphism k[u, v, w]|/(w? — uv) ~ (Ry)o.
Hence D, (y) is a hypersurface in A?. Show it is not isomorphic to AZ.
HINT: Check the local ring at the origin.
c¢) Show that R, = k[z327',4%272 xyz~"] and that the map k[u,v, w] —
(R.), defined by the assignments = — 2327, v — y3z72 and w — zyz~!
induces an isomorphism k[u, v, w]/(w?® — uv) ~ (R.)y. Show that it is not
isomorphic to AZ.
d) Show that the map R — k[U,V, W] sending z — U,y — V? and z — W3
induces a map P2 — Proj R, and describe the fibers over closed points.

Exercise 5.4.30. Let k be a field. Show that:
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a) Any closed subscheme of A} of dimension n — 1 is a hypersurface.
b) Any closed subscheme of [P} of dimension  — 1 is a hypersurface.

Exercise 5.4.31. Let R = k[x, ;] where k is a field, and consider the morphism
m: Spec R — V(z9,71) — P, = Proj R

defined in (5.5).
a) Show that 7 maps a k-point (a, b) to (a : b)
b) Show that 7 maps each height 1 prime p = (f(xo, 1)) to the generic point in
P;.

Exercise 5.4.32. Let R = k[x,y, z]/(x2, yz, 2*). Consider the map ¢: R — R given by

¢(I) = xv¢<y) = 07¢(z) = 0.

a) Show that ¢ induces a morphism f : Proj R — Proj R.
b) Show that f is the identity morphism.
In particular, different graded ring maps can induce the same map on Proj’s.

Exercise 5.4.33. Let R = C[xg,z;, 2] and let the symmetric group S3 act on R by
permuting the variables.
a) Show that the invariant polynomials of R are generated by s; = zo + x1 + o,
S = ToX1 + Toxo + T1To and S3 = Tox1Lo.
b) Show that s1, S, $3 define a morphism 7: PZ% — P(1,2,3).
¢) Describe the fibers of .
d) Show that P(1,2, 3) is homeomorphic to the quotient space P?/Sj.

Exercise 5.4.34 (Nakayama’s lemma for graded modules). Let R be a graded ring and
let M = @,., M, be a finitely generated graded R-module. Let 1, ..., x, be a set of
homogeneous elements. Show that x4, . . . , x,, generate M if and only if their classes generate
M /R ;M as a Ry-module.

Exercise 5.4.35. Let R be a graded ring and let py, . .., p, € Proj R be points. Show that
there exists a homogeneous f € R, such that D, (f) contains all the p;. HINT: Prime
avoidance.

Exercise 5.4.36. Let U =P — {(0:0:1)}.
a) Show that Opz (U) ~ k.
b) Is U = Proj R for a k-algebra R?

Exercise 5.4.37. Let R be a Noetherian, normal graded integral domain.
a) Show that Proj R is a normal scheme. HINT: Show that each (R ) is normal.
b) Find a graded ring R so that Proj R is normal, but R is not.

Exercise 5.4.38 (Quotients). Let GG be a group acting by automorphisms on a locally ringed
space X. Define Y as the quotient space X /G and let 7: X — Y be the quotient map.
Define a presheaf of rings on Y by Oy (U) = Ox (77 'U)% (the ring of invariants of
Ox (U)). Show that Oy is a sheaf of rings and that (Y, Oy ) is a locally ringed space.

Exercise 5.4.39. Let k be an infinite field.
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118 Projective space

a) Consider the group G = k* acting on A? = Spec k[x,y] by scaling the
variables: t - (z,y) = (tx,ty). Let U = A7 — {(0,0)}. Show that U/G is
isomorphic, as a locally ringed space, to P}.

b) Consider now the action of G = k* on U given by ¢ - (z,y) = (tz,t™'y).
Show that Y = U/G is a scheme, isomorphic to the ‘affine line with two
origins’. Show that the corresponding quotient A7 /G is not a scheme.
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6

Properties of schemes

6.1 Reduced schemes

A ring A is said to be reduced if it has no nilpotent elements. In general, if A is a ring, the
reduction of A is the ring A,eq = A/ +/0 where /0 is the ideal of nilpotent elements of A.

We define a scheme X to be reduced if, for every P € X, the local ring Ox p is reduced,
that is, it has no nilpotent elements. While the condition is on stalks, in fact every Ox (U ) is
reduced:

p

Lemma 6.1. A scheme X is reduced if and only if for every open U < X, the ring
Ox (U) has no nonzero nilpotent elements.

Proof If X is reduced, and s € O X(U ) is a nonzero element, then it as non-zero germ
in at least one local ring Ox p. Therefore, if s is nilpotent then so is its germ, and hence
Ox, p would then not be reduced. Conversely, let P € X be a point and let s € Ox_p be any
element. We may write s as the germ of some section ¢t € Ox (U). By assumption ¢ is not
nilpotent, and hence s is not nilpotent either. O

Example 6.2. An affine scheme X = Spec A is reduced precisely when A is a reduced
ring. So for instance Spec Z and A} are reduced, but Spec(Z/18) and Spec k[z]/(z*) are
not. A

For any scheme X, there is an associated reduced scheme X,q called the reduction of X.
The two schemes X and X,.q have the same underlying topological space, but the structure
sheaves are different; Oy, , is obtained from Ox by locally modding out by nilpotent
elements.

More precisely, consider the basis % of affine open sets U < X . We define a Z-presheaf
by setting

red

0x,..(U) = Ox(U)sea- 6.1)

red

If V < U are two open affines, and s € Ox(U) is a nilpotent element, then so is
the restriction s|y-. It follows that the restriction maps of Ox induce restriction maps
Ox,.,(U) = Ox,.,(V). Moreover, by Exercise 4.11.9 the #-sheaf axioms are satisfied, so
this gives rise to a sheaf of rings on X which we denote by Ox. .. We let X,.q denote the
locally ringed space (X, Ox,.,)-

If X = Spec A, the reduction of X is simply the scheme Spec(A,.q). We saw a glimpse
of this scheme in Corollary 2.31.

In general, if X is a scheme, then also X,.q is a scheme, because if U; = Spec A4; is

red

red
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120 Properties of schemes

an affine cover of X, then X,.q is covered by the affine schemes (V;),cqa = Spec(A;) eq-
Moreover, X,.q is naturally a closed subscheme of X, as for each 4, the ring (A;)reqa =

A;/+/0 is a quotient of A;.

Non-reduced schemes appear naturally when we consider intersections of subschemes.
Suppose for instance we have an affine scheme X = Spec A and two closed subschemes
Y and Z, defined by ideals a and b in A, respectively. Then we define the scheme-theoretic
intersection of Y and Z to be the closed subscheme of Spec A defined by the ideal a + b.
Note that there is no reason to expect that the ideal a + b is a prime ideal in A, even if a and
b are. In fact, the scheme-theoretic intersection fail to be both reduced and irreducible even if
both Y and Z are are. This is very natural and important: the scheme-theoretic intersection
more accurately captures the multiplicities of an intersection, e.g. as in Bezout’s theorem.
This point is yet another reason for transitioning from varieties to schemes.

Example 6.3. Let X = A? = Speck[z,y], and consider the two subschemes ¥ =
V(y — x?) and Z = V (y). The scheme-theoretic intersection of these is given by the ideal
(y — 2% y) = (22,y), which is not a radical ideal in k[x,y]. The nilpotent elements of
klz,y]/(z* y) = k[z]/(x?) in some sense account for the ‘tangency’ of the intersection

XnY. A

Example 6.4. If we consider the parabola V' (y — %) and the circle V(2% + (y —1)®>—1) in
A2, the calculation of Example 1.17 shows that the scheme-theoretic intersection is defined
by the ideal

(y,2)n(y—Ll,z—1)n(y— 1,2 +1).

This scheme is also non-reduced, and the ideal (y, x*) reflects the fact that the two curves
intersect at the origin (0, 0) with ‘multiplicity 2’, unlike the two other intersection points,
which have multiplicity 1. Geometrically, this corresponds to the fact that the parabola and
the circle have a common tangent at (0, 0). A

6.2 Integral schemes

A scheme X is defined to be integral if Ox (U) is an integral domain for every affine open
set U < X. As the name suggests, an affine scheme X = Spec A is integral if and only if A
is an integral domain. This follows from the following proposition:

Proposition 6.5. A scheme X is integral if and only if it is irreducible and reduced.

N

Proof Assume that X is integral. To show X is reduced, let P € X be a point and choose
an affine open U = Spec A containing it so that P corresponds to a prime ideal p. Then by
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6.3 Function fields 121

assumption, A is an integral domain, so the local ring Ox p = A, has no zerodivisors. For
irreducibility: if X is not irreducible, then there exist two nonempty open set U, V' such that
U n'V = . But then the sheaf sequence implies that Ox (U u V) = Ox(U) x Ox(V),
which is not an integral domain.

Conversely, suppose that X is irreducible and reduced. Let U = Spec A < X be an
affine open set. Suppose that f,g € Ox(U) = A are elements so that fg = 0; we have to
show that f = 0 or g = 0. Note that U = Spec A = V(0) = V(fg) = V(f) u V(g). As
U = X is irreducible, we must have, say V(f) = U. This means that f is nilpotent in A.
But as X is reduced, there are no nilpotents of A, and so f = 0. O

Example 6.6. A} and SpecZ are integral schemes. The schemes Spec(C[xz]/z?) and
Spec(Z/60) are not. A

Many of the examples in Chapter 1 correspond to non-integral schemes (e.g., Example
1.17 and Exercise 1.8.28).

6.3 Function fields

An important property of integral schemes X is that they have a function field, K (X),
analogous to the field of rational functions on an affine variety (as discussed in Chapter 1).

To define K (X ), we note that any integral scheme X has a unique generic point . This
point is the unique point which dense in X, that is, it belongs to every open non-empty subset
of X (see Exercise 4.11.42).

Definition 6.7. For an integral scheme X, we define the function field, or the field of
rational functions, to be the local ring at the generic point £ € X:

K(X) = Oxeg,

Concretely, if U = Spec A is any affine open subset in X, then A is an integral domain,
and & corresponds to the zero ideal (0) of A. Then the local ring O x ¢ is canonically identified
with the field of fractions K (A) of A.

Example 6.8. The function field of Spec Z is equal to Ogpec 7,0y = Z(o) = Q. A

Example 6.9. The function field of A} = Spec k[xy,...,x,]isequal to the field k(z1, ..., x,)
of rational functions in x+, ..., Z,,. A

Example 6.10 (The quadratic cone). The quadratic cone X = Spec k[z,y, z]/(y* — x2)
is an integral scheme, as y*> — xz is irreducible. To compute the function field K (X), we
express z as z = x~'y%, and we find

K(X) = k(x,y,2)/(y* — v2) ~ k(z,y). A

Example 6.11. The ‘affine line with two origins’ X is both irreducible and reduced. The
function field is isomorphic to K = k(z). The two local rings Ox o, and Oy, are equal
as subrings of K; they are both equal to k[z](,). This is somewhat unsettling: any rational
function which is regular at 0, is automatically regular at O, and it takes the same value there.
This is related to the property of ‘separatedness’, which we will discuss in Chapter ?2?. A
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We showed in that each Ox (U) is a subring of K (X ) when X was an integral affine
scheme. This extends to integral schemes in general.

Proposition 6.12. Let X be an integral scheme.
(i) For an open set U < X, there is a natural inclusion Ox (U) < K(X).
(ii) For apoint P € X, there is a natural inclusion Ox p < K(X).

With these identifications, we have

Ox(U) = ] Ox.p = K(X). (6.2)

PeU

Proof (i): For V. = Spec A affine, the germ map Ox (V) — Ox ¢ corresponds to the
inclusion A © K (A). This implies that for an arbitrary U < X, the germ map Ox (U) —
Ox ¢ is injective: if s € Ox (U) satisfies s¢ = 0, then for any affine V' < U, the factorization
Ox(U) = Ox (V) < Ox forces s|y; = 0 and hence s = 0 by the Locality axiom. Hence
each Ox (U) embeds as a subring of K (X') via the germ map. The statement (ii) then follows
by taking direct limits of the O (U) < K(X) for U containing P.

We now prove the equality (6.2). The ‘c’-inclusion is clear. For the reverse inclusion,
suppose f € K(X) liesin Ox p for all P € U. For each P € U, we may pick an affine
open neighbourhood Vp of P and sections hp € Ox(Vp) so that the germ of hp at & is
equal to f. By the injectivity of Ox (Ve n V) — Ox ¢, the hp must agree on the overlaps
Vb N Vi, and hence they glue to a section of Ox (U) which maps to f. O

If P e X isapoint and f € K (X) is a rational function, we say that f is defined at P if
f € Ox, p. The subset of points U < X where f is defined is open (Exercise 4.11.11). The
set X — U is called the indeterminacy locus of f.

Example 6.13. If A is an integral domain, then a rational function a/b € K (A) is defined on
the open set D(b)  Spec A. However, it may be defined on a larger open set (see Example
1.23). A

A rational map f: X --» Y is a morphism defined on some open dense subset U < X.
To avoid the ambiguity in the domain of definition, we say that two morphisms f: U — Y
and g: V' — Y define the same rational map if f|y = g|w for some dense open subset
W < U n V. This defines an equivalence relation on pairs (U, f), and formally, a rational
map is an equivalence class of such pairs.

Proposition 6.14. For an integral scheme X, there is a bijection

K(X) = {rational maps f: X --» A'}.

Proof This is essentially a consequence of Theorem 4.6, which implies that for an open set
U c X there is a bijection

Homsch(U, Al) = Ox(U)

Taking the direct limit over all open sets U (which all contain the generic point &), the left
side gives the set of rational maps to A', whereas the right side gives Ox ¢ = K(X). O
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6.4 Dominant morphisms

We say that a morphism of schemes f: X — Y is dominant if the image of f is a dense
subset of Y. This means that any non-empty open set of Y~ intersects the image f(X) c Y.
Note that this is a purely topological condition.

Example 6.15. The morphism Spec k[x, y]/(xy — 1) — Spec k[x] is dominant. More
generally, any open embedding U — X of a dense open subset is dominant. A

Example 6.16. The map Spec k[z,y] — Speck[u,v] given by (u,v) — (z,xy) is
dominant, as the image is D(v) U {V (u, v)} (see Example 1.35) A

Example 6.17 (Dominant morphisms into affine schemes). A morphism of affine schemes
f: Spec B — Spec A, induced by aring map ¢: A — B, is dominant if and only if every
element of Ker ¢ is nilpotent. To see this, note that by (iii) of Proposition 2.29, the closure
of f(Spec B) = f(V(0)) equals V(¢~1(0)) = V(Ker ¢). So f(Spec B) is dense if and
only if V(Ker ¢) = Spec A. This condition holds precisely when Ker ¢ — p for all p, or
equivalently when Ker ¢ < /(0).

The same argument applies more generally to morphisms into an affine scheme f: X —
Spec A. By Theorem 4.6, f is induced by a unique ring map ¢: A — Ox(X) and Exercise
4.11.7 shows that the closure of the image of f is given by V (Ker ¢). In particular, if A is
reduced, then f: X — Spec A is dominant if and only if ¢: A — Ox(X) is injective. A

The previous example generalizes as follows:

Proposition 6.18. Let f: X — Y be a morphism of integral schemes. Then the follow-
ing are equivalent:
(i) f is dominant
(ii) For all affine open subsets U < X and V' < Y with f(U) < V, the induced
ring map Oy (V') — Ox(U) is injective.
(iii) f maps the generic point of X to the generic point of Y.

Proof (i) = (ii): U and V are dense, so also the restriction f|;: U — V is dominant.
Then the injectivity of Oy (V') — Ox (U) follows from Example 6.17.

(i1) = (iii): Write £ € X and v € Y for the two generic points. Note that for any subset
S < X, we have f(S) = f(S). Applying this to S = {¢}, we see that f(X) = f(§)
F(€). Therefore, if f(X) is dense, then so is f(£), and hence f(€) = ~ (there is only one
point which is dense in Y)).

(iii) = (i): If f(€) = 7. then f(X) D f(£) =7 =Y, so f is dominant. 0O

A key property of dominant morphisms is that they induce pullback maps between the
corresponding function fields. More precisely, if X and Y are integral schemes with generic
points & and ~y respectively, and f: X — Y is dominant, then by Proposition 6.18, f(§) = ~
and so f* induces a map between the local rings Oy, — Ox ¢, hence a map

U K(Y) — K(X). (6.3)

The same holds if f: X --+ Y is merely a dominant rational map.
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Example 6.19. If £ is a field, and X < A} and Y < A} are integral closed subschemes
over k, then the pullback f*(g) of a rational function g € K (Y’) coincides with the pullback
f*(g) = g o f, as defined in Section 1.6. A

If the image f(X) is not dense in Y, there is no hope of defining a pullback map as in
(6.3). For instance, if f: A} — AZ is the closed embedding of the ‘z-axis’, i.e., induced by
the ring map k[z,y] — k[, y]/y, then there is no reasonable way to pull back the element
y~ '€ k(x,y) to K(A;) = k(x). In fact there are no maps of fields k(z,y) — k(z) at all.

Typically, for a dominant morphism f: X — Y, one expects X to be ‘as large as’
or ‘larger than’ Y. For instance, in many good cases X will have dimension at least the
dimension of Y. On the other hand, there are also dominant morphisms with non-intuitive
behaviour, as in the following examples:

Example 6.20. The morphism Spec Q — Spec Z is dominant. More generally, if A is an
integral domain with fraction field K, the canonical map Spec K — Spec A is dominant.

A

Example 6.21. Let X be the disjoint union of an infinite set of closed points of the affine
line A{. Then the embedding X — Al is dominant. A

6.5 Covering intersections of affines by distinguished opens

A common situation in scheme theory is that if a property holds for the open sets of an affine
cover of a scheme X, then the property holds for every affine open subset of X. For instance,
we encountered such a situation in our discussion of closed subschemes in Section ??. In this
section, we explain the following basic, but extremely useful, lemma, which will allow us to
systematically prove such statements.

Lemma 6.22. Let X be a scheme and let U = Spec A be an affine open subscheme.
(i) If V' = Spec B be is another open affine subscheme, then for any point
P € U n V, there exist an open set W < U n V containing P, which is
distinguished in both U and V.
(ii) If {U;}cr is an affine cover of X, then there exist elements fi, ..., f, € A
such that D(fy), ..., D(f.)cover U and foreachj = 1,...,7, D(f;)isa
distinguished open set in both U and some Uj;).

Proof (i):Let P € U n V. Since the distinguished open sets form a basis for V' = Spec B,
we may find a g € B such that P € D(g) < U n V. As a distinguished open set in a
distinguished open set is a distinguished open, we may replace V' by D(g), and hence assume
that V < U.

The inclusion map ¢: V' — U is induced by a ring map ¢: A — B.Leta € A be
such that D(a) < V and set W = D(a) < U. Then by Proposition 2.29, we have
W = 17YD(a)) = D(¢(a)) and so W is distinguished in both U and V.

(ii): Since {U, };cr covers X, for each P € U, there exists U; such that P € U;. By (i),
there exists an open subset Wp < U n U, containing P which is distinguished in both U and
U;. Since U is quasi-compact, we may reduce this to a finite subcover, and we obtain finitely
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6.6 Schemes of finite type 125

many such open sets D(f1), ..., D(f,) for fi,..., f, € A which cover U. By construction
each D( f;) is distinguished in some Uj;). O

6.6 Schemes of finite type

Building on the analogy with affine varieties, which arise from finitely generated k-algebras,
we can extend the notion of ‘finite generation’ to schemes over a general ring A. Recall that
an A-algebra B is called finitely generated, or of finite type over A if there exists a finite set
of elements x1, . . ., z, € B such that every element f € B can be expressed as a polynomial
in the x;’s with coefficients in A. Equivalently, B is isomorphic to a quotient of a polynomial
ring A[z1,...,2,].

Definition 6.23. An A-scheme X is of finite type over A if it admits a finite open cover
{U;}7_, where each U; = Spec B; and each B; is a finitely generated A-algebra.

The prototypical example of an A-scheme of finite type is X = Spec B where B is
a finitely generated A-algebra. This is not immediately clear from the definition, because
Spec B could a priori be covered in some other way by affine open subschemes which are
spectra of finitely generated A-algebras.

Proposition 6.24. Let X be a scheme of finite type over A. Then for any affine open
U c X, thering Ox (U) is a finitely generated A-algebra.

Proof Write U = Spec B, and let U; = Spec B; be the affine covering of X, where each
B; are finitely generated A-algebras. By Lemma 6.22, we may refine the cover {U n U;}
to a finite cover by distinguished open sets D(f1), ..., D(f,) that cover U, such that each
D(f;) is distinguished in some U;(;), say D(f;) = Spec((Bij))y,)- As Bj;) is a finitely
generated A-algebra, the localization By, = (Bi(j) g, 1s a finitely generated as well. We
want to prove that B itself is finitely generated.

Choose elements a;, € B forj = 1,...,r, k = 1,..., s such that for each j, By, is
generated as an A-algebra by elements of the form a;y,/ f;” * for some n;j, € N.

We claim that B is generated by f1, ..., f., a1, .., a,s. Consider the map of A-algebras

¢: A[l‘l,...,xfr,ylla"'?y’f’s] — B

defined by x; — f; and y,;, — a,, for all j and k. To show that ¢ is surjective, it suffices
to show that ¢, is surjective for every p € Spec B. After reordering, we may assume that
p € D(f1). By our choice of generators the localization of ¢ at x; is surjective

A[xlu'”7xT7y117"'7yrs]:r1 —_>Bf1 (64)

As f1 € A — p, the ring map ¢, is a localization of the ring map (6.4). Since localization is
exact, ¢, is surjective as well. Since this happens for all p, B is finitely generated. O

Example 6.25. Any scheme of the form

X =SpecAlzy,...,x.]/(f1y---, fr)
is of finite type over A. A
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Example 6.26. The morphism ]_[fil A} — A} which is the identity on each component, is
not of finite type, even though it is ‘locally of finite type’. A

Example 6.27. An open embedding ¢: U — X need not be of finite type. For instance, the
open embedding

| D(t:) — Specklty, ta, ... ]

teN
is not of finite type, because the scheme on the left is not quasi-compact (and so cannot be
covered by finitely many affine subschemes).

However, if U is quasi-compact, then an open embedding ¢: U — X is of finite type (see
Exercise 6.11.33). A

A morphism of schemes f: X — S is of finite type if for every affine open set V =
Spec A < S, the inverse image f~'(V) is of finite type over A.

Although this definition requires the condition to hold for every affine open in .5, the
following proposition shows that it suffices to verify it for an affine cover of S.

p

Proposition 6.28. Let f: X — S be a morphism. If there exists an affine cover S; =
Spec A; of S such that for each i, the scheme f~'(.S;) is of finite type over A;, then f is
of finite type.

Proof See Exercise 6.11.34. O

6.7 Finite morphisms

Recall that an A-module B is said to be finite over A if it is finitely generated as an A-
module. In other words, there is a finite set of elements by, ..., b, so that each b is an
A-linear combination b = > a;b; with a; € A.

Even though the names ‘finite type’ and ‘finite’ are similar, the two notions are very
different. To say that B is of finite type is to say that B is a ring quotient of a polynomial ring
Alzy,...,x,], where as B being finite means that B is a quotient module of a free module
A" of finite rank. So for instance, C[t] is of finite type over C, but it is not a finite C-module.

Definition 6.29. A morphism f: X — Y is said to be finite if for every open affine
U = Spec A ¢ Y, the preimage f~(U) is affine, say, f~'(U) ~ Spec B and the
induced ring map A — B makes B a finite A-module.

If Y = Spec A, we say that an A-scheme X is finite over A if the structure morphism
f:+ X — Spec A is finite.

p

Proposition 6.30. Let f: X — Y be a morphism and assume that there is an open
affine covering V; = Spec A; of Y such that f~'(V;) — Vj is finite for every 7. Then f
is finite.

N

Proof LetV = Spec A be any affine. By Proposition ??, f is affine, so f~'V = Spec R
for some ring R, and it remains to prove that R is a finite A-module.
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Using Lemma ??, we find elements g1, ..., g, € A, so that D(g,), ..., D(g,) cover V'
and each D(g;) is distinguished in some V;(;). By assumption, Ry, .. = B;;) is a finite
Ay,-module forevery j = 1,...,7.

Assume that finitely many D(g;)’s cover V and that f~*D(g;) = Spec By, with each B;
a finite modules over A,,. Let x;; be generators of B,, over A,,, which we may choose to be
images of elements b,; in B. We contend that the b;;’s generate B over A.

Given an element b € B, it holds that g;'b = >, a;;b;; for some n € N independent of i
and with a;; € A. Since the D(g;)’s cover V/, there is a relation of the form

(7)

L=cgy +- -+ g,
which yields

b= chg;lb = chaijbij.
J

O

Example 6.31. Let f: Speck[x] — Speck[y] be the map induced by a ring map
¢: kly] — k[z] sending y — p(z), where p is a nonconstant polynomial. Then f is
a finite morphism. Indeed, if p(x) = 2" + a,,_;2" ' + - - - + ao, then as a k[x]-module,

klyl = klz][yl/(y — p(2)) ~ k[z] @ k[z]z @ - - @ k[z]2" "
A

Example 6.32. The morphism Spec C — SpecR is finite, while Spec C — SpecQ is
not. A

Example 6.33. Consider the ‘blow-up’ morphism

f+ Specklz,y,z]/(z — yz) — Speck[z,y]
Then f is not finite, as the ring on the left is not finitely generated as a k[x, y]-module. A

To underline the huge difference between the two finiteness conditions of this section,
we observe the following: X is of finite type over a field k£ simply means it can be covered
by open affine subschemes of the form Spec k[z1, ..., x,.]/a. On the other hand, for X is
to be finite over a field k¥ means that X = Spec A is affine, and A is a k-algebra of finite
dimension over k. Such a ring A is Artinian and has only finitely many prime ideals all being
maximal. Hence the spectrum Spec A is a finite set, and the underlying topology is discrete.

Example 6.34. For n > 1, the structure morphisms A7 — Spec k and P, — Spec k are of
finite type, but not finite. A

Example 6.35. The embedding Spec A, < Spec A of a distinguished open subscheme is of
finite type, but typically not finite. For instance, the morphism Spec k[x, x '] — Spec k[z]
is not finite, as k[x, x7!] is not a finite k[z]-module.

Example 6.36. Consider ‘the hyperbola® X = V(xy — 1) < A? = Speck|z,y] and
the projection X — A} = Spec k[z] onto the x-axis, which is induced by the inclusion
k[z] < k[xz,z~']. The algebra k[z, '] is not finite over k[z], as it requires all the
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negative powers £~ " as generators. However, for any elements a, b of k with ab # 0, the ring
k[z,x~!] is finite over k[ax+bx~!]. Indeed, k[z, 2] is generated by x over k[az+ bz "],
and z satisfies the monic equation

T? —a Yax +br )T +ba' =0 A.

Example 6.37 (Noether’s Normalization). Let X = Spec A be an affine scheme of finite type
over a field k. Then by Noether’s Normalization Theorem (A.34), we may find algebraically
independent elements x1, . .., x, € A such that k[z;,...,z,] < Ais a finite extension. In
particular, there is a finite dominant morphism

fr X — AL A

Properties of finite morphisms

An important fact about finite morphisms is that they have finite fibers. Thus there is an elegant
connection between the algebraic condition of ‘being a finite module’ and the geometric
condition ‘having finite fibers’.
Proposition 6.38. Let f: X — Y be a finite morphism. Then:
(1) f is a closed map.
(ii) If f is dominant, then it is surjective.
(iii) Each scheme-theoretic fiber X, has an underlying topological space which
is finite and discrete.

Proof (i): As f is affine, and ‘closedness’ of a subset can be checked over an open cover, we
reduce to the case X = Spec B, Y = Spec A and f is induced by aring map ¢: A — B.

By Proposition 2.29 on page 34, the closure f(V'(b)) of the image of a closed subset
V(b) < Spec B equals V(¢~!(b)). On the other hand, note that the restriction of f to V'(b)
can be identified with the map on spectra induced by A/¢~*(b) — B/b. As this ring map is
both injective and finite (since ¢ is finite), it is integral, and hence the Lying-Over Theorem
(Theorem 6.40 (i) below) implies that f is closed.

(ii): Again we may reduce to the affine case. Note that if B is an A-algebra which is
finite as an A-module, then B,.q is an A,.q-algebra which is finite as a A,.q-module. Hence
replacing ¢req: A — B with ¢eq: Area — Bred, We do not change the induced map on
spectra, and we may assume to the case where A and B are reduced. In that case, f is
dominant if and only if ¢ is injective. But an injective and finite ring map is integral, so we
conclude by the Going-Up theorem (Theorem 6.40 (ii) below)

(iii): If y € Y is a point, choose an affine U = Spec A containing it. As f is finite,
f71(U) = Spec B is also affine, so we reduce to the case where X and Y are affine, and f
is induced by a ring map A — B, making B into a finite A-module.

In this situation, y corresponds to a prime ideal p = A, and it follows that B, /pB, =
B®4 Ay /pA, is afinite vector space over x(p) = A,/pA, (images of generators persist
being generators). In other words, By/pB, is an Artinian ring, and hence its spectrum
X, = Spec(B,/pB,) is finite and discrete. O
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Example 6.39. The converse of Proposition 6.38 does not hold. The open embedding
A} — {0} — A} has at most one point in each fiber, but it is not a finite morphism. A

In order to complete the proof of Proposition 6.38 (ii), we will prove a slightly more
general result, for affine morphisms which are locally of the form Spec B — Spec A where
A < B s an integral ring extension. Recall that a ring extension A < B is said to be integral
if any element ¢y € B satisfies some monic polynomial

Y a1y o+ ag =0 (6.5)

with coefficients in A. (See Section A.10 for more background).

Theorem 6.40. Let A — B be an integral ring extension and let f: Spec B — Spec A
be the induced map. Then:

(i) (Lying-Over) f is surjective with discrete fibers.

(ii) (Going-Up) f is closed

In concrete terms, f being surjective means that for every prime ideal p < A there is a
prime ideal g = B such thatp = q n A.

Proof (i): Letp € Spec A be a point. If A < B is integral, then so is A, — B,,. We want to
show that the fiber f~!(p) = Spec(B,/pBy) is non-empty. In other words, we need to show
that B, /pB,, is not the zero ring, or equivalently, that pB, # B,. Assuming the opposite, let
x € p be an element so that z/1 is invertible in B,,. Then there is an element y € B, such
that xy = 1in B,,. As A, C B, is integral, y satisfies an integral equation of the form (6.5)
with coeffients in A,. Multiplying this relation by "' shows that y € A, contradicting the
fact that z is not invertible in A,.

The fibers being discrete means that each point ¢ € f~'(p) is closed in Spec B. In
other words, if q,q' € f~'(p) and ¢’ € {q} = V/(q). then q = q'. Replacing A and B by
A/(q n A) © B/q, we reduce to the case where A and B are integral domains and p = (0).
If there is a nonzero prime ideal q’ such that ¢’ N A = (0), take any y € q'. Then y satisfies
an integral equation of the form (6.5) and we may choose n minimal. Note that the equation
(6.5) implies that ay € ¢ N A = p = (0). Therefore, y(y" > +---+a;) =0€ B. Asn s
chosen minimal, 4"~ + - - - + a; # 0, contradicting the fact that B is an integral domain.

(ii): Let b < B be an ideal. We claim that (V' (b)) = V(b n A). The containment ‘C’ is
clear. Conversely, applying (i) to the extension A/(b N A) — B/b (which is again integral),
we see that the restriction V' (b) — V(b n A) is surjective, as we want. O

Example 6.41. Let k be an algebraically closed field and consider the closed subscheme
X = V(y?> + P(x)) in A} = Speck[z,y], where P(x) is a polynomial in k[z]. Let
m: A7 — A} denote the projection onto the z-axis (induced by the inclusion k[x] < k[z, y]).
Then the restriction 7| x will be finite. Indeed, its algebraic counterpart is the ring extension
klz] < k[z,y]/(y* + P(z)), and the latter ring has a basis as module over k[z] consisting
of 1 and y.

On the other hand, if Y = V(zy? + P(z)) and P(0) # 0, then 7|y is not a finite
morphism. Indeed, the origin 0 € A'(k) does not belong to its image, and so 7|y is not
surjective. A
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Proposition 6.42. Let f: X — Y be a finite morphism. Then
dim X <dimY

with equality if and only if f is dominant.

Proof We first prove the statement when X and Y are affine, say X = Spec B, Y =
Spec A, and f is induced by a ring map ¢: A — B.

We have dim f(X) c dimY (Lemma 6.59). Therefore, we may as well replace Y by
TX) and assume f is dominant. On the level of rings, this corresponds to replacing A by
A/Ker ¢, and ¢: A — B injective. Then B is an integral extension of A, and f is surjective
by Theorem 6.40. Moreover, dim A = dim B by Proposition A.19.

For the general case, cover Y by affines {U, };c;. Then the collection f ~1U, form an affine
cover of X. By the affine case and (iii) of Lemma 6.59 we find

dim X = supdim 4 < supU; = dimY.

O
Proposition 6.43. Let f: X — Y be a finite surjective morphism of Noetherian integral
schemes. Then:
(i) K(X) is a finite field extension of K (Y").
(ii) There is a nonempty open set V' < Y such that the fiber f~*(y) consists of
exactly d points, where d = [K(X) : K(Y)].

Proof As f is affine, we may reduce to the affine case where f: Spec B — Spec A
induced by a ring map ¢: A — B, making B into a finite A-module. By the Generic
Freeness Theorem (Theorem A.55) there is g € A such that B, is free as an A,-module, i.e.,
B, ~ A¢ for some integer d. This implies that K (B,) is a finite extension of K'(A,) of
degree d. Over the open set V' = D(g), we have for each p € Spec A,

d

B®an(p) =[] r).

=1

This implies that f~*(p) = Spec(B ®4 k(p)) consists of exactly d points, as required. [J

Definition 6.44 (The degree of a finite morphism). Let f: X — Y be a finite morphism
of integral schemes. The degree of the field exension K (Y') < K (X) is called the degree
of f and is denoted deg f.

Note that if f: X — Y and g: Y — Z are finite morphisms of integral schemes, the
composition g o f is finite and deg(go f) = deg f - deg g. This follows because [M : K| =
[M : L][L : K] for a tower of field extensions K < L < M.

Example 6.45. The morphism f: Spec C — SpecR is finite of degree 2, but of course
there is only a single point in the preimage. A

Example 6.46. The *n-th power map’ f: P; — P} of Example 12.33 has degree n. Indeed,
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locally it is given by the ring map k[u] — k[x] sending u to 2", and k(z) = k(u)[z]/(u —
x™) has dimension 7 as a k(u)-vector space. A

Example 6.47. If X is a hyperelliptic curve, as discussed in Section B.4, then the morphism
X — P} has degree 2. In this case, K (X) is obtained from k(x) by adjoining a square root
y of a polynomial f(x) € k[x], so it is spanned by 1 and y as a k(x)-vector space. A

6.8 Noetherian schemes

Recall that a ring A is Noetherian if every ideal is finitely generated. This is a strong
requirement, which has many important consequences for the ring.

Definition 6.48. A scheme X is Noetherian if it has a finite open cover {U;}/_; where
U; = Spec A; where each A; is a Noetherian ring.

It is important to note that the cover is required to be finite. This in particular implies that
a Noetherian scheme is quasi-compact, as it can be covered by finitely many affine schemes,
each of which is quasi-compact.
Proposition 6.49. Let X be a scheme. Then the following are equivalent:
(i) X is Noetherian.
(ii) X is quasi-compact, and for every open affine U = Spec A ¢ X, the ring
A is Noetherian.

Proof (ii)=(i) is immediate, so we focus on the implication (i)=(ii).

Let {U;}!_, be an affine cover of X, where U; = Spec A; and each A; is a Noetherian
ring. Since X is covered by finitely many affine open sets, it is quasi-compact.

Now let U = Spec A be any affine open in X. We need to show that A is a Noetherian
ring. For each i, the intersection U n Uj is an open set in U; = Spec A;, and since U; is
quasi-compact, it can be covered by distinguished open sets D( f;;) < U;, where f;; € A;.
The D(f;;)’s form a cover of U, so since U is quasi-compact, we may reduce the cover to
a finite one. Since A; is Noetherian, the localization (A,)y,, is also Noetherian. Therefore,
U can be covered by finitely many spectra of Noetherian rings, and hence it is a Noetherian
scheme. Therefore, we reduce to considering X = U = Spec A, and proceed to show that if
Spec A is a Noetherian scheme then A is Noetherian.

We may refine the covering Uj to finitely many distinguished open sets, so that Spec A is
covered by finitely many distinguished opens D(f), ..., D(f,), where f1,..., f,. generate
the unit ideal in A.

To conclude, we need to show that every ideal a in A is finitely generated. By assumption,
the ideals a Ay, are all finitely generated, and since f; is invertible in Ay,, we can find finitely
many elements a;; € A which map to generators of aAy, in Ay,. Consider the A-linear map

o: @A—> a
(2]

which sends the standard basis vector e;; to a,;. Since the D(f;)’s cover Spec A, the local-
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ization ¢, is surjective for every p € Spec A, and from this it follows that ¢ is surjective as
well. Consequently, a is finitely generated and hence A is Noetherian. O

e

Corollary 6.50. The scheme Spec A is Noetherian if and only if A is a Noetherian ring.
The concept of a Noetherian scheme is closely related to being of finite type.

Proposition 6.51. Let f: X — Y be a morphism of finite type and suppose Y is
Noetherian. Then X is also Noetherian.

Proof Let V. = Spec A be any affine open set in Y. Since Y is Noetherian, A is a
Noetherian ring. As f is of finite type, X can be covered by finitely many spectra V =
Spec B where B is a finitely generated R-algebra. As A is Noetherian, Hilbert’s basis
theorem then implies that B is Noetherian and hence X is Noetherian as well. 0

On the other hand, Spec Q is not of finite type over Z, but it is Noetherian.

Proposition 6.52. Let X be a Noetherian scheme. Then any open or closed subscheme
of X is also Noetherian.

N

Proof Let {U,;}cr be a finite affine cover with U; = Spec A; for A; Noetherian. It suffices
to prove that if Y < X is a closed or open subscheme, then Y n U; is Noetherian. In
particular, since Y n U, is closed or open subscheme of an affine scheme, it suffices to
consider the case where X = Spec A and A is Noetherian.

When Y is an open subscheme, then there are elements g1,...,g, € Asuchthat Y =
U:L:l Spec A,,. If A is Noetherian, then so is each of the localizations A,,, and consequently
Y is Noetherian.

When Y is a closed subscheme, we may assume Y = Spec(A/a) for some ideal a < A.
If A is Noetherian, then so is A/a, and hence Y = Spec(A/a) is also Noetherian. O

Another nice property of Noetherian schemes is that the underlying topological space is
Noetherian (that is, descending chains of closed subsets stabilize, see page 9).

Proposition 6.53. Let X be a Noetherian scheme. Then
(i) The topological space of X is Noetherian.
(i1) Any closed subset Y < X admits a unique decomposition into irreducible
components

Y=Y u---UY,.

N

Proof (i): By definition, X may be covered by a finite number of open affine subsets.
A descending chain stabilizes if and only if the intersection with each of those open sets
stabilizes, so we reduce the proof to showing the proposition for X = Spec A where A is a
Noetherian ring, in which case the statement is clear.

(ii): See Proposition 1.15. O
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Examples

Example 6.54. For a field k, the disjoint union X = ]_[fozl Spec k is not Noetherian (it is
not even quasi-compact). A

Example 6.55. The scheme X = Spec (]_[fil k:) is affine, hence quasi-compact. However
it is not Noetherian, because the ring is not Noetherian. In fact, the set of prime ideals in
infinite products of fields is remarkably complicated: it is described by the set of so-called
‘ultrafilters’ on N. (See also Exercise 6.11.10 for a related example.) A

The topological space Spec A can be Noetherian even without A being Noetherian: the
condition is equivalent to the weaker condition that ascending chains of radical ideals
eventually stabilize, and there are many rings which satisfy this without being Noetherian.
Here are two examples:

Example 6.56. Consider the polynomial ring k[x;, z5, x3,...]| and the maximal ideal
m = (x1,Z2,...). Thering

A = k[zy, 20, 23,...]/m*

has only one prime ideal, the maximal ideal m. Therefore, Spec A consists of a single point,
and is therefore Noetherian as a topological space. The ring A however is not Noetherian, as
m requires infinitely many generators, namely all the z;’s. A

Example 6.57. Let A = C[[t]] be the ring of formal power series over C, with fraction field
K = C((t)). Let K denote the algebraic closure of K, that is,

& = | Jc)em.
n=1
The integral closure of A in K is given by

A= et

n=1
Note that A is not Noetherian, as we have an infinite ascending chain of ideals:
t)c ) c (@t c---.

However, the spectrum Spec A is Noetherian as a topological space. In fact, it consists of
only two points. To see this, observe that each C[[t*/"]] is a discrete valuation ring, hence
its spectrum consists of two points: the generic point and the closed point. Moreover, the
inclusions C[[t"/2"]] < C[[t'/2"""]] induce a directed system

- — Spec C[[t"/*]] — Spec C[[t"*]] — Spec C[[#]]

and Spec A is the inverse limit of this system (see Exercise 4.11.57). As all the maps involved
take the generic point to the generic point and the closed point to the closed point, they are
are homeomorphisms, and hence Spec A also consists of two points. A

While the first example may seem a bit artificial, the second one is one that could appear ’in
nature’. That being said, most of classical algebraic geometry primarily deals with Noetherian
rings. For instance, all of the examples from Chapter ?? are Noetherian, as they are all
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(7) (11)
(5) (13)

(3) (17)

®

Figure 6.1 Gluing together all the Spec Z,)’s

constructed by explicitly gluing together finitely many schemes of the form Spec A where A
is a Noetherian ring. Here is another example on the ‘exotic side’.

Example 6.58. In Example 4.38 on page 84, we glued together the affine schemes X, =
Spec Z,)y with p from a finite set P of prime numbers. However, in the gluing conditions for
schemes, there are no restrictions on the number of schemes to be glued together, and we are
free to glue together P infinite. For example, we can let P be the set of all primes.

The resulting scheme Xp is rather peculiar: it is neither affine nor Noetherian, but it is
locally Noetherian. As a scheme over Z, the canonical map 7: Xp — SpecZ is bijective
and continuous, but it is not a homeomorphism. Moreover, for all open subsets U < Spec Z
the map induced on sections 7°: T'(U, Ogpecz) — (771U, Ox,,) is an isomorphism. In
other words, 7 : Ogpecz — T4 (Ox,,) is an isomorphism of sheaves!

As in Example 4.38 the scheme X is constructed by gluing the different Spec Z,)’s
together along the generic points. However, when computing the global sections, we see
things changing. As in Example 4.38 the global sections are computed with the help of the
sheaf sequence

0—I'(X,0x) — [[er I'(X,,0x) — Hp,qEPF(Xp N X,,O0x)

| !

HpeP Z(P) P Hp,qu Q’

and the kernel of p is still ﬂpep Z(p), but now this intersection equals Z. Indeed, a rational
number o = a/b lies in Z, precisely when the denominator b does not have p as factor, so
lying in all Z,), means that b has no non-trivial prime-factor. That is, b = 41, and hence
a € Z.

One can understand the canonical map 7w: Xp — SpecZ as follows. Each of the schemes
Spec Z,y maps in a natural way into Spec Z, by the map induced by the inclusion Z < Z).
Here the generic point of Spec Z, map to generic point of Spec Z, and the closed point
maps to (p) € Spec Z. As the maps agree on the generic points, they glue to the canonical
map 7: Xp — SpecZ. This is a continuous bijection by construction, but it is not a
homeomorphism. Indeed, the subsets Spec Z ;) are open in X by the gluing construction,
but they are not open in Spec Z, as their complements are infinite.

The underlying topological space of X is not Noetherian, as the subschemes Spec Z,)
form an open cover that obviously cannot be reduced to a finite cover. However, it is locally
Noetherian as the open subschemes Spec Z,) are Noetherian. The sets U, = Xp — {(p)}

peP
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map bijectively to D(p) < SpecZ and I'(U,, Ox,) = Z,, but U, and D(p) are not
isomorphic. A

6.9 The dimension of a scheme

Recall from Chapter 1 that the dimension of a topological space is the supremum of all
integers 1 such that there exists a chain

Z()C21C"‘CZ.,L (66)

of distinct irreducible closed subsets of X. If no such finite upper bound exists, we say that
dim X = oo.

We define the dimension of a scheme X, denoted dim X, as the dimension of the under-
lying topological space. For a point P € X, we will also consider the dimension of X at
P, denoted dimp X, which is defined as the suprenum of lengths of chains as in (6.6) with
Pe Z,.

Lemma 6.59. Let X be a topological space.
(1) If Y < X is any subset, then dim Y < dim X.
(ii) Assume that dim X < o0. If Y < X is a closed and irreducible subset and
dim Y = dim X, then Y is an irreduible component of X.
(iii) If {U;}cr is an open cover of X, then dim X = sup,.; dim U;.

Proof (1): As the closure of an irreducible subset is again irreducible, and since any closed
Z < Y satisfies Z n'Y = Z, achain {Z;} of distinct irreducible closed subsets of Y will
yield a chain {Z;} of distinct irreducible closed subsets of X.

(ii): Assume dim X < oo and let Y < X be a closed irreducible subset with dimY =
dim X. If Y is not an irreducible component, there would exist a strictly larger irreducible
closed subset Z containing Y. But this would contradict the maximality of the dimension of
Y.

(iii): First of all, dim X > sup,.; dim U; by part (i). To prove the reverse inequality, we
first remark that if Z < X is closed and irreducible and Z " U # J,then Z nU = Z.
Indeed, Z n U < Z holds because Z is closed, and if the inclusion is strict, Z would be the
union of two proper closed subsets, namely Z n U and Z — U.

Therefore, if Zg = ... c Z, isachainin X and U an element of the open cover such that
U n Zy# J, then {Z; n U} is a chain of distinct closed subsets in U, and consequently
n < dim U. This shows that when dim X = oo, the supremum sup,.; dim U; will be
infinite as well. When dim X is finite, taking the chain to be maximal (that is, not extendable
to a longer chain), we see that dim X = n < dim U, which proves the desired reverse
inequality. O

If X is a scheme, we define the dimension of X as the dimension of the underlying
topological space. In particular, dim X = dim X,.q (see Exercise 4.11.9).

When X = Spec A is affine, the closed irreducible subsets are of the form V'(p) where p
is a prime ideal of A. Using this observation we find:
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Proposition 6.60. The dimension of Spec A equals the Krull dimension of A.

Example 6.61. The spectrum of the integers, Spec Z has dimension 1. The maximal chains
of prime ideals in Z have the form (0) < (p) where p is a prime number. A

Example 6.62. The affine line A}, has dimension 2. The maximal chains of prime ideals
in Z[z] are of the form (0) < (p) < (f(x),p), where p is a prime number and f(x) a
polynomial which is irreducible mod p.

A

More generally, we have dim A7 = n + 1, by the following proposition:

Proposition 6.63. If A is a Noetherian ring, then
dim Spec A[zy,...,x,] = n + dim A.

In particular, when A = k is a field, A} has dimension n. A maximal chain of irreducible
closed subsets is given by

V(zy,...,x,) € ... V(xy,x0) € V() < A}

If A is not Noetherian, then the Krull dimension of A[xl, ceey xn] 1s harder to control; it can
be any integer between dim A + n and dim A + 2n, inclusive.

Example 6.64 (Zero-dimensional schemes). The schemes

SpecZ/pZ,  SpecClz]/(z"),  SpecClz,y]/(z* zy,y?),

have dimension zero.
More generally, the spectrum of an Artinian ring has dimension zero, and for Noetherian
rings A, Spec A has dimension zero if and only if A is Artinian. A

Having finite dimension does not guarantee that a scheme is Noetherian (see for instance
Example 6.56). More surprisingly, there are also Noetherian rings whose Krull dimension
is infinite. Even though each maximal chain of prime ideals in a Noetherian ring will be of
finite length (prime ideals satisfy the descending chain condition) there can be arbitrary long
ones. See Exercise 6.11.22 for an explicit example, due to Nagata.

Codimension

For a closed subset Y < X the dimensions dim Y and dim X are defined in terms of closed
irreducible subsets contained in Y and X respectively. If we fix the subset Y < X, there is
also a relative notion, the codimension of Y in X, denoted by codim(Y, X'), which is defined
in terms of closed irreducible subsets of X containing Y. These three numbers will in some
important cases be related by the equality dim Y + codim(Y, X') = dim X (which justifies
the name ‘codimension’). However this formula does not hold in general (see Example 6.67
below).
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6.10 Affine varieties as schemes 137

Definition 6.65 (Codimension). Let Y < X be an irreducible closed subset of X. The
codimension of Y is the supremum of all integers n such that there exists a chain

Y=YycY,c---CY,

of distinct irreducible closed subsets of X.

When X = Spec A, the bijective correspondence between irreducible closed subsets of
Spec A and prime ideals in A, shows that the codimension of the subset V' (p) will be equal
to the height of the prime ideal p, that is, the maximal length of a chain of distinct prime
ideals pg < p; < - - - < p, = p. Equivalently,

codim V(p) = ht(p) = dim(A,). 6.7)

More generally, we have:

Proposition 6.66. Let X be a scheme and P € X be a point. Set Y = { P}. Then

codim(Y, X) = dim Ox p. (6.8)
Proof GivenachainY c Y; c --- < Y, of distinct irreducible closed subsets, the generic
points &1, . . ., &, of the Y;’s will be contained in any affine open neighbourhood of P. We

may therefore assume that X = Spec A is affine, in which the claim follows by (6.7). O

A chain of distinct irreducible closed subsets of Y may be extended to a chain in X by
appending a chain betwen Y and X. Taking the suprenum over all such chains, we find the
inequality

dimY + codim(Y, X) < dim X.

As mentioned above, equality does not hold in general. In fact, there are quite simple examples
where the inequality is strict.

Example 6.67. Consider the discrete valuation ring R = C[xz](,) with maximal ideal
m = (z). Consider the principal ideal n = (tx — 1) in the polynomial ring R[t]. It is
a maximal ideal, because C[x],)/(tx — 1) ~ C(x), and one easily checks that it does
not properly contain any non-zero prime ideal, so it is of height 1. Letting Y = V'(n) and
X = Spec R[t], we find dimY = 0 and codim Y = 1, but it holds that dim X = 2. A

Krull’s Principal ideal theorem
TODO.

6.10 Affine varieties as schemes

In Chapter 1, we defined an affine variety as an irreducible closed algebraic set V' < A}
where k is an algebraically closed field. The coordinate ring A(V') of V' is a finitely generated
k-algebra and an integral domain. We now present the more general scheme-theoretic version:
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Definition 6.68. An affine variety over a field k is an affine scheme of the form
X = Spec A, where A is a finitely generated k-algebra which is an integral domain. A
morphism of affine varieties over k is a morphism of the underlying k-schemes.

If we choose a presentation A = k[z1,...,z,]/a, we see that any affine variety in this
sense admits a closed embedding into an affine space A} over k. Conversely, any closed
subscheme V' (a) of A} is an affine variety, as long as the defining ideal a is a prime ideal.

This definition naturally extends the classical notion when k is algebraically closed. In
this setting, then any affine variety V' < A" (k) as defined in 1 gives rise to an affine variety
in the new sense by taking X = Spec A(V'). The scheme X is irreducible as A(V) is an
integral domain. Furthermore, the Nullstellensatz implies that the k-valued points of X are in
bijection with the points of V, allowing us to view V' as a subset of X. Under this inclusion,
the Zariski topology on V is the restriction of the Zariski topology on X .

The scheme X however contains many additional points. These correspond to the non-
maximal ideals of A(V'), or equivalently, the subvarieties of V' of dimension at least 1.

The assignment V' — X extends to morphisms. Morphisms of ‘classical’ affine varieties
V' — W correspond to maps of k-algebras A(WW') — A(V), and these in turn are in bijection
with morphisms of k-schemes X — Y. This means that we have defined a fully faithful
functor from the category of affine varieties AffVar/k to the category of affine schemes over
k, AffSch/k.

By Example 3.21, the structure sheaf on X coincides with the sheaf of regular functions
(as in Chapter 1). Over an open set U < X, the ring Ox (U) consists of the rational functions
f € K(X) which are regular at every point of U.

Example 6.69. The following schemes are affine varieties:
Az, SpecR[z,y]/(2* +y*), SpecF,[z,y,z]/(y* —x2).
The following schemes are not:
SpecZ, SpecClz,yl/(2* +y%), Fylz,yl/(y?).
A

The next proposition tells us that for a morphism of affine varieties, closed points map to
closed points, as in the classical situation:

Proposition 6.70. Let f: X — Y be a morphism of affine varieties over a field k. If
P € X is aclosed point, then f(P) is closed in Y.

Proof Let X = SpecB and Y = Spec A, where A and B are finitely generated k-
algebras, and suppose f is induced by a map of k-algebras ¢p: A — B. The point P
corresponds to a maximal ideal m in B, and x(P) = B/m is a finite extension of k, by
Theorem 1.7. Letp = ¢~ *(m) < A be a prime ideal corresponding to f(P). The map ¢
induces an injective map of k-algebras:

A/p — B/m = k(P).
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Since x(P) is a finite field extension of &, the domain A/p also a finite-dimensional k-algebra.
To show that p is maximal, it suffices to show that A/p is a field.

Take any nonzero @ € A/p. Multiplication by @ defines an injective k-linear map A/p —
A/p. Because A/p is finite-dimensional, this map is also surjective. Hence, there exists
b e A/p such that ab = 1. Hence A/p is a field and p is a maximal ideal. O

6.11 Exercises

Exercise 6.11.1. Find an example of a connected scheme X with a disconnected open subset
UcX.

Exercise 6.11.2. Let A be a Noetherian ring such that Spec A is of dimension 0. Show that
A is Artinian.

Exercise 6.11.3. Show that if A is a Noetherian ring, then each local ring A, is also
Noetherian.

Exercise 6.11.4. Describe X = SpecZ[z]/(5x — 15). Is X irreducible? Reduced? What
are the fibers of the canonical map X — Spec Z?

Exercise 6.11.5. Let X be an integral scheme and U — X an open subset. Show that x € U
if and only if Ox (U) < Ox,, inside K (X).

Exercise 6.11.6. Let X be a topological space. Show that the following two conditions are
equivalent.

(i) X is Noetherian.

(i1) Every open subset of X is quasi-compact.

Exercise 6.11.7. a) Find an open subset of an affine scheme which is not quasi-
compact.
b) Let U, V be quasi-compact open subsets of Spec A for some ring A. Show that
U n V is also quasi-compact.

Exercise 6.11.8. For a Noetherian scheme X, the ring Oy (X') may fail to be Noetherian in
general. Consider P} with homogeneous coordinates g, T1, To, T3. Let Hy = V(%) and
Hy, =V, (z;)andletl =V, (xg,x2) < D be aline on H different from Hy, n H;. Let
Y=HyuH,and X =Y —[.
a) Show that X is Noetherian.
b) Show that U = H, — [ is an open set of X and that Ox (U) = k[z, y] where
T = i—; andy = i—z
¢) Show that V = H; — H; n L is an open set of X and that Ox (V) = k
d) Show that Ox(X) = k + zk[z,y] < k[x,y].
e) Show that the ring in (d)) is not Noetherian. HINT: (z) < (z,zy) <
(z,zy,zy?) < . ...

Exercise 6.11.9 (A 1-dimensional non-Noetherian domain). Let R be the subring of C(x, y)
consisting of rational functions f(x,y) that are defined and constant along the y-axis. The
elements of R, when written in lowest terms, have a denominator not divisible by x, and
f(0,y), which is then meaningful, is constant.
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a) Show that the ideals a, = (z,zy~',...,xy~") with r € N form an ascending
chain that does not stabilize. Conclude that R is not Noetherian.

b) Show that R is local with the set m of elements f € R that vanish along the
y-axis as the maximal ideal.

¢) Prove that there are no other primes than m and (0) in B. HINT: Show first
that any element in R is of the form z'y’ o where i > 0, j € Z and « is a unit
in R.

Exercise 6.11.10 (The ring of eventually constant sequences). Consider the subring A of
12, Z/2Z consisting of sequences (e;);=1 which are eventually constant, that is, sequences
with e; = e;,1 fors » 0.
a) Show that all elements of A are idempotents and conclude that every prime
ideal is maximal. HINT: the only idempotents in a domain are 0 and 1.
b) Letm,, denote the ideal generated by 1 — a,, where a,, = (0,...,0,1,0,...)
with a ‘1’ in the n-th factor. Show that m,, is a maximal ideal.
¢) Show that D(a,) = {m,} and conclude that the one-point set {m,, } is both
open and closed in Spec A.
d) Let m,, denote the ideal consisting of sequences which are eventually zero, i.e.,
e; = 0 for all ¢ » 0. Show that m., is a maximal ideal. HINT: Consider the
‘limit map’ A — Z/2.
e) Show that A is not Noetherian. HINT: Show that m, is not finitely generated.
f) Show that these are all the prime ideals of A, i.e., that Spec A = {m; | i €
N} U {my}. HINT: Consider the cases a; ¢ m for some i and a; € m for all 4
separately. Use the identity a;(1 — a;) = 0.
g) Show that Spec A is homeomorphic to the set { - | n € N} U {0} (with the
standard topology).

Exercise 6.11.11. For each of the following rings A, decide whether the corresponding
morphism Spec A — Spec Z is finite or finite type.

2[i), Z[1/p), Z), Z % . Zz].

Exercise 6.11.12. Let f: X — Y be a morphism of finite type. Show that if X is Noetherian,
thensois Y.

Exercise 6.11.13. Show that the composition of two morphisms (locally) of finite type is
(locally) of finite type. Show that if .S is quasi-compact and f: X — S is of finite type, then
X will be quasi-compact.

Exercise 6.11.14. Assume that ¢.: Spec B — Spec A is an open embedding. Show that B
is of finite type over A.

Exercise 6.11.15. Assume that S is a Noetherian scheme and that f: X — S is of finite
type. Prove that X is Noetherian. HINT: Hilbert’s Basis Theorem.

Exercise 6.11.16 (The “Lying Over Theorem™). Let A — B an integral extension of integral
domains.

a) Show that A is a field if and only if B is a field.
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b) If p is a prime in A, show that p lies in the image of Spec B — Spec A if and
only if pA, lies in the image of Spec B, — Spec A,,.
¢) Conclude that Spec B — Spec A is surjective.

Exercise 6.11.17. a) Show that there exist surjective morphisms X — Y with Y

integral and such that all fibers Xy are irreducible, without X being irreducible.

b) Let k be an algebraically closed field. Show that there exist morphisms X — A}
with X integral, the generic fiber X, non-empty and integral, but no closed
fiber integral.

c¢) Show that there exists morphisms X — A(b) with X integral and infinitely many
irreducible and inifintiely many reducible closed fibers. What happens for the
geometric closed fibers?

d) Show that there exists morphisms f: X — Y with X and Y integral whose
geometric generic fiber is not reduced.

Exercise 6.11.18. Consider the ring R = Q[x,x™'] x Q. Show that the induced map
Spec R — Spec Q|[x] is surjective, of finite type, and has finite fibers, but not finite.

Exercise 6.11.19. Consider the map
o: ) — B}
u — (u:1l—u?).
Show that ¢ is finite and surjective.

Exercise 6.11.20. Let f: X — Y be an affine morphism and let V' < Y be an open set.
Show that f~*(V) — V is affine.

More generally, if V' — Y is any morphism, show that the base change morphism
X xy V — V is affine. Thus affine morphisms are stable under base change.

Exercise 6.11.21. Show that the composition of two finite morphisms is finite.

Exercise 6.11.22 (Nagata’s example). Let R = k[xy, 22, ... ] be the polynomial ring in
countably many variables, and decompose N as N = | J, J; be a disjoint union of finite
sets J; whose cardinality tends to infinity with ¢. For instance, we could let .J; be the set of
integers with ¢ digits in their binary expansion.

Let n; < R be the ideal generated by the x;’s for which j € J;, and let S < R be the
multiplicatively closed subset (),(R — n;), that is, the set of elements in R not lying in any
of the n;’s. Nagata’s example is the localized ring A = S~! R. The aim of the exercise is to
prove that A is Noetherian, but of infinite Krull dimension. We let m; denote n; A; the ideal
in A generated by the x;’s with j € J;.

Consider the rational function field K; = k(z;|j ¢ J;) in the variables z; whose index
does not lie in .J;, and the polynomial ring K;[x;|j € J;] over K; in the remaining variables.
Also, define a; = (z;|j € J;) in K;[z;]j € L;].

a) Show that B,, ~ K;[z;|j € L;]a,.

b) Show that A,,, = B,, and conclude that each local ring A,,, is Noetherian

with dim A,,, = |.J;| and hence that dim A = c0.
c) * Show that A is Noetherian. HINT: Any ideal is contained in finitely many of
the of the m;’s, and is therefore finitely generated.
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Exercise 6.11.23. Let X be a quasi-compact scheme. Show that for any x € X, there exists
a closed point in {z} < X.

Exercise 6.11.24. Let X be a quasi-compact scheme. Show that X is reduced if and only if
Ox , is reduced for each closed point p. (See Exercise 6.11.23.)

Exercise 6.11.25. Let X denote the disjoint union of the schemes [ [, ., (Spec Q[z]/z").
Compute X,.q. Show that the formula (6.1) does not hold in general for non-affine open sets
in X.

Exercise 6.11.26 (Criterion for affineness). a) Let f: X — Y be a morphism
and let V; be an open cover of Y such that for each 4, the restriction f~!(V;) —

V; is an isomorphism. Show that f is an isomorphism.
b) Show that a scheme is affine if and only if there is a finite set of elements
fi,- .y fn € Ox(X) such that each of the open sets X, = {z € X|fi(z) #

0} are affine, and f, ..., f, generate the unit ideal. HINT: Show that X =
J X/,. Glue the morphisms X, — SpecOx(X) to a morphism X —
Spec Ox (X).

Exercise 6.11.27. Show that the Frobenius morphism is finite.

Exercise 6.11.28. Let C' — R? denote the cone generated by (1,0) and (1, 1/2). Show that
the toric algebra k[C] is not a Noetherian ring.

Exercise 6.11.29. Let X be a scheme and let x € X be a point. Show that x is a closed point
if and only if the corresponding morphism Spec k() — X is finite.

Exercise 6.11.30. Let X be a Noetherian scheme. Show that X4 is affine if and only if X
is affine.

Exercise 6.11.31. Let X be a quasi-compact scheme. Prove that X has a closed point.

Exercise 6.11.32 (Properties of Noetherian spaces).

a) Show that any Noetherian topological space T is quasi-compact. HINT: If
{U,}icr is a cover, start with any U;,, and pick U;, so that U;, < U;, u U;
and so on.

b) Show that if 7" is Noetherian, then every subset S < T is also Noetherian.
HINT: The closed subsets of .S are of the form W n S where W < T is closed.

Exercise 6.11.33. Let X be a scheme
a) Let.: U — X be an open embedding. Show that if U is quasi-compact, then ¢
is of finite type. HINT: For Spec A < X cover U n Spec A by distinguished
open sets.
b) Suppose that X is Noetherian. Show that any open embedding ¢: U — X is of
finite type.

29

Exercise 6.11.34. Let f: X — S be a morphism of schemes. Show that f is of finite type
if there exists an affine open cover {S; = Spec A;} of S such that each f~*(.S;) is of finite
type over A;. HINT: Cover an affine open set V' = Spec A S by finitely many D(g;)’s
such that each D(g;) is distinguished in both V" and some .S;. Apply Proposition 6.24 to each

f71(D(g:)) = D(g:).
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Exercise 6.11.35. a) Show that the composition of two morphisms of finite type

is of finite type.
b)
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7

Fiber products

7.1 Introduction

Given two scheme morphisms X — S and Y — S, the fiber product X XY is a scheme
equipped with projection morphisms px: X XgY — X andpy: X xgY — Y. This
construction generalizes the product of two affine varieties as discussed in Example 1.36.
However, the fiber product is far more than a mere generalization; it is an indispensable tool
in algebraic geometry and it takes on remarkably versatile roles.

The main result of the chapter is the construction of the fiber product X x g Y as a scheme.
We first carry out this construction when X, Y and S are affine schemes, and then extend it
to general schemes using gluing techniques.

An important observation is that the fiber product of two varieties is not, in general, a
variety, but rather a scheme. In fact, the fact that fiber products exist is one of the most
important properties of the category of schemes, and one can argue that it is the definitive
reason for transitioning from varieties to schemes.

Towards the end, we will treat the main applications and study a series of examples. We
also explain some of the various contexts where fiber products appear, including base change
and scheme-theoretic fibers.

Fiber products

The notion of a fiber product is meaningful in any category C. Although our main concern
will be the category of schemes, we give the definition in a general setting.

A fiber product of two arrows fx: X — Sand fy: Y — Sina category C, is an object
X xg Y together with two arrows px: X XgY — X and py: X xgY — Y such that

X xsV 257

le lfy (7.1)

X —— S
fx
commutes, and satisfying the following universal property: for any two arrows gx: Z — X
and gy : Z — Y in Csuchthat fxogx = fy ogy, there is a unique arrow g: Z — X xgY
such thatpxy 0 g = gx and py o g = gy.
We call a commutative diagram (7.1) a Cartesian diagram or a Cartesian square. The
universal property can be visualized in the following diagram:

144
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7.1 Introduction 145

(7.2)

)~<

X — S
fx

When the fiber product exists, it is unique up to a unique isomorphism. This follows directly
from the universal property: given two candidates for the fiber product, W and W’, with
projections px, py and p'y, py respectively, then there exists a unique isomorphism 6: W —
W' so that px = p'y o 6 and py = p} o 6. The uniqueness of 6 follows because W' is a
fiber product: it is the unique morphism W — W' arising from the universal property of ",
For this reason, we allow ourselves to speak about the fiber product.

It is not so hard to come up with examples of categories where fiber products do not
exist. For instance, the fiber product does not exist in the familiar category of differentiable
manifolds, and also not in the category of affine varieties, as we will see later. This is yet
another reason why we need to make the transition from varieties to schemes.

Given two morphisms over S, ¢: Z — X and ¢p: W — Y, we can also form their
product

qbXQ/)ZZXSW*—)XXSYV, (7.3)

which is the unique morphism induced by the compositions ¢ o p and v o py, where pz, pw
are the projections of Z x g W. By construction, we have px o (¢ x5 ) = ¢ o pz and

py © (¢ xs¥) = opw.

Fiber products of sets.

In the category of sets, the fiber product has a concrete description. Given two maps of sets
fx: X = Sand fy: Y — S, their fiber product X x Y is the subset of X x Y consisting
of pairs (z,y) with equal images in S"

XxsY ={(z,y) e X xY | fx(x) = fv(y) }-

The projections px and py are the usual projection maps px (z,y) = x and py (z,y) = y.

We can check directly that X X g Y satisfies the universal property: given any two maps
gx: Z — X and gy: Z — Y suchthat fx o gx = fy o gy, then the required unique map
g: Z — X xgY is simply given by g(2) = (9x(2), gv(2)).

Example 7.1. If S = {x} is a singleton, X x g Y is the usual Cartesian product X x Y. A

Example 7.2. For subsets X, Y < S with their inclusion maps, the fiber product is equal to
the intersection: X xgY = X nY. A

Example 7.3. Foramap f: X — S and s € 5, the fiber product with the inclusion
{s} — S'is equal to the preimage: X xg {s} = f~!(s).
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146 Fiber products

In fact, a general fiber product as a disjoint union
X xsV =] | fx'(s) x f'(s).
seS

This is the reason for the name ‘fiber product’; the fibers of the map X xg Y — S are the
Cartesian products of the fibers of the two maps fx and fy-. A

7.2 Fiber products of schemes

The following existence theorem is the main result of this chapter.

Theorem 7.4 (Existence of fiber products). For any schemes X — Sand Y — S over
a base scheme S, there is a scheme X X g Y satisfying the universal property of the fiber
product.

J

When the base scheme S = Spec A is affine, the fiber product X X g Y is often denoted
by X x4, Y.

The proof of the theorem consists of a series of reductions to the affine case. For the affine
case the fiber product is defined using the tensor product of rings. The reductions rely heavily
on the gluing techniques developed in Chapter ??.

A remark before we begin: one cannot construct the fiber product X x g Y by defining
a structure sheaf on the fiber product of the sets. In fact, the underlying set of a product of
schemes can be very different from the product of the underlying sets of X and Y. This
may seem counterintuitive at first, but is in fact a typical feature of the fiber products of
schemes (see the examples in Section 7.3). It is important to keep in mind that we are taking
the fiber product of the morphisms X — S and Y — S, not merely of the schemes X and
Y themselves.

The points of the fiber product X x g Y become easier to understand if we consider the
R-valued points. For a ring R, we have

(X x5 YV)(R) = X(R) xs( Y(R) (7.4)

where the right-hand side is the fiber product of sets. This is just a rephrasing of the universal
property of the fiber product: to give a morphism Spec R — X x g Y is equivalent to giving
two morphisms, Spec R — X and Spec R — Y/, so that the compositions Spec R —
X — Sand Spec R — Y — § are equal.

Products of affine schemes

We being by the constructing fiber products of affine schemes. The main observation is that
the category of affine schemes is equivalent to the opposite category of rings Rings”, and
that the tensor product of algebras enjoys a universal property dual to the one of the fiber
product.

Consider A-algebras B; and B, with structure maps «;: A — B; fori = 1, 2. Then the
tensor product B; ® 4 By is also an A-algebra, via (b; ® bs)(c; ® ¢2) = (b1c1) ® (bacs).
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7.2 Fiber products of schemes 147

Moreover, there are maps of A-algebras

B1: By > Bi®a By, by —b®1
Bo: By — By ®@a By, by — 1®0bs

They fit into the commutative diagram

B ®4 Bs <ﬁ72 B,

ﬁj Tag (1.5)

Bl(TA

where commutativity holds because a1(a) ® 1 = 1® aq(a) by definition of the tensor
product B; ® 4 B (this is the significance of the tensor product being taken over A; one can
move elements from A between the components of the tensor).

Moreover, the tensor product is universal among diagrams such as (7.5). More presisely,
suppose that v;: B; — C are maps of A-algebras, i.e. 71 0 1 = 7, 0 a» (i.e., they fit
into a commutative diagram analogous to (7.5), but with the 3;’s replaced by the 7;’s).
The assignment b; ® by — 71 (b1)y(b2) is A-bilinear and hence extends uniquely to an A-
algebra homomorphism vy: By ® 4 Bo — C, which obviously has the property v o 5; = 7;,
as expressed in the following commutative diagram:

C Y2

B, ®iB, <2 B, (7.6)

S

B]_ <T A
Applying Spec to (7.5), we arrive at the diagram

Spec(B; ®a Bs) —?2 5 Spec B,

l l (7.7)

Spec B ——— Spec A,

and Spec(B; ®4 B,) is universal among affine schemes sitting in a diagram like (7.7).
Hence Spec(B; ®4 Bs) serves as the fiber product in the category AffSch of affine schemes.
In fact, it is the fiber product in the larger category Sch of schemes:

Proposition 7.5. For morphisms f;: Spec B; — Spec A for ¢ = 1,2, the scheme
Spec(B; ®4 Bs) with the two projection p; and ps is the fiber product of the Spec B;’s
in the category of schemes Sch.

Unravelled, this means: if Z is any scheme and g;: Z — Spec B; are morphisms with
fio g1 = fa0 gs, there exists a unique morphism g: Z — Spec(B; ®4 Bs) such that
p;og=g; fori=1,2.
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148 Fiber products

Proof To check the universal property, we apply Theorem 4.6 about maps into affine
schemes. The morphisms g; give maps of A-algebras B; — Oz(Z). By the universal
property of the tensor product, these induce a unique map of A-algebras Bi®4 By — Oz(Z),
which in turn gives the desired map g: Z — Spec(B; ®4 Bs) of schemes over Spec A by
Theorem 4.6. By construction, this map satisfies p; o g = g; for ¢ = 1, 2. Finally, g is unique
by the uniqueness part of Theorem 4.6 and the universal property of the tensor product. [

Products of general schemes

Recall that any open subset U of a scheme X has a canonically defined scheme structure as an
open subscheme with the structure sheaf equal to the restriction Ox |7 Hence, if f: X — Y
is any morphism and V' < Y is an open subscheme, the inverse image f~V is an open
subscheme of X, and any morphism g: Z — X such that f o g factors through V, will
factor through f~1V.

Lemma 7.6. If X xg Y existsand U < X is an open subscheme, then U x g Y exists
and is canonically isomorphic to the open subscheme p;(lU with the two restrictions
Px |p;(1U and py |p;1U as projections.

Proof Write 1: U — X for the open embedding. We need to verify that py,' U together
with the restriction of the two projections satisfies the universal property. Suppose Z is a
scheme and g;: Z — U and gy : Z — Y are two morphisms over S. The situation is
displayed in the diagram below

The composition gy = ¢ o gy is a map into X, and gx and gy induce a unique map of
schemes g: Z — X XgY withgy = px ogand gy = py o g.Clearly pxy 0 g = 1o gy
takes values in U. Therefore g takes values in p;(l U, and we get an induced morphism
g: Z — p}lU . Using Exercise 7.7.1, we see that g is unique because ¢ is, and hence p}lU
satisfies the universal property of the fiber product. O

The following lemma will allow us to construct fiber products in general by gluing.

Lemma 7.7. Let fx: X — Sand fy: Y — S be two morphisms and assume that
there is an open cover {U, },c; of X such that U; x 5 Y exists forall i € I. Then X xgY
exists. The products U; x g Y form an open cover of X x g Y and the projections restrict
to projections.

Proof The proof involves gluing together the different schemes U; x g Y and verifying that
the result indeed is a product X x ¢ Y. Write U;; = U; n U, and Uy, = U; 0 U; n Uy, for
the intersections and let p;: U; xs Y — U, denote the projections.
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7.2 Fiber products of schemes 149

By Lemma 7.6 the inverse images p; (U,;) serve as fiber products U,; x g Y with the re-
strictions of p; and py as projections. Hence there are unigue isomorphisms 6;; : p;” ! (Uyij) —
p;l (U,;) making the following triangles commute

pi ' (Us) —> p; (Uy)

\ / (7.8)

To be able to glue together the p; ' (U;)’s using the 6;;’s, we need to verify the three conditions
of Theorem 4.35 on page 81. The two items (i) and (ii) follow readily. For (iii), note that by
Lemma 7.6 the preimages p; ! (Uijk) serve as products U, X g Y with the restrictions of p;
and py as projections. Moreover, the restrictions of the 6;;’s fit into a commutative diagram

_ Ok
pi 1(Ui]k Hpj ( zgk $>pk Uz]k)

\lp/

The two small triangles commute, so the big one commutes as well, and it follows by
uniqueness of the isomorphisms that 8; = 6j; o 6,;. The third gluing condition is therefore
fulfilled, and we can glue the p; ' (U;)’s together to a scheme X x g Y. Moreover, in view of
the commutative diagram (7.8) and Proposition 4.36 on page 82, the p;’s patch together to a
map px: X xgY — X. The projections U; xg Y — Y are basically unaffected by the
gluing process and glue together to a morphism py : X xgY — Y.

Finally, we check that X xg Y together with px and py satisfy the universal property.
Let Z be any scheme with morphisms ¢y : Z — X and ¢y : Z — Y such that fx o ¢ =
fy © ¢y. For each i € I, the restrictions ¢3' (U;) — U; and ¢y : Z — Y induce a
unique morphism #i : %' (U;) — U; xg Y by the universal property of U; x g Y. On the
overlaps ¢y ( Ui;), the morphisms ¢; and ¢; agree by the uniqueness in the universal property.
Therefore, the morphisms ¢; glue together to a (unique) morphism ¢ : 7 — X xg Y such

that px 0 ¢ = ¢x and py o ¢ = ¢y. O

An immediate consequence is that fiber products exist when the base S is affine.

Lemma 7.8. Assume that .S is affine, then X X g Y exists.

Proof First, if Y is affine as well, we are done: cover X by open affine subschemes U;;
then each U; x g Y exists by the affine case, and we may apply Lemma 7.7 above. In general,
cover Y by affine open subschemes V. As we just verified, the products X x g V; all exist,
and applying Lemma 7.7 again, we conclude that X x g Y exists. O

For the final reduction, we will need the following lemma.

Lemma 7.9. If T' — S is an open subscheme and the fiber product X X1 Y exists, then
the fiber product X X g Y exists and is isomorphic to X x7 Y.
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150 Fiber products

Proof Letit: T — S be the inclusion. Let py and py be the projection morphisms from
X X7 Y. For any scheme Z with morphisms ¢x: Z — X and ¢y : Z — Y such that
Lo fopx =10 go ¢y, the condition f o px = g o ¢y holds because ¢ is an inclusion
(Exercise 7.7.1). By the universal property of X Xt Y, there exists a unique morphism
Z — X x7 Y making the diagram commute. Hence, X X Y satisfies the universal
property of X xg Y. O

Finally, with Lemmas 7.8 and Lemma 7.9, we can finish the proof of Theorem 7.4.

Proof of Theorem 7.4 Let {S;}c; be an open affine cover of S and let U; = f5'(S;) and
V, = f;l (S;). By Lemma 7.8 the products U; x g, V; all exist. By Lemma 7.9 these serve as
products U; x s V;. Then applying Lemma 7.7 again, we see that the schemes U; x g V; glue
to the fiber product X X g Y and the proof is complete. O

Here are some of the basic properties of the fiber product. It is possible to deduce them
directly using gluing arguments, but with the so-called ‘functor of points’, which we will
introduce in Section 8.1, the proofs will become simple and natural.

p

Proposition 7.10 (Basic formulas). Let X, Y, Z and T be schemes over S. There are
unique canonical isomorphisms over S, all compatible with projections:
(i) (Reflectivity) X xg S ~ X.

(i1) (Symmetry) X xgY ~Y xg X.

(iii) (Associativity) (X xs5Y) x5 Z ~ X x5 (Y xg Z).

(iv) (Transitivity) (X xgT) x0 Y ~ X x5Y.
In the last claim Y is supposed to be a scheme over T', and X x g T is considered a
scheme over 7' via the projection onto 7.

7.3 Examples

As noted in the introduction, the fiber product of schemes can exihibt unexpected behaviour
in some situations, differing from what we are used to in set theory or topology. The main
difference is that the underlying set is almost never the product of the underlying sets of the
factors. The next few examples illustrate this.

Example 7.11. For a ring R and non-negative integers m, n, we have

R[xla“ . 7xm] ®R R[yh- . 7yn] = R[xh"‘?xmayl?’ . '7yn]7
and so
AT g AT~ AT

Even when R = C, the affine space AZ'"™ has an underlying set which is different from
the Cartesian product AZ' x Ag, and the topology is not equal to the product topology (see
Example 2.17). A

Example 7.12. Let X < A% = Spec R[xy,...,%,,]and Y < A = Spec R[y1, ..., Yn]
be two closed subschemes, defined by the ideals a = (fi,..., f.) < k[x1,...,2,,] and
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b = (g1,...,9s) respectively. Then X Xy Y is isomorphic to the closed subscheme of
AT given by

SpeCR[:Elv"'7mm7y1>'"7yn]/(f1a'-'7fragla"'7gs)

This is the scheme version of the product in Example 1.36. A
Here are three examples of fiber products of spectra of fields:

Example 7.13. Consider the fiber product Spec C xg Spec C. This scheme has two distinct
closed points, even if both factors are singletons.
To see this, we compute the tensor product C ®g C, by writing C = R[¢]/(¢* + 1):

C®xC = R[t]/(* + 1)®x C = C[t]/(t* + 1) = C[t]/(t — i)(t + i) = C x C.
Here the last equality follows from the Chinese Remainder Theorem. A

Example 7.14. The fiber product Spec F5 x7 Spec F3 is empty. Indeed, it is the spectrum
of the ring

7)2®:7/3 ~ 7)(2,3) = 0
See Exercise 7.7.2 for a generalization. A

Example 7.15. The fiber product Spec C(x) x ¢ Spec C(y) is a bit surprising — it contains
infinitely many points. This is because the tensor product A = C(z) ®c C(y) is a ring of
Krull dimension 1, and it contains infinitely many maximal ideals.

To see this, we observe that A can be written as the localization S™*C|[x, y], where

S ={p(x)q(y) | p(z)q(y) # 0}.

Every prime ideal p — A has the form p = S~'q for some prime ideal ¢ = C[z, y| disjoint
from S. We observe that q cannot be a maximal ideal. Maximal ideals in C[z, y] are of the
form (z—a, y—>b) with a, b € C, but these intersect S non-trivially (e.g., (x—a)(y—0b) € ).
Hence, q must have height at most 1. Since S contains all non-zero polynomials in C|x]
and C[y], g must avoid both C[z] and C[y]. Hence either ¢ = (0) or q = (f(z,y)), where
f(z,y) is an irreducible polynomial which does not lie in C[z] U C[y].

In conclusion, all non-zero primes in A are therefore maximal, and so A has dimension 1,
and Spec A contains infinitely many points. A

7.4 Base change

The fiber product leads to one of the most powerful techniques in algebraic geometry - the
ability to change base schemes. This process generalizes the familiar idea of considering
polynomial equations, such as x* + 1, over different rings, but in the geometric framework
of schemes.

Consider a scheme X over S with structure morphism p: X — S. If T — §'is any
morphism, we can form the fiber product X+ = X X g T', which is naturally a scheme over
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152 Fiber products
T This fits into the Cartesian diagram

XT*>X

bl
T —— S

One says that X is obtained from X by base change along T’ — S.

While the ’base change’ is essentially a fiber product, the novelty lies in the interpretation:
We start with a scheme over .S, and obtain new schemes X7 by changing the base schemes 7T'.
This philosophy turns out to be very powerful for studying schemes and proving properties
about schemes and morphisms, as we will see shortly.

Example 7.16 (Field extensions). Let X = Speck[zy,...,2,]/(f1,-.., f-) be an affine
scheme over k. For any field extension & — K the base change X is given by

Xk =X x, K =SpecK|[zy,...,2x,]/(f1,--, fr)

So X is the scheme defined by the same equations as X, but viewed over K instead of k.
For instance, if X = Spec R[z,y]/(x* + y? + 1), then the base change X¢ to C is given
by

Xc = SpecClz,y]/(2* +3* + 1)

There is a significant change in the geometry: X has no R-points, but X has infinitely many
C-points. A

Example 7.17. Suppose that X is a scheme over a field k£ and that o: k£ — k is a field
automorphism. The automorphism ¢ induces a morphism ¢: Spec k — Spec k, and we may
form the base change o X which fits into the diagram

X — X

| J

Speck —— Speck

Then that X and 0 X are isomorphic as abstract schemes, but they need not be isomorphic as
k-schemes.

For a concrete example, consider & = Q(+/2) and the automorphism o (a + bv/2) =
a — by/2. Then we get two schemes

X = Speck[z,y]/(z®> + V2> + 1) 0X = SpecQ(V2)[z,y]/(x* — V2> + 1).
The first scheme has no Q(+/2)-valued points, whereas the latter has infinitely many. A

Example 7.18. Base change also appears naturally in number theory when analyzing so-
lutions to Diophantine equations. Here one can often simplify the analysis by working in
some larger ring or modulo a suitable ideal. Consider, for instance, the Fermat equation
x® +1y® = 23 and its associated scheme X = Spec Z[z,y, z]/(z* +y* — 2%). The Z-valued
points of X correspond exactly to the integer solutions to the equation. To study these solu-

tions, it is natural to consider the base change to the ring R = Z[w] where w = €2™/3 is a
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7.4 Base change 153
primitive cube root of unity. Over R, the equation factors as:
o’ = (2 +y)(z + wy)(z + wy)

Using this factorization, and the fact that R is a UFD, one can prove that X (R), and hence
X (Z), contains only the trivial solutions where zyz = 0. A

Properties stable under base change

When studying morphisms of schemes, it is natural to ask how their properties behave
under base change. If P is a property of morphisms, one says that P is stable under base
change if for any T over S, the map fr has the property P whenever the original morphism
: X — Y f does. The same convention applies to properties of schemes.

Examples 7.20 and 7.21 below show that neither being irreducible nor being reduced are
properties stable under base change.

On the other hand, many imporant geometric properties are preserved by base change. For
instance, being a closed or open embedding:

Proposition 7.19 (Embeddings and base change). Let f: Z — X be a morphism and
consider its base change along Y — X:

Zy — 7
le lf
Yy — X.

If the morphism f is a closed, open or locally closed embedding, then the morphism
fyv: Zy — Y is as well.

Proof The case of an open embedding is a consequence of Lemma 7.6 on page 148. The
case of locally closed embeddings follow directly from the two others, so it suffices to show
that closed embeddings are stable under base change.

Assume first that X = Spec A and Y = Spec B are affine. Then a closed subscheme
f: Z — Spec A is of the form Z = Spec(A/a) for some ideal a (Proposition 4.26 on
page 74), and therefore

Zy = Z xx Y = Spec(A/a®a B) = Spec(B/aB).

and fy corresponds to the closed subscheme Spec(B/aB) — Spec B.

For the general case, the statement is local on Y (Exercise 4.11.36 on page 88). For any
open affine U < Y mapping into an open affine V' < X, Lemma 7.9 on page 149, implies
that f~'V xx Y = f='V xy U, and by the affine case this is a closed subscheme of U.
Finally, one may cover Y by such U’s by first covering X by affine opens and subsequently
cover each of their inverse images in Y by affine opens. 0

Example 7.20 (Being irreducible is not stable under base change). Consider the R-algebra
A = R[z,y]/(z? + y?). Over R, the polynomial z* + y? is irreducible, so X = Spec A4 is
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an irreducible R-scheme. The base change to C however is not irreducible, because
A®c C = Clz,y]/(x — iy) x Clz,y]/(x + iy)
and so X is the union of two conjugate lines in Spec C[z, y] A

Example 7.21 (Being reduced is not stable under base change). An example was already
given in Exercise 7.7.4. Consider the scheme X = Spec Z[z, y]/(x* — 2y?), viewed as a
scheme over Spec Z. Clearly X is integral, as % — 2y is irreducible. However, if we take
the base change via the morphism SpecF; — Spec Z, the resulting scheme is non-reduced:

Xr, = Spec(Fa[z, /(%))
A

7.5 Scheme-theoretic fibers

One of the first applications of the fiber product is to define a scheme structure on the
preimage of a point under a morphism.

Let f: X — Y be a morphism of schemes and y € Y be a point. Inspired by Example
7.3, we define the scheme theoretic fiber as the fiber product

X, = Speck(y) xy X.
This scheme fits into the Cartesian diagram

X, = X xy Speck(y) — X

| I

Speck(y) ——— Y,

Here the morphism Spec x(y) — Y is the map corresponding to the point y. Recall that the
residue field x(y) is defined by k(y) = Oy,,/m,, and that the ‘point-map’ Spec k(y) — Y
is the composition Spec k(y) — Spec Oy,, — Y.

By definition, the fiber X, satisfies the following universal property: a morphism g: Z —
X factors through X, if and only if f o g factors through Spec x(y) — Y (topologically
this means it maps Ztoy € Y ).

It is common to write X, for the scheme-theoretic fiber and reserve the notation f~*(y)
for the preimage as a topological space. The next proposition shows that the underlying
topological space of X, is indeed equal to f~*(y).

Proposition 7.22. Let f: X — Y be a morphism and let y € Y be a point. Then
X, — X is a homeomorphism onto the topological fiber f~*(y).

Proof We may assume that Y is affine, say Y = Spec A.

We first treat the case where X is also affine, say X = SpecB and f: X — Y is
induced by a ring map ¢: A — B. In this situation, Proposition 2.36 states that the fiber
J~!(p) over a point p € Spec A is homeomorphic to the spectrum of the ring (B/pB), via
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the composition Spec(B,,/pB,) — Spec(B,) — Spec(B). On the other hand, standard
formulas for tensor products give

(B/pB)p = B®a Ap/pAp = B®a ’Q(p)-

Here the Zariski topology on Spec(B/pB), (i.e. the induced topology on f~*(p)) coincides
with the Zariski topology on Spec(B ®4 x(p)) (i.e. the topology on the scheme X)), and so
the proposition holds when X is affine.

For the general case, let U be an open and affine subset of X. Let 1: X, — X denote
the natural map X Xy Speck(y) — X. By Lemma 7.6 on page 148, the fiber product
U, = U xy Spec k(y), coincides with the open subscheme ¢~ !(U) of X,. By the affine
case, U, maps homeomorphically onto (f|;;')(y) = f~*(y) nU inside U. As being a home-
omorphism is local on the target, and this holds for any affine open, ¢ is a homeomorphism
onto f~1(y). O

Example 7.23. In Example ??, we showed that any scheme X admits a unique morphism
f: X — SpecZ. This means that X can be viewed as a sort of ‘fibered object’ over Spec Z;
X is the union of the schemes X Xz Spec(FF,,) where p is a prime number and X x 7 Spec(Q).
Compare this with Figure ??. A

7.6 The Segre embedding

In this section, we describe the Segre embedding of a product of two projective spaces.
At the level of k-points, the Segre embedding is defined by taking the products of homoge-
neous coordinates:

o: P (k) x P (k) — PmFDOFD=1(g) (7.9)
(ap: - :am)x (bg:---:b,) —> (aoghy : aghy : -+~ 1 ab; - : ayby,)
Here, there are (m + 1)(n + 1) products ¢;; = a;b;. This map is well-defined because
scaling the a;’s or the b;’s will scale the products ¢;; accordingly. Moreover, if at least one of
the a,’s and one of the b;’s are non-zero, one of the products will be non-zero as well.
The map o is also injective. Indeed, if c,, = a,b, # 0, then the original coordinates can
be recovered up to scaling via the ratios a;/a, = ¢;q/cpq and b; /b, = ¢p;/Cpq.
This construction has a natural generalization to schemes. For any ring A, there is a closed
embedding
o P x4 P — PO (7.10)

To define it, we use the standard affine covers of the projective spaces involved. Let

R:A[m] sj:A[yo,...,ﬂ, Tij:A[wOO,...,wM]

Ty Ty Yj Yj Wi Wi

be the rings defining the standard affine opens in P}, P"}, and ]P’ilmﬂ)(nﬂ)*l, respectively.

The affine schemes U;; = Spec(R; ®.4 S;) give an open cover of P’} x 4 ;. Over U;
we consider the morphism U;; — Spec(T;;) induced by the ring map

Y

Y

Wi

T
¢ij1Tz‘j—‘—’Ri®ASja — > — &, (7.11)
ij i Yj
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P! x P! Qcp?

Figure 7.1 The Segre embedding of P* x P!

This ring map is surjective, as the tensor product R; ®4 S; is generated by the products
x/x; ® yi1/y; as an A-algebra. Therefore, the induced morphism U;; — Spec(T;;) is a
closed embedding. Moreover, it is not difficult to check that these local embeddings glue to a
global closed embedding (7.10). Therefore, we get

P

Proposition 7.24. The scheme P’} x 4 P} is projective over A.

N

The ideal of the image of o is defined by the 2 x 2 minors of the matrix (wij) (see ?).
Example 7.25. The product P}, x 4 P!, embeds as the quadric
Q =V, (woow1, — wowio) < P4.
A

Proposition 7.24 also implies that the product of two projective A-schemes is again
projective. If X < P70, and Y < P, then X x 4 Y embeds into projective space via the
composition

X x4 Y — P x4 Pl — POt

7.7 Exercises

Exercise 7.7.1. Assume that U — X is an open subscheme and let t: U — X be the
inclusion map. Let f and g be two maps from a scheme Z to U and assume that .o f = 1o0g.
Show that f = g.

Exercise 7.7.2. Let p and g be different prime numbers. Show the following identities:
a) SpeclF, xz SpecF, = .
b) Spec Z(p) X7 Spec Z(p) = Spec Z(p).
¢) SpecZy,y Xz SpecZq) = SpecQ.

Exercise 7.7.3. Example 7.13 can be generalized as follows. Let K /k be a finite Galois
extension of fields with Galois group G. Show that the map 2 ® y — (2¢(y)) e defines an
isomorphism

K@kKHHK.

geG
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Hint: Write K = k[x]/(f(z)) for a minimal polynomial f(x) and compute K ®;, K using
the Chinese Remainder Theorem and the fact that f factors in K.
Deduce that Spec K X, Spec K has an underlying set with |G| points.

Exercise 7.7.4. This exercise goes along the same lines as Exercise 7.7.3 and gives an
example that a fiber product X x; Spec L may not be reduced even if X is.
Let k = F,(a) for a prime number p and let L = k[z]/(z? — a). Show that

L x, L~ L[t]/(t" —a) ~ L[t]/(t — x)P.
Conclude that Spec L Xgpec i Spec L is not reduced.

Exercise 7.7.5. Let X and Y be schemes over S with open affine covers {U;} and {V;}.
Show that U; x g V; is an open cover of X xg Y.

Exercise 7.7.6. Let X = SpecR[z, y]/(2? + ?).
a) Show that X is irreducible.

b) Show that X xp C is not irreducible, and describe the irreducible components.
¢) Compute X (R) and X (C).

Exercise 7.7.7. a) Show that the base change of a surjective morphism is surjec-
tive.
b) Show that the base change of an injective morphism need not be injective.
HINT: Consider Spec C — SpecR.

Exercise 7.7.8. Let X = Spec(Q[z,y]/zy) and Y = Spec(Q[z, y]/(z* + y?)).
a) Compute Homg,,(Spec Q, X') and Homg,,(SpecQ, Y').
b) Show that X and Y are not isomorphic.
¢) Let X' = Spec(Q(i)[z,y]|/xy) and Y = Spec(Q(7)[z, y]/(x*+y?)). Show
that X’ and Y’ are isomorphic.

Exercise 7.7.9.  a) Show that the map sending o € Gal(Q/Q) to p = Ker(Q ®q
Q — Q) defines a bijection

Gal(Q/Q) — Spec (Q®q Q)

b) Describe the topological space X = Spec(Q ®q Q). Is it connected? Irre-
ducible? Reduced? Noetherian?

Exercise 7.7.10. In the setting above, show that the scheme-theoretic intersection is naturally
a closed subscheme of X, with underlying topological space equal to the intersection ¢(Y") N
j(Z)in X.

Exercise 7.7.11. Prove statements (i) and (iv) in Proposition 7.10.

Exercise 7.7.12. Let A = R[z,y]/(2* + y* + 1) and let X = Spec A. Show that the
base-change X is isomorphic to Al — V/(¢), but X is not isomorphic to A}, — V (¢).

Exercise 7.7.13. Show that if B is an A-algebra, then A% ~ A" x4 Spec B and that
P ~ P x 4 Spec B.
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Exercise 7.7.14. Let L,, — IP; be the line bundle constructed in Section B.3 on page 451,
and let f,,: P! — P! be the map u — u". Show that L,, X p1 P} = L.

Exercise 7.7.15 (Finite type and base change).
a) Show that the properties ‘finite’ and ‘finite type’ are stable under base change.
b) Show that the product of two morphisms of finite type is of finite type. Similarly
for two finite morphisms.

Exercise 7.7.16. Letm = (zq,...,x,) the origin in A}.
(i) Show that the graded k-algebra @), , m’/m**! is isomorphic to the polynomial
ring k[t1, ..., t,], where t; denotes the class of z; in m/m?.
(ii) Letm: X — A" be the blow up of the origin 0 in A} (that is, of m). Show that
Xo =Pt
Exercise 7.7.17 (Flat base change). Let A be aring and let B be a flat A-algebra. Let X be
a Noetherian scheme over A and let X 5 denote the base change to B. Show that there is a
natural isomorphism

I'X5,0x,) =T(X,0x)®4 B (7.12)
Find an example where (7.12) fails for a non-flat A-algebra.

Exercise 7.7.18. Let X be a scheme over a field k and let £ — K be a field extension. If
X denotes the base change to K, show that there is a natural bijection X (K) = X (K).

Exercise 7.7.19. Show that Pl x¢ P} % PZ.

Exercise 7.7.20. Consider the projective schemes X = V(22 + y*> + 2%) and Y =
Vi(z? + y* + 32%) in P2
a) Show that X(Q) = Y (Q) = &.
b) Show that X (Q(v/3)) = &, but Y (Q(+/3)) # J. Deduce that X and Y are
not isomorphic.
c¢) Show that X xg Cand Y Xxg C are isomorphic.

Exercise 7.7.21. Let P and @) be two lattice polytopes. Show that the product polytope
P x @ is a lattice polytope. Show that for a field &, there is a natural isomorphism of toric
varieties

XPXQ ~ Xp Xk XQ

Exercise 7.7.22. Let k be a field with char k # 2.
a) Show that X = Spec k[z,y]/(y* — z? — 2?) is an integral scheme.
b) Show that the base change to k[[z,y]], Speck[[z,y]]/(y* — * — 2?) is
reducible. What is the geometric intuition here?

Exercise 7.7.23 (Scheme-theoretic intersections). If X is a scheme and Y, Z are two closed
subschemes we define their scheme-theoretic intersection as the fiber product Y x x Z of the
closed embeddings ¢ : Y — X andj: Z — X.
a) Show that when X = Spec A and Y and Z are closed subschemes given by
ideals I and J respectively, then Y x y Z is the closed subscheme associated
to the ideal I + J.
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b) Show that in general, Y x x Z is a closed subscheme of X with underlying
topological space is homeomorphic to i(Y) n j(Z) in X

Exercise 7.7.24. Let R and R’ be two graded rings with degree 0 part A = Ry, = R;,. Show
that the tensor product R ® 4 R’ is naturally a graded ring with a decomposition

ROAR =P @ R:QuR,,
n=0i+j=n
Exercise 7.7.25 (Proj and base change). Let B be a Ry-algebra. Show that there is a canonical
isomorphism
Proj R x g, Spec B ~ Proj(R®g, B).
HINT: There is an isomorphism Ry ®p, B ~ (R®pg, B) g 1, defined by sending =/ f" ®b
o (z®b)/(f®1)".

Exercise 7.7.26 (Proj and fiber products). Let R and R’ be graded rings with Ry = Rj, = A.
Consider the following subring S of R®, R’

=0

a) Let f and g be homogeneous elements of positive degree in R and R’ respec-
tively. Show that there is a canonical isomorphism of A-algebras

Org: (Rp)o®a (Rg)o — (Sreg)os

defined by 2./~ ®@yg~" — (zf* ®@yg*)(f ® g)~**".
b) Show that there is a canonical isomorphism between

Trg: D1 (f®g) = D, (f) xa Dy(g)-

where D, (f® g) < Proj S.
¢) Show that there is a natural isomorphism

ProjS — ProjR x4 Proj R'.

d) In the case R and R’ are polynomial rings with the standard grading, show
that the isomorphism in (c)) identifies with the Segre embedding as defined in
Section 7.6.

Exercise 7.7.27 (Fiber product and products of fibers). Let f: X — Sandg: Y — S be
two morphisms and let s € S be a point with ‘point map’ ¢: Spec k(s) — S. Denote by
h: X xgY — S the structure map, i.e. h = fopx = gopy. Show that the scheme-theoretic
fiber of A is the fiber product of the scheme-theoretic fibers of f and g:

(X XSY)S = Xs X k(s) }/s

Exercise 7.7.28. Check that the morphisms U;; — Spec(7;;) defined in (7.11) glue to a

morphism o : P™ x 4 P7 — p(m D=1
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Exercise 7.7.29 (Base changes are functorial). If f: X — Y is a morphism over .S, and
T — S is a morphism, show that there is an induced morphism fr = X¢ — Y over T
Show that pr o fr coincides with the natural projection map X+ — Tand is Cartesian:

Xr —— Yr 5 T
LT
X Y S.

Given morphisms f: X — Y and g: Y — Z over T, show that (g o f)r = gr o fr.

Exercise 7.7.30 (Subschemes of P™ x P™). Let R = A[xo,...,Zm,Yo,-- -, Yn] With the
bigrading defined by degz; = (1,0) and degy; = (0,1). An element ' € R is called
bihomogeneous of bidegree (d, e) if all the monomials in F' have bidegree (d, €). Given a
bihomogeneous polynomial F' of bidegree (d, e), define its dehomogenization with respect
to x, and y, as:
—d, —e Li Yj
F(p,q) = J}p yq FeA |:1'p’ yq] .

For a bihomogeneous ideal a, define the dehomogenized ideal as
— : Ti Yy
A(p.q) = {Flp.q) | F € abihomogeneous} < A |—, = |.
Tp Yq
a) Show that the closed subschemes
Vi(apg) © Di(xp) x Di(yg) = A x4 A}

glue to a closed subscheme V, (a) < P} x 4 P7.

b) Show that there is a bijection between closed subschemes of P’} x P’ and
bihomogeneous ideals in A[x, ..., Zm, Yo, - - - , Yn] Which are saturated with
respect to the ‘irrelevant ideal’ (g, ..., Zm) O (Yo, - -+ Yn)

Exercise 7.7.31. Show that C ®g C is not Noetherian.

Exercise 7.7.32. Show that if X and Y are of finite type over a scheme S, then X xg Y is
also of finite type over S.
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8

The functor of points*

What is the best way to specify a scheme? By definition, a scheme X can be described by a
collection of rings { A, };c;, and for each pair 4, j € I, a ring isomorphism ¢;;: (A;),,, =~
(A ji)g” between the localizations. This is certainly an efficient way of presenting a scheme,
but not the most conceptual. Often, schemes are better understood in terms of the problems
they are designed solve. The fiber product of two schemes is a good example of this; the
explicit construction of X x ¢Y is mainly used to show that the product exists, most arguments
use only the formal properties of the product. Likewise, projective space P" is a scheme
whose k-points parameterize 1-dimensional subspaces of k™!, This geometric description is
much more intuitive and useful than the description in terms of gluing together n + 1 affine
spaces. However, a priori, there could be other schemes with the same property, so we have
to be more precise about the ‘universal property’ that characterizes P".

The precise way of specifying such universal properties is through the functor of points.
This is an important concept in algebraic geometry, which provides a different way of thinking
about schemes. Instead of focusing on the internal structure of a scheme, the functor of points
focuses how a scheme interacts with other schemes.

Specifically, the functor of points of a scheme X assigns to each scheme T the set of
morphisms 7" — X. We have already seen that it is natural to study maps from a fixed
scheme into X: we think of the points of X as morphisms Spec k — X and we think of
tangent vectors as morphisms Spec k[e]/(€?) — X. By looking at all possible morphisms
T — X at once, we get a functor from schemes to sets which contains all the information
about X; in particular X can be recovered by its functor.

The functor of points perspective is particularly useful for proving formal properties of
schemes, such as Proposition 7.10.

8.1 The functor of points

Recall from Section 4.7, that for a scheme X and a ring R, the set of R-valued points X (R)
is the set of all scheme maps Spec R — X. There is a generalization of this, where we
consider the set of all morphisms 7" — X from a fixed scheme 7" into X . Formally, we
define the functor of points associated with a scheme X to be the functor hx : Sch® — Sets
defined by

hX (T) = HOHlsch (T, X) .
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162 The functor of points*

This functor sends a morphism f: S — 7' to the map of sets

hx(f): hx(T) — hx(S)
gr—golf

If f: X — Y is amorphism of schemes, there is for each T" an induced map h¢(T"): hx(T') —
hy (T') defined by sending g: T'— X to f o g.

A natural question is whether the scheme X is determined by the functor h x. The answer
is ‘yes’, and this is essentially the content of Yoneda’s lemma.

Let us formulate Yoneda’s Lemma in its natural generality. If C is a category, and X is an
object in C, we get a contravariant functor from C to Sets by

Homc(—, X)
A natural transformation 7 between two such functors is a collection of morphisms
nr: Homc (T, X) — Homc(T,Y), (8.1)

one for each object 7" in C such that whenever h: S — T'is a morphism in C there is a
commutative diagram (of sets)

Homc (T, X) —%— Homc(T,Y)

| |

Homc (S, X) —2— Homc(S,Y)

and where the vertical arrows are given by o — h o 0.

~

Lemma 8.1 (Yoneda’s Lemma). Let C be a category and let X and Y be objects of C.
Given a natural transformation

n: Homc(—, X) — Homc(—,Y), (8.2)

there is a unique morphism f: X — Y that induces 7, that is, for every object T"in C,
the map of sets

nr: Homc (T, X) — Homc(7T,Y), (8.3)

is given by nr(0) = foo.
Furthermore, 7 is an isomorphism if and only if f is an isomorphism.

Proof Applying 7 to the object X, we have a map of sets
nx: Home (X, X) — Homc(X,Y).
If there is a morphism f: X — Y that induces 7, then we must have
Nx(idx) = foidx = f.

Therefore f is determined by 7, so it is unique if it exists.
For the existence, we define f = 7y (idx) and will check that f induces 7. This means
that for any object T, the map of sets

nr: Homc (T, X) — Homc(7,Y)
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8.1 The functor of points 163

is equal to the map of sets that sends o: T' — X to f o 0.
Since 7 is a natural transformation, we have for any o: T" — X, a commutative diagram

Homc (X, X) —=+ Homc(X,Y)

| |

Homc (T, X) —%— Homc(T,Y)

Going through the diagram clockwise, we see that idy gets sent to ¢ o f, while going
counterclockwise, idx gets sent to 1 (o). Hence

nr(c) =oco f.
and so 7 is induced by f. O

In particular, we have the following consequences:

Corollary 8.2. For two schemes X and Y, we have:
(i) hx and hy are isomorphic (as functors from Sch’ to Sets), if and only if
X~Y:
(i1) If a functor F' is isomorphic to iy for some scheme X, then X is determined
up to isomorphism.

Replacing the scheme X with its associated functor of points h x, may at this point seem
like just yet another jump in abstraction, but the nice thing is that you can work with functors
whose values are sets. For instance, by the Yoneda lemma, we see that giving a morphism
f: X — Y of schemes, is the same thing as for each scheme Y giving a map of sets
f(T): X(T) — Y(T) which is functorial in 7" (i.e. a natural transformation). In fact, using
that schemes are locally affine, and that morphisms of schemes glue together, it is even
sufficient to test this condition on affine schemes 7' = Spec B.

Another important consequence of this is that instead of specifying a scheme explictly, say
by giving a projective embedding and a homogeneous ideal, we can simply specify a functor
equivalent to hx, and this will precisely pin down what scheme we are talking about. Many
schemes are in the first place defined as solutions to universal problems (e.g. fiber products),
so computations involving the functors is both more natural and simpler than say, explicit
equations.

We say that a functor F' : Sch® — Sets is representable if there exists a scheme X so
that ' ~ hx.

Example 8.3 (The functor of points of A'). The functor
F(T) = Or(T)

is representable by the affine line A}, = Spec Z[t]. This follows by Theorem ?? on page ??,
which says that to give a morphism 7' — A/, is the same thing as specifying an element of
Or(T).

More generally, A™ represents the functor F'(T') = I'(T, Or)™. This is just a fancy way
of saying that a morphism X — A" is the same thing as an n-tuple of regular functions. A
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164 The functor of points*

Example 8.4 (The functor of points of Spec A). More generally still, let A be a ring and
consider the functor F': Sch®” — Sets given by

F(T) = HomRings(A, OT(T))
Then Theorem 4.6 implies that F’ is represented by Spec A. A

Example 8.5 (Group schemes). A group scheme is a scheme G so that hg: Sch®™ — Sets
takes values in the category of groups (viewed as a subcategory of Sets). By Yoneda’s
Lemma, being a group scheme implies that there are scheme morphisms m: G x G — G
and i: G — G satisfying the usual group axioms (associativity, identity, and inverses). /A

Example 8.6. The scheme GL,, = SpecZ[x11,. .., Tun, ﬁ] is a group scheme. It
represents the functor

GL,(T) = { M € Mat, »,,(O7(T)) | AN € Mat, ,(T) such that MN = NM =id}.

If A and B are n-matrices with entries in O (T'), then (A, B) — AB defines a natural
transformation GL,,(T') x GL,,(T') — GL,(T'), and so we get a morphism of schemes

m: GL, x GL, — GL,, .

which on R-points corresponds to multiplying the corresponding matrices. Likewise, the
assignment A — A~ defines a natural transformation, and hence a morphism of schemes

i: GL, — GL,,

It would be possible to write down formulas for the ring homomorphisms that define m
and 7, but even checking associativity by composing the relevant ring maps would be quite
cumbersome. However, as we know that matrix multiplication is associative, Yoneda’s Lemma
ensures that the corresponding scheme morphisms satisfy these properties. A

Example 8.7 (Group actions). If GG is a group scheme, and X is a scheme, it is clear what it
should mean to have an action of G on X; for each 7', the group G/(7") should act on X (7T")
in a natural way. This translates into existence of a scheme morphism o: G x X — X
satisfying the usual axioms for a group action. For instance, o (gh)(z) = g(h(z)) for every
ze X(T)and g,h e G(T).

As a concrete example, we can consider the group G,, acting on the scheme U =
A" —V (zg,...,x,). Then the scheme morphism 7: U — P" is G,,, is G,,-equivariant. In
fact, P™ is universal among such G,,,-invariant morphisms, and so it can really be considered
as a quotient of U by G,, in the category of schemes. A

8.2 The fiber product in terms of the functor of points

There is a nice way to explain the universal property of fiber products of two S-schemes X
and Y in terms of the functors of points hx, hy and hg. For a scheme 7, it translates into the
following: the set Homse, (7', X x g Y') is the fiber product of the two sets Homs, (7", X)
and Homs, (7, Y) over Homs, (7', .S). In other words, there is a natural bijection of sets (!)

hXst(T) — hx (T) X hs(T) hY(T)- (8.4)
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8.3 Exercises 165

By uniqueness, these bijections are functorial in 7', and we conclude that the functor of points
of the fiber product X x g Y is isomorphic to the fiber product functor hx x  hy, which
assigns the set hx (T') X1y hy (T) to a scheme T". Thus the fiber product of schemes is
not so mysterious after all — it is essentially forced upon us by the universal property of fiber
products of sets.

Once we know the functor of points of X xg Y, Yoneda’s Lemma implies that many
computations involving fiber products reduce to ones involving sets only. To illustrate this,
we give a proof of Proposition 7.10

Proof of Proposition 7.10 By Yoneda’s Lemma, it suffices to verify the corresponding
statements for sets, and this is elementary: note that the assignments (b, a) — b; (b, ¢) —
(¢,b); and ((b,¢),d) — (b, (¢, d)) give natural bijections of sets

Bx,A~B (b,a) — b
Bx,C~Cxy,B (b,¢c) — (¢, b)
(Bx,aC)xcD~Bx,(CxeD) ((b,c),d) — (b, (c,d)).
These translate into natural isomorphisms of functors
hxxss =~ hx
hXst =~ hXxSY
h(XxSY)xSZ =~ hX><5(Y><sZ)

and by Yoneda’s lemma, we have the isomorphisms between the corresponding fiber products
as well. O

Example 8.8. To show A7 x7; A7' ~ AZ™™, we can show that the two functors of points
are isomorphic. Note for a scheme 7', there is a bijection of sets

(A7 xz A7) (T) ~ A™™(T)
defined by
(al,...,an) X (bl,...,bm) — (al,...,an,bl,...7bm).

foray,...,an,b1,...,b, € Op(T). This assignment is natural in 7", so we get an isomor-
phism between the functors of points and hence an isomorphism of schemes. A

8.3 Exercises

Exercise 8.3.1. Let A, B and C be sets.
a) Suppose fg: B — A, far: A’ — Aand fo: C — A are maps with fo =
go fa forg: A” — A. Show that there is a bijection

BXACZ(BXAA/) XA/C

induced by (b, ¢) — ((b, g(c)), c).
b) Deduce claim (iv) in Proposition 7.10.
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166 The functor of points*

Exercise 8.3.2. Show that functor of points of A’ — {0} = Spec Z[t,¢™*] is isomorphic to
F(T)=T(T,07)".

Exercise 8.3.3. Show that the functor 7" — GL,,(Or(T)) is represented by the scheme

GLn = Spec Z[tij, det(tij)’l].

Exercise 8.3.4 (A scheme is a sheaf). Let X and 7" be two schemes.
a) Show that if S < T is an open subscheme, then there is a natural restriction
map

Pr,s - hx(T) - hx(S) (85)

b) Let {7}}cr be an open over of 7" and let ¢, 1) € hx (1) be two elements so that
pr.r,(¢) = pr.1,(1) for every i. Show that ¢ = ).
¢) Let {T;}.c; be an open over of 1" and let ¢; € hx (T;) be elements so that
PT;,T;nT; (¢) = PT;,TinT; (1/’)
for every i, . Show that the ¢; glue to an element ¢ € hx (7).

Thus X determines a sheaf of sets on every scheme T'!

Exercise 8.3.5. Let X be a scheme and let i x be its functor of points.
a) Show that hx is determined by its restriction to the subcategory of affine
schemes AffSch.
b) Deduce that X is completely determined by the functor R — X (R) from
Rings to Sets.

Exercise 8.3.6. Let X be a scheme and let h x be its functor of points.

a) Show that hx is determined by its restriction to the subcategory of affine
schemes AffSch.

b) Deduce that X is completely determined by the functor R — X (R) from
Rings to Sets.

Exercise 8.3.7. For each n € N, the group of n-th roots of 1 is defined by
fn = SpecZ[t, t7']/(t" — 1).
Show that y,, represents the functor F'(T') = {a € Or(T) | t" =1}.

Exercise 8.3.8. a) Letn > 0 be an integer. Find a scheme which represents the
functor

F(X)={seOx(X)|s"=0}
b) Show that the functor defined by
F(X)={seOx(X) | sisnilpotent}
is not representable.

Exercise 8.3.9 (Surjectivity of maps of schemes). A morphism of schemes f: X — Y is
said to be surjective if it is surjective on the level of topological spaces.
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8.3 Exercises 167

a) Show that f is surjective if and only if the following condition holds: for every
field K and each K-valued point y € Y (K) there exist a field extension
L of K and x € X(L) such that f(L)(x) € X is the image of y under
Y(K) > Y(L).

b) Show that surjective morphisms are stable under composition and base change.

¢) Suppose f: X — Y is of finite type. Show that f is surjective if and only if the
induced map X (k) — Y (k) is surjective for every algebraically closed field k.
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9

Separated and proper morphisms

9.1 Separated schemes

We have seen several examples showing that the topology on schemes behaves very differently
from the usual Euclidean topology. In particular, schemes are essentially never Hausdorff
— the open sets in the Zariski topology are simply too large. Still we would like to find an
analogous property that can serve as a satisfactory substitute, so that we have good properties
such as ‘uniqueness of limits’. This leads to the notion of ‘separatedness’.

The route we take to defining separatedness involves the diagonal morphism. The motiva-
tion comes from the following basic fact from basic topology.

Proposition 9.1. A topological space X is Hausdorff if and only if the diagonal A =
{(z,z) | z € X } is aclosed subset of X x X (in the product topology).
Proof The diagonal A < X x X is closed if and only if the complement X x X — A'is
open, and with the product topology, this is equivalent to any point (x,y) € X x X with
x # 1y being contained in U x V where U,V < X areopenand U x V < X x X — A.
But this is equivalent to the existence of U, V suchthatx e U,y e VandU "V = 5. O

Even for the affine line X = A} over a field, the usual Hausdorff condition does not
hold: any open set will contain the generic point (0) (or even in the context of varieties, two
non-open subsets intersect). On the other hand, the Zariski topology on a product is typically
much finer than the product topology on the underlying sets. For instance, for A}, we have
A} x; A}, = A, and it makes perfect sense to talk about the subset V(z — y) < A7 of
points on the ‘diagonal’, and this is indeed a Zariski closed subset.

It turns out that the ’diagonal perspective’ gives a completely satisfactory notion of
‘Hausdorffness’ for schemes. In fact, it works for relative schemes X /.S as well, and we will
speak of a morphism X — S being separated, rather than the scheme itself.

The freedom to glue schemes together leads to many examples of non-separated schemes,
but they are not commonly encountered in practice. For instance, all affine schemes and
all projective schemes are separated. More importantly, some very nice and advantageous
properties hold only for separated schemes, and this legitimates the notion. For instance, in
a separated scheme, the intersection of two affine subsets is again affine (this is a property
which will be important later on).
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9.1 Separated schemes 169

Separated schemes

Let X /S be a scheme over S. The diagonal morphism is the morphism
Ax/s: X — X x S X

defined by the two identity maps X — X as components. In other words, the defining
property of Ax/g is that p; 0 Ay g = idy for ¢ = 1,2 where the p;’s denote the two
projections.

The following little lemma gives intuition for the diagonal morphism. In particular, it
tells us that if K is a field and x;, 2, € X (K) are two K-points, the induced K -point
Ty X To: Spec K — X X g X factors via the diagonal precisely whenever z; = x».

Lemma 9.2. A morphism f: Z — X xg X factors via the diagonal if and only if
prof=psof.

Proof 1If f factors, the equality holds by definition of the diagonal. If the equality holds,
weput g = p; o f: Z — X, and the uniqueness part of the universal property gives that
AX/s og=f. [

In the case that X and S are affine schemes, say X = Spec B and S = Spec A, the
diagonal has a simple and natural interpretation in terms of algebras; it corresponds to the
most natural map, namely the multiplication map:

i: B®, B — B.

Here 1 sends b® ' to the product bb’, and we extend it to B® 4 B by A-linearity. The
projections correspond to the two maps of A-algebra 3;: B — B®4 B thatsend Btob® 1
respectively to 1 ® b. Clearly it holds that i o 3; = idg for i = 1, 2. On the level of schemes
this translates into the defining property of the diagonal map. Moreover, p is clearly surjective
so it induces a closed embedding. We have shown the following:

Proposition 9.3. If X is an affine scheme over the affine scheme S, then the diagonal
morphism Ay s: X — X xg X is a closed embedding.

The conclusion here is not generally true for schemes, and we will see simple counterex-
amples shortly. However, from the proposition we just proved, it follows readily that the
image Ay ,s(X) is always locally closed, i.e. the diagonal is locally a closed embedding:

Proposition 9.4. The diagonal Ay g is locally a closed embedding.

Proof Begin with covering .S by open affine subsets and subsequently cover each of their
inverse images in X by open affines as well. In this way one obtains a cover of X by affine
open subsets U; whose images in S are contained in affine open subsets S;. The products
U; xs, U; = U, xg U, are open and affine, and their union is an open subset containing the
image of the diagonal. By Proposition 9.3 above the diagonal restricts to a closed embedding
OfUl in Ui X, Ui- ]

With this in place, we are ready to give the general definition of separatedness:
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170 Separated and proper morphisms

Definition 9.5. One says that the scheme X /.S is separated over S, or that the structure
map X — S is separated, if the diagonal map Ay,s: X — X xg X is a closed
embedding. One says for short that X is separated if it is separated over Spec Z.

Recall that being a closed embedding is a local property on the target. Translating this to
the case of Ay /g, a morphism f: X — S is separated if and only if for some open cover
{S;} of S it holds that all the restrictions f~'(S;) — .S; are separated.

Since A /s is a locally closed embedding, it suffices to check that the image A x5 (X) is
a closed subset of X x ¢ X. In particular, this means that being separated is a condition that
only involves the underlying topological part of the morphism f: X — S.

Example 9.6. Any morphism Spec B — Spec A of affine schemes is separated, by Proposi-
tion 9.3. This, together with the above paragraph, shows that any affine morphism f: X — Y
is separated (Exercise 9.4.4). A

Example 9.7. Open embeddings are separated: if U < X is anopenset, then U x x U ~ U
and under this identification, the diagonal map Ay /x: U — U is simply the identity
map. A

Example 9.8. The affine line X with two origins constructed in Section ?? on page ?? is not
separated over Spec k. Recall that X is constructed by gluing two copies Uy, Us of the affine
line A} = Spec k[u] along their common open subset Spec k[u,u™']. Let g,: Uy — X
and go: U — X denote the two open embeddings. The scheme X has two ‘origins’, which
are the images 0; and 0 of the origin 0 € A} under respectively g; and go.

To see that X is not separated, it is instructive to study what happens with the diagonal.
The scheme X x,, X is glued together by four affine charts U; x, U; for i, j € {1, 2}, each
isomorphic to AZ. Each A7 contains an origin, so there are four origins in total. These are the
images 0; x 0; of (0) € A}, under the four embeddings g;;: A; — X x; X with components
g; and g;. Away from the origin, these maps coincide and agree with the diagonal map.

By Lemma 9.2, only 0; x 0; and Oy x Oy lie on the diagonal. However, all four lie in the
closure of the diagonal. Consider 0; x 0,, for instance, which lies in the image of the map
g12. If V is an open subset containing 0; x 0, the inverse image g;5'V will be a non-empty
open subset of A}, and hence must intersect Aj, — {0}. This means that V must intersect
g12(A; —{0}), which is open in the diagonal. Thus, 0; x 0 lies in the closure of the diagonal.

X X xp X
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9.2 Properties of separated schemes 171

Heuristically, the maps g;; agree on A* — {0}, but they differ at the origin, bridging the gap
differently by passing through distinct points 0; x 0;. All four lie in the closure, but the
diagonal itself only passes through 0; x 0; and 05 x 0. A

Example 9.9. An even more basic example of a scheme that is not separated is obtained by
gluing the prime spectrum of a discrete valuation ring to itself along the generic point.

To give more details, let R be a DVR with fraction field K. Then Spec R = {s, {} where
s is the closed point and £ is the generic and open point. By the Gluing Lemma for schemes
(Proposition 4.35 on page 81), we may glue two copies of Spec R together by identifying
the generic points; that is, the open subschemes Spec K in the two copies.

In this manner we construct a scheme Z g together with two open embeddings g;: Spec R —
Z . They send the generic point £ to the same point, which is an open point in Zz, but they
differ on the closed point s. It follows Z is not separated.

The similar-looking examples of Examples 4.37 and 4.38 are separated however, because
they are affine.

Spec R

Spec R

9.2 Properties of separated schemes

We introduce separatedness mostly because they give good formal properties. In some sense
the schemes category is still a little bit ‘too large’, and separated schemes have properties
that make them closer to varieties. In this section we survey a few of these properties.

Intersections of affine open subsets

Proposition 9.10. Let X be an A-scheme. The following are equivalent:
(i) X is separated over Spec A.
(i1) For any two affine open subschemes U and V/, the intersection U N V is
also affine, and the natural multiplication map

Ox(U)®s0x(V) — Ox(UNnYV)

is surjective.
(iii) There is an affine cover {U; };c; such that all intersections U; n U; are affine,
and Ox (U;) ®4 Ox (U;) — Ox (U; n U;) is surjective for every i, j € 1.
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172 Separated and proper morphisms

Proof (i)=> (ii): The product U x g V is an affine open subset of X xg X,andU NV =
Ax/s(X)n(UxgV).If X is separated, the diagonal is closed, U NV is a closed subscheme
of the affine scheme U x g V, hence affine (Proposition 4.26). By the construction of the
fiber product of affine schemes, we have

F(U Xg ‘/, OUXsV) = F(U, OU) ®A F(V, Ov),
and as U N V is a closed subscheme of U x g V/, the restriction map
F(U Xg V, Ostv) — F(U M V, OUmV)

is surjective, which gives (ii).

The implication (ii)=-(iii) is clear, so let us show the last implication (iii)=(i). Let
p1,p2: X x4 X — X denote the two projections and let A: X — X x4 X denote
the diagonal morphism over Spec A. Let U; = Spec B; and U; = Spec B; be two affines
in the cover {U;}. Then we have

A7 (U) npa (U) = A o HU)) n A 0 N(U) = Ui n Uy, (9.1

Also, by the universal property of the fiber product it follows that p; ' (U;) n p~*(U;) =
U, x4 U; € X x4 X, and from this we deduce that A is a closed embedding if each
restriction

A”UZQUJ—>U1 XAUj

of A is a closed embedding. But this follows from the assumptions: the intersection U; " Uj is
affine, say U; n U; = Spec C};, and the ring homomorphism B; ® 4 B; — C;; is surjective.
This completes the proof. O

Example 9.11. The above proposition provides us with a convenient criterion to check that
a scheme is separated. For instance, projective space [P’} is separated over A, because it is
covered by the standard affine covering, and the multiplication map

Lo Ln Lo Ln Lo Ln Ti
AT Intgoalte . I gt Ee T
xT; xX; X X xT; Ty Ty

is surjective (all monomials on the right hand side are products of monomials on the left).

In fact, one can argue directly that the diagonal in P’y x 4 P’} is a closed embedding. In the
notation of Section 7.6, the diagonal is the closed subscheme defined by the bihomogeneous
ideal generated by the 2 x 2-minors of the matrix

Yo Y1 --- Un
A

Example 9.12. More generally, Proj R is a separated scheme over Ry. The argument is
similar: Proj R is covered by the affine open sets D (f) where f runs over the homogeneous
elements of R, and each intersection D, (f) n D, (g) = D, (fg) is also affine. To prove
that it is separated, it suffices to check that the multiplication map (Ry)o ®r, (Ry)o —
(Ryg4)o is surjective for any f,g € R*, which is the case. A
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9.2 Properties of separated schemes 173

Example 9.13 (The affine plane with two origins). Here is a non-separated scheme where
two affine open subsets have non-affine intersection. We glue two copies of the affine plane
A? together along the complement Uy, = A7 — V (z, y) of the origin. If U; and U, denote
the two open embeddings of the affine plane, then U; n Uy = U4, but the open set U5 is not
affine (see the example in Section 4.22 on page 72). In this example, the multiplication map in
the proposition coincides with k[z, y] ® k[x, y] — T'(Ui2, Ov,, ), which is surjective. A

Extensions of rational maps

A very useful property of separated schemes is that morphisms into separated schemes are
determined on open dense subschemes, at least when the source is reduced. This can be
viewed as an analogue of the fact that ‘limits are unique’ in Hausdorff spaces.

Proposition 9.14. Let X and Y be two schemes over S and let f,g: X — Y with be
two morphisms over S. Assume that

(i) X isreduced, and

(ii) Y is separated over S.
Then if there is a dense open subscheme U — X such that f|; = g|y, then f = g.

N

Proof 1In order to prove that f = g, we may assume that X is affine, say X = Spec A. The
two morphisms f and ¢ induce a morphism (f,g): X — Y x5 Y. We want to show that H
factors through the diagonal Y — Y X g Y, as this will imply that f = g by Lemme 9.2.

Consider the pullback of the diagonal Ay /g via ( f, ¢). This fits into the following Cartesian

diagram:

U ——

&

— Y

<.
<—

Ay /s

b

W Y Xg Y

The scheme F is the *equalizer’ of the two morphisms, and j: E — X represents the sub-
scheme of points in X where the morphisms coincide. Since pullbacks of closed embeddings
are closed embeddings, j: ' — X is a closed subscheme of X . Since X is assumed to be
affine, Proposition 4.26 on page 74 implies that F is isomorphic to a subscheme of the form
Spec(A/a) for some ideal a.

The assumption f| = g|y implies that there exists a lift U — E of ¢. Hence the image
j(E) contains the dense set U and therefore j(E) = X. By Lemma 2.4, a is contained in
the nilradical of A, which is zero as A is reduced. Consequently, j is an isomorphism, H
factors through the diagonal, and it follows that f = g. O

Here are two examples demonstrating that the hypotheses in the proposition are necessary.

Example 9.15. For the affine line with two origins, X, the two embeddings g; : A} — X
and g, : A} — X agree over a dense open set, but they are not equal. A

Example 9.16. Consider the non-reduced scheme X = Spec k[, y]/(y?, zy) and the two
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174 Separated and proper morphisms

morphisms f, g: X — Spec k[u], defined by u +— x and u — x + y respectively. These
agree over the distinguished open set D(x) < X, but they are not equal. A

Formal properties

Proposition 9.17.
(i) (Embeddings) Closed embeddings and open embeddings are separated.
(ii) (Composition) Let f: X — S and g: Y — X be morphisms. If both f
and g are separated, the composition f o g is separated as well. Moreover, if
Y is separated over S, it is separated over X .

(iii)) (Base change) Being separated is a property stable under base change: if
f: X — Sisseparated and T' — S is any morphism, then fr: X7 — T
is separated.

(iv) If f: X — Y is a morphism and {U,}c is a cover of Y so that each
f1(U;) — U is separated, then f is separated.

Proof (i): Closed embeddings are affine, hence separated. Open embeddings are separated
by Example 9.7.
(i1): Consider the diagram

Y 2 Y kY — 5 Y xgY

| |

X 2 X xo X

The square in the diagram is Cartesian. As the morphism Y xx Y — Y XY is the base

change of Ax/g, which is a closed embedding, it is itself a closed embedding. Therefore,

A x /s, which equals the composition Y — Y xx Y — Y x g Y, is also a closed embedding.
For the second part of the claim, if the composition Y — Y xx Y — Y x5 Y isaclosed

embedding, then also the first map, Ay, x, must be a closed embedding, by Exercise 9.4.12.
(iii): There is a natural isomorphism

Xrxr Xr= (X x5T) xp (X xsT) = (X xg X) xgT

Under this identification, the diagonal morphism A x, /7 is given by the map X xg T —
(X xg X) xg T, that is, the pullback of Ax,g along " — S. As Ax/s is a closed
embedding, and closed embeddings are stable under base change, we find that Ax.,. yTisa
closed embedding as well.

(iv): This was proved in the paragraph following Definition 9.5. O

Example 9.18. Combining Proposition 9.17 with Example 9.11 we see that any projective
subscheme of P’} is separated over A. A

9.3 Proper morphisms

Properness is an important property of morphisms serving as a replacement for ‘proper maps’
in topology. In topology, a map f is called proper if f~'(K) is compact for every compact
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9.3 Proper morphisms 175

subset K < Y. In the setting of Hausdorff spaces X, one can show that X is compact if and
only if for any other topological space Z the projection map X x Z — Z is closed. (Here
we are using the topological fiber product.) More generally, a continuous map f: X — Y
is proper if and only if for any map g : Z — Y, the induced map X xy Z — Z is closed.
In scheme theory, the latter property, along with a finiteness condition, is adopted as the
definition of proper maps.

e

Definition 9.19. A morphism f: X — S is universally closed if it is closed and stays
closed when pulled back; that is, given any morphism 1" — S, the pulled back map fr
in the Cartesian diagram below is closed.

X xgT — X
le Jf
T —— S5

The morphism f is said to be proper if it is separated, of finite type and universally closed.
When S = Spec A, we say that X is proper over A.

In Section 13.6, we will show that any morphisms f: X — Y be between projective
schemes over a field k are proper. In particular, any projective scheme over k is proper
over Spec k. Admittedly, the main class of proper morphisms one meets in practice are the
projective ones'. However, properness is a condition which is a bit more flexible and easier
than projectivity to check.

Example 9.20. A simple example of a morphism that is not proper, is the structure map
m: A}, — Spec k. If we pull back 7 along itself, we get the projection map onto the first
factor A} x5 A} = A7.In A? = Spec k[, y] there are lots of closed sets which project to
non-closed sets, for instance the ‘hyperbola’ V' (zy — 1), which maps to the non-closed set
A} —{0}. A

Example 9.21. The standard example of a proper morphism is 7: P, — Spec A. While
this aligns with our intuition that ‘projective varieties compact, whereas affine varieties are
not’, this statement is a non-trivial fact, which we will prove in Theorem 13.20. A

Example 9.22. Closed embeddings are proper. Indeed they are universally closed by Propo-
sition 7.19 on page 153, separated by (i) of Proposition ?? on page ?? and of finite type by
definition. A

L There are non-projective varieties which are proper. Over C, the first examples were constructed by Hironaka in
1960.
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176 Separated and proper morphisms

Proposition 9.23 (Properties of properness).
(i) Pullbacks of proper maps are proper.

(i) Compositions of composable proper maps are proper.

(iii) The product f x g of two proper maps is proper.

(iv) If f: X — Y is a morphism, and {U,}c; is a cover of Y so that each
f~1(U;) — U is proper, then f is proper.

(v) If X is proper over a field k, and Y is separated over k, then any morphism
X — Y over k is proper.

The proposition also holds if ‘proper’ is replaced by ‘universally closed’. In fact, we know
the corresponding statements hold for ‘separated’ and ‘finite type’, so we only need to check
it for ‘universally closed’.

Proof (i): Suppose that f: X — Y is proper. Let g: Z — Y be a morphism and considere
the base change morphism f;: X xy Z — Z.If h : T — Z is any morphism, we consider
the following commutative diagram:

XxyZxzT — X xy Z — X

pl le fl

T—— " vz 9 .y

Each square is Cartesian, and hence the outer rectangle is, as well. As f is universally it
closed, follows that p is closed. This shows that f is universally closed as well.

(ii): Let f: X > Y and g: Y — Z be universally closed. Given a morphism h : T" — Z,
consider the following commutative diagram:

XXyYXZTL>YXZTL>T

| | |

X — 71 yv_9 .z

The squares are Cartesian, and hence the outer rectangle is Cartesian as well. As f and g are
universally closed, p and g are closed, and hence q o p is closed as well.

(iii): If f: X — Y and g: X’ — Y’ are both proper, then it follows directly from (i) and
(ii) that f x g = (f x idy~) o (idx x g) is proper.

(iv): Let g : T' — Y be a morphism and consider the induced morphism p: X xy 1T — T.
Note that 7" is covered by the open sets g~ ' (U;) and the fiber product is covered by the open
sets p~ (g7 (Uy)) = fF7UU;) xu, g7 (U;). As f~1(U;) — Uj is universally closed, we
see that

fHU) xu, 971 (U;) — g H(U7)

is closed. This implies that p is closed as well.

(v): We can factor any morphism f: X — Y asmy o'y where I'y: X — X x;, YVis
the graph morphism X — X X, Y,and my: X x;, Y — Y is the second projection. Note
that I is the pullback of Ay via the morphism (f,idy): X x, Y - Y x, Y. As Ay isa
closed embedding, and closed embeddings are stable under base change, I'; is also a closed
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9.4 Exercises 177

embedding, hence proper. Also 7y is proper because it is a base change of X — Speck.
Therefore f is proper by (ii).
O

P

Proposition 9.24. Any finite morphism is proper.

N

Proof Finite morphisms are by definition affine, hence separated, and of finite type. More-
over, as finite morphisms are closed and being finite is stable under base change, finite
morphisms are universally closed. O

9.4 Exercises

Exercise 9.4.1. Let X be the gluing of two copies of SpecZ along the open set U =
SpecZ — {(2)}. Show that X is not separated and describe the diagonal map.

Exercise 9.4.2. Let X /S be a scheme over S and let U < X be an open set. Show that
Axssluv = Auyys.

Exercise 9.4.3. Let X = SpecC and S = SpecR. Recall that the product X xg X
consists of two (closed) points. Which one corresponds to the diagonal? Can you find another
R-algebra A so that if Y = Spec A itholds that Y xg Y ~ X x ¢ X and the diagonal is
the other point?

Exercise 9.4.4. Show that affine morphisms are separated.

Exercise 9.4.5. Let X and Y be schemes separated over a scheme .S. Show that their product
X xgY is separated over S.

Exercise 9.4.6. Let X be a separated scheme. Show that, for any affine opens Uy, ..., U, S
X,U, n---nU,is affine.

Exercise 9.4.7. Show that if a scheme X is separated (over Z), then for every scheme Y and
every morphism f: X — Y, the morphism f is separated.

Exercise 9.4.8. Let T — S be a morphism and let X and Y be two schemes over 7T". Show
that there is a Cartesian diagram

Xxp X 45 XxgX

| L

Ar/s
T 2T T xgT,

and conclude that the natural map ¢: X x7 Y — X xg Y is alocally closed embedding.
Hint: Use the functor of points to reduce to a statement of sets.

Exercise 9.4.9 (Pullback of diagonals). Let X — S and T" — .S be morphisms between
schemes, and let X; = X x g T'. Show that the diagonal A x5 pulls back to the diagonal
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178 Separated and proper morphisms

Ax, /75 in other words, that there is a canonical Cartesian square

Axp/r
XT XT XT XT
X 25 X xe X

Exercise 9.4.10. Let X /S be a scheme and let ¢.: W — X be an open subscheme or a
closed subscheme (over .S). Show that the diagram below is Cartesian

We——X

J/AW/S J/AX/S

w Xg W ——X X g X
Conclude that W /S is separated if X /S is.

Exercise 9.4.11 (The graph of a morphism). Let S be a scheme and let f: X — Y be a
morphism over S. Assume that Y is separated over S. We define the graph Iy as the map
X — X XgY with components id x and f.
a) Show that I/ is the pullback of the diagonal Ay /g under the morphism idx x
f: X xsgY > X xgY.
b) Show that I'; is a closed embedding.
c¢) Suppose that X and Y are integral. Show that I'; (with the reduced scheme
structure) is isomorphic to X.

Exercise 9.4.12 (Closed embeddings). Let f: X — Y and g: Y — Z be morphisms of
schemes.
a) Assume that g is separated. Show that if the composition g o f is a closed
embedding, then f is a closed embedding. HINT: Consider the diagram

X M X%,V —s Y

| |
X — 7
gof
where the square is Cartesian and I is the graph of f.
b) Show by an example that in general f is not necessarily a closed embedding

even if g o fis. HINT: Let X be the affine line with two origins and consider
a morphism a morphism X — Al.

Exercise 9.4.13 (Equalizers). Let X and Y be schemes over S and f1, fo: ¥ — X two
morphisms over S. Define f: ¥ — X xg X be the morphism whose components are the
fi’s; thatis, f; = m; o f (as usual, the 7;’s are the two projections). The equalizer of the f; is
defined as the pullback of the diagonal A x5 along f. In other words, the diagram below is
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Cartesian:

E—" Y

| 8

X 25 X o X

a) Show that a morphism g: Z — Y satisfies f; o g = fy o g if and only if ¢
factors via 7.

b) Show that X is separated if and only if for every pair of morphisms f1, fo: ¥ —
X, the equalizer n: E — Y is a closed embedding.

c) Describe the equalizer of the two inlusions ¢1, t5: A' — X into the affine line
with two origins.

Exercise 9.4.14 (Monomorphisms). Let f: X — Y be a morphism of schemes. We say that
f is a monomorphism if the composition function

Hom(T, X) —> Hom(T,Y)

is injective defined by o — f o «v is injective for any scheme 7. That is, if g;: 7" — X and
go: T'— X are morphisms such that f o g; = f o go, then g; = ¢g».
a) Prove thatif f is a closed embedding or an open embedding then it is a monomor-
phism.
b) Prove that f is a monomorphism if and only if the diagonal A: X — X Xy X
of the morphism f is an isomorphism.
¢) Prove that if f is a monomorphism, then f is separated.

Exercise 9.4.15. Let X be scheme. We say that a scheme X has affine diagonal if for every
affine opens U and V of X the intersection U n V is affine.
a) Prove that X has affine diagonal if and only if the diagonal morphism A: X —
X Xsgpecz X is an affine morphism. In particular, separated schemes (over
Spec Z) have affine diagonal.
b) Find a scheme with affine diagonal which is not separated.
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10

Local properties of schemes

This chapter explores the local properties of schemes. These are properties of schemes which
take place at and around specific points.

The main definition is that of a nonsingular scheme. The intuition behind a nonsingular
scheme is that it locally looks like an affine space. Taking the definition of a manifolds as a
guide, one could naively try to define a scheme over a field k to be nonsingular of dimension n
if it is covered by open subsets which are isomorphic to an open subscheme of Aj}. However,
this would be incorrect, as only very special schemes satisfy this condition. The issue is that
the Zariski open subsets are too large: over C, the curve 23 + y> — 1 = 0 should by all
accounts be considered ‘nonsingular’, but there is no open set which is isomorphic to affine
space, as X is not rational.

There is however another idea from differential geometry which generalizes to algebraic
geometry. A subset X < R" of dimension d is a manifold if and only if locally around each
point P € X, X can be defined by r equations f; = - - - = f,, where r = n — d, and so that

for each the Jacobian matrix J = (g%) has rank r at P. Indeed, if this condition holds, the

Implicit Function Theorem tells us that fi, ..., f, can be extended to a coordinate system in
a neighbourhood of P, and one proves that X is locally diffeomorphic to R? there. We will
see that this generalizes well to schemes over a field in Section 10.3.

We begin by discussing tangent spaces and cotangent spaces of schemes. We then introduce
ingular points of schemes. Nonsingular schemes have local rings which are regular, i.e., where
the maximal ideal can be generated by n elements, where n is the dimension of X. Thus,
they admit “systems of parameters” that resemble local coordinates on manifolds.

Towards the end of the chapter, we discuss normal schemes and the process of normaliza-
tion. Like nonsingular schemes, normal schemes also have algebraic properties that make
them easier to study than most schemes. For instance, their singular loci are of codimension
at least 2. This property will prove particularly useful in Chapter 16, were we study divisors.

10.1 Tangent spaces

In this section, we define the tangent space of a scheme at a point. As a warm-up example,
let us consider a plane curve C' = R? defined by a real polynomial f(z,y) = 0 at the point
P = (0,0). From basic calculus, the tangent space of the curve f(z,y) = 0 at P is defined
by the linear equation

of of _
Gy (Pa 5 (Ply =0 (10.1)
180
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10.1 Tangent spaces 181

This linear form is the first-order Taylor expansion of f(z,y) at P. It is the linear form which
best approximates f near P.

The cotangent space at P is defined as the dual of this vector space: it consists of the linear
forms in z and y modulo the linear form (10.1). Equivalently, the cotangent space can be
viewed as the R-vector space of smooth functions vanishing at P, up to second order terms.

If X is a scheme and P € X, we would like to define the tangent space Tp X of X at P.
While we want to keep the above geometric picture, it turns out to be more convenient to
define things by defining the cotangent space first and then define the tangent space as its
dual. The definitions also work best when X is a scheme over a field k, and P is a k-point.

The definition of the cotangent space uses the local ring O x p and the maximal ideal mp.
This is a natural choice, as O x, p captures the main geometric properties of the scheme locally
near P. If X is integral, the ring Ox_p consists of the rational functions f € K (X) which
are defined at P and mp consists of the functions that vanish at P. The quotient mp/m%
intuitively captures the space of functions vanishing at PP up to ‘second order terms’. Note
that mp/m% = mp Qo, , Ox p/mp is naturally an Ox_p/mp-module; in other words

it is a K(P)-vector space. For example, if P is the origin in A} = Speck[xy,...,x,]
then mp = (x1,...,2,) and mp/m% is the k-vector space generated by the linear forms
T1yeneeyTp.

With this in mind, we make the following definition.

Definition 10.1. Let X be a scheme and let P € X be a point.
(i) The cotangent space of X at P is defined the x(P)-vector space m,/m%,
where mp is the maximal ideal in the local ring Ox p.
(i) The tangent space of X at P is defined as the dual x(P)-vector space

TPX = Hom,i(p)(mp/m%,,/{(P))

For a morphism ¢: X — Y, there is an induced map of cotangent spaces. Let P € X,
and let Q = ¢(P). Then the map of local rings <;5§) : Oy, — Ox p maps the maximal ideal
into the maximal ideal, and being a ring map, it sends m2Q into m%. Therefore, it induces a
map of x(y)-vector spaces:

¢p: mg/my — mp/m. (10.2)

For a second morphism ¢): Y — Z, we have (1) 0 ¢)% = ¢% o w;(P).

The tangent space, however, does not satisfy the same functorial property in general. The
issue is that the required duals will be with respect to different fields. More precisely, ¢%
is only a map of k(Q)-vector spaces, and there is no natural way to make mg /mﬁ2 into a
k(P)-vector space.

An exception occurs when X and Y are schemes of finite type over a field k, and both
P e X and Q € Y are k-points, so that K(P) = k(Q) = k. In this case, each quotient
m/m? is a finite-dimensional k-vector space. We can then take duals to obtain a map

In this setting, the tangent maps satisfy d(¢) o ¢)p = dip4(py © dp for any morphisms of
k-schemes ¢: X — Y andy: Y — Z.
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182 Local properties of schemes

Classical tangent spaces

To understand how the previous definition relates to the classical situation, let us consider an
affine variety X in A}. Before proceeding, we note that one does not have to go all the way
to the local ring O x p to compute the cotangent space. If A is a ring, and m is a maximal
ideal, then there is an isomorphism of A/m-vector spaces

m/m? — mA, /m’A,.
This follows from the canonical isomorphism of A-modules A/m = A,,/mA,,, and
m/m> =m®4 A/m =m@, An/mA, = mA,/m?A,,.

Let us apply this to compute the tangent space of affine space A} = Spec k[x1,...,z,] at
a k-point P. For simplicity, we assume that p = (0, ..., 0) is the origin, corresponding to
the maximal ideal m = (x4, ..., x,). (We may always achieve this by a linear change of
coordinates.) The cotangent space m/m? is then a k-vector space of dimension n, with basis
T1y.eey Tpe

More generally, consider an affine scheme X = Spec A, where A = k[z,...,x,]/a for
an ideal a < k[z1,...,x,], and assume that X contains P. Writing n — A for the maximal
ideal of the origin in A, the cotangent space at P is isomorphic to the k-vector space

) m
n/n’ ~ . 104
/ m? +a (109
Example 10.2. Say a = (f) is generated by f = y* + x® + 3z + 4y in AZ. Then
mo (z,y) _ (z,y) _ Cy
m?+(f)  (2%2y, 9792 + 2 + 3+ 4y) (2% wy, 97, 37 + 4y) '
If f=y*+ 2%+ 22, then
m (z,y) (z,y)
= = =C Cy.
Wi () @t ) @)
JAN

It is clear that the quotient (10.4) only depends on the ‘linear part’ of the Taylor expansion

of the elements of a at P. More precisely, let us define, for f € k[z1,...,z,],
of of
dpf=—P) 21+ - +=—(P) -z, 10.5
rf 8371( )T &xn( ) (10.5)

Here the % denote the formal derivatives of f. They are defined using the usual formulas for
differenting monomials, that is, if f = x{' ...z, then ;;1 = elelfl .zgr, and so on.
All the usual rules for derivatives still hold, such as the chain rule, quotient rule etc. However,
one should keep in mind that there may be unusual behaviour when k has characteristic p.
For instance, if f = x? then % = (), even though it is not constant.

In terms of (10.5), the cotangent space of X at P is given by

m/(m2 + dP<a))7

where dp(a) © m/m? is the subspace spanned by all the linear parts dp f for f € a. In
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10.1 Tangent spaces 183

other words, the cotangent space is obtained from m/m? by modding out by the linearized
equations defining X at P.

To compute T'» X, we are interested in the dual of this vector space. For this, note that m/m?
is generated by 1, . . ., ,,, s0 we may identify m/m? = (k™)". Under this identification,
dp f corresponds to a linear functional on k™. Taking duals, we get an isomorphism

TpA} ~ k™.

where the i-th basis vector of ™ corresponds to the functional m/m? — k which sends z; to
1 and the other x;’s to 0.

To compute T X, we recall the following fact from linear algebra. Let V' be a finite
dimensional k-vector space and let S < V'V be a linear subspace of the dual space of V.
Consider the subspace of V' defined by

W={veV|f(v)=0forall fe S}

Then restrictions of linear functionals induces an isomorphism W ~ V'V /S In particular,
since W is isomorphic to (W")", there is an isomorphism W = (V¥ /S)V

Applying thisto V' = k™ and S = dp(a) € m/m? = (k™)", we may identify the tangent
space Tp X with

of

TPX:{(Ul,..., )ek:"|vl %

(P)+-- 4w, (P)=0 era}. (10.6)
This is the ‘classical tangent space’ of X at P. The description (10.6) is valid for any point
P = (ay,...,a,), not just the origin.

Ifa=(fi,...,f), then TpX is the subspace of k" defined by the r linear equations in
k™

dp(f) =+ = dp(f,) =0

One sometimes also considers the affine tangent space of X at the point P. This is the
subvariety of A}’ defined by the r linear equations

Zaf] z;—a;)=0 forj=1,...,r. (10.7)
(3931

One can view this as the tangent space Tp X, but translated so that P is the origin. Another

TpX

Figure 10.1 The affine tangent space
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184 Local properties of schemes

way to view the tangent space is in terms of the Jacobian matrix

oxq Oxp
J = s (10.8)
oz 0xn

Then the matrix J(P) = J ®4 (P) is an r x n-matrix with entries in x(P) = k, which
can be identified with the matrix < of L (P)) . From (10.6), we see that T’ X can be identified

o

with the null space of J(P). In particular, the dimension of 7 X is given by
dimy Tp X = n — rank J(P). (10.9)

Example 10.3. Consider the quadric surface X = V (z? + yz — z) in A2. Then the Jacobian
at a closed point P = (a, b, ¢) is equal to

J=(2a c—1 b).

Therefore, Tp X has dimension 3 at the k-point P = (0,0, 1) and dimension 2 otherwise.
A

Zariski tangent spaces and the ring of dual numbers

When X is a scheme over a field k, there is an interesting relation between the Zariski tangent
space at k-points and the ring k[€]/€?. This ring is called the ring of dual numbers over k.
The spectrum of k[e]/€? is a very simple scheme: its underlying topological space is a single
point. However, the non-reduced structure on Spec k[€]/e? shows that it is more interesting
than Spec k. It is common to picture it as a point € with a vector ‘sticking out of it’.

The following proposition generalizes the perspective in differential geometry where
tangent vectors are defined as equivalence classes of curves passing through P.

Proposition 10.4. Let X be a scheme over a field k and let P € X be a k-point. Then
there are natural bijections between:

(i) The elements of Tp X, i.e., k-linear maps mp /mfD — k

(i1) Morphisms of schemes over k,

Spec k[e]/e? — X

with image P.

Proof We may assume that X is affine, say X = Spec A, where A is a k-algebra. Let
m = mp be the maximal ideal, and let p: A — k = A/m be the quotient map corresponding
to P. As P is a k-point, the composition of the structure map k — A and p: A — k is the
identity map.

First of all, any map of k-algebras A — k[e|/e? factors uniquely via A/m? — k[e]/€?.
Hence there is a natural bijection

Hompyg/, (A, k[e]/€*) = Hompgx (A/m?, k[e]/€?)
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10.2 Nonsingular schemes 185

Next, consider the exact sequence

0 m/m? A/m? A/m 0

This sequence splits, as the structure map k — A/m? provides a section, so we may write
A/m? = k@ m/m?. Given a map of k-algebras h: A/m? — k[e]/€?, the restriction of &
defines a k-linear map m/m? — ke ~ k. This defines a map of k-vector spaces

Hompgi (A/m?, k[€] /€*) — Homy,(m/m?, k)

The inverse is constructed as follows: given «: m/m? — k, define h by h(a+t) = a+ «(t)
where a € k and ¢t € m/m?. One checks that this is a map of k-algebras. O

There is also a description of T’ X as the vector space of derivations of Ox p into £, i.e.,
k-linear maps D : Ox p — k satisfying the Leibniz rule (see Exericise 17.11.2).

10.2 Nonsingular schemes

We say that a Noetherian scheme X nonsingular or regular, at a point P if Ox p is a regular
local ring. Here we recall that a Noetherian local ring A with maximal ideal m is defined to
be regular if the maximal ideal can be generated by n elements, where n = dim A is the
Krull dimension of A.

For instance, if P € A}, is the origin, corresponding to the maximal ideal m = (3:1, e :z:n),
then the local ring is isomorphic to

Onrp = k[r1, . 0] @)

which is regular, as it has dimension 7 and m is generated by n elements. This is the intuition
of regularity: the n generators for m define n ‘coordinate functions’ on X near the point.

It is can certainly happen that m p requires more generators than the dimension of Ox p.
For instance, if X = Spec k[z,y]/(z? — y*), and P is the origin, then Ox p has dimension
1,but mp = (x,y) cannot be generated by a single element. If this happens, we say that P is
a singular point. The set of singular points of X is denoted by sing(.X ). The scheme X is
said to be nonsingular if every point is nonsingular.

As it turns out, for a Noetherian local ring A, the condition of regularity can be formulated
in terms of the quotient m/m?, which is naturally a vector space over the residue field A/m.
As such, it is finite-dimensional, because m is finitely generated. If z4, . . ., x,. are elements
from A that generate m/m? as a A/m-vector space, then Nakayama’s lemma implies that the
Z1,...,x, generate m. Furthermore, by Krull’s Principal ideal theorem, we have

dim A = htm < 7 = dim s/, m/m* < 0 (10.10)

In other words, A is regular if and only if equality holds in the inequality (10.10).

On the geometric side, this means that a scheme X is nonsingular at a point P if and only
if the cotangent space mp/m?% has dimension equal to the Krull dimension of Ox p.

Here are three important facts about regular local rings.
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186 Local properties of schemes

Theorem 10.5. Let A be a regular local ring. Then
(i) For each prime ideal p — A, the ring A,, is also a regular local ring.
(ii) A is an integral domain.
(iii) Aisa UFD.

Proof For (i), see [Matsumura, Chapter 7, Theorem 45]. For (ii), see (Atiyah, 2018, p.
123). O

The first item (i) is a rather non-trivial result; it is not even obvious that a localization of a
polynomial ring is regular.

The second item tells us that in a nonsingular scheme, any point is contained in a unique
irreducible component, and this component is an integral scheme. Hence the scheme is a
disjoint union of integral schemes. In particular, any connected nonsingular scheme is integral.
This observation is sometimes useful when proving that a ring is an integral domain (see
Exercise 10.6.17).

The third item (iii) is known as the Auslander—Buchsbaum theorem. This will be used
several times in this book, in particular when we discuss divisors in Chapter 16.

Another consequence of (i) is the following:

Corollary 10.6. A Noetherian scheme is nonsingular if and only if it is nonsingular at
every closed point.

Example 10.7. The schemes A7 and [P}, are nonsingular. This is because the local rings are
localizations of the polynomial ring Z[t1, . . ., t,], and these are regular. More generally, A"}
and P} is nonsingular if Spec A is. A

Example 10.8. The C-scheme X = Spec(C[z]/(z + x?)) is nonsingular, because it is
isomorphic to the two-point scheme Spec C b Spec C.

On the other hand, the scheme Spec C[z]/(z?) is singular, because C[z]/(2?) is a local
ring of dimension 0, and the maximal ideal m = (z) is nonzero. Alternatively, C[z]/(z?) is
clearly not an integral domain. A

Example 10.9. More generally, any regular local ring of dimension 0 must be a field (because
it is both Artinian and an integral domain.) Hence, X = Spec A is a nonsingular scheme of
dimension 0, then A is a product of fields. A

Example 10.10 (Complete intersections). If A is a regular local ring of dimension 7, and
f € mis a a nonzero element, then the quotient A/(f) is regular if and only if f ¢ m?.
Indeed, A is an integral domain, so A/(f) has dimension n — 1. If n = m/(f) denotes the

maximal in A/(f), then
no m
n2  m2+ (f)
which has dimension n — 1 if and only if f is non-zero in m/m?, i.e., f ¢ m?.
More generally, an inductive argument shows that if fi,..., f,. € m are elements of A
such that the classes f, ..., f, are linearly independent in m/m?, then A/(f1,..., f,)isa
regular local ring. A
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10.3 The Jacobian criterion and smoothness 187

Example 10.11. Consider the ring A = Z[z]/(2? + 4) and the maximal ideal m = (2, z).
The scheme X = Spec A is singular at the point x corresponding to m. Indeed, here the
cotangent space is given by

m/m? = (2,2)/(4,2z,2%) = (2,7)/(4, 2z, —4)

which is a [Fo-vector space of dimension 2 (the elements are: 0, 2, z, x + 2). A

10.3 The Jacobian criterion and smoothness

Using the description of the tangent space in terms of the Jacobian matrix (10.8), we get the
following very useful criterion to check if a scheme is singular at a point.

Proposition 10.12 (Jacobian criterion). Let & be a field and let X

Specklxy,...,x,]/(f1,..., fr). Let P € X be a k-point and let J(P) = J ®4 x(P),
where J is the Jacobian matrix (10.8). Then

rank J(P) < n — dim X. (10.11)

and X is nonsingular at P if and only if equality holds.

In light of Corollary 10.6, this means that if X is a scheme of finite type over an alge-
braically closed field k, then we can determine whether X is singular by computing the
Jacobian matrices at k-points in local affine charts. Here are a few examples of this.

Example 10.13. Let X = Spec C[z,y|/(y* — z*). The Jacobian matrix is given by
J=(-32> 2y)
which has rank 1 at every C-point except the origin. At the origin, the local ring is given by

Oxp = ((C[:E,y]/(gf - 553))

and the cotangent space mp/m% =~ Cz @ Cj has dimension 2. JAN

(z,y)

Example 10.14. Consider the C-scheme X = Spec(C|[z, y, z]/(xy — 2?)). The Jacobian
is given by the matrix

J=(y = —22)

which has rank 1 at every point, outside the origin p = (0, 0, 0), so the tangent space Tp X
has dimension 2 at these points. At P, the cotangent space has dimension 3: it is given by

mp/m?’ = (x7y7z)/(x27xyay27xzaz2) = kw@ky@)kz
A
Example 10.15. Let X < A3 be the curve defined by the ideal I = (22 +y?, 22+ y* + 22).

The Jacobian is given by
[y T 2z
J= (238 2y 2 >

The singular locus sing(X) is defined by the ideal generated by the 2 x 2-minors of J and
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188 Local properties of schemes

I.If char k # 2, we find that there is a unique singular point the origin p = (0,0, 0). If
char k = 2, then X is actually non-reduced, because 2> +y*>+22z = (x+y)%, butz+y ¢ I.
In fact, in this case, \/T = (x+ 2,y + 2). AN

Unfortunately, the Jacobian criterion is not sufficient to check nonsingularity in general.
We will see simple counterexamples shortly. In general, if X is scheme of finite type over a
field k and P € X is a point, then the property that the Jacobian matrix at P has maximal
rank at P is called ‘smoothness’. Smoothness and nonsingularity are equivalent notions over
perfect fields, but not in general.

Definition 10.16 (Smoothness over a field). Let X be a scheme of finite type over a
field k. We say that a point P € X is smooth at P if there is an affine neighbourhood
U = Spec A of P, where A = k[x1,...,2,]/(f1,-.., f-) and the Jacobian J of the
fi,..., [ satisfies

rank J(P) = n — dimp X.

where dimp X is the dimension of X at P.

One key difference between ‘smoothness’ and ‘nonsingularity’ is that smoothness should
really be considered as a property of the morphism X — Spec k, whereas nonsingularity
is an absolute property of X (this will be explained in Exercise 17.11.14). Smoothness is
furthermore a property which is stable under base change, wheras nonsingularity is not. The
next result tells us that we can relate the two notions by going to the algebraic closure of the
base field.

Proposition 10.17. Let X be a scheme of finite type over a field k£ and let P € X be a
closed point. Then the following are equivalent:
(i) X is smooth at P.
(ii) For each closed point P € X}, which maps to P, X}, is smooth at P.
(iii) For each closed point P € X}, which maps to P, X} is nonsingular at P.

Proof Over an algebraically closed field, the conditions of nonsingularity and smoothness
are equivalent, by the Jacobian criterion, hence (ii) and (iii) are equivalent.

To prove (i)<>(ii), note that the statement is local around P, so we may assume that
X = Spec A is affine, where A = k[x1,...,2,]/(f1,.. -, fr).

The base change morphism X; — X is surjective (by the Lying Over Theorem). Let
P € X} be a point which maps to P. Then as k is algebraically closed, X} is nonsingular at
P if and only if X}, is smooth at P, and this happens if and only if rank J(P) = n —dim X.
But as rank J(P) = rank J(P), this happens if and only if X is smooth at P. O

Proposition 10.18. Let X be a scheme of finite type over a field k and let P € X be
a closed point. If X is smooth at P, then X is nonsingular at P. The converse holds if
k(P) is separable over k.

Proof The statement is local on X, so we may assume that X = Spec A where A =
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10.3 The Jacobian criterion and smoothness 189

klzy,...,x.]/(f1,---, fr). We may also assume that X is irreducible, so dimp X =
dim X.

The statement is clear if K(P) = k and P is a k-point, by the Jacobian Criterion. For
a general closed point P, we reduce to this case as follows. Consider the base change
X.(p) = Spec B, where

B = A® k(P) = k(P)[z1, ..., xu)/(f1,- -, fr)

As k — k(P) is a finite field extension, hence integral, also A — B is integral, and so
X,.(py — X is surjective by the Lying Over Theorem. Let P € X,(p) be a x(P)-point
which maps to P.

The Jacobian matrices J(P) and J(P) of f1, ..., f. at the points P and P have the same
rank (we may compute the rank by going to k). Therefore, X x(P) 1s smooth at P if and only
if X is smooth at P. Since P is a x(P)-point, we see that X, (py is nonsingular at P by
the Jacobian Criterion. This means that the classes of fi,..., f, are linearly independent in
mp/m%. Considering the map mp/m? — mp/m%, we see that fi, . .., f, must be linearly
independent in mp/m%, as well, and hence Ox p is a regular local ring by Example 10.10.

For the converse, we will consider the base change X7 to the algebraic closure k. Suppose
that & < rk(P) is separable of degree d. By the Primitive Element Theorem, we have
Kk(P) = k(&) = k[t]/(h(t)) for some polynomial A with h'(§) # 0 in k(P). As h is
separable, we have, as rings

K(P)Quk =k x - x k.
This implies that the scheme-theoretic fiber of X,.(py — X over P consists of d reduced
points.

Letn = m®; k € A®; k. Then n is the ideal describing Py, ..., Py as a closed
subscheme of Xj,. We have

n mp mp,
- = 21 @ --P 2d
n mp, mp,

Note that n/n? = m/m?2 ®, k has dimension d - dimy, (m/m?) as a k-vector space. Therefore,
we have

d
d - dimy (m/m?) = dim,—c(%) (10.12)

i=1 P;

Recall that dimjy,(mp,/m%,) > dim X for every 4. If this is an equality for every i, then
(10.12) implies that P is nonsingular. Conversely, some inequatlity is strict, then the sum
on the right-hand side is > ddim X and hence dimy,(m/m?) > dim X. In other words,
P is nonsingular if and only if P; is nonsingular for every ¢. Therefore, assumping P is
nonsingular, the P; are nonsingular, hence smooth, and hence P is also smooth by Proposition
10.17.

O

Here is a concrete example where the converse fails:

Example 10.19 (A nonsingular, but non-smooth curve). Let k = F,(¢) where p > 2isa
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190 Local properties of schemes

prime number and let X be the plane curve defined by the polynomial f = y? + 2P +t.
Note that X is integral. In fact, f is irreducible even in k[, y], so also X7, is integral.
The Jacobian of f is given by

J = (pzr~' 2y) = (0 2y).

The closed subset of X defined by the vanishing of the Jacobian matrix is given by { P},
where P € X is the point corresponding to the maximal ideal m = (z? + ¢,y) (this is a
prime ideal, because P + t is irreducible over k). This means that X is nonsingular at every
pointin X — {P}. However, X is not smooth at P, as the Jacobian is identically O there.

To show that X is still nonsingular at P, note that f € k[x,y] is not contained in
m? = (2% 4+ 2t + t, y(a® + t), y?), and so Ox p is regular by Example 10.10. Hence X
is a nonsingular scheme.

The point of this example is that ‘smoothness’ behaves well under base change, whereas
nonsingularity does not. If we go to the algebraic closure &, then ¢ has a p-th root s, and
then Spec k[x,y]/(y?* + 2P + sP) is no longer nonsingular (e.g., at the point (z,y) =
(—s,0)). A

Example 10.20. Let k£ be a field of characteristic 2 containing an element o € k£ which
is not a square. Let P € A? be the closed point of A? corresponding to the maximal ideal
m = (v,u® + ) in k[u, v].

The plane affine curve X < A? defined by f = v? — u(u? + «) has a Jacobian given
by J = (u* + «,0). This has rank 1 except at the point P corresponding to the maximal
ideal m = (u? + o, v). Therefore, X is smooth at all points of X — { P}, but not at P. X is
however nonsingular at P, as f does not belong to m? = (v2,v(u? + ), u* + a?).

If K = k(p) is the extension of k obtained by adjoining a square root 5 of «, then
the curve X = X x;, K acquires a singular point. In terms of 53, f takes the form f =
v2 —u(u®+ B%) = v? —u(u + B)?, and X has a singular point at (u,v) = (—=3,0). A

Proposition 10.21. Let X be a scheme of finite type over field k. Then the smooth locus
X = {Pe X | fissmooth at P} is an open subset of X.

J

Proof Let P € X be a point and choose an open set U = Spec A as in the definition of a
smooth point. If the Jacobian matrix J of the defining polynomials has maximal rank n — r
at x, then some (n —r) x (n — r)-minor of J is non-zero, and it will continue to be non-zero
in some open neighborhood W of P. Therefore W < X*™ and hence X*®™ is open. O

Corollary 10.22. For a reduced scheme of finite type over a perfect field k, the smooth
locus X*®™ is a dense open subset of X.

Proof We may assume that X is irreducible, hence integral. By the previous proposition, it
suffices to show that X*™ is nonempty, i.e., X contains a single smooth point. To see this,
it is simplest to use the fact that X is birational to a hypersurface Y < A} (Proposition
??). Write Y = V/(f), where f is an irreducible polynomial in k[z1, ..., x,]. For Y, the
statement of the proposition is clear, because if the Jacobian matrix is zero everwhere on

Y, then ng € I(Y) = (f) for each i. But by degree reasons this means that the partial
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10.4 Normal schemes 191

derivatives a%’ ey ;Tf must all be the zero polynomial. This can only happen if k has
characteristic p and f is a polynomial in 27, . . ., 2P. Over an algebraically closed field, this

even implies that f = ¢” is the p-th power of a polynomial g. However, this is not possible,
as we assumed f to be irreducible.

Finally, let U ¢ X and V' — Y be open sets related by an isomorphism ¢: U — V. By
what we just showed, the smooth locus Y™ is dense in Y, and hence intersects V. As ¢ is an
isomorphism, it induces an isomorphism on tangent spaces, and hence U contains smooth
points as well. O

Corollary 10.23. Let X be a scheme of finite type over a perfect field k. Then X is
nonsingular if and only if it is smooth over k.

J

Proof X is nonsingular if and only if it is nonsingular at each closed point X, which
happens if and only if it is smooth at every closed point. On the other hand, the smooth locus
of X is open, so if it contains all closed points of X, it must be equal to X, and hence X is
smooth. O

Example 10.24. For varieties over non-perfect fields, it can happen that the smooth locus
is empty. For instance, if k& = FF,,(¢) for an odd prime p and X is the affine scheme defined
by the polynomial f = aP — tyP in A2, then the Jacobian matrix is the zero matrix, so
X = ¢&. This is ‘explained’ by the fact that the base change X7, is non-reduced, hence
singular at every point: if s is a p-th root of ¢, then f = (x — sy)P. A

10.4 Normal schemes

Recall that an integral domain A is said to be normal if it is integrally closed in its fraction
field K = K(A). This means that any element w € K which satisfies a monic equation
W™ + ap_w" 1 + - + ag = 0 with coefficients in A, is already contained in A.

Here are a few examples of normal rings:

Example 10.25. Any unique factorization domain A is normal. This includes rings such as
Zork|zy,...,x,]| where k is a field.

To prove this, suppose = € K is integral over A. Since A is a UFD, we may assume
without loss of generality that « and v are coprime (i.e., they share no common prime factors).
By assumption,  satisfies a monic polynomial equation:

u\"™ U n—1
<*> + an_1 (*) S ag = 0,
v v

where a; € A. Multiplying by v™ gives:
U+ w4 -+ agv™ = 0.

This implies that v divides u™, which by our assumption means that v must be a unit in A.
Therefore, * € A, and hence A is normal. A

Example 10.26. Any localization S~ A of a normal integral domain A is normal. In fact,
there is a partial converse: an integral domain A is normal if and only if A, is normal for all
prime ideals p, if and only if A,, is normal for all maximal ideals m. A
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192 Local properties of schemes
Example 10.27. If A is a normal, then so is A[z]. A

Example 10.28. The ring A = Z[+/—5] is normal. To see this, let &« = 7 + s4/=5 €
Q(v/=5), with r, s € Q. If s # 0, then the minimal polynomial « is ¢(z) = 22 — 2rx +
(r? + 5s?). Since « is integral over Z[+/—5], then it satisfies a monic polynomial equation
f(x) = 0 with f(x) € Z[x]. As ¢(z) is the minimal polynomial of v over Q, it must divide
f(x). By Gauss’ Lemma, ¢(z) must have integer coefficients. For this to happen, we must
have 2r € Z and r? + 5s? € Z. These two imply that r and s can be written as r = m,/2 and
s = n/2 for some m,n € Z. Then:

2 2 2 2
r2+552:(ﬂ) +5(@) _ M g,

2 2 4
This implies that m? + 5n? is divisible by 4. Considering the possiblities of m and n modulo
4, shows that m and n must be even, and hence 7, s € Z. Hence a € Z[/—5]. A

Example 10.29. The ring Z[+/5] is not normal. The fraction field equals & = Q(+/5), and
this contains the golden ratio ¢ = 1*—2‘/5 Note that ¢ satisfies the monic equation

¢2 - d) —-1= 07
so ¢ is integral over Z, hence over Z[\/g] but of course ¢ ¢ Z[\/g] A

Motivated by the many desirable properties of normal rings, we make the following
definition for schemes.

p

Definition 10.30. We say that a scheme X is normal if for each point z € X, the local
ring Ox ., is an integrally closed integral domain.

The primary example of a normal scheme is X = Spec A, where A is a normal integral
domain. Note however, that in the definition of a normal scheme we do not make the
assumption that X is integral. For instance, X = Spec((C X (C) 1s a normal scheme. However,
if X is normal at a point z € X, the local ring Ox , is an integral domain, which implies
that there is a unique irreducible component of X containing x. This component, with its
scheme structure as an open subscheme, is integral. Hence any normal scheme is a disjoint
union of integral normal schemes. In any case, a normal scheme is always reduced.

Example 10.31. A7 and P7, are normal schemes, because the local rings are isomorphic to
localizations of the polynomial ring Z[z1, . .., z,]. A

-

Lemma 10.32. Let X be an integral normal scheme. Then Ox (U) is normal for every
open subscheme U < X.

Proof Let A = Ox(U). Suppose first that U is affine. Then all of the localizations A, are
normal, by assumption, and so A is normal as well by Example 10.26.

If U < X is a general open subset, take elements u, v € A and suppose that u/v € K
satisfies a monic relation

(w/v)" + ap_1(u/v)" '+ +ag =0 (10.13)
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10.4 Normal schemes 193

where a; € A. If V < U is an affine open, then restricting (10.13) to V' shows that
(ulv)/(v]v) satisfies a monic equation. As Ox (V') is normal, we have u|y /v]y € Ox(V),
i.e., there is a regular element sy € Ox (V) so that v|y sy = ul|y. If W < V is another
affine, then we similarly have an element sy so that v|y sy = u|w, and clearly sy |w = sw
as Ox (W) is an integral domain. Therefore the sections sy glue to a section s € Ox (U),
which has the property that as = b, i.e., a/b = s € Ox (U). 0O

Although it is not obvious from the definition, the notion of normality is related to
nonsingularity. This is because of the algebraic fact that a regular local ring is normal. In fact,
by the Auslander—Buchsbaum theorem local regular rings are unique factorization domains,
and hence they are normal by Example 10.25.

Proposition 10.33. Any nonsingular scheme is normal.

J

While normal schemes are more general than regular schemes, they still have several nice
properties. For instance, if X is normal and of finite type over a field, then:
(1) The singular locus of X has codimension at least 2 in X (Theorem ??).
(i1) Any finite birational morphism Y — X is an isomorphism (Proposition 10.54).
(iii) Any rational function defined outside a closed set of codimension at least 2,
extends to a regular function on all of X (Theorem 10.42).

Normalization

A useful fact is that any integral scheme has a normalization. More precisely, if X is an inte-
gral scheme, then its normalization is a normal scheme X together with a dominant morphism
w: X — X, which is universal among dominant morphisms from normal schemes.

Theorem 10.34 (Normalization). For an integral scheme X, there is a normal scheme
X, and a morphism 7: X — X satisfying the following universal property: For any
dominant morphism h: Y — X from a normal scheme Z, there is a unique morphism
h: Z — X suchthath = wo h.

N

Proof 1f X = Spec A is affine, define X = Spec A where A S A is the integral closure
of Ain K = K(X),and 7: Spec A — Spec A is the morphism induced by the inclusion.
Note that A is an integral domain, and that Specz is normal.

Next we verify the universal property. Let h : Z — X be a dominant morphism from
an integral normal scheme Z. This means that the map h*: A — Oz(Z) is injective (by
Example 6.17). As the ring Oz(Z) is normal, the ring map A — Oz (Z) factors uniquely as
A — A — Oz(Z). This means that h factors via X, as we want.

The proof for a general scheme involves gluing the morphisms U; — U; for an affine
cover {U;} of X. See Example B.32 for details.
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194 Local properties of schemes

O

Passing from X to its normalization X is a quite common operation in algebraic geometry.
This is because X it has better properties than X, and we can hope to study X by performing
computations on X.

Proposition 10.35. For a Noetherian integral scheme X, the normalization X has the
following properties:
() m: X — X is surjective.
(i) X and X have the same dimension.
(iii) There is a dense open subset U < X so that 7 restricted to 7~ *(U) is an
isomorphism.
(iv) If X is of finite type over a field or over Z, then m: X — X is a finite
morphism.

Proof All of these properties are ‘local on X’, so by the gluing construction used in the
construction of X, we reduce to X = Spec A and X = Spec A and 7 is induced by the
inclusion A — A. The first two statements (i) and (ii) follow from the Going-Up theorem.
The statement (iii) holds because by construction, X and X have the same fraction field K,
and 7 maps the generic point 7 = Spec K of X maps to the generic point of X. Finally,
the statement (iv) follows from Theorem A.20, which tell us that with our assumptions, Ais

finite as an A-module.
O]

For a general scheme X, the normalization morphism 7: X — X may fail to be a finite.
In fact, there are examples of Noetherian integral domians A whose integral closure is not
finite over A.

Example 10.36 (The Cuspidal cubic). Consider the cuspidal cubic curve X = Spec A
where A = k[z,y]/(y* — 2*). In Example ??, we showed that there is an isomorphism
of k-algebras A — k[t?,¢*] defined the assignment 2 — t* and y — t3. It is clear that
k[t?, 3] is an integral domain with fraction field K = k(t). On the other hand, this ring is
visibly not normal, because ¢ ¢ k[t?, 3], but yet it satisfies the monic equation 7% — ¢? = (.
As k[t] is integrally closed in K (being a UFD), any element in K which is integral over A,
can be written as a polynomial in ¢. Therefore the integral closure of A is given by A = k[t].
The corresponding normalization morphism Spec A — Spec A is exactly the morphism
m: Aj — Spec A from Example ??. A

Example 10.37 (The Nodal cubic). Let X = Spec A, where A = k[x,y]/(y* — 2* — 2?),
where k now is a field of characteristic not equal to 2 (if the characteristic is 2, we are back
in previous cuspidal case). This is the nodal cubic curve in AZ. Here it is less obvious what
the normalization should be, but it helps to think about it geometrically.

If we think of the corresponding affine algebraic set { (z,y) | y* = 2® + 22 } < A%(k),
we see that the origin (0, 0) is a special point: any line [ defined by an equation y = tux,
intersects the curve in (0,0) € X and one more point (namely x = ¢> — 1 and y = t(t*> —1)).
The polynomial map ¢ ~— (> — 1,3 — t) gives a parameterization of the curve, which is
one-to-one when ¢ # 0.
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10.4 Normal schemes 195

This geometric observation can be turned into algebra as follows. Introduce the parameter
t = y/z in the function field K of X. The equation y* = x* + x? then reduces to t* = 1+,
after dividing by x2. Moreover, the element ¢ is integral, because it satisfies the monic equation
T? —x — 1 = 0 (which has coefficients in A). Asz =t* —landy = z - y/o = t* — 1,
we see that

A=k[t? —1,8* —t] c k[t] € K = k(t).

Moreover, since k[¢] is integrally closed in K, we see that A = k[t]. The normalization map
m: Spec A — Spec A is an isomorphism outside the origin (0,0) € X. Geometrically, the
map 7 identifies two points (¢ + 1) and (¢ — 1) in A}, to the origin in X.

A

Example 10.38. Let A = Z[+/—7]. Then A is not normal, because the element o = 5+ @
belongs to the fraction field Q(+/—7), and satisfies the integral equation 2% — 2z + 8 = 0,
yet a ¢ A. In fact, we have A = Z[2a/] and the normalization is given by A = Z[«/]. This is
because Z[a] = A, and Z[«] is integrally closed by Exercise 10.6.8.

Note that there are two ring maps Z[«| — Z/2; one which sends « to 0 and one that sends
a to 1. Their kernels are the two prime ideals p; = (2, «) and p, = (2, « — 1). Note that

p1 N Z[2a] = (2,2a) = (2,20 — 2) = py N Z[2a]

In other words, p; and p, both map to the same prime ideal, q = (2,2a) = (2,1 + /=7)
via the normalization map

m: SpecZ[a] — SpecZ[2a].
This example shares many similarities with the nodal cubic example. A

Example 10.39 (The quadratic cone). Consider the affine scheme X = Spec A where
A = C[z,y, z]/(zy — 2z*). Note that A is not a UFD as zy = 2 and one easily checks that
x, y and z all are irreducible elements, so we cannot immediately conclude that A is normal.
However, there is an isomorphism of rings

¢: A — C[u?, uv,v?],

and the latter algebra is normal in its fraction field K = C(u?,uv,v?). Indeed, suppose
that T' = p/q € C(u?, uv, v?) satisfies a monic equation with coefficients in C[u?, uv, v?],
then in particular 7' € C[u, v] is a polynomial in v and v (as C[u, v] is integrally closed).
Therefore, ¢ divides p and so T' € C[u?, uv, v?]. (For another proof, see Exercise 10.6.9.)
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Example 10.40 (Toric varieties). Let C' © R"™ be a cone generated by finitely many lattice
points in Z", and let X = Spec k[C] be the associated toric variety. Then X is normal.

To prove this, we begin by writing C' = H; n --- n H, where the H; are half-spaces of
the form

H,={veR"|p,-v=0},

where p € Z" is a primitive lattice vector, that is, p; is not a positive integer multiple of
another vector in Z".
Then, inside K (X) = k(z1,...,x,), we have

kO] = _ﬁk[ﬂi]

The intersection of normal subrings is again normal, so it suffices to prove that each k-
algebra k[ H;] is normal. To see this, since p is primitive, it can be extended to a basis of
Z™. After a change of cooordinates, we may therefore assume that p = e;. Then k[H| =
k[zq, x%l, ..., 1], which is clearly normal, being the localization of a polynomial ring.
This implies that all projective toric varieties, as defined in Section B.1 are normal. A

10.5 Properties of normal schemes

The following is another nice property of normal schemes. It essentially says that rational
functions can be extended over codimension 2 subsets, that is, any rational function which is
regular over an open subset U < X can be extended uniquely to a regular function on all of
X, provided that X — U has has no codimension 1 components. This is sometimes referred
to as the Algebraic Hartogs’s Theorem, even though it merely is an algebraic version of a
much deeper result from complex function theory due to Friedrich Hartogs.

We will need the following algebraic fact, which says that a normal ring A is equal to the
intersection (inside the fraction field) of all its localizations at height 1 prime ideals.

e

Proposition 10.41. Let A be a normal integral domain. Then

A= () 4, (10.14)

htp=1

This has the following geometric consequence, which holds for all Noetherian normal
schemes.

Theorem 10.42 (“‘Algebraic Hartogs’s theorem™). Let X be a Noetherian normal
scheme, and let U < X be an open subset with codimyx (X — U) > 2. Then the
restriction map

Ox(X) —> Ox(U) (10.15)

is an isomorphism.

N

Proof As X is a disjoint of integral normal schemes, we may without loss of generality
assume that X is integral, so that we may view the rings of regular functions Ox (V') as
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10.5 Properties of normal schemes 197

subrings of the function field /& (X') and the restriction map (10.15) is simply the inclusion
of subrings Ox(X) < Ox(U).

For f € Ox(U), we need to show that f is in fact regular on all of X. In light of
Proposition ??, this is equivalent to saying that f € Oy, for every p € X. As the latter
condition only involves the local rings, we reduce to proving the proposition for X affine,
say X = Spec A, where A is a normal integral domain.

Now, as X — U is assumed to be of codimension at least 2, U contains all points p
corresponding to prime ideals p of height 1. This means that Ox(U) < Ox, = A, for
every such p. Therefore, by (10.14), we conclude that

Ox(U) <= [ 4, = A= 0x(X).

htp=1

O

In particular, if X is integral, and a rational function f € K (X)) is regular outside a closed
subset Z of codimension at least 2, then it is regular everywhere.

Example 10.43. The assumption that the codimension is at least 2 can not be removed: for
the open set D(t) < A} we have Oy1 (D(t)) = k[t,t7'], whereas Op1 = k[t].

By the way, the above proposition gives another way to see the why Oy (U) = k[u, v] for
the non-affine open set U = A? — V(u,v) in A? from Chapter ??. JAN

Example 10.44. Consider the subring of k[x, y| given by
A = k[a?, zy, y? 2%, 2%y, xy®, )

We can see directly that A is not normal, as  the monic equation 7% — 22 = O but = ¢ A.
Similarly, y satisfies 7% — 3> = 0. In any case, these equations imply that the extension
A < k[z,y] is an integral extension.

Consider X = Spec A and letm = (z,y) N A = (2%, 2y, ...,y*). We claim that the
morphism 7: A7 — X induced by A < k[z, y] is an isomorphism outside {m}. To check
this, we can work over the distinguished open sets D(x?) and D(y?). Localizing at 2, we
have A,: = k[z,y].2 = k[z,y]., so 7 is an isomorphism over D(x?). Similarly, 7 is an
isomorphism over D(y?).

If p A is a prime ideal of height 1, we must have p € X — {m}. This means that 7
gives a bijection between the points of codimension 1 in X and the points of codimension 1
in A7. Therefore,

ﬂ A, = ﬂ Ox,p = ﬂ Ouzp = klz,y] 2 A.

htp=1 codimmzl codim m:l

In this example, the singular locus of X is given by {m}, which is of codimension 2. A

Corollary 10.45. Let X and Y be affine schemes of finite type over a field k, and let
¢: X — Z — Y be a morphism, where Z has codimension at least 2. Then if X is
normal, then ¢ extends to a morphism ¢: X — Y.
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Proof LetY < A7 be an embedding of Y into affine space. The composition X — Z —
Y — A} is defined by n regular functions defined on X — Z. By the proposition above,
these extend to regular functions defined on all of X, and the extended map X — A} factors
viaY. O

Example 10.46. The morphism 7: A? —{0} — P} does not extend to a morphism 7: A? —
IP’}C (it does not even extend as a continuous map). A

We saw that a Noetherian ring of Krull dimension 0 is normal if and only if it is a product
of fields. The next result gives a characterization of 1-dimensional normal rings. In short, it
says that a ring of dimension 1 is normal if and only if its localizations are discrete valuation
rings. Discrete valuation rings, in turn, have excellent properties: the structure of the ideals is
particularly simple, as the only non-zero ideals are powers of the maximal ideal. This fact
will be important later on when we study divisors on curves.

Proposition 10.47. Let A be a Noetherian local domain of dimension 1 with maximal
ideal m. The following statements are equivalent:
(i) AisaDVR.
(i) The maximal ideal m is principal.
(iii)) Every non-zero ideal is a power of m.
(iv) dimgm, m/m? = 1.

N

Proof See Proposition A.49. O

Corollary 10.48. Let X be a Noetherian integral scheme of dimension 1. Then X is
normal if and only if it is nonsingular.

Proposition 10.49. Let X be an integral scheme of finite type over an algebraically
closed field k. If X is normal, then the singular locus sing(X') has codimension at least
2.

N

Proof Tt suffices to prove this in the case X = Spec A is affine, where say A = k[z1,...,x,]/a
for some a = (fy,..., f,). By definition, the singular locus sing(X) consists of all the
points z € X for which Oy , is not a regular local ring. Suppose that Z is a component of
sing(X') of codimension 1 and let ¢ be its generic point. Then as X is normal, the local ring
Ox ¢ is a normal integral domain, of dimension 1, hence regular, by the above proposition.
Therefore, ¢ ¢ sing(X ). However, with our assumptions, the singular locus sing(X) is
a closed subset in X, being defined by the ideal b generated by a and the r X r-minors
of the Jacobian matrix of the f;. Therefore sing(X ) must contain all the generic points of
its components, including . This is a contradiction, and so sing(.X) cannot contain any
codimension 1 components. O

There is a converse to this result, known as Serre’s Criterion. It gives a more geometric
characterisation of the property of ‘normality’ (which is fundamentally an algebraic notion).

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

10.5 Properties of normal schemes 199

Theorem 10.50 (Serre’s Criterion). Let X be a Noetherian integral scheme. Then X is
normal if and only
(i) X is nonsingular at all codimension 1 points, that is, Ox ¢ is a regular local
ring for every point ¢ of codimension 1.
(i) Whenever U < X is an open set whose complement has codimension at
least 2, the restriction map (10.15) is an isomorphism.

Example 10.51 (Curves). A curve X is normal if and only it is nonsingular. A

Example 10.52 (Hypersurfaces). Let X be a nonsingular affine variety and let Y < X
be a hypersurface defined by f € Ox(X). Then the condition (ii) in Theorem 10.50 is
automatically satisfied (this is a non-trivial fact; see Eisenbud (2013)). Hence Y is normal if
and only if sing(X') has codimension at least 2. A

Example 10.53. Let X be the scheme obtained from A? by identifying two points p, g € A?
(see Example B.42 on page 475). Then X is an integral scheme of dimension 2, and the
singular locus consists of a single point p. However, consider now the complement U = X —p,
which consists of two disjoint copies of A7 — p. The regular function f € Ox (U) which
takes the value O on one component and 1 on the other clearly does not extend to all of

X. A

The second important property of normal schemes concerns birational morphisms. Recall
that a morphism f: X — Y is birational if it induces an isomorphism between open sets
U c X and V < Y. We have already seen several birational morphisms which are not
isomorphisms. For instance, when f is the blow-up of A? at a point, there is a whole P}
which collapses to a point. Even when f is finite, i.e., when it does not collapse a positive-
dimensional subscheme to a point, f can still fail to be an isomorphism.

f: Speck[r] — Speck[z,y]/(v* — 2*)

described in Example ?? is both birational and bijective on points, but not an isomorphism
in any neighborhood containing the origin. However, our next result shows that this type of
phenomenon does not occur if the target is a normal scheme. This previous is not normal, and
the failure of being an isomorphism is entirely concentrated at the singular point at the origin.

Proposition 10.54. Let X and Y be integral schemes, and let f: X — Y be a finite,
birational morphism. If Y is normal, then f is an isomorphism.

Proof Since the property of being an isomorphism is local on the target, and finite mor-
phisms are affine, we may reduce to the case where both X and Y are affine, say X = Spec B
and Y = Spec A, and f is induced by an injective ring map ¢: A — B, where B is finite
as an A-module. Now, as f is birational, ¢ induces an isomorphism of the function fields
¢r : K(A) — K(B). Since A is integrally closed, the finite extension A — B must be an
isomorphism. Therefore, f is an isomorphism as well. O

If X is a curve, being normal is the same thing as being nonsingular, so the normalization
m: X — X produces a nonsingular curve which is birational to X.
In light of the relationship between the properties of normality and nonsingularity, one
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can ask whether this holds in general i.e., whether the exists a ‘resolution of singularities’
m:Y — X where Y is nonsingular, and 7 is birational. This is true if the ground field has
characteristic zero, by the following famous theorem of Hironaka:

Theorem 10.55 (Hironaka). Let & be a field of characteristic zero, and let X be a reduced
scheme of finite type over k. Then there exists a projective morphism 7: ¥ — X, where
Y is nonsingular and an open dense set U < X such that the restruction 71 (U) — U
is an isomorphism.

Hironaka’s result is in fact more precise, saying that one can construct the morphism 7
through a series of blow-ups along nonsingular closed subschemes, which are systematically
chosen to eliminate singularities. While the proof is highly technical, this process ultimately
yields a nonsingular scheme. The analogous statement in positive characteristic is unsolved,
and remains one of the most important open problems in algebraic geometry.

10.6 Exercises

Exercise 10.6.1 (Tangent space to a projective variety). Continuing the previous exercise, let
X < P} be a closed subscheme given by homogeneous polynomials F, . .., F}.. Show that
for a k-pointp = (ag : -+ - : a,) € X, the tangent space of X at p is given by

T,X = (Ker J(p)) /k(ag, ..., an)

where J is the Jacobian matrix of the F;. HINT: Consider the affine cone C(X) < A™*!
and the map C'(X) — 0 — X.

Exercise 10.6.2. Compute the singular points of the scheme Spec C[z, y]/(xy).
Exercise 10.6.3. Compute the singular points for the Whitney umbrella A = k[x,y, z]/(y*+

x® — x?2?).
Exercise 10.6.4. Let k be a field of characteristic 2 or 3 and let X < A} be a curve defined

by the equation y? = x* + ax + b, where a, b € k. Show that X is nonsingular if and only
if 4a® + 27b% # 0. What happens if k has characteristic 2 or 3?

Exercise 10.6.5. Let k& be a field and let C' be the image of the morphism
frAp—AY o (=1t =t — 7).

Explicitly, C is defined by the ideal I = (y* — zz, 2%y + vy — 2%, 2% + 2% — y2).
a) Show that the singular locus of C' consists of the origin p = (0,0, 0) and show
that 7}, X is 3-dimensional.
b) Show that the curve C' does not lie on any nonsingular surface in A3 .

Exercise 10.6.6. Let A be an integral domain with fraction field K. Let z € K be an element.
Show that the following are equivalent:

a) x is integral over A

b) A[z]is a finite A-module

¢) There exists a subalgebra A’ © A such that z € A’ and R is a finite A’-module.
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Exercise 10.6.7. Let K /Q be a finite field extension of Q and let « € K. Show that «v is
integral over Z if and only if its minimal polynomial f(z) € Q[z] has integer coefficients.

Exercise 10.6.8. Let d be a square-free integer and let K = Q(+/d). Let Ok denote the ring
of integers in K, that is, the integral closure of Z in K.
a) Show that the minimal polynomial of an element w = a +bv/d, where a,b € Q
and b # 0 is given by

W2 —2aW + (a* — b°d) =0

b) Show that if w is integral over Z, then 2a, a®> — b?d € Z. HINT: Use Exercise
10.6.7
¢) Show that Ok = Z[”T*/E] ifd=1 mod 4 and Ok = Z[+/d] otherwise.

Exercise 10.6.9. Prove directly that A = C[z,y, z]/(2? — zy) is normal as follows. Let
B = C[z,y], so that A = B[z]/(2* — zy).
a) Show that A is a finite B-module of rank 2, with basis 1, z.
b) Show that K(B) = C(z,y) and the field extension K (B) < K(B) has
degree 2.
¢) Show that w = u + vz € A satisfies the monic polynomial

T° — 2uT + (u® — zyv*) = 0.

d) Show that if w is integral over B, then u € C[x, y]; xyv? € C[z, y|; and hence
v € C[z,y]. Conclude that w € A.

Exercise 10.6.10. Let X be a Noetherian integral scheme. Show that X is normal if and
only if Ox , is normal for every closed point x € X. HINT: If y € X is any point, there is

a closed point in @
Exercise 10.6.11. Show that the projective scheme X = V, (27 — 15x¢22) < PZ is normal.

Exercise 10.6.12 (The cone over a rational quartic curve). Consider X = Spec A, where A
is the C-algebra

A = C[u*, ulv, uv®, v'] ~ Clto, t1, ts, ta]/(tots — tits, t5 — tots, t5 — t113).

a) Show that X is a variety of dimension 2.
b) Show that X is nonsingular outside the origin p = V' (to, t1,t3,4).
¢) Show that
B 5o 13
to ot
defines a regular function on X — p, but it does not extend to all of X . Conclude
that X satisfies (i) but not (ii) of Serre’s criterion.
d) Show that the ideal (¢¢) is not principal in A. HINT: A primary decomposition
of (o) is given by
(to) = (to, 1) N (to, ta)

Exercise 10.6.13. Show that the normalization of the scheme X = Spec Z[6i] is given by
Spec Z[i].
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Exercise 10.6.14. Let A be a local principal ideal domain which is not a field. Show that A
is a discrete valuation ring.

Exercise 10.6.15. Describe the normalization of the scheme Spec Z[+/—3].

Exercise 10.6.16 (Tangent space to projective space). Let k be a field and consider the
quotient map m: A" — 0 — PP Let P = (ag,...,a,) € A} —Oandp = (ag : -+ :
a,) € P} be two k-points. Show that 7 induces a map TpA} — T,P7, and show that the
kernel can be naturally identified with & - (ao, . . ., a,) < k""*. Conclude that the tangent
space of P} at p is given by k"' /(k - (ag, ..., a,)).

Exercise 10.6.17. Let X < P} be the twisted cubic curve, defined by the ideal I =
(y? — 2y, 2w — yz, 2*> — yw) in k[z, y, 2, w].

a) Show directly that X is nonsingular.

b) Show that X is connected. HINT: Look in the affine charts.

¢) Deduce that [ is a prime ideal.

Exercise 10.6.18 (Nonsingular Toric Varieties).

a) Let C' < R™ be a cone generated by finitely many vectors vy, vs, ..., Vv, € Z".
Assume that the v; form a basis for the lattice Z". Show that the associated
toric variety X = Spec k[C'] is nonsingular.

b) Let P < R be a lattice polytope. Suppose that for each vertex v € P, the cone
C, at v can be generated by n vectors that form a basis for Z". Show that the
associated toric variety X is nonsingular.

c¢) * Prove that the converses of parts (a) and (b) hold: if X is nonsingular, then, up
to a change of coordinates, C' is generated by the standard basis vectors of Z™,
and for each vertex v € P, the cone C,, can be generated by n basis vectors for
Z". HINT: See (Cox et al., 2024, Theorem 1.3.12).

Exercise 10.6.19 (Involutions). Let B be an integral domain and let 0: B — B be a ring
map satisfying 02 = idz. The map o extends to an involution of the fraction field K of B by
the assignment o (z/y) = o(x)/o(y). Define

A=B’={xeB|o(x) =z}

be the ring of invariants and let L = K (A) be its field of fractions.
a) Showthat L = K7 = {z€ K | 0(2) = z}.
b) Show that B is integral over A and if B is normal, A will be normal. HINT:
Any x € B will satisfy a quadratic equation with coefficients in A.
¢) Consider B = k[z,y] and the involution o(z,y) = (—z, —y). Show that
B? = k[2?, zy,y?*]. Deduce that the ring A = k[u,v,w]/(v? — vw) is
normal.

Exercise 10.6.20. Let A = Z[+/8]. Show that the integral closure of A is given by A =
Z[+/2]. Show that the normalization map

7: SpecZ[v/2] — Spec Z[V/8]

is bijective on points, but it is not an isomorphism. Compare this with the normalization of
the cuspidal cubic.
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11

More on sheaves

Over the next few sections, we will develop the theory of sheaves in greater detail. We will
see that most of the familiar algebraic constructions, such as forming kernels, cokernels and
images, direct sums and products, have analogues for sheaves. This means that for a scheme
X, the category of sheaves on X is a particularly nice category which behaves very much like
the category of modules over a ring. In short, it is an abelian category with direct products
and direct sums.

11.1 Kernels and images

For a map of sheaves ¢: F — G, we define its kernel as follows:

Definition 11.1. The kernel Ker ¢ of ¢ is the subsheaf of F defined by
(Ker 6)(U) = Ker v

for each open U < X. In other words, (Ker ¢)(U) consists of the sections in F(U) that
are mapped to zero by ¢y : F(U) — G(U).

The restriction maps of F induce restriction maps of Ker ¢. Indeed, if s € F(U) maps to
zero by ¢y, then forany V < U,

dv(sly) = ou(s)ly =0

and hence s|y € (Ker ¢)(V).

The Locality axiom for Ker ¢ follows automatically from the Locality axiom for . For
the Gluing axiom, let {U, };c; be an open cover of an open set U and let s; € (Ker ¢)(U;)
be sections that agree on the overlaps. As F is a sheaf, we may glue together the s;’s to a
section s € F(U). Now we have ¢(s)|v, = ¢(s|u,) = ¢(s;) = 0 for all i. By the Locality
axiom for G, it follows that ¢(s) = 0, and hence s € (Ker ¢)(U).

Lemma 11.2. For each point z € X, one has (Ker ¢), = Ker ¢,.

Proof To see the inclusion (Ker ¢), < Ker ¢,, let s, € (Ker ¢),.. By definition of the

stalk, we may find an open set V' and s € Ker ¢y so that s, is the germ of s at x. As

¢v(s) = 0, we also have ¢, (s,) = (¢v(s)), = 0in G,, and hence s, € Ker ¢,.
Conversely, let s, € Ker ¢, and let s € F (V') be a section representing s,. As ¢, (S,) =

205
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206 More on sheaves

0, we have (¢y(s)), = 0. This means that there exists some open set W' < V so that
¢u(s)lw = 0, and hence s|y € (Ker ¢)(TV). But this means that s, € (Ker ¢),. O

Defining the image of a map ¢: F — G between sheaves is more subtle than defining the
kernel. One can define the image presheaf by setting

Im (6v) = {gZ)U(s) e G(U) ] se }"(U)}. (11.1)

The restriction maps G induce restriction maps of Im ¢, as ¢ is compatible with restrictions,
but it will not be a sheaf in general. The issue arises from the Gluing axiom: given an open
cover U; of U and sections of the form ¢; = ¢y, (s;), we can glue the ¢; to asection t € G(U).
However, there is no guarantee that ¢ is of the form ¢(s) for some s € F(U). For that, the
sections s; would need to agree on the overlaps U; n U, and there is no reason for why they
should do so. Example 11.4 below illustrates this.

To define the image sheaf, we need to add in all sections that can be obtained by gluing
together local sections of the form ¢, (s;) as above. In other words, we include the sections
of G(U) which are ‘locally images of ¢’. For a later applications, we allow F to be simply a
presheaf.

Definition 11.3. For a map of presheaves ¢: F — G, where G is a sheaf, we define the
image sheaf Im ¢ by

there is a cover U; of U and sections}

(Img)(U) = {t €g(U) ‘ s; € F(U;) such that t|y, = ¢y, (s;)

The restriction maps of G induce restriction maps of Im ¢. The Locality axiom holds for
free because G is a sheaf. As for the Gluing axiom, suppose we are given an open cover
{U.}ier of an open set U and sections ¢; € (Im ¢)(U;) that agree on the overlaps. Since G is
a sheaf, the ¢;’s glue together to a section t € G(U), and ¢ is by construction locally an image
because each ¢; is. The sheaf Im ¢ is therefore a subsheaf of G: it is the smallest subsheaf of
G containing the images of ¢.

Unlike the situation for kernels, (Im ¢)(U) is not always equal to Im ¢r;. We always have
the inclusion Im ¢y < (Im ¢)(U), as any section of the form ¢(s) clearly lies in Im ¢, but
there may also be additional elements of (Im ¢)(U') which are only locally images of ¢.

Here is a concrete example where this happens:

Example 11.4. Let Z be the closed subscheme given by the ‘z-axis’ in A2, that is, Z =
Spec k[z] inside A? = Spec k[x,y]. Lett: Z — A2 denote the inclusion, and consider the
associated map of sheaves

LR Opz — 1,07.

We will show that the naive image presheaf G defined by G(W) = Im (¢ (W)) is not a
sheaf. To see this, let U = D(x) = Speck[z,y], and V = D(y) = Spec k[z, y],. Then
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UnZ=27-V(x)and V n Z = (. Over these open sets, the map ¢* is given by

g Op2(U) = k[z,y]l., — Oz(t7'U) = k[z].

do Op(V) =k[z,y]l. — Oz(7'V) =0

By Op(UnV)=kx,yl, — 077U V) =0.
Oz ( ) = klz,y] — Oz(!

Loy ¢ (UouV)) = klx]..
Here we have used Example 4.22 for Ox2(U 0 V) = k[, y].

Now note that the elements z~* € G(U) and 0 € G(V') both restrict to 0in G(U " V') = 0.
However, they do not glue together to a section of G over U U V, because there is no element
of k[z, y] that maps to ™" in k[z],. In fact, the image sheaf is equal to all of 1, O (see
also Example 11.11). A

Example 11.5. There is one situation when the formula (Im ¢)(U) = Im ¢ in fact holds
for every U, namely when each ¢y : F(U) — G(U) is injective.

To see this, let ¢ € (Im ¢)(U) be a section and let s; € F(U;) be elements so that
tlu, = ¢(s;) forevery i. Then s;|y, v, and 5|y, ~u, map to the same element in G(U; " U;)
for every i and j, so by injectivity, this forces s;|y,~u;, = S;|v,~v,. Therefore, the s; glue to
an element s € F(U). We must have ¢(s) = t, because ¢(s)|y, = ¢(s|v,) = ¢(s;) = t|y,
for all 7. Hence t = ¢(s) and so t € (Im ¢)(U). A

In general, the image sheaf behaves well when it comes to stalks:

Lemma 11.6. For each x € X, we have (Im ¢), = Im ¢,.

Proof Lett, € Im¢, and pick an s, € F, with ¢,(s,) = t,. Choose sections s €
F(V)and t € G(V) representing s, and ¢, respectively, for some neighbourhood V' of
x. As ¢,(s,) = t,, we have ¢y (s) = t after possibly shrinking V. This implies that
te (Im¢)(V), and hence t,, € (Im ¢),.

Conversely, let ¢, € (Im ¢),. By definition, there exists an open set U and a section
t € (Im¢)(U) so that ¢, is the germ of ¢ at z. As t € (Im ¢)(U), there exists an open cover
{U.}icr of U and sections s; € F(U;) such that t|;, = ¢y, (s;) for each i. Choosing an
index ¢ such that x € U,, we have

ty = (t

v)e = (9u,(51))a = ¢u((s1)a)

This means that t,, € ¢,. ]

11.2 Injective and surjective maps of sheaves

We say that a map of sheaves ¢: F — G is injective if Ker ¢ = 0, and that ¢ is surjective if
Im¢ = G.

The next two lemmas say that being injective or surjective are ‘local in nature’; they can
be checked on stalks.
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Lemma 11.7. For a map of sheaves ¢: F — G, the following are equivalent:
(i) ¢ is injective.
(i) ¢u: F(U) — G(U) is injective forall U < X.
(iii) ¢, : F, — G, is injective for all z € X.

This is a consequence of the formula (Ker ¢)(U) = Ker ¢, and the fact that a sheaf is
zero if and only if its stalks are all zero.

When it comes to surjectivity, the formula (Im ¢)(U) = Im ¢y does not hold in general,
and in fact the item (ii) above does not hold with ‘injective’ replaced by ‘surjective’. Indeed,
surjectivity of ¢ means that for every open set U < X, and t € G(U), there exists an open
cover {U,} of U and elements s; € F(U) so that ¢(s;) = t|y,. The best we can say is:

Lemma 11.8. For a map of sheaves ¢: F — G, the following are equivalent:
(1) ¢ is surjective.
(i) ¢, : Fr — G, is surjective for all x € X.

This follows from the following small lemma, which will be useful later:

Lemma 11.9. Two subsheaves H, G of a sheaf F are equal if and only if H, = G, (as
subgroups of F,,) forall x € X.

Proof The ‘only if’-direction is trivial. For the ‘if* direction, let U = X be an open set and
let s € G(U) be a section. By assumption, for each = € X, s, lies in G, = H,. This means
that for each x € U, there exists a neighbourhood U, of = and a section t* € H(U,,) such
that ¢* represents the germ s,. As the {U, } iy form a cover of U, and the sections ¢* and ¢V
agree over U, N U, (they are both germs of s), they glue together to a section t € H(U). By
construction s and ¢ have the same germs at every point x € U, so by the Locality axiom,
s = t. This shows that G(U) < H(U) for every open set U, and so G is a subsheaf of H.
By symmetry, we also have . < G and hence H = G. O

Example 11.10. If X = Spec A is an affine scheme, and ¢: M — Nisa map of sheaves
of ‘tilde-type’, then the following are equivalent:
i) ¢: M — Nis injective (resp. surjective)
(i) ¢p: M, — N, is injective (resp. surjective) for every p € Spec A.
(iii) ¢x: M — N is injective (resp. surjective).
This follows because the stalk maps of ¢ are exactly the localized maps in item (ii). A

Example 11.11. The map /*: O a2 — 14Oz of Example 11.4 is not surjective when evaluated
over U = A?. The map ¢* is however surjective as a map of sheaves. To see this, note that
A2 is covered by the two opens U = D(z) and U’ = D(z — 1). We already showed that ¢},
is surjective, as this is given by the quotient map k[, y], — k[z],. By Example 11.10, /£ is
surjective for all p € U. A similar argument applies to U’. Therefore ¢ is surjective on every
stalk, and so it is surjective. A

For amap ¢: F — @ to be an isomorphism, i.e., it admits an inverse map ¢: G — F, we
have the following clean statement.
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Proposition 11.12. Let ¢: F — G be a map of sheaves. Then the following four
conditions are equivalent.
(i) The map ¢ is an isomorphism.
(ii) Forevery x € X, the map on stalks ¢, : F, — G, is an isomorphism.
(iii) One has Ker ¢ = 0 and Im ¢ = G.
(iv) For all open subsets U — X the map on sections ¢ : F(U) — G(U) is an
isomorphism.

N

Proof (i) = (ii). This implication is clear.

(ii) = (iii). Ker ¢ = 0 follows by Lemma 11.2 and Im ¢ = G follows by Lemma 11.6
and Lemma 11.9.

(iii) = (iv). As Ker ¢ = 0, ¢ is injective. In that case, taking images commutes with
taking sections (Example 11.5), and so we have Im ¢y = (Im ¢)(U). But by assumption,
Im ¢ = G, so ¢y is also surjective.

(iv) = (iii). If ¢y is an isomorphism for every U, the inverse maps ¥y = qﬁal define an
inverse morphism ¢: G — F. O

11.3 Exact sequences
A sequence of maps of sheaves
¢ P
F—0G — H (11.2)

is said to be exact if Im ¢ = Ker 1) as subsheaves of G.
A short exact sequence is an exact sequence of the form

0 F2.¢- Y. n 0 (11.3)

where we have exactness at all stages. This is just a convenient way of simultaneously saying
that ¢ is injective, that ¢ is surjective and that Im ¢ = Ker 1.

Exactness for a sequence of sheaves is a purely local condition; the sequence (11.2) is
exact if and only if for each z € X the sequence induced on stalks

F, =2 g, Y, (11.4)

is exact. This follows from Lemma 11.9 applied to Ker ¢ and Im ¢.
The following proposition will be very important:

Proposition 11.13 (Taking sections is left exact). Given a short exact sequence as in
(11.3), then for each open subset U < X, the sequence

0 —— FU) -2 gU) -2 H(U)

is exact.

N

Proof As ¢ is injective, we have that ¢y is injective, and also that (Im ¢)(U) = Im ¢ by
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210 More on sheaves
Example 11.5. By definition, we have Ker ¢y = (Ker ¢)(U). Combining these, we obtain
Im ¢y = (Im ¢)(U) = (Ker4)(U) = Ker ¢y,

and hence the above sequence is exact. O

One way of phrasing Proposition 11.13 is to say that taking sections over an open set U
is a left exact functor. This functor, however, is not right exact in general. This failure of
exactness is a fundamental problem in algebraic geometry. We will explore this in greater
detail in Chapter 15 where we discuss cohomology.

Example 11.14. Consider the two points P = (0 : 1) and @ = (1 : 0) in P} and let
v: Z — P} be the closed embedding given by their union. Let Z be the kernel of the map
e Opt — 1,O7. The sheaf 7 fits into the following sequence

#

0 z Op — 1,05 — 0. (11.5)

We claim that this sequence is exact, i.e., that His surjective. For this, it suffices to check that
the map is surjective locally. If Uy = P, — P ~ Spec k[s], then (1,Oz)(U) = k[s]/s and
the map «¥(U) is given by the quotient map k[s] — k[s]/s, which is surjective. A similar
argument shows that ¢* is surjective over U; = P; — Q. Hence the sequence (11.5) is exact.

Now, consider the global sections of this sequence. We have I'(P*, Oﬂ”i) = k by Proposi-
tion ?? and 1, Oz (P}) = Oz(Z) = k @ k and the sequence becomes

0—T(P.,T)— k— kdk.

Here the right-most map cannot be surjective, so the sequence is not exact. A

11.4 The sheaf associated to a presheaf

Essentially any construction for abelian groups, such as forming kernels, cokernels, tensor
products, direct sums etc. has an analogue for sheaves. For these constructions, one typically
starts by writing down a naive presheaf and then proceeds to show that it satisfies the two
sheaf axioms. This works well in some cases (e.g., for the kernel sheaf), but in general, it can
fail to be a sheaf (as for the image presheaf). To obtain an actual sheaf, we sometimes need
to replace the naive presheaf with a sheaf which in some sense best approximates it; as one
says, we sheafify it.
What prevents a presheaf F in being a sheaf is of course the failure of one of the sheaf
axioms:
(i) There are non-zero sections which are locally zero, i.e., become zero when
restricted to the open sets of a covering. These are sections s € F(U) so that
s = 0 forevery x € U.
(i) There are collections of local sections which are compatible over the overlaps,
but do not glue to a global section of F.
In light of this, it is clear what the sheafifcation should do: mod out by the sections in the
item (i) and add in all the missing sections in item (ii).
The sheafification should also satisfy some sort of uniqueness property in the form of a
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11.4 The sheaf associated to a presheaf 211

universal property. More precisely, to any presheaf F, we will construct a sheaf 7 and a
map of presheaves

kr: F—> F*

which is universal among maps from F into a sheaf.
The main properties of 7 and « » are summarised in the following proposition.

Proposition 11.15. Given a presheaf of abelian groups F on X, there is a sheaf F* and
a map of presheaves kr: F — F 1 satisfying the following properties:
(i) Any map of presheaves ¢: F — G induces a map of sheaves ¢p*: F+ —
G™ such that following diagram commutes:

F—2sg

l” lng (11.6)

¢+
Ft —— Gg*
(i) If F is a sheaf, then x  is an isomorphism.
(iii) kr and F7 satisfy the universal property that any map of presheaves F — G
where G is a sheaf, factors through F* in a unique way. In other words, if G
is a sheaf, there is a natural isomorphism

Hompap(x)(F, G) — Homapx)(F*,G), (11.7)

where on the left-hand side G is considered as a presheaf. This property
characterizes F* up to a unique isomorphism.
(iv) k7 induces an isomorphism on stalks: F, ~ F. forevery x € X.

As in the construction of a sheaf from a sheaf on a basis, the details of the explicit
construction will not be terribly important. All arguments involving F in this book rely
mainly on the four properties in the Proposition 11.15. This is a good illustration of the
principle: ask not what the thing is, but what it does.

Explicitly, the sections of F* are sequences (S, ).cy of germs of F, i.e., elements of the
product [ [, ., F., but only those sequences that arise from local sections of F are allowed.
More precisely, for an open set U < X, and we say that an element ! (s,) € [ [, ., F is
locally induced by sections of F if there is an open cover {U;} of U and sections t; € F(U;)
so that (¢;), = s, for x € U;. We then define F* by setting

FH(U) = {(sz)sev | (ss) is locally induced by sections of F} H Fa
xzelU

The projection maps [ [, o — [ [,y F= give restriction maps F*(U) — F* (V) for
each U D V, making F ™ into a presheaf.

Lemma 11.16. F™ is a sheaf.

1 The notation is not ideal: s, is a germ at z, but at the same time, = serves as an index.
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Proof Locality holds: if {U;} is an open cover of U, and ¢ = (s, ).er is a section of F*(U)
such that t|;, = 0 for each i, then s, = 0 for every x € U,. Hence, if t|Ui = 0 for all 7, it
follows that t = 0.

Gluing holds: Suppose we are given an open cover {U;} of U and sections t; = (s%) e,
of F* over U; matching on the intersections U; n U;. Saying that the sections agree over
the overlaps, means that for any x € U; n U;, the components st and s/ are equal in F,.
Therefore, we get a well-defined section ¢ € F*(U) by using this common component as
the component of ¢ at z. It is clear that ¢|;;, = t;. Moreover, t is locally induced by sections
of F because the t; are. O

There is a canonical map of presheaves
RFr: F— .F+

that sends a section s € F(U) to the sequence of all its germs; that is, to the element (S, )zer-
The kernel of this map consists exactly of the sections with all germs equal to zero, that is,
the sections of F which are ‘locally zero’.

For a map of presheaves ¢: F — G, we may define a map of sheaves ¢1: Ft* — G* over
an open set U using the product of all the stalk maps F,, — G, with z € U. In other words,
¢ sends (8)zerr 10 (Pr(82))zer- With this definition, the diagram (11.6) is commutative.
It is not hard to check that id - = id#+ and that (1) 0 ¢)* = 9™ 0 ¢ for two composable
morphisms between presheaves on X, so that F +— F is a functor from the category of
presheaves on X to the category of sheaves on X.

Proof of Proposition 11.15 The statement (i) was proved in the paragraph above.

As for (ii), let us assume that F is a sheaf. Then the Locality axiom implies that x = is
injective. For surjectivity, let ¢t € F*(U) be an element and let s; € F(U;) be a collection of
sections that locally induces ¢. Then since s; and s; have the same germs for every point in
U; n Uj, the restrictions s; v.~U; and S; |y, ~u; are equal. Hence the s; glue to an element
s € F(U), (because F is a sheaf). By construction, s has the same germs as the s; over U;,
so we have kr(s) = t.

For (iii), if G is a sheaf, then the map (11.7) sends ¢: F — G to the map g Yo ¢+, which
is the composition ¥ — GT — G. This defines a bijection, as the inverse sends a map
1 : Ft — G to the map of presheaves F — G given by the composition 1) o K .

Finally, let us prove claim (iv), starting with injectivity. Let £, € F,, and represent it as
the germ of a section ¢ € F (V') defined in some neighbourhood of . Then over V, the map
Kz sends ¢ to the collection of germs (t,),cv . If ¢ maps to zero in F+(V'), then in particular,
t, = 0.

For surjectivity, take an element in (F ), and represent it by a section t € F*+ (V') over
some neighbourhood V' of x. Taking a smaller V' if necessary, we may assume that ¢ is
induced from a section of F, that is, there is a section s € F (V) such that for each y € V,
the y-th component of ¢ is equal to the germ s,,. But then over V, k5 sends s to ¢, and so the
germ s, € F, mapstot, € (F1),.

O

Example 11.17. A presheaf F which is contained in a sheaf G is particularly easy to sheafify.
The sheafification F T equals the image sheaf of the inclusion map 7 — G. In other words,

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp
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the sections in F*(U) are the sections in G(U) that locally lie in F; that is, sections s so
that s|y, € F(U;) for some open cover {U,} of U. A

Example 11.18 (The structure sheaf). Let X = Spec A be the spectrum of a ring A. For
an open set U < X, define S(U) = {s € A | D(s) o U } as the set of elements do not
vanish anywhere on U. As in Section 3.4, we consider the assignment U — S(U)™' A,
which defines a presheaf on X . This presheaf is not always a sheaf (see Exercise 3.6.20). The
associated sheaf is exactly the structure sheaf Ox.

To see this, note that the natural maps S(U)"'A — O’ (U), given by the universal
property of sheafification, define a morphism of Z-sheaves (where as usual, 4 is the basis of
distinguished opens), and hence a morphism of sheaves Ox — O . This is an isomorphism,
because it induces an isomorphism on stalks. A

Example 11.19. Let X = A{ and let p, g be two distinct points. Consider the presheaf F
defined by

FU)={re0xU) | f(p) = f(a)}-

Then F is not a sheaf. The reason is that 7|y = Oy for any open set U which contains p but
not ¢ (as the condition f(p) = f(q) becomes redundant there). The same holds for open sets
containing ¢ but not p. Therefore, if we take any f € Ox (X) such that f(p) # f(q), we can
restrict it to the open sets U = AL — pand V' = Al — ¢, which form an open cover of X.
The restrictions f|;; and f|y, give two sections of F(U) = Ox(U) and F(V) = Ox(V),
which are equal to f|y~y, over U n V, but the element they glue to, namely f, is not an

element of F(X).
Note that F is a subpresheaf of Ox. The above argument shows that every section of O x
locally lies in F, so that when we sheafify, we get F© = Ox. JAN

11.5 Cokernels and quotients

The main reason to introduce sheafification is to be able to define cokernels and quotient
sheaves. For a map of sheaves ¢: F — G, we define the cokernel Coker ¢ to be the sheaf
associated to the presheaf

(Coker'¢)(U) = G(U)/Im ¢(U).

For a subsheaf G — F of a sheaf G, the quotient sheaf F /G is the sheaf associated to the
presheaf

(F/9) (U) = F(U)/G(V).

In other words, F/G is the cokernel of the inclusion map G — F.

Note that over an open set U, the cokernel presheaf is simply given by Coker ¢;. Com-
posing ¢ with the canonical map Coker’¢ — Coker ¢ we obtain a map G — Coker ¢. It
sits in the sequence

F -5 G —— Coker¢p — 0. (11.8)

Example 11.20. In the sequence (11.5) the subsheaf 7 < Oﬂ”i identifies with the sections
of OP} vanishing along the subscheme Z. By the uniqueness of the cokernel, we get an
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isomorphism of sheaves O/Z ~ 1,O. Even in this example it is necessary to sheafify,
as the ‘naive’ quotient sheaf on global sections satisfies Op: (P')/Z(P') = k, whereas

(1:02)(BY) = 04(Z) = k@ k. A

11.6 The inverse image sheaf

For a morphism f: X — Y and a sheaf G on Y, we can define the inverse image sheaf
f~1G, which is a sheaf on X . This sheaf has a universal property which is closely related
to the pushforward functor f,: for any sheaf F on X, the sheaf morphisms f~'G — F are
in one-to-one correspondence with sheaf morphisms G — f,F. The inverse image sheaf
is trickier to define than the pushforward sheaf, but it has better properties. For instance,
applying f~! preserves both stalks and exact sequences.

To define the sheaf f~'G over an open set U < X, it may be tempting to consider
something like G(f(U)). This does not work in general, because the sheaf G only knows
about the open sets in Y, and typically subsets of the form f(U) will not be open in Y. The
solution is to adapt the definition of the stalk, and consider “germ-like” equivalence classes
of sections G(V') as V' runs over the collection of open sets containing f(U). Precisely, we
define the inverse image presheaf fp_ G by setting, for an open set U < X,

(o) = 1] 9v)/~. (11.9)

Vo f(U)

The elements in the disjoint union are indexed as pairs (s, V'), where V' < Y is an open set
in Y containing f(U) and s € G(V'). Two such sections (s, V') and (s’, V) are defined to
be equivalent if they agree over some smaller open set W with f(U) c W c V n V.
The restriction maps are defined as follows: if U’ < U, then any open set V' contain-
ing f(U) also contains f(U’). This implies that a pair (s, V') representing an element in
(f,'G)(U) naturally determines an element in (f,'G)(U").
A different way of expressing (11.9) is as a direct limit

fHG)U) = lim G(V), (11.10)

Vo f(U)

where V' runs over open sets in Y containing f(U). The restriction maps then arise directly
from the universal property of the direct limit, because if U’ < U, the set of opens containing
f(U) is contained in the set of open sets containing f(U").

The definition of fp_ G has many similarities with that of the stalk of a sheaf. If V < Y’
is a subset which contains f(U) and s € G(V/), then the equivalence class of s defines an
element in f,(G)(U). Conversely, any section of f,*G over U arises in this way from a
section of G(V') over some V' containing f(U).

Example 11.21. Let ¢: Y — X be the inclusion of a closed subscheme in a scheme X.
Then L;1(9X is a presheaf of rings on Y. A section of L;1(9X over V < Y, can be thought
of as a regular function on V' obtained by restriction from some open neighbourhood in X
containing V. JAN

Unfortunately, the presheaf (11.9) is not a sheaf in general, so we take the associated sheaf:

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp
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Definition 11.22. Let f: X — Y be a continuous map and G a presheaf on Y. The
inverse image 13 is the sheaf associated to the presheaf (11.9).

Unraveling the definition, the sections of f~1G can be explicitly described as follows. For
an open set U < X, the group (f~'G)(U) is the set of sequences (S, )zev € [ [,cy Gr ()
that satisfy the following property: for every x € U, there is an open set V' containing f(x),
asectiont € G(V'), and an open set U’ < U so that f(W) < V and s, = ts(,) for every
zelU.

Given a morphism of sheaves on Y, ¢: G — H, we obtain a collection of maps
¢v: G(V) — H(V) for open sets V' containing f(U). These maps are compatible with
restrictions, so they pass to the direct limit and induce a map of presheaves fp_ g — fp_ M
and consequently to a map of sheaves f~'G — f~'H . Therefore the inverse image defines
a functor f=': Ab(Y) — Ab(X).

While the pushforward f,F is easier to define and the sections are more intuitively
understood, the inverse image f~'G has better formal properties. For instance, the stalks are
easy to compute:

Proposition 11.23. The stalk of f~'G at a point 2 € X is isomorphic to G (,).

.

Proof As sheafification preserves stalks, it suffices to verify this on the level of presheaves:

(f;9)e =lim f,°G(U) =lim lim G(V) = lim G(V) = Gy -
Usz Usz Vo f(U) Vaf(x)

Note that there is no such description of the stalk of a pushforward. Also, unlike the
pushfoward, the inverse image is an exact functor:

Corollary 11.24. If0 —» G’ — G — G” — 0 is an exact sequence on Y, then
0 f—lg/ f—lg f—lg// 0

is an exact sequence of sheaves on X.

Proof A sequence of sheaves is exact if and only if it is exact on stalks, so the lemma
follows by Proposition 11.23. 0

Example 11.25 (Restriction to an open set). Let .: U — X be the inclusion of an open set
in X. Then for a sheaf F on X, we have

Lilf = f’U

Indeed, if V' < U is an open set, then V' is also open in X, and the direct limit h—I>nWDL W) F(W)

simply evaluates to F (V). Note that the inverse inverse presheaf Ly ! F is a sheaf in this
case. AN

Example 11.26 (General restrictions). If Z < X is an arbitrary subset, then the naive
restriction of sections does not directly give a sheaf on Z, because an open subset V < Z
will typically not be open in X . The sections of the inverse image sheaf are instead determined
by sections of F(U) as U runs over the open sets in X containing Z.
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In particular, if Z = {z}, we recognize the definition of the stalk, and TV F =F,,asa
constant sheaf on {x}. A

Example 11.27. The presheaf defined by (11.9) is not in general a sheaf. For instance, if
f: X — Y is the constant map with image y € Y, then for each open set U — X, the direct
limit in (11.9) will be the stalk G,,. Therefore, (11.9) defines the constant presheaf with value
Gy, and as we observed in Example 3.9 on page 49, this is not always a sheaf.

For an explicit example, we can let X = Speck u Speck,Y = Speck and f: X —
Spec k. Then f~'Oy = Ox, which is the constant sheaf on k on X, whereas Iy 1Oy is the
constant presheaf on k.

More generally, if f: X — Y is any morphism, and A is a constant presheaf with value
AonY,then f~ ! Ais the constant presheaf on X and f~!A is a constant sheaf on X (both
with value A.). A

Example 11.28. As f~ 1Oy is a presheaf of rings, f 1Oy is a sheaf of rings on X. To see
this, we can either apply Exercise 11.7.11, or use the explicit description of the sections of
/71Oy in terms of germs. A

Here is the aforementioned universal property of the inverse image sheaf.

Theorem 11.29. Let f: X — Y be a map of schemes and let G be a sheaf on Y. Then
there exist functorial bijections

Homap(x)(f7'G, F) — Homapv)(G, foF) (11.11)
for each sheaf F on X.

Proof As F is a sheaf, the universal property of sheafification tells us that there is a one-to-
one correspondence between sheaf maps f~'G — F and maps of presheaves f,'G — F.
Therefore, it suffices to establish a bijection between:
(i) The set of sheaf maps ¢: G — fo F

(ii) The set of presheaf maps ¢: f,° g - F.
We will show that both sets are in bijection with

(iii) The set of maps

Ayyv:G(V)— F(U)

so that for each inclusion U > U'in X and V > V' inY with V' o f(U) and
V' o f(U’), then the following diagram commutes

Au

Gg(V) =5 FU)

i l (11.12)

AU’,V’

gy — FU).
(ii) < (ii)): Let U < X be an open set. As (f,'G)(U) is defined as a direct limit,
amap ¢y f,'G(U) — F(U) is specified by a collection of maps Ay, : G(V) —

F(U) so that whenever V. 2 V' o f(U), we have Ay = Apyv o pyys. That ¢ is
compatible with the restriction maps translates is exactly the condition that (11.12) commutes
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forall U,U’, V, V'. Conversely, any such collection Ay - determines a map of presheaves
i fy 'G — F by letting ¢y be the map induced by Ay v in the direct limit.

(i) <> (iii): Given a collection Ay, we obtain a sheaf map ¢: G — f,G by defining
¢v = As-1yv. The diagrams (11.12) ensure that ¢ is a map of sheaves.

Conversely, we need to show that every map of sheaves ¢: G — [, G arises from a unique
collection Ay y in this way. Given ¢, we define Ay to be the composition

G(V) 2% F(f7V) — F(U).

This assignment makes the diagrams (11.12) commute. Moreover, for an open set of the form
U = f~'V, we have Ay = ¢y, so we see that the collection Ay, induces ¢.

The collection Ay, is in fact uniquely determined by the maps of the form Aj-1y
for V < Y. Indeed, the diagram (11.12) implies that if U < f~'V/, then Ay, v factors as
Ap-ivy: G(V) — F(f V) followed by the restriction F(f~'V) — F(U). In particular,
there is one and only one Ay y that induces ¢. O

Despite of the name, the functors f, and f~! are not inverses: it is not true that f, f~'G ~
Gor f~1f.F ~ F in general. However, there is a relationship between them. Applying the
bijection (11.11) to the identity maps f~'G — f~'G and f,F — f.F, we obtain canonical
sheaf maps

n: G — fuf G and e: [ F — F.

These can be understood a bit more explicitly as follows. For an open set in X of the form
f1V, the direct limit (11.10) is canonically isomorphic to G(V). Therefore, a section G(V)
defines a section of f,° 1G over f~(V). Then 7 is induced by the composition

g(v) — f*fp_lg(v) - f*f_lg(V).
In particular, there is a natural map
L(Y,G) — I'(X, f'0). (11.13)

Likewise, the map € can be defined as follows. For an open set U < X, taking the direct
limit of the restriction maps F(f V) — F(U) over open sets V with V' o f(U), we get
a map of presheaves fp_ ! f.F — F. Then sheafifying, we get ¢.

Example 11.30. Let f: A? = Speck[z,y] — Spec k be the structure morphism. Then
S 'Ospec . is the constant sheaf on &k on A?. The morphism Ogspecr — fsf *1(’)Ai is the
identity map. On the other hand, f O,z is the constant sheaf with value [z, y] on Spec k and
f71 £+ Oz is also the constant sheaf on A} with value k[, y]. The map f~! £, Opz — Ope
is given by the inclusion k[, y] — Ouz (V) for every V < Aj. A

Example 11.31. In contrast, for the structure morphism f: P, — Speck and F =
Op: (—1), we have f, F = T'(P;, F) = 0,and f~'f, F = 0.Hence fo f ' F # F. A

The sheaf f~'G is uniquely determined by the property (11.11). This follows from the
following version of Yoneda’s Lemma:
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Lemma 11.32 (Yoneda’s Lemma). Let C be a category and let X and Y be objects of
C. Given a natural transformation

n: Home(Y,—) — Homc (X, —), (11.14)

there is a unique morphism f: X — Y that induces 7, that is, for every object W in C,
the map of sets

nw: Homc(Y, W) — Homc (X, W), (11.15)

is given by nyy (0) = o o f.

Proof The proof is very similar to Lemma 8.1. O

11.7 Exercises

Exercise 11.7.1. Let F be a presheaf on a scheme X and let 7 be the sheaf associated to
F. Show that there is a natural map F(X ) — F*(X). Find examples where this fails to be
injective or surjective.

Exercise 11.7.2. Let T' = {z,y, z, v} be a topological space with open subsets {z}, {y},
O ={z,y,z}, P={x,y,v},and O n P = {z,y}.
Define a presheaf G on T as follows:

e G({z}) = G({y}) = 2/2,
e G(0) = G(P) = G(O n P) = G(T) = L.

with the natural quotient maps as the restrictions.
a) If G denotes the sheafification, show that Gt (T") = {(m,n) € ZOZ | m=n
mod 2}.
b) Show that the element (0, 2) € G*(7T") cannot come from a global section of G
over 1. Conclude that G is not a sheaf.

Exercise 11.7.3. Define a sheaf on a topological space X by F(X) = Z and F(U) = 0 for
all other open sets. Show that F is a presheaf and describe the associated sheaf F+.

Exercise 11.7.4. Suppose ¢ : F — G is a map of sheaves with the property that there is a
covering {U;} of X so that each ¢y, is injective. Must ¢ be injective? If so, prove it, if not,
give a counterexample.

Exercise 11.7.5. Let ¢ : F — G be a map of sheaves on X and let & be a basis for the
topology on X . Show that ¢ is an isomorphism if and only if ¢y  is an isomorphism for every

Ve

Exercise 11.7.6. Show that the sheaf associated to the ‘constant presheaf” F(U) = A of
Example 3.9 is the sheaf Ax described in (??).

Exercise 11.7.7. Prove that the sheafification is unique up to a unique isomorphism.

Exercise 11.7.8. Let X be a topological space and let 7 : U — X be an open set. For a
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sheaf G on U, we define a sheaf 7,G on X, the extension by zero by the sheaf associated to
the presheaf

Vy VcU
jp! (V) — { Og( ) (e '
otherwise

a) Show that the stalk (j,G),. is equal to G, if z € U, and 0 otherwise.

b) Show that j, is a left adjoint to j'.

¢) Assume U = X — Z, where i : Z — X is a closed subset. If F is a sheaf on
X, show that there is an exact sequence

0 — ji(Flu) = F = ix(Flz) — 0. (11.16)
d) Study the exact sequence (11.16) for X = A}, Z = (0,...,0) and F = Oyy.

Exercise 11.7.9. Let f: X — Y and g : Y — Z be two morphisms.
a) Show that (g o f)x = g4« © f«
b) Show that (go f)™' = f~'og~'. HINT: There are sheafifications involved.
Define a map from one side to the other and show that it induces an isomorphism
on stalks.

Exercise 11.7.10. Let X be a scheme and let F be a presheaf on X. Show that sheafification
commutes with restriction, i.e., F |y = (F|y)*. HINT: Use the universal property and
check the stalks.

Exercise 11.7.11. Let F be a presheaf of rings on X . Show that the associated sheaf ¥ is a
sheaf of rings.

Exercise 11.7.12. Let X = {x,y, z} be a topological space with three elements and open
sets &, X,V = {z},U; = {z,y},Us = {z, z}. Let F be the constant presheaf on X.
a) Show that F is a sheaf.
b) Let G be the presheaf defined by G(F) = 0,G(X) = ZDZ,and G(V), G(U1),
G(U,) all equal to Z, and let the restriction maps be py, v = py, v = idz and
let G(X) — G(V;) be the i-th projection, for i = 1,2. Show that G is a sheaf.
¢) Consider the map ¢: F — G defined by ¢x =Z — Z x Z, x — (z,x), and
all the other maps equal to the identity map. Show that ¢ is a map of sheaves.
d) Compute the values of the image presheaf and conclude that it is not a sheaf.

Exercise 11.7.13. Consider the adjunction between the inverse image functor f~! and the
direct image functor f,. Recall the maps n: G — f.f 'Gande: f~1f, F — F.
a) Given a morphism ¢: f~'G — F, show that the corresponding morphism on
the right-hand side of (11.11) is obtained by applying n: G — f.f G and
then composing with the morphism f.¢: f. f71G — f..F.
b) Given a morphism ¢: G — f,F, show that the corresponding morphism on
the left-hand side is obtained by first applying f~1+: f~!G — f~!f.F and
then composing with the map e: f~! f, F — F.

Exercise 11.7.14. Show that the map I'(Y,G) — T['(X, f~'G) of (11.13) needs not be
injective or surjective in general, even in the basic case in Example 11.25.
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220 More on sheaves

Exercise 11.7.15. Let¢: Speck — A7 = Spec k[z, y| be the inclusion of a k-point in AZ.
Compute L‘l(’)Ai and study the morphisms 0,2 — L*L_loA% and ¢ 14 Ogpec . — Ospeck-
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12

Quasi-coherent sheaves

12.1 Sheaves of modules

A module over a ring is an additive abelian group equipped with a multiplicative action of the
ring. Loosely speaking, we can multiply elements of the module by elements from the ring.

Similarly, an O x-module is a sheaf F whose sections can be multiplied by sections of
Ox. That is, an Ox-module is a sheaf F such that F(U) is an Ox (U)-module for each
openset U < X, and if V' O U, then the restriction map F (U) — F (V') is Ox (U)-linear
in the sense thatif a,b € Ox(U), s,t € F(U), then

(a-s)lv =alv-sly

A map of Ox-modules or an O x-linear map is a map of sheaves a: F — § between
two Ox-modules F and G such that for each open U the map oy : F(U) — G(U) is
Ox (U)-linear. The Ox-modules on a scheme X form a category, which we denote by
MOdOX .

We write Homo, (F, G) for the subgroup of Homay(x)(F, G) consisting of sheaf maps
JF — G which are O x-linear.

Example 12.1 (Pushforwards). For a morphism f: X — Y and an Ox-module F, the
pushforward f, F is naturally an Oy -module via the natural map f*: Oy — f,.Ox. That
is, for a section s € f,F(V) and a € Oy (V), we define a - s € f,F(V) to be section
ffa)-se F(f~1v). A

Example 12.2 (Ideal sheaves). Ideal sheaves are important examples of O x-modules. A
sheaf 7 is an ideal sheaf if Z(U) < Ox(U) is an ideal for each open set U < X. For an
ideal sheaf Z, the quotient sheaf O /Z associated to an ideal sheaf Z is an O x-module.
The primary example is the following. Let ¢ : ¥ — X be a closed embedding, then the
kernel Z of the map tf: Ox — 1,0y is an ideal sheaf of O, and there is an exact sequence

0 7T OX L*Oy — 0

We also see that 1, Oy ~ Ox /T as Ox-modules. See also Example 11.14. A

Example 12.3. If F is a sheaf obtained by gluing together sheaves JF; defined on a cover
U = {U,}ier, and each F; is an Oy, -module, then F is an O x-module. Indeed, for V < X
open, s € F(V),and a € Ox(V), the product a - s is defined by gluing the local products
a U;,nV lan(Usz) A

UinV © 8
Example 12.4. Write P}, for the projective line over a field k, and consider the sheaves
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222 Quasi-coherent sheaves

Og: (n) from Chapter 5; that is, Op: (n) is the sheaf obtained by gluing Oy, to Oy, using the
isomorphism Oy, |y, — Ouv, lugnt, 00 Ug N Uy = Spec k[u, u™!] given by multiplica-
tion by u". Then Op1 (n) is an Op: -module by Example 12.3. The map ¢: Op: (—1) — O
is a map of Op; -modules, and the image of ¢ is an ideal sheaf of Op:. A

12.2 The tilde of a module

The most important examples of O x-modules are the sheaves of the form M , which we
introduced in Section 3.5. Let us briefly recall the construction. If A is a ring, and M is an
A-module, the sheaf M on X = Spec A is the sheaf extending the following Z-sheaf

M(D(f)) = Mj.

The restriction maps are the canonical localization maps, which are described as follows:
when D(g) < D(f), we may write g" = af for some a € A and some r € N, and the
localization map My — M, sends mf~" to a"mg="".

It is almost immediate that M is an O x-module. Over a distinguished open set U = D(f),
the group M(D(f)) = M is amodule over Ay, and if U < X is any open subset, we may
cover it by distinguished open sets D( f) and define an Ox (U )-module structure on M (U)
using the sheaf sequence. In the same way, one verifies that the restriction maps are maps of
modules. —

Sending an A-module M to the O x-module M defines the filde functor from Mod 4 to
Mod . This functor has very good properties, as we are going to see. We start by explaining
the universal property of M among O x-modules.

Proposition 12.5. Let X = Spec A be an affine scheme. For an A-module M and an
Ox-module F, there is a natural isomorphism

Homo, (M, F) —— Homyu (M, F(X))

that sends ¢: M — Fto ¢x: M — F(X). It is functorial in both M and F.

Proof Let f € A, and consider the commutative diagram

M —2 5 F(X)

¢
M; = F(D(f))
where the vertical maps are restriction maps. This gives the following relation:

dp(s)(m/1) = dx(m)|p(s).

Note that F(D(f)) is an A;-module, because F is an O x-module. Therefore, in the local-
izations at f, we have the following relation

o (mf™) = dx(m)|pi - [, (12.1)
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12.2 The tilde of a module 223

where m f~" € M. This means that the maps ¢py) are completely determined by ¢x :
M — F(X). By Proposition 3.14, the map of sheaves ¢ is completely determined once it is
specified over the D(f)’s. Hence ¢ is determined by ¢y, and the map in the proposition is
injective.

For the surjectivity, suppose we are given a map of A-modules a: M — F(X). As usual,
to define a map M — F it suffices to tell what it does to sections over the distinguished open
sets D(f). Inspired by (12.1), we define ap(y) by

appy(mf™") =a(m)|py) - [

(Note that ««(m) is a section of F(D(g)), so the multiplication makes sense because F is an
Ox-module). Hence a5y is simply the composition of the two maps of A ;-modules

M; — F(X); — F(D(f)),

where the right-hand map is induced from the restriction map F(X) — F(D(f)) by
localization (note that F(D(f)) is an A s-module). This is compatible with the restriction

maps, so we get a well-defined map of sheaves ¢ : M — F. Taking f = 1, we see that we
recover « from ¢ on global sections.

The statement about the functoriality also follows from formula (12.1). The details are left
to the reader. O

If we apply Proposition 12.5 to M = F(X) and consider the preimage of the identity
map F(X) — F(X), we obtain the following corollary:

Corollary 12.6. For each Ox-module F on an affine scheme X, there is a unique
Ox-module homomorphism

Br: F(X) — F (12.2)

that induces the identity on the spaces of global sections. The map S is functorial in F.

In concrete terms, the map (Sr is defined over a distinguished open subset D(f) as

—_——

follows. A section of the sheaf F(X) over D(f) is an element of the form s/f™ where
s € F(X). Regarding f~™ as a section of Ox(D(f)) = Ay, we may send s/f™ to the
product s|p(sy - f~™, which, because F is an O x-module, defines a section of F(D(f)).

Proposition 12.7. Let A be aring and let X = Spec A. Then:

(i) The functor M +— M is exact.
(ii) If M and N are A-modules, the map o — & gives an isomorphism

Homyu (M, N) ~ Homox(M,J\Nf),

with inverse ¢ — ¢x.

Proof Let0 — M’ — M — M"” — 0 be an exact sequence of A-modules. Applying
tilde gives the sequence of O y-modules

~ ~

0 M M M” 0. (12.3)
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224 Quasi-coherent sheaves

To check that (12.3) is exact, it suffices to check that it is exact on stalks for every point
x € X.Butif z € X corresponds to the prime ideal p < A, the stalks of (12.3) is simply the
localization of (??) at p (which is exact, because localization is an exact functor).

The last statement follows from Proposition 12.5 with F = N and the fact that by
definition (@) x = a. O

Item (ii) above says that the tilde functor is fully faithful. Hence it establishes an equiva-
lence between the category Mod 4 of A-modules and a subcategory of Mod x. This subcate-
gory is usually a strict subcategory; most O x-modules are not of tilde-type.

12.3 Quasi-coherent sheaves

The following is the most important definition in this chapter.

Definition 12.8. Let X be a scheme and F be an O y-module. We say that F is quasi-
coherent if for every affine U = Spec A — X, the restriction F | is of tilde type, that

is, there exists an A-module M such that F | ~ M as Oy -modules.

We let QCoh x denote the category of quasi-coherent sheaves on X, that is, the subcategory
of Mod x where the objecs are quasi-coherent sheaves and the morphisms are morphisms of
O x-modules.

The next theorem is an important result in the theory of quasi-coherent sheaves. It says that
to verify that a sheaf J is quasi-coherent, it suffices to check that F is locally of tilde-type for
the opens in a single open affine cover; this is a much easier condition to check in practice.

Theorem 12.9. Let X be a scheme and F an O y-module. Suppose that there exists an
open affine covering {U, };c; of X, where U; = Spec A;, and A;-modules M; such that

Flu, =~ M, as Oy,-modules for each 7. Then F is quasi-coherent.

N

Proof Let U = Spec A be an affine open set of X. We need to show that the canonical
map

8: FU) — F (12.4)
is an isomorphism. It suffices to check this over every distinguished open set D(f) < U.
This reduces to showing that the map

FU)y — F(D(S)) (12.5)

which sends s/f™ to s|p(s) - f~" is an isomorphism.

By the assumption on the covering U, the restrictions F |, is of ‘tilde type’. The covering
U n U, forms an open cover of U. Using Lemma 6.22, we may cover each U n U; by affine
open sets which are distinguished in both U and U;. Doing so, we obtain an affine cover of
U of open sets D(g1), . .., D(g,) such that F|p(,,) is of tilde type over each D(g;).

As F|p(g,) is of tilde type on D(g;) for each i, the canonical maps

Bl F(D(9:)) — Flp(g) (12.6)
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12.3 Quasi-coherent sheaves 225

are isomorphisms. In particular, over each open set D N D(g;) = D(fg;), the ma
p p P g g p

F(D(g:))y — F(D(fg:)) (12.7)

which sends s/ f™ with s € F(D(g;)) to 8| p(rg,) - f~", is an isomorphism. For each ¢ and j,
the restriction of F to D(g;g;) is also of tilde-type, so we also have the isomorphisms

F(D(gi9;)) s — F(D(fgi95)) (12.8)
Consider the sheaf exact sequence for the cover D(g,), ..., D(g,):
0—— f(U) E— @:=1f(D(9i)) —_— @:,j=1 ‘F(D(Qigj))' (12.9)

There is a similar sequence for the cover of D(f) given by D(fg1), ..., D(fg,). These
sequences give the following commutative diagram:

0—— f(U)f E— @:=1 -F(D(gi»f B @:,j:l f(D(gz’gj))f

! | |

0 —— F(D(f)) — @;:1 F(D(fg:)) — @%:1 F(D(fg:95))

The top row in the diagram is the localization of (12.26) with respect to f, so both rows
are exact. The three vertical maps are direct sums of the appropriate 5-maps. By (12.7) and
(12.8), the two vertical maps to the right are isomorphisms. By the 5-lemma, the left-most
vertical map, which equals (12.5) is also an isomorphism, as we wanted to show. O

—~—

For an affine scheme X = Spec A, the assignment M — M defines a functor (—)
from A-modules to the category of quasi-coherent sheaves QCoh x. By definition, every
quasi-coherent sheaf is of the form M, and we can recover the module M/ by M =T'(X,F).
In fact, this induces an equivalence of categories:

Theorem 12.10. Let X = Spec A be an affine scheme. Then the tilde functor

—~—

(—=): Mody, — QCohy

is an equivalence of categories. The global sections functor I': QCohy — Mod 4 that
sends F to F(X) defines a quasi-inverse.

Note that we always have an equality of A-modules I'( X, M ) = M. On the other
hand, the functorial map Sz : ]/:(\X/) — JF from Corollary 12.6 on page 223 is merely an
isomorphism, hence the term ’quasi-inverse’ in the theorem.

This result has several imporant consequences for quasi-coherent sheaves on affine schemes.
The first is that the global section functor preserves exact sequences.

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

226 Quasi-coherent sheaves

Corollary 12.11. Let X = Spec Aand let 0 - F' — F — F” — 0 be a sequence of
quasi-coherent O x-modules. Then the sequence on global sections

0 — FI(X) — F(X) — F"(X) — 0 (12.10)

is also exact.

Proof Since the global section functor is left exact, we need only show that (12.10) is right
exact, i.e., that the cokernel C' = Coker(F(X) — F”(X)) is zero. In any case, there is an
exact sequence

F(X)— F'(X)— C —>0.

Applying the tilde functor, which is exact (Proposition 12.7), we get an exact sequence

~

F F C 0.
By assumption, F — F” is surjective, so C = 0 and hence C' = I'(X, C) = 0. O

Example 12.12 (Quasi-coherent sheaves on P!). Consider the projective line P} over k, with
the usual covering by Uy = Spec k[u] and U; = Spec k[u~'], glued together along their
common open set Spec k[u, u™!].

The sheaves O]pi (n), as defined in Chapter ??, are all quasi-coherent. This follows because
O (n)|y, > Oy, foreach i = 1,2 and O, is of course quasi-coherent.

More generally, we can classify all quasi-coherent sheaves on P, as follows. A quasi-
coherent sheaf on PP}, is given by a triple (M, M, T), where M, is a module over Ox (Uy) =
k[u], where M, is a module over Ox (U;) = k[u~'] and where

T My @ppu-11 klu, v — My ppuy klu, u™'].

is an isomorphism of modules over k[u, u™'].

In terms of this description, the sheaves Op: (n) are given by the triples My = k[u],
M, = k[u~'] and the map 7: k[u,u"'] — k[u,u '] is multiplication by u™.

This description of the sheaf is not unique: given any isomorphisms ¥y : My — M, and
o : My — M, we can define 7/ = (1); ®id) o 7 o (¢ ® id) which defines an isomorphic
sheaf.

A

Quasi-coherent sheaves and localization

There is a big difference between quasi-coherent sheaves and O x-modules in general. One
way to explain the term ‘coherence’ is that if U is an affine subset, then the groups of sections
of F(D(g)) over smaller affines D(g) < U are completely determined its sections over U
itself, through the natural map

FU)y — F(D(g)). (12.11)

given by s/g" — s|y - g™
In contrast, Exercise (12.12.13) shows that the sections of a general O x-module can vary
rather wildly.
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12.4 Kernels, Images and Cokernels 227

In fact, an O y-module F is quasi-coherent if and only if the localization maps (12.11)
are isomorphisms for every U and D(g). If F is quasi-coherent, then F|y; ~ M for some
A-module M and (12.11) follows by the description of the sections of M over distinguished

open sets. Conversely, if (12.11) holds then the natural map Sz, : F(U) — F|y is an
isomorphism, and so F is quasi-coherent.

Example 12.13 (Modules on spectra of DVR’s). Let A be a discrete valuation ring with
maximal ideal m and fraction field K. The scheme X = Spec A consists of two points:
the closed point s (corresponding to m) and the generic point £ (corresponding to (0)). The
nonempty open sets are {£} and X itself.

For this simple scheme we can describe all O x-modules as follows. Every O x-module F
is uniquely determined by the following data:

(i) An A-module M = F(X),

(i)) A K-vector space N = F({{}),

(iii) An A-linear map p: M — N given by the restriction map F (X ) — F({{}).
Conversely, any such triple (M, N, p) determines an O x-module F by setting F(X) = M,
F({&}) = N, F() = 0, with the restriction map F(X) — F({{}) given by p. Since M
and N are modules over Oy (X) = A and Ox({{}) = K respectively, this makes F into
an O x-module.

Note that p: M — N can be arbtrary — it need not be injective, surjective or even nonzero.
It can even be the zero map, and in that case M and N can be completely arbitrary modules.

In this setting, an O x-module F is quasi-coherent if and only if the induced map p ®
idg: M ®4 K — N is an isomorphism (of K -vector spaces). To see this, note that if F is
quasi-coherent, then it must be equal to M. This forces N = F ({&}) = My = M @4 K
and p to induce an isomorphism after tensoring with K. Conversely, if p® idg: M®@4 K —
N is an isomorphism, then F is isomorphic to M, with F{&}) =Mooy =M@sK. A

12.4 Kernels, Images and Cokernels

Most of the constructions for modules over a ring have analogues for O x-modules and
quasi-coherent sheaves. For instance, given a map of O x-modules ¢: F — G, the kernel,
image and cokernel of «, have natural O x-modules structures. Here it is clear that the image
and cokernel presheaves have O x-module structures, and then Exercise 12.12.4 shows that
also the associated sheaves are O x-modules.

If : F — G is a map between quasi-coherent sheaves, then Ker ¢, Im ¢ and Coker ¢
are also quasi-coherent. To see this, we may restrict to an open affine U = Spec A. 9\11/ U,

the restriction of ¢ is of the form & for some map of A-modules ov: M — N. Since (—) is
an equivalence of categories, we have:

Ker¢ = Im, Im¢ = frﬂa, Coker ¢ = Coker a.

In particular, the global sections over an affine open set U are computed as follows:
(i) T'(U,Ker ¢) = Ker ay,
() (U, Im ¢) = Im ay,
(iii) T'(U, Coker ¢) = Coker ay;.
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228 Quasi-coherent sheaves

The same applies to quotients: if G < F is a subsheaf of an O x-module F, then the quotient
sheaf F /G is naturally an O x-module. If F and G are both quasi-coherent, then so is F/Q
and for every affine open subset U < X, we have

(U, F/G) = F(U)/G(U).

Note that this formula does not hold for arbitrary open subsets (see Example 11.14).

12.5 Direct sums and products

For a finite collection of sheaves F1, ..., JF,, their direct sum @?:1 F; is defined by:

F(Ua é-rz) =

n
=1 i=1

Fi(U).

This is a sheaf with restriction maps defined componentwise. Locality holds because if
s =(s1,...,8,) € @®;_, F;(U) restricts to 0 on a covering, thenall s; = --- = s, =0
by Locality for the F;’s. Likewise, given local sections matching on the overlaps, one can
glue componentwise.

It is also possible to define direct sums of an arbitrary collection of sheaves {F;} s, see
Exercise 12.12.10.

If the F; are O x-modules, the direct sum (—B?:l F; is also an O x-module in a natural way,
with multiplication being defined componentwise. Moreover, if the J; are quasi-coherent,
the direct sum is also quasi-coherent:

Proposition 12.14. If F;, ..., F, is a collection of quasi-coherent sheaves, then the
direct sum (—B?:l F; is quasi-coherent. If X = Spec A, then for all A-modules M;, we
have

n
~

M, ~ P M. (12.12)

n
i=1 i=1

Proof We may reduce to the affine case and write X = Spec A. It suffices to prove
the formula (12.12); quasi-coherence follows from this. As direct sums commute with
localization, we have for every f € A, a natural isomorphism of A j-modules

([P M)y — D)y (12.13)
i=1 i=1

These maps are compatible with the restriction maps, so there is an induced map of Ox-

modules ¢: @_, M; — @;_, M;. The map ¢ is an isomorphism, as it induces an isomor-
phism on stalks. 0

For a collection of sheaves {.F;};cr, we define the direct product | |, F; by:

el

TUT]Fx|=]]F®O). (12.14)

el el
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This is a sheaf with componentwise restriction maps. Moreover, if the F; are O y-modules,
I1 ;7 Fi is naturally an O x-module.

If F1,...,F, are quasi-coherent sheaves, then the product H?Zl JFi is also quasi-coherent.
In fact, it is isomorphic to the direct sum (—D?:l F; Moreover, if X = Spec A, then

[Tm] =115
=1 i=1

For an infinite collection of sheaves, however, it can happen that the direct product is not

quasi-coherent. The reason is that direct products do not commute with localization in general
(see Exercise 12.12.10).

12.6 Tensor products

Given two Ox-modules F and G, we define their tensor product F Qo G as the sheaf
associated to the presheaf

T(U) =FU)®oxan G(U) (12.15)

When the context is clear, we may simply write 7 & G for brevity.

In the definition, it necessary to sheafify, as the presheaf 7' is not always a sheaf (see
Example 12.16 below). Fortunately, the following proposition allows us to understand the
sections of tensor products of quasi-coherent sheaves, at least over affine open subsets.

p

Proposition 12.15. Let F and G be quasi-coherent sheaves. Then:
(i) F ®o, § is quasi-coherent.
(i1) For any open affine subset U — X, there is a canonical isomorphism

(F ®ox G)(U) = F(U) Qoxw) G(U) (12.16)
(iii) For X = Spec A and A-modules M and N,
M®&a N~ M®o, N. (12.17)

Proof As in Proposition 12.14, we reduce to the affine case assume X = Spec A and to
proving (12.17). The main point is that tensor products commute with localization. More
precisely, for each f € A, there is a natural isomorphism of A ;-modules

M;®a, Ny — T(U,M @4 N) = (M ®4 N); (12.18)

given by the assignment m/ f*®@n/ f* — (m®n)/f**. These isomorphisms are compatible
with the restriction maps, so there is an induced map of Ox-modules ¢: M ®4 N —

M/®\A/N . As the maps (12.18) are isomorphisms, ¢ induces an isomorphism on stalks, and
hence it is an isomorphsm. 0

Example 12.16. Let 7 = Op: (1) and G = Op; (—1). Then the global sections of the tensor
product presheaf (12.15) is given by

F(P}) @ G(Py) = k*®; 0= 0.
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230 Quasi-coherent sheaves

However, there is an isomorphism of sheaves
F®R®G= O]P’i(:l) ®o,, Op1(—1) ~ Op1,
which has global sections equal to k. This means that the presheaf (12.15) is not a sheaf. A
Example 12.17. Let A = k[z,y, 2], and X = A} = Spec A. Consider the A-modules
M = k[z,y,2]/(z) and N = k[z,y,2]/(y)-

Then M ®a N = k[z,y, z]/(z,y) ~ k[z].
Let F = M and G = N.If welet U = A} — {(0,0,0)}, then arguing as in Example
4.22, we find that F(U) = M and G(U) = N, so

F(U) ®oxw) G(U) ~ klz].
On the other hand,

(]: ®OX(U) g)(U) = F(Ua ]{J[Z]) = k[za z_l]'

12.7 Finiteness conditions for O x-modules

Just as with modules over a ring, we can impose finite finiteness conditions on O x-modules
on a scheme X.

Definition 12.18. A quasi-coherent sheaf F is finitely generated, or of finite type, if for
each open affine U < X, the group F(U) is a finitely generated Ox (U )-module.

As in the case of quasi-coherence, the conditions hold for any open affine cover provided
that it holds for one:

Proposition 12.19. Let X be a scheme and let F be a quasi-coherent sheaf on X. If
there is an affine cover {U, };c; with U; = Spec A, such that for each i, F |y, ~ M, for
some finitely generated A;-module, then F is of finite type.

Proof See Exercise 12.12.51. O

Example 12.20. If X = Spec A, then an Ox-module F is of finite type if and only if
F ~ M for some finitely generated A-module. A

Example 12.21. Let X = SpecZ. If F is an Ox-module of finite type, then F = M for
some finitely generated Z-module M, and by the structure theorem for finitely generated
abelian groups, we may write M = Z" @ T, where T is a finite direct product of groups of
the form Z/nZ. Hence we may write

F=0y®T (12.19)

where 7 is a sheaf having stalks 7, = 0 for all but finitely many p and T(¢y = 0. (T"is a
torsion sheaf, see Exercise 12.12.41.) A
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12.8 The Hom-sheaf 231

Example 12.22. The argument of the previous example in fact applies over any PID A: for
X = Spec A, any O x-module of finite type sheaf must have the form M for M = A" eT
where T is a finitely generated torsion module. In particular, any finite type sheaf on the
affine line Aj. = Spec k[z] decomposes as

F=0%x&@T (12.20)
where T is a torsion sheaf. A

Example 12.23. Let X = SpecC[z], Y = SpecC, and let f: X — Y be the structure
morphism AZ — Spec C. Then f,Ox is not of finite type, as it equals the tilde of C[x]
which is not finitely generated as a C-module.

In fact, it follows by definition that for an affine morphism f: X — Y, f,Ox is of finite
type if and only if f is of finite type. A

-

Definition 12.24 (Coherent sheaves). Let X be a Noetherian scheme. We say that a
quasi-coherent sheaf is coherent if it is of finite type.

Remark 12.25. There is a more general definition of ‘coherence’ for O x-modules on arbitrary
schemes. Specifically, an O x-module F is defined to be coherent if it is of finite type, and
for every open U < X and every morphism of Oy-modules ¢: O — F|y, the kernel of ¢
is of finite type. The main reason for introducing this stronger notion of coherence, is that the
category of coherent sheaves forms an abelian category even in the non-Noetherian setting.
The downside is that the coherence condition is very difficult to check in general, and in fact,
for some schemes, even affine ones, the structure sheaf O itself is not coherent.

In this book, we will be interested in coherent modules exclusively in the Noetherian
setting, and here the notion is equivalent to being of finite type.

12.8 The Hom-sheaf
Recall that we defined the Hom-sheaf of two sheaves F and G as the sheaf

Hom(]—", g)(U) = HOIIlAb(U) (.F’U, Q|U)
For two Ox-modules F and G, we define the Hom-sheaf Homo . (F,G), by
Homo (F,G)(U) = Homo, (Flu, Glv)- (12.21)

where the right-hand side means all the Oy;-linear maps.

The sheaf Home, (F,G) is an Ox-module is a natural way, but it is not always quasi-
coherent, even if both F and G are. This is because of the fact that Hom does not commute
with localization in general. However, if X is Noetherian and F is of finite type, then it is
quasi-coherent:
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232 Quasi-coherent sheaves

Proposition 12.26. Let F and G be quasi-coherent sheaves on a Noetherian scheme X,
and assume that F is coherent.
(i) Home, (F,G) is quasi-coherent.
(i) Homo, (F,G) is coherent if F and G are.
(iii) For every open affine U = Spec A,

Homo, (F,G)|v = Homo, 1) (F(U),G(U)) ™.
(iv) The stalk at a point x € X is given by
Homo, (F,G). = Homo,, , (Fu, Gs). (12.22)

Proof The key point is that if A is Noetherian, and M is finitely generated, then Hom (M, —)
commutes with localization (see Proposition A.8). More precisely, for every f € A, there is a
canonical isomorphism

I’IOIDA(]\f7 N)f ZHOHlAf(Mf,Nf) (1223)

for each A-module V. These isomorphisms are compatible with restriction maps, so we get

a map of sheaves Hom:(\ﬁ, N) — Homop, (]\7, N). By (12.23), the induced map is an
isomorphism on stalks, and so it is an isomorphism of sheaves, giving us (iii). The remaining
statements follow from this formula. O

Example 12.27. Let X = Spec Z and consider the Z-modules M = Q and N = Z. Then
the global sections of Home, (M, N) is given by:

Home,, (M, N)(X) = Homz(Q,Z) = 0.
On the other hand, the stalk at the generic point 7 is equal to
Homox(]\mj, ]\Nf),, = Homg-12(S7'Q, S7'Z) = Homg(Q, Q) = Q.

Here S = Z—0. From this it follows that Hom e (]\7 , N) is not a quasi-coherent sheaf. A

12.9 Pushforwards

For a morphism of schemes f: X — Y, and an Ox-module F, the pushforward sheaf f,F
defined by [ F(U) = F(fU), is an Oy-module (see Example 12.1). In this section, we
will explore when the pushforward f,F of a quasi-coherent sheaf is again quasi-coherent.

We begin by considering the affine case. Consider a morphism f: Spec B — Spec A
induced by a ring map ¢: A — B. Via ¢, any B-module M can also be considered as
a module over A. We write M 4 for M as an A-module. This works well with respect to
localization: if g € A, then there is an isomorphism of A,-modules My, = (M), (Where
M4 is considered as an A,-module).

Proposition 12.28. Let f: Spec B — Spec A be a morphism of affine schemes, and

let M be a B-module. Then

F.M = M. (12.24)
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12.9 Pushforwards 233

Proof By Proposition 2.29, we have f~'D(g) = D(¢(g)). This means that we have
equalities

(f«M)(D(g)) = M(f™'D(g)) = M(D((g))) = My(g) = (Ma),,

where the last equality holds by the above paragraph. These equalities are compatible with
the restriction maps of the sheaves involved, so we conclude that f,, M = M. 0

Example 12.29. If X = SpecB,Y = SpecA,and f: X - Yisa 1 morphism induced by
¢: A — B, then canonical map f*: Oy — f,Ox is the map A — B, where we consider
B as an A-module. Over the open set U = D(g) c Y, fU is given by the localized map
Ay = By(g)- A
Corollary 12.30. Let f: X — Y be an affine morphism and let F be a quasi-coherent
Ox-module. Then f,F is quasi-coherent.

Proof As ‘quasi-coherence’ is a property which can be checked locally on Y, we may
assume Y = Spec A, and the result follows from the above proposition. (|

The pushforward of a quasi-coherent sheaf is not always quasi-coherent. However, the
counterexamples to this tend to be somewhat pathological (see Example 12.34). For most
morphisms encountered in practice, quasi-coherence is preserved. The following theorem
gives sharp sufficient conditions for this property to hold.

Theorem 12.31 (Quasi-coherence of pushforwards).
Let f: X — Y be a morphism, and suppose that for every affine open V < Y,
the inverse image f~'(V') admits a finite affine cover {Uy,...,U,} such that each
U; n U; also admits a finite affine cover. Then for any quasi-coherent O x-module F,
the pushforward f,F is a quasi-coherent Oy -module.

Proof To show that f,F is quasi-coherent, it suffices to show that f,F|y is quasi-coherent
for any affine open subset V' < Y. Therefore, we may assume that Y = Spec A is affine.

Let M = I'(Y, f.F) = F(X). Note that f,F is an Oy-module, so we may view M as
an A-module. We claim that the natural map

M —> f.F (12.25)

which sends s/¢" with s € F(X) to s|s-1p(g) - g™, is an isomorphism. It suffices to check
this over the distinguished open subsets D(g) — Y for g € A.

By our assumptions, we may cover X by finitely many affine open subsets U; = Spec B;,
and then cover the intersections U; n U; by finitely many affines U, = Spec B, .

Let ¢;: A — B; and ¢;;;,: A — B, be the ring maps that induce the morphisms U; —
Y and U;j, — Y. We also consider the distinguished open sets U; ;, = D(¢;(g)) < U, and
Uijkg = D(¢ijx(9)) © Uijn.

With these definitions, a section of (f4F)(Y") = F(X) is given by a collection of elements
s; € F(U;) that agree over the various intersections U;;;,. Equivalently, the following
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234 Quasi-coherent sheaves
sequence is exact:

0 — F(X) — [[,FWU) — [1,,x FUin)- (12.26)

There is a similar sequence for the cover of f~'D(g) given by U; ,, fori = 1,...,7. These
sequences fit into the following commutative diagram:

0 —— F(X)y, —— [, FU)y —— H” F(Uijk)g

| | |

0—— ]:(filD(g» B Hz ]:(Ui,g) — Hi,j,k }—(Uijk,g>

The top row in the diagram is the localization of (12.26) with respect to g, so it is exact.

The three vertical maps are induced by the restriction maps. As U, and U, are all affine

and F is quasi-coherent, the second and third vertical maps are isomorphisms. By the

5-lemma, the left-most vertical map, F(X), — F(D(g)), which is exactly the map

I'(D(g), M) — T'(D(g), f+F) is an isomorphism as well. O
Corollary 12.32. Let f: X — Y be a morphism with X Noetherian and let F be a
quasi-coherent sheaf on X. Then f,F is a quasi-coherent Oy--module.

L

Proof LetV < Y be any affine open subset. Since X is Noetherian, the open set f (V) is

quasi-compact and therefore admits a finite affine open cover {Uq, ..., U,.}. Similarly, each
intersection U; n U; is quasi-compact, so admits a finite affine cover. Hence the conditions
of Theorem 12.31 apply and f,F is quasi-coherent. (|

Example 12.33. Consider the projective line P}, and the ‘n-th power map’ map f: P}, — Py,
given by (2o : 1) — (zf : x7). We claim that

f*(’)]p]lc = O]pi @ O]}»l(*l)n_l.

Over the open set Uy = Spec k[u], where u = z1/x¢, the morphism f is induced by the
ring map k[v] — k[u] which sends v — u™. Restricted to Vy = Spec k[v], the pushforward
f+Op is the tilde of k[u] as a k[v]-module, or in other words, the tilde of

E[v][u]/(u" —v) = k[v] ® k[v]u® - - ® k[v]u™". (12.27)

Likewise, in the other affine chart, the morphism is induced by the ring map k[v™'] —
k[u~'] sending v~ — ™", and when restricted to V; = Spec k[v™t], f4Op|y, is the
tilde of

ko u ]/ (u™ v ) = k[ | @kl Ju @ @ ko Hu ™ (12.28)
and on Vy N V; = Spec k[v*!], it is the tilde of
ko [u™']/(u" —v) = k[oF' ] @ k[vF u™ @ - - @ k[vF Ju™" .

—n

In this ring, we have =" = v~'ui fori = 1,...,n — 1 and we can use this to pass between
the two bases {1, u,...,u" '} and {1,u~*, ..., u~""} in (12.27) and (12.28). From this,
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12.10 Closed subschemes and closed embeddings 235

we find that f,Op: is obtained by gluing together Oy, and Oy, using the isomorphism
oy, ELN Oy, defined by the matrix

1 0 0 0
0 0 0 v
M= 0
0 0
0 vl 0 0

This means that f,Op1 = Op1 @ Op1 (—1)" 71
A

The following example shows that even f,Ox can fail to be quasi-coherent in general.

Example 12.34. Let X = [] N A} be the disjoint union of countably infinitely many
copies of A} = Spec k[x] and let f: X — A} be the morphism that is the identity on each
component. Then f,Ox is not quasi-coherent.

To see this, note that the global sections of f, Oy satisfy

L(A}, £+0x) = D(X,0x) = [ [ kl=]. (12.29)

ieN

On the other hand, over the open set D(z) < A}, we have

[(D(x), f0x) = D(f ' D(z),Ox) = [ [ klz,27"]. (12.30)

€N
If f.Ox were quasi-coherent, then the group (12.30) would be isomorphic to the local-
ization (] [,y k[]).. However, this is not the case, as elements in the localization have
bounded denominators (of the form p/z™ where p € | [,_y k[2]). In contrast, the elements of
[ [;ex k[, '] may have unbounded negative exponents (of the form (p;z~");en, Where
n; € Z can vary). Therefore f,.Ox is not quasi-coherent. A

12.10 Closed subschemes and closed embeddings

As a first application of the material in this chapter, we will give a more systematic treatment
of closed subschemes. As we discussed in Section ??, the prototype example of a closed
subscheme is the affine subscheme Spec A/I — Spec A defined by an ideal I < A. The
general definition will involve ideal sheaves rather than ideals. That is, closed subschemes
will correspond to ideal sheaves Z, so that Z(U) < Ox (U) is an ideal for each U. In order
to obtain a scheme, it is important that 7 is quasi-coherent. Before explaining this, we need
the notion of the support of a sheaf.
For a sheaf F on a space X we define the support of F, denoted by Supp(F), by

Supp(F) = {Pe X‘fp # 0}.
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236 Quasi-coherent sheaves

The support may not be closed in general, but it will be when F is a quasi-coherent sheaf of
finite type, by the following example.

Example 12.35. If X = Spec A and M is some finitely generated A-module, then

~

Supp(M) = Supp(M) = {p [ M, # 0} = V(Ann(M))
where Ann(M ) is the annihilator ideal
Ann(M) ={ae€A|a-m=_0forallme M }.
For instance, if a — A is an ideal, then
Supp(4/a) = V(@)
A

Let X be a scheme and let t.: Y — X be a closed embedding. Then ¢ is an affine
morphism, so the pushfoward ¢, Oy is a quasi-coherent sheaf on X (Corollary 12.32). If we
define Z to be the kernel of ¢!, we have the ideal sheaf sequence

0 T Ox 1xOy — 0. (12.31)

Note that Z is quasi-coherent being the kernel of a map of quasi-coherent sheaves. So every
closed subscheme determines a quasi-coherent ideal sheaf 7.

Conversely, if Z < Oy is a quasi-coherent ideal sheaf, we can construct a closed sub-
scheme V' (Z) of X as follows. The underlying set of V' (Z) will be the support

Z = Supp(Ox/T) < X.

If U = Spec A c X is any open affine, then Z|; = a@ where a = Z(U) is an ideal in
A = Ox(U). As the tilde functor is exact, we have

Ox/Ily = Afa (12.32)

Therefore, Z N U = Supp(A/a) = V(a) < U. This shows that Z is a closed subset of X.
We equip Z with the subspace topology.

Next, we define the structure sheaf O 7. The Ox-module Ox /Z is a sheaf on X, but it can
in fact be considered as a sheaf on Z: over each affine open set U, we may identify Z n U
with Spec(A/a) and then Ox /Z|ys is identified with the structure sheaf on Spec(A/a). We
define Oz be Ox /Z, but viewed as a sheaf on Z. Note that the stalks of O at a point z € Z,
are given by Ox ,./Z,., which is a quotient of a local ring, hence a local ring. Hence (Z, Oy)
is a locally ringed space. It is by construction a scheme, as if U = Spec A c X is affine,
then Z n U is isomorphic to the affine scheme Spec(A/a). We shall denote this scheme by
V(Z).

It is not hard to check that the assignments ¢ — Z and Z — V' (Z) are inverses, so we get
the following important theorem:

Theorem 12.36. For a scheme X, any closed subscheme is of the form V(Z) =
(Supp(Ox/Z), Ox /) for some unique quasi-coherent ideal sheaf Z.
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12.11 Pullbacks 237

In general, if Z < Oy is an ideal sheaf, the quotient Ox /Z is always the structure sheaf of
a locally ringed space. The quasi-coherence of Z is what guarantees that this in fact a scheme.
(See Exercise 12.12.53 for an ideal sheaf which is not quasi-coherent.)

In the affine case, we get a new proof of Proposition 4.26:

Corollary 12.37 (Closed subschemes of affine schemes). The assignment I —
Spec(A/I) gives a one-to-one correspondence between the set of ideals of a ring A and
the set of closed subschemes of Spec A.

N

Example 12.38. If Y and Z are two closed subschemes defined by ideal sheaves Z and J
respectively, then the scheme-theoretic intersection is defined by the ideal sheaf Z + J <
Ox. A

-~

Proposition 12.39. Each closed subset Z — X of a scheme is the support of a unique
reduced closed subscheme.

Proof Define a sheaf of ideals Z < Oy by the formula
Z(U)={seOx(U)|s(P)=0foral Pe ZnU},

where as usual s(P) denotes the image of the germ s p in the residue field x(P) = Ox p/mp.
It is straightforward to check that Z(U) is an ideal, and that this assignment defines an ideal
sheaf. We claim that Z is quasi-coherent.

If U = Spec A is affine, then Z n U is a closed subset, and so it is of the form V(1)
for a unique radical ideal I < A. The ideal I is equal to the intersection I = () rep P of
all the prime ideals containing . This intersection is precisely the set of elements a € A
that vanish at all points in V' (1), and hence Z(U) = I. Being a radical ideal is a property

that localizes, so Z(D(g)) = T|D(g) for all distinguished open subsets D(g) < U, and

~

consequently Z|;; = I. This shows that Z is quasi-coherent.

The corresponding subscheme Z has structure sheaf given by Ox /Z. This scheme is
reduced, because for each affine U < X, Z(U) is radical, and so Ox (U)/Z(U) is a reduced
ring.

The uniqueness statement is clear in the affine case, as the ideal defining Z is uniquely
determined by Z. In general, if Z and Z' are two quasi-coherent ideals as in the proposition,
their restrictions to each open affine subset must be equal. This implies that the inclusion
Z < T + 7' is an equality (using Lemma 11.9), and hence Z = 7'. O

12.11 Pullbacks

Let f: X — Y be a morphism of schemes. Recall that we defined the pushforward functor
which produces an Oy-module f,F from an Ox-module F. There is an opposite operation,
called the pullback, which produces an Ox-module f*G on X from an Oy-module G on Y.

The sheaf f*( satisfies a universal property similar to that of f~'G. Namely, maps of O x-
modules f*G — F are in one-to-one correspondence with maps of Oy -modules G — f. F.
The precise statement is the following theorem:
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238 Quasi-coherent sheaves

Theorem 12.40. Let f: X — Y be a map of schemes and let G be an Oy-module.
Then there exists an O x-module f*G on X along with functorial bijections

Homo, (f*G,F) — Homo, (G, f+F) (12.33)

for each O x-module F. The sheaf f*@ is unique up to isomorphism.

By Yoneda’s Lemma (Lemma 11.32), the pullback f*G is determined up to isomorphism
by the universal property (12.33). We will therefore refer to a sheaf satisfying this condition
as the pullback of G by f.

Pullbacks of quasi-coherent sheaves on affines

We begin by studying the pullback in the most important special case, namely for quasi-
coherent sheaves via morphisms of affine schemes.

Suppose X = Spec B,Y = Spec Aand f: X — Y is induced by a ring map ¢: A —
B. Consider a quasi-coherent sheaf of the form G = N on Y, where N is an A-module. As
B is an A-algebra, the tensor product N ® 4 B is naturally a B-module, and we define the
pullback of G by the formula

F*N = N@, B. (12.34)

This defines a functor f*: QCohy — QCohy. Indeed, any a map of quasi-coherent sheaves
N — N is induced by a map of A-modules N — N’. This in turn induces a map of
B-modules N ®4 B — N’ ®4 B and consequently a map of Ox-modules f *N — f *N.

In this case, the identity (12.33) is a consequence of the formal properties of Hom and the

tensor product. More precisely, we recall the following natural bijection, which holds for all
A-modules N and B-modules M:

Homp(N ®4 B, M) = Hom (N, M,) (12.35)

This bijection sends a B-linear map ¢ on the left-hand side to the A-linear map N — M4
given by n — ¢(n ® 1). This map is functorial in M and N. (See Exercise 12.12.34.)
Using this, and Proposition 12.5, we have for any O x-module F,

Homoe, (f*G,F) = Homox(g(m B, F)
= Hom4(G(Y)®a B, F(X))
= Homu(G(Y), F(X)a)

= Hom(ﬂy(é—(\/}/)7f*F)

= HOI’I]OY

The fact that these isomorphisms are functorial in F and G follows from the functoriality of
the isomorphism in (12.35) and the isomorphism Sz in Proposition 12.5.
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General pullbacks

We will now define the pullback for an arbitrary Oy-module G for a general morphism of
schemes f: X — Y. To do this, we recall the image sheaf in Section 11.6. Given a sheaf G
on Y, the inverse image sheaf f~'G is the sheaf associated to the presheaf

f,76U) = lim G(V).

Vo f(U)

If G is an Oy -module, each G(V) is an Oy (V')-module for each V' > f(U). This means
that f,'G(U) inherits the structure of a module over the ring f, 'Oy (U). Explicitly, over
an open set U < X, we can represent elements f, 'Oy (U) and f,'G(U) by a € Oy (V)
and s € G(V) for some open set V' < Y containing f(U). Then the product a - s € G(V') is
well-defined, and its class defines an element in f,'G(U).

Also the ring Ox (U) becomes a module over the ring f, 'Oy (U) via the natural map
[, 1Oy (U) — Ox(U) which sends a pair (a, V) to f*(a)|y. We then define the presheaf
f,'G by

f6U) = £,76(U) &0, 1) Ox(U)

Note that f*G(U) is an Ox (U)-module. We define f*G to be the associated sheaf. It is an
Ox-module by Exercise 12.12.4.

While this definition of f*G is general and natural, it is not very practical for concrete com-
putations. The next step will be to show that f*G satisfies the universal property (12.12.32).
This will imply that when G is quasi-coherent, the sheaf f*§ restricts to the pullback sheaf
defined earlier for quasi-coherent sheaves. It is this description that is used in most computa-
tions.

Proof of Proposition 12.40 By the universal property of the inverse image presheaf (see
Theorem 11.29), we have a natural isomorphism

HomPAb(X)(fp_lgaf) ~ Homap(v) (G, f+F)-

Under this bijection, Oy -linear maps G — f,F on the right correspond to f, ' Ox-linear
maps fzj 1G — F on the left. Furthermore, by the usual change-of-rings formula (12.35), we
have a natural bijection

Hom, 10, (f,'G,F) = Homo, (f,'G ®;-1 Ox, F).

Finally, by sheafification, f; ' Oy-linear maps f;'G — F are in one-to-one correspondence
with f~*Oy-linear maps f~1G — F. O

Example 12.41 (Restrictions). Let ¢: U — X be the inclusion of an open subset and let
F be an O x-module. Then the pullback is given by the restriction i* F = F|y, which is
naturally an Oy -module. A

Here are a few useful properties of the pullback:
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240 Quasi-coherent sheaves

Proposition 12.42. Let f: X — Y be a morphism of schemes. Then:
(i) f*Oy = Ox.
(ii) f* is aright-exact functor.
(iii) If g: W — X is a morphism, then
(feg)* =g"of*
(iv) For any two Ox-modules G and H, we have

fAGAH) =GR N and [f*(GRQo, H) = f*GQo, [*H.

(v) For x € X, we have

(f*g)g; = gf(m) ®Oyvf(m) OX,Z'

Proof (i): To show that f*Oy = Oy, it suffices to show that Ox satisfies the required
universal property (12.33). This follows from the identities

Home, (f*Oy, F) = Home, (Oy, f+F)
— LF(Y) = F(X)
= HOm@X(Ox,]:)

Also the item (iii) follows from the universal property. The sheaf f*(¢*G) is an O x-module,
and for any O x-module F, we have

Homo, (f*(9*G), F) = Homo, (9*G, f+F)
= HomOZ(g’g*f*]:)
= Homo, (G, (g o f)«F).
(9*

Here all equalities are canonical bijections. Therefore f*(¢g*G) and (go f)*G are isomorphic.
Similar arguments show the identities in (iv).
(iv): the description of the stalks of f*G follows because (f~'G), = Gy, and (f 'Oy ), =

Ox s, so that
(f*G). = (gf(w)) Q0 f () Ox.a-

Here we have also used the fact that sheafification preserves stalks.

(i): If 0 > G' — G — G” — 0 is an exact sequence of Oy--modules, then the induced
sequence obtained by applying f* is obtained by applying f, ' (—) (which is right-exact)
and then sheafifying (which is exact). O
Proposition 12.43. Let f: X — Y be a morphism of schemes, and let G be a quasi-
coherent sheaf on Y. Then f*G is quasi-coherent on X and for each pair of affine open
subsets U < X,V < Y suchthat f(U) c V, we have

4Gl = G(V) ®o, 1) Ox (U) (12.36)

Proof This follows formally from the universal property. Let i: U — X, j: V — Y
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12.11 Pullbacks 241

denote the inclusions and write g = f|y;. Then we have bijections

HOII]@U (g*]*gaf) = HOHIOV (]*gag*]:) = HOIII@Y (g,]*g*]r)
= HomOY (g7 f*Z*]:) = HOHI@X (f*gv Z*f>
= Homop,, (* f*G, F).

This shows that i* f*G ~ ¢*j*G, which by Example 12.41 means that f*G|y = (f|v)*(G|v)-
But by the affine case, the pullback (f|i7)*(G|v ) is isomorphic to the sheaf to the right in
(12.36). O

Pulling back sections
As for the inverse image sheaf, the universal property (12.33) induces canonical maps
n: G — fo.f*G and e: f*foF —> F. (12.37)

Here 7 is map of Oy -modules and ¢ is a map of O y-modules. These are obtained by applying
(12.33) to the two identity maps f*G — f*G and f, F — f.F.
For a section s € G(V), we define the pullback to be the section

f*(s) = n(s) e T(f1V, f*G).
In the affine setting, the adjunction maps take a concrete form:

Example 12.44. Let f: Spec B — Spec A be induced by aring map A — B, and F = M
and G = N.Thenn: N — f, f*N corresponds to the map of A-modules

N > (N®sB)a; n— (n®1).
Likewise, €: f.f *M — M corresponds to the map of B-modules
Ms®aB— M; m®b— bm
For s € G(Y) = N, the pullback f*(s) € (f*G)(X) = N®4 Bisgivenbys®1. A

For a general morphism, we can compute f*(s) by covering V and f~'V by affine
schemes, and then reducing to the affine case.

Example 12.45. In the special case when G = Oy, we have f*Oy = Ox and the pullback
of s € Oy (V) is simply given by

f(s) = fi(s) e Ox(f7'V).

Example 12.46. Let X = Speck[z,y|, Y = Spec k[u, v], and the morphism
f: Specklz,y] — Specklu,vl;  (u,0) — (2,5°)

The map f 'Oy — Ox acts on sections by composition: it sends a local section a(u, v)/b(u, v)
to a(z?,y?)/b(x?, y°).

In this example, there is no natural O x-structure on f~'Qy: the element 2% defines a
section of f~!Oy over D(z), but multiplying this with y/z € Ox (D(x)) gives xy, which is
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242 Quasi-coherent sheaves

not of the form a(x?, y?)/b(x?,y*). This is the reason why one considers the tensor product
with Oy in the definition of f*Oy. A

Example 12.47. Let X be a scheme over a field & and let f: X — Spec k be the structure
morphism. Then for an Ox-module F, we have f,F = F(X) (the constant sheaf on
Speck),and f~! f, F = F(X) is the constant sheaf on X . The canonical map f* f, F — F
is given by the ‘multiplication map’

F(X) & Ox(U) — F(U)
inducedby s® f — f - s. A

Example 12.48. While the inverse image functor f~! is exact, the pullback f* is only
right-exact. The reason is that tensoring by a module is only a right-exact operation in general.
Consider for instance the ideal sheaf sequence of the origin P € A} = Spec k[t]:

0 Ip O 1 Op 0. (12.38)

where ¢: Spec (P) — A} is the closed embedding. This sequence is obtained by applying
tilde to the sequence

0 —— k[t] —— k[t] k[t]/(t) — 0.

Applying ¢* corresponds to tensoring by x(P) = k[t]/(t). Applying this to (12.38) the
sequence is the tilde of the following sequence of x(p)-modules

0 — k[t] @k £(P) =% K[t] ®upy £(P) — K[t]/(t) @upy 5(P) — 0.

However the latter sequence is not exact because the map ¢ ® id equals the zero map. A

12.12 Exercises

Exercise 12.12.1. Let A = C x C x C and X = Spec A. Describe all O x-modules, all
quasi-coherent and all coherent sheaves on X.

Exercise 12.12.2. Let X = Af and let F be the constant sheaf on Z. Is F an O x-module?

Exercise 12.12.3. For each of the schemes below, describe the O x-modules on X.
a) X is the scheme obtained by gluing Spec Zs) and Spec Zs) along their com-
mon open subscheme Spec Q.
b) X is the scheme obtained by gluing two copies of Spec Z, along Spec Q.
c¢) Let X be the scheme obtained by gluing the schemes X; = Spec Z,, together
along their common open subschemes Spec Q. Describe the O x-modules on
X.

Exercise 12.12.4. Suppose that F is a presheaf of Ox-modules (i.e. a presheaf satisfying
the usual O x-module axioms). Show that the associated sheaf F* is an O x-module in a
natural way. HINT: One can use the universal properties of sheafification, or the explicit
description of F .
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Exercise 12.12.5. Let X be a scheme and let F be an Ox-module on X. Show that
Home, (Ox,F) = F(X).

Exercise 12.12.6. Show in detail that the kernel, cokernel and image of a map of O y-modules
indeed are O x-modules.

Exercise 12.12.7. Let ¢: F — G be a map of sheaves.

a) Show that Ker ¢ satisfies the following universal property: Any map of sheaves
v : H — F suchthat v o ¢ = 0 factors via a unique map 7 : H — Ker ¢.

b) Show that Im ¢ satisfies the following universal property: Given a map of
sheaves o : F — H and 8 : H — G such that 5 o a = ¢, there is a unique
morphism ¢ : H — Im ¢ factoring S.

c¢) Show that Coker ¢ satisfies the following universal property: Given a map
¥: G — H with ¢ o ¢ = 0, there is a unique map ¢ : Coker ¢ — H factoring
.

d) Show that if ¢ is a map of O x-modules, the corresponding universal properties
in a),b) and ¢) hold in the category of O x-modules as well.

e) Show that a sequence of Ox-modules is exact if and only it is exact as a
sequence of sheaves.

HINT: The arguments in a), b) and c) are rather different. For b), use the explicit description
of Im ¢. For c), the universal property of sheafification may be helpful.

Exercise 12.12.8. Show that the sequence (11.8) is exact. HINT: Show that it is exact on
stalks.

Exercise 12.12.9 (General direct sums). Let {F;};c; be a collection of sheaves. We define
the direct sum @), _; F; as the sheaf associated to the presheaf

<@fi> U) =P FW). (12.39)

el el

iel

a) Show that if the F; are O x-modules, then @,_; F; is an O x-module.

b) Show that the direct sum has canonical inclusions ¢;: F; — @ ; Fi, which
have the following universal property: for any family of maps n;: F; — G
there is a unique map 7: @, F; — G such thatn; = noe;.

¢) Show that if the F; are Ox-modules, then the sheaves (P
7; and ¢; are maps of O x-modules. .

d) Show that if X = Spec A, then for all A-modules M;, we have &P,_, M; ~

ier i
(‘Bie[ M;..
e) Show that if the F; are quasi-coherent, then P),_, F; is again quasi-coherent
and for each open affine U < X,

(@E) (V) =D F(U).

el el

F;, and the maps

el

f) Let X = ]_[le Spec C be the disjoint union of countably many copies of
SpecC. Foreachn € N, lett,,: p, = SpecC — X be the open embedding of
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the n-th copy of Spec C and let F,, = ¢, C the skyscraper sheaf at p,,. Consider
the direct sum presheaf S = @, _, F,.. Show that S(X) # @ _, F.(X).
Deduce that S is not a sheaf.

g) Let {F;} be a family of sheaves on X and U < X an open set. If U is
quasi-compact, show that (P, F;)(U) = @, F;(U).

h) Conclude that if X is Noetherian, then the presheaf defined in (12.39) is a sheaf.

Exercise 12.12.10 (Direct products). Let {F;}.c; be a collection of sheaves.

a) Show that the direct product presheaf [ [,_, F; defined in the text is a sheaf.

b) Show that Hie ; Fi is an Ox-module if the F; are O x-modules.

¢) Show that the direct product has canonical projections 7;: | [, F; — F; having
the universal property: for any collection of maps ¢;: F; — G there is a map
n: F; — [ ], Fisuch that m;, o = ;.

d) Let X = Spec A and let {M;};c; be a collection of A-modules. Show that
ﬁ—i\]\z satisfies the universal property of | [,_; ]\Z in the subcategory QCoh.

e) Let X = SpecZ and M; = Z fori € N. Show that [ [,_ M, and [ ey M; are
not isomorphic. Deduce that a direct product of quasi-coherent sheaves need not
be quasi-coherent in general. HINT: Infinite direct products do not commute
with localization.

Exercise 12.12.11. Show that the direct sum sheaf can be defined as the image sheaf of
the natural map @,_, F; — [ [,.; F: where the left-hand side is regarded as a presheaf.
HINT: Use Example 11.17 and the universal property of &P.

Exercise 12.12.12. Let X be a scheme. A directed system of sheaves is a family of sheaves
{Fi}icr indexed by a directed set I, together with morphisms of sheaves ¢;;: F; — F;
for each ¢ < j such that (i) ¢; is the identity map on F}; and (ii) For ¢ < j < k, we have
@i = @ji © ¢;;. We define the direct limit sheaf as the sheaf associated to the presheaf

(lim 73)(U) = lim F(U). (12.40)

a) Show that there are sheaf maps ¢;: F; — h_H)l]'—Z satisfying the following
compatability condition: For all 7 < j, we have ¢, o ¢;; = ¢;.

b) Show that h_n)l]:Z satisfies the following universal property: if there exists
another sheaf G with morphisms v),;: F; — G satisfying the compatibility
condition, then there exists a unique morphism of sheaves u: F — G such that
u o ¢; =; foralli e I.

¢) Show that if the F; are O x-modules, then h_n)l F; is naturally an O x-module.

d) Show that if each F; is quasi-coherent, show that 11_1)11 F; is quasi-coherent, and:

(i) For each affine open set U < X, (lim /) (U) = lim F;(U).
(ii) For each x € X, we have (h_I)n./t;)m = h_H)l(J—"Z)w

Exercise 12.12.13 (Godement sheaves). Given any collection of abelian groups { A, }.cx
indexed by the points z of X, we can define a sheaf A by

AU) =] A

zeU
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and whose restriction maps to smaller open subsets are just the projections onto the corre-
sponding smaller products.
a) Show that A is a sheaf.
b) If we assume that each A, be a module over the local ring Ox ,, show that
sheaf A becomes an O x-module.

Exercise 12.12.14. For a presheaf F consider the sheaf II(F) defined by II(F)(U) =
[ [ ety F- This is sometimes called the ‘sheaf of discontinuous sections’.
Show that there is a canonical map of presheaves o : F — II(F) so that F© = Im 0.

Exercise 12.12.15. Let F and G be O x-modules. Show that the assignment U — Home, (F(U),G(U))
does not define a presheaf in general.

Exercise 12.12.16 (Stalks of the Hom-sheaf). Let F and G be two O x-modules.
a) For z € X, show that there is a natural map

Homo, (F,G), — Homo, , (Fu,G.) (12.41)

b) Show that the map (12.41) may fail to be surjective. HINT: Let F be a
skyscraper sheaf and G a constant sheaf; then Hom (F, ) is the zero-sheaf.

¢) Show that the map (12.41) may fail to be injective. HINT: LetU = X —x
and let 7 = G = 1,Z, where i : U — X is the inclusion; then F, = G, = 0.

Exercise 12.12.17. If s € F(U), we define the support of s as the subset of points x € X
such that s, € F, is non-zero.
a) Show that the support of a section s € F(U) is closed in U.
b) If s,t € F(U), show that Supp(st) < Supp(s) nSupp(t) and that Supp(s+
t) < Supp(s) U Supp(t).
¢) Show that if ¢: F — G is a map of Ox-modules, then Supp(¢(s)) <
Supp(s).
Exercise 12.12.18. For a sheaf F on a space X, we define the support as the subset of points
z € X such that the stalk F, is nonzero.
a) Show that if F is a quasi-coherent sheaf of finite type, then Supp(F) is closed.
b) Let A; = Spec C[t], and consider the C[¢]-module
M = @C[t]/(t —i).
ieN
Compute Supp(}M) and show that it is not closed.
¢) Show that if F is a sheaf of Ox-algbras, then Supp(F) is closed. HINT: A
ring is the zero ring if and only if 1 = 0.

Exercise 12.12.19 (Subsheaf with support). Let Z < X be a closed subset and F a sheaf
on X. For an open set U < X, define Iz ; (U, F) to be the subgroup of F (U ) consisting
of sections s with Supp(s) < Z n U. Show that this is a sheaf. This is usually denoted by
HY%(F). Show that the functor F +— I'z 7 (U, F) is left exact.

Exercise 12.12.20. Let X be the nodal cubic curve and consider the normalization morphism
f: Aj — X of Example 10.37, which identifies the two points 0 and 1 in A}.
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a) Show that the presheaf fp_ 1O consists of the sections of OA}C which take the
same value on 0 and 1. Show that this is not a sheaf.
b) Compute f~'Ox and f*Ox.

Exercise 12.12.21. Show that a sheaf F on a scheme X is quasi-coherent if and only if
there is an open cover {U, },c; such that each of the restrictions F|;;, may be presented as the
cokernel of a map between free O y-modules; that is, they appear in exact sequences

oy, o}, F

Ui 07

where G' stands for the direct sum @ie ;1 G of copies of a sheaf G (and where I and J may
be infinite and dependent on 7). Conclude that being quasi-coherent is a local property for an
O x-module.

Exercise 12.12.22. Let X = Spec A be an affine scheme and let
Fir— Fi— Finr

be an exact sequence of quasi-coherent sheaves. Show that
s Fia(X) > Fi(X) > Fia(X) —
is also exact.

Exercise 12.12.23. Let X = Spec A and consider an distinguished open subscheme D(g) <
X. Let F be a quasi-coherent O x-module. Show that:
(i) If s € F(X) and s|p(y) = 0, then g™s = 0 for some n € N.
(ii) If sis a section of M over D(g), then for some n € N the section ¢g" s extends
to X; that is, there is a t € F(X) so that t|p(g) = ¢"s.
HINT: Use the formula F(D(g)) = F(X),.

Exercise 12.12.24. Show the following:
(i) The skyscraper sheaf of k£ on A} = Spec k[t] at the origin 0 is quasi-coherent.
(ii) The skyscraper sheaf of k(¢) on A} = Spec k[t] at the origin 0 is not quasi-
coherent. HINT: Consider sections over U = D(t).

Exercise 12.12.25. Let X < A} = Spec k[, y, 2] be the twisted cubic curve, defined the
ideal I = (y — 2%, z — x®). Consider the morphism 7: X — A} = Spec k[z] induced by
the ring map k[z] — k[z,y, z]/I.
(i) Show that 7 is a finite morphism.
(ii) Compute the sheaves 7, Oc¢, W*OA}C and 7* 7 where 7 is the ideal sheaf of the
closed point 0 € A}.

Exercise 12.12.26 (Flat morphisms). Let f: X — Y be a morphism of schemes and let
x € X be a point. We say that f is flat if the map f¥: Oy, f(z) — Ox,, makes Ox , into a
flat Oy, f(,)-module for every z € X.
(i) Show that open embeddings are flat. What about closed embeddings?
(ii) Show that a morphism of schemes Spec B — Spec A is flat if and only if the
map of rings A — B is flat. More generally, a quasi-coherent sheaf M on
Spec B is flat over Spec A if and only if M is flat as an A-module.
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(iii)) Which of the morphisms in Exercise 2.7.28 are flat?
(iv) Prove that the blow-up morphism 7: BlgA? — A? is not flat.

Exercise 12.12.27 (Flat base change). Let A be a ring and let B be a flat A-algebra. Let X
be an A-scheme and let X 5 denote the base change to B. Show that for any quasi-coherent
sheaf F, there is a natural isomorphism

I'Xp, F5) =T(X,F)®4 B

where Fp = ¢*F and q: Xp — X is morphism obtained by base change. HINT: Tensor
the sheaf exact sequence.

Exercise 12.12.28 (Morphisms to a closed subscheme). Let Z be a closed subscheme of
X given by sheaf of ideals Z. Suppose f: ¥ — X is a morphism of schemes. Show that f
factors through amap g: Y — Z if and only if

M f(Y) < Z

(i) Z < Ker(f*: Ox — f+(Oy)).
For a morphism of schemes f: Y — X, we can define the scheme-theoretic image of
f as a subscheme Z < X satisfying the universal property that if f factors through a
subscheme Z' < Z, then Z < Z'. To define Z it is tempting to use the ideal sheaf
7 = Ker(Ox — f+(Oy)), but this may fail to be quasi-coherent for a general morphism f.
Show however that if X and Y are Noetherian, then it is quasi-coherent.

Exercise 12.12.29. Let X be a scheme.

a) Show that the direct sum of two O x-modules of finite type sheaves is again of
finite type.

b) Show that the ‘2-out-of-3’-property holds for O x-module of finite type. That
is,if 0 - F/ — F — F” — 0 is an exact sequence of Ox-modules, and if
two of F, F', F" are of finite type, then so is the third.

¢) Let ¢ : F — G be a map of Ox-module of finite type. Show that Ker ¢, Im ¢
and Coker ¢ are all of finite type. HINT: Apply Exercise 12.12.29.

Exercise 12.12.30. Let F and G be Ox-modules and let € X be a point. Show that
(F ®ox G), = Fu Qox.. Ga-

Exercise 12.12.31. Use Yoneda’s lemma for sheaves to prove the identity M/—®\,:N =
M ®o, N. HINT: Proposition 12.5 may also be useful.

Exercise 12.12.32. Let f: X — Y be a morphism of schemes, F an O y-module, and G an
Oy-module.
a) Given a map of Ox-modules Oy — F, show that f* induces a map of Oy -
modules Oy — fy F.
b) Given a map of Oy-modules Oy — f,F, show that there is an induced map
of Ox-modules Ox — F.
¢) Show that the constructions in a) and b) are inverse to each other and conclude
that f*Oy = Ox.
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248 Quasi-coherent sheaves

Exercise 12.12.33. Let f: X — Y be a morphism and let G a be a quasi-coherent Oy -
module. Show that the stalk of f*G at x € X is given by G (1) o, (., Ox z-

Exercise 12.12.34. Show that the map in (12.35) is a bijection, and that the isomorphism is
functorial in M and N.

Exercise 12.12.35. Show directly that the pullback f*G can be constructed by gluing together
sheaves of the form M ®4 B.

Exercise 12.12.36. Let f: X — Y be a morphism of schemes and let F be an O y-module
of finite type.
a) Show that f,F need not be of finite type in general.
b) Show that if f is finite, then f,F is an finite type Oy-module. In particular,
this holds for closed embeddings.

Exercise 12.12.37. Let f: X — Y be a morphism and let J be an ideal sheaf of Oy .
a) Show that there is a map f* 7 — Ox
b) Give an example to show that f* 7 needs not be an ideal of Ox in general.
¢) LetZ ¢ Ox denote the image of f* 7 in Ox. Show that Z is an ideal sheaf
and that

Supp(Ox/Z) = f~" Supp(Oy/T)
HINT: Reduce to the affine case.

Exercise 12.12.38. Consider the affine plane A? = Spec k[z,y] over a field k and let
P € A? be the closed point corresponding to the origin. Define the sheaf Z by

0 PeU
) = {OX(U) P¢U

a) Show that Z is an ideal sheaf and that Supp(Ox /Z) is a closed subset of X.

b) Show that 7 is not quasi-coherent. In fact, show that Z is not even locally
generated by sections. HINT: The idea is that any section of Z is 0 in any
neighbourhood of P, but F is not 0 when restrcted to any neighourhood of P.

¢) Show directly that Z is not quasi-coherent by showing that Z(X) = 0, but
Z#0.

d) Show that there is an exact sequence

0 z OX Z'*OA£7P——>0

where i*OAzw p is the skyscraper sheaf on P.
e) Show that i*(’)A% _p is an Ox-module of finite type, but not quasi-coherent.

Exercise 12.12.39. Let f: X — Y and g: Y — Z be morphisms and let G be a sheaf on
Z. Show that f~(¢7'G) = (go f)'G.

Exercise 12.12.40. Let X be a scheme and let F be a quasi-coherent sheaf of finite type.

Let sq,..., S, be sections of F and consider the map of Ox-modules p: O% — F send-
ing e; to s;. Show that p is surjective in a neighbourhood of x if and only if the images
s1(x), ..., sp(x) generate F(x). HINT: Apply the previous exercise to the cokernel.
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Exercise 12.12.41 (Torsion sheaves). Let X be an integral scheme, and let F be a quasi-
coherent sheaf on X . Define for each open set U < X, a subgroup T'(U) < F(U) consisting
of all the elements m € F(U) such that the germ m, is torsion in F,, for all z € X, i.e.,
a, - m, = 0 for some non-zero a, € Ox ,.
a) Show that 7' is a subsheaf of F. Also, show that 7" is quasi-coherent. 7" is called
the torsion subsheaf of F. Another notation for it is Fi.
b) Let %" denote the constant sheaf on K = K (X). Define a map of sheaves

I/:J_“—>./_"®(9X{/ﬂi/.

Show that T' = Ker v.

¢) A sheafis called rorsion free if Fiors = 0. Show that the quotient F /T is always
torsion free, i.e., (F /T )ors = 0.

d) Show that any locally free sheaf is torsion free.

Exercise 12.12.42. Let X = SpecZ and consider the Z-modules M = @ Z and

N = Z. Show that Home, (]\7 ,]\7 ) is not quasi-coherent. ~HINT: Use the identity
Hom,(Py A, A) = [ [ A

Exercise 12.12.43. Let F be a quasi-coherent sheaf on X and let U < X be an open set.
Show that the restriction F | is also quasi-coherent.

Exercise 12.12.44. Let X be a Noetherian scheme. Show that the direct sum presheaf
@,c; Fi of (22) is a sheaf.

Exercise 12.12.45. Let X be a scheme and let F be an O x-module on X . Show that F is
quasi-coherent if and only if for any pair V' < U open affine subsets the natural map

F(U) ®oxw) Ox (V) = F(V) (12.42)
that sends s ® g to gs|v, is an isomorphism.

Exercise 12.12.46. Show that a morphism f: X — Y of schemes is a closed embedding if
and only if it is affine and map +*: Oy — 1, Oy is surjective.

Exercise 12.12.47. Find a scheme X such that f,.Ox is not quasi-coherent sheaf on Spec Z,
where f: X — SpecZ is the canonical map.

Exercise 12.12.48. Let ¢: F — G be a map of quasi-coherent sheaves. Show that ¢ is
injective (resp. surjective) if and only if ¢y : F(U) — G(U) is injective (resp. surjective)
for each affine open U = X.

Exercise 12.12.49. A morphism f: X — Y is called quasi-compact if for every affine open
subset U Y, the inverse image f~*(U) is quasi-compact. f is called quasi-separated if
for any pair of affine open subsets U, V' < Y, the intersection f~'(U) n f~(V') can be
covered by finitely many affine open subsets.
a) Show that the properties of being quasi-compact and quasi-separated are stable
under base change.
b) Let f: X — Y be a morphism which is both quasi-compact and quasi-
separated. Show that f, F is quasi-coherent if F is.
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250 Quasi-coherent sheaves

Exercise 12.12.50. Let X be a scheme and let F be an O x-module.
a) Let P be the following property of an open affine set U < X: the canonical

—_——

map F(U) — F|y. Show that P is a distinguished property.
b) Give another proof of Theorem 12.9.

Exercise 12.12.51. Show that a quasi-coherent sheaf F on a scheme X is of finite type if
and only if there exists an affine open cover {U, };c; with U; = Spec A; such that for each
i, F|y, =~ M, for some finitely generated A;-module. HINT: See the proof of Proposition
6.49.

Exercise 12.12.52 (The 2-out-of-3 property). Let X be a scheme and consider a short exact
sequence of O x-modules

0 F G H 0 (12.43)

Show that if two of the sheaves F, G, H are quasi-coherent, then the third is quasi-coherent
as well.

HINT: Two of the three implications are straightforward. For the third, the most direct
way is to use a future result in Chapter 15: that in Corollary 12.11, exactness holds even if
only the leftmost sheaf is quasi-coherent.

Exercise 12.12.53 (A non-quasi-coherent ideal sheaf). Let X = Spec A where A = k[t]).
Let & be the generic point and let s be the generic point. Define a presheaf Z by Z({{}) =
I(J) =0and Z(X) = A.

a) Show that 7 is an ideal sheaf.

b) Show that the quotient presheaf O /Z is a sheaf and compute the sections of

Ox/T over &, {¢} and X.

¢) Show that the support of Ox /Z is equal to {{}.

d) Does Z correspond to a closed subscheme?

e) Show directly that Z is not quasi-coherent.
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13

Sheaves on projective space

Projective schemes are often preferred over affine ones due to their more favorable properties.
However, affine schemes exhibit better behavior in certain aspects. For instance, while
morphisms of affine schemes are completely determined by ring homomorphisms, projective
morphisms lack such a straightforward characterization. Also, for affine schemes, closed
subschemes correspond bijectively to ideals in the coordinate ring. For projective schemes,
however, multiple homogeneous ideals (even in different gradings) can define the same closed
subscheme.

13.1 Quasi-coherent sheaves on projective schemes

Let R be a graded ring. If M is a graded R-module, we define a sheaf M by setting, for each
D, (f) € X where f is homogeneous of positive degree,

For an inclusion D (fg) < D, (f), there is a canonical localization map of graded modules
(My)o — (My,)o. Taking degree O parts, we have a canonical map

this defines a restriction map I'( D, (f), ]\7) — I'(D4(fg), M). The two Z-sheaf axioms
are easily verified, for instance by taking the degree zero part of the sheaf sequence (??) for
the sheaf M on Spec R. We continue to denote this sheaf by M.

Proposition 13.1. The sheaf Misa quasi-coherent sheaf on Proj R.

J

Proof The argument is very similar to the proof that Op.o; r|p, (f) =~ Ospec(r;), ON page
??. The main thing to note is that Lemma ?? holds by replacing R by an R-module M,

which implies that the restriction of M to D, (f) and (M), on takes the same values on
distinguished opens D, (fg) contained in D (f). O

Note that a map of graded modules M — N induces maps between the degree 0 part of
the localizations (M)o — (Ny)o. These are compatible with further localizations, so we get

induced maps of O x-modules M — N. It follows that the graded tilde operation M — M
defines a functor from the category of graded R-modules to quasi-coherent sheaves on X .

Each element m € M, determines a section of I'( D, (f), M ) = (M), by taking the
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252 Sheaves on projective space

image of m in (M ). If ¢ is another homogenous element, then the two sections clearly
agree when restricted to the overlaps D (fg), (they both map to the image of m in (My,)o).
Therefore, they glue together to a global section of M.

The following proposition summarizes the basic properties of the tilde-functor.

Proposition 13.2. Let R be a graded ring. The graded tilde functor M +— M has the
following properties:
(i) Itis additive and exact.
(i) For each p € Proj R, we have (]\f\f),g = (M,)o.
(iii) If M is finitely generated, then M is of finite type.

L

Proof The item (i) holds because localization and taking degree zero parts are exact op-
erations that commute with forming direct limits and direct sums. The second item is a

consequence of M!D+(f) = (Mjy)o; that a prime p € D, (f) < Proj R corresponds to
q = (pRy)o; and that we have the equality

M, = (My)o)q = (My)o = (My)o.

If M is ﬁmtely generated then choosing a graded surjection R* — M — 0, we get
o% — M — 0, showing M is of finite type. O

From now on, we will let X P’} be a projective scheme over A. Thatis X = Proj R,
where R is a graded ring of the form

R = Alzg,...,x,]/a (%)

where x; have degree 1 and a € A[xo, ..., z,] is a homogeneous ideal. (This assumption is
not too restrictive, see Exericse 13.1.1).

Exercise 13.1.1. Let R = P 40 Fta be a graded ring which is finitely generated as an
algebra over A = Ry, and let X = Proj R. By considering a suitable Veronese subring
R(©), show that X is isomorphic to Proj S where S is of the form A[xy, ..., x,]/a where
the x; have degree 1.

In many aspects the projective tilde-functor behaves as the one of Spec, but there are also
many important differences. The most striking is that different non-isomorphic modules can
give rise to the same sheaf. This can be explained from the fact that primes contained in
V (R, ) are disregarded in the Proj-construction — this has the effect that graded modules
supported in V' (R, ) must give the zero sheaf after applying the tilde functor.

For any integer d, we let M- 4 be the R-module M-, = @

1>d

-

Lemma 13.3. Let M and N be two graded R-modules,
(i) M = 0if and only if Supp M < V(zg,...,z,).
(i) Assume that M. ,; ~ N-, for some d. Then M ~ N. The converse also
holds if M and N are finitely generated.

N

Proof To prove (i), suppose that Supp M < V(R,). Then item (ii) of Proposition 13.2
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13.1 Quasi-coherent sheaves on projective schemes 253

implies that the stalks of M are zero for every p € Proj(R), and hence M = 0. Conversely, if
the support of M is not contained in V(R ), there is a homogeneous prime ideal p € Proj R
such that M, # 0. When R is generated in degree 1, this in turn implies that (M), # 0.
Indeed, Proj R is covered by distinguished open sets D, (f) where f has degree 1, and so
there is an f of degree 1 not lying in p. Then for an non-zero homogeneous element x € M,,,
the element 2/ f9°6® yields a non-zero element of degree zero in M, b

To prove (ii), note that the quotient N = M /M. 4 is a graded module which is killed
by the power (R+) and consequently has support in V(R+) By (i), we have N = 0, and

hence M>d = M As this holds for N as well, we get M ~ M>d ~ Nog~ ~ N. ]

Example 13.4. On P} = Proj k[zo, ], the module M = k[z,z,]/(x2, x3) satisfies

M = 0, but it is non-zero. A
Tensor products

Let M and N be two graded R-modules. There is a natural way of defining a grading
on the tensor product M ®p N, by defining the degree d piece (M ®p N ), to be the
additive subgroup of M ®pz N generated by elements x @ y where € M, and y € N,
where p + ¢ = d. One checks that M ®g N is the direct sum of these graded parts (as an
Ry-module).

Example 13.5. Let R = k[x] with the standard grading, andlet M/ = N = R. Then (M ®pg
N)a = k[x]a. Note that the graded pieces of (M ®r ), are notequal to P, ,_,(M, ®r,
N, ); that would give a vector space isomorphic to k[z, y]4. A

Proposition 13.6. For graded R-modules M and N, there is a natural isomorphism

M ®op,yn N —> M @r N

Proof For each homogeneous element f € R of positive degree, there is a canonical map
My ®ry)o Ny = My Qg Ny ~ (M ®gr N);

induced by sending z/f" ® y/f™ to (x ® y)/f" ™. When restricted to elements of degree
zero, we get a map

(M§)o®rs)(Np)o — (M ®rN)y)o, (13.2)

which one checks is compatible with the restriction maps induced from inclusions D (g) <
D, (f), and so it is a map of Z-sheaves with 2 being the basis of distinguished open subsets.
Therefore, we get a natural map of sheaves

M ®o,,,,, N —> M @ N. (13.3)
This is an isomorphism, because it is an isomorphism over each f of degree 1. O
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13.2 The sheaves O(m)

The most important sheaves on Proj R are the so-called twisting sheaves, denoted by
Oproj r(d). These generalize the sheaves Opn (d) on P’y which were introduced in Chapter
17.33. Just as homogeneous polynomials in A[x, ..., z,] define global sections of Opx (d),
the degree d elements of R will define sections of the sheaf Op,; r(d).

If M is a graded R-module, and n is an integer, we define an R-module M (n) as follows:
the underlying R-module of M (n) is just M, but the grading is shifted by d steps:

M(n)d = Md+n- (134)

Thatis, N = M (n) is a graded R-module such that Ny = M,,, N; = M, and so on, and
elements from M, considered as elements in N will be of degree d — n.

In the special case when M = R, this gives a graded and free R-module R(n), which is
generated by the element 1 € R_,,. Note the canonical isomorphism M (n) = M ®p R(n):
both have M as underlying module, and the gradings coincide by the way we have defined
the grading on the tensor product. Moreover, for each m, n € Z, we have

R(n) ®g R(m) = R(n 4+ m). (13.5)

Applying the tilde-functor to R(n) gives us a quasi-coherent Op,,; g-module on Proj R:

Definition 13.7. For each integer n € Z, and for X = Proj R, we define
For an Ox-module F, we define the twist of F by n to be the O x-module
F(n) =F o, Ox(n).

If h € R is homogeneous of degree d, then it defines a section of Ox (d) via the map in
Lemma ??. Abusing notation slightly, we will continue to write h for this section.
For an O x-module F, the tensor product gives us natural multiplication maps

Ox(d) ®Ox ]:(e) — J—"(d + 6)
In the case F = M , this is simply the map of sheaves induced by the multiplication maps
(Rp)a®rpo (My)e — (My)are;  h/f*@m/f" > (h-m)/f*

over each distinguished open.

The sheaf Ox (m) is an invertible sheaf. As x; is invertible in R,,, we have R, -x" ~ R,,.
In degree 0, we find that

(R(m)z.)o = (Re))m = 2" - (Rs,)o-
Therefore, on the distinguished affine open set D, (z;) we see that
OX(m)|D+(wi) =z OX|D+(;”)-
Moreover, for each m, n € Z, there are canonical isomorphisms

Ox(m +n) ~ Ox(m) ®oy Ox(n).
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For graded rings with non-standard gradings, one can still define M and O x (m) but some

of the results are more complicated. For instance, it can happen that M ® N % M’®\R/N
and O(m) is not be locally free. Here is an example:

Example 13.8. Consider the polynomial ring R = k[z, 1, x2] with a grading defined by
deg(zo) = 1, deg(x1) = 2, and deg(xy) = 3. After localizing at x,, the degree zero part
of R,, is given by

xy xowy T

z @y 953] .

We claim that M @ N # M ® N for the two graded R-modules M = R(1)and N = R(1).

Of course, we have R(1) ® R(1) = R(2). However, we have the following equalities of
(R, )o-modules:

(Re)o = & [

(R(1)z,)0 = (Ray)o - To + (Ray)o - #7/5
(R(2)2,)0 = (Ray)o - 1 + (Ray)o - 74

Next, if we compute the tensor product of (R(1),,)o with itself over (R,,)o we get an
(R.,)o-module which does not contain the monomial x;. However, x; clearly belongs to

—_—~—~ —~

(R(2)a,)o- This shows that R(1) ® R(1) # R(2), as the two sheaves are different over the
openset U = D, (x3). A

13.3 Sheaves on projective schemes

Here is the main theorem of this section:

Theorem 13.9. Every quasi-coherent sheaf F on X is of the form M for some graded
R-module M. If F is of finite type, then F ~ M for some finitely generated graded
R-module.

In the course of the proof, we will see that we may take M to be the module
F*(F) = @F(Xv ]:(d))
deZ

This is called the associated graded module to F. The R-module structure is defined via the
multiplication maps

Ox(d) ® Fle) — F(d + ).

More precisely, if a € R4, and s € I'(F)., we regard a as a section of Ox (d) and define
the product & - s to be the image of h ® s in I'(X, F(d + €)) = Tx(F)aze-

Proof LetU = SpecR — V(xg,...,x,), and consider the two morphisms ¢: U —
Spec Rand m: U — X. These fit into the diagram:

U —— SpecR

k

X
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256 Sheaves on projective space

Since F is quasi-coherent on X, the pullback 7*F is quasi-coherent on U. As ¢ is quasi-
compact, the pushforward ¢, 7*F is quasi-coherent on Spec R. Therefore,

L F = M
for some R-module M. We can identify this module as
M =T'(Spec R, t,m*F) = I'(U, " F).

The next lemma identifies this group of global sections.

Lemma 13.10. There is a natural isomorphism of O x-modules 7, 7*F = @ ,_, F(d).

Proof We use the standard affine covering of X by the distinguished open sets D (z;).
For each i, the preimage 7' (D, (x;)) is the distinguished open set D(x;) in Spec R, and
the collection of these form an open cover of U. The projection 7| p(,): D(x;) — D (x;)
is induced by the inclusion (R,,)q < R,,. The key point is that R,, decomposes as an
(R.,)o-module as

deZ

The restriction of 7*F to D(x;) is the sheaf associated to the (R,,)-module

D(D(x;), 7 F) = T(Dy(2:), F) r,,), Re,

=@PT(Ds(:), F) - . (13.6)
deZ
Now, for each twist F(d), we have
LDy (2:), F(d)) = T(Dy(2:), F ®ox Ox(d))
= T(Dy(2:), F) ®r.,)o T'(D+ (1), Ox (d))
= F(D+(xl)7]:) ®(Rr£i)0 (Rzi)o ) x;i
=T'(Dy(2;), F) - (13.7)
Comparing (13.6) and (13.7), we obtain a natural isomorphism
(D (), mem* F) = P T(Ds (), F(d)). (13.8)
deZ

The isomorphisms (13.8) induce isomorphisms

Ty T f’D+($7 - @}— ‘D+(I)

deZ

The isomorphisms over D(x;) and D(z;) restrict to the same isomorphism

D(Dy(ziw;), mum™ F) = @F(D+($i$j)af(d))-

deZ

over the overlap D(z;x;). Therefore, we obtain an isomorphism 7, 7*F — @, F(d).
O
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13.3 Sheaves on projective schemes 257

As a byproduct of the above proof, we see that M = I'(U, j,7*F) has the structure of a
graded R-module, with degree d-component equal to I'( X, F(d)). Hence we may consider
the sheaf M on X. N

We claim that F ~ M. To show this, it suffices to show that the two sheaves agree over
each D, (f) where f € R is homogeneous of positive degree. For such an f, we have

( (f),M)
(D(f), 27 Fo
(D(f), 7" )

(D (f), mam* F)o
(D+(f), D F(d)o

(D-&-(f)v]:)

These isomorphisms are compatible with restrictions to D (fg) so they define an isomor-
phism M ~ F.

L(Dy(f), M) =T

I [
D >

I
H A HHH

O

Corollary 13.11. Let X < P’ be a projective scheme. If F is an O x-module of finite
type, then there exists an integer d > 0 and a surjective map of O x-modules

Ox(—d)®N —> f

To summarize, we have defined two functors, ( ): GrModr — QCohy and T, : QCohy —

GrModg. Since I, (.7-" ) — F is an isomorphism, it follows that the tilde functor is essentially
surjective; that is, every quasi-coherent sheaf on X is the tilde of a graded module. However,
unlike the affine case, the functors do not give mutual inverses. The functor ~ is not faithful
as the tilde of any module M with support in V(R ) is the zero sheaf. By Lemma 13.3
however, this is the only source of ambiguity.

The module I', (F) plays the role of the global sections functor on Spec A. For projective
schemes, it is not enough to consider the global sections alone; one has to consider the global
sections of all twists of F at once, to be able to recover F.

Exercise 13.3.1. Let X = Proj R, where R = A[z, ..., x,]|/a where the x; have degree
1.

a) Show that if each x; is a nonzerodivisor, then
DT(X,0x(d) = [ | Ro, < Rolzo, 757, ... za 2] (13.9)
deZ i=0
b) Show that if each x; is a prime element, then P ,_, I'(X, Ox(d)) = R.
When R is not a polynomial ring, it can easily happen that I' (Ox ) is different than R.

Exercise 13.3.2. Consider X = P% = Proj A[t]. Then O(1) ~ O,so'(X,Ox(m)) = A
for all m, even m < 0. So 'y (Ox) # A[t].
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258 Sheaves on projective space

Example 13.12. Let R be C[z(, x;], but with with the degree 0 piece replaced by Ry = Z.
Then X = Proj R is isomorphic to P§, because (R,,)o = C[zi/x] and (R,,)o =
Clxo/x1]. However, 'y (X) = C[z0, x1], which is not isomorphic to R. Note that R is not
finitely generated by over Ry in this example, so the proposition above does not apply. A

Example 13.13 (A quartic rational space curve). A systematic way of producing examples of
rings so that I', (Ox) # R, is to start with a closed subscheme X < P} and project it into
IP’Z_l. In some cases this will again be a closed embedding of X, but in this new embedding
X will be equal to Proj S with a different graded ring S.

The simplest example of this set-up is the rational normal quartic curve in I’}. This scheme
is defined as X = Proj R where R is the ring

R = k[u*, v*v, v*v*, uv® v*] < k[u,v],

where all of the indicated monomials are given degree 1. Note that this equals the Veronese
ring k[u, v]® from Section ??.

Projecting into a lower projective space corresponds to discarding some of the generators,
and in our example we discard the monomial u?v? and work with X = Proj .S where

S = k[u*, v*v, uv®, v?].

Evidently, .S; is of dimension 4, and we shall se that the monomial wlv? reappears in
I'(X,0x(1)),and so I'(X, Ox (1)) will be of dimension 5 as a k-vector space.

Let us compute I'(X, Ox (1)) using the sheaf sequence, using the open affine cover
consisting of Uy = D (u*) and U; = D (v*) (these two cover X because S < (u?*, v*)).
Moreover, we have equalities Ox (Uy) = (Su1)o = k[v/u] and Ox(U;y) = k[u/v]. We
have isomorphisms Ox (1)|y, ~ Oy, - u* and Ox(1)|y, ~ Oy, - v*. The sheaf sequence
then takes the form

0 — (X, 0x(1)) — k[v/ulu* @ k[u/v]v* — k[u/v, v/u]u®.
Note that u?v? = (v/u)*u® = (u/v)?v?, so the monomial u?v? belongs to both the rings
k[u/v]v* and k[v/u]u* and hence defines a global section in T'(X, Ox(1)). In fact,
['(X,0x(1)) = ku* ® kuv @ ku*v? @ kuv® @ v*.

Therefore I'(X, Ox (1)) contains all 5 monomials, while u?v? is missing from S . In this
example, the graded ring I, (Ox) is isomorphic to R, and R is the integral closure of S.
Exercise 13.7.5 shows that this is not a coincidence. JAN

Exercise 13.3.3. Let X = P; = Proj k[z¢, x1]. Show that the functor 7 — T',(F) is not
right exact, by considering the exact sequence

0 — R(—n) — R — R/(xj) — 0.

13.4 Closed subschemes of projective space

We saw in Chapter ??, that every homogeneous ideal a — A[zy, . .., z,| determines a closed
subscheme V/, (a) < P". The main result of this section is that every closed subscheme is
of this form. However, as in the discussion on quasi-coherent sheaves, it can happen that
different ideals correspond to the same subscheme.
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13.4 Closed subschemes of projective space 259

Example 13.14. In k[x¢, x,], the two ideals a = (x¢) and b = (22, zox) both define the
closed subscheme given by the point (0 : 1) in IP}. To see this, note that b dehomogenizes
to (z2/2%, xox1/x3) = (wo/1) in k[21/20] and to the unit ideal in k[xo/x;]. Note that
b = (23, 21) N (x0). So while both a and b define the same subscheme of PP}, the ideal b is

in some sense inferior to a, as it has a component in the irrelevant ideal (o, x1). A
To deal with this ambiguity, we introduce the saruration of an ideal a < A|zo, ..., x,]
with respect to the irrelevant ideal (zo, . . ., z, ), defined as

a® = {f e Alxg,...,7,] | IN € Nsuchthat f -z € aforeveryi}

sat

We always have an inclusion a © a***, and we say that a is saturated if a = a***.

In the example above, the saturation of (22, zox) is the ideal (). This example is
typical: taking the saturation throws away components of a supported in the irrelevant ideal.
In particular, the saturation of the irrelevant ideal (g, . . ., x,,) is the unit ideal.

Consider a homogeneous ideal a  A[xy, ..., x,] and its associated closed subscheme
Y = V, (a), with ideal sheaf 7y, = Opx. Note that @ = Zy: this follows from comparing
the ideal sheaf sequence with the exact sequence of A-modules

0 — a—> Alxg,...,x,] — Alzo,...,z,]/a —> 0
We also consider the associated graded module

I (Zy) = PT(PL, Iy (d) < Alzo, - .., 3]

d=0

Since @ = Zy, we can compute this in terms of a as follows:

L.(@) = D{f e Alzo, ..., wala | flaf € (az,)0)

d=0
= @{feAlxy,...,v,]a| IN € Nsuch that f - " € aforevery i }
>0
= @, (13.10)

That is, composing (F:J) with I', (—) corresponds to taking the saturation.

Theorem 13.15. For any ring A, there is a bijection

closed subschemes saturated homogeneous
Y Py ideals a ¢ Alzo,...,2z,]

givenby Y — I',(Zy) and a — V, (a).

Proof LetY < I’} be a closed subscheme with ideal sheaf Zy-. We claim that Y = V, (a)
where a = I',,(Zy ) and that a is saturated.
The first part follows because the subschemes V; (a) and Y have the same ideal sheaf: the
ideal sheaf of V., (I'y(Zy)) is given by F:(\I;), which is equal to Zy- by Proposition 2?.
To see that a is saturated, take f € a** homogeneous of degree d. By definition, there
exists N € N such that for each i, z¥ f € a, meaning, ¥ f € T'(P%,Zy(d + N)). On
D (z;), this implies f|p, (z,) € Zy (d)|p, (2:) since x; is invertible there. This means that
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260 Sheaves on projective space

[ is a section of Opx (d) which lies in Zy (d) when restricted to each D (z;) and hence
f e T'(P%,Zy(d)). Therefore, a is saturated.
Conversely, if a is a saturated homogeneous ideal, the equality (13.10) shows that ', (Zy, (q)) =

a. Therefore, the two maps are mutually inverse. 0
Exercise 13.4.1. Show thatif a € R = k[xo, ..., z,] is a radical homogeneous ideal, and
a is not equal to (o, . .., x,), then a is saturated.

13.5 Sheaves on projective space

We recall the following fundamental theorem from commutative algebra, which gives the
structure of graded modules over R in terms of free modules.
Theorem 13.16 (Hilbert’s syzygy theorem). Let k be a field and let R = k[xo, . . ., x,].
Then if M is a finitely generated graded [2-module, then there is a finite free resolution
(that is, an exact sequence)

0 F, F F, M 0, (13.11)
where F; = @fi | R(—d;;) is a free graded R-module. F; is called the i-th syzygy

module of the resolution.

N

By the theorem, M is the cokernel of a map F; — Fj of free R-modules of finite rank.
Any such map is defined by a matrix with entries being homogenous elements of R, so this is
a convenient way to present M : the generators come from Fj and the relations come from F3.
Furthermore, the relations among the relations, and so on, are defined by matrices between
free modules. This sort of resolution is immensely useful in the study of M, as it allows us to
apply linear algebra techniques which can simplify computations and define invariants of M.

If we apply the ~-functor to the sequence (13.11), we obtain an exact sequence of sheaves
on Py

~

0 &, . & & M 0

where £; = @fil Oy (—d;;) is a direct sum of sheaves of the form Op: (d). Hence any
finite type Ox-module admits a resolution where the terms are direct sums of invertible
sheaves. This shows very clearly why the invertible sheaves (O(d) are so important: they are
the building blocks of all finite type sheaves on PP}.

Here are a few important special cases:

Example 13.17 (Hypersurfaces). Let F' € R denote an homogeneous polynomial of degree
d > 0. Then F determines a projective hypersurface X = Proj(R/F) c P}. Write
t: X — P’ for the closed embedding.

Consider the map R(—d) — R given by multiplication by F'. Note the shift in degrees
here, in order to make this into a map of graded modules (the constant ‘1’ gets sent to F/,
which should have degree d on both sides). We obtain an exact sequence

0 —> R(—d) —> R —> R/(F) — 0.
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13.5 Sheaves on projective space 261

Applying the tilde to this sequence, we obtain
0 —> Opy (—d) —> Opy — R/F — 0. (13.12)

Note that }’3/\1/7 is isomorphic to the sheaf ¢, Oy ; both sheaves take the value (R/(F'))o
over each distinguished open set D, (f). Therefore, comparing (13.12) to the ideal sheaf
sequence

0 7 OPZ Ly OX —— 0,
we see that there is an isomorphism of Op -modules Z ~ Opx (—d). A

Example 13.18 (The twisted cubic curve). Let k be a field and consider P* = Proj R where
R = k[xo, z1, 2, x3]. We will consider the twisted cubic curve C =V (I) where I < R is
the ideal generated by the 2 x 2-minors of the matrix

A= Tog T1 T2
Ty T2 T3
ie,l = ((]07 q1, QZ) = (53% — To2, Tol3z — T1T2, —fE% + ZL‘1$3)-
Consider the map of R-modules R? — I sending e; — ¢;. This is clearly surjective, since
the ¢; generate 1. Let us consider the kernel of this map, that is, the module of relations of

the form agqg + a1q; + asqs = 0 for a; € R. There are two obvious relations of this form,
i.e., the ones we get from expanding the determinants of the two matrices

Top L1 X9 Top L1 X9
Lo X1 T2 Ty T2 T3
r1 T2 X3 r1 T2 X3

. . . A
(So the first matrix gives Togs —1q; + T2q2 = 0 for instance). These give amap R? = R3,
where A is the matrix above. This map is injective, and it turns out that there is an exact
sequence of R-modules

A

0 R? R? 1 0.

Again, we should consider these as graded modules, so we must shift the degrees according
to the degrees of the maps above

0 —> R(-3)> —— R(-2)> — I — 0.

~

This gives the resolution of the ideal I of C'. Then applying ~, and using the fact that Z = I,
we get a resolution of the ideal sheaf of C":

0 —> Ops (=3)? —2— Opa (=2)*> — T — 0.

We will see later in Chapter 15 how to use sequences like this to extract geometric information
about C'. A
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262 Sheaves on projective space

13.6 Projective morphisms

A morphism f: X — Spec A is said to be projective if it factors as
X — P, — Spec A,

where the first map is a closed embedding of A-schemes and the second is the structure
morphism.

Like separatedness and properness, projectivity is a relative notion: it is the morphism
X — Spec A which is projective, not X itself. Intuitively, it is the fibers of X — Spec A
which are projective. For instance, Pi[t] is projective over Spec k[t], but it is not over Spec k.
In the example, the (scheme-theoretic) fiber over s € S = Spec k[t] equals the projective
line ]P),l;(s) over x(s). Still, if we are working in the category of schemes over, say, a field k or

7., we still refer to a scheme X being ‘projective’ when it is projective over the base scheme.!

Example 13.19. For A = C[¢], the scheme X = V. (2y* — 2® — tx2?) in P is projective
over Al = Spec A. The fiber of X — Spec C[¢] over any closed point a € Spec C[¢] is an
integral projective subscheme of dimension 1, namely V. (2y* — 2® — axz?) < P4. X is
however not projective over C (e.g., as it admits many non-constant maps to Al). JAN

We are ready to prove the following important theorem:

Theorem 13.20. Let S be a scheme and let X < P% be a closed subscheme. Then the
structure morphism X — S is proper.

Proof Projective morphisms are separated and of finite type, so to prove that they are proper
it remains to show that they are universally closed.

By the base change property (item (i) of Proposition 9.23) it suffices to show that P, —
Spec Z is universally closed. So let 7" be any scheme, and consider the base change 7: P7. —
T'. Since ‘being closed’ is a local property on 7', it suffices to assume that 7' = Spec A is

affine.
Let Z < P, be a closed subscheme. We need to show that 7(Z) is closed in Spec A. By
Proposition ?? in Chapter ??, Z is given by a homogeneous ideal I < A[xy,...,x,]. Let

T : Z — Spec A denote the composition Z — P’} — Spec A.

Let p € Spec A be a point which is not in the image of Z. We want to show that there is
some open neighbourhood U of p so that ! (y) N Z is empty for all y € U. Equivalently,
we want to show that 7' (y) = ¢ forall y € U.

Note that the fiber of p in [P’} is given by the Proj of the ring

Alzo, ..., x,)/T ®a K(p) (13.13)

To say that this Proj is empty means that the graded ring (13.13) is zero in high degrees. In
other words, we have

In ®a k(p) = Alzo, ..., 2] N ®a k(p) (13.14)

1 The notion of projectivity can be extended to more general morphisms f: X — S. In fact, there exist two
slightly different definitions in the literature, see (Stacks Project, 2018, Tag 01W7). These notions agree in most
cases, for instance when S is affine or when S satisfies some reasonable finiteness conditions.
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13.6 Projective morphisms 263

for some large N > 0. Note that [y and A[xy, . .., 2, ] x are both finitely generated modules
over A. Tensoring these by A, and using Nakayama’s lemma, (13.14) implies that

(IN)P = (A[$07 L axn]N)p
In particular, there exists an f ¢ p so that
(IN)f = (A[(Zfo, . ,.’En]N)f = Af[.']?o, ce. ,IL’n]N
But then
71 (D(f)) = Proj (Af[zo, ..., zm]/I) = &
because (I ) contains all monomials of degree N. This completes the proof. 0

A consequence of this is that the ‘image of a projective variety is projective’:

Corollary 13.21. Let k be a field, and let f: X — Y be a morphism of projective
schemes over k. Then the image f(X) < Y isclosedin Y.

This statement is a priori not at all obvious, especially given how badly it fails with
‘projective’ replaced by ‘affine’ (see Example 9.20). It is yet another reason why one prefers
projective varieties to non-projective ones.

Proof of Corollary 13.21 By assumption X and Y are closed subvarieties of projective
spaces over k, and so they are proper over k. But then the morphism f: X — Y is also
proper, and hence closed. O

Example 13.22. Let A = Clag, a1, ..., am,bo, b1, ..., b,] be the polynomial ring, and
consider the closed subscheme of PY, = Proj A[z, y| given by

Z=V (aoxm +a ™y o+ any™, box" 4+ by 4+ any”) .

If m: PY, — Spec A denotes the structure morphism, the image 7(Z) < Spec A contains the
set of points (ag, @1, . . ., A, bo, b1, - .., b,) € A™T"T2(C) such that the two polynomials
of degrees m and 1 have a common root. This locus is indeed closed; it is given by V' (det R),
where det R is the resultant of the two polynomials, i.e., the determinant of the Sylvester
matrix. This matrix is shown below for m = 3 andn = 2:

ag a1 a2 asg 0
0 apg a3 Qo ag
R = bo b1 b2 0 0
0 b() bl b2 0
0 0 bo b1 b2

A

Example 13.23. Let X be a proper scheme over an algebraically closed field k. Let us show
that Ox (X) = k. We showed in Example ?? that elements of Ox (X) can be understood
as the set of morphisms f: X — A}g, so it suffices to show that all such morphisms are
constant. Let f: X — A} be a morphism and consider the morphism f: X — P} given by
composing f with the embedding A} — P}. Then since P} is proper, the image f(X) is
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264 Sheaves on projective space

closed. But the closed subsets of IP} are either closed points or all of P;. The latter case is
impossible because f factors via A} — P, and so f maps to a point. A

Proposition 13.24. Let f : X — Y be a morphism of projective schemes over an
algebraically closed field k. Suppose that f~!(y) is finite for every k-point y € Y. Then
f is a finite morphism.

Proof  Since the property of ‘being finite’ is local on the target, and the k-points are dense
in Y, we may assume that Y = Spec A is affine. As f factors as X — P", = Y = Spec A,
we may regard X as a closed subscheme of P’} = Proj Az, ..., x,] and f is the restriction
of m: P, — Spec Ato X.

We first show that f is affine. Let y € Y be a k-point. By assumption, the topolocal fiber
f~(y) is a finite set in 77! (y) ~ P7?. Pick an element h € A[x, ..., x,], so that V(h)
is disjoint from f~!(y). By Corollary 13.21, the image f(V (h) n X) is a closed setin Y,
and this set does not contain y. Therefore, there exists a distinguished open set D(g) c Y
containing y, so that D(g) < Y — f(V'(h)). This means that f~'(D(g)) < X —V (h). Note
that U = X — V(h) = X n D, (h) is an affine scheme, being a closed subset of D (h). If
¢: A — U is the ring map which induces f|;: U — Y, we have f~(D(g)) = D(¢(g))
in U, and so f is affine.

Now, write X = Spec B for some A-algebra B. To conclude, we need to show that B is
a finite A-module. This follows from Serre’s theorem 15.28, because X is projective over A
and H°(X,Ox) = B. O

Example 13.25. The projectivity assumption here is essential. For instance, if f: U — X
is the inclusion of an open subset, then certainly f~*(x) is finite for every z € X, but f is
typically not finite (see Example 6.35). A

Example 13.26. The morphism f: Spec(Q) — SpecQ is not finite, but of course the
fibers are finite. A

13.7 Exercises
Exercise 13.7.1. Let R = Q[z,y, z] with degz = 1,degy = 2, deg z = 3. Show that the
map (13.3) is not an isomorphism for M = R(1) and N = R(2).

Exercise 13.7.2. Suppose R is a graded ring finitely generated in degree 1 and let M and

N be two finitely generated R-modules. Show that M ~ N if and only if M. ; ~ N-, for
some d.

Exercise 13.7.3. Let P}, = Proj R where R = k[, x,]. Show that the functor F —
", (F) is not right exact, by considering the exact sequence

0 — R(—n) — R — R/(x;) — 0.

Exercise 13.7.4. Let k be a field and let R = k[xzo,...,x,]. Let m: A" — (0 — P} =
Proj R denote the ‘quotient morphism’ (see page 97). Show that for a graded R-module M,
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we have

T (M‘AZ+1—O) = @ M(d)
neZ
Exercise 13.7.5. Let R be a graded Noetherian integral domain generated in degree 1 by
Zo, - - -, L. The aim of this exercise is to show that R = I",(Ox) is an integral extension
of R.
a) Show that o : R — R’ is injective.
b) s € R be a homogeneous element of non-negative degree. Show that we can
find an n > 0, so that a(z}")s € a(R) for every i. Deduce that a(R,,,)s <
a(R) for m large.
¢) Let J < R be the generated by elements of degree > kn. Show that J is
finitely generated, and that a(.JJ)s < a(J).
d) Use the Cayley—Hamilton theorem to show that s satisfies an integral equation
over R.

Exercise 13.7.6. Let k be an algebraically closed field and let X < P} be a projective
k-scheme. Show that I'( X, Ox) = k.

Exercise 13.7.7. Let X = Proj(R[z, y]/(2* + y?)). Show that X is affine, and that

Exercise 13.7.8. Let P, = Projk[ug,u;] and t = wg/u;. Consider the closed sub-
scheme Z P}, which is supported at (0, 1) and which is locally given as Spec k[t]/t" <
D (ug) = Spec k[t]. Describe the R module I', O and the canonical map R = I',Op1 —
I'.Oz.

Exercise 13.7.9. Check that the saturation of a homogeneous ideal is homogengeous.

Exercise 13.7.10. Assume R be generated over R, by finitely many elements of degree 1.
Let M and N be two finitely generated graded R-modules. In this exercise you will show
that M ~ N if and only if M. 4 ~ N, for some d. HINT: Consider the images of M and

~

NinT, (M) = T(N).

Exercise 13.7.11. Assume R be generated over R, by finitely many elements of degree 1.
Let F be a quasi-coherent sheaf on Proj R. Show that F is of finite type if an only if it
is the tilde of a finitely generated R-module. HINT: Write F = M and pick surjections
op. — M |v, Lift these to amap ¢ : P, ; R(—di;) — M and show that the cokernel has
zero tilde.

Exercise 13.7.12. Let ¢ : R — .S be a map of graded rings and let f : U — Proj.S be the
morphism given by ¢, where U = Proj(S) — V(¢(R.)).
a) Show that f *M = M/@R/S]U for each graded R-module M.

b) Show that f, (]V lv) = ]/—\7;3 for each graded S-module N (and where N, is as
usual, IV regarded as a graded R-module).

Exercise 13.7.13 (The Veronese surface). Let X = P} = Proj k[xg, 1, ¥2]. Show that
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266 Sheaves on projective space

L = Op=(2) is globally generated by the sections
x37 .'13%, 3737 moxh $0$2, T1To
Show that the corresponding morphism ¢: P? — P is a closed embedding.

Exercise 13.7.14 (The quadric surface). Let X = P} x P and L = p*Op1 (1) ® ¢*Op1 (1)
where p,q: X — P! are the two projections. If x, x; is a basis for (X, p*Op1 (1)),
and Yo, y1 is a basis for I'(X, ¢*Op1 (1)), show that p*Op1 (1) ® ¢*Op1 (1) is globally
generated by the four sections sg = xg¥yg, 51 = ToY1, S2 = T1Yo, S3 = T1Y1. Describe the
corresponding morphism X — P3.

Exercise 13.7.15 (Serre’s theorem). Let X < P” be a projective scheme over a Noetherian
ring A and let L be an ample invertible sheaf. Let F be an O x-module of finite type. Then
there is an integer m, such that 7 ® L™ is globally generated (by a finite set of global
sections) for all m > mg. HINT: Reduce to the case X = P, and L = O(1). Then apply
Corollary 13.11.
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14

Locally free sheaves

The most important examples of quasi-coherent sheaves are the locally free sheaves. As the
name suggests, these are sheaves which are locally isomorphic to a direct sum of copies of
the structure sheaf of the scheme. Because of this ‘freeness’ property, these sheaves are in
many respects the nicest examples of sheaves on a scheme and the easiest to work with. They
are also the algebraic counterpart to the vector bundles in topology.

14.1 Locally free sheaves

Let X be a scheme. We say that an O x-module £ is free if it is isomorphic to a direct sum
of copies of Ox and it is locally free if there is an open cover {U;}<; of X such that the
restriction &|, is free for every i. The cover {U, } is called a ‘trivializing cover’, and a locally
free sheaf which is globally free is sometimes said to be trivial.

If P € X is a point, say contained in U;, the rank of £ at P is the number of copies of
Oy, needed to express &y, as a direct sum of Oy, ’s. The rank may be finite or infinite, but
we will almost exclusively concern ourself with the case of finite rank. A locally free sheaf £
is also allowed to have different ranks at different points of X, but the rank will be constant
on each connected component of X. If £ has rank equal to r at every point of X, we say that
€ is locally free of rank r and write rank(€) = r.

The rank is perhaps better viewed as a function X — {0,1,2,...} U {o0}. To discuss
this function more precisely, we make the following defintion, which applies to any coherent
sheaf.

Definition 14.1. Let & be a coherent sheaf and let P € X be a point. The fiber of € at P
is defined as the x(P)-vector space

E(P) = Ep/mpEp.

If U < X is an open subset containing P and s € T'(U, £) is a section of £ over U, we
denote by s(P) the image of the germ sp € Ep in the fiber E(P).

Geometrically, £(P) ~ Ep ®o,, k(P) is the (P)-vector space which corresponds to
the pullback of £ via the map ¢: Spec k(P) — X.

Clearly, if £ is locally free of rank r, then Ep is a free O x p-module of rank r and £(P)
is a free k(P)-vector space of dimension 7 at every point P. In the appendix of this chapter,
we will prove the following proposition, which says that the converse holds under some mild
hypotheses.

267
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268 Locally free sheaves

Proposition 14.2. Let X be an integral Noetherian scheme and let £ be a coherent sheaf.
The following are equivalent:
(1) & islocally free.
(ii) Ep isafree Ox p-module for every P € X.
(iii) The function P — dim,py £(P) is constant.

The next proposition summarises some of the basic properties of locally free sheaves.

Proposition 14.3. Let X be a scheme and let £ and F be two locally free O x-modules
of rank e and f respectively. Then
(i) The direct sum £ @ F is locally free of rank e + f.
(ii) The tensor product £ ®p,, F is locally free of rank e - f.
(iii) The Hom sheaf Homo, (€, F) is locally free of rank e - f.
(iv) The dual sheaf £¥ = Home, (&, O) is locally free of rank e. The double
dual (E)" is canonically isomorphic to £. Moreover, there is a canonical
isomorphism

£ ®o, F — Homo, (€, F). (14.1)

Proof Let P € X be apoint and let U = Spec A be an open affine neighbourhood of P
such that £|¢; and Fy; are trivial Or-modules. Then the restrictions of the sheaves in question
are given by

ERF|ly=(E®F)
EQoyx Flu = (E®a F)~
%mox(é’,}")b = HOIIIA(E, F)N

where E and F are free A-modules. The modules on the right-hand side are all free the ranks
indicated in the proposition, so we get (i), (ii) and (iii).

(iv): If M is free, then the dual module M = Hom (M, A) is also free of the same
rank. The evaluation map M — (M Y)Y defined by m +— (¢ — ¢(m)) is an isomorphism
when M is free of finite rank. Moreover, for any A-module NV, there is a canonical map

MY ®4 N —> Hom (M, N), (14.2)

defined by ¢ ® n — (m — ¢(m)n). This map is an isomorphism if M and N are both
free of finite rank. (This is clearly the case when N = A, and as both sides are additive, it
holds in general.) Finally, since the isomorphisms (14.2) are compatible with localization,
they glue together to a global isomorphism (14.1). O

Example 14.4. On the projective line X = P}, one has the sheaves Op, (m) constructed
on page 101. These were constructed by gluing together two copies of (’)A%, so they are
invertible sheaves. These sheaves are non-trivial for all m # 0, as we computed the global
sections of Op1 (m) is not isomorphic to T'(PY, Opy ) = A.

The isomorphism Op: (m) ® Op1 (—m) =~ Opy shows that Op1 (—m) is identified with
the dual of Ops, (m). A

Example 14.5. Let A = Z/2 x Z/2 and X = Spec A. Consider the ideal I = Z/2 x (0)
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14.2 Zero sets of sections 269

and the sheaf & = I. Note that Spec A is the disjoint union of two copies of SpecZ/2,
and & restricts to the structure sheaf on one of these and to the zero sheaf on the other. £ is
therefore locally free. However, £ is not free, because £ (X ) = Z/ 2, whereas any nonzero
free A-module must have at least four elements. A

Example 14.6 (The integers). Let X = SpecZ. If £ is a O x-module of finite type, then
& = M for some finitely generated Z-module M, and by the structure theorem for finitely
generated abelian groups, we may write M = Z" @ T, where 7T’ is a finite direct product of
groups of the form Z/nZ . If £ in addition is required to be locally free, it must hold that
T = 0 (otherwise, if p is a prime factor of an n appearing in one of the summands of 7', the
stalk at (p) will not be free). Hence £ = 7r = O%., and we conclude that every locally free
sheaf on Spec Z is trivial. A

Example 14.7 (The affine line). The argument of the previous example in fact applies over
any PID A. Every Ox-module of finite type on X = Spec A must have the form M for
M = A" @ T where T is a finitely generated torsion module, and if we require M to be
locally free, the torsion part must vanish; i.e. we must have 7" = (. In particular, this applies
to locally free sheaves on the affine line Aj = Spec k[z] over any field k. A

Example 14.8 (The tangent bundle of the 2-sphere). Let A = R[z,y, z]/(2? + 3% + 22— 1)
and consider the A-linear map

¢: A> — A, (p,q,7) — xp+yq + 27

The kernel M = Ker(¢) defines a quasi-coherent sheaf M which is locally free of rank 2.
To see this, note that M consists of triples (p, q,r) € A? satisfying zp + yq + 2r = 0.

Localizing at , any such triple is uniquely determined by q and r since p = —z~'(yq + zr).

This gives an isomorphism M, ~ A2, and hence M |p ) ~ O%(,)- The same argument

applies to y and z, so we find that M is locally free.

While M is locally trival, it is in fact globally non-trivial — M is not a free A-module.
This is not so easy to prove: it reflects the famous topological fact that the tangent bundle of
S? admits no nowhere-vanishing section (the Hairy Ball Theorem). In contrast, if we replace
R by C in this example, the corresponding sheaf is trivial. A

14.2 Zero sets of sections

Let £ be an locally free sheaf of rank r on the scheme X, and let s € I'(X, £) be a global
section. We define the zero set of s by

V(s) = {Pe X|s(P)=0inE(P)}.

Equivalently, V'(s) consists of the points P € X such that sp € mp&p.

The set V(s) is a closed subset of X . In fact, it carries a canonical structure as a closed
subscheme of X, which we will also denote by V'(s). To see this, consider an affine open
set U = Spec A such that €|y ~ O%|y. Under this isomorphism, the restriction of s
corresponds to an 7-tuple of elements (f,. .., f.) € A". This r-tuple generates an ideal
I =(fi,...,f), which defines a closed subscheme Spec(A/I) — Spec A. One can check
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270 Locally free sheaves

that that as U runs over all open affines where & is trivial, these closed subschemes glue
together to form a closed subscheme of X.

The ideal sheaf describing V' (s) has the following description. If we identify I'( X, £) =
Hom(Ox, &), we may regard s as a map of Ox-modules s: Ox — £. Applying Homp, (Ox, —),
we obtain a map of O x-modules

sV EY — Oy. (14.3)

The image of sV is a quasi-coherent ideal sheaf Z of O, and this is the ideal sheaf that defines
V(). Concretely, over an affine open U = Spec A, after identifying s with (f1,..., f,) €
A", the map sV is simply the tilde of the map A” — A that sends the i-th basis vector e; to
fi- In other words, Z|;; corresponds to the ideal generated by the f;’s.

Proposition 14.9. Let X be an integral scheme and let s € I'( X, £) be a global section
of locally free sheaf & of rank . The zero scheme V' (s) has codimension at most r in X.

Example 14.10. The monomial s = z3z; defines a global section of £ = Opt (3). The zero
scheme V' (s) consists of the two points (0 : 1) and (1 : 0). A

In the special case when £ has rank 1, then the map s¥: £¥ — Ox is given by multipli-
cation by s. In particular, if X is integral, this map is injective and identifies £ with the
ideal sheaf Z of V' (s). The ideal sheaf sequence takes the form

0 EY OX L*Ov(s) —> 0 (144)

where ¢: V(s) — X is the inclusion.

14.3 Transition functions

Let & be a locally free sheaf of rank r, and {U, },c; be a trivializing open cover of £. Then by
definition, there are isomorphisms of Oy,-modules

sz:: Ogyl é g

U - (14.5)
Over the intersections U;; = U; n U, the maps 7;; = qﬁ;] o ¢, are well-defined, and they
give isomorphisms
7yt Op, —— Op,
which restricted to triple intersections Uy, = U; N U; N Uy, satisfy the cocycle condition
Thi = Thj © Tji- (14.6)

Indeed, we have ¢ ' o ¢; = (¢, 0 ¢;) 0 (¢; " 0 ¢y).

Conversely, we know from the Gluing Lemma for sheaves that given isomorphisms 7;; as
above, satisfying (14.6) on the triple overlaps, the sheaves (’)TUU may be glued together to a
sheaf £, which by definition is locally free of rank r.

Note that any isomorphism of Oy, ;-modules Of;, - — Op;, - is given by some r x r-matrix
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14.4 Locally free sheaves on P! 271

with entries in Ox (U;;). Thus it is possible to define £ by specifying a collection of matrices
7;; satisfying the cocycle condition (14.6). These are sometimes referred to as the transition
Sunctions of £.

The isomorphisms 7;; defining £ are not unique. For instance, if we choose any isomor-
phisms 1; : O, — Op,, we can form new isomorphisms 7/; = 1/);1 o Tj; © U, satisfying
the cocycle conditions and which define the same sheaf £. Furthermore, £ could admit iso-
morphisms defined on a different open cover. This is therefore not an ideal way of classifying
locally free sheaves, and in practice it is very difficult to decide when two constructions yield

isomorphic sheaves.

Example 14.11. Suppose £ and F are locally free of ranks r and s respectively. After
refining, we may assume that they admit the same trivializing cover. Suppose that the gluing
functions are given by 7;; and v;; respectively. Then £ @ F is obtained by gluing together
the different Or; @ O, with help of the matrices

o Tji 0
(bjl - (0 V]L)

For instance, the sheaf Op1, @ Opy, (—1) on the projective line is obtained using the gluing

matrix
(10
=g g

over Uy n U; = Spec Alu,u™'] with Uy = Spec A[u] and U; = Spec A[u™']. A

14.4 Locally free sheaves on P!

In this section, we prove that every locally free sheaf on the projective line over a field
decomposes into a direct sum of invertible sheaves. This result was first established by
Dedekind and Weber in 1882 and has since been rediscovered multiple times, most notably
by Birkhoff in 1913 and Grothendieck in 1955.

Theorem 14.12. Let k be a field. If £ is a locally free sheaf of rank 7 on IP’}C, then there
are integers aq, . . . , @, such that

&~ Opi (al) @---P (919‘1C (CLT). (147)

This decomposition is unique up to ordering of the factors.

Proof The result follows from the classification of quasi-coherent sheaves on P}, of Example
12.12. In the notation there, we have My = k[z]", M, = k[z~']" and

71 k[zT']" — Ek[2*']".

As k[z,z '] is a PID, using the Smith Normal Form (Theorem A.60), one can find invertible
matrices P and @) with entries in k[z, 27'], so that D = PAQ is a diagonal matrix. More-
over, as T is an isomorphism, the diagonal entries must be units in k[x, 2], hence powers
of . Therefore, D = diag(x“', ..., z°") for some integers ey, . . ., €,. By multiplying P by
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272 Locally free sheaves

a suitable power of x, and () by the same power of 1, we can even assume that their entries
lie in k[z] and k[z '] respectively. This means that the data defining £ are equivalent to the
data defining the locally free sheaf Op1 (—e1) @ - - - @ Op1 (—e,.) and hence £ is isomorphic
as a direct sum as above. For the uniqueness part, see Exercise 14.9.16. 0

14.5 Invertible sheaves and the Picard group

Among the locally free sheaves, the ones of rank 1, are of particular importance. These are
called invertible sheaves. By definition, an Ox-module L is invertible whenever there exists
an open cover {U, };c; and isomorphisms

¢i: OUi I L|Ul

These send the element 1 € Ox (U;) to a section s; = ¢;(1) € L(U;), which we call a local
generator for L over U;. For 4, j € I, both s; and s; generate L over U; n Uj, so there is a
relation

Si = GijS;

for some invertible element g;; € Ox (U; N U;)*.
By construction, we have g;; = id, g;; = gj_il. Moreover, over the triple overlaps U; N
Uj M Uk,

Si = GikSky,  Si = GijSks  Sj = GjkSk,

which implies that the g;; satisfy the cocycle condition
ik = Gij * Gjk

foralli,j, ke I.

The invertible sheaf L is determined up to isomorphism by the collection of units g;; €
Ox (U;;)*. If L is trivial, i.e., there is an isomorphism Oy — L, then the image of 1 €
Ox (X) gives a section s € L(X) that generates L everywhere. This means that there
exist g; € Ox(U;)* such that s|y, = g;s; for every i. In terms of the gi;» this means that

9ij = 959i -

Example 14.13. Consider P}, with the standard covering Uy = Spec k[z,/x¢]| and U; =
Spec k[zo/z1]. Then L = Opi(1) is invertible. We have L[y, = Oy, and L|y,
Oy, x,. These are related by o = (x1/2¢)x1, so the transition function is given by go; =
.%'1/.%'0 .

More generally, the sheaf O(m) on P’} is free over the distinguished open sets U; =
Spec(A[xo/x;, ..., xn/x;]), and the transition functions are given by

Note that the ordering of ¢ and j matters: g;; = (z;/z;)™ defines the sheaf O(—m). A
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14.5 Invertible sheaves and the Picard group 273

The Picard group

As a special case of Proposition 14.3, we have:

Proposition 14.14. Let X be a scheme and L and M two invertible sheaves on X . Then:
(i) L®o, M is also an invertible sheaf.
(i) Homeo, (L, M) is also invertible. In particular, Homo, (L, Ox) is invert-
ible, and

Homoy (L, Ox) ®ox M ~ Home, (L, M). (14.8)

This implies that the tensor product acts as a sort of binary operation on the set of invertible
sheaves; L @ M is invertible if I and M are, and the tensor product is associative. Tensoring
an invertible sheaf by Ox gives an isomorphism L ®o, Ox ~ L, so Ox serves as the
identity. For an invertible sheaf L, we define L™ = Home, (L, Ox). By the proposition,
we see that L~ is again invertible, and serves as a multiplicative inverse of L under ®. In
particular, this explains the term ‘invertible’.

Definition 14.15. For a scheme X, the Picard group Pic(X) of X is the group of
isomorphism classes of invertible sheaves on X under the tensor product.

Note that it is the set of isomorphism classes of invertible sheaves that form a group, not the
invertible sheaves themselves. That is, L ®¢, L~! is isomorphic, but strictly speaking, not
equal to Ox. Note also that Pic(X) is an abelian group, because L ®, M is canonically
isomorphic to M Qo L.

Example 14.16 (Spec Z). By Example 14.6, any invertible sheaf on X = Spec Z is trivial,

o)
Pic(SpecZ) = 0.
On the other hand, Pic(Z[+/—5]) # 0, as we will show in Proposition 16.48. A
Example 14.17 (The affine line). By Example 12.22, any invertible sheaf on A} is trivial. In
particular,
Pic(A;) = 0.
We will prove more generally that Pic(A}) = 0 for any n > 0 in Chapter 16. JAN

Example 14.18 (The projective line). By Theorem 14.12, every invertible sheaf on P} is
isomorphic to Op: (m) for some m € Z. Hence we have an isomorphism

PicP! ~ Z.
A

Example 14.19. Let X < A? denote the plane curve defined by y? = x® + x and let
P = (0,0). The ideal sheaf Z = Ox of sections vanishing at P is invertible. To see this, we
show that for every () € X, the ideal Z, is a principal ideal in Ox (.

At the point P, the stalk Zp = (z,y)Ox_ p is the maximal ideal in Ox p. This ideal is
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274 Locally free sheaves

generated by the element y. Indeed, since y* = z(x — 1)(z + 1), and (z — 1) and (z + 1)
are invertible in Ox p, we can express z in terms of .

For any other point @, at least x or y is invertible in Ox ¢ and so Z = (1) in Ox .

In either case, the ideal IQ is principal, hence Z is an invertible sheaf. It is however not
trivial, as any ideal sheaf of Oy is trivial if and only if it is principal and (x, y) requires two
generators.

On the other hand, Z ® Z is trivial. Indeed, it corresponds to the tilde of the ideal (m, y)2
in k[z,y]/(y* — 2* — z), and

(#,9)" = @, 2y,9%) = (2%, 2y,2° + 2) = ().
In terms of the Picard group, what we have shown is that the class [Z] in Pic(X) is nonzero,

by 2[Z] = 0 in Pic(X). In fact, when k is algebraically closed, Pic(X) is an infinitely
generated abelian group, as we will see in Section 20.5. A

14.6 Pullbacks of invertible sheaves

Let f: X — Y be a morphism of schemes and L be an invertible sheaf on Y. Then f* L is
invertible on X . Indeed, if L is trivial over an open cover {V;};cs, then f*L is trivial over
the open sets (V). Moreover, if L is described the local data g;; € Ox (V; n V;)*, then
f*L is described by the pullbacks f*(g;;) € Ox(f~*(V; n V})).

If L and M are two invertible sheaves on Y, then

AL ®oy M) = [*(L) ®o, [*(M)
Therefore, the assignment L — f* L induces a morphism of groups
f*: Pic(Y) — Pic(X).

The pullback operation extends naturally to sections. For any open subset W < Y and
section s € L(W), we obtain a section f*s € f*L(f~1(WW)) as follows: locally on W N V;
where L is trivial, we may write s as a; - s; for some a; € Oy (W n'V;) and local generator s;
of L|y,. The pullback section is then given by f*s = f*(a;) - f*e; on f~1(W n V;), where
f*e; is the corresponding local generator of f*L|s-1(y,). This construction is independent
of the choice of trivialization and glues to give a well-defined global section.

Example 14.20. Consider the morphism
fiPy —Ph (w0 @) — (201 moxy 1 23).

In this example, f*Op: (1) = Opz (2). To see this, let Uy, Uy and V;, V1, V; be the standard
coverings of P} and P} respectively. Then we the image of f is covered by the two open
sets Vo and V5, and f~'Vy = Up and f~'V, = Uy. We have Opz (1)]y, = Oy, yo and
Op2(1)|v, = Oy, ya. The transition function between the two is given by goa = ya/¥o.
Here we have f*(go2) = (21/20)% s0 f*Opz (1) is defined by exactly the same transition
functions as Op1 (2).

Note that the global sections of Op2 (1) are of the form s = ayy + by; + cys fora, b, c € k.
This pulls back to

[*(s) = ay§ + byoys + cys.
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A

Example 14.21. Consider the closed subscheme X = V() < P? and let t: X — P% be
the inclusion. Then t*Opz (1) = Op: (1). Hence

L(P7, Op2 (1)) = kxo @ kay @ kzy and T'(X, 1*Op (1)) ~ kay @ ks

In particular, contrary to f,, the pullback functor does not always give an isomorphism on
global sections. A

14.7 Morphisms to projective space

One reason to care about invertible sheaves is that they help us understanding morphisms to
projective space. More precisely, given a scheme X, it is natural to ask what sort of data one
needs to specify a morphism

fi X — P (14.9)

The corresponding question for A™ has already been answered: m morphisms X — A"
are in one-to-one correspondence with elements of I'(X, Ox)", i.e., an n-tuple of regular
functions on X.

For a morphism into projective space it will not be the global sections I'(X, Ox), but
rather sections of an invertible sheaf that will be the analogous data we need in order to
specify a morphism.

To explain this properly, let L be an invertible sheaf and let s € I'(X, L) be a global
section. Consider the open set

D(s) = {PeX|s(P)+0inL(P)}.

That is, D(s) is the set of points P € X where sp ¢ mpLp. Being the complement of V' (s),
this set is indeed an open set of X.

We say that a set of sections {s;};c; generate L if for any P € X, there is an s; such
that s;(P) # 0 in L(P). Equivalently, the open sets D(s;) form an open cover of X. If this
holds, we say that L is globally generated.

The next lemma says that any nonzero section generates L over the open set D(s).

Lemma 14.22. Let X be a scheme and let L be an invertible sheaf on X. If s € I'(X, L)
is a nonzero global section, then there is an isomorphism of O x-modules

¢: Ox|ps)y — Lps)

which sends 1 to s.

Proof We define ¢ over an open set U < D(s), by sending 1 € Ox(U) to s|y € L(U)
and extend Ox-linearly. This is an isomorphism if and only if it is an isomorphism locally, so
we may reduce to the case where X = Spec A and L = Ox. In that case, D(s) = Spec A,,
s is invertible in A4 and so multiplication by s is an isomorphism A, — A,. O

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

276 Locally free sheaves

Lemma 14.23. Let f: X — Y be a morphism of schemes and let L be an invertible
sheaf on Y. Then if L is an invertible sheaf which is generated by global sections
S0y - - - » Sn, then f* L is generated by the sections tg = f*sqg,...,t, = f*s,, and X is
covered by the open sets D (%), ..., D(t,).

Proof As L is invertible, we may reduce to the case X = Spec B,Y = Spec A, L = Oy
and f is induced by a ring map ¢: A — B. Then we can view the sections S, . .., S, as
elements of A, and the pullback f*(s) of a section s is simply given by ¢(s).

Let P € X be a point. Then there is an index j so that s;(P) # 0 € £(Q) is nonzero at
@ = f(P). Then f*(s;) = ¢(s;) is then also nonzero at P, as its class in Ox p coincides
with the image of s; via the map of local rings fp: Oy, — Ox p.

As the elements s, ..., S, generate L, they generate the unit ideal in A, and so the
pullbacks ¢(so), . . ., ¢(s,) generate the unit ideal in B. Hence X = Spec B is covered by
the open sets D(f*(sg)), ..., D(f*(sn)). O

Example 14.24. If X = Spec A is an affine scheme, then any invertible sheaf L is globally
generated. Indeed, L = M for some A-module M. Choosing a (possibly infinite) set of
generators {m; };c; for M, these define global sections of L which generate L in every

stalk. A
Example 14.25. On P}, the sections xg,...,, generate Opz(l). Indeed, every point
P € P} lies in some open set U; < P}, and for this 7, we have z;(P) # 0. A

Combining the previous example with Lemma 14.23, we see that given a morphism
f: X — P", we obtain an invertible sheaf L = f*Op.(1) on X, as well as n + 1

distinguished global sections s; = f*z; by pulling back the sections xy, . . ., x,, of O(1).
As O(1) is globally generated by xq, . . ., x,, L will be globally generated by the pullbacks
S0y« Sn-

The main result in this section is that there is a way to reverse this process. In other words,
from a given invertible sheaf L and n + 1 global sections s; € I'(X, L) that generate L at
every point, we can uniquely construct a morphism f: X — P" so that f*Op. (1) = L and
f*x; = s;. Hence (L, s, ..., S,) is the data we are after.

Theorem 14.26. Let X be a scheme over a ring A, and let L be an invertible sheaf on
X with global sections s, . .., s, € I'(X, L) that generate L. Then there is a unique
morphism of A-schemes

f: X — P = Proj Alzo, ..., z,]

and an isomorphism f*(O(1) ~ L which maps f*z; to s, fori = 0,...,n.

Proof of Theorem 14.26  Write P", = Proj R, where R = A[z,...,z,| and denote
Op, (1) by O(1).

By assumption, the n + 1 sections s, . . ., s,, generate invertible sheaf L. By Lemma
14.22, the open sets D(s;) provide a local trivializing cover of L, with isomorphisms
b;: (’)X|D(Si) — L|D(Si) which sends 1 to the section s;. Since s; is a local genera-
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14.7 Morphisms to projective space 277

tor for L over D(s;) we may for each j = 0,...,n, express 5j|D(Si) as r;;s; for some
ri; € Ox(D(s;)). For simplicity, we write s,/s; for r;;.
These sections define a map of A-algebras

(in)o — I'(D(si), Ox); xj/ﬂfi — Sj/si (14.10)

By the correspondence between ring homomorphisms and maps into affine schemes, we
obtain a morphism of A-schemes f;: D(s;) — D (x;).

To check that the morphisms f; glue to a morphism f: X — P, we check the overlaps
D(s;) n D(s;) and D (z;) n Dy(z;) = Dy(x;z;). Note that there is a commutative
diagram

(Ry,)o —— T'(D4(s4), Ox)

l l (14.11)

(Ry,z,)0 — T(Dy(s:5;5), Ox)

As the bottom the map sends i—’; = i’;—;fj to Z—’; = zf—;:, we see that both f; and f; restrict to
the same map D(s;s;) — P7;, namely the one induced by the bottom map in (14.11). Hence
they glue to a morphism f: X — P".

Next, we show that there is an isomorphism f*O(1) ~ L.OnP%, wehave O(1)|p, (z;) =
Ob., (2:)Ti, and x; serves as the local generator. Over the open sets D(s;) = f~'(D(z;)),
we therefore have f*O(1)|p(s;) =~ Op(s;) With local generator f*z;. Likewise, L|p(s,) =~
Op(s;) with local generator s;. As both L and f*O(1) are trivial over D(s;), we may
define an isomorphism f*O(1)|p(s,y — L|p(s;) by sending f*z; to s;. To check that
these isomorphisms glue, we need to check that they are compatible with the gluing maps.
The sheaf O(1) is obtained by gluing together the Op(,,) using the transition functions
gij = xj/x;. Therefore f*(O(1) is obtained by gluing together O p.,) using multiplication
by f*gi; = f*(x;/x;) as transition functions. However, by construction, f*(x;/z;) = s;/s;.
Hence f*O(1) and L are defined by the same gluing data, and the local isomorphisms
define an isomorphism f*O(1) ~ L. It is clear that the generator f*x; maps to s; via this
identification, because this happens over each open set D(s;).

The uniqueness part is clear, because the sections S, . . . , s, determine the ratios s;/s;,
which in turn determine f. O
We will refer to a morphism ¢: X — P% as given by the data (L, s,...,s,) and
informally write
X — Py
x—> (so(x) -1 s,(x))

One should still keep in mind that the sections s; are sections of L, not regular functions. In
light of the above proof, we see that it is the ratios s;/s; which can be interpretated as regular
functions, locally on D(s;) = {z € X | s;(x) # 0}.

We also see that two sets of data (L, s, ..., Sp), (L, to, ..., t,) give rise to the same
morphism f: X — P if and only there is a unit A € O% (X) so that t; = \s; for each i.
Thus morphisms f: X — P’ are in bijective correspondence with the data (L, sq, . . ., S,,)
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278 Locally free sheaves

modulo this equivalence relation. One can compare this with the description of the A-valued
points of P’} from Chapter ??:

Example 14.27. Let A = Z and consider X = Spec Z. Since any invertible sheaf on
Spec Z is isomorphic to the structure sheaf, we see that Z-morphisms f: X — P are in
one-to-one correspondance with (n + 1)-tuples of elements in ['(X, Ox) = Z. In other
words, any Z-point Spec Z — P7 is in ‘homogeneous coordinate form’, as defined in Chapter
??. The same applies when A is a local ring, or any ring with Pic(Spec A) = 0. On the
other hand, Pic(Spec Z[+/—5]) # 0, and we saw that there were ‘non-obivious’ maps

Spec Z[v/—5] — P3. JAN
Example 14.28. Let X = P} = Proj k[s,¢] and L = Op1 (2). Then L is globally generated
by s?, st, t? and the corresponding morphism
¢: P, — P}
(s:t) —> (s%:st:t?)
has image V' (zoxo — %) which is an irreducible degree 2 curve. A
Example 14.29 (Cuspidal cubic). Let X = Aj and L = Oyx. Then, I'(X, L) = k[t].
Choosing the three sections 1,2, t3, we get a map of schemes
¢: X — P}
t—s (1:8%: %)
whose image in P? is the cuspidal cubic V (zoz3 — x?) minus the point at infinity. A
Given a scheme X with s, . .., s, of an invertible sheaf L, there is a maximal open subset
U such that the sections generate L for all points in U, namely U = | J;_, D(s;). Even if
we do not assume that the s; globally generate L, we still get a morphism ¢: U — P’;. In

other words, the sections define a rational map ¢: X --+ P, which is a morphism when
restricted to U.

Example 14.30. Let X = A}*" = Speck[wzo,...,7,] and L = Ox. Then I'(X, L) =

k[xg, ..., x,]. If we take the sections g, . . ., T, then they generate L outside V' (z, . .., ;).
Hence we get a morphism of schemes
AP —V(zg,... 1) — P}
(ToyevoyTp) > (Tt xp)
which is exactly the ‘quotient space’ description of P™ from (5.5). A

14.8 Application: Automorphisms of P}

If k is a field, then any invertible (n + 1) x (n + 1) matrix A with entires in k acts on
k[zo,...,x,] and gives rise to a linear automorphism P} — P?. Moreover, two matrices A
and A’ determine the same automorphism if and only if m = Am/’ for some non-zero scalar
A € k. The projective linear group is defined by as the quotient group

PGL,, (k) = GL,(k)/k*
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14.8 Application: Automorphisms of P, 279

We will now prove that all automorphisms of [P} are given by linear transformations.

Theorem 14.31. Autyx (P}) = PGL,, (k).

Proof The above paragraph shows that there is an injective map from the righthand side to
the left. Conversely, let ¢: Py — P} be any automorphism. Then ¢ induces an isomorphism

Pic(P") — Pic(P})

Since Pic(PPy) is generated by Opr (1), we must have either ¢*Opr (1) = Opp(1) or
¢*Opy (1) = Opy(—1). The latter case is however impossible, because ¢*Opy (1) has
many global sections, whereas Opx (—1) has none. Hence ¢*Op1 (1) = Op: (1). Evaluating
¢* over global sections gives a k-linear isomorphism

[Py, Opp (1)) — T(P", O (1)),

Now, we may choose {xq, ..., Z,} as a basis for I'(P}, Op~ (1)), and so in this basis ¢*
gives rise to an invertible (n + 1) x (n + 1)-matrix A. By construction A induces the same
linear transformation P} — P} as ¢, and so ¢ comes from an element of PGL,, (k). O

Appendix: Locally free sheaves and stalks

If £ is a locally free O x-module of rank r, then the stalk Ep is clearly isomorphic to O p
for every P € X. In fact, the converse holds if £ is coherent:

Lemma 14.32. Let X be an integral Noetherian scheme and let £ be a coherent sheaf on
X.Let P € X beapoint. If Ep is a free O x_p-module, then there is an open set U < X
such that £y is free.

Proof We may assume that X is affine, say X = Spec A, and £ = M for some finitely
generated A-module M. Suppose that P corresponds to the prime ideal p — A. By assump-
tion, M, ~ A;. Pick elements m, ..., m, € M so that their classes generate M, and
consider the map of A-modules ¢: A" — M sending the i-th basis vector to m;. Letting
K = Ker(¢) and C' = Coker ¢, there is an exact sequence

0 K AT M C 0 (14.12)

As A is Noetherian and M is finitely generated, both K and C' are also finitely generated.
This implies that the supports Supp(K’) and Supp(C') are closed in Spec(A) (they are
equal to V' (Ann(K)) and V (Ann(C)) respectively). These subsets are are moreover proper
closed subsets, because ¢, is an isomorphism. Therefore, we may pick an f € A so that
D(f) = Spec A—V(Ann(C)) u V(Ann(K)) is an open set containing p. This means that
Cy = Ky = 0 and hence that ¢y : A} — M; is an isomorphism. Consequently, & is free
over the open set D(f) < Spec A. O
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280 Locally free sheaves

Corollary 14.33. Let X be a Noetherian integral scheme and let £ be a coherent sheaf.
Then the following are equivalent:
(1) & islocally free of rank r
(ii) Ep isafree Ox p-module of rank 7 for every P € X.
Example 14.34. Let A be DVR with fraction field K, and let s and & be respectively the
closed and the open point of X = Spec A. Let £ be the Ox-module with I'( X, ) = A and
['({¢},€) = K, and with the restriction map A — K equal to the zero map. Then & is an
O x-module with exactly the same stalks as the structure sheaf O, but it is not locally free
(in fact, it is not even quasi-coherent). A

Corollary 14.35. If X is a Noetherian integral scheme and £ is a coherent sheaf, then
there is a dense open set U < X such that £|; is locally free.

Proof This follows by applying Lemma 14.32 to the generic point. In that case the local
ring is a field, so any finitely generated module is free. 0

Let & be a coherent sheaf and let P € X be a point. The fiber of £ at P is defined as the
k(P)-vector space

E(P) = EpfmpEp.

Geometrically, £(P) ~ Ep ®o . k(P) is the £ (P)-vector space which corresponds to the
pullback of £ via the map ¢: Spec k(P) — X.

If £ is locally free of rank r, then £(P) is a k(P)-vector space of dimension 7 at every
point P. The next result states that the converse holds, that is, a coherent sheaf with the
property have the fibers have the same dimension at every point is locally free.

Proposition 14.36. Let X be an integral Noetherian scheme with generic point & and let
& be a coherent sheaf. Then for all P € X,

dim,.i(p) g(P) = dimn(g) g(f)
If equality holds for every P € X, then £ is locally free of rank r = dim,¢) £(§).

To prove this, we immediately reduce to the affine case X = Spec A, where £ = M fora
finitely generated A-module M. Using Theorem ??, we reduce to proving the following:

Lemma 14.37. Let A be a local Noetherian ring with maximal ideal m and fraction field
K. Let M be a finitely generated A-module. Then

with equality if and only if M is free.

Proof Letxy,...,x, be elements of M so that Z7, . .., T, form a basis for M /mM =
M ®4 A/m as a A/m-vector space. By Nakayama’s Lemma, the x4, . . ., x, generate M as

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

14.8 Application: Automorphisms of P, 281

an A-module. Then the elements z; ® 1, ..., 2, ® 1 also generate M ® 4 K as a K -vector
space, and hence (14.13) holds.

We next need to show that if dim, M ®4 A/m = dimx M ®4 K = r, then M is free of
rank 7. Choose generators 1, . . ., 2, € M so that their classes define a basis for M ® 4 A/m
as before. Consider the map ¢: A” — M defined by (a4, ...,a,) — Z:zl a;x;. There is
an exact sequence

0 — Ker(¢) Ar 2 M 0

Tensoring the sequence by K (which corresponds to localizing at (0), and hence preserves
exactness), gives a sequence of finite-dimensional K -vector spaces

0 — Ker(¢) @4 K KT M@iK — 0

As K" and dimg (M ®4 K) = r have the same dimension, and the sequence is exact, we
must have Ker(¢) ® 4 K = 0. Hence Ker(¢) is torsion module. But being a submodule of
A", where A is an integral domain, it must be torsion free, and hence Ker(¢) = 0. Therefore,
¢ is an isomorphism and hence M is free.

Finally, if M ~ A" then M ®4 A/m ~ (A/m)" and M ®4 K ~ K", so equality holds
in (14.13). O

In the affine case, where X = Spec A and £ = M , we may understand this open set as
follows. Choose a presentation

Am 2, pAn M 0. (14.14)

For r € N, define the ideal I,.(M) generated by the (n — r) x (n — r)-minors of the
matrix representing ¢. By (?, Section 20.3), the ideal I,.(M) is independent of the chosen
presentation of M, and

V(I.(M)) = {p € Spec A | rank o, (M) > r + 1}.
In particular, setting 7 = dimy (M ®4 K), then M will be locally free over the open subset
U = Spec A -V (I,).

In particular, M is locally free of rank r if and only if ,_;(M) = O and I,.(M) = A.
This criterion is often useful for proving local freeness. Here’s an example:

Example 14.38. Let & be a field and let R = k[xo, . . ., z5]. Consider the matrix

0 To I To
b= —x9 O T3 T4
—T1 —I3 0 Ty

—ry —x4 —x5 0
The determinant of ¢ is the square of the quadratic polynomial
q = ToTs — T1T4 + T2T3

This means that the locus of points where ¢ has rank at most 3 is given by the hypersurface
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X = V(q) < AY. The locus of points where ¢ has rank at most 2 is defined by the ideal
generated by the 2 x 2-minors, which by direct calculation has radical equal to the ideal

(.’130, . ,ZL’5).
Let A = R/(q) and X = Spec A. The matrix ¢ defines an exact sequence of A-modules

A* 25 A* — Coker(¢) —> 0.
Applying ~, we get a sequence
Ox O% & 0
Proposition 14.36 then shows that £ is locally free of rank 2 on X — {(0,...,0)}. A

14.9 Exercises

Exercise 14.9.1. Let ¢ : L — M be a map of invertible sheaves.
a) Show that if ¢ is surjective, then it is an isomorphism.
b) Give an example of an injective map ¢ which is not an isomorphism.

Exercise 14.9.2. Show that tensoring by a locally free sheaf of finite rank preserves exact
sequences.

Exercise 14.9.3. Let A be aring, let M be a finitely generated A-module and let S < Aisa
multiplicative set. Show that there are isomorphisms of S~! A-modules

a) S~H(Sym" M) = Sym"(S'M).

B) STHA" M) = \"(STM).
Exercise 14.9.4. Let £ be a quasi-coherent sheaf. Define the n-th symmetric power Sym™ (&)
and the n-th exterior power, /\" &, to be the sheaves associated to the presheaves

U+ Sym"(£(U)) and U'—>/H\S(U).

respectively.
a) Show that Sym"(€) and /\"(€) are quasi-coherent and that

[(U,Sym"(€)) = Sym"(E(U)) and (U, /n\g): AE)).

b) Show that if £ is locally free of rank r, then Sym"(€) and " € are locally
free of ranks (”:ﬁ;l) and (;) respectively.
¢) Compute the following sheaves:
(i) Sym"(Op: (a) ® Op: (b)) forn > 1.
(i) A\’(Op (a) ® Op; (b))
(i) A’ (Os: (a) ® Op: (b) ® O (c)).
d) Suppose 0 — &’ — & — £” — 0 is an exact sequence of locally free sheaves.
Show that for each n. > 0, there is a filtration of /\" € whose associated graded
pieces are:

k=0

é(ﬁm’ng/).
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e) Let £ be a locally free of rank 7. The sheaf det(£) = A"E is called the
determinant of £. Show that det £ is an invertible sheaf.
f) Show thatif f: X — Y is a morphism, then for each locally free sheaf £ on

Y,
f*det(E) = det(f*E)
g) Show thatif € = Opi (a;1) @ - - - ® Op1 (a,) for a; € Z, then
det(€) = Op1 (a1 + -+ + a,).
h) Show that the determinant is additive on exact sequences: if
058 —->E-E" >0
1s exact, then
det(€) = det(&') ®o, det(E”). (14.15)

Exercise 14.9.5. Let A be aring. Let 0 - P — N — M — 0 be an exact sequence of
A-modules. Show that there are exact sequences

P®4 Sym™ ' (N) — Sym"(N) — Sym" (M) — 0

and

n—1 n n
Pes /\N— AN- /M=o
Generalize these to sequences of locally free sheaves.

Exercise 14.9.6. Let f: X — Y and let £ be a locally free sheaf of finite rank on Y.
Find examples where the pullback map f*: I'(Y, ) — T'(X, f*&) may fail to be injec-
tive/surjective.

Exercise 14.9.7. Let X = Spec A, where A = [[,Z, Z. Show that M = Z admits the
structure of an A-module which is projective, but not free.

Exercise 14.9.8. If Y < X is a closed subscheme and F is an O x-module of finite type
with support contained in Y, show that F admits a finite filtration of O x-modules of finite

type
0=FycFc---cF,=F

such that each F;/F;_, is the pushforward of an Oy--module of finite type.

Exercise 14.9.9. Let X be a Noetherian scheme. We define the Grothendieck group Ko(X)
as the quotient of the free abelian group on symbols [F] for F an Ox-module of finite type,
by the subgroup generated by the expressions [F| — [F'] — [F”] whenever there is an exact
sequence

0>F >F—>F -0

of finite type O x-modules.
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a) If X is integral and F is an Ox-module of finite type, we define the rank of F
as the number

rank(F) = dimo,  (F¢)

where £ is the generic point of X . Show that the rank defines a surjective map
of groups Ky(X) — Z.
b) If Y < X is aclosed subscheme, show that there is an exact sequence of groups

Ko(Y) 2 Ko(X) 5 Ko(X —Y) >0

where « is induced by i, and [ is induced by restriction. HINT: Compute that
Boa =0,so that 3 induces amap 3 : Ko(X)/a(Ko(Y)) = Ko(X —Y).
Use Exercise 14.9.8 and Exercise ??.

c) Let k be a field. Compute K (Spec k) and Ko(A}).

d) Compute Ky (P;).

Exercise 14.9.10 (The projection formula). Let f: X — Y be a morphism of schemes, and
let £ and F be O x-modules. Use the adjunction between f, and f* to define a map

[(FRfE) — [(F)®E. (14.16)
Show that if & is locally free of finite rank then (14.16) is an isomorphism.

Exercise 14.9.11. Show that the subscheme Z(s) satisfies the following universal property:
A morphism f : T" — X satisfies f*s = 0 if and only if it factors through Z(s). (Hint:
Understand the subscheme on each open affine Spec A © X first. Reduce to the case
5 == O X-)

Exercise 14.9.12 (Projective modules). Let A be a Noetherian integral domain. An A-
module M is called projective if the functor N — Hom (M, N) is exact. Show that a
finitely generated A-module M is projective if and only if it is a direct summand in a free
module; that is, if there is another module NV so that M @ N ~ A’.

Exercise 14.9.13. Let A be a Noetherian ring. Show that a finitely generated module
is projective if and only if M, is projective for all p € Spec A. HINT: Show that
Hom 4 (M, N), = Homy, (M,, N,).

Exercise 14.9.14. Let R = Z[v/—5] andleta = (2, 1++/=5). Define two maps p: R*> — a
and s: a — R?by p(a,b) = 2a + (1 + /=5)b, and s(z) = (—x,xl_T\/:r’).
a) Show that p o s = id and deduce that
R? ~ a@Kerp.
b) Show that a is projective, but not free.

Exercise 14.9.15. Let R = ]_[(f:l F, be a direct product of countably many copies of the
field IF, with two elements, and let ] = @il Fs.
a) Show that [ is an ideal which is not finitely generated.
b) Show that R/I is not projective. HINT: [ is generated by the elements ¢; € R
with a 1 in the ¢-th entry and O in all other entries. No non-zero element in R is
killed by all the e;’s.
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¢) For a prime p € Spec R, show that (R/I),, is free. HINT: If ] < pand a € I,
let n € N be such that «; = 0 for every ¢ > n and define 3 by 3; = 0 for
i<mnandf; =1fori>n.Thenf-a=0and1=>" e + /. Show that
B ¢ p and deduce that o maps to 0 in I, and hence that I, = 0.
Exercise 14.9.16. Show that the integers appearing in Theorem 14.12 are unique. HINT:
Consider the global sections of a suitable twists £(m).

Exercise 14.9.17. Find an example showing that if £ is locally free, then €|y needs not be
free for every affine U < X.

Exercise 14.9.18 (Vector bundles). A vector bundle of rank r over a scheme X is a scheme
V together with a morphism 7: V' — X such that there is an open cover {U,}c; such
that for each i € I, there is an isomorphism ¢;: 7= (U;) ~ U; x A" so that the following
diagram commutes:

T U) —2 Uy x A
Wl ) lprl
U, —— U;

and for any pair ¢, 7 € I, and affine V' = Spec A < U, n U; the automorphism ¢;; =
¢; o ¢; " induces an isomorphism V x A™ — V x A" which is A-linear, i.e., given by
0: Alxq,...,z,] — Alzy,...,x,] where 8(a) = aforalla € Aand 0(x;) = > a;;x;

foreveryi =1,...,7.
a) Given a vector bundle w: V — X, show that 7, Oy is a locally free sheaf of
rank 7.

b) Conversely, given a locally free sheaf £ of rank r on X, construct a vector
bundle 7: V' — X such that 7,0y = £. HINT: Define V by gluing, using
the transition functions of £.

Exercise 14.9.19. Let £ and F be locally free sheaves of ranks e and f respectively, and
let {U;} be an affine cover trivializing both £ and F. Suppose the gluing isomorphisms
for £ be given by 7;; : Op — O,TJ] and the gluing isomorphisms for F are given by
vj; + Oy, — Op,. Show that the gluing isomorphisms for the tensor product £ ®o, F
are given by 7;; ® v;;. Show that the matrix representing £ @ F is given by the Kronecker
product of the matrices representing 7;; and v/j;.

Exercise 14.9.20. Let .: Y — X be a closed subscheme. Show that ¢, Oy is globally
generated.

Exercise 14.9.21. Consider the scheme U = P2 — {(0: 0 : 1)}, covered by the two affine
open sets

Uy = Spec k[z,y] and U; = Speck[z~", 27 'y].

with Uy n U; = D(x) = D(2~!). Consider the matrix 7o; = (§ 7). Show that 7¢; defines
a locally free sheaf £ on U which fits into an exact sequence

0 Ou & Ou 0.
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Compute I'( X, £). Is € globally generated?

Exercise 14.9.22. Compute Aut(A;) by showing that every automorphism ¢: A — A}
extends uniquely to an automorphism ¢: P} — P; which fixes the point at infinity (0 : 1).

Exercise 14.9.23. Show that the map (z,y) — (z,y + p(x)) defines an automorphism of
AZ. Conclude that Aut(A?) is enormous for n > 2.

Exercise 14.9.24 (Globally generated sheaves). An O x-module F is globally generated, if
there exist sections s; € F(X), ¢ € I, and the map of O x-modules
@ OX — F
el
sending e; — s, is surjective.
a) Show that F is globally generated if and only if there is a set of sections
s; € F(X), 4 € I, such that for each x € X, the germs of s; generate F, as an
Ox ,-module.
b) Show that on an affine scheme, any quasi-coherent sheaf is globally generated.
¢) Show that Op: (d) is globally generated if and only if d > 0.
d) Let f: X — Y and let G be a globally generated Oy -module. Show that f*G
is globally generated on X.
e) Let f: X — Y be a closed embedding. Show that f,Ox is globally generated.
f) Find an example of a morphism f: X — Y such that f,Ox is not globally
generated.

Exercise 14.9.25. Suppose & is locally free of rank r. Let U; be a trivializing cover, and
let 7;; denote the transition functions for &£, interpretated as r x r matrices with entries in
Ox (U; n U;). Show that £ is obtained by the transition matrices v;; = (7/;) ™"

Exercise 14.9.26 (Koszul complex). Let A be an integral domain and let z,y € A. As-
sume that z,y form a regular sequence, that is, x and y are nonzerodivisors, and x is a

nonzerodivisor modulo y. Consider the ideal I = (x, y). Show that the sequences
0— A5 A4 -5 T—0 (14.17)

and

0— A5 A®A T A—s A/T —0. (14.18)
are exact.

Exercise 14.9.27 (Koszul complex II). Let X be an integral scheme and let L be an invertible
sheaf on X. For two sections s,t € I'(X, L), let Y = V(s,t). Assume that the germs of s
and ¢ form a regular sequence in L, forallp € X.

a) Show that there are exact sequences

0—L?* 5L 'L -5 T—0 (14.19)
and
0— L2 5 L'l 5 0y —> 1,0y — 0. (14.20)
where Z is the ideal sheaf of the zero scheme Y = V' (s, t) of s and t.
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b) Study this sequence when X = P}, when L = Opk(l) and s = x9, t = 1.
What happens on global sections?

Exercise 14.9.28. Find a locally free sheaf £ on a scheme and two points p, ¢ € X such that
the ranks of £ at p and q are different.

Exercise 14.9.29. Consider the ring A = Z[+/—5] and the ideal a = (2,1 + +/—5). Show
that a is projective, but not free. Compare this with Exercise 14.9.14 and Example 5.7.

Exercise 14.9.30. Let k be a field, R = k[xy, ..., z,] and A}™" = Spec R. Consider the
exact sequence of R-modules

0 R — Rt M 0 (14.21)

where the map ¢ sends a polynomial p to . px;e; where e; is the i-th standard basis vector.
Show that the restriction & = M|y is a locally free sheaf of rank n over the open set
U=a;" — {0)

Exercise 14.9.31. Let L be an invertible sheaf and Y = V() the zero scheme of s. Show
that there is an exact sequence

0 Ox L Lly 0 (14.22)

where we write L|y = t,0* L.

Exercise 14.9.32. In light of the construction of projective space, it is tempting to consider
the functor F': Rings — Sets given by

F(R) = {free direct summands L = R"*" of rank 1}

However, show that F' is not representable by a scheme. HINT: Consider R = Z[+/—5]
and the open sets D(2), D(3) of Spec R.

Exercise 14.9.33. The aim of this exercise is to investigate the functor of points of projective
space P". We will associate to a scheme 7', its set of data (L, sg,...,s,) where L is
an invertible sheaf L, with an (n + 1)-tuple of sections so, ..., S, that locally generate
L everywhere. We declare (L, sg,...,8,) ~ (M,tg,...,t,) if there is an isomorphism
f: L — M sothat f*(s;) = A-t; for some A € OF(T).

a) Show that ~ is an equivalence relation.

b) Consider the assignment

F(T) = {(L, s0,---,1)|50,- -5, € (T, L) generate L everywhere} / ~

Show that F' is a functor.
¢) Show that there is a natural transformation

®(X) : Hom(7T,P") — F(T)
sending a morphism f : T" — P™ to the equivalence class of the data
(L, S0y ..-y8n) = (ffO), f*xo,..., fFx,)

d) Construct an inverse to ® and deduce that I is represented by P".
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e) Show that elements of F'(Spec k) are in correspondence with (n + 1)-tuples

(ag,...,a,) € k™1, so that not all a; are zero. Thus we recover the usual
description of the k-points of projective space as ‘1-dimensional subspaces of
Enrto,

f) Show that the previous exercise also holds for a local ring.

g) Show that for a ring R, the set F'(Spec R) is in bijection with the set of
projective rank 1 summands of "1, i.e., modules of rank 1 such that M @FE ~
R™! for some module E. This is the right generalization of a "line in k™ for
general rings.

Exercise 14.9.34. This is a continuation of Exercise 14.9.33. We will consider the product
X = P™ x P™ and give a new interpretation of the Segre embedding X — P(m+D(n+1)—1
in terms of the functor of points.
a) Let T be a scheme and let (L, s, ..., S,,) and (M, to,...,t,) be elements
of hpm (T') and hp. (T') respectively. Show that the (m + 1)(n + 1) tensor
products w;; = pris; @ prit; generate pri L @ pryM onT x T.
b) Show that

(pTTL®pT;M7u007"‘7umn) (1423)

defines an element of Apmi1m+n-1(T), and that this defines a functor from
Sch® — Sets.

¢) Deduce that there is a morphism ¢: X — P(m+D(n+1)-1,

d) Show that ¢ is an embedding. HINT: Show that the morphism ¢ has the
property that ' (D (u;;)) = D, (x0) x D4 (yo), and show that ¢ restricts
to an embedding on distinguished subsets.

Exercise 14.9.35. This is a continuation of Exercise 14.9.33. We will consider the projective
space P" and give a new interpretation of the Veronese embedding X — P¥ in terms of the
functor of points.

a) Let T be a scheme and let (L, s, . . ., S,,) be an element of Apw (T"). Show that

foreachd > 1,the N = ("gd) monomials

PR @D (14.24)

foreg + - - - + e, = d, generate L®?,

b) Show that L® together with the N sections in (14.24) defines an element in
hpx-1(T') and that this defines a functor from Sch® — Sets.

¢) Deduce that there is a morphism ¢: X — PV—1,

d) Show that ¢ is an embedding. HINT: Consider distinguished open sets.

Exercise 14.9.36. Consider the projective line P} and the squaring map f: P, — P}, which
restricts to the squaring map Uy — Uy on each U; ~ A}. Show that f*O0p1 (1) = Op1 (2).

Exercise 14.9.37 (A weighted projective plane). Define the weighted projective plane X =
P(1,1,2) over a field k.

Show that X is isomorphic to V (zz — y?) < P}.

Use the standard exact sequences on P? to compute H' (X, Ox ) and H?*(X, Ox).
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Let L = V(z,y) be the line on X < P?. Is the ideal sheaf Z}, invertible? HINT: Consider
the local ring at the origin in one of the affine opens in X.

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

15

First steps in sheaf cohomology

One of the main challenges when working with sheaves is that surjective maps of sheaves do
not always induce surjections on global sections. Given a short exact sequence of sheaves

0 F F F 0,

one has a sequence
0 — I'X,F) — I'(X,F) — T'(X, F") (15.1)

which is exact at each stage except on the right, but the right-most map may fail to be
surjective. In many situations in algebraic geometry, knowing that I'( X, ) — I'(X, F”) is
surjective is of fundamental importance. For instance, if U < X is an open subscheme, it is
useful to know when a regular function defined on U extends to a regular function on all of
X.

Cohomology groups can be seen as a partial response to this behavior of I', and in good
situations, they allow us to say something about the missing cokernel. More precisely, the
sequence (15.1), induces a long exact sequence of cohomology groups

0 — I'X, 7)) — TI'(X, F) —— I'(X, F")

HY(X,F) — HYX,F) — H'(X,F")

H*(X,F') — H*(X,F) — HX(X,F") —> ---

This means that the failure of surjectivity of the above is controlled by the group H* (X, F’)
and the other groups in the sequence.

In addition to problems such as lifting sections, cohomology groups allow us to define
geometric invariants of F and X. These in turn allow us to distinguish schemes, that is, if
two schemes have different cohomology groups they can not be isomorphic.

Cohomology groups can be defined in a completely general setting, for any topological
space and a (pre)sheaf on it. There are several ways to define them. The modern approach
uses the theory of derived functors. This is in most respects the ‘right way’ to define the
groups in general, but going through the whole machinery of derived functors would take

290

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

15.1 Some homological algebra 291

us too far astray. We therefore take a more down-to-earth approach using Cech cohomology
which is better suited for computations.

15.1 Some homological algebra

A complex of abelian groups A* is a collection of groups A, indexed by the integers, together
with maps between them

dr—2 ar—1!

Ar~1

di+1

AP @ AP+l

called differentials, such that d? o dP~! = 0 for each i. A map of complexes f: A®* — B* is
a collection of group maps f,: A? — BP that commute with the differentials, meaning that
the following diagram is commutative:

Tt A
[N AP—l AP AP+1 - .
J/fpfl lfp J/fwrl
de-t d®
s Bp—l B BP B BP+1 — .

In this way, we may talk about kernels, images, cokernels, exact sequences of complexes, etc.

An element o € AP is called a cocycle if d?o = 0 and it is a coboundary if it lies in the
image of dP~!, that is, 0 = dP~ ' for some 7 € AP~!. The condition d? o dP~! = () implies
that

Imd?~t < Kerd?,

so every coboundary is a cocycle. The cohomology groups of the complex A* are designed to
measure the difference between these two notions. The p-th cohomology group is defined as
the quotient

HP(A*) = Kerd”/Im d"~".

One may think of H?(A*) as a group that measures the failure of exactness of the complex
A* at stage p: the complex A* is exact at p if and only if H?(A*) = 0.

A map of complexes f: A* — B® takes cocycles to cocycles and coboundaries to
coboundaries. Explicitly, if a € AP is a cocycle (so that dja = 0), then d3(fpa) =
foi1(dha) = 0, so f,a is also a cocycle. Similarly, if a = d% 'b is a coboundary, then
fpa = dv fp—1b) is also a coboundary. Consequently, f induces a map on cohomology
groups

HP(A*) — H"(B*);  [a] = [fpa]-

The following result is fundamental in the theory of cohomology:
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e

Proposition 15.1. Let0 — A°® 2, B* %, C* — 0be an exact sequence of complexes.
Then there is a long exact sequence of cohomology groups

- HP(A*) —— H?(B*) ———— H*(C")

Herl(A-) N HPH(B') N HPH(C') —_— ..

Proof For each p € Z, consider the commutative diagram with exact rows

0 Ar g T o 0

dil jds; jdpc

0 , AP+l fria Bp+1 gp+1 Cr+l 0

Applying the Snake Lemma, we obtain an exact sequence

0 — Kerd’ T Ker dr, — 5 Ker d?,

5

AP T d?, 25 Br T dB, 5 07 /T d% — 0.
Now consider the diagram:

AP Tmd%" 12 B /Tmd ' 25 CP/Imd% —— 0
agl l&g l&g
0 —— Kerdy I Ker dot I Kerdbt!
where the rows are exact by the above. Observe that
H?(A*) = Kerd, /Imdy " = Kerd,, H"*'(A*) = Cokerdy,,

and similarly for B® and C*. Applying the Snake Lemma again, we get the desired exact
sequence. O

Two maps f,g: A* — B* are said to be chain homotopic if there are maps h,,: A? —
B~ such that

f—g=dgpoh+hody.

For any cocycle a € Ker d%, this implies f,(a)—g,(a) = d% '(h,(a)),anso [f,a] = [g,a]
in cohomology. Consequently, chain homotopic maps induce the same maps on cohomology.

Example 15.2. As common strategy for proving that H?(A*) = 0 is to show that the identity
map is chain homotopic to the zero map. Explicitly, this means that one constructs maps
h: A* — A*~! such that

d?(hy(a)) + hyy1(dP(a)) = a foralla e AP (15.2)
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If a € AP is a cocycle (so that d?a = 0), then this equation implies that @ is a coboundary,
because a = dP~*(h,a), and so H?(A*) = 0. A

15.2 Cech cohomology

Let X be a topological space and let U be an open cover of X consisting of finitely many
open sets Uy, . .., U,. For a sheaf F on X, we have the sheaf exact sequence

0— F(X)— [ [FU) — [[FU: nT;). (15.3)

i i<j
The Cech complex is essentially the continuation of this sequence; it is a complex obtained by
adjoining all the groups F (U;, n - -- n U;, ) over all possible intersections U;, N -+~ N U .

Definition 15.3. For a sheaf F on X, the Cech complex C*(U, F) of F (with respect to
the open cover ) is the complex

COU,F) —L CYU,F) —1 C2U,F) L .
where the p-th term is given by

cru,F)= || FU,n-nU,),
and the differentials d” : C?(U, F) — CPT(U, F) are defined by

p+1

(dpa)io7~»-,ip+1 = Z (_1)jo—io,...i;~,.4.,ip+1

Jj=0

Uign-nUi,

where 7, ...%j,...,%p41 Means i, ..., iy with the index 7; omitted.

J

Note that since we assume that the open cover is finite, we have C? (U, F) = 0 whenever
p ¢ {0,...,r}, where r is the number of open sets.

Example 15.4. The two first terms in the Cech complex are given by

U, F)=][FU,) and C'UF)=]]FU,U,).
20 10<?1
The group C°(U, F) consists of 7-tuples of sections o = (o74,...,0,), with o; € F(U;)
for each i. Likewise, an element o = (0;;) € C*(U, F) is a collection of sections o;; €
F(U; n Uj), one for each pair ¢ < j.
The map d°: C°(U,F) — C*(U, F) sends an element o = (074, ..., 0,), to the element
d’c € C'(U, F) whose ij-th component is equal to

(d°0)ij =05 = oi - (15.4)

The map d': C*(U, F) — C*(U, F) sends o = (0;) to the element with 7jk-th compo-
nent equal to

(d'0)ijn = Ojk — T + 0 |y (15.5)
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A

Substituting (15.4) into (15.5), we see that all the terms cancel, so that d' o d° = 0. The
same happens also in higher degrees:

Lemma 15.5. For every p, we have

d?od’~! = 0.

N

Proof Foro e CP(U,F)and iy < -+ < 1,41, We compute:

p+1
p(JP—1 . ) — —1)I(gp—1 ~
(@) )igyeips = DL (D @7 0) 0 i Uiy
j=0
p+1 j—1
— 1) —_1)! PO
=2, (=1) (=104 iy Ui i
j=0 1=0
p+1
_1) —_1) PO
+ ( 1) Z( 1) 0-74.07“"7;_7'1‘~~’il+1’~~~aip+1 Uig,..ovipin
Jj=0 l=j3
For integers m < n, the term o, ~ ~ . appears exactly twice in the sum: for
05+ rlmyeeeslnsyelpl

(I,7) = (m,n) in the first sum and ([, j) = (n — 1,m) in the second. As the signs are
different, the two terms cancel, and so d” o dP~! = (.. O

Therefore, the Cech complex is indeed a complex of abelian groups.
Definition 15.6. The p-th Cech cohomology of F with respect to U is defined as the
cohomology of the Cech complex:

H?(U,F) = Kerd”/Tmd’~ .

The Cech cohomology groups depend on the choice of open cover U4, but are independent
of the ordering of the open sets Uj; in the cover. Given two orderings, there is an isomorphism
between the two associated Cech complexes which commutes with the differentials, and the
cohomology groups are canonically isomorphic (see Exercise ).

Example 15.7. The group H°(U, F) is the kernel of the map d°: C°(U, F) — C* (U, F),
which is simply the usual map
[[7FW) —]]FW:~Uy).
i i<j

This kernel is equal to F(X) by the sheaf axioms, so H*(U, F) = F(X). JAN
Example 15.8 (H' and lifting of sections). The most interesting cohomology group is
arguably H' (U, F). It is the group of elements (0;;) such that o, = 0;; + 0, modulo the
elements of the form o,;; = 7; — 7; (restricted to U; n U;). As mentioned in the introduction,

this group is closely related to the lifting of sections, as we now explain.
Suppose that we have a short exact sequence of sheaves

0 A B C 0
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15.2 Cech cohomology 295

Suppose we want to try to lift a section ¢ € C(X) to a section of B(X). Since the sequence
is exact, we can at least find lifts locally, i.e. there is an open cover i = {U;} and sections
b; € B(U;) that map to c|y, over each U;. Now we ask if we can assemble the b; to a section
b € B(X). For this to be the case, we must have b;|y,, — b;|y,, = 0. In any case,

g = (bj Uij)
defines an element of C'' (U, .A) (because b; and b; map to the same element in C(Uy;)).
Furthermore, do = 0, because

(do)iji = (b — bj) — (by — b;) + (b; —b;) =0

(all terms restricted to U, ;). When is o zero in ! (U, .A)? This occurs if and only if there is
an element a = (a;) € C°(U, .A) such that

b.

J

Uij - b’i

Ui —bily,, = Gj\u,; — Gi|uy,

which is equivalent to saying that the elements b, — a; € B(U,) agree over the overlaps U,
or in other words, that they glue together to a section b € B(X). Note that since a; € A(U;),
the image of b; — a; is the same as that of b;, i.e. b maps to c.

In summary, the section ¢ € C(X) can be lifted if and only if the associated element in
H'(U, A) equals 0. If the latter group is zero, any section of C(X) lifts.

In Example ?? we will see a concrete example of a section which does not lift. A

A morphism of sheaves ¢: F — G induces a morphism of Cech cohomology groups. For
each open set U < X, we have a map ¢y : F(U) — G(U), and for each p = 0, we may
define the map ¢*: C?(U,F) — CP?(U,G) by applying ¢ componentwise. To see that this
is a map of complexes, we check that ¢**! o d'z = df o ¢. For 0 € C*(U, F) and any
19 < -+ < lpy1, we have

p+1

(¢p+1(dpfo-))io,-~7ip+1 = ¢Ui0 ,,,,, ipt1 Z(_l)kaio,“.7{]z,...7ip+1

U,;

Since ¢ is a map of sheaves, it commutes with restrictions, so this equals

p+l
kZ]O(_l)k¢Ui0 ,,,,, G, ip+1(ai0,...,f;:,...,ip+1) Uig,.oovipsr”
On the other hand,
p+1
(dg(70))ig....ipsr = Z(—1)k(¢p0)i0,,..,a,,,.,¢p+1 Uigooooin
et
:k 0(_1)k¢UtU _____ G, ip+1(o-i0,...,’£,;:,...,ip+1) Uig,.ovips1

Since these are equal, we see that the maps ¢P form a map of complexes. In particular, they
induce a map between the corresponding cohomology groups

H*U,F) — H"(U,G)

which shows that H? (U, —) define functors from sheaves to abelian groups.
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15.3 Examples

Example 15.9. For a cover U/ = {Uy, U, } consisting of just two open sets, the Cech complex
takes the following simple form

0 — F(Up) x F(Uy) == F(Uy " U;) — 0 (15.6)
where d(so, s1) = s1|v,~v, — Soluy~u,- Then
H°(U,F)=Kerd and H'(U,F) = Cokerd,
and there is an exact sequence
0— H'U,F) > F(Uy) x F(Uy) =2 F(Uy nUy) - H'U,F) - 0. (15.7)

Concretely, H* (U, F) is the group of sections F (U N U;) modulo the sections of the form
$1 — So where sq and s; are restrictions of sections in F(Uy) and F (U, ) respectively.

If0 - F' — F — F” — 0 is an exact sequence, we can understand the connecting map
d in the long exact sequence by applying the Snake Lemma to the diagram

0 —— C'U,F) — C°U,F) — COU,F") — 0

i l i (15.8)

0o—— C*U,F) — C*U,F) — C*U,F") —— 0

Concretely, for s” € H(U, F") < C°(U, F"), lift to (so,s1) € C°(U,F), then §(s”) is
represented by the class of s1 |y, ~t, — So|vynp, in H (U, F'). A

Example 15.10 (The projective line). Consider the projective line P4 over a ring A, with
the standard affine cover given by Uy = Spec A[z1/x¢] and U; = Spec A[xo/z1] with
intersection Uy N U; = Spec A[xg/x1, 21/xo]. Let us compute the cohomology groups of
the sheaves Op: (m) on P};. The Cech complex takes the form:

0—>A[xl]a;6"><A[%}xTLA[m,wo}x?:A[xl,xo]m}”—>0
Zo T Ty T To T1
The kernel of d consists of pairs (fx]", gz7") which are equal on the overlaps, which
corresponds precisely to the space of homogeneous polynomials of degree m in Az, x].
To analyze the cokernel of d, we examine the monomials in each term. The module
Alzy/xo)zy is generated by zixb for a + b = m and b > 0, while A[zo/z ]2z is
generated by x¢x} for a + b = m and a > 0. The target module A[x,/zg, o/ ]z} is
generated by all monomials z{x% with a + b = m.
When m > 0, every monomial in A[x/xq, xo/z1]|zy" is obtained from either A[xy/xo |z
or A[zg/x1]x", s0

H'(U,O0p, (m)) =0  forallm > 0.

In particular, H*(U, Ops ) = 0.

When m < 0, the cokernel is generated as an A-module by the monomials 23z} with

a,b < 0, namely, the monomials z ‘27", 2y %22, ... x5 o Hence

H'(U, Oz, (m)) =~ A~ for all m < 0.
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A

Example 15.11 (The cuspidal cubic). Consider the cuspidal cubic curve X = V, (3 —z0x?)
in P2. This admits an open cover U with two open sets, Uy = D, (x¢) and U; = D, (z;).
Writing u = 21/, v = Ty/x and w = xo/x1, we have

Ox(Uo) = k[1 /20, x2/20]/((22/20)° = (21/20)%) = k[u,v]/(v* — u®)
Ox(Uh) = k[ﬂﬁo/ﬂﬁla952/%]/((952/901)3 — (/1)) = klw]
Ox(Uy n Uh) = k[w,w™].
where we used the relation xo/x; = (25/71)® = w? to eliminate /2. Note that the images

of u and v in k[w,w™!] are given by z1/zy = (z2/71)® = w? and (xy/x1)(21/20) =

w - w~? = 172 respectively. Therefore, the differential is given by

d(p(u,v), q(w)) = g(w) —pw™>, w™?).
The cokernel of d is generated by the monomial w~!. Hence,
H'U,0x) ~ k.
A

Example 15.12. LetU/ = {Uy, ..., U,} be a finite open cover such that one of the members
is the whole space X. Then

H?(U,F)=0  forallp>1

To see this, we use the trick described in Example 15.2. Suppose for simplicity that Uy = X
(otherwise, reorder the indexes) and define the map h: C** (U, F) — C*(U, F) by

00,josrjy 1 Jo#0
h(o-)][) 11111 jP = {O ’ ’ if]o — O

This is well-defined, because ¢ j,.... ;, € F(Uj;, N --- 0 Uj).
We proceed to check that dh + hd = id. For ig # 0, we have

(dh + hd)( = Z] . ho)iy i + (00
_ _1\J . ) J+1 .
= ZFO( 1) O0sigrnisijyenrip T Tiorensip T ZJ 0 00,1000y 30envip
= O-i07~~aip'

Likewise, if 7o = 0, we have

V2 .
. e —1) ) - .
(dh + hd)(@)ois,..iy = 5o (“DH(0)o i, 5y, O
= 00,i1,...,ip
Hence h is a chain homotopy between the identity map on C?** (U, F) and the zero map,
and the cohomology group H?™!(U, F) is zero by Example 15.2. A
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298 First steps in sheaf cohomology

Example 15.13 (The unit circle). Here is an example from topology. Consider the unit circle
X = S* with the Euclidean topology, equipped with the open cover U = {U, V'} consisting
of two overlapping intervals as shown in the figure blow. Consider the constant sheaf Zx on
Z.

U

The Cech complex takes the form
C'U,Zx) =Zx(U) x Zx(V)~Z xZ  C'U,Z)=Zx(UnV)~1ZxTZ.
and the differential d°: C°(U,Zx) — C*(U, Zx) is the map Z* — Z? given by
d’(a,b) = (b—a,b—a).

Hence

H°U,Zx) = Kerd® = Z(1,1) ~ Z,

and
H'U,Zx) = Cokerd’ = Z?/7(1,1) ~ Z.

Readers familiar with algebraic topology may recognize that this gives the same answer
as singular cohomology. More generally, the cohomology groups H” (U, Z ) agree with
the usual singular cohomology groups Hsping(X ,Z) for any topological space homotopy
equivalent to a CW complex, provided that the open sets in the cover U are contractible (see
e.g., (Griffiths and Harris, 1979, p. 42)). A

Example 15.14 (Constant sheaves on irreducible spaces). Let X be an irreducible topological
space and let Ax denote the constant sheaf associated to an abelian group A. We claim that
for any finite open cover U = {U};c; of X,

H?(U,Ax) =0 forallp > 1.

As X is irreducible, all the intersections U;, N - - Uiy are nonempty and connected. Therefore,
the Cech complex takes the following form:

HA-—»HA_H HA__>... (15.9)

i 1<j i<j<k

Note that this complex does not depend on X nor on the open cover {/; only the index set [
plays a role. We can therefore replace U by the trivial cover where all U; = X. In this case,
the higher cohomology groups vanish by Example 15.12.

For this reason, constant sheaves are not particularly useful for studying geometric prop-
erties of schemes with the Zariski topology. For schemes, it is the quasi-coherent sheaves
which give us richer and more interesting geometric invariants. A
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15.4 Cech cohomology on schemes

As the previous examples illustrate, the cohomology groups H? (U, F) can be computed if
we have a good understaning of the sections of F over the open sets in the finite cover /. In
such cases, the maps in the Cech complex are entirely explicit, and computing their kernels
and images can often be done quite algorithmically.

On the other hand, the current definition of the cohomology groups is unsatisfactory for a
few reasons. First of all, we have been restricted to working with finite open covers. Second,
the groups H? (U, F) depend on the open cover U, whereas we want intrisic invariants that
only depend on JF. This dependency is problematic: for instance, I/ could consist of the
single open set X, and so H* (U, F) = 0 for all : > 1. Moreover, Example 15.12 shows that
adding X to any cover U/ has the effect of making all the higher cohomology groups zero.

The solution to these issues is typically to use more refined covers, where the open sets
are ‘simple’ in some sense. In the context of schemes, this means considering open covers U
consisting of affine open sets. We will show that in good situations, that is, X is Noetherian
and separated and the sheaf JF is quasi-coherent, the group H*(U, F) will, in fact, turn out
to be independent of the cover /.

Theorem 15.15 (Main properties of Cech cohomology). Let X be a separated scheme
and let i/ = {U,} be a finite affine cover of X. Then

(i) The Cech cohomology groups define functors H*(U, —): Ab(X) — Ab.

Gi) HU,F) = F(X).

(i11) Short exact sequences of quasi-coherent sheaves induce long exact sequences
- — H?(U,F) — H'U,F) > H (U, F") - HT'U,F') — -

(iv) For any other finite affine cover V = {V;} of X and quasi-coherent sheaf
JF, there are canonical isomorphisms

H*(U,F)=H*(V,F) forallp > 0

(v) If X has dimension n, then H?(U, F) = 0 for all p > n and all quasi-
coherent F.

We have already proved (i) and (ii). These statements hold in complete generality — we
do not need to assume that X is separated, nor that the cover is finite. For the remaining
properties, the proofs rely on working with a finite affine cover {U;} such that all the
intersections U, N - - n C;  are affine. If X is separated and Noetherian, then X always
admits such an affine cover. In light of item (iv), we make the following definition.

Definition 15.16. For a Noetherian separated scheme X, and a quasi-coherent sheaf F,
we write H? (X, F) for the group H? (U, F), where U is any finite affine cover of X.

Let us prove item (iii), namely that short exact sequences of sheaves induce long exact
sequences in cohomology. Consider a short exact sequence of quasi-coherent sheaves

0 F F F 0.

By Corollary 12.11, for any affine open subset U = Spec A, the sequence of sections is
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300 First steps in sheaf cohomology

exact:
0 — F(U) — FU) — F'(U) — 0 (15.10)

For our cover, U = {U,};c;, where all intersections are affine. Taking products of the exact
sequences (15.10) over all relevant intersections, we obtain exact sequences

0 —— C*"U,F') — C°(U,F) — C?(U,F") —— 0,
and consequently an exact sequence of Cech complexes

0O— C*'U,F)— C'UF) — C*U,F") —— 0.
Finally, applying Lemma 15.1, we obtain the desired long exact sequence

D H'U,F) —— HUF) — HUF") — -

15.5 Cohomology of sheaves on affine schemes

The following result is fundamental in the study of sheaf cohomology groups on schemes.

~

Theorem 15.17 (Cohomology on affine schemes). Let X = Spec A and let F be a
quasi-coherent sheaf on X. Then for any finite affine cover U of X,

HP(U,F) =0 forallp> 0.

This is the first example of a vanishing theorem for cohomology. The fact that higher
cohomology groups vanish is desirable thing — after all, these groups were introduced to
measure the ‘failure’ of certain desirable statements.

Proof LetU = {Uy,...,U,} be the affine cover. As X is affine, it is separated, so all
intersections Uy, N - - - N U, are also affine. We want to show that the complex of A-modules

0 F(X) C°'U,F)— C'U,F) —> - (15.11)

is exact. We know that the theorem holds in the ‘trivial case’ when one of the U;, say, U, is
equal to X (see Example 15.12). For the general case, we reduce to the trivial case as follows.
As (15.11) is a complex of A-modules, exactness can be checked by localizing at each
prime ideal p € Spec A. Without loss of generality, we may assume p € U,.
Consider the restriction F |y, and the induced cover U n Uy of Uy. The corresponding
Cech complex

0—> ]:(Uo) I C’O(U ) UO;]:|U0) — Cl(Z/I M U07~7:|U0) —_—> (1512)

is exact by the ‘trivial case’, by Example 15.12. Localization commutes with finite products
and preserves exactness, so thefollowing sequence is also exact:

0 — F(Uy), —> C°(U N Uy, Flu,)p — C*'(U " Uy, Fluy)py — -+ (15.13)

As F is quasi-coherent, the localization of (15.11) at p coincides with the complex (15.13).
Since the latter is exact, so is (15.11), completing the proof. O
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The fact that the higher cohomology groups vanish for all quasi-coherent sheaves is a
distinctive property of affine schemes. In fact, this property characterizes affine schemes
among all schemes (see (Stacks Project, 2018, Tag 01XE)). Example ?? showed that even the
most basic non-affine scheme, P+, admits sheaves with non-vanishing higher cohomology.
Here is another example:

Example 15.18 (The affine line with two origins). Consider the affine line with two ori-
gins X, constructed by gluing two copies of Spec k[z] along the open subset D(x) =
Spec k[z, 2] via the identity map. The Cech complex for this cover takes the form

0 — k[z] x k[z] — k[z,z7'] — 0,
As we verified previously, H°(U, Ox) = Kerd = k[z]. For the H', note that
H'(U,Ox) = Cokerd = k[z,z '] /k[z] = Pk "
>0

In particular, H* (U, Ox) is infinite-dimensional as a k-vector space. A

15.6 Independence of the cover

Our first application of the vanishing of higher cohomology groups on affine schemes will be
the proof of item (iv) in Theorem 15.15, which states that the Cech cohomology groups are
independent of the affine cover.

Letd = {Uy,...,U,}and V = {Vi,...,V,} be two finite affine covers, and consider
the groups of sections over all the mixed intersections:

crr= [ TWrnVy,F)
[I|=m,|J]|=n

where Uy = (),.; U;and V; = ﬂjEJVj.

For fixed m, we have

o™ ~ H C.(U] ﬂVJ,]:|UI)

[|=m

where C*(U; n V;, F|u,) is the Cech complex of F|y, with respect to the cover {V; n
Ur}5_,. Similarly,

" ~ H C.(VJ ﬂUi,f|U1)

|J|=n

where C*(V; n U;, F|y,) is the Cech complex of F|y, with respect to the cover {U; N
Vitioi

The collection of groups C™" form a double complex. This has two differentials, one
written d in the ‘rightwards’ direction (induced by the Cech differentials for V'), and one in
the ‘upwards’ direction, J (induced by the Cech differentials for If). The figure in (15.14)
illustrates this.
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302 First steps in sheaf cohomology
When m = 0, we recover the Cech complex of F with respect to

cor = [[ T(Vy,F) and C™° = [] T(UL, F)

|J|=n [I|=m

whose cohomology in the d-direction is exactly H°(U, F). Similarly, the cohomology in
the §-direction is H°(V, F). To show the independence of the cover, we want to show that
the cohomology of these two complexes are equal. The key point is that the intersections
Ur n V; are affine, as X is assumed to be separated. By Theorem 15.17 this implies that all
the cohomology groups in positive degrees in both directions are zero, i.e., the complexes
C"™* and C*™ are exact when m,n > 1.

To conclude that H? (U, F) and H? (), F) are isomorphic, we apply the following lemma
from homological algebra:

p

Lemma 15.19. Let C™™ be a double complex with H*(C™*) = H*(C'*™) = 0 for all
m,n > 1. Then A™ = H°(C™*) and B" = H°(C*™) are complexes and there is a
canonical isomorphism between their cohomology:

HP(A*) = H?(B").

Proof We augment the double complex by adding A? = Ker(C?" — CP'!) and B? =
Ker(C%? — C'?) to get the diagram below.

B2 02 d o2 d 22 d S

zﬁ s s s

B! 01 d ol d O2:1 d S

(ﬁ 5 5 5 (15.14)
BO 00 _d oo _d 20 _d

AO d Al d A2 d

Now all rows and columns are exact except along A® and B*. One now applies a diagram
chase to construct a map

HP(A*) —> HP(B*).

To see how this works, consider the case p = 1. We perform a diagram chase of the form

Jec; € B! Co 0
c1 c 0

ce A —— 0

That is, starting with an element ¢ € A! so that d(c) = 0, send it to ¢ € C*°, which by
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commutativity of the diagram must map to 0 in C?:°. By exactness, we may therefore lift
cto an element ¢! € C°°, which in turn maps to an element ¢, € C%'. By commutativity
of the diagram, ¢, maps to zero in C*'. Hence by exactness, there is an c3 € B' such that
d(cs) = co. The element c3 satisfies d(c3) = 0 because d(c2) = 0, and hence it defines an
element in H*(B*). One checks that this assignment is independent of the choices of lifts,
and that the map H'(A*) — H'(B*®) is a map of groups. By a symmetric argument, one
constructs a map H*(B*®) — H'(A*) which defines the inverse. A similar argument works
forp > 1.

For more details of this argument, see Exercise 15.18.18. For a full proof, see (?, p. 64). [

15.7 Pushforwards and cohomology

The following lemma is very useful, and will be applied several times later on. Given an affine
morphism f: X — Y, it will allow us to transport computations of cohomology groups on
X to computations on Y, at the cost of replacing F with f,F.

Lemma 15.20. Let f: X — Y be an affine morphism of Noetherian, separated schemes.
Then for each quasi-coherent sheaf F on X, and p > 0, we have a canonical isomorphism

HP(X,F) = H?(Y, f,.F). (15.15)

Proof LetV = {V;} be a finite affine covering of Y such that H?(X, f,F) is computed
by the Cech complex C*(V;, f..F). Note that the latter complex equals C*(f~'V;, F). As
[ is affine, the affine subsets U; = f~'(V};) form a finite affine covering I/ of X, and the
lemma follows simply because the Cech complexes computing the two sides of (15.15) are
identical. O

Example 15.21. For a closed embedding ¢: Y — X (which is affine), we obtain
H (Y, F) = H (X, 1.F).
In particular, for the structure sheaf,
H(Y,0y) = H(X,1,0x).
A

Example 15.22. Let Z < P} be the subscheme given by two closed points p, ¢ in P} and let
t: Z — P} be the inclusion. The ideal sheaf sequence 13.17 takes the following form

0 — 05 (~2) — Op — 1,0, — 0.

The element (0, 1) € k @ k defines a section of the sheaf i, Oz (P}) = k @ k corresponding
to a function which vanishes at p and takes the value 1 at g. This section cannot lift to a global
section of Oﬂ”i’ since any regular function on P, must be constant and cannot take the value
0 at one point and 1 at another.

This failure of ability to lift can be explained by the cohomology group H*(P;, Op1(=2))
which is 1-dimensional. Since H' (PP}, O]pi) = 0, one can think of the elements of this group
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as the group of elements of k£ @ k modulo those that lift to Op:. Here it is clear that an
element (a,b) € k @ k lifts if and only if @ = b. In fact, in this example, the connecting map

§: H(Py,i,0z) —> H'(P}, Op (—2))

can be identified with the map k @ k — k sending (a, b) to a — b. A

15.8 Cohomology and dimension

The next result is another ‘vanishing theorem’ for cohomology groups. It states that the
cohomology groups vanish in degrees above the dimension of the scheme.

Theorem 15.23. Let X be a quasi-projective scheme of dimension n over a Noetherian
ring A. Then:

(i) X admits an open cover {4 by at most n + 1 affine open subsets.

(ii) For any quasi-coherent sheaf F on X, we have

HP(X,F)=0 forallp> n.

Proof (i): Since X is quasi-projective, we may write X = X — W where X c P", where
X and W are closed subschemes of P",. Also, we may assume that no irreducible component
of X is contained in W (simply by disregarding such components).

We prove (i) by induction on n = dim X, showing that X can be covered by at most
n + 1 distuinguished open sets from [P’}.

When n = 0, the scheme X consists of finitely many closed points, which correspond
to homogeneous maximal ideals py, . .., p, in A[zo, . .., x,]. By prime avoidance, we may
choose a homogeneous element of positive degree f € A[xo, ..., x,] not contained in any
p;. This means that V., (f) is disjoint from X, and X is contained in D ( f), which is affine.
Therefore, the statement holds for n = 0.

Forn > 0, let Iy, Iy < Alxo,...,x,] be the homogeneous ideals defining X and
W respectively. Again by prime avoidance, we may choose a homogeneous polynomial
f € Iy which does not vanish on any component of X. By construction, the hypersurface
H = V. (f) contains W and P, — H = D, (f) is affine. The intersection X n D, (f)
is therefore an affine open subscheme of X. Since f does not vanish identically on any
component of X, the intersection X N H has dimension < n. By the induction hypothesis,
X N H can be covered by at most n distinguished open sets in ;. Combining X n D (f)
with these affine opens gives the required cover of X by at most n + 1 affine opens.

(i1): The vanishing follows directly from the existence of the affine cover in (i). For any
quasi-coherent sheaf F, the Cech complex C* (U, F) associated to this cover has length
n + 1, and consequently H? (X, F) = 0 for all p > n. O

The vanishing H? (X, F) = 0 for p > n holds more generally for arbitrary sheaves on
Noetherian topological spaces, though the proof requires different techniques. The above
special case for quasi-coherent sheaves is sufficient for the geometric applications in this
book.
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15.9 Cohomology of sheaves on projective space

In Examples ?? and ?? we computed the cohomology groups of the sheaves OPL (m). For
m = 0, we found that H°(PP;, Op: (m)) could be identified with the space of homogeneous
polynomials of degree m, and H' (P}, Opi (m)) = 0. On the other hand, for m < —2,
H°(P}, Op1 (m)) = 0, while H' (P}, Op: (m)) was non-zero.

We will now carry out a more general computation of the cohomology groups of Opn (m)
for any projective space P’ over a ring A. The strategy is the same: we use the Cech complex
associated to the standard cover D, (xg), ..., D, (z,) to to compute the cohomology groups.

Write R = Az, ..., %,]. Then the nonzero groups in the Cech complex are

C'U, Opy(m)) = [] (Ra),,

0<isn

C'U,Op(m) = [] (Ruw,),,

oi<jsn

Cn(u’ OIP’Z (m)) = (R-Lo.Llln)m

and the Cech complex takes the form

[T RS T] (Rowey), = ] (Rewayer), - (15.16)

0<i<n o<i<j<sn O<i<j<k<n

where the maps are as usual composed of alternating sums of localization maps.

Theorem 15.24 (Cohomology of sheaves on P"). Let A be a ring and let P’ be the
projective n-space over A. Then:
(i) Foreachm € Z,

HO (P, Op (m)) = Alzo, ..., Zn]m-
(i1) Foreachm € Z,
H" (P, Opn (m)) = (zg' -,  Aleg 2, ']) (15.17)
In particular, there is a canonical isomorphism
H' (P, Oy (—n— 1)) ~ A,
(iii)) Foreachm € Z and p # 0, n,
H? (P, O, (m)) = 0.

.

Proof (i): In degree 0, we recover the following isomorphism:
H°(P%, Opr (m)) = Kerd®
= Alzo, ..., Tn]m-
(i1): Observe that
C"(U,Opr (m)) = (Alzo, - - s Tnlagan )

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

306 First steps in sheaf cohomology

is a free graded A-module spanned by monomials of the form g - - - ¢ of degree >_ e; = m.
The image of d"~! is generated by such monomials where at least one e; is non-negative.
Therefore, H" (X, Opr (m)), which is the cokernel of d"~! is given by

H"(X, (’)M(m)) = A{:cg“ ceexln ‘ e; < 0 for every 7 and Zei = m}

= (:130_1 R . | A ,:n_l])m

n

In degree m = —n — 1, there is only one such monomial, namely z " - - -z}

H"( Z,Opz(—n—l)) =A-a;gl-~:fl.

n

SO

(ii): We use induction on n. For n = 0 and n = 1, there is nothing to prove. Let n > 2,
and write R = A[zo, ..., x,]. Rewriting to single out the variable x,,, we express the Cech
complex as the degree m part of the following complex:

n—1
C': 0—][RuxRe == [[Rex [] Rovar =+ (15.18)
1=0 |I|=p [I|=p—1
I3n I3n

To finish the proof, we need to prove that H?(C*) = Oforp =1,...,n — 1.
If we localize the complex with respect to x,,, we see that C* embeds as a subcomplex of
the following complex

n—1
D*:  0—[[Rew, xRa, == [[Reren ¥ || Roge, =+ (15.19)
=0 [I|=p [I|=p—1
I$n I$n
We recognize this as the same complex as the one given by the Cech complex of O D(z,,) ON
D(z,) = Spec(R,.,) associated to the covering with n + 1 open affines

D(zoxy,),...,D(x,_12,), D(z,).

In particular, since D(x,,) is affine, the complex (15.19) is exact in all positive degrees, i.e.,
H?(D*) = 0forallp > 0.

Let S = Alxo, ..., %, 1]. Decomposing the elements in C* and D* according to their x,-
degree, we see that the quotient complex £* = D*/C® decomposes as £* = P,_, & - z,,",
and & is the complex

n—1
0= [[8ex0—> > ][Sex [J]O—--, (15.20)
=0 |I|=p |[T|=p—1
I3n I#n

Disregaring the zeroes in (15.20), we see that the degree-m part of the complex & is exactly
the Cech complex of OPZA (m) on P’ "', In particular, by induction, we have

H?(E*)=0 forp=1,...,n—2
Now, taking the long exact sequence of cohomology associated to the sequence

0->C >D" & —0, (15.21)
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15.9 Cohomology of sheaves on projective space 307
we obtain the exact sequence
0— H°(C*) - H°(D*) — H°(&*) - H'(C*) = 0 (15.22)
and isomorphisms
H?(C*) ~ HP"'(&*)  forp > 1. (15.23)

Hence H?(C*) =0forp=2,...,n— 1.
For the remaining group H'(C*), note that (15.22) takes the form

0>R—>R, @S z,)>H(C)—0

>0

Here the map R,, — P,_, S - z,,! is clearly surjective, so we deduce that H*(C*) = 0.
This completes the proof of (ii). O

The proof of Theorem 15.24 also provides an important duality between H° and H™ on
IP"}. To state this precisely, we recall the following definition:

Definition 15.25. Let A be a ring and let M and N be A-modules. A bilinear map
M x N — Ais acalled a perfect pairing if the induced map M +— Hom 4 (N, A) is an
isomorphism.

Consider the pairing of A-modules defined by

n n

(,): Alzo, .. zn] x (zg " --a, Alzg ', 3, t]) — A, (15.24)
sending a pair of Laurent polynomials (p, ¢) to the coefficient of 25" ...z, in the product
pq. Note that this mapping is A-linear in each factor. In terms of the standard monomial basis,
we have

dg d €
(g0 .. apm xl ...

€n

n

)= 1 ifd;+e;, =—1foralli
)0 otherwise

This pairing is perfect and allows us to canonically identify

(1‘51 coem P Afg ,x_l])d = Homu (Alxo, ..., Zn]-n_1-m, A).

n

This allows us to regard the n-th cohomology group H"(IP%}, Opx (m)) as the dual of a
corresponding H°:

Corollary 15.26 (Serre duality for P"). For each m € Z, there is a canonical isomor-
phism

H"™(P%, Opr (m)) = Homu (H°(P", Opr (—m — n — 1)), A). (15.25)

When A = £k is a field, the dimensions of the cohomology groups are easily computed:
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Corollary 15.27. Let k be a field. Then for m = 0
dimy, HO(P}, Opy (m)) = (m N ”)

All other cohomology groups are 0.

15.10 Cohomology of sheaves on projective schemes

By the results of the previous section, the cohomology groups of O(m) on P} over a field k
are always finite-dimensional k-vector spaces. This is part of a more general result, saying
that on projective schemes of finite type over a ring, the cohomology groups of quasi-coherent
sheaves of finite type are always k-vector spaces of finite dimension. Note that this is
definitely not the case for affine schemes: even the H° of the structure sheaf on A} is infinite
dimensional, as it equals k[t].

Theorem 15.28 (Serre). Let X < P” be a projective scheme of finite type over a
Noetherian ring A and let F be an O x-module of finite type. Then:

(i) For each i, the cohomology group H*(X, F) is a finite A-module.

(i) There exists an mq > 0 such that

Hi(X,F(m)) = 0.

for all m = mg and ¢ > 0.

L

Proof Lett: X — P denote the closed embedding and consider the sheaf ¢, . Since ¢ is
finite, the sheaf ¢, is again of finite type (Exercise 12.12.36) and

HZ(X,]:( ) = HZ(X F ®oy t*Opn(d))
H' (P, 14(F ®ox t*Opn(d)))
HY (P, 14 F @0y Opn(d))
—HZ(]P’ , (L F)(d)). (15.26)

Therefore we reduce to the case X = P7%.

Note that both parts of the theorem are trivially satisfied if ¢ > n because the cohomology
groups are zero in this case (P} can be covered by n + 1 affines). The proof will take this as
the base case and proceed by downwards induction on .

By Theorem ??, any finite type Op» -module is of the form M for some finitely graded
module M over R = Alzg,...,z,].

(i): As M is finitely genenerated, we may pick a graded surjection ®; R(—a;) — M
for M. Letting K be the kernel, we have an exact sequence of finitely generated graded
R-modules

0— K — P R(—a;) — M —0
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15.10 Cohomology of sheaves on projective schemes 309

Applying tilde, we have an exact sequence

0—>K—>@Opz(—aj)—‘—>f_‘—>0
J

If we take the long exact sequence of cohomology, we get

- — H' (P @Hl ,Opn (—a;)) — H' (P}, F) —» HH (PG,K) — ...

By induction on %, the cohomology group H***(IP";, K) is a finitely generated A-module,
and the same holds for each H* (P}, Op» (—a;)) by Theorem 15.24. H* (P, F) is therefore
squeezed between two finitely generated A-modules, so by exactness, it must itself be finitely
generated.

(i1): Twist the above sequence by Opg (m) and take the long exact sequence in cohomology
to get

H'( @Ow m — a;)) — H'(P}, F(m)) — H"" (P}, K(m))

Again, by downward induction on i, and the fact that H' (P, Opx (m — a;)) = 0 for all
i > 0and m > a;, we find that H*(P%, F(m)) = 0. n

Corollary 15.29. Let f: X — Spec A be a projective scheme over A and let F be a
coherent O x-module of finite type. Then f,F is a coherent sheaf on Spec A.

Pr/oifd The sheaf f,F is in any case quasi-coherent by Theorem 12.31. In fact, f,F =
['(X, F), so it suffices to show that I'(X, F) = H°(X, F) is finitely generated as an A-
module. This is clear if f is a closed embedding X — P}, because f is finite and f,F is of
finite type on P’} (Exericise 12.12.36). It is also clear if f is the projection P"; — Spec A,
by item (i) in the above theorem. Now the general case follows by factoring f as a closed
embedding followed by the projection. O

The assumption that X is projective over A is essential: for the structure morphism

f: Speck[z] — Speck, the pushforward f,Ospecrfz] = l;[v:c] but k[z] is not of finite
type over k.

The Euler characteristic

If X is a projective scheme of finite type over a field k and F is an O y-module of finite type,
Serre’s theorem tells us that the cohomology groups H*(X, F) are finite-dimensional k-
vector spaces. In particular, we can ask about their dimensions. It turns out that the alternating
sum of these dimensions has very good formal properties, so we make the following definition:

Definition 15.30. Let X be a projective scheme over a field k. We define the Euler
characteristic of F as

X(F) = > (—1)* dim;, H*(X, F).

k=0
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Note that the sum is well-defined, as there are only finitely many non-zero cohomology
groups appearing on the right-hand side.

Proposition 15.31. The Euler characteristic x is additive on exact sequences, i.e., if
0 - F — F — F” — 0is an exact sequence of Ox-modules of finite type, then

X(F) = x(F) + x(F").

Proof This follows from the fact thatif 0 - V;, —- V; — .- — V,, — 0 is an exact
sequence of k-vector spaces, then ). (—1)" dim, V; = 0. Applying this to the long exact
sequence in cohomology gives the claim. O

Example 15.32. Let X = P and F = O(d) for d > 0. Then dim;, H*(P}, F) = ("*9)
and all of the higher cohomology groups are zero. In the case when d < 0, only H"(X,F)
can be non-zero, and the rank is given by (”*d), where we use the extended binomial
coefficient

<2) =xz(x—1)--(x—d+1)/d!
for any x € R. In particular,

X(Opp (d)) = (n ;r d)

is a polynomial in d of degree n, which agrees with dim H° (P}, Opn (d)) foralld > 0. A

The example shows that for a direct sum & = Opn(a1) @ -+ ® Opr(a,), the Euler
characteristic x(€(m)) is a polynomial in m. Even more generally, we can take any Opr -
module of finite type and a free resolution of it:

0 — o E —E—F—0

where the &; are direct sums of invertible sheaves of the form O(d). If we tensor this sequence
by Opx (m), we get"

0—&,(m)— > &(m) > E(m) > F(m) — 0

Note that each of the terms X (&;(m)) is a polynomial in m. Then since the Euler characteristic
is additive on exact sequences, also x(F(m)) is a polynomial in m. Moreover, again by
Serre’s theorem, we have H'(X, F(m)) = 0 form » 0 and ¢ > 0, and so x(F(m)) =
H°(F(m)) for m large.

If we start with an Ox-module F of finite type on X < P7, and apply the previous
discussion to ¢, F on P}, we have proved the following:

1 Recall that tensoring by a locally free sheaf preserves exactness.
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Corollary 15.33. Let X — P} be a projective scheme of finite type over k and let O(1)
be the Serre twisting sheaf. Then the function

Pr(m) = x(F(m))
is a polynomial in m, and for large m, Pr(m) = H°(X, F(m)).

This polynomial is called the Hilbert polynomial of F. While x (F) is an intrinsic invariant
of F, the Hilbert polynomial is not, as it depends on the choice of embedding X < P}.

When F = M fora graded module M, Pr(m) coincides with the usual Hilbert polyno-
mial of M as defined in commutative algebra.

15.11 Example: Plane curves

Let X = V., (f) < IP? be a plane curve, defined by an homogeneous polynomial f(x¢, 1, 2)
of degree d. Let us compute the groups of the structure sheaf H*(X, O ). We have the ideal
sheaf sequence

0 v X Op’z Z* OX —0

where the ideal sheaf Zy is the kernel of the restriction Opz — 7, Ox. By Example 13.17,
Tx ~ Op2(—d), and the sequence can be rewritten as

00— Ox(—d) — O[p& — Z*OX —> 0 (1527)

From the short exact sequence, we get the long exact sequence as follows:

0 — H°(P?,0(—d)) — H°(P? Op:) — H°(X,Ox)
HY(P?,O(=d)) — H'(P?,Op2) — H'(X,Ox)

H*(P?,0(—d)) — H?*(P? Opz) — 0.
Using the results on cohomology of line bundles on P2, we deduce the equality H° (X, Ox ) ~
k and hence
Hl (X, OX) ~ k(dfl)(d72)/2.
The dimension of the cohomology group on the left is the genus of the curve X (it will be
introduced properly in Chapter 18). So the above can be rephrased as saying the genus of a
plane curve of degree d is (d — 1)(d — 2)/2.
Tensoring the sequence (15.27) by Op2(m), we obtain

00— O[pm(m - d) — O[p&(m) — Z*Ox(m) — 0

and the long exact sequence gives that the Hilbert polynomial of Ox equals

m + 2 m—d+ 2 d? — 3d
P(m)—( 5 )—( 5 )zdm— 5
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Example 15.34. A plane curve of degree 1, i.e., a projective line, is isomorphic to P}, and
the genus is 0 in accordance with the above result. A

Example 15.35. Suppose k is a field of characacteristic # 2 and assume there is an ¢ € k
with 2 = —1. Then the curve

X =V, (22 +2] +23) P}
is isomorphic to IP’}g. This follows because the variable change vy = x1, ug = x¢ + %2,
Uy = Ty — 1T, brings the equation into the form u? — uguy = 0, and so the image is
isomorphic to P}, embedded into P? via the standard embedding (s : t) — (s? : st : t?).

A plane curve of degree 3, i.e., an elliptic curve, has genus 1. It follows for instance that
the curve

X =V, (2} + 2% +23) P

is not isomorphic to P}, over any field. A

15.12 Example: The twisted cubic

Let k be a field and consider P* = Proj R where R = k[, x1, T2, x3]. We will continue
Example 13.18 and consider the twisted cubic curve X = V, (I) where I R is the ideal
generated by the 2 x 2-minors of the matrix

M = (.’IJQ I $2> ‘
L1 T2 T3
Let us compute the group H'(X, Oy). Of course we know what the answer should be,
because X ~ P!, and H*(P', Op1) = 0.
Now, to compute H'(X, Ox) on X, it is convenient to relate it to a cohomology group on
P?. We have H' (X, Ox) = H*(P?,i,Ox) where i: X — P? is the inclusion. The sheaf
14Oy fits into the ideal sheaf sequence

0 I O[P’?» l*OX — 0

where Z is the ideal sheaf of X in P3. Applying the long exact sequence in cohomology, we
get

- —— HY(P3,Z) —— H'(P3?, Ops) —— H'(P3,i,O0x)

By our description of sheaf cohomology on P?, H'(P?, Ops) = H?(P?, Ops) = 0, which
implies that H' (X, Ox) = H?(IP?,Z). We can compute the latter cohomology group using
the exact sequence of Example 13.18:

0— Op3(—3)2 - O[ps(—Q)B -7 — 0.

Now, taking the long exact sequence we get
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- —— H?*(P3,0(-3)?) —— H*(P?, Ops(—2)*) —— H?*(P?,1)

H3(P?, O(—3)%) —— H3E?, Ops(—2)?) —— H3(P? ).

Here H?(P3, O(—2)) = 0 and H?(P?, O(—3)) = 0 by our previsous computations. Hence
by exactness, we find H2(PP?,Z) = 0. It follows that H'(X, Ox) = 0 also, as expected.

15.13 Example: Hyperelliptic curves

Let us recall the hyperelliptic curves defined in Chapter ??. For simplicity, we work over an
algebraically closed field £ and consider hyperelliptic curve associated to the polynomial
f(z) in k[z]. More precisely, if the degree is n = 2g + 1 or n = 2g + 2, we consider the
scheme X glued together by the affine schemes U = Spec A and V' = Spec B, where

A= Myl and B = klu.v) .
(y* = f(z)) (v? = u?9+2 f(u))

and before, we glue D(z) < U to D(u) < V using the identifications u = x~* and
v=x"9"1y.

Let us compute the Cech cohomology groups of Oy with respect to the affine covering
U = {U,V'}. AsU has only two elements, the Cech complex has only two terms, Ox (U) x
Ox(V)=Ax Band Ox (U nV) = A,. To simplify the computation, we use the relation
y? = f(x) to decompose A as a k[x]-module as

klz,y]
(v — f(x))

and similarly B ~ k[u] @ k[u]v as a k[u]-module. With these identifications, the Cech
complex takes the form

~ k[z] @ k[z]y

d

(k[z] @ k[x]y) @ (k[z~ '] @ k[z ]9 y) —— k[zF'] @ k[aT]y,

where the differential d is given by

d’(p(@) + q(@)y, r(@™") + s(z7 )27 1y)
=p(z) —r(@™) + (g(z) = s(a™ "z~ )y.
Comparing monomials on each side, we deduce that
H°(X,0x) = Kerd’ = k
and
HY(X,0x) = Cokerd’ =k 'y® - ®kax 9y ~ kY.

For g = 2, we get a particularly interesting curve: it is an irreducible projective curve which
cannot be embedded in IP%. Indeed, we showed that for any irreducible curve in P? of degree d,

the corresponding cohomology group H' (X, Ox ) has dimension equal to 1(d — 1)(d — 2),
but this does not take the value 2 if d is an integer.
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Proposition 15.36. There exist nonsingular projective curves which cannot be embedded
in the projective plane P2
We still haven’t yet proved that X is projective. This follows because X can be embedded
into the weighted projective space P(1,1, g + 1) = Proj k[zo, 1, w] given by the equation

2 2g+2 2g+1 2g+2
W’ = Qogr0y’ T+ agg1xy’ T A+ agxT. (15.28)

Note that this makes sense because w has degree g + 1; the equation (15.28) does not define
a subscheme of PZ. Then the two open sets U and V' are isomorphic to the distinguished
opens D, () and D, (1) respectively. The weighted projective plane P(1,1,g + 1) isa
projective variety, and hence so is X.

15.14 Example: Complete intersections

Let k be a field and let F' and G be two homogeneous polynomials in k[zg, ..., z,] of
degrees d and e respectively. Let X be the closed subscheme of P} defined by I = (F, G).
Let us use the exact sequence (??) to compute the cohomology groups of X.

0 v OPZ L*OX — 0.

Note that H(P,Z) = T'(P},Z) = 0, as there are no nonconstant global sections which
vanish along X . Taking the long exact sequence, we get that

o dlmk 13'0()(7 Ox) = dlmk Hl(PZ,I) + 1,
o dim;, H?(X,0x) = HPT (PP, ) forp=1,...,n—1
o H"(Pp,Z) = H" (P}, 1,0x) = H"(X,Ox) = 0, because X has dimension n — 2.

We proceed to study the cohomology groups H? (P}, Z). Recall the exact sequence from
Section ??,

0 — Opy (—d — €) = Opy (—d) ® Osy (—e) — Tz — 0.
Taking the long exact sequence of cohomology, we obtain that
H?(Py,Z)=0
forp=20,...,n—2,and
0 — H" (L) — H"(Opy(—~d — €)) — H"(Opy(~d)) & H"(Opy (—¢)) — 0.

Therefore, we get

dimy, H" (X, Ox) = (d e 1) - (d - 1) - (e - 1>. (15.29)

n n n

Example 15.37. Whenn = 3, X < P} is a curve, with H*(X, Ox) of dimension

(7)) () =

For instance, when d = 1,e = 2, X is a conic and we recover h' (X, Ox) = 0. A
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15.15 Example: Bezout’s theorem

Let k be an algebraically closed field. Let C' and D be two curves in P defined by homo-
geneous polynomials F' and G of degrees d and e respectively, and assume that C' and D
have no common component, so that closed subscheme Z = V, (F, G) is a 0-dimensional
subscheme. By a linear coordinate change, we may assume Z = {1, ..., x,} is contained
in D(zg) ~ k[x,y]. Then the classical form of Bezout’s theorem says that

> imult, (C, D) = de, (15.30)

i=1

where

multxz <C7 D) = dlmk OZ@{, = dlmk (i[;;/)])

is the intersection multiplicity of C' and D at x;, and f and g are the dehomogenizations of
F and G.

There is a quick proof of the formula (15.30) by computing the cohomology group
H°(Z,0y) in two different ways. First of all, this group is the space of global sections
Oz(Z), so it decomposes as

@Ole = @ (k([;;;)])m (15.31)

where f, g are the dehomogenized equations for C' and D. Therefore,

iy 12,09 = S ((ET)

On the other hand, from (15.29), we find dim, H°(Z,0,) = dim;C H'(P?,Z;) + 1 and

hence
-1 —1 -1
i 2.0) - (75 (1) () 1

15.16 Example: Non-split locally free sheaves

A locally free sheaf is said to be split if it is isomorphic to a direct sum of invertible sheaves.

We have seen several examples of locally free sheaves that are not free, even on affine

schemes, but a priori it is not so clear whether these are direct sums of invertible sheaves. In

this section we will study the sheaf £ from Section ?? and show that it is indeed non-split.
The sheaf € is the locally free sheaf of rank n on P}! sitting in the exact sequence

0 — Opp (1) — Opf' —> € — 0.

Suppose that £ is split, i.e., £ is isomorphic to a direct sum of invertible sheaves. Since
Pic(PP}) = Z is generated by the class of O(1), this would mean that

E~Opp(a1) @ @ Opr(ay)
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for some integers aq, . .. a, € Z.

Recall that for n > 2, we have H" (P, O(m)) = 0 for any m € Z. So if we could
show that H" (P}, ) # 0, we would have a contradiction. Actually, it is the case that
H" (P}, E) = 0, but we can instead consider F = £(—n), which fits into the sequence

0 — Opp(—n — 1) —> Opp(—n)""' — F — 0.
Taking the long exact sequence in cohomology, we get
s HNO3 (—n)) — H™(F) & B (O (—n—1)) — HY (O3 (=n)) — -

Here the two outer cohomology groups are zero, by Theorem 15.24. Hence, by exactness,
we find that H"~' (P}, F(—1)) ~ H°(P{Opn) = k. Therefore, we find that 7 = £(—n)
is not split, and hence & is not split either.

This gives an example of a non-split locally free sheaf of rank n on IP};. However, coming
up with examples of non-split sheaves of low rank on projective space is much more difficult.
In fact, a famous conjecture of Hartshorne says that any rank 2 vector bundle on P} for n > 5
is split.

15.17 Example: The rational quartic curve

Let us consider the rational quartic curve X of Example 13.13. In other words, X < P} =
Proj k[xo, 21, x, 23] is the closed subscheme defined by the ideal

I = (2129 — T3, Th — 2123, ToT3 — Tox3, TS — T3Ts) (15.32)
We showed in the previous example that the natural map
k[x07$1,$2,l'3] I F*(Ox) (1533)

is not surjective and that I'( X, Ox (1)) is 5-dimensional as a k-vector space. We may explain
this fact by looking at the cohomology of the ideal sheaf sequence

0— T —> Op —> 1,0x — 0 (15.34)

More precisely, we claim that the map Ops (1) — (14Ox)(1) is not surjective on global
sections, and that H*(PP3,Z(1)) is 1-dimensional.
Using a computer, we find that the ideal has a graded resolution given by

0 — R(=5) L R(—4)* L5 R(—2) @ R(—3)* 25 T — 0 (15.35)
where the matrices are given by
T3 —z? —mory —T1T3 —T3
—T2 To X3 0 0
U = 3 V =
—T ) X1 —X2 —x3
Ty 0 0 Zo T

and W is the 4 x 1-matrix with entries equal to the generators of [ in (15.32). Note that
W.V =0and VU = 0.
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If we twist the sequence by 1 and apply tilde, we get the following exact sequence of
sheaves on ;.

0— O(—4) - 0(=3)* 5 O0(-1)®0O(-2)* - Z(1) - 0 (15.36)
To compute the cohomology of Z(1), we split this sequence into

0— O(—4) - O(=3)* - Imv — 0
0—Imv—O(-1)@®0(-2)* - Z(1) -0
Taking the long exact sequence of the first sequence, we deduce that H?(P}, Imv) =
H3(P3,O(—4)) = k. Then doing the same for the second, we see that H' (P%, Z(1)) = k.
The cohomology group H' (P}, Z(1)) explains the failure of surjectivity of the map

(15.33). The fact that it is 1-dimensional explains the missing monomial 2:?? in the definition
of X.

15.18 Exercises

Exercise 15.18.1. Generalize Example 15.11 to show that the curve V (24 — zoz{™!) = P?
has an H' (X, Ox) of dimension £ (d — 1)(d — 2) as a k-vector space.

Exercise 15.18.2. Let X = S! and let I/ be the covering of X with three pairwise intersecting
open intervals with empty intersection. Show that the Cech complex is of the form

dO

735 73 0.

Compute the map d° and use it to verify again that H*(U,Zx) = Z fori = 0, 1 as above.
Exercise 15.18.3. Let X = A} — {0} be the complement of the origin.

a) Compute H'(X,Ox) for all 7.
b) Give a new proof that X is not an affine scheme for n > 2.

Exercise 15.18.4. With reference to the twisted cubic example in Section 15.12, show that

e H°(P3,Z(2)) = k3 (find a basis!)

e H'(P?,Z(m)) = 0 forall m € Z.

o H?*(P3,Z(-1)) = k.

Exercise 15.18.5 (Kiinneth formula). Let X and Y be Noetherian schemes of finite type over

a field. Let F two two finite type quasi-coherent sheaves on X and Y respectively. Show that
there is a canonical isomorphism

H"(X xp Y, piF®p3G) ~ B H'(X,F)@ H'(X,G).

ptg=n

HINT: Use a Chech complex using products of affine opens.

Exercise 15.18.6. Let X < P° denote a quadric hypersurface (i.e., X = V(q) for a
homogeneous degree 2 polynomial). Recall the exact sequence ??

0 — Ops(—1)* > Ok — i,& —> 0
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where £ is a locally free sheaf of rank 2.
Use this exact sequence to show that £ is not split.

Exercise 15.18.7. Let n > 0 be an integer and consider the integral projective scheme
X = Proj(R), where R is the ring

R = k[z,y, z,w]/(2*, zy, y*, u"z — v"y).

a) Show that X is irreducible, non-reduced, and of dimension 1.
b) Compute H°(X,Ox) and H'(X, Ox).

Exercise 15.18.8. Let Y, < P} be a complete intersection of r hypersurfaces 1, ..., H,
of degrees dy, . .., d,.

a) Show that there is an exact sequence of the form
0— Oy (—H,) — Oy, , —> Oy, —> 0
b) The natural maps
H' (P}, Opy (d)) — H'(Y,, O, (d))

are isomorphisms for all ¢ < n — r and all d € Z.
¢) Show that Y, is connected if dim Y, > 1.

Exercise 15.18.9. Let & be a locally free sheaf of rank r on Pj.
a) Show that the set of integers n such that there is an injection O(n) < & is
non-empty and bounded from above.
b) Show that if n is maximal as in a) then £/O(n) is locally free of rank r — 1
¢) Show that if » = 2, and the maximal n is —1, then £/O(—1) ~ O(m) for
some m < 0.
d) Show that, in general, there exists a a filtration

0:€0C€1C"'C87.:€

such that &; is locally free of rank 7 and &;/&; 1 ~ O(a;) for some a; = ay =
P > ar'

e) Show that for every £ with a filtration as above, we have £ = O(a;) ®--- @
O(a,) and that the a; are uniquely determined by &.

f) Conclude that any locally free sheaf on P} splits as a direct sum of invertible

sheaves.

Exercise 15.18.10. Let X be a projective scheme and let Y, Z be closed subschemes of X
with Z < Y. Write Py and Py for the Hilbert polynomials of Oy and O respectively.
Show that Pz(m) < Py (m) form » 0.

Exercise 15.18.11 (Length 2 subschemes). If Z is a O-dimensional subscheme, then we
define the length of Z as the length of Oz(Z), which is an Artinian ring.

Use a cohomological argument to show that any 0-dimensional subscheme of length 2 in
P2 is a complete intersection of two curves of degree 1 and 2.
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Exercise 15.18.12. Let X be a scheme and let O% denote the sheaf of units (Exercise
4.11.44). Show that there is a natural isomorphism

Pic(X) = H'(X,0%)
HINT: Invertible sheaves can be specified using units in Ox (U; n U;).

Exercise 15.18.13. Continuing Exercise 16.10.3, show that the map from Cartier divi-
sors to Pic(X) (induced by D — Ox (D)) can be identified with the connection map
H(X,K(X)*/O%) — H'(X,O%) from the exact sequence

0— 0y — K(X) —— K(X)/0% — 0.

Exercise 15.18.14 (Double structures). Let X be a scheme such that Y = X,.q < X is
defined by an ideal sheaf Z. Let us assume that Z? = 0.
a) Show that there is an exact sequence 0 — Z — O% — Oy — 0, where the
first mapis f — 1+ f.
b) Assume that X is projective. Show that there is an exact sequence

0 — H'(X,T) — Pic(X) — Pic(Y) - H*(X,T)
¢) Compute the Picard group of the scheme
X = Proj(kl[z,y, 2, w]/(2*, zy,y*)).

Exercise 15.18.15 (P? minus a point). Consider X = P% — {(0 : 0 : 1)}, with the
affine covering given by Uy, = Speck|[z,y]and U; = Speck[z~', " y]|. Show that
H°(X,0x) =k and
H' (X,0x)= @ k-2
b>—a,a<0

Deduce that PZ — {(0 : 0 : 1)} is not an affine scheme.

Exercise 15.18.16. Continuing the previous exercise, let C be the curve defined by 3+ 22 +x
inUp and (z7'y)* + 272 + 2" in U,. Show that H°(C, O¢) = k and

HY(X,00) =k -2y

More generally, if C'is the curve defined by y? + 2?1 + 2 in Uy, and (x~1y)? + 2=+ 4271
in Uy, then
HY(C,00) ~ k(")
Exercise 15.18.17 (Interpolation problems). Let Z = {p,...,p,} < P} be a finite set of
points, with the reduced scheme structure.
a) Show that the space of degree d polynomials passing through py, ..., p, has
dimension equal to

dim H°(P", T,(d)) = dimy, H(Z(d)) = (” ;' d> —r + H'(PL(d)).

b) Show that for two points in P there is a unique line passing through them.
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¢) Let Z = {p1, p2, p3} be three distinct points in P?, show that
H'(P,Z2(1)) # 0

if and only if py, po, p3 lie on a line.
d) Letpi,...,psbe5 points in P;. When is H'(P3,Z,(2)) = 07.

Exercise 15.18.18. Consider a double complex C"™" as in the text, with horizontal and
vertical coboundary maps d and J. Assume that all rows C"™ are exact except when n = 0,
and that all columns are exact except when m = 0.

For each p, consider the group Z? < P C™" of ‘zig-zags’ (¢P0, P11 .. OP)
such that

m-+n=p

5(c) =d(cH Y vi=1, and 6(c"P) = d(c"°) = 0.

Consider the quotient H'(C') = Z*(C')/B*(C) where B*(C) < Z'(C) is the subgroup
generated by the ‘trivial zig-zags’

(d(c”10), d(P™2) +6(cP7H0), .., d(PPT) + 5(etPP), 6(PTH),

a) Define maps «,: HP(C) — H?(A®) and 5,: H?(C') — H?(B"*).

b) Use a diagram chase similar to the one above to show that ¢, is surjective, and
then injective.

¢) Prove Lemma 15.19.

Exercise 15.18.19. Let F be a sheaf on a topological space X and let i/ = {U,}/_, be an
open cover. Let o € S, be a permutation and consider the permuted cover U’ = {U, ;) }i_;.
For each p, define a map ¢* : C?(U', F) — CP(U, F) by

gbp(a)a(io),a(il),.‘.,a(ip) = Sgn(0|z‘o,...,ip) C Qg i

where sgn(c|;, ... ; ) is the sign of the permutation ¢ restricted to the indices {ig, i1, . . . , iy }.

a) Show that each o? is bijective.
b) Show that ¢* is a map of complexes, i.e., p?*1 o dP = d'P o ¢P.

¢) Conclude that that ¢* induces a canonical isomorphism H? (U, F) ~ H?(U', F)

Exercise 15.18.20. Let X be the scheme obtained by gluing two copies U, V' of Spec(Z2))
to itself over the generic point. Compute H' (U, Ox) for the covering {U, V'}.

Exercise 15.18.21. Give a second proof of Corollary 12.11, using the fact that H* (X, F) = 0
for any quasi-coherent sheaf 7 on X = Spec A.

Exercise 15.18.22 (Cohomology of P} minus a line). Consider the scheme X = P} —

V., (xg, z1). Compute the cohomology groups of Ox.

Exercise 15.18.23. Let X be the gluing of two copies of Spec Z along the open set U =
SpecZ — {(2)}.

Show that X is not separated and describe the diagonal map.

Compute the Cech cohomology groups H*(U, O ) with respect to the cover given by two
copies of Spec Z.

Exercise 15.18.24 (Products of curves). Let C' < P? be plane curve of degree 4.
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a) Compute the cohomology groups H*(C, O¢) fori = 0,1, 2.
b) Compute the cohomology groups H*(C' x A}, O¢) fori = 0,1, 2.
¢) Compute the cohomology groups H*(C' x;, Pi, O¢) fori = 0,1,2
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16

Divisors

16.1 Weil divisors

Throughout this chapter we will assume that X is a separated Noetherian integral normal
scheme. A prime divisor is an integral subscheme Z < X of codimension 1. A Weil divisor,
or simply divisor, is a finite formal sum

D:lel—i—--'—i—erT

where m; € Z and the Z;’s are prime divisors. The set of divisors form a group, which will
be denoted by Div(X).

We say that a divisor D is effective if each m; > 0, and we write D > 0. The support of
D is defined to be the closed subset Supp(D) = Z, U - -+ U Z,.

Example 16.1. If X = Spec A is affine, then every prime divisor is of the form V' (p) where
p is a prime ideal of height 1. Hence Div(Spec A) = @,,,_, Z - V/(p) can be identified
with the free abelian group on all height 1 prime ideals. A

Example 16.2. On X = PL, the prime divisors are simply the closed points. Here are some
examples of Weil divisors:

Dy =3-(1:0)=5-(0:1), Dy=(1:1)+5-(0:1)
Di+Dy=3-(1:0)+(1:1). A

The reader may wonder why we include the assumption that X is normal. Certainly,
the above definition can be made for any scheme, but the concept of a Weil divisor is not
particularly useful without the normality assumption. The main reason is that there is a
well-behaved notion of *order of vanishing’, or ‘multiplicity’ for rational functions.

More precisely, as the scheme X is normal, all the local rings Ox , are integrally closed
in their fraction field, K (X). This means that if Z < X is a prime divisor, and ¢ € X is
the generic point of Z, then the local ring O . is a 1-dimensional normal ring, and hence a
discrete valuation ring (see Appendix ?). We write

ordz: K(X) — Z u {0}

for the corresponding valuation. More explicitly, the function ord; can be defined as follows.
Given a nonzero f € Ox ¢, we can write it as f = w - t™, where ¢ is the generator for the
maximal ideal of Ox ¢ and w is a unit, and define the valuation of f at Z to be ordz(f) = m.
Finally, we extend this to elements of K (X) by setting ordz(f/g) = ordz(f) — ordz(g)
and ordz(0) = co. The number ordz(f) is called the order of vanishing of f at Z. If

322

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

16.1 Weil divisors 323

ordy(f) is non-negative we say that f vanishes to that order along Z. If ord z (f) is negative,
then we say that f has a pole of that order along Z.

If X = Spec A is an affine scheme, then all prime divisors are of the form V' (p) where
p is a prime ideal of height 1. For such a prime p, the local ring A, is a discrete valuation
ring, consisting of exactly the fractions f = a/b € K(A) where b ¢ p, or equivalently,
ordy (p) (f) = 0. In light of Theorem 16.3, which says that A = [, p—1 Ap, we conclude
that ordy () (f) = 0 for every prime divisor V' (p) if and only if f € A. Moreover, f € K(A)
has zero order of vanishing along every prime divisor if and only if f is invertible in A*.

In general, for an integral scheme X, a rational function f € K (X) is regular if and only
if f € Ox, forevery z € X, which by the affine case above means that ordz(f) = 0 for
every prime divisor Z. Therefore, we have:

Proposition 16.3. For a rational function f € K (X)*, we have
(i) ordz(f) = 0 for all prime divisors Z < X if and only if f € Ox (X).
(i) ordz(f) = 0 for all prime divisors Z if and only if f € Ox (X)*.

This is illustrates one of the close links between rational functions and codimension 1
subschemes on normal schemes. If a rational function is regular outside a closed subset of
codimension at least 2, then it is regular everywhere.

Definition 16.4 (Principal divisors). For a rational function f € K (X)*, we define its
corresponding divisor by

div(f) = Y ordz(f)Z, (16.1)

where the sum runs over all prime divisors. Divisors of the form div(f) are called
principal divisors, and they form a subgroup of Div(X).

To ensure that this is well-defined, we need to verify that for a nonzero rational function
f € K(X), there are only finitely many prime divisors Z — X such that ordz(f) # 0. To
see this, let U = Spec A be any open affine subset such that f|; € Ox (U). For a prime
divisor Z < X, there are two possible cases: (i) Z < X — U, or (ii) Z n U is a prime
divisor of U. As we assume X is Noetherian and integral, there can be only finitely many
codimension 1 components of the closed subset X — U, so there are only finitely many Z’s in
case (i). For the ones in case (ii), note that ordz(f) = 0 automatically, because f is regular
inU, and ordz(f) > 0 if and only if f vanishes along Z. Again because X is Noetherian,
the zero set V'(f) has only finitely many components, so we conclude.

Note that if f is a regular function, i.e., f € Ox (X), then div(f) is an effective divisor.
It is supported along the zero set of f, with multiplicity ordz(f) along each component Z.

Example 16.5. On Spec Z, a Weil divisor is an expression of the form
D =n,V(p) + - +mV(p)

where the p; are prime numbers. In the function field, Q, the ‘rational function‘ f =
pyt - - plosatisfies div(f) = D. Hence every divisor is principal on Spec Z. A
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Example 16.6. Let & be an algebraically closed field, and let A; = Spec k[t] be the affine
line with fraction field &(¢). The prime divisors of A}, correspond to k-points a € A}, each
associated to a maximal ideal (¢ — a) in k[t].

Consider the rational function

f=tt—1)"ek().

Note that for a € k, the elements ¢, and (¢ — 1) are invertible in the local ring OAi o =
k[t](t—a) except whena = O ora = 1.

When a = 0, then ¢ is a local parameter in OA“ = k[t]«), and we may write f =
t*(unit). Hence the order of vanishing of f is equal to 2 at the point @ = 0. Similarly,
ord,(f) = —lata = —1. Hence

div(f) = 2V(t) — V(t — 1).

More generally, if f(t) = (t —ay)™ -+ (t — a,.)"", then
div(f) =miV(t—ay) + -+ nV(t—a,). (16.2)
In particular, every divisor D is the divisor of some nonzero rational function. A

Example 16.7. The same rational function f = ¢*(¢ — 1)~* may be considered as a rational
on P;, when A} is embedded as the open set U, with coordinate ¢ = /. We have already
computed the values ord p( f) for P € Uy. For the remaining point, P = (0 : 1), we use the
coordinate s = xy/r; = t~! and rewrite f as

(st =1t =51 1—-5)""

From this, we see that ordo.1)(f) = —1 and ord;.1)(f) = —1 (which was already com-
puted in Up). Therefore, the divisor of f on P} is given by
div(f) =2(1:0)—(1:1)—(0:1). A

Example 16.8. Let X be the curve V(2% —y3+y) < AZ. Then z, y and y/x? define rational
functions on X. Here x and y are regular, so they have nonnegative orders everywhere. Let
us find the points P € X where ordp(z) > 0.

The function x vanishes exactly at the points in V (z, 2® — y* + y) < A2, i.e., the three
points (0,0), (0,1), (0, —1). The local ring at the origin (0, 0) is isomorphic to

Ox 0,0 = (k[x,y]/(a:?’ -y’ + 3/))

In this ring we have 2° = y(y* — 1), and so y = x> (unit). Hence z is a local parameter. In
particular, ord g,0)(x) = 1 and ord)(y) = 3. Similar computations show that

div(z) = (0,0) + (0,—1) + (0,1)

(z,y)

As for y, this can only have non-zero orders of vanishing at the points in V (2® — 3, y) =
V(x,y), ie., at the origin (0,0). We have already computed that ord ) (y) = 3, so
div(y) = 3(0,0). Putting everything together, we obtain

).
div(y/x?) = 3(0,0) — 2((0,0) + (0, —1) 4+ (0,1)) = (0,0) — 2(0, —1) — 2(0, 1).
A
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16.2 The class group

One of the fundamental invariants of a scheme (or of a ring) is the class group, along with its
close relative, the Picard group. The class group can be interpreted as the group that captures
the obstructions to a divisor being the divisor of a rational function.

Definition 16.9. The class group of X is defined as the group of Weil divisors modulo
the principal divisors, i.e.,

Cl(X) = Div(X)/(div(f) | f e K(X)*).

Two Weil divisors D and D’ are said to be linearly equivalent (written D ~ D’) if they
have the same image in C1(X), or equivalently, that D — D" is principal.

For an affine scheme X = Spec A, the divisor of a rational function f € K (X) is equal to

div(f) = > ord,(f)V(p).

htp=1

Hence div(f) = 0 if and only if ord,(f) = 0 for all height 1 primes, which by Proposi-
tion 16.3 happens if and only if f € A*. Hence the kernel of the map div: K(X)* —
Div(Spec A) equals A*, and the cokernel is by definition the class group Cl(Spec A).
Hence we have the exact sequence

0— A% - K(X)* 2% Div(Spec A) — Cl(Spec A) — 0. (16.3)

Example 16.10. The class group of Spec Z is trivial, as Z is a principal ideal domain, so
every prime ideal is principal, not just the ones of height 1. (See also Example 16.5.) A

Example 16.11. The class group of Spec Z[i] is also trivial. This follows by the analysis of
Example 2.41, which showed that every prime ideal of Z[7] is principal. AN

Example 16.12. Let A be a discrete valuation ring and let X = Spec A. In A, the only
nonzero prime ideal is the maximal ideal m. Therefore, if x € X denotes the closed point,
we have Div(X) = Z - . Any Weil divisor on X is principal: if ¢ is a generator for m, then,
then div(¢t™) = n - x for each n € Z. Hence Cl(X) = 0. A

Both the terms ‘divisor’ and ‘class group’ originate from algebraic number theory and
their origins can be traced back to Kummer’s work on Fermat’s Last Theorem. In this setting,
the class groups are designed to measure how far the base ring is from being a unique
factorization domain.

Proposition 16.13. Let A be a normal Noetherian integral domain. Then the following
are equivalent:
(i) Cl(Spec A) = 0.
(ii) Every height 1 prime ideal in A is a principal ideal.
(iii) A is a unique factorization domain.

Proof The equivalence of (ii) and (iii) is a fact from commutative algebra (see Proposition
A.59). It remains to show the equivalence (i) < (ii).
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(ii) = (i): Write X = Spec A. If Z is a prime divisor in X, then Z = V(p) for some
prime ideal p © A, and as Z has codimension 1, p is of height 1. By assumption (ii), p = (f)
for an element f € A, thatis, Z = div(f). This shows that C1(Spec A) = 0.

(i) = (ii): Assume that Cl(Spec A) = 0. Let p be a prime of height 1, and let Z =
V(p) © X. By assumption, there is an f € K (X )* so that div(f) = Z. We want to show
that in fact f € A and that p = (f). For the first statement: as div(f) = Z, the valuations of
[ are given by ord,(f) = 0 for g # p and ord,(f) = 1, and so f liesin Ox(X) = A by
Proposition 16.3.

Secondly, to prove that f generates p, consider any nonzero element g € p. Then
ordy(g) = 1 and ord,(g) > O for all g # p. It follows that ord,(g/f) = ordq(g) —
ord,(f) = 0 for every prime ideal g € Spec A. Hence g/ f € A, for every prime q of height
1, and hence g/f € A, by Proposition 16.3. It follows that g € fA, andso p = (f)A is

principal. O
Example 16.14. The class group of affine n-space A} = Spec k[z1,...,x,] is trivial, as
the polynomial ring is a unique factorization domain. A

Theorem 16.15. Let £ be a field. The class group of projective n-space is
ClI(Py) = Z,
generated by the class of a hyperplane.

Proof Write P} = Proj R where R = k[xo,...,2,] andlet H = V, () be the hyper-
plane defined by .

First we show that H generates C1(P}). Let Y < P} be any prime divisor. Then Y =
V., (a) for some homogeneous prime ideal of height 1 in R. As the polynomial ring is a UFD,
we may write a = (F') for some irreducible homogeneous polynomial F'. Letting d = deg F’,
the fraction f = F/x{ defines a regular function on Uy, hence a rational function on P}.
Note that f can only have nonzero orders of vanishing along Y and H. Since F is irreducible,
we have div(F/zd) =Y — dH. Therefore, [Y] = dH in C1(P}).

To conclude, we show that no nonzero multiple [H] is zero C1(P}). If m[H] = 0 for
some m > 0, then there would exist an f € k(P}) such that mH = div(f). Note that
div(f) is effective, meaning ordz(f) = 0 for every prime divisor Z. By Proposition 16.3,
f is regular on P}, hence a constant, which implies that m = 0. O

The isomorphism C1(X) ~ Z is better defined by the degree map. For a divisor D =
> n; Vi (G;), where G; € k[xg,...,x,]| are irreducible homogeneous polynomials, we
define

deg D = an deg G;.

As rational functions on P} have the form F'/G where F, G € k[zy, ..., x,] of the same
degree, this descends to a map Cl(P}) — Z.
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16.3 The class group of an open set

If U < X is an open set and Z < X is a prime divisor, the intersection Z N U is either
empty (if Z < X — U) or a prime divisor on U. This allows us to define the restriction of a
divisor D = Y nzZ to U by the formula

Dly= > nz-ZnU (16.4)

ZNU#Q

This defines a map of groups Div(X) — Div(U). Note that any divisor with support in
X — U is sent to 0 via this map.

If f is a rational function on X, the restriction f|; is a rational function on U, and it holds
that ordz~y7(f|z) = ordz(f) whenever Z n U # (J (the two valuation rings are the same).
Consequently the divisor div( f) restricts to the divisor div(f|), and the restriction map
sends principal divisors to principal divisors.

In this setting, it is natural to ask how the class group of X and U are related. The answer
is given by the theorem below.

~

Theorem 16.16. Let X be a normal integral Noetherian scheme. Let W < X be a closed
subscheme and let U = X — W.If Z,, ..., Z, are the prime divisors corresponding to
the codimension 1 components of 1V, there is an exact sequence

P zz;, — CI(X) —> CUU) —> 0, (16.5)

i=1

where the map C1(X) — Cl(U) is defined by [Z] — [Z n U].

Proof 1If Z is a prime divisor on U, the closure in X is a prime divisor in X, so the
right-most map in (16.5) is surjective, and we just need to check exactness in the middle.
Suppose Z is a prime divisor which is principal on U. Then Z|; = div(f) for some
fe K{U) = K(X).Now D = div(f) is a divisor on X such that D|; = div(f)|y.
Hence D — Z is a Weil divisor supported in X — U, and hence it must be a linear combination
of the Z;’s. Therefore D — Z is in the image of the left-most map, and we are done. O

Corollary 16.17. If Z — X is a closed subset of codimension at least 2, then

Cl(X — Z) = CI(X)

Example 16.18. If P denotes the origin in A}, then C1(A} — P) = Cl(A}) = 0 forn > 2.
If n = 1, we have Cl(A; — P) = Cl(Speck[z,z7']) = 0 because k[z,z7'] is a
UFD. A

Example 16.19. Consider the projective line P}, over a field k, and let P be a k-point. We
have the exact sequence

Z-[P] — CI(P,) —> Cl(A;) — 0.

We saw that CI(A}) = 0, so the map Z — CI(P}) is surjective. It is also injective: If
[nP] = 0in CI(P}) for some n, then nP = div(f) for some f € K(P!). We have
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328 Divisors

nP| a1 = 0, so we must have div(f) \ a1 = 0. Therefore, f must have neither zeros nor poles
on A}, implying that f is a constant, and hence n = 0.

The same proof works in higher dimensions, and gives a new proof of the formula
Cl(Py) = Z. A

16.4 Cartier divisors

If f € Ox(X) is a nonzero regular function, then div(f) is an effective divisor with support
along the zero set of f, and ‘multiplicity’ ordz(f) along each component. Generally, we
expect that a codimension 1 closed subscheme can be defined by a single equation, at least
locally. As we will see this intuition is often correct, at least when X has mild singularities.

Definition 16.20. A divisor D is called locally principal or a Cartier divisor if there is
an open cover {U, };c; of X and rational functions f; € K (X)* such that for each i,

If a divisor D is Cartier, then it is completely determined by the collection of rational
functions f;. This is sometimes a more useful description than the underlying prime divisors
and their multiplicities, especially in local computations.

To formalize this, let us define a set of Cartier data, to be the following data:

(i) an open cover {U,};cs of X,

(i) elements f; € K (X) satistying f;f; ' € Ox(U; n U;)* forevery i,j € I.

By Proposition 16.3, the second condition is equivalent to

ordz(f;) = ordz(f;)

for any prime divisor Z intersecting both U; and U. This ensures that the coefficient 1z of
any prime divisor in D is uniquely determined by n; = ordz(f;) where i is any index such
that Z nU; # .

The Cartier data is however not unique, as D may be locally principal both with respect to
several open coverings and different choices of rational functions. The ambiguity is resolved
if we consider two defining Cartier data {(U,, fi)}ier and {(V}, g;)};es to be the same if
figjfl € Ox(U; nV;)* forall i and j.

The set of Cartier divisors forms a subgroup of Div(X). In terms of Cartier data, the
identity element is represented by (X, 1), that is, the trivial covering consisting of the open
set X and the rational function ‘1’. If D and E are represented by the data (U, f;) and
(Vi,g;), then D + E is represented by (U; N V;, fig;) and — D is represented by (U;, f; ).
Furthermore, (Uj;, f;) represents a principal divisor if and only if it is equivalent to (X, f)
for some f € K(X)*.

Example 16.21. Consider the projective n-space P} over a field k. Write P} = Proj R
where R = k[xy, ..., ,]|. Any homogeneous polynomial of degree d, F'(x, ..., x,) € Ry
defines a closed subscheme of P}’ of codimension 1. The corresponding Weil divisor D is
Cartier. Concretely, we can write down the Cartier data with respect to the standard covering
Ui = D, (z;) of Py. Note that F'(z/z;) = F(5,..., =, 1,7, .. #=) defines a

T ’ Ty ors
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16.5 The sheaf associated to a Weil divisor 329

non-zero regular function on U}, and the collection
(Ui, F(x/x;))
forms a Cartier divisor D on X. Indeed, on the overlap U; n U;, we have the relation
F(z/a;) = (x;/2:)" F(x/x)) (16.6)

and x;/x; is a regular and invertible function on U; n U;. Two homogeneous polynomials
F, G of the same degree d give linearly equivalent divisors, because the quotient F'(z)/G(x)
is a global rational function on P}. the coefficient n, of Z in D is determined by ny =
ordyz(f;) where i is any index such that Z n U; # . A

It is not true in general that every divisor is Cartier. We will see some basic counterexamples
in Section 16.8. However, if X is locally factorial, meaning that all the local rings Ox , are
UFD’s, then the two notions are the same:

Theorem 16.22. Let X be a Noetherian normal scheme such that every local ring Ox ,
is a UFD. Then every Weil divisor is Cartier.

Proof ‘Being Cartier’ is a local condition, so we may assume X = Spec A is affine.

Let Z = V(p) be a prime divisor on X, where p is a height 1 prime ideal. Note that Z
is automatically principal over the open set U = X — Z, because Z|; = 0. If x € Z, then
x corresponds to a prime ideal ¢ containing p. As p has height 1 in A, then p A, remains of
height 1 (there is a one-to-one correspondence between primes in A lying in q and primes in
Ag). As Ay = Ox , is assumed to be a UFD, p A, is a principal ideal, by Proposition A.59.
Let a, b € A be elements such that a/b € A, is a generator for pA,. As b ¢ g, we see that in
factp = A; = (a)A,.

Ifp = (f1,..., f), then f;A; € (a)A, foreachi = 1,...,r, so we may write f;/1 =
a;/b; - a. Setting b = by - - - b,., we have pA, = (a)A;. Therefore, U = D(b) < X is an
open neighbourhood of  such that Y n U is defined by a principal ideal in Ox (U). In other
words, Y|y = V(p)|v = div(a) is principal over U. O

Corollary 16.23. Let X be a Noetherian, nonsingular scheme. Then every Weil divisor
is Cartier.

Proof If X is nonsingular, then each local ring O ,, is a regular local ring, hence a UFD
by the Auslander—Buchsbaum theorem (see Theorem 10.5). I

Cartier divisors have better formal properties than general Weil divisors because of their
close links to invertible sheaves. We will explore this in Section 16.5.

16.5 The sheaf associated to a Weil divisor

Let X be an integral, Noetherian, normal scheme. For a Weil divisor D = Z nyZ, we will
construct a sheaf, denoted by Ox (D), whose sections are the rational functions with ‘poles
at worst along D’. There are several ways to express this condition. The simplest way is to
require that a rational function f € K (X) satisfies ordz(f) = —n for all Z, meaning that
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the order of the pole of f along Z is at most nz. Equivalently, we can formulate it by saying
that div(f) 4+ D is an effective Weil divisor; in other words, div(f) + D > 0. Informally,
this means that the ‘pole part’ of div(f) is canceled out by adding D.

Definition 16.24. Let X be a Noetherian integral normal scheme and let D be a Weil
divisor on X. We define the sheaf Ox (D) by letting

Ox(D)(U)={fe K(X)|ordz(f) = —ngzforal ZwithZ nU # & }

for each open subset U < X.

The rational function 0 € K (X) has by convention infinite order of vanishing at every
prime divisor, so every Ox (U) contains 0.

The condition in the bracket is less restrictive when applied to a smaller subset U’ < U, so
there is an inclusion Ox (D)(U) < Ox(D)(U’). Hence Ox (D) becomes a presheaf with
inclusion maps as the restriction maps. It is not hard to see that the sheaf axioms are satisfied,
so Ox (D) is a sheaf. As such, it is a subsheaf of the constant sheaf K(.X') on the function
field K (X). It is moreover an O x-module, because if a € Ox (U) is a regular function U,
we have ordy (af) = ordy(a) + ordy (f) = —ny forall Z and all f € Ox(D)(U), so
Ox (D) is stable under multiplication by elements of Ox.

Example 16.25. If D = 0, then Ox (D) = Ox. Indeed, if U is any open in X, then
['(U,Ox (D)) consists of the rational functions g € K (X) such that ordz(g) = 0 for
every prime divisor Z. Any such must be regular, by Proposition 16.3, so I'(U, Ox (D)) =

A

U, Ox).
Example 16.26. If Z is a prime divisor, then
OX (—Z) ~ IZ

is the ideal sheaf defining Z. Indeed, over an open set U, I'(U, Ox (D)(U)) consists of the
rational functions g € K (X) so that ordz(g) = 1 and ordz (g) = O for every prime divisor
7" # Z.In other words, g € Ox(U) is regular, and vanishes along Z. A

Example 16.27. Let X be the projective line P; = Proj k[, z1] over k and consider the
divisor D = V(x1) = (1 : 0). We will compute I'( X, Ox (D)) using the standard covering
of P} by the open sets Uy = Speck[z,/xo] = Speck[t] and U; = Speck[zo/x1] =
Speck[s] (so s =t~ on Uy N Uy).

Note that the point (1 : 0) does not lie in U; . This means that a rational function f € K (X)
such that div(f) + D > 0 if and only if f is regular on U;. This means that

LUy, Ox(D)) = k[s].

Over the open set Uy, we are looking at elements f € k() a pole of order at most 1 at ¢ = 0,
and no other poles. This implies that

L(Uy, Ox(D)) = {at™ +p(t) | a € k, p(t) € k[t] }.
A section of I'(X, Ox (D)) corresponds to a pair (f(t), g(s)) with f(t) = at™ + p(t) in
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16.5 The sheaf associated to a Weil divisor 331
I'(Uy, Ox (D)) and g(s) € k[s] = T'(Uy, Ox(D)) which agree over the overlap, meaning

f(t) =at™" +p(t) =as+p(s) = g(s).

For equality to hold in k[t,t™'] = k[s,s™!], it is clear that p must be a constant, so we
obtain

['(X,0x(D))=k@kt "
In fact, we will see in a bit that O x (D) ~ Op:i(1). A

Proposition 16.28. Let X be Noetherian integral normal scheme and let D be a Weil
divisor. Then Ox (D) is a coherent sheaf.

Proof We may assume that X = Spec A is affine. We first show that Ox (D) is quasi-
coherent by showing that for any g € A, there is an equality of subgroups of K (X):

I'(X,0x(D))y = T'(D(g), Ox(D)).

Given this, it follows that Ox (D) is the tilde of the A-module M = I'(X, Ox(D)).

The inclusion ‘<’ is clear: if h € I'(X, Ox (D)), then div(h) + D > 0 on X, and since
g is invertible over D(g), ordz(h/g™) = ordz(h) for any prime divisor Z which intersects
D(g).

For ‘>, take any f € I'(D(g), Ox (D)) such that div(f) + D = 0 on D(g). Then the
negative part of the divisor div(f) + D must be supported in the closed set V' (g) < Spec A.
However, as V' (g) has only finitely many components, there exists an m > 0 such that

div(g™f) + D >0

over all of X. Then ¢”f € I'(X, Ox (D)) and f is the image of (¢ f)/g™. This shows
that Ox (D) is quasi-coherent.

To prove that Ox (D) is coherent, it suffices to show that I'(X, Ox (D)) is a finitely
generated A-module. Write D = Y n;Z;, and let g € A be a nonzero element which van-
ishes on all the Z;, so that ordz, (¢g) > 0. Then we may choose an m so that ordz, (¢™)
is greater than —n; for all 7. This implies that for any f € T'(X,Ox(D)) we have
ordz, (g™ f) = ordg, (¢™) + div(f) = 0, and hence g™ f is contained in T'(X, Ox) = A.
Hence ¢"'TI'(X, Ox (D)) is an ideal of A. As we assume that A is Noetherian, this ideal is
finitely generated, and we deduce that I'(X, Ox (D)) is finitely generated as well. O

Lemma 16.29. Let D and E be two Weil divisors on X. Then Ox (D) = Ox(E) as
subsheaves of K(X) if and only if D = E.

Proof Write D =Y mzZ and E = Y n;Z.If D # E, there is a prime divisor Z such
that mz # nz. We may assume that mz > ny.

Choose an affine open U = Spec A < X containing the generic point ¢ of Z. Assuming
that Ox (D) = Ox(E), we get that Ox (D), = Ox(E).. However,

Ox(D)c = {fe K(X) |ordy(f) = —mz} (16.7)
Ox(E)e = {fe K(X) | ordy ) (f) = —nz}. (16.8)
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Lett € A, be a generator for the maximal ideal pA,. If m, > ny, then t7™# lies in (16.7),
but not in (16.8). This is a contradiction, so Ox (D) # Ox(E). O

The sheaf Oy (D) is best behaved when D is a Cartier divisor. In that case, O x (D) is an
invertible sheaf. This is essentially a consequence of the following lemma.

Lemma 16.30. For a nonzero rational function h € K (X ), we have

O (div(h)) % Oy (16.9)

Moreover, a Weil divisor D is principal if and only if Ox (D) ~ Ox.

Proof LetU < X be an open set. We claim that
1
['(U, Ox(divh)) = 7 -T'(U, Ox) (16.10)

as subgroups of K (X). Note that a rational function f € K (X) belongs to I'(U, Ox (D)) if
and only if div(f) + div(h) > 0, or equivalently, div(fh) = 0. In other words, r = fh is
a rational function which has non-negative order of vanishing at every prime divisor Z which
intersects U. Therefore r € Oy (U) is regular, by Proposition 16.3, and g = 7/ f belongs to
the right-hand side. The opposite containment is clear.

For the last statement: If D = div(h) is principal, then (16.10) shows that multiplcation
by h induces an isomorphism of Ox (U )-modules

I'U,0x(D)) — I'(U, Ox)

This is compatible with the restriction maps, and so Ox (D) ~ Ox.

Conversely, suppose that Ox (D) ~ Ox. As Ox (D) is an Ox-submodule of K(X)
which is free of rank 1, there is a nonzero g € K (X) so that Ox (D) = g - Ox. Define
h =1/g. Then
1
T h
as subsheaves of K(X), and hence D = div(h) by Lemma 16.29. O

Ox(div(h)) = ~Ox = g- Ox = Ox(D)

Proposition 16.31. Let X be a Noetherian integral normal scheme and let D be a Weil
divisor on X.

(i) D is Cartier if and only if Ox (D) is an invertible sheaf.

(ii) If D is given by Cartier data {(U,, f;)}, then

1
v, = — - Oy, foreachi e I

i

Ox(D)

Proof (i): Firstof all, if Ox (D) is locally free, then it must have rank 1. This is because over
an open set V< X — Supp(D), the group Ox (D)(V') consists of the rational functions
such that ordz(f) = 0, for every prime divisor Z that intersects V', and hence f € Ox (V).
This means that Ox (D) is isomorphic to Ox over an open set, so it has rank 1.

Suppose first that D is Cartier, say given by D|y, = div(f;) for rational functions f;
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and an open cover {U,}. Over each U;, Lemma 16.30 shows that Ox (D)|v, ~ Ox|v,, so
Ox (D) is invertible.

Conversely, if Ox (D) is an invertible subsheaf of K(X ), we can define f; € K(X) by
choosing local generators so that O x (D)(U;) = %(’) x(U;) € K(X). Then it follows that
D|y, = div(f;) by Lemma 16.30.

The item (ii) follows from Lemma 16.30. O

Two different Cartier data (U;, f;) and (V}, g;) for the same divisor D give rise to the
same invertible sheaf. This is because over U; NV}, the rational functions 1/f; and 1/g; are
related by a unit in Ox (U; n V;)*, and so they generate the same O x-submodule of K(X).
Note that the units g;; = f; fj_1 automatically satisfy the cocycle condition, because
fkfj_1 -~ fifit = fofi". In the notation of Section 14.1, Ox (D) is the invertible sheaf
determined by the isomorphisms 7;;: Oy, — Oy, given by multiplication by g;.

Proposition 16.32. Let X be a Noetherian integral normal scheme and let D and E be
two Cartier divisors. Then:

(1) Ox(D + E) >~ Ox(D) ®ox Ox(E)

(i) Ox (D) ~ Ox(F) if and only if D and E are linearly equivalent.

Proof We may pick a common affine covering U; so that both D and F are both represented
by data (U;, f;), (Ui, g;). Then D + E is determined by the Cartier data (U;, f;g;). Locally,
over U; the sheaf Ox (D + E) is defined as the subsheaf of K (X)) given by (fig;) 'Oy, =
fi g7 Oy,. As U is affine, the tensor product is locally given by f, 'Oy ® ¢, 'Oy,
which is clearly isomorphic to f;'g; 'Oy, via the map af; ' @ bg;,~* — abf; 'g; 7.

For the second claim, it suffices (i) to show that Ox (D) ~ Oy if and only if D is a
principal Cartier divisor. But this is a consequence of Lemma 16.30.

O

Example 16.33. Consider again the example of projective space P}. In the notation of
Example 16.21, if F' is a homogeneous polynomial of degree d on P}, the sheaf Opg (D)
determined by (D (z;), F'(x/x;)) is isomorphic to Opy (d). This follows from (16.6), which
shows that Ox (D) has exactly the same gluing functions as Op; (). In particular, this shows
that two divisors of different degrees are not linearly equivalent. This, together with the fact
that any Weil divisor is Cartier, gives a new proof of the equality C1(P}) = Z. A

16.6 The divisor associated to a section of an invertible sheaf

A prototype example of a Cartier divisor is the divisor associated to a section of an invertible
sheaf. The construction pararells the definition of a principal divisor.

One of the benefits of using zero schemes of sections of invertible sheaves is that they can
be defined on any scheme; we do not need to assume that X is normal, integral or Noetherian
to be able to work with them. (See Exercise 16.10.14.)

Let L be an invertible sheaf on X and let s be a nonzero global section of L. Let U; be an
open cover of X such that L is trivial over U;. Let s; € I'(U;, L) be the local generators of
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334 Divisors

L. Over each U;, we may express

Slu;, = fisi

for some f; € Ox(U;). Equialently, f; is the element that maps to s|y, via the local
isomorphisms ¢;: Ox|y, — Ll|y,. As X is integral, we may regard f; as a nonzero element
of the function field K (X). Then the data (U;, f;) defines a Cartier divisor on X, which we
denote by div(s).

Explicitly, div(s) has the following description. For a prime divisor Z < X define
ordz(s) = ordz(f;), where i is any index such that U; intersects Z. Then

div(s) = Zordz(s) - Z.

The divisor div(s) is independent of the choice of local isomorphisms ¢;. If 1, : Oy, —
Ly, is another set of isomorphisms, with local generators t,,, then over the overlaps U —
U; NV, the restrictions s|y = fi8;|v = gata|v and f; and g, are equal up to multiplication
by an invertible element in Ox (U n U; N V,,), and so the orders of vanishing along prime
divisors are the same.

Geometrically, D = div(s) is an effective divisor on X which is supported on the zero
scheme Y = V(s) of s, with ‘multiplicity’ ordz(s) along each component. Note that
ordz(s) is nonnegative for each Z, because the f; are regular functions.

More precisely, the ideal sheaf of D is defined as the image of the map

sV: LV —> Ox

given by multiplication by s. Over each U;, the map s" |y, can be identified with the map
Oy, — Oy, which sends 1 to f;. Hence Z is locally generated by the local equations
fi € Ox(U;). Hence

Z=0x(-D)~1L"
, and the ideal sheaf sequence takes the form
0 — Ox(—D) — Ox —> 1,0p —> 0
where ¢: D — X is the inclusion.

Example 16.34. On X = P;, the polynomial s = x¢z; — 22327 defines a global section
s of the invertible sheaf L = Op:1(4). Over Uy = Spec k[z;/x¢], we have L|y, = Oy, x;
and so s = foxg where fo = (x1/x0)® — 2(1/x0)?. This rational function has divisor

div(s)|y, = div(fo) = 2(1:0) + (1:2)

Similarly, over U;, we have s = f; - x1 where f; = (zo/x1) — 2(xo/x1)?. This gives
div(s)|y, = div(fo) = (0: 1) + (1: 2).

Hence

div(s) =2(1:0)+ (0:1) + (1:2).
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16.6 The divisor associated to a section of an invertible sheaf 335

Proposition 16.35. Let L be an invertible sheaf, s € I'(X, L) a global section. Then
there is an isomorphism

Ox(div(s)) ~ L. (16.11)

Two sections s,t give rise to the same divisor if and only if £ = X - s for some unit

ANE Ox(X)X

J

Proof Let {U;} be a trivializing cover of L and let s; denote local generators for L. Let
gi; € Ox(U; n U;)* be the transition functions, satsifying s; = g¢;;5; on the overlaps. We
may express S|y, = f;s; where f; € K(X). Over U; n U; we have

Jisi = fisi = [i9i;8;
which shows that g;; = f;/fi.
Now consider the sheaf Ox(div(s)), which is locally given by + L Oy,. Passing from

f ./ f;. This means tat L and

Ox (dlv( )) are deﬁned by the same transition functions, and so they are isomorphic.
For the second statement, write t|;;, = h;s; where h; € K(X). Since div(s) = div(t),

we see that the rational function A; = h;/f; has no zeroes nor poles in U; and hence
i € Ox (U;)*. Over U; n U;, we have f; = g;;f; and h; = g,;h;, and so
h; b h,
)\i e g J == 7] == )\j
fi o gufi
Hence the \; glue to a global unit A € Ox (X)*, satisfying ¢ = As. O

The above constuction can in fact be carried out for a section s of L defined over any
nonempty subset V' < X. We call such a section a rational section. If s € L(V), the
trivializations of L still give rational functions f; (working over the open sets U; n V') and
we have well-defined orders of vanishing ordz(s) for any prime divisor Z < X.

Unlike the previous construction, when s was a global section, the divisor div(s) of a
rational section may no longer be effective. Here is a typical example:

Example 16.36. Continuing the example of X = PP}, consider the quotient s = 2—? which
defines a section of L = Op: (2) over D (), hence a rational section on X . Let us compute
the divisor associated to s: Let ¢ = 22 be the coordinate on U = D (z1) = Speck[t].

Ox(2)(U) = k[zo/z1]23 = k[t]=3.

So the rational function f = ¢(s) is given by j—é = t2 which has non-zero order of vanishing
1

only at the point t = 0 € U, where we have ord,(f) = 3. To compute div(s), we must also
consider the point outside D (x1). On U = D (z), we use the coordinate u = 7*, and
we have

Ox(2)(U) = k[u]g

So the rational function ¢(s) is given by f = = u~!. This has order of vanishing
ord;(f) = —1latt =0 (and ordz(f) = O atall other pomts) Hence we obtain

div(s) =3(0:1) — (1:0).
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336 Divisors

Proposition 16.37. Let X be a Noetherian integral normal scheme.
(i) For any invertible sheaf L and any nonzero section s of L, the divisor of s is
a Cartier divisor.
(i) Every Cartier divisor D can be realized as div(s) for some rational section
s of an invertible sheaf L (specifically Ox (D))

Proof The divisor div(s) is Cartier, by definition. For the second statement, if D is a Cartier
divisor, given by the data (U;, f;), then the sheaf L = Ox (D) is invertible. Consider the
open set V' = X — Supp(D). Then the element 1 € K (X) belongs to I'(V, Ox (D)) and
defines a distinguished rational section s of Ox (D). It follows from the definitions that
div(s) = D: over U,, the local trivialization O, — Ox (D)|y, is given by multiplication
by 1/f;, so the section 1 € I'(V, Ox (D)) to the rational function f;, and hence the associated
Cartier divisor is exactly D. O

Corollary 16.38. Let X be a Noetherian integral normal scheme. Then the map D —
Ox (D) induces an isomorphism between Pic(X') and the subgroup of C1(X') generated
by Cartier divisors.
Proof By the item (i) and (ii) in Proposition 16.32, the assignment D — Ox (D) is additive,
and has the subgroup of principal divisors as its kernel. Also, by Proposition 16.37, any
invertible sheaf L is isomorphic to one of the form Ox (div(s)). 0O

Corollary 16.39. On a nonsingular variety X, then every Weil divisor is Cartier, and
there are natural bijections between
(i) Weil divisors (up to linear equivalence)
(i1) Cartier divisors (up to linear equivalence)
(iii) Invertible sheaves (up to isomorphism)

From our previous computation of C1(A}) and C1(P}), we get the following theorem:

Theorem 16.40. Let & be a field. Then
(i) Pic(A}) = Cl(A}) = 0.
(i) Pic(Py) = CI(P}) = Z.

In particular, any invertible sheaf on P}, is isomorphic to some Opr (m).

16.7 Pullbacks of divisors

Given a morphism ¢: X — Y and a divisor D on Y, we can ask whether we can define a
Weil divisor on X supported on ¢~ D. In general, this is not possible. Consider for instance,
the case where ¢ is the inclusion of a closed subscheme, say Y = P? and f: X — Y is the
inclusion of a line X = V(). Then of course D = V' (x) defines a Weil divisor on Y, but
there is no reasonable definition of ¢~ D that defines a codimension 1 subscheme of X
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16.7 Pullbacks of divisors 337

R

Figure16.1 P+ Q + R~ 25 +T

There is a situation where we can always define the pullback of a divisor D. This is when
¢: X — Y is a dominant morphism and D is a Cartier divisor. In that case, there is a
covering U; such that Dy, is given by div(f;) over U;. The fact that f is dominant, means
that there is an induced map on function fields ¢*: K (Y') — K(X). We can therefore define
a divisor ¢*D by

¢*D = > ordz(¢'f.)Z
ZcX
where Z runs over all the prime divisors in X.

As before, this is well-defined, as the rational functions qﬁﬁ( f:) are related by invertible

elements in Ox (¢~ 'U; n ¢~ 1U;).

On the level of invertible sheaves, we have
¢*Oy (D) = Ox(¢*D).

Note that there is always a pullback map for invertible sheaves, even if f is not dominant.
Furthermore, if s € I'(Y, L) is a global section, there is also a well-defined pullback f*s €
['(X, f*L). However, as f*s may be zero section, it may not define a divisor div(s).

Example 16.41. Consider the plane curve
X =V(x) — 2073 + 1173) < P}.

Then O]pi (1) restricts to an invertible sheaf on X and the sections xg, x1, x5 restricts to
nonzero sections. The corresponding divisors are computed as follows:

div(zg) =(0:0:1)+2(0:1:0)
div(z,) =3(0:0:1)
div(z2) =(0:1:0)+(1:1:0)+(1:—1:0)

From these, we see that 2(0 : 0 : 1) ~ 2(0 : 1 : 0), as the their difference is the principal
divisor div(z /). It actually turns out that (0 : 0 : 1) « (0 : 1 : 0) in the class group of
X, thatis, (0:0:1) — (0:1:0) is not the divisor of a rational function on X. This is in
fact not so easy to prove (it will be a consequence of Proposition 20.13).

On the other hand, the section s = 3 — z2? + z,23 of Op2 (3) does not define a divisor
on X, as it restricts to the zero section in Ox(3).

A
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16.8 Extended examples

The circle

Proposition 16.42. Let X = Spec A, where A = R[x,y]/(z* + y*> — 1). Then
Cl(X)~17Z)2.

Proof Consider the point P = (0, 1) corresponding to the maximal ideal m = (x,y — 1).
The first step will be to show that the complement X — P has trivial class group. Note that
X — P = D(y — 1) is the spectrum of the ring

Ay = (Rlz,y]/(2* +y* — 1))

By the formulas for stereographic projection from P, there is an isomorphism of rings

2t 1 —¢2
Ay 1~ R[t]h e, (z,y) — <1+t2’ 1_|_t2>

y—1"

with inverse sending ¢ to x/(y — 1). As R[t];;¢ is a localization of a UFD, we have
Cl(X —P) =0.

The exact sequence (16.5) applied to the open set X — P shows that P generates C1(X).
To determine the order of P, note that div(y — 1) = 2P, because z is a local parameter at
Pandy — 1= (y+ 1)"'2% in Ox p. Hence 2P = 0 in C1(X).

To see that P is nonzero in C1(X), it suffices to show that Ox (P) # Ox. We do this by
computing the global sections. Consider the covering of X consisting of the two open sets
Up=D(y—1)and U; = D(y + 1). Then

L(Uo, Ox(P)) = Aymr,  T(UL,Ox(P)) =27 Ay

and the two local sections sp = x/(y — 1) and s; = —(y + 1)/x glue to a global section of
Ox (P), which is not constant. This shows that Ox (P) # Ox. O

The non-triviality of the class group C1(X) reflects the arithmetic properties of A: the
equation > = (y—1)(y+1) shows that A is nota UFD, as x, y —1, and y + 1 are irreducible
but not prime. In contrast, for the complexified circle X¢ = Spec C[z, y|/(2? + y* — 1),
the class group is trivial, as C[z,y]/(z® + y* — 1) ~ Clu,v]/(uv — 1) ~ C[t,t '] isa
UFD.

The quadric cone

Proposition 16.43. Let k be a field of characteristic # 2 and let X = Spec A where
A = k[z,y, z]/(zy — 2?). Then

Cl(X) = 2/2

generated by the prime divisor Z = V (y, 2).

Proof Note that Z corresponds to the line {y = z = 0}, which is indeed an integral
subscheme of X of codimension 1.
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Z
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X

Figure 16.2 A singular quadric surface

The complement X — Z = X — V(y) = D(y) can be identified with Spec k[y, y ™, u]
via the isomorphism

klz, g,y 2]/ (wy — 2°) =~ K[y, y ' 1[t, ul/(t — v®) =~ k[y,y ™", u]

where u = y~'2. As this is a UFD, we have C1(X — Z) = 0. By the exact sequence for
class groups, we see that C1(X) is generated by Z.

We next claim that div(y) = 2Z, so 2[Z] = 0 in Cl(X). Because of the equation
xy = 22, we have V(y) = V(y, z) = Z, as sets. Therefore, the only prime divisor where y
has non-zero order of vanishing is Z. The local ring at the generic point of Z is given by

A(y,z) = (k[x7 Y, Z]/(l’y - ZQ))(%Z)

Since x is invertible in this ring, we see that y € (2?) and that z is a local parameter. This
shows that ordz(y) = 2, so 2Z = div(y).

To see that Z itself not a principal divisor, we investigate the local ring at the origin
P =(0,0,0):

Ox.p = (k[z,y, 2]/ (xy = 2°)) (wu.2)

In this ring, p = (v, 2) is a height 1 prime ideal, but it cannot be principal. Indeed, the
quotient m/m? (that is, the Zariski cotangent space at P) is 3-dimensional as a vector space
over k, spanned by {Z,¥, Z} and 7, Z define a 2-dimensional subspace of m/m?. If p were
principal, the span of 4 and Z would be contained in a 1-dimensional subspace of m/m?, a
contradiction.

This means that [Z] # 0 in C1(X) and hence C1(X) = Z/2. O

Note that the open subscheme U = X — {(0,0,0)} is nonsingular, and the divisor Z
becomes Cartier on U. This example shows that removing a codimension 2 subset has no
effect on Weil divisors, as C1(U) = Cl(X) = Z/2, but the subgroup of Cartier divisors
might change.

Here is an alternative, direct way to see that C1(X) = 0. The key point is that there is a
natural action of £* on X defined by ¢ - (z,vy, 2) — (tz, ty,tz). More formally, there is a
morphism of schemes G,,, x X — X induced by the ring map A — A[t,t'] defined by
x — tz,y — ty, and z — tz. This extends to a morphism

0 A xp X — X
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Let ¢y and ¢; be the closed embeddings X — Aj; x X defined by the fibers over ¢ = 0 and
t = 1 respectively. Note that ¢ o ¢; = id x, so the composition

CIX) 25 Cl(Al x X) L5 CIx)

is equal to the identity. As ¢§ is an isomorphism, we conclude that ¢* is an isomorphism.

On the other hand, ¢ o ¢y equals the zero map (z,y, z) — (0,0,0) and so p* o ¢{ is
the zero map Cl(X) — CI(X). As both ¢} and ¢* are isomorphisms, this shows that
Cl(X) = 0 must be 0.

Nonsingular quadric surfaces

Proposition 16.44. Let k be an field, and let X = P} x; P}. Then
Cl(X) = Z[F\] ® Z[ F>]
where F; = (0:1) x P} and F; =P} x (0: 1).

Proof Note that X — F; — F, is isomorphic to A?, so it has trivial class group. From the
exact sequence

we deduce that C1(X) is generated by [F]] and [F5]. We claim that the first map is also
injective, so that in fact

Cl(X) = Z|Fi] ® Z| F].
If F; and F5 are related by aF} ~ bF5, for some integers a, b, then

Let us compute the restrictions of both sides of (16.12) to F} and Fy. First, since F; ~ F]
where F} = (1:0) x P and F}; n Fy, = &, we have Ox (F})|r, ~ Op,.

For the second restriction, observe that that F? is the pullback of (0 : 1) € P, under the
second projection pry: X — ;. Therefore,

Ox(Fy)|p, ~ pry OlP’,ﬁﬂ)‘Fl = O]P’i(l)

since pr, restricts to the identity on F.
Finally, restricting both sides of (16.12) to F}, the two statements imply that a = b = 0,
so F and F3 are independent. O

We say that a divisor D ~ aF + bF} has ‘type’ (a, b) the ‘type’ of D. For instance, a
divisor of type (1,0) or (0, 1) is a line on the quadric surface X < P3. We have Ops (1)|x ~
Ox(F, + F3), so a (1, 1)-divisor is represented by a hyperplane section of X (a conic).

Exercise 16.8.1. Let X = P}, x; P} and consider X as a the quadric surface X =
Vi (xox3 — T129).
a) Show that X contains the twisted cubic curve C' of Example 5.28 and that C
defines a prime divisor of type (1,2) or (2,1).
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b) Conversely, show that any prime divisor (1,2) or (2, 1) is projectively equiva-
lent to the twisted cubic curve.

The 3-dimensional quadratic cone

Proposition 16.45. Let k£ be a field and let X = SpecA, where A =
k[z,y,z,w]/(zw — yz). Then

Cl(X) =z,
generated by the class of the line V' (x, ).

Note that the ring A is a normal integral domain, but it is not a UFD, as xw = yz.

Consider the principal divisor H = div(y) = V/(y), which decomposes as Z + Z’
where Z = V(z,y) and Z’ = V(y,w). The complement X — H = Spec(4,) =
Spec(k[x,y,y~', w]) has trivial class group, as A, is a UFD. From the exact sequence
(16.5), we see that C1(X) is generated by Z and Z’. As H is principal, we have Z + Z’ ~ 0
in C1(X), so Cl(X) is in fact generated by Z.

To prove that C1(X) ~ Z., we will show that no nonzero multiple of Z is principal. In
fact, Z is a Weil divisor which has no multiple which is Cartier!

The key observation is that the open subset X — Z is not affine (as shown in Exercise
4.11.50). Note that the complement X — Z does not see the scheme structure on Z. In
particular, if nZ were Cartier for some n, then X — Z would be affine by the folowing
general fact:

Proposition 16.46. Let X be an affine Noetherian normal scheme, and let V() be the

zero scheme of a section s of an invertible sheaf L. Then X — V' (s) is also affine.

Proof Let X = Spec A. Let V; = Spec B; be a finite affine cover of X that trivializes L
with isomorphisms ¢, : L]y, — Oy,. Under these isomorphisms, the section s|y, corresponds
to some f; € B;. Then V'(s) n Vi = Spec(B;/(f;)) and V; — V (s) = Spec((Bi) ,)-
Consider the inclusion t: U — X of the open set U = X — V(s). As .7 (V) =
V; — V/(s) is affine, and the open sets t~!(V;) form a cover of U, we see that ¢ is an affine
morphism. But then U = +~!(X) is affine as well. O

The projective quadric cone

Proposition 16.47. Let X = V, (zy — 2?) < P} be the projective quadratic cone. Then
Cl(X)=12
generated by the hyperplane section H = V, (w).

N

The exact sequence of class groups takes the form

00— ZH — Cl(X) — C(X —H)— 0 (16.13)

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

342 Divisors

Injectivity on the left follows because H corresponds to the invertible sheaf Ops (1)|x which
has infinite order in C1(X) since Ops (d)|x # Ox for every d > 0 (to see this, consider the
space of global sections).

The complement X — H is isomorphic to the affine quadric cone Spec k[, y, z]/(zy—2?),
hence C1(X — H) = Z/2. Hence (16.13) shows that C1(X) is either Z, generated by a
divisor D such that 2D = H or Z @ Z/2. The correct answer is C1(X) = Z, generated by
the divisor D = V. (x, z). This can be seen from the relation div(z) = 2D, where D is the
prime divisor corresponding to the line ¢ = {z = z = 0}.

The Weil divisor D is not Cartier: being Cartier is a local condition, so this follows from
the example of the affine quadric cone above.

Here is an alternative way to see it: if D = V (z, z) were Cartier, the sheaf L = Ox (D)
would be invertible, and the same would be true for for the restriction to the line ¢. The Picard
group of ¢ ~ P} is Z, generated by Op: (1), so we would have L[, ~ Op: (a) for some
a € Z. On the other hand, we know that the divisor H = 2D is Cartier, and

Ox(H)le =~ Opg (1)]¢ = Oz (1),

as the divisor of w is just one reduced point on £. This implies that 2a = 1, which is not
possible. Hence D is not Cartier.

16.9 Extended example: Z[+/—5]

The ring A = Z[v/—5] = Z|z]/(x* + 5) has already appeared a few places throughout the
book. As we have seen, A is not a UFD, so Cl(Spec A) # 0. Now we claim the following:

Proposition 16.48. The class group of A = Z[+/—5] is given by Cl(Spec A) = Z/2,
and it is generated by the class of the prime divisor Y = V(2,1 + x).

Proof First, note that (2, 1 + z) is prime, because
A/(2,1+z) ~Z[x]/(2,1 +x) ~Z/2.

Let p be a height 1 prime ideal in A. We will show that V'(p) is either principal or equivalent
to Y in Cl(Spec A).
The idea is to study the morphism 7w: Spec A — Spec Z induced by the integral extension
Z < A. Note that 7 is surjective, by the Going-Up Theorem. The point p lies over a nonzero
prime (p) € Spec Z. There are three cases to consider:
(i) (p) remains prime in A.
(i) (p) is a square of a prime ideal in A.
(iii) (p) decomposes as

(p) = (p,x —a)n (p,z+ a) (16.14)

where a € Z is an integer such that a®> + 5 = 0 (mod p).
In case (i), pA is prime in A, and so V' (p) = V(pA) is principal. The case (ii) happens if
and only if the minimal polynomial 22 + 5 = 0 has a multiple root modulo p. This happens
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only for the primes p = 2 and p = 5. For p = 2, we have (2) = (1 + z)%. Therefore,
div(2) = 2V(2,1 + =) = 2Y, and hence

2Y = 0in Cl(Spec A).

For p = 5, we have (5) = (z)?, and so V(p) = V(5,2) = V (), which is principal.
We therefore reduce to the case (iii). By adjusting a by a multiple of p, we may assume
0 < a < p. From (16.14),

div(p) = V(p,z 4+ a) + V(p,z — a), (16.15)

Which shows that V(p, z + a) = —V(p, z — a) in Cl(Spec A). Hence it suffices to analyze
V(p,z + a).

Consider more generally ideals of the form (n,z + a) where n > 2 and 0 < a < n and
a*+5=0 (mod n).

Ifn =2, werecover Y = V(2,1 + z).

If n = 3, then we must have a = 1. As (1 + z,2* + 5) = (1 + z,6), we get

div(l+2)=V(3,14+2)+V(2,1+ ).
Hence V(3,1 + x) = —Y in Cl(Spec A).

If n = 4, no solutions exist, as a*> + 1 = 0 (mod 4) has no integer solutions.
If n = 5, thena = 0, and (5, x) = (x), which is principal.
If n > 6, write a® + 5 = bn. Then we get

div(z + a) = V(z + a,2* + 5)
=V(a+z,bn)=V(a+zb)+V(ia+z,n)
But as a® + 5 = bn and n > 6, we must have b < n. Therefore, by induction on n, the

class of V' (b, a + x) can be written as a multiple of Y in the class group. This completes the
proof. O

More generally, consider the quadratic number field K = @(\/&), where d is a square-free
integer. The ring of integers O, that is, the integral closure of Z in K, is a normal integral
domain of dimension 1 (see Exercise 10.6.8 for more details). When d < 0, it is known that
the class group Cl(Og) is trivial if and only if

de{-1,-2,-3,—7,—11,—-19,—-43, —67, —163}.

It is currently unknown whether there exist infinitely many positive values of d for which

Cl(Ox) # 0.

16.10 Exercises
Exercise 16.10.1. Verify that the set of principal divisors form a subgroup of Div(X).

Exercise 16.10.2. Consider the curve y? = 2®> — 1 in A? where k is algebraically closed of
characteristic different from 2 and 3. If (a, b) € X we let o(a, p) = (a, —b), which also lies
in X.

a) Show that for any P € X, it holds that P + o(P) ~ 0.
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b) Show that if P, () and R are three collinear points on X, then P + Q + R ~ 0.
¢) Show that any Weil divisor on X is linearly equivalent to a prime divisor.

Exercise 16.10.3. Let X be an integral normal scheme and let J#y denote the constant sheaf
on K = K(X). Note that the sheaf O% of invertible sections of Oy embeds as a subsheaf of
x. Show that a Cartier divisor is the same thing as a global section of the sheaf £y /O%.

Exercise 16.10.4. Check that the inverse of a Cartier divisors and the sum of two are well-
defined; that is, that all cocycle conditions are fulfilled and that the inverse, respectively the
sum, is independent of choices of representatives.

Exercise 16.10.5. Check that the ideal sheaf Z,,p of the divisor nP in Example ?? is
isomorphic to Op: (—n).

Exercise 16.10.6. Describe Cartier data that defines the hyperplane V' (z;) in P}.

Exercise 16.10.7. Show that all the local rings Ox ,, of the curve X given by y? = 2® — 1
in A? are discrete valuation rings, and hence X is a normal variety. We assume that k is
algebraically closed and of characteristic different from three and two. More precisely, if
(a,b) is a point on X show that z — a is a parameter if b # 0 and that y is one when b = 0.
HINT: Note that 3> — b? = 2% — a3.

Exercise 16.10.8. Let X = SpecC|z,y]/(y* — 2* — ). Compute the divisors of the
rational functions x, y and 22 /y.

Exercise 16.10.9. Consider the curve Z = V(F') < P? defined by an irreducible homoge-
neous polynomial F of degree d > 1. Consider the open set U = P? — Z. Show that the
exact sequence (16.5) takes the form

0 7 ¢

Z — CLU) —> 0.
Deduce that C1(U) ~ Z/d.

Exercise 16.10.10. Show that for the weighted projective space P = P(1, 1, d) we have
Cl(P) = ZD and CaCl(P) = ZH where H = dD.

Exercise 16.10.11. The same reasoning as for P} can be applied to the affine line X with
two origins. Compute Pic(X') for this example.

Exercise 16.10.12. The aim of this exercise is to prove the following statement, known as
Nagata’s lemma: Let A be a Noetherian integral domain, and let z € A — 0. Suppose that
(x) is prime, and that A, is a UFD. Then A is a UFD.

a) Show that A, is normal.

b) Show that A is normal. HINT: If t € K (A) is integral over A, thent € A,.

c) Show that there is an exact sequence

ZD — Cl(Spec A) — Cl(Spec A,) = 0.

d) Use the above sequence to show that C1(Spec A) = 0, and conclude that A is
a UFD.
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Exercise 16.10.13. Let d be a square free integer and assume that d % 1 mod 4 so that
Z[+/d] is a Dedekind ring. Show that the class group of Z[+/d] is finite. HINT: Imitate the
technique used for the example with Z[/—5].

Exercise 16.10.14. Let X be a scheme and let D < X be a closed subscheme with ideal
sheaf Z. Show that the following statements are equivalent:
(i) Z is an invertible sheaf.
(ii) Forevery x € X, the ideal Z, c Ox , is principal and generated by a nonzero-
divisor.
(iii) There is an open covering U; of X and nonzerodivisors f; € Ox (U;) such that
fi generates Z(U;).
(iv) For every x € X, there is an open affine neighbourhood U = Spec A of x such
that U n D = Spec A/(f) where f € A is a nonzerodivisor.
(v) D is the zero scheme of a global section s of an invertible sheaf L.
When X is normal integral Noetherian, these are also equivalent to
(vi) D is an effective Cartier divisor.

Exercise 16.10.15. Show that the Picard group of the general linear group GL,, is trivial.
HINT: Use an exact sequence.

Exercise 16.10.16. Let X be a normal integral scheme and let 7: X x A! — X. We will
consider the map

m*: Pic(X) —> Pic(X x A')

We will also need a section t: X — X x A' defined by = — (z,0).
a) Show that the composition ¢* o 7* is the identity. Deduce that 7* is injective.
b) Let L be an invertible sheaf on X x A' and assume that there is an affine
covering U; of X such that L is trivial when restricted to each 7~ *(U;). Show
that . ~ 7* A for some A invertible sheaf on X.
¢) Using b), deduce that 7* is surjective.

Exercise 16.10.17. Let k be a field. Use the fact that A? has trivial Picard group to show that
the morphism A7 — {(0,0)} — P} does not extend to a morphism A7 — P;.

Exercise 16.10.18 (Norms). Let f: X — Y be a finite morphism of integral Noetherian
normal schemes. Then f induces an inclusion of function fields K (Y) — K (X), making
K (X) into a finite extension of K (Y").
a) Show that the multiplication g € K (Y") induces a K (X )-linear map of K (X )-
vector spaces m,: K(Y) — K(Y).
b) We define the norm to be the map N: K(Y) — K(X) to be the determinant
of m,. Show that N is multiplicative, i.e., N(gh) = N(g)N(h) for each
g.he K(Y).
¢) Use the norm to define a morphism f, : Div(X) — Div(Y).
d) Show thatif h € K (X), then f, f* div(h) = (deg f) - div(h).

Exercise 16.10.19. Let X = A7 — (0,0) and let f: X — P} be the quotient morphism.
Show that f*Op:1 (1) ~ Ox. Deduce that the induced map f*: Pic(P}) — Pic(X) may
fail to be injective.
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Find a dominant morphism f: X — Y so that Pic(Y) — Pic(X) is not surjective.

Exercise 16.10.20. Show that the rings Z[+/—5]» and Z[+/—5]3 are unique factorization
domains.

Exercise 16.10.21. For non-Noetherian schemes one quickly runs into difficulties when
defining the divisor of a rational function.
a) Imitating the construction of the affine line with two origin, one can construct
the affine line X with infinitely many origins.
b) Show that X is integral, normal, with fraction field k:(t) but there are infinitely
many closed points p € X for which ord, (¢) = 1.

Exercise 16.10.22 (Quadric hypersurfaces in higher dimension). Let A = k[z1, ..., x,,y, z]/(x]+
-+ 4+ a2 — yz). We will prove that A is a UFD for n > 3.
a) Show that A is an integral domain.
b) Show that A is normal. HINT: Show first that A, is a UFD, hence normal. (y)
is prime for n > 3.
¢) Show that Cl(Spec A) = 0 and conclude that A is a UFD. HINT: Consider
Z =divy
d) Suppose that k contains a square root of —1 and let X = V(23 4+ --- + 22) <
APt = Speck[zq, . . . , 2, ]. Show that
(@ n=2ClX)=12/2
) n=3,ClX) =2
© n>4,ClX)=0

Exercise 16.10.23. Consider a quadric X = V(22 + -+ +22_, + z,2,_1) < P}. Show
that C1(X) is
(i) If n = 2, then C1(X) = Z.
(i) If n = 3, then C1(X) = Z*.
(iii) If n > 4, then C1(X) = Z.

Exercise 16.10.24. Show that if two Weil divisors D and E' are linearly equivalent then
Ox (D) ~ Ox(E) as Ox-modules.

Exercise 16.10.25. Consider the rational function f from Example ??. Regarding f as a
rational function on PP}, compute div(f).

Exercise 16.10.26. Let A be a discrete valuation ring with maximal ideal m and let X =
Spec A. Fix a local parameter ¢ € A, such that m = (¢) and let € X be the closed point
corresponding to m.
a) Show that Ox(nx) =t~ - Oy, as subsheaves of K(X).
b) Show that if f € K(X)*, then div(f) = ord, f - = and Ox (div(f)) =
t= ordy fOX .
¢) Show that C1(X) = Z.
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17

Differentials

17.1 Derivations

In this section, we discuss derivations of a k-algebra A. Here we allow ‘k’ to be any base
ring, but of course the main example we have in mind is when £ is a field.

Definition 17.1. Let k£ be aring and let A be a k-algebra. An k-derivation from A with
values in M is a k-linear map D: A — M satisfying the Leibniz rule

D(fg) =g-D(f)+ [ D(9)
for every f, g € A.

N

Note that even though M is an A-module, a derivation D is usually not a map of A-modules;
we only require it to be linear over k.

If D is a derivation, then D(a) = 0 for every element a € k. This follows because
D(a-a) = a-D(a)and D(a-a) = a-D(a) + a- D(a) = 2D(a). We think of the
elements in A coming from k as the ‘constants’. However, a derivation can be zero on other
elements in A as well (a silly example is the zero map, which is a derivation).

Example 17.2. If A = k[z], then we can define a derivation D: A — A by sending a
polynomial f(z) = >, a;z’ to f'(t). Here f'(x) is the formal derivative defined by

fla) =D iaa (17.1)

i
More generally, the partial differential operators %, ey af- , as well as their k-linear
combinations, are k-linear derivations on the polynomial ring kT:ch ey T A

Many of the familiar formulas for derivatives from calculus hold also for general derivations.
For instance, an easy induction shows that D(z™) = na"~!D(x) for every z € A, and in
case g is invertible in A, D(f/g) = (D(g)f—D(f))/g* Moreover, if f(z) is a polynomial,
one has the chain rule D(f(g)) = f'(z)D(g).

The set of k-derivations D : A — M is denoted by Dery (A, M ). While derivations need
not be A-linear, the set Dery (A, M) has an A-module structure, where an element a € A
actsby D — a - D.

If p: M — N is a map of A-modules, and D: A — M is a k-derivation, then the
composition p o D: A — N is again a k-derivation with values in N. This means that
Der (A, —) is a functor from Mod 4 to itself.
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348 Differentials

The set of derivations Dery (A, M) is also functorial in the base ring k and the k-algebra
A.If k — k' is a ring map, any k’-derivation A — M can be regarded as a k-derivation,
so we obtain an inclusion Dery, (A, M) < Dery (A, M). Likewise, if A — A’ is a map of
k-algebras, then a derivation A” — M induces a derivation A — M by composition.

17.2 Kaihler differentials

For a k-algebra A, there exists an A-module €24, and a derivation d4: A — €4/, which is
universal among derivations from A into modules M. This means that for any k-derivation
D: A — M there exists a unique A-linear map o: €4/, — M suchthat D = a0 da:

In other words, the map sending o — « o d 4 is a bijection
HomA(QA/k,M) B Derk(A, M) (172)

We can construct the A-module €24, explicitly as follows. For each element @ € A introduce
a symbol da and consider the free A-module G = @, _, Ada. Inside G, we have the
submodule H generated by the expressions

d(a+b) —da—db, d(ab)—a-db—b-da, dc

for a,b € A and ¢ € k. We then define 24, = G/H, and the map ds: A — Qy/; by
da(a) = da. Note that d 4 is additive, because any Z-linear relation among the da’s maps to
zero in G/H, and it is a derivation because the Leibniz rule d(ab) = a db + bda is imposed
to hold in G/H. Finally, it will be k-linear because d(c-a) = ¢-da +0 = ¢-dain G/H.

The module G/H also satisfies the universal property above: given any k-derivation
D: A — M, we define the A-linear map a: Q4,, — M by a(da) = D(a), which is
well-defined precisely because D is a derivation.

Definition 17.3. The A-module 24/, is called the module of differentials of A over k.

Here is an important example, which will serve as a basis for essentially all explicit
computations involving €2 4 ;.

Proposition 17.4 (Polynomial rings). Let k be a ring and let A = k[z1,...,x,]. Then
Q4. is the free A-module with basis dxq, ..., dw,:

QA/k = ET—)AdZEZ

i=1

The universal derivation is defined by d(f) = Y17, 2L da;.

i=1 5$L

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

17.2 Kdhler differentials 349

Proof The universal property follows from the general chain rule: for any k-derivation
D: A — M into a A-module M, we have

D(f) =2, sj_D(mi)- (17.3)

Indeed, an easy induction using the Leibniz rule, shows that (17.3) holds when f is a
monomial, and then we conclude using k-linearity.

Given a derivation D, we can define the A-linear map a: @), Adx; — M by sending
dz; to D(x;). Then (17.3) implies that we have the equality D = « o d 4, so the required
universal property holds. O

Differentials and the diagonal

While the construction in the previous section is useful for efficiently defining €24, there is
an alternative description of {24, which is a bit more geometric. This description will be
useful when we construct the sheaf of differentials, as the previous construction does not
behave well with respect to gluing.

Let A be a k-algebra, let i: A ®, A — A be the multiplication map p(z ® y) = zy
and let I = Ker(u) € A ®;, A. Then as we saw in Chapter ??, [ is the ideal describing the
diagonal embedding

A: Spec A — Spec(A ®y A).
The next result shows that the module of differentials 2 4 /. can be identified with the quotient
I/I?. Just to clarify, there are a priori two A-module structures on I — A ®j, A, one given

by A > A®; A viaa — a® 1 and the other defined by @ — 1 ® a. But these two coincide
when passing to the quotient I /2, because for any x € I,

(a®1)r - (1®az=(a®1—-1Ra) vel’

Another useful fact is that I is generated (as an ‘A ®; 1-module’) by the elements of the
form a ® 1 — 1 ® a where a € A. Indeed, for a given element ), a; ® b; € I, we have
Zi a;b; = 01in A, hence Zi 1®a;b; = 0in A ®; A, and this implies that

Ya;i®bi =) (a;@)bi®1-1Qb).

Proposition 17.5. There is an isomorphism of A-modules
Qap ~ 1)1 (17.4)
The universal derivation §: A — I/I?%is defined by 6(a) =a® 1 — 1 ®a.

Proof Let us first check that § is a derivation. Note that § is k-linear, because for a,b € k
and x,y € A, we have
d(ax +by) = (ax + by) ®1 — 1 ® (azx + by)
=ar®1—1®ar+by®1—-—1Q by
=a-0(z)+b-0(y).
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Moreover, the Leibniz rule holds:

0(ab) =ab®1—1Q®ab
(a®1)(b®1—-1®b0)+(1®b)(a®1—-1®a)
a-6(b)+b-d(a).

Next, we check that I /12 and § satisfy the universal property. Let D: A — M be a k-linear
derivation. This defines an ‘A ®;, 1’-linear map

a: Ay A— M, a®x+— a-D(x)
We have a(1?) = 0, because
a((z®1-102)(y®1 —-1RY)) =alzy®1) —a(z®y) —a(y®z) + a(1 ® zy)
=ay-D(1) —z-D(y) —y-D(x) + D(zy) = 0

The last expression is zero because D is a derivation.
Therefore we get an induced map a: I/I? — M so thatd = @ o 6:

The map ¢ is surjective, because [ is generated by the expressions £ ® 1 — 1 ® x. This implies
that the induced map & is unique. Finally, & is A-linear because « is A ® 1-linear. O

17.3 Properties of differentials

Let k£ be a ring and let p: A — B be a map of k-algebras. There are two important
exact sequences that relate the three modules €245, {2/, and {25/ 4. The maps involved are
defined as follows. Note first that there is a natural A-linear map €24/, — €1/, defined by
da — d(p(a)). Taking the tensor product, we obtain a natural map of B-modules

p*l QA/k@AB_’QB/k; dAa®b'—>dep(a) (175)
We also have the ‘change of constants’ map
B: QB/k - QB/A; dpb— dgb.

Note that the elements of the form dgp(x) all map to zero in {2, 4. The next proposition
shows that these elements in fact generate the kernel of 5:

~

Proposition 17.6 (Cotangent sequence). There is an exact sequence of B-modules

*
Qap @4 B Qpjp 2 Qpja — 0 (17.6)

Proof The surjectivity of 3 is easy, because both B-modules are generated by symbols of
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the form d b, but there are more relations imposed in {2, 4. In fact, from the description of
Op /A in terms of generators and relations, we see that

QB/A = QB/k/<BdBG, rae A>

Moreover, the submodule <B dpa :a€ A> is exactly the image of the map p*, so we get
also exactness in the middle. O

In general, the map p* needs not be injective nor surjective. There is one important
case where it is surjective, and where one can describe the kernel explicitly, namely when
B = A/I and p is the quotient map. In this case 25/4 = 0, because for each a € A, we
have dg/a(a) = a - dp/a(1) = 0in Qp/a, by A-linearity. Therefore, the left-most map
appearing in the cotangent sequence (17.6), p*, is surjective. By the description of 2, in
terms of generators and relations, we see that the kernel of p* is generated by elements of the
form da ® 1 where a € A. Note that this is also the image of the map

This map is well-defined, because if f, g € I, then d(fg) ® 1 = (gdf + fdg) ® 1 = 0 by
the Leibniz rule. Moreover, it is B-linear, because

Sa-f)=dla-f)®1=(fda+adf)®1=adf®1=a-f)

We have proved the following proposition.

Proposition 17.7 (Conormal sequence). Let A be a k-algebra and let B = A/ for
some ideal I < A. Then there is an exact sequence of B-modules

I/IQLQA//C@ABLQBMHO. (17.7)

The conormal sequence allows us to find explicit presentations of modules of differentials. If
A is a finitely generated k-algebra, say A = k[zq,...,x,]|/I where I = (fi,..., f,), then
we have

Qifar, oy O A~ @, Adu,.
and the sequence (17.7) takes the form

s @' Ade, — Qap — 0.

As I/I? is generated as a A-module by the classes of the fi, ..., f, modulo I?, there is a
surjection A" — I/I? which gives the exact sequence

A" — @) Adz; — Qap — 0. (17.8)

no 0fi
j=1 (’}Z]‘
it can be identified with the A-linear map J*: A”™ — A" defined by multiplication by the

transpose of the Jacobian matrix

Here the left-most map sends the i-th basis vector e; to df; = > dzx ;. This means that

oh ... SN

oz 0Ty
J = . .

oxq oxy *
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352 Differentials

We summarize the discussion in the following theorem:

Theorem 17.8. Let k be aring and let A = k[z1,...,z,]|/(f1,..., f.). Then
TL_ Adxl
QA/k — C—Dz—l
<Adf1 +- o+ AdfT>

= Coker J! (17.9)

and the universal k-derivation is given by da(f) = >, 2L du;.

The description in (17.9) allows for easy computations of differentials for a large class of
rings. We will see many examples in Section 17.5.

Another nice property of differentials is that they behave well under base change and
localization:

Proposition 17.9. Let & be aring and let A and B be k-algebras.
(i) (Base change) For the k-algebra C' = A ®, B, we have

Qc/p = Qp/a®p C.

(ii) (Localization): For a multiplicative set S < A, we have an isomorphism of
S~1 A-modules

Qs—1am = Sil(QA/k)

Proof See Exercises 17.11.3 and 17.11.4. O

Combining Theorem 17.8 and Proposition 17.9, we get the following:

Corollary 17.10. Let k be a ring and let A be a finitely generated k-algebra, or a
localization of such. Then €24 is a finitely generated A-module.

17.4 The sheaf of differentials

The primary motivation for studying the module of differentials {1, is that it provides

an intrinsic sheaf {),4 on Spec B associated to a morphism Spec B — Spec A. In this
section, we globalize this construction to an arbitrary separated morphism X — S.

Definition 17.11. Let X be a separated scheme over a scheme S. Let Z be the ideal sheaf
corresponding to the diagonal embedding A: X — X x ¢ X. We define the sheaf of
Kdihler differentials to be the sheaf

Qx5 = A*(Z/T?).

When S = Spec A, we write Qx/4 = Qx/5pec a-

Concretely, if U = Spec B < X is an affine open that maps into V' = Spec A < .5, then
the restriction Al : U > U xg U = U xy U = Spec(B ®4 B) is a closed embedding
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17.5 Examples 353
corresponding to the ideal I = Z(U) in B®a B. Moreover, Z/Z?|x, i = If/\/l2 Therefore,

QX/S’U = QB/A-

Hence the sheaf {)x /g is built out of the various (25,4 over affine opens. In particular, Qx /5
is a quasi-coherent sheaf. If X is of finite type over a ring k, then {2x 4, is also of finite type,
by Corollary 17.10.

The algebraic properties of the Kihler differentials {1/, translate into the following
statements for Qx /g.

Proposition 17.12.
(i) (Base change): Let X — S, and S’ — S be separated morphisms and let

X' = X xg 8" with projection p: X’ — X. Then
Qxrys = p*QX/S-

(ii) (Cotangent sequence): Let S be a scheme and f: X — Y a morphism of
separated schemes over S. Then there is an exact sequence of O x-modules

(iii) (Conormal sequence): Let Y be a closed subscheme of a scheme X over
S. Let Zy be the ideal sheaf of Y. Then there is an exact sequence of
Oy -modules

Iy /Iy — Qx/sly — Qyys — 0. (17.11)

17.5 Examples
Example 17.13 (Affine space). For the affine n-space A} = Spec k[zy,...,x,] over aring

k, we have
Qe = Uifor ooy = D Ox dai.
i=1
A
Example 17.14. Let k be a field and let h(z) € k[x]. Then for A = k[z]/(h), we have
Adz
Qap=———.
Ak B (x)dx

Consider the ring map p: k[u] — k[x] sending u to h(x). Writing k[z] = k[u][z]/(h(z)—
u), we compute

Qufayjipu) = (klz]d)/ (R (x)dx)
Qe Q) klz] = k[z]du = k[z]h' (x)dx
and the cotangent sequence (17.6) takes the form

0 — k[z] du —> k[z] dx —> k[z] dx/(W (x)dx) — 0
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354 Differentials

(Here the left-most map sends du to h'(z)dz, so the sequence is in fact short exact.)

On the geometric side, assuming h is non constant, p defines a finite morphism f: A} —
A}C. The module §24,)/k[. is supported on the points where h has multiple roots, or in other
words, where f is not (deg h)-to-1. A

Example 17.15 (Plane curves). Let k be a field and let X = Spec A where A = k[z,y]/(f).
By Theorem 17.8, the module of differentials is given by
Qap = (Adz® Ady)/ <Z£dm + Zdy) )

Write f, = % and f, = % for the partial derivatives. If X is smooth, thatis, V'(f, f., f,) =
&, then X is covered by the two open sets D(f,) and D(f,). The module of differen-
tials 24/, will be a locally free A-module of rank 1. Over the open set D( f,), we have
(k) s, = Qa,, i and we may eliminate dz using the relation f, dz + f, dy = 0, and
(Q4/k) s, is generated by the element dy/ f,. Likewise, over D( f,,), the module is generated
by —dz/ f,. Note that on the overlap D(f,) n D(f,), these two generators coincide, as
fzdx + f,dy = 0in € 4. This means that we have defined a global section of {0y . A

Example 17.16 (The nodal cubic). Let k be a field and let A = k[z,y]/(y* — 2*(z + 1)).
Then X = Spec A is a plane curve which has a singular point at the origin P corresponding
tom = (z,y), and nonsingular at all other points. The module of differentials is given by

Adx @ Ady
2y dy — (322 + 2z)dx)

Qu = (

In this case §2.4 has rank 1 for every point (z,y) # (0,0). Indeed, dz will generate 4y,
over the open set D(y), and dy will generate over D(x) (except where 3x + 2 = 0, but
these points are covered by the first case, as y # 0 there.)

At the origin, where x = y = 0, the relation 2y dy — (32 + 2x)dz is identically zero,
and €24y, is not locally free there. More precisely, {24/, ®4 k(P) is isomorphic to

Adr@® Ady

=kd kd
(z,y,2ydy — (322 + 2x)dx) T Ok dy

Qan®a Af(z,y) =

which is a k-vector space of dimension 2. A

Example 17.17 (The cuspidal cubic). Let k be a field of characteristic # 2,3 and let
A = k[z,y]/(y*> — 2*). The module of differentials is given by

Adx® Ady )

2y dy — 3x2 dx

A/k:(

As in the previous example, §2 4/, is locally free of rank 1 outside the origin (x,y).
In fact, the module €24/, contains non-zero torsion elements. Consider for instance the
element ) = 3ydx — 2xdy, which is killed by y and x*:

r’n = 3y dr — 22°dy = y(32* dz — 2y dy) = 0
yn = 3y* dx — 2xy dy = x(3x*dx — 2ydy) = 0.
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17.5 Examples 355

To see that 7 is non-zero, note that we can view A as an algebra over the polynomial ring
k[z], and

Qase = (Ady)/(2y dy).

The ‘change of constants map’ €24/, — €4 /x[2], sends dz +— 0 and dy +— dy. Therefore,
n = 3ydx — 2xdy maps to 2x dy, which is non-zero, and so 7 must be non-trivial. A

Example 17.18. Let k be a ring and consider the projective line ;. over k. Then
Qpi/k >~ O]pi (—2)

To see this, we use the standard covering of P}, = Proj k[zo, z1], given by U; = D (z;).
Over Uy, Example 17.13 shows that

i [2J(2)
To Lo

and similarly on U;. On the intersection D (xo) N D, (1), the two generators are related

by (2)--() )

This shows that, up to a sign, Qﬂ“’i /k 1s constructed using the same gluing function as O]pi (—2),
and hence Qx/, ~ Ox(—2). A

Example 17.19. In this example we will consider the sheaf of differentials of the hyperelliptic
curves of Example B.4. Let p(z) be a polynomial of degree d = 2g + 1 or d = 2g + 2 and
assume that p has distinct roots. In the affine chart U = Spec A, where A = k[z,y]/(y* —
p(z)), we have

Qui = Ade ® Ady/(2ydy — p'(x) dx). (17.12)

This is locally free of rank 1: it is generated by dx over the open set D(y) and by dy
over D(p'(x)), and these two open sets cover U as V (p/'(z),y) = V(p'(z),p(x)) = &
by assumption. Over the intersection D(y) n D(p'(x)), these generators are related by
dy = p'(x)/y dx and p'(z)/y is a unit.

In the other chart, V' = Spec B, where B = k[u, v]/(v* — u*"?p(u~")), we have

Qui = Bdu® Bdv/(2vdv — ((2g + 2)u**'p(u™) + w*"p (u™")) du). (17.13)

A similar analysis as above shows that also {2y, is locally free of rank 1 over V.

Over the intersection U N V' = D(z) = D(u), the module of differentials is given by the
localization of (17.12) and (17.13) in & and wu respectively. Here the generators are related by
z = !andy = w9 1v, which gives

dr = —u*du, dy=—(g+ Du?vdz+u 9" dv.
Consider the element w = y~' dz € Qg . Over the open sets D(y), D(p'(x)), D(v),
D(p'(u)), this can be represented
dx 2dy w9t du 2u9t dv

y Pl v p)
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356 Differentials

From this, it follows that w in fact defines a global section of the sheaf €2x .. The same
holds for the g differentials y~' dx, ..., 9 1y~ dz. We will see later, in Chapter 18, that
I'(X, Qx i) is g-dimensional, generated by these expressions. A

17.6 The Euler sequence and differentials of I’}

In this section, we will give a concrete description of the sheaf of differentials on projective
space, suitable for explicit computations. We continue to work over a general ring k.

The description is in terms of the so-called ‘Euler sequence’ in (17.14) below. The name
comes from Euler’s formula which states that if f is a homogeneous polynomial in xg, . . . , T,
of degree m, then 2;10 T, g Jf: = m - f.(See Exercise 17.11.8). This formula will be used in
the proof below.

Theorem 17.20 (The Euler Sequence). Then there is an exact sequence

Proof Write P} = Proj R, where R = k[, ..., x,]. The module Qg = @, Rdz;
is naturally a graded R-module if we give each dz; degree 1.

Next consider the ‘Euler map’ e: {1g/, — R, defined by dx; + x;. This is a map of
graded R-modules. Let M = Ker e and consider the exact sequence

0 — M — Qg — R.
If we apply the tilde functor, we obtain the sequence of sheaves
0— M — Qg - Opy (17.15)

Note that with the above grading, we have (ZR\/; ~ @;"_, Opy(—1). This will be the middle
sheaf in the sequence (17.14). While e is not surjective, we will show that the map € is
surjective, so that (17.15) is a short exact sequence. To prove this, it suffices to show this over
each distinguished open D (x;), and for simplicity, we assume ¢ = 0.

Over D (xg), the (R, )o-module I'( D (x), 5/2;/;) = ((QR/k)zo)o is free of rank n+1,
with basis

dzy d de,,
o 4 (17.16)
Zo Zo To

d dx - .
(): , (): forj=1.....n
Zo Zo Zo

This means that € is surjective over D (z(). Moreover, as the modules involved are free
(R, )o-modules, the kernel M, is also free; it is generated by the n elements

We then have

xT; 1 €T
%dl’o — ;Od.'lfj = d (J

> forj=1,...,n. (17.17)
Lo

Lo
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17.7 Nonsingularity and smoothness 357

Next, we show that M ~ QP; /- Note that the universal derivation d: R — g/, preserves
the grading, and so it induces a morphism of (’)P; -modules

Cz: O]pf —_—> Sm

Over D, (), it is given by

~<f> _xgdf - fmal tdx,

d xrm me
0 0

Note that if f € R,, is a homogeneous polynomial of degree m, Euler’s formula implies that
df =3, 9/ dzx; is sent to m - f by the map e. This means that

(i L)) - (A= iy s~

x xim

Note that over D (), the map d induces the universal derivation (R, )y — Ray)o/k- BY
(17.18), this takes values inside (M., )o, and in fact (M,,)o = (g, ),/x as both modules

0
are generated by the expressions in (17.17). This happens over the other distinguished opens
D, (z;) as well, so we get isomorphisms M |p_ (2,) =~ Qpn/k|p, (x,)- As these are induced
by the universal derivation, they are forced to agree over the overlaps D (z;x;) as well. This

shows that M ~ Q]pg , and we get the exact sequence (17.14). O
Since Qpn /i, injects into Opy ( —1)"*1, which has no global sections, we see that
L(Py, Qprjr) =0 (17.19)
Example 17.21. On P}, the Euler sequence takes the form
00— Op:(=2) — Op: (1) @ Op; (—1) —> Opr — 0.

In particular, the exact sequence is not split exact. A

17.7 Nonsingularity and smoothness

Recall that a scheme X is said to be nonsingular at a point P € X, if Ox p is a regular local
ring. Moreover, if X is of finite type over a field k, we defined X to be smooth at P if there

is an affine open U = Spec k[z1,...,z,]/(f1,..., f.) containing P, so that the Jacobian
matrix
oz oxn
J= : . (17.20)
oxq Oxp

has maximal rank at P, that is rank J(P) = n — dimp X.
Proposition 17.22. Let X be an integral scheme of finite type over a field k. Then X is
smooth over k if and only if {2x  is locally free of rank dim X.
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Proof Let us first assume that P € X is a closed point. The statements involved are local in
nature, so we reduce to the case where X = Spec A, where

A=klxy,...;z.)/(fi, oy fr)-

The conormal sequence takes the form

AL A O — 0
Tensoring this by x(P), we obtain

J(P)

Kk(P)" K(P)" — Qap @4 £(P) — 0. (17.21)
In other words, 24/, ®4 k(P) equals the cokernel of the transpose of the Jacobian matrix
J(P). This shows that

dim,(p) (QA/k ®a H(P)) =n — rank(J(P)) (17.22)

Now, X is smooth at P if and only if rank(.JJ(P)) = n — dim X which by the formula
happens if and only if dim,.py(Q4/; ®4 £(P)) = dim X. Therefore, if {2x ;. is locally
free of rank dim X in a neighbourhood of P, then X is smooth at P.

For the converse direction, note that {2x;, is an Ox-module of finite type, so there
is an open subset W < X for which QX/k‘W is locally free (see Section 14.8). The
rank is in fact equal to dim X here, because X contains a smooth point, by Corollary
10.22. If we assume that J(P) has rank n — dim X for every closed point P € X. Then
dim,(p)(Qas ®a k(P)) = dim X for every closed point P. Recall that the function
P — dim,py Qx/x(P) can only increase upon specialization (???). As this takes the value
dim X at the generic point, and every closed point, Corollary 14.36 shows that {2y, is
locally free of rank dim X. O

Corollary 17.23. If X is a variety over an algebraically closed field k, then the following
are equivalent:
(i) X is nonsingular
(i) X is smooth
(iii) €2x/ is locally free of rank dim X.

L

Example 17.24. For the curve X < A7 defined by f = y* + a? + t over k = F,(¢)
from Example ??, the module of differentials is given by Q4/, = Adzr @ Ady/(2y).
While X is nonsingular, 0y, = Sm is not locally free in a neighbourhood of the point
m = (2" + y,y). A

Example 17.25. Qy , can be locally free (of the wrong rank) even if X is not smooth. For
instance, the scheme X = SpecF,[e]/(€”) is not smooth over k& = F,(t), but Qx ), =

k[gm;de is locally free of rank 1. A
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17.8 The Tangent sheaf

For a scheme X over a field k, we define the tangent sheaf Tx, as the dual of the sheaf of
differentials,

Tx = Homo (QX/k, OX)-

This is a quasi-coherent sheaf on X, and it coherent if X is of finite type over k. To see this,
note that if U = Spec A is an affine open set of X, then Tx(U) = Homa(Q4/x, A) =
Dery, (A, A) is the A-module of k-linear derivations of A.

The name comes from the following. If P € X is a k-point, then the sequence (17.21),
and the Jacobian Criterion, shows that there is an isomorphism of k-vector spaces

mp/my =~ Qo i oy, K(P)
Taking duals, we obtain the following isomorphism
(Tx)p oy p £(P) ~ Homypy(mp/my, k(P)) = TpX.
Thus Ty is a sheaf which collects all the tangent spaces as its fibers.
Example 17.26. For X = A}, we get Qyn = Typ = - A

Example 17.27 (The tangent sheaf of IP}'). Taking the dual of the Euler sequence, we get the
following exact sequence:

Taking the long exact sequence in cohomology, find that I"(P", ’E»;) is a k-vector space of
dimension (n 4 1)* — 1, and H*(P", Tpr) = 0 forall i > 0. A

17.9 The sheaf of p-forms

If X is a variety of dimension n over a field k, and p is an integer we define the sheaf of
p-forms as the O x-module

ng/k = /\p QX/k'

On affine space A}, the sheaf of p-forms on affine space is not particularly interesting,
as QX; Ik is free of rank (Z) However, for projective varieties, the sheaves Qﬁ( /), are of
significant interest because they allow us to define important invariants of the variety.

The most important of these is the sheaf Q% Ik which is usually called the canonical
sheaf or the canonical bundle of X . If X is smooth over k, then {1x ;, is locally free of rank
n, and so 2% s, is an invertible sheaf. The canonical sheaf plays a fundamental role in the
classification of varieties. We will demonstrate this in the setting of curves in Chapter 18.

The following gives a computation of the canonical sheaf of projective space.

Proposition 17.28. Q. = Opp(—n — 1).

Proof Consider the Euler sequence for the cotangent bundle of P

0 —> Qpn — Opp (1)) — Opn — 0
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Taking determinants, we get
det (Opy (1)) = Opp (—n — 1) = det(Qpp) ® det(Opy ) = O,
O

We can use the Euler sequence to compute the cohomology groups of the sheaves of
p-forms on PP} as follows. By Exercise 17.11.20, there are exact sequences

n+1

0 — Qb — Oy (1)) — Opy — 0.

n+1

0 —> 02 — Op (-2)("F) — Qb — 0. (17.24)

0 — Qp, — Opy (—n)(") — Q7 — 0.

Proposition 17.29. Let k be a field and let n € N. Then

k ifp=qgandl <p<
HoPp,z,) =" TP IMEESPST (17.25)
" 0 otherwise

Proof Recall that the sheaves Op; (—d) have no higher cohomology on P} ford = 0, ..., n.
Therefore, the long exact sequence applied to (17.24) shows that forp =1,...n

HY(X,Qp,) = HH(X, Q).

The result then follows by induction on p, starting with p = 0, where the it follows from
Theorem 15.24. O

Using the conormal sequence, we can also study differentials on other projective varieties.

Example 17.30 (Hypersurfaces). Let X < P} be a smooth hypersurface of degree d. The
conormal sequence takes the form

Z)T° — Qppji|x — Qxpe — 0. (17.26)

Note that Z/Z*? ~ Ox(—d) is an invertible sheaf. Therefore, the left-most map in the
sequence (17.26) is in fact injective (the map is nonzero because the term in the middle has
rank 1 + 1). Hence we get the following exact sequence

0 —> Ox(=d) — Qppji|x —> Qxpp — 0. (17.27)
Taking determinants, we get that Qp, |y ~ 0% ' ® Ox(—d), and hence
Qv ' ~Ox(d—n—1).
A

Example 17.31 (Quartic surfaces). Let X < P} be a smooth surface defined by a ho-
mogeneous polynomial of degree 4. We can compute the cohomology groups of Q% and
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17.10 Application: irrationality of hypersurfaces 361
0% ~ Ox using the following three exact sequences
0— O]pz(—4) —> Opp —> 1,0x — 0
0—> Ox(—4) — Qég/ﬂx - Qﬁ(/k —0
0 — Qs jp(—4) — Dy — Dy elx — 0
Here the first sequence is the ideal sheaf sequence of X, the second is the conormal sequence,
and the third is obtained by tensoring the first by Qpi /- From the corresponding long exact

sequences in cohomology, we compute the various h?? = dim;, H9(X, Q% ), shown in the
following table (the 'Hodge diamond’ of X):

RO 1
hl,O hO,l 0 0
h20 htt h0:2 = 1 20 1
h?,l h1,2 0 0
h?? 1

17.10 Application: irrationality of hypersurfaces

One of the main reasons for introducing the sheaves Qx and Q% is to define geometric
invariants. As these are intristically defined, they provide a useful method to distinguish
varieties, i.e., show that two varieties are not isomorphic.

In some cases, these invariants are strong enough to even distinguish varieties up to
birational equivalence. The aim of this section is to prove the following theorem.

Theorem 17.32. Let k be a field and let X < P} be a nonsingular hypersurface of
degree d. If d = n + 1, then X is not rational.

In the theorem, it is essential that the hypersurface is nonsingular. For instance, the curve
defined by

zorit — 23 =0

is rational: it is the image of the morphism P}, — P% (s : t) — (st¢ ! : ¢4 : s%)
Proposition 17.33. Let f: X --» Y be a birational map of varieties over a field k and
assume that X is normal. Then the locus of points x € X where f is not defined has
codimension at least 2 in X.

Theorem 17.34. Let f: X --» Y be a birational map between smooth projective
varieties over an algebraically closed field. Then, for any integer p > 0, there is an
isomorphism of global sections of the sheaves of differential forms:

HO(X, Q%) ~ H'(Y, 03).

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

362 Differentials

Proof Since f: X --» Y is abirational map, there exists a non-empty open subset U < X
such that the map f: U — Y is a morphism and induces an isomorphism between U and its
image f(U) < Y. The complement X — U has codimension at least 2 in X, because X is
nonsingular, and birational maps between normal varieties are isomorphisms outside subsets
of codimension at least 2.

The morphism f: U — Y induces a pullback map:

Since f is an isomorphism on U, the pullback map f* is an isomorphism over U. Taking the
exterior powers, this induces an isomorphism:

f* 0y — QF.
Since X is nonsingular, and k is algebraically closed, the sheaf Q2% is locally free and the
sections of 2% over U extend uniquely to sections over X by the Algebraic Hartogs’ theorem

(see Exercise 17.11.24, which applies because X — U has codimension at least 2). Thus, the
restriction map:

Ho(Xv QZ))() - HO(Uv Q%)

is an isomorphism.
The morphism f: U — Y is dominant, so the pullback map on global sections

f* : HO(Y7 QZ;,) - HO(U7 Q@)

is injective (see Exercise 17.11.23). Combining this with the isomorphism H° (U, QF) ~
H°(X, Q% ), we obtain an injective map:

HO(Y, Q) —> HO(X, O%).

By symmetry, the same argument applies to the inverse birational map Y --» X, which
gives an injective map H°(X, Q%) — H°(Y, %,). Combining these, we conclude that

H(X,0%) ~ H(Y,0%). O
We are now ready to prove the main theorem of this section.

Proof of Theorem 17.32 We apply the previous theorem to the case p = dim X = n — 1.
Then

Qx ~O0x(n—d—1).
Whenn > d + 1, we have H°(X, Q% ") # 0, by the following exact sequence
0—— Op(n—2d—1) — Opp(n—d—1) — Ox(n—d—1) — 0.
Note that 7 > d + 1 > 2 implies that H' (P}, Op (m)) = 0 for all m € Z. O

17.11 Exercises

Exercise 17.11.1. Let k be a field. Compute €2 4,;, for the following k-algebras:
a) A = k[x,y]/(z* + y*). HINT: This will depend on the characteristic of k.
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b) A = k[z,y](zy)
o) A=klx,y,z]/(y* + 2° — 2°2?)

Exercise 17.11.2 (Tangent vectors and derivations). Recall that for a scheme X over a field
k, the tangent space T, X at a k-point p € X is defined as the k-vector space of linear
functionals £: m,,/ mz — k. There is a natural way to identify 7, X with the vector space of
derivations of Oy ,, into k, that is, Dery (Ox p, k). Write A = Ox , and m = m,,.
a) Show that the structure map k¥ — A/m? induces a splitting A/m? = k®m/m?,
b) For f € A, let D f denote the image of f in m/m? via the composition A —
A/m? > m/m? ie, Df = f — f(p) mod m?. Show that D is k-linear and
satisfies the Leibniz rule.
¢) Show that for each k-linear map £: m/m? — k, the composition D o £ is a
k-linear derivation A — k.
d) Show that this defines an isomorphism Homy,(m/m?, k) ~ Der (A4, k).

Exercise 17.11.3 (Base change). Show that for the k-algebra C' = A ®, B, there is an
isomorphism

Qc/p = Qp/a®p C.
HINT: Show that d ® id is the universal derivation.

Exercise 17.11.4 (Localization). For a multiplicative set S — A, show that there is an
isomorphism of S~'A-modules Qg-14/; = S™'(Q4). HINT: Define the universal
derivation by dg-14(a/s) = (sdsa — ad 45)/s>.

Exercise 17.11.5 (Products). Let A and B be k-algebras.
a) Show that Qaxpyx = Qi ® gk, with universal derivation dyxp =
dA X dB.
b) Show that Qag, 5k = (Qa @k B) ® (Qp/x ®y A) with universal derivation
d(a®b) = (daa) @b+ a® (dgb) fora e A, be B.

Exercise 17.11.6 (The differentials of a tensor product). Let B and C be two A-algebras.
Consider the map

d: BR®aC — (Qp/a®aC) D (BR4Lcya)
given by b® ¢ — b® dcc + dgb® c. Show that d is an A-derivation, and show that
Qpeac/a >~ BR®4C — (Qp/a®aC) D (BR®aQcya)-
Exercise 17.11.7. Prove the properties of the sheaf of differentials listed in (17.12).
Exercise 17.11.8. Prove Euler’s formula, that ), :171% = d - f whenever f is a homoge-
neous polynomial of degree d in zg, . .., x,. HINT: Prove it first for monomials.
Exercise 17.11.9. Let A — B be a ring extension. Show that
Qppya = Blt]dt © (254 @ Blt]).
Exercise 17.11.10. Let B = k[z,y|/(z* 4+ y*). Show that if k has characteristic # 2, then

Qpp = (Bdx ® Bdy) /(zdx + ydy)

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

364 Differentials

and if k has characteristic 2, then Qp/, = B dx @ B dy.
Exercise 17.11.11. Show that for a point x € X, the stalks of {2y 5 are given by

(x/5)2 ~ Qo105 10y - (17.28)

Exercise 17.11.12. Let F be an Ox module. A morphism D: Ox — F of Ox-modules is
an S-derivation if for all open affine subsets V' < S and U < X with f(U) < V, the map
D|y is an Og(V')-derivation of Ox (U) with values in F. The set of all such S-derivations is
denoted by Derg(Ox, F). Show that the sheaf Q2 x /s represents the functor of S-derivations,
in the sense that there is a functorial isomorphism

Home (QX/Sa —> = Ders((’)x, —)-
Show that this property defines {2x /s up to isomorphism.

Exercise 17.11.13. In this chapter, {2x,5 was defined for a separated morphism X — S.
Show that {2 /g can be defined in general, without the separatedness assumption. HINT:
Show directly that the sheaves QBT/JA glue for each affine Spec A < S and Spec B < X
with Spec B mapping into Spec A.

Exercise 17.11.14 (Smooth morphisms). Let f: X — S be a morphism and let p € X be
a point. We say that f is smooth of relative dimension r at p if there exist affine open sets
U = Spec B ¢ X, containing p, and V' = Spec A < S with f(U) < V and an open
embedding ¢: U — Spec A[tq,...,t.]/(f1,..., far) such f|y factors as

U < Spec A[ty, ..., ta]/(fi,- s fa_r) — Spec A

and such that the Jacobian matrix J(p) of the f; has rank n — r at ¢(p).
a) Show that A% — S and PY — S are smooth for any scheme S.
b) Show that the property of smoothness is stable under base change.
c¢) Show thatif f: X — S is smooth of relative dimension r, then {1x g is locally
free of rank 7.

Exercise 17.11.15. Consider the morphism f: Spec Z|[z,y|/(zy —3) — Spec Z. Compute
the smooth locus of f, that is, the set of points p € Spec Z[z, y]/(xy — 3) so that f is smooth
at p. Find a maximal open set U < Spec Z for which f~(U) — U is smooth.

Exercise 17.11.16 (The conormal sheaf). Let X be a smooth scheme over a field and let
Y be a smooth subscheme defined by an ideal sheaf Z. The sheaf Z/Z? is naturally an
Oy-module viaZ/7? = T ® Ox /Z = Z ® Oy. We call Z/Z? the conormal sheaf of Y . Its
dual, Ny = Homoe, (Z/Z?, Oy) is the normal sheaf of Y in X.

a) Show that the sheaves Z/Z? and Ny are locally free of rank r = codim(Y, X).

b) Show that the conormal sequence

0— I/I2 - QX|k‘Y g Qy|k — 0

is exact.
¢) Show that

O_),];/_)TX|Y_’NY_’O

is exact.
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Exercise 17.11.17. Let k be an algebraically closed field, and let X and Y be two smooth
hypersurfaces in P} of different degrees d and e. Show that X and Y are not isomorphic
unless n = 2 and either (d,e) = (1,2) or (d,e) = (2,1).

Exercise 17.11.18. Let k be a field and let X — A? be the subscheme defined by the ideal
I = (2*,y?). Show that I/T? — Q2 ;.| x is not surjective. What is the kernel?

Exercise 17.11.19. Let0 — £ — F — G — 0 be an exact sequence of locally free sheaves.
a) If £ is an invertible sheaf, show that for any p > 1, there is an exact sequence

0 - EQ®Sym’ ' F - Sym” F — Sym” G — 0.
b) If G is an invertible sheaf, show that for any p > 1, there is an exact sequence
0 — Sym” £ - Sym” F — Sym” ' £® G — 0.

Exercise 17.11.20. Let0 — £ — F — G — 0 be an exact sequence of locally free sheaves.
a) If £ is an invertible sheaf, show that for any p > 1, there is an exact sequence

0> ERQAPIF 5 APF - APG — 0.
b) If G is an invertible sheaf, show that for any p > 1, there is an exact sequence
0— APE - APF - AP'ERG — 0.
Exercise 17.11.21. Use Exercise 17.11.20 to show that the sequences (17.24) are exact.

Exercise 17.11.22 (Boit vanishing). Let k be a field. Show that H(Py, €25, (d)) = 0 except
when:
(i) p=qgandd = 0.
(i) g =0and d > p.
(iii)) g =nand d > p — n.

Exercise 17.11.23. Let f: X — Y be a dominant morphism of schemes, and let £ be a
locally free sheaf on Y.
a) Show that if Y is integral, then the pullback map

D(Y, &) — D(X, f*€) (17.29)
is injective.
b) Show that (17.29) is not injective for the morphism f: Spec k — Spec k[e]/(€?)
when £ is the structure sheaf.

Exercise 17.11.24 (Algebraic Hartogs for locally free sheaves). Let X be a Noetherian
normal scheme and let £ be a locally free sheaf of finite rank on X. Show thatif U < X is
an open set so that X — U has codimension at least 2, then the restriction map

N'X,&) —T(U¢Ev)
is an isomorphism. HINT: This may be reduced to the usual statement for £ = Ox.

Exercise 17.11.25. Let X < P} x P? be a nonsingular surface defined by a bihomogeneous
equation f of bidegree (d, €).
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a) For d = 1, describe X and the two morphisms to P! and IP2. In particular, show
that X is rational.

b) For e = 1, show that X is rational.

¢) Show that X is not rational if d > 2 and e > 3.

d) * Show that X is rational if e = 2. HINT: One way is to apply Tsen’s theorem
on quadrics over k(t).

Exercise 17.11.26. Let X < P? x IP{ be a nonsingular 3-fold defined by a bihomogeneous
equation f of bidegree (d, e).
a) Ford = 1 ore = 1, describe X and the two morphisms to P2. In particular,
show that X is rational.
b) Show that X is not rational if d, e > 3.
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18

Curves

In this chapter, we will study curves. Recall that a curve is a variety of dimension 1 over
a field k. We will mostly be interested in the case when the field & is algebraically closed,
although most of the results in this chapter remain valid over more general fields, for instance,
perfect fields.

We will also focus on nonsingular curves. In other words, each local ring Ox p is a regular
local ring of Krull dimension 1. Equivalently, for each k-point x, the cotangent space mp/m%
is 1-dimensional as a vector space over k.

Proposition 18.1. Let X be a curve over an algebraically closed field k. Then the
following are equivalent
(i) X is nonsingular
(ii) X is smooth over k
(iii) €2x/x is an invertible sheaf
(iv) X is normal.

Proof As k is algebraically closed, the equivalence of (i) < (ii) holds in any dimension,
see Proposition 10.18. The equivalence (i) < (iv) holds by Corollary 10.48 as each local ring
Ox,p has dimension 1. O

What makes the study of curves special is that the local rings O x p at (closed) points are
discrete valuation rings, so they satisfy the statements in Proposition 10.47. In particular, this
means that the maximal ideal mp < Ox p is a principal ideal. A generator ¢t € mp for mp is
called a local parameter at P.

Any non-zero rational function f € K (X) can be expressed uniquely f = u - t" where
n € Z and w is a unit in Ox ,. The corresponding valuation map

ordp: K(X)* —Z

is defined by setting ordp(f) = n. Note that ordp(Z=o) = Ox p and ordp(Zs) = mp.
This fact will be important later on, when we study morphisms from curves to other
varieties and when we study divisors.

Example 18.2. If X is a curve over k, then the normalization X is a nonsingular curve. The
normalization map 7: X — X is finite and birational. A

Example 18.3 (Local parameters for plane curves). Let X < A? = Speck[z, y] be the
affine curve defined by an equation f(z,y) = 0 and let P = (a, b) be a k-point of X . Then

369
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370 Curves

mp/m% is generated by x — a and y — b. If we assume that X is nonsingular at P, the
tangent space is defined by the linear equation

of of

—(P) - (x — —(P)-(y—>5b)=0. 18.1

Tp) -+ L) w-v (181
This means that if %(P) # 0, then we can express y — b in terms of  — a in mp/m%. In
other words: if % (P) # 0, then © — a is a local parameter at P.

For a concrete example, consider the curve X defined by the equation 2% + y? = 1 and let
P = (1,0). Then the rational function  — 1 has order of vanishing 2 at P. To see this, note
that y is a local parameter at P, because %(wz + y* — 1) = 2z is nonzero at P. Moreover,
in Ox p, we have the relation (z — 1)(z + 1) = —y?, and = + 1 is a unit in Ox p, and
hence ordp(z — 1) = 2. A

18.1 Morphisms between curves

Morphisms between curves f: X — Y are rather simple. There are two cases: either f is not
dominant, in which case the image f(X) is a point (being a proper, closed and irreducible
subset of X); or it is dominant, in which case f (X ) is dense in Y, hence equal to an open
set of Y. In the case X and Y are also projective, we can say more.

Proposition 18.4. Let f: X — Y be a dominant morphism of curves over k.
(i) K(X) is a finite field extension of K (Y").
(ii) If X is projective over k, then f is surjective.
(iii) If both X and Y are projective, then f is finite.

Proof (i): As f is dominant, f* induces a map of function fields K (Y') — K (X). The two
function fields K (X ) and K (Y") are both of transcendence degree 1 over k, and so K (X) is
algebraic over K (Y"). Note that X is of finite type over Y, since it is of finite type over k.
Therefore K (X) is a finite extension of K (Y").

(ii): If X is projective, then the image f(X) is closed in Y (by Corollary 13.21), hence
equal to Y, as f is dominant.

(iii): By the assumption, the morphism f: X — Y is projective, and so Proposition 13.24
shows that f is finite. O

Example 18.5. It is essential that X is projective for the items (ii) and (iii) to hold: the
morphism Spec k[z,y]/(xy — 1) — Spec k[z] is dominant, but it is neither finite nor
surjective. A

This leads to the notion of the degree of a morphism between curves:

Definition 18.6 (The degree of a finite morphism). Let f: X — Y be a dominant
morphism between curves. The degree of the field exension K (Y) ¢ K(X) is called
the degree of f and is denoted deg f.

Note that if f: X — Y and g: Y — Z are dominant morphisms between curves, the
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18.2 Extensions of rational maps 371

composition g o f is dominant and deg(g o f) = deg f - degg. This follows because
[M: K] =[M: L][L : K] for a tower of field extensions K < L < M.

Example 18.7. The 'n-th power map’ f: P; — P} of Example 12.33 has degree n. Indeed,
locally it is given by the ring map k[u] — k[x] sending u to =™, and k(z) = k(u)[z]/(u —
x™) has dimension 7 as a k(u)-vector space. A

Example 18.8. If X is a hyperelliptic curve, as discussed in Section B.4, then the morphism
X — P; has degree 2. In this case, K (X) is obtained from & (z) by adjoining a square root
y of a polynomial f(x) € k[x], so it is spanned by 1 and y as a k(x)-vector space. AN

18.2 Extensions of rational maps

This section presents two fundamental results on nonsingular curves. The first basically says
that any rational map from a nonsingular curve into a a projective variety can be extended to
a morphism. Combining this with Theorem ?? and the fact that every curve is birationally
equivalent to a nonsingular curve, we obtain the second result, which says that the category
of projective nonsingular curves over k£ with dominant maps is equivalent to the category of
finitely generated field extensions of k of transcendence degree 1.

Proposition 18.9. Let X be an irreducible curve over k and let P € X (k) be a non-
singular point. Then any morphism f: X — {P} — Y to a projective variety Y has a
unique extension to a morphism f: X — Y.

L

Proof It suffices to treat the case where Y = P}. Let ¢ be a local parameter of Ox p,
and denote by K the function field of X. Restricting to the generic point, the morphism f
gives a K -point Spec K — P’.. By Proposition ??, any such a morphism is described by
homogenous coordinates (agt™ : - - - : a,t”") where the a; are units in Ox,p and the ;s
are integers. After multiplying by ¢~ ™" ¥ we may assume that v; > 0 for all ¢ and at v;, = 0
for at least one 7¢. Now the a; are induced by non-vanishing sections of Oy over some some
open neighbourhood U of P. Also, after shrinking U if neccesary, we may assume that ¢
will also be a section of Ox over U with P as the only zero. Therefore, the a;t"* define a
map U — P}. Over the open set U — { P}, this morphism coincides with f, so we have the
desired extension.

Finally, the extension is unique because X is separated over k. O

Corollary 18.10. Any rational map between two nonsingular projective curves can be
extended to a morphism. In particular, if two nonsingular projective curves are birational,
then they are isomorphic.

N

Proof Any rational map X --» Y is a morphism outside a finite number of points
Z1,...,Z,. Therefore, the first statement follows by applying Proposition 18.9 finitely many
times.

If two curves X and Y are birationally equivalent, then there are open subsets U < X
and V < Y and an isomorphism f: U — V.If X and Y are nonsingular, both f and f~!
extend respectively to morphisms g: X — Y and h: Y — X, and since h o g|y = idy and
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g o h|y = idy, it follows that h o g = idx and g o h = idy (two morphisms that agree on
an open dense set of a separated scheme are equal, by Proposition 9.14). O

Example 18.11. Let X < P? be the projective curve defined by the equation xoz3 =
x} + zox?. The projection (xg : o1 : T2) — (o : 1) induces a morphism

f: X—{0:0:1)} > P,.

To see that f extends over (0 : 0 : 1), following Proposition 18.9, consider the affine
open set D, (z3) = A? with affine coordinates u = x/z3 and v = x; /5. In this chart, the
equation of X becomes u = v® + uv? and (0 : 0 : 1) corresponds to (u,v) = (0,0). The
morphism f is given by (u,v) — (z : y).

Since u = v* + uv?, we can express u in terms of v as u = v3(1 — v?)"! in Oy (0,0
(note that 1 — v? is a unit in Ox (0,0))- This shows that ¢ = v is a local parameter at (0,0).
In terms of ¢, the morphism takes the form

e (15500,

Dividing by ¢, shows that the extension is given by

t2

(u,v) (1_t2 :1) = (*:1-1¢%).

Hence the extension of f sends (0: 0: 1) to (0: 1).
Note that while f extends over (0 : 0 : 1) the original map P — {(0: 0 : 1)} — Pj does
not. A

Proposition 18.12. Any nonsingular curve is quasi-projective.

J

Proof Let X be a nonsingular curve and let Uy, ..., U, be an affine cover of X. For
eachi = 1,...,s, choose an affine embedding U; — A}, and embed A}" < P} as a
distinguished open set. Let U; denote the closure of U; in Pi*. As X is nonsingular and U, is
projective, we may extend the embedding U; — Uj; to a morphism ¢;: X — U,.

Next we consider the product of all of the ¢;

. TT T7 1 Mg
p: X — U x---xU; P x - x P,

Let V be the closure of ¢(X ). Then V is a projective variety (by the Segre embedding).

Note that if we restrict to U; — X, the composition of ¢ with the projection p; : V — U;
to the i-th factor coincides with the inclusion U; — U,. Therefore, the induced morphism
¢: X — V is not constant, so V' is a projective curve. Moreover, the image W = ¢(X)
is an open set of Y. We claim that ¢ : X — W is an isomorphism; this will prove the
proposition.

To see this, let z € X, and choose an index ¢ such that x € U;. As the composition
U, KNG 7 7ARN U, coincides with the inclusion U; < U;, the induced composition of maps of
local rings

¢ ¢
pi,(}b(m) ¢'i,m
Ot ie) = Ovisa) — Oxe
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is an isomorphism. Note that both p; and ¢; are dominant, so both ring maps here are injective,
and hence (Z)fx is an isomorphism. Moreover, V' is nonsingular, hence normal, at every point
of the open set W = ¢(X). As ¢: X — W is a birational morphism of normal curves, it is
an isomorphism (by the universal property of normalization). 0

p

Corollary 18.13. Let X be a projective curve over a field k. Then the normalization X
is also projective.

N

Proof By the previous proposition, the nonsingular curve X is in any case quasi-projective,
so we may regard X C P} as a locally closed subset of projective space. We claim that X is
closed in P. Let V' denote the closure of X and let o: V — V denote the normalization of
V.AsV and X are birational, there is a birational map V --» X. As X is projective, this
extends to a morphism g: V — X. As V is normal, this factors via a morphism h: V — X
as in the diagram below:

<l

y
<7
q

<

X+—X ——

From the diagram, we have U(V) c Yl—lowever, o is finite, hence surjective by Proposition
6.38. This gives a contradiction unless X = V. This completes the proof. (|

Theorem 18.14. There is an equivalence of categories between the following categories:
(i) The category of nonsingular projective curves over k£ and dominant mor-
phisms.
(i1) The category of finitely generated field extensions of k of transcendence
degree 1 and maps of k-algebras (with the arrows reversed).

Proof If X and Y are two nonsingular projective curves, any rational map X --+ Y
extends to a morphism. This, combined with Theorem ?? on page ??, shows that the functor
X — K(X) is fully faithful.

Next, to show that it is essentially surjective, we need to show that every finitely generated
field K of transcendence degree 1 over k is of the form K (X) for some nonsingular
projective curve X . If aq, . . ., a, is a transcendence basis for K over k, then the k-subalgebra
A = klay,...,a,] will be of dimension 1, by Theorem ?? on page ??. The affine scheme
X = Spec A is naturally a closed subvariety of the affine space A}, and taking the Zariski
closure in P}, yields a (possibly singular) projective curve Y which is birational to X . Taking
the normalization of Y, we finally get a nonsingular projective curve which has K as its
function field (by Corollary 18.13). O

The above theorem is not true with ‘projective’ replaced by ‘affine’. A} and A}, — {0} are
two affine curves which isomorphic function fields but which are not isomorphic.

Example 18.15 (Morphisms to P}). If X is a nonsingular curve, then any element g € K (X),
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374 Curves

defines a morphism to Pj,

G: X - P (18.2)

We define G as follows. Let U © P} be the maximal open set where g is regular, that is,
g € Op: (U). Likewise, let V' — IP; be the maximal open set where 1/g is regular. Note that
U n V is non-empty (it contains the generic point), and U U V = X (for each p € P}, the
local ring Ox p is a DVR, hence either g or 1/g belongs to it). Now g € Ox (U) defines a
morphism U — D, (ty) ~ A}. Likewise, 1/g defines a morphism U — D, (t;) ~ A}, and
these clearly glue to a morphism G: X — Pj.

Note that (7 is a constant map if and only if g is constant. This has the following conse-
quence:

Proposition 18.16. For a nonsingular curve X over k, there is a one-to-one correspon-
dence between the elements of K (X) — k and dominant morphisms of k-varieties
X Pl

A

18.3 Sheaves on curves

Recall that an element of an A-module is called a forsion element if it is killed by a nonzero-
divisor of A, and a module is a forsion module if all elements are torsion. On the other hand,
a module is forsion free if no non-zero element is torsion. The sum of two torsion elements is
clearly torsion, so the subset of a module M formed by the torsion elements, is a submodule
T. 1t has the property that M /T is torsion free. If the base ring A is a PID, a torsion free
A-module is in fact free. This follows from the Structure Theorem for Modules over a PID,
see Corollary A.61.

This generalizes to sheaves on curves as follows. If X is a curve, then any O x-module of
finite type contains a torsion subsheaf 7, whose sections over an open set U — X equals
the subgroup of F(U) of elements annihilated by some nonzerodivisor of Ox(U) (see
Exercise 12.12.41 on page 249). The quotient £ = JF/T is torsion free in the sense that
on open affine subsets U £(U) (which equals F(U)/T (U)) is a torsion free module over
Ox (U). Note that for x € X, the stalk £, is a torsion free module over Ox , which is a PID.
Hence every stalk &, is free, and so £ is locally free by Proposition ??.

As X is a curve, the torsion part T is a sheaf supported on finitely many points py, . . ., p,.
Moreover, 7T is the direct sum of its stalks at these points: 7 = @;_, T,..

Theorem 18.17. Let X be a nonsingular curve and let F be an O x-module of finite
type. Then there is a decomposition

F=€®T

where 7 < F is the torsion subsheaf and & is locally free.

N

Proof What remains to be seen is that the splitting F = £ @ 7. We claim that the exact
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18.4 Divisors on curves 375

sequence

0 T F & 0 (18.3)

is split exact. Let U be an affine neighbourhood about p;. By Exercise ??, €|y is the tilde
of a projective module, and so the sequence (18.3) splits when restricted to U. Hence there
is amap ¢,: F|y — T, splitting the inclusion 7,, — F. This map extended by zero
gives a map of sheaves ¢, : F — 7T,.. Then, taking the direct sum of the ¢,;, we get a map
¢;: F — T which splits the inclusion 7~ — F for the entire torsion sheaf. O

Proposition 18.18. Let f: X — Y be a finite morphism of projective nonsingular curves
over a field k. Then f,Ox is a locally free sheaf of rank deg f. More generally, if £ is a
locally free sheaf of finite rank on X, then f,£ is locally free of rank (deg f)(rank &).
Proof Note firstthat f,Ox and f,& are coherent, because f is finite (see Exercise 12.12.36).

Let U = Spec B < X and V' = Spec A ¢ Y be affine open subsets so that f(U) c V/
and f|y is induced by a ring map ¢: A — B. Then ¢ is injective, because X and Y are
integral and f is dominant.

Then f,Oxl|y = f*/Nl = §:4. Now, as B is an integral domain, and ¢p: A — B is
injective, B is torsion-free as an A-module, and hence f,Ox is torsion-free when restricted
to V. Therefore, f,Ox is locally free by Theorem 18.17. To compute the rank, note that the
stalk of f,Ox at the generic point is given by the fraction field of B, i.e., K (X)), and this
has rank [K(X) : K(Y')] = deg f as a vector space over K(Y).

The statement for f,.&£ follows from this, because as X is a curve, & is trivial over a
covering consisting of open sets of the form f~!(U) where U is affine. O

18.4 Divisors on curves

Let X be a nonsingular curve over an algebraically closed field k. The codimension 1-subsets
of a curve are precisely the closed points, so that a Weil divisor is a finite formal combination

D =>nP,
of closed points Py, ..., P, in X, where the coefficients are integers. We define the degree as
deg D = Z n;
If D is given by the Cartier data (U;, f;) (see Definition 16.31), then

deg D = Z ordp(f;)

PeX

where we for each P choose an ¢ so that P € Uj.

Pullbacks of divisors

If f: X — Y is a dominant morphism of curves, we can pull back invertible sheaves from
Y to X, as well as sections of these. By the correspondence between divisors and invertible
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376 Curves

sheaves, this gives us a way of pulling back divisors from Y to X. In the context of projective
curves, we can make this a little bit more explicit.

We assume that the morphism f: X — Y is dominant, hence finite, it is then surjective,
and f* induces an inclusion of function fields K (Y) c K(X).

If Q € Y is a closed point, choose a local parameter ¢ € Oy . Then we define

Q)= D, ordp(f)P,

Pef=1(Q)

where as usual ordp is the order of vanishing at P. The number ordp(f*t) is called the
ramification index of f at P, and it is usually written e p. Multiplying ¢ by a unit in Oy, does
not alter ordp(f tit) because a unit in Oy, stays a unit in Ox p. Therefore, the ramification
index ep is independent of the choice of local parameter ¢. Extending f* by linearity, we
obtain a well-defined map of groups

f*: DivX — DivY.

We can also understand this map on the level of Cartier divisors: if D is a Cartier di-
visor on Y given by the data {(U;, g;)}, where g; € K(Y)*, we can consider the data
{(f~'Us, f*g;)}, which defines a Cartier divisor on X.

Note that f*(Q) is a divisor supported on the inverse image f~'(Q). In fact, divisor
f*(Q) has the same multiplicities as the scheme-theoretic fiber X . This follows because
*(Q) is locally defined by the equations f#(g;) and these form local generators for the ideal
sheaf of the closed subscheme X,.

Example 18.19 (Principal divisors). Let g € K (X)* be arational function. Thenif G: X —
PP} denote the induced morphism, (from Example 18.15 on page 373), we have

divg=G*((0:1) — (1:0)).

This follows because G*(to/t1) = g and G*(t,/t,) = 1/g and and t,/t, and t, /t, are local
parameters at (0 : 1) and (1 : 0) respectively. A

Lemma 18.20. If f: X — Y is finite and D is a divisor on Y, we have
deg f*D = deg f - deg D.

Proof Tt suffices to treat the case when D = () is a point. Let Spec A be an affine

neighbourhood of () and Spec B the inverse image of Spec A. As we saw in Proposition

18.18, B is a torsion free A-algebra which is locally free of rank equal to [K (X ) : K(Y)] =

deg f.If t is a local parameter at y the value ord p(f*t) is the ramification index of f at P.
Then

deg f*Q = Z ordp(fit) = Z ep = deg f.

f(P)=Q f(P)=Q
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18.4 Divisors on curves 377

Lemma 18.21. For a non-zero g € K (Y') and a morphism f: X — Y, we have
f*divg =divgo f.

Proof LetG:Y — P! be the extension of g then G o f is the extension of g o f and so
according to Example 18.19 above, it holds that

Frdivg = FAGH(0:1) — (1:0) = (Go f)*((0:1) — (1:0)) = divgo f.
L]

Corollary 18.22. For a non-zero rational function g € K (X), we have degdiv g = 0.
Hence the degree map descends to a well-defined map

deg: Cl(X) — Z.

In other words, linearly equivalent divisors have the same degree.

Proof This is clear if g is a constant. If not, g defines a dominant morphism G: X — Pj
so that

divg =G*((1:0) — (0:1)).

and we are done by the above lemma. O

Corollary 18.23. If D is a divisor with deg(D) < 0, then I'(X, Ox (D)) = 0.

Proof The group I'(X, Ox (D)) consists of rational functions f € K (X) so that div(f) +
D is effective. However, if f is non-zero, then div(f) + D has negative degree, whereas
effective divisors have non-negative degree. 0

Example 18.24. Assume that k is a field of characteristic 0. and consider the curve X —
A? = Spec k[u, v] given by the equation

vv=u+ui+1 (18.4)

which is a nonsingular curve. Consider the rational function g = v + 1 on X. What is div g?
Note that g is regular, so there are no points P for which ordp(g) < 0. Rewriting (18.4) as

(v—1(v+1) =u*(u+1), (18.5)

we see that the zeros of v + 1 are the points # = (0, —1) andy = (—1,—1). Nearz = (0,1)
both (v + 1) and u + 1 are invertible, and the equality

v—1=u*(u+1)(v+1)" (18.6)

shows that u is local parameter there (the maximal ideal mp is generated by v — 1 and u). In
the same vein, near y = (—1, —1) both v + 1 and u are invertible, and we infer from (18.6)
that u + 1 is a local parameter. It follows that

divg = ordp(u*)P + ord,(u + 1)Q = 2P + Q. (18.7)
A

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

378 Curves

Example 18.25. Consider the curve Y < P? = Projt, t;,t, given by the equation
totg = 5 + ity + to

Note that the curve in the previous example equals X N D(t,), where we use coordinates
u = tq/ty, v = ty/ty. Let us compute div g for the same rational function g = t5/to + 1 as
before, but this time on Y. For this, we only need to consider the points where ¢, = 0. From
the equation, we see that there is a single point in Y’ n V' (¢,), namely the point z = (0 : 0 : 1).
To compute ordp(g) here, we use the chart D(¢;). Then Y n D(z5) is isomorphic to the
plane curve given by the equation

u =10+ v’u+u? (18.8)

where now u = tg/ty and v = t;/t,. The point z is then the origin (u,v) = (0,0) in
D (t,). Note that g = u~* + 1. Rewriting (18.8) as
v® = u(l — v2u —u?),

we see that v is a uniformzer at z and that ordp(u) = 3. Hence we find we also see that
ord, (u) = 3, and so

ordp(g) = ordp(u™" + 1) = ordp(u + 1) /u) = ordp(u + 1) —ordpu = —3
Finally, we concude thats
divg=2(1:0:—-1)4+(1:-1:-1)—3(0:0:1). (18.9)

Note that, since Y is projective we may use Corollary 18.22 and conclude that deg div g = 0,
which immediately yields 18.9. A

The canonical divisor

Also in this section, we work with a curve X defined over an algebraically closed field k. As
k is algebraically closed, the module of differentials {1x , is an invertible sheaf.

Definition 18.26 (The canonical divisor). Let X be a nonsingular curve over k. A
canonical divisor is a divisor K x such that

Because of (18.10), any two canonical divisors will be linearly equivalent. It is therefore
the class of K x in the class group C1(X') which is ‘canonical’, rather than the divisor itself.

In our setting, one can describe the set of canonical divisors as follows. We will consider
Qg (x)/x» Which is are called rational differential forms. Note that Q- (x5, is 1-dimensional
as a K{(X)-vector space, being the stalk of the invertible sheaf 2x ;, at the generic point.

If ) is a local generator {2y, at a point P € X, it defines a generator for ) (x)/, as a
K (X)-vector space as well, and every rational differential form w is of the form w = gn for
some rational function g € K (X). In fact, Qg (x)x = Qo p/k Qo » K(X).
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18.4 Divisors on curves 379

Now let w € Qx(x)/ be a nonzero element. For each point P € X choose a generator 7p
for Qo ,/x and write w = gpnp with gp € K (X). Then define

divw = Z ordp(gp)P. (18.11)

PeX

The expression on the right in (18.11) is independent of the choice of local generators. This is
because two generators 7, and n7p will be related by np = unp, with v a unitin Ox p, and
hence w = gpnp = ugpnp, and ordp (ugp) = ordp(gp). Note also that the sum in fact is
finite, because any local generator 77 extends to a generator for €);; 4, in some neighbourhood
U of P, and the corresponding rational function gp has only finitely many zeroes and poles
(and X — U is a finite set as well).

If w and w’ are two rational differentials, then w’ = hw for some h € K (X ). Therefore,
for each P € X we have ordp(hgp) = ordp(h) + ordp(gp), and by the formula (18.11),
we get

div(hw) = div h + divw.
What we have done so far is valid over any field as long as {2/, is invertible. When the

ground field is algebraically closed, there is a local description of the rational differentials in
terms of local parameters that make calculations easier.

Lemma 18.27. Assume that X is nonsingular at the closed point P € X and that ¢ is
local parameter at P. Then each element of £ (x ), is of the form g dt with g € K (X);
in other words, Q2 (x),1, is of rank 1 over K (X') with dt as a basis.

Proof The Zariski cotangent space mp/m% at P is always generated by the class of a local
parameter, and by Proposition ??, it follows that dt generates 2o, ,/x when X is nonsingular
at P. O

Note that gdt defines a section of {2y, /i over some open set ' < X In other words, w is a
rational section of 2y /- Using Proposition 16.35, we obtain

Proposition 18.28. The invertible sheaf associated to div w is isomorphic to x.

Example 18.29. Let us find the canonical divisor of P} = Proj k[, x,]. Write x for the
affine coordinate t = x1 /o on Dy(z). We will consider the differential

w=dt

which is an element in £y, ;). Note thatw = 1-dt = 1-d(t — a) for any a € k. Thererefore,
as t — a forms a local parameter at a, we see that the divisor of w is 0 on D, (xo). It remains
to see what happens at the point (0 : 1). Here v = ! is a local parameter, and

dr = u%du

Therefore, div(w) = —2(0 : 1). As this divisor has negative degree, we again compute that

F(Pivgﬂ”i) =0. A
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Example 18.30. Assume that k is of characteristic different from 2. Let X < A? be the
elliptic curve given by the equation

and consider the differential w = du. Ata point p = (a, b) where b # 0, the coordinate u is
a local parameter, and so du = d (u — a) has zero valuation at p. When b = 0, the curve has
three points: p; = (0,0), po = (—1,0), and p3 = (1,0).

At these points, v will be a local parameter, and since 2vdv = (3u2 — 1)du, it holds that

du = 2v/(3u* — 1)dv.
Hence ord,, (du) = 1 for all three. Summing up, we conclude that
divw = p; + pa + ps.
A

Example 18.31. We consider the projectivization X < P? of the previous example, i.e. the
curve whose homogeneous equation is

Tixy = 10 — T3
Consider again the rational differential w = d(x¢/x2). We know the behaviour of w on
the distinguished open set D, (), so what remains to compute the divisor of w, is the
valuation ordp(w) for each point in X n V' (x), but this intersection has just one single
pointx = (0:1:0).
Dehomogenizing the chart D (z1) by setting u = x¢/x; and v = x5/, the equation of
X in D, (x) becomes

v = UB—’U,’UZ.

Since 1 + wv is invertible near z, this shows that u is a local parameter at x and that
ordp(v) = 3. Our differential w takes the form w = d(x¢/x1 - z1/22) = d(u/v) =
(udv — vdu) /v?. We find

dv = 3u® — v* — 2uvv’)dv,

which yields

udv — vdu = (3u® — uv® — 2uvv’ — v)du

18.12
= (2u® — 2uv® — 2u*vv’)du ( )

The terms uv?, 2u?vv’ vanish to order at least 5 at x, and the dominating term in (18.12) is
2u3, which means that ord p(w) = ordp(u®) — 2 ordp(v) = —3. We conclude that

divw=(0:0:1)+(—=1:0:0)+(1:0:0)—3(0:1:0)
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18.5 The genus of a curve

Let X be a projective nonsingular curve over a field k. We define the arithmetic genus of X
is defined as the integer

pa(X) =1-— X(Ox) =1- dlmk HO(X, OX) + dlmk E[l()(7 Ox)

If we assume that X is geometrically irreducible, thatis, X}, is irreducible, then H°(X, Ox) =
k, and so p,(X) = dim; H'(X, Ox).
The geometric genus of X is defined as

pg<X) = dimkHO(X,Qx).
Note that x(Ox) = dim H*(X, Ox) — dim H'(X, Ox), so we get
pa(X) =1- X(OX)

These numbers are defined using different sheaves, and there is no a priori reason to expect
that they should have anything to do with each other. However, we shall see later in the
chapter that there is a strong relation between them: they are equal whenever X is nonsingular.
For the time being we will still refer to the arithmetic genus p, as the genus of X.

Example 18.32. When X = P!, we have H'(P', Ox) = 0 so the arithmetic genus is 0.
Likewise, we have that H°(P*, Qp1) = H(P', Op:(—2)) = 0, so also p, = 0. A

Example 18.33. Let X < P2 be a plane curve, defined by a homogeneous polynomial

f (0,1, x2) of degree d. In Chapter ??, we computed that H* (X, Ox ) ~ k("2") . Hence the
(d—1)(d—2) A

genus of X is equal to > .
Example 18.34. Let X = P} with the usual covering Uy = Spec k[t] and U; = Spec k[t™].
The differential form dt is an element of 2 (x)/x, which generates €2x x|y, . This means
that ord,(dt) = 0 for every x € U,. For the remaining point (1 : 0) at infinity, note
that ¢t~ is the local parameter there, (1 : 0) corresponding to the origin in U;. We have
d(t™') = —t~2dt, and hence dt = —(t~')"?d(¢™"). This means that ord;.) dt = —2, so
that divdt = —2(1: 0).

As a Cartier divisor, the corresponding divisor is given by (U, 1), (Uy, t?). This shows
that QX >~ Opl(—2) A

Example 18.35. The arithmetic genus can show unexpected behaviour over non-algebraically
closed fields. For instance, one can regard X = P as a nonsingular curve Spec R. Then
dimg H°(X,Ox) = 2, and dimg H'(X,Ox) = 0, and hence X has arithmetic genus
Pa(X) = —1! The issue is that X is not geometrically irreducible, as the base change X¢
has two components. A

18.6 Hyperelliptic curves
Let X be a hyperelliptic curve defined by the affine equation

y2:xn+an_lxn71+_“+a0

Let Ay, ..., A, be the roots of p(x). We assume that X is smooth, so the \; are distinct.
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Example 18.36 (Canonical divisors). We can compute a canonical divisor of X by choosing
Ky = div(w), where w = y~'dz (the appearance of the term y ! will be explained later.)
In the affine chart U = Spec k[z, y]|/(y? — p(z)), with coordinates x and 3, we have

Kx|vy = 0. (18.13)
Indeed, for any point (a,b) € U, where b # 0, x — a defines a local parameter, as %(gf —
p(z)) = 2y is nonzero at P. Moreover,

w=y 'dr =y td(z —a).

SO ordp(w) = ( in this case, because y is a unitin Ox p.
For the points of the form (\;, 0), y forms a local parameter (as y* equals (z — ;) times
a unit in the local ring). Here we have

dz  2dy
y  p(x)

As p as no repeated roots, p(z) is a unit in Ox p, so ordp(w) = 0 also in this case. This
means that K x|y = 0.

The remaining points lie in the closed set V() in Spec k[u, v]/(v? — u**2p(u~1)). If
we assume 7 is even, then these are two points P, = (0,1) and P, = (0, —1). For these
points, 1 defines a local parameter. Moreover,

dx  2dy wItdu

W= — = =
y  p(x) v

As v is invertible at P; and P, we get
diviw) =(g—1)P, + (9 — 1) Ps. (18.14)

If n is odd, then V' (u) consists of a single point, P = (0,0), and v* = w-(unit) in Ox p.
Therefore, v is a local parameter at P and ordp(u) = 2. We furthermore get that 2vdv =
du-(unit), and hence by (18.14), we get

div(w) = (¢ — 1) ordp(u)P = (29 — 2)P.
A

Proposition 18.37. Let X be a hyperelliptic curve of genus g defined by the affine
equation y? = p(z) where p has degree 2g + 1 or 2g + 2. Then

dx zdx 9 tdz

HO(X7QX) :k?@k‘T@'“@k‘

Let us consider some examples of divisors on these hyperelliptic curves. For simplicitly,
we will assume that n = 2g + 1 is odd, and X is defined using the affine equation

v = plr) =2 +a

In other words, X is glued together by the affine schemes U = Spec A and V = Spec B,
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18.6 Hyperelliptic curves 383

where

k[z,y] klu,v]
A= dB =
(—y? + 229+t + ) an (—v? 4+ u + u?9t1)

As before, we glue D(z) to D(u) using the identifications v = 2z~ ' and v = 2797 1y.

We will compute the groups I'( X, Ox (mP)), where P is the ‘point at infinity” of X, that
is, the point corresponding to the maximal ideal m = (u, v) in V. In other words, we look
for rational functions f € K (X ) which are regular on X — P = U and have a pole of order
at most m at p.

To control the pole of f at P, we first compute the orders of vanishing of z, y, u, v at P.
In the local ring Ox p = By,, we can use the defining relation to express u as

u=v*(1+u*)"" = v*(unit). (18.15)
Therefore, v is a local parameter at P. Using this, the orders of v, u, z, y are given by

ordp(v) =1, ordp(u) =2 ordp(z)=ordp(u') = —2
ordp(y) = v(z9"'v) = (g +1)(-2) + 1 = —2g — 1. (18.16)

Let us identify K (X) with the fraction field of A, so that f is expressed in terms of  and
y. Note P does not lie in U, and in fact X — P = U, as V(u) = V(u,v) = {P}. As f is
regular on U = Spec A, this means that f can be identified with a polynomial in z and y.

If we view A as a module over k[x], we can write A = k[z] @ k[z]y and express f as
a(z) + b(x)y where a(x) and b(x) are polynomials. By (18.16), we have

ordp(a(x)) = ordp(a(u™")) = —2dega
ordp(b(x)y) = ordp(b(u")y) = —degb — 2g — 1.

Therefore, as we assume g > 1, we have ordp(f) < —2 for any non-constant rational
function with a pole at P. Hence I'( X, Ox (P)) = k consists of only the constants.

On the other hand, for the divisor 2 P, we obtain a new section, namely the rational function
x. As —degb — 2g — 1 < —3, we find that there are additional functions with b(x) # 0,
and hence

I'(X,0x(2P)) = k® k.

The invertible sheaf L = Ox(2P) is in fact globally generated by these two sections: the
section ‘1’ generates L over the open set X — p, and x generates L in a neighbourhood of p.
This is of course no big surprise: the morphism defined by 1, x is exactly the double cover
morphism X — Pj.

For the divisor D = 3P, we allow poles of order 3 at P. Note that we have ordp(a(z) +
b(x)y) < —4 unless g = 1 and b is constant. This means that I'( X, Ox (3p)) = k@kx®ky
ifg=1and I'(X,0x(3p)) = k@ kx for g > 2.

Let us investigate the two cases g = 1 and g = 2 in more detail.

Example 18.38 (g = 1). When g = 1, the sections sg = 1,51 = x, so = y define a closed
embedding

¢ X — P
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384 Curves

To see this, write %o, ¢, to for the homogeneous coordinates on P2, so that ¢*t; = s; for
i=0,1,2.0verU = D(s¢) = ¢ D, (to), the morphism ¢ is given by

Plv: U —— Difto) ~ Al (zy) = (Lra:y) (18.17)
which can be identified with the closed embedding
Spec k[x,y]/(—y* + 2° + ) —> Spec k[z, y].

In particular, ¢ is a closed embedding over ¢ ' D, (t,). Likewise, over V = D(z) =
¢~ 1D, (t1), we rewrite the sections in terms of « and v:

liz:y)=( " :1:27y) =(u:1:0),
so the morphism takes the form
Bly: V — D(t;) < P}; (u,v) — (u:1:v). (18.18)

This shows that ¢ is a closed embedding over ¢ ' D, (¢;) as well. As these two open
sets cover the image ¢(X) < P?, the morphism ¢ is a closed embedding. The relation

y? = 23 + x gives the following defining equation for X in P%:

tatg = 13 + tot,.
That is, X embeds as a plane cubic curve. A

Example 18.39 (¢ = 2). When g = 2, the divisor 3P does not give a projective embedding,
as there is only the two global sections 1 and x. For the divisor 4P, we have I'( X, Ox (4P))
is spanned by the three sections 1, x, z?. Geometrically, the induced morphism X — P?
maps onto the degree 2 curve t2 = tyt,. It is not a projective embedding because degree 2
curves have genus 0. More directly, X — P} factors as X — P; — P7, where the first map
is the double cover and P;, — P% is the second Veronese embedding.

On the other hand, for the divisor 5P, we obtain

I['(X,0x(5P)) = k@ kx @ kx* ® ky.

Moreover, the sections sy = 1,8, = @, 5, = 22, and s3 = y globally generate Ox (5p),
and define a morphism

¢: X — P}
Over the open set U = D(sg), ¢ is given by the map
Glo: U —— A (z,9) = (1:iz:2”:y)

Y w2, u™3v, and so

Over V' = D(s;), we rewrite the sections in terms of u,v as 1,u~
multiplying by the unit u3, the morphism is given by
Bly: V— A} (u,v) = (v’ 1 u® 1 u:v)
This shows that ¢ is a closed embedding.
From the defining sections, we see that sf — 5082 = 0, so the image of X lies on the
quadric surface t? — tot, = 0. There are additional relations among the sections coming

from the relation y* = x® + x, for instance, 3ty — t1t3 — t,t2 = 0. Computing the primary
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decomposition of the ideal generated by these two polynomials, we find that X is embedded
in P} as the curve defined by the prime ideal

I = (82 —toto, t3ty + t5 — tits, toty + tits — tot3).

Let us use the ideal [ to verify that the genus of X is equal to 2. A free resolution of [ is
given by
0— R(—4)’® 5 R(—2) ® R(-3)> > I — 0
where T is the matrix
ts+t3 —t3
T = —t to
to —t4

Applying tilde, we get the following sequence of sheaves on P}
T
Taking Euler characteristics, we find that x (X, Ox) equals

(O) = x(T) = 1— (_2<—43+ 3) N <—23+ 3) +2<—33+ 3)) _

As h°(X,Ox) = 1, we find that h' (X, Ox) = 2, as expected. JAN

18.7 Exercises

Exercise 18.7.1. Let k be an algebraically closed field. Show that any two curves over k are
homeomorphic (!).

Exercise 18.7.2. Let X be a variety over an algebraically closed field k and let x, y € X be
two k-points. Show thatif Ox , < Ox , and m, < m,, thenz = y.

Exercise 18.7.3. Let f: X — Y be a birational morphism between curves, where Y
is nonsingular. Then f(X) is open in Y, and f induces an isomorphism X ~ f(X).
HINT: The complement of f(X) is a finite set of points. For z € X, show that Oy, s(y)
contains Ox , inside K (X) and deduce that Oy () = Ox , by the properties of discrete
valuation rings.

Exercise 18.7.4. Find the singularities of the curve in P} whose equation is z%y* + x%2% +
y?z% = 0.
Exercise 18.7.5. a) Show that the pushforward of a torsion sheaf is a torsion
sheaf.
b) Show that a sheaf F is torsion iff it is supported on a proper closed subset

c) Show that if F is a torsion sheaf on a curve X then H°(X, F) = 0 if and only
it 7 =0.

Exercise 18.7.6. Let R = k[xo,...,%,]/a and suppose that each of the ideals x; are
prime. Consider X = Proj R as a closed subscheme of P}’ with ideal sheaf Zx. Show that
H'(P}?,Zx(d)) = 0 for every d € Z. HINT: Use Proposition ??.
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19

The Riemann-Roch theorem

A fundamental problem in algebraic geometry, is how to compute the spaces of global
sections H°(X, Ox (D)) for some divisor D. The sections of Ox (D) allow us to define
morphisms and rational maps to projective space P}, and in good cases, we even get a
projective embedding. Subsequently, we we can ask about geometric information coming
from the embedding, e.g., the degree, or the equations defining the image.

In this chapter we will develop the most powerful tool to attack these questions, the
Riemann—Roch theorem. This has many important consequences for the classification of
algebraic curves. We will study a few of these in Chapter XXX.

19.1 The Riemann-Roch formula

In this chapter, X will denote a nonsingular projective curve over an algebraically closed
field k. When we say ‘point’, we will always mean a closed point.

The cohomology groups H'(X, F) are finite-dimensional k-vector spaces. For notational
purposes, we define

hi(X,F) = dim, H (X, F)

Since X is a curve, the interesting cohomology groups are H°(X, F) and H* (X, F); the
other cohomology groups are zero by Theorem ??. We will mostly be interested in the case
when F = Ox (D) for some divisor D. In this case, we will occasionally write h*(D) for
h'(X,Ox (D)), provided the context is clear.

Our most basic tool for studying the cohomology groups H°(X, Ox (D)) is the ideal
sheaf sequence of a point P € X, which takes the form

The first map is the inclusion and the second is evaluation at P. Here we have identified
the ideal sheaf mp < Ox by the invertible sheaf Ox (—P), and the sheaf i, Op with the
skyscraper sheaf with value <(P) at P. If L is an invertible sheaf, we can tensor (19.1) by L
and get the exact sequence

0—> L(—P) L k(P) 0, (19.2)

where L(—P) is the invertible sheaf of sections of L vanishing at P, and we also identify
L ® k(P) ~ k(P) (note that L ® x(P) is also the constant sheaf with value & at P). In
particular, taking L = Ox (D + P) in (19.2) we get

386
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19.1 The Riemann—Roch formula 387

This leads to the following basic bound:

Lemma 19.1. Let X be a nonsingular projective curve, and let D be a divisor on X.
Then
(i) h'(X,0x(D + P)) < h°(X,0x(D)) + 1 foreach P € X.
(i) h°(X,0x(D)) < degD + 1.
Proof The first item follows by taking global sections in the sequence (19.3). To see the
second inequality, it suffices to consider the case when D = > npP is effective (otherwise
the left-hand side is 0). In that case, the inequality follows by applying the first inequality
deg D times. O

Recall that the Euler characteristic x () is defined as the alternating sum of the dimensions
hi(X,F). Applying x to (19.3), and recalling that  is additive on exact sequences, we get

X(Ox(D + P)) = x(Ox(D)) + x(x(P)) = x(Ox (D)) + 1. (19.4)

The next result is a very useful formula to compute x (Ox (D)) for any divisor D:

Theorem 19.2 (Easy Riemann—Roch). Let X be a smooth projective curve of genus
g = h'(X,Ox) and let D be a divisor on X . Then

X(0x(D)) = h*(Ox(D)) — h'(X,0x(D)) =degD +1—g (19.5)

Proof Let P € X be a point. Consider the formula (19.5). By (19.4), the left-hand side
increases by 1 if we replace D by D + P. On the other hand, also the right-hand side of the
equation above increases by 1 by adding P to D, because deg(D + P) = deg D + 1. This
means that the theorem holds for a divisor D if and only if it holds for D + P for any closed
point P. So by adding and subtracting points, we can reduce to the case when D = (. But in
that case the left-hand side of the formula is simply

dimk HO(X, Ox) - dll’Il]C Hl(X, Ox) =1- g
which equals the right-hand side, by the definition of g. O

As a first basic corollary, we prove that the divisor of a rational function always has degree
0. This explains the observations that the ‘number of zeros’ and ‘number of poles’ matched
up in the examples in Chapter 18.

Corollary 19.3. If f € K(X) — 0, then deg(div(f)) = 0.

Proof Let D = div(f), then Ox (D) ~ Ox (Proposition 16.32), so deg(div(f)) = 0 by
the formula (19.5). O

Note that the right-hand side of 19.5 is easy to compute, as it only involves the degree of
D and the genus. Of course, the number we are really after is the number h°(X, Ox (D)),
since this is the dimension of global sections of Ox (D). So if we, for some reason, could
argue that H'(X, Ox (D)) = 0 we would have a formula for the dimension of the space of
global sections of Ox (D).
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388 The Riemann—Roch theorem

In any case, we can certainly say that h' (X, Ox (D)) = 0, and this leads to the following
lower bound on h°(X, Ox (D)), which is often enough in applications.

Corollary 194. h°(X,0x (D)) >degD + 1 —g.
Example 19.5. That the Riemann—Roch formula holds for X = P! follows from the
computations in Chapter 15. Indeed, as C1(P;) = Z, it suffices to check that the formula
holds for divisors of the form D = dP where P € P! is a point and d € Z. In this case, the
right-hand-side of the fomula equalsdeg D +1 —0 =d + 1.

Ifd > 0, H*(P', Ox(dP)) is identified with the space of homogenous degree d polyno-
mials in g, 2, while H*(P', Ox(dP)) = 0. Hence h°(X, D) = d+ 1.If d < 0, we have
h°(X,D) = 0and h'(X,D) = —d — 1. A

Example 19.6. Consider again the case where X is a hyperelliptic curve of genus 2,
as in Example 18.39. We have the following table of the various cohomology groups
H(X,Ox(nP)) for the point P = (u, v):

D 0 | 1P |2P | 3P | 4P | 5P | 6P | 7P |
H(X,0xD) [ 1 1 2 23 4 5 6|
HY(X,0x(D)) |2 1 1 00 0 0 o0
X(0x(D)) Lot p2]3]4]5]6)]

As the example shows, the cohomology groups H' (X, Ox (D)) vanish provided that the
degree deg D is large enough. This is a general fact for all divisors on all projective curves,
and it will be a consequence of the following theorem, known as ’Serre duality’. Although
we will only prove this when X is a curve, we include the general statement, which holds in
any dimension:
Theorem 19.7 (Serre duality). Let X be a smooth projective variety of dimension n
over an algebraically closed field k. Then there is an isomorphism H™ (X, Q%) ~ k, and
for any locally free sheaf £ on X, a perfect pairing

H(X,&) x H"(X, €Y @ Q%) — H"(X, Q%) ~ k (19.6)

The theorem allows us to view the space of global sections H%(X, £) as the dual of
the top cohomology group H" (X, EY ® %) via a certain k-linear pairing. The important
consequence of this is that H%(X,€) and H"(X, Y ® Q%) have the same dimension.

In the case where X is a curve, we choose a canonical divisor K x sothat Qx = Ox(Kx).
Applying the theorem to € = Ox (Kx — D), we get an equality

h'(X,0x(D)) = h°(X,0x(Kx — D)),

and the previous Riemann—Roch formula takes the following form:
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19.1 The Riemann—Roch formula 389

Theorem 19.8 (Riemann—Roch). Let X be a nonsingular projective curve of genus g
and let D be a divisor on X. Then

h(X,0x(D)) — h°(X,0x(Kx — D)) =deg D+ 1—g

This result is significantly more powerful than the Riemann—Roch formula we saw earlier.
It gives stronger conclusions, because the group H°(X, Ox (K x — D)) is easier to interpret:
it is the space of global sections of the sheaf associated to the divisor K x — D. Often, we
can readily argue that no such global sections exist, due to simple reasons. For instance, in
the case deg D > dim K x then Kx — D cannot be effective, as effective divisors have
non-negative degree.
In fact, we can use the Riemann—Roch formula to compute the degree of the canonical
divisor K x:
Corollary 19.9. Let X be a nonsingular projective curve of genus g = h'(Ox ). Then
(i) deg Kx =29 — 2
(i) h°(X,0x(Kx)) = g.

Proof From Serre duality, we get that H(X, Ox (K x)) and H' (X, Ox) have the same
dimension. Therefore, applying the Riemann—Roch formula to D = Kx, we get

g — 1= dlmk HO(X, OX(KX)) — dlmk HO(X, OX(KX — Kx)) = degK +1-— g
which gives that deg Kx = 2g — 2. O

Combining this with the previous paragraph, we obtain:

~

Corollary 19.10. Let D be a divisor of degree > 2g — 1. Then
(i) H'(X,0x(D)) = 0.
(i) h°(X,0x(D)) =degD +1—g.
Moreover, if deg D = 2g — 2, then H* (X, Ox (D)) # Oifand only if D ~ K.

Proof For the last part, note that h°(X, Ox (Kx — D)) # 0if and only if Kx — D is
effective. But the only effective divisor of degree O is the divisor O, so this happens if and
only if Kx and D are linearly equivalent. O

Therefore, in our path to computing h°(X, Ox (D)) for a divisor D, we are left with
the ‘intermediate cases’ where D has degree between 0 and 2g — 2. In this region, the
computations become more subtle, and in particular, the rank of H%(X, Ox (D)) does not
depend on deg D and g alone.

deg D ‘<0 \0‘1‘...‘29—2\2257—1
hO(X,D) | ? B E ' degD+1—g
RY(X,D) | —(degD+1—g) | 2|2 ... |? 0
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390 The Riemann—Roch theorem

19.2 Proof of Serre duality

The aim of the next few sections is to prove the following:

Theorem 19.11 (Serre duality). Let X be a projective curve over an algebraically closed
field k. Then there is an O x-module wy of finite type, together with an isomorphism
H'(X,wx) =~ k, such that for any locally free sheaf F on X, there is a perfect pairing

H(X,F) x H'(X,wx ® F*) —> H'(X,wx) ~ k (19.7)
In particular, H°(X, F) and H'(X,wx ® F") have the same dimension.

The sheaf wx is called a dualizing sheaf. The existence of wx is usually not enough for
applications or explicit computations. The cruicial point is that, when X is nonsingular, the
dualizing sheaf is isomorphic to the cotangent sheaf:

Theorem 19.12. If X is a nonsingular, projective curve, the dualizing sheaf wx is
isomorphic to the cotangent sheaf (x.

These results are fundamental in algebraic geometry and one can find several proofs in
the literature (see for instance, Hartshorne (2013), Liu (2002), Serre (1955),Serre (2013),
Kempf (1993), Vakil (2024)). The proof presented here uses very little machinery, and it is
inspired by the proofs found in Kempf (1993) and Vakil (2024). The approach here is however
more ad hoc and much less conceptual than the standard proofs, and it gives essentially no
information about the isomorphism H*(X, Q) ~ k.

We will prove the two theorems in three steps:

(i) We note that both theorems hold for X = P}, where wx = (’)P}c (—2) serves as

a dualizing sheaf (and we know this coincides with Q]pi ).

(i) Then we prove the existence of wx for a general curve, by using a finite map
f: X — P;. The sheaf wy is constructed just to satisfy the formal properties
of Serre duality.

(iii) We finally prove that wx ~ Q.
The first step, Serre duality for P}, is the easiest:

Lemma 19.13 (Serre duality for P}). Serre duality holds for P} with wp: = Op1 (—2).

Proof We showed in Chapter 15 that Serre duality holds for any projective space for the
sheaves J of the form Op:1 (d). For P specifically, we identify H(X, Op: (d)) with the
k-vector space of homogeneous polynomials of degree d and H' (X, Op: (=2 — d)) with
the k-vector space spanned by Laurent monomials g “x; " withu +v = d + 2, u,v > 1.
The multiplication map

1 -1 .
g o =y . ) T0 T if (u,v) = (a—1,b—1)
ot o 0 otherwise

defines a perfect pairing, which induces (19.7) for F = O(d) with d = 0. For d < 0, all
groups are zero.
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19.3 The dualizing sheaf 391

Recalling that any locally free sheaf F on PP}, is a direct sum of invertible sheaves, we get
the pairing (19.7) in general. O

19.3 The dualizing sheaf

Let ¢: A — B be a map of rings making B into a finite A-module. For an A-module N, we
will consider the ‘dual module’ Hom 4 (B, N'), which is a priori an A-module. The crucial
observation is that this can also be viewed as a B-module, via the rule

b-oy) :=¢b-y), yeB

for each A-linear map ¢ : B — N. Note that Hom 4 (B, N) is finitely generated as a
B-module if N is finitely generated as an A-module.
The main property we need is the following:

Lemma 19.14. For a B-module L, there is a natural isomorphism of A-modules

Homu(La, N) —> Hompg(L,Hom4(B,N))a (19.8)

Proof The map (19.8) is defined by sending ¢ : L — N to ¢ : L — Hom (B, N) defined
by ¢(£) = (b 1p(b-£)). The inverse is defined by the map sending ¢ : L — Hom 4 (B, N)
to £ — ¢(£)(1).

O

The operation N — Hom 4 (B, N) defines a functor from A-modules to B-modules. It
behaves well with respect to localization: if S — A is a multiplicative set, then as B is finitely
generated, there is a natural isomorphism of S~ B-modules

S~'Homu (B, N) = Homg-15(S™'B,S™'N). (19.9)

Because of this, the construction generalizes well to a version for sheaves. For a finite
morphism f: X — Y of Noetherian schemes and a quasi-coherent Oy--module G, we define
f'G by the formula

L(f~'U, f'G) = Home, 1) (Ox(f'U),G(U)) (19.10)

for each affine U = Spec A. Note that f'G is quasi-coherent, as it coincides with the tilde of
Hom 4 (B, N) over affines. As f is finite, f'G is moreover of finite type if G is.

By (19.10), we have f, f'G = Homo, (f+Ox, G). More generally, if F is an O x-module
of finite type, we have a natural isomorphism

fx Homo  (F, f'G) ~ Homo,, (f+F,G). (19.11)

This follows because the isomorphisms in the map (19.8) are compatible with localizations.

Definition 19.15. Let X be a nonsingular projective curve over k, and let f : X — P},
be a finite morphism. We define the dualizing sheaf of X to be the O x-module

wx = f!Uin.
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392 The Riemann—Roch theorem

So far we haven’t used the fact that X is nonsingular; any projective curve admits a
dualizing sheaf wy . In the nonsingular case, we will prove in Section 19.4 that wx ~ Qx. In
particular, the sheaf is independent of the chosen finite map to IP}. As a first step towards this,
we next show that wy is invertible.

Proposition 19.16. Let X be a nonsingular projective curve. Then wy is an invertible
sheaf.

Proof Since X is a nonsingular curve, wx is locally free if and only if it is torsion free.
Let T denote the torsion subsheaf and £ is the torsion free part, so that wx = £ @ T by
Theorem 18.17. Applying f., we get

fewx = f*g®f*T

Applying the formula (19.11), shows that f,wx = Hom(fOx, wp}c). As f is finite and
surjective, fxOx is locally free (Proposition 18.18). Since wp: = Op: (—2) is also invertible,
we find that f,wx is also locally free. Note that f, 7 is again a torsion sheaf on P}.. As
f+T is a direct summand of a locally free sheaf, we must have f, 7 = 0. This implies that
I'(X,T)=T(P;, f«T) = 0. On a curve, the only torsion sheaf with no global sections is
the zero sheaf, so 7 = 0, and hence wy is locally free.

We next show that wx has rank 1. To show this, it suffices to compute the stalk at the
generic point £ = Spec K (X). We can compute this using the affine open sets Spec B < X
and Spec A < P}. Then with S = B — 0, the stalk wx ¢ is given by

S~ Homyu(B, L) = Homg 1) (K (X), K(Py))
which is a K (P} )-vector space of dimension equal to the degree of the field extension
K(X)/K(P}), i.e., the degree of f. Hence, as a K (X)-vector space it has dimension 1.

Therefore, wy is an invertible sheaf. O

Having established this fact, we can finish the proof of Serre duality on X. For any locally
free sheaf F on X, we have a a chain of natural bijections:

H' (X, F” Qox wx) = H' (B}, f+(F Qoy wx)) (19.12)
— H'(P}, f» Hom(F,wyx)) (19.13)
= H'(P}, Hom(f«F,wey)) (19.14)
= H' (P, (f+F)" @O% CU]P’}C) (19.15)
= H°(Py, fuF)" (19.16)
= H(X,F)". (19.17)

Many of the steps here are non-trivial: (19.12) and (19.17) use Lemma 15.20. (19.13) and
(19.15) follow by Proposition 14.3 and the fact that F, f.F, wy and wp; are locally free.
(19.14) uses the adjoint property (19.11) and finally (19.16) is Serre duality on P}.
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19.4 The dualizing sheaf is the canonical sheaf

The goal of this section is to show that the dualizing sheaf wx is isomorphic to the cotangent
sheaf ) x. Both of these sheaves are locally free: the first by Corollary 19.16, and €2 x because
X is nonsingular. However, at this point, we do not even have a map between them.

The proof makes use of the following two basic properties of the dualizing sheaf:

() HY(X,wx) # 0.

(i) H*(X,wx ® Ox(P)) = 0 for every point P € X.
In fact, we will see that these properties characterize wx uniquely, and it is this which in turn
allows us to conclude that Qy = wx.

Proof of Theorem 19.12  We will work with the fiber product X x X (taken over k) with
the two projections p,q: X x X — X. Consider the diagonal A ¢ X x X (which we
view as a closed subscheme, because X is separated over k). Since X x X is a nonsingular
surface, A is a divisor on X x X, and the corresponding ideal sheaf 7 is the invertible sheaf
Oxx x(—A). Consider the ideal sheaf sequence

0_—_’(QXXX(_A) _—_’OXXX _—QZ*OX —0

where i: X — X x X is the diagonal embedding. Tensoring the sequence by Ox , x (A),
we obtain

0 — Oxyxx — Oxxx(A) — Oxxx(A) ®oy,  1::0x — 0 (19.18)

By the projection formula, the sheaf on the right is isomorphic to iy (i*Ox x x (A)). On the
other hand, by the definition of the cotangent sheaf, the pullback i*Ox x (—A) is given by
Q) x. Dually, this means that the sheaf on the right-hand side in (19.18) is isomorphic to %, Tx,
and the sequence takes the form

0 —> Oxxx — Oxxx(A) — i, Tx — 0. (19.19)
We now tensor this sequence by g*wx, to get a sequence
0 — ¢*wx — Fwx(A) — iy (wx ®oy Tx) — 0 (19.20)
Here we have used the projection formula again:
i Tx ®0x,x TWx = 14(Tx Qox 1" ¢*wx) = 14(Tx ®ox wx)-

If we restrict the sequence (19.20) to the open set V' x X, where V is affine, and take the
long exact sequence in cohomology, we get an exact sequence

I'(V x X,iy(wx Qoy Tx)) — H'(V x X, ¢*wx) — HY(V x X, q*wx(A))
(19.21)
By Lemma 15.20, we may identify the first group with I'(V, wx ®o, Tx ). The next lemma
identifies the middle group.
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Lemma 19.17. Let V and X be varieties over k with V" affine. Letq: V x X — X
denote the second projection. Then for any quasi-coherent sheaf F on X, there are natural
isomorphisms

HYV x X,¢*F) = Oy(V) @ H*(X, F)

H' (V x X,¢*F) = Oy (V) ® H' (X, F). (19.22)

Proof Recall the exact sequence

0— HY(X,F) — F(Uy) x F(Uy) -, FUynU) —» H (X, F)—0. (19.23)
TGHSOI'iIlg by Ov(V) over k preserves exactness, so we get an exact sequence
— Ov(V) ®k ~F(UO M Ul) — Ov(V) ®k HI(X, .F) — 0.

Note that the map in the middle is exactly the Cech complex with of the sheaf ¢*F with
respect to the two affine open sets V' x Uy and V' x U;. By exactness, we get the desired
isomorphisms. O

By the lemma, we may identity the middle cohomology group in (19.21) with I'(V, Ox ) ®
H'(X,wx) ~T(V,Ox). Below, we will show that

HY(V x X, q*wx(A)) = 0. (19.24)
Given this, the sequence (19.21) can be written
F(V,wxy ® Tx) — H'(X,wx) ®; Ox(V) — 0. (19.25)

These identifications are compatible with restriction maps, i.e., if V/ < V is a smaller affine
open set, the following diagram commutes

T(V,wx ® Tx) —2>— HY(V x X, ¢*wx) =—— H'(X,wx) ® Ox(V)
'V, wx ®Tx) - HY(V' x X, ¢*wx) —— H'(X,wx) ® Ox (V')

Therefore, these maps glue to define a map of sheaves
wx ® Tx — Ox.

By (19.25), this map is surjective. As both sheaves are locally free, this must be an iso-
morphism (the kernel is locally free of rank 0), so wy ® Tx ~ Ox. But this means that
Wx =~ Qx.

To conclude, we need to show that (19.25) holds. Let 4y € V be a k-point and consider the
subscheme ¢: y x X — V' x X. Identifying y x X with X, we have

(Fwx) = wx

and

L (Oxxx(A)|vxx) = Ox(y)
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Hence ¢*(¢*wx(A)) = wx(y). This sheaf has an H' which is zero, by the dualizing
property:
H'(X,wx(y)) = H(X,0x(~y))" =0 (19.26)

Indeed, I'( X, Ox(—y)) is the group of global regular functions vanishing at y, but all regular
functions are constants, as X is projective.
Now we will apply the following lemma.

Lemma 19.18 (' and base change). Let f: Y — S be a a projective morphism of
Noetherian schemes, where S = Spec A is affine, and assume that Y can be covered
by two affine open sets Uy and Uy. Let h: Y — Y be the morphism defined by a base
change Spec B — Spec A. Then for any Oy -module of finite type F, we have a natural
isomorphism of B-modules

H' Y x4 B,h*F)=H'(Y,F)®a B. (19.27)

Proof Consider the exact sequence
F(Us) x F(U,) %S F(Uy n U — HY(Y, F) — 0. (19.28)

coming from the Cech complex on Uy and U;. Tensoring this complex by B gives the Cech
complex of the pullback h*F. Therefore, H' (Y x 4 B, h*F) is the cokernel of d ® id
and so since the tensor product is right exact, we get the isomorphism (19.27). O

We apply the lemmatoY =V x X, S =V, f=p, B=A/mand F = ¢*wx(A).
Since H'(X, t*(q*wx)) = 0, we find that the A-module M = H'(V x X, ¢*wx(A))
satisfies M ®4 A/m = 0. Since this happens for every maximal ideal m in A, we get that
M = 0 by Nakayama’s lemma. This concludes the proof. O
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Applications of the Riemann—-Roch theorem

20.1 A criterion for being a closed embedding

If f: X — Y is a morphism of schemes, it can easily happen that f is a homeomorphism
without being an isomorphism, even when X and Y are varieties. (See Example 20.3 below).
In light of this, it is natural to ask if there is a sufficient extra condition to guarrantee that
f is a closed embedding. As it turns out, it turns out that it is enough that f induces an
isomorphism on cotangent spaces:

Proposition 20.1. Let f: X — Y be a finite map of schemes of finite type over an
algebraically closed field k. Then f is a closed embedding if and only if

(i) f is injective on k-points; and

(ii) for each k-point P € X (k), the induced map on cotangent spaces

f*myp)/mh py — mp/m} (20.1)

is surjective.

N

Proof The conditions (i) and (ii) are easily seen to be satisfied for a closed embedding, so
we need to prove the converse direction.

The question is local on Y, so we may assume that Y is affine, say Y = Spec A. As f is
finite, X is also affine, say X = Spec B, for some finite A-module B, and f is induced by a
ring map ¢: A — B. We need to show that ¢ is surjective.

Viewing ¢ as a map of A-modules, it is enough to show that ¢, : A, — By, is surjective
for every maximal ideal m in A. Let () € Y be the k-point corresponding to m. Recall that
the scheme-theoretic fiber X of @ is given by Spec(B/mB). If () is not in the image of
f, then B/mB = 0. In this case B,, = 0 because mB is the unit ideal in B, and ¢y, is
trivially surjective. If @ is in the image, then assumption (i) shows that Q = f(P) for a
unique k-point P € X, corresponding to a maximal ideal n in B.

We claim that n = mB. Consider the ideal b = ¢(m)B in B. As P maps to (), we have
in any case an inclusion b — n. By the hypothesis (ii), the composition m — m/m? — n/n?
is surjective, so b — n/n? is surjective, and hence b + n> = n. Consider the B-module
M = n/b. Then b + n? = nimplies that nM = M and so M = 0 by Nakayama’s lemma.
Therefore b = n.

From this it follows that A/m = B/¢(m)B = B/n = k. Moreover, the map ¢ ® A/m,
which is the map A/m — B/n, is surjective. As B is a finite A-module, it follows that ¢ is
surjective as well (by Nakayama’s lemma again). O
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20.2 Ample invertible sheaves and Serre’s theorems 397
Note that the condition 20.1 is equivalent to the induced map on tangent spaces

is injective. Yet another way of rephrasing it is that f is a closed embedding if and only if the
induced maps X (k) — Y (k) and X (R) — Y (R) are injective, where R = k[e]/€? is the
ring of dual numbers.

Example 20.2. The assumption that & is algebraically closed is important in the above
proposition. For instance, the scheme map f: Spec C — Spec R satisfies (i) and (ii), but it
is not a closed embedding. A

Example 20.3. We saw in Example ?? that the morphism
f+ SpecClz] — SpecClz, y]/(y* — z°)

is a homeomorphism. f satisfies the condition (i), but not (ii), as the map on tangent spaces
at the origin is the zero map. A

20.2 Ample invertible sheaves and Serre’s theorems

If L is a globally generated invertible sheaf, and X is Noetherian, we can find finitely many
sections So, . . ., S,, that generate L and define a morphism to projective space ¢ : X — P"
so that L = ¢*Opx (1). It is natural to ask when ¢ is a closed embedding. If this is the case,
then we can view X as a closed subscheme of P" and L is simply the restriction Op« (1)|x
to X . Hence the closed embedding is completely determined by the sections s, . . ., s, and
the polynomial relations between them.

Definition 20.4. Let X be a scheme over a Noetherian ring A. We say that an invertible
sheaf L is very ample if there is a closed embedding ¢ : X — P7 such that L ~ +*Opy (1).
L is said to be ample if L®V is very ample for some N > 0.

Example 20.5. If X = Spec A is affine, then Oy is very ample. The closed embedding in
question is simply the identity morphism Spec A — P% = Spec A. A

Example 20.6. If R is a graded ring which is finitely generated in degree 1 over a field k,
then Op,.; r(d) is very ample for every d > 0. If z, . . ., x,, are generators for R, then the
homogeneous polynomials in zg, . . ., x,, of degree d define a morphism to projective space
Proj R — P4 which is a composition of the closed embedding X — P} and the Veronese
embedding vy : P} — PY. JAN

We will see several examples of ample, but non-very ample invertible sheaves in Chapter
18 (Example 18.39).

In this chapter, we give a few of the (many) consequences of the Riemann—Roch formula.
We begin by translating the results of Chapter ?? into concrete numerical criteria for a divisor
D to be base point free or very ample. Then we use these results to classify all curves of
genus < 4.
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398 Applications of the Riemann—Roch theorem

20.3 Base-point freeness and very ampleness on curves

Let X be a nonsingular projective curve over an algebraically closed field £ and let D be a
divisor on X . We say that a point P € X is a base point of D (or perhaps more precisely, the
linear system | D)) if every section of H°(X, Ox (D)) vanishes at P. If there are no base
points, we say that D is base-point free.

In light of the isomorphism Ox (D)®o, mp ~ Ox (D —P), we see that P is a base-point
if and only if the inclusion H%(X, Ox (D — P)) € H°(X,Ox (D)) is an isomorphism. In
general, the dimension of H°(X, Ox (D — P)) can be at most 1 less than H°(X, Ox (D)),
by the exact sequence

0 — H(X,0x(D - P)) — H°(X,0x(D)) — &(p) (20.3)
Therefore, D is base-point free if and only if for every point P € X,
(D — P) = h°(D) — 1.

If this condition is satisfied, we obtain a morphism f: X — P}, by Theorem 14.26.

We now turn to the question whether f is a closed embedding. For this, we use the two
conditions appearing in Proposition 20.1. That is, f should be injective on k-points, and the
map f* on cotangent spaces should be surjective.

Let us choose a basis o, . . ., s, for H*(X, Ox(D)). Then, over the open set D(s), f
is induced by the ring map

k [561 o x”} —— T(D(so), Ox) (20.4)
Lo Zo
sending x;/x to s;/so. Here we recall that s;/s is viewed as regular function on D(sg) as
in Section 14.7.

To show that f is injective, we want to show that for any two points P, ) € X (k), we have
f(P) # f(Q). This happens if we are able to find a section s = Y a;s; such that s(P) = 0
and s(Q)) # 0. Because in that case, f(P) lies in the hyperplane V(3 a;x;) < P}, whereas
f(Q) does not.

Therefore, we want to show that there is a section s which lies in H°(X, Ox (D — P)),
but notin H°(X,Ox(D — P — Q)). It is therefore enough to show that for any P and @,
we have a strict inequality h°(D — P — Q) < h°(D — P). As h°(D — P) = h°(D) — 1,
by the above, this is equivalent to the condition

h°(D — P — Q) = h°(D) — 2 for every pair P,Q € X. (20.5)
Next we would like to know whether the pullback map on cotangent spaces
f*rmppy /mi py — mp/mp

is surjective. As X is a nonsingular curve, mp/m? is 1-dimensional vector space, so we just
need f* to be non-zero.

Let us for simplicitly assume that P maps to the point (1 : 0 : -+ : 0) € P} (we may
acheive this by a linear change of coordinates). This means that the morphism is given locally
by D(sg) — D(x) as in (20.4). More precisely, if y; = z;/xy i = 1,...,n denote the
affine coordinates on D(z), we have f*(1;) = s;/s0 € I'(D(sg), Ox). In these coordinates,
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20.3 Base-point freeness and very ampleness on curves 399

mf(p)/mfc(P) is the k-vector space generated by the classes 71, . . ., U, and f* maps 7; to

$i/8o in mp/m%. It is therefore enough to show that some linear combination of the y; pulls
back to an element in mp which vanishes to order 1 at PP. Note that a linear combination
> aij—é vanishes to order 1 at P if and only if | a;s; vanishes to order 1 at P, that is, lies in
H°(X,0x(D — P)) butnotin H*(X,Ox (D — 2P)).

Therefore, to show that such linear forms exist, we need to show that H° (X, Ox(D—2P))
is strictly smaller than H°(X, Ox (D — P)). As above, the dimension can drop by at most
1, so this happens if and only if

h°(D —2P)=h°(D - P)—1=h"(D) -2

To summarize, we have proved the first two items in the following theorem:

Theorem 20.7 (Base-point free and very ample divisors on curves).
Let X be a nonsingular projective curve over an algebraically closed field & and let D be
a divisor on X. Then

(i) D is base point free if and only if

(D — P) = h"(D) -1 for every point P € X (k).
(i) D is very ample if and only if
(D — P —Q) =h"(D) -2 for every two points P, Q € X (k)

(including the case P = @))
(iii) If deg D > 2g, then D is base point free and h' (X, D) = 0.
(iv) Ifdeg D > 2g + 1, then D is very ample.

As Ox(D)|y ~ Oy over U = X — Supp(D), it is enough to check the condition (i) for
all P in the support of D.

Proof The items (i) and (i) follow from Proposition 20.1 and the discussion above.

For (iii), note that H' (D — P) and H'(D) are both zero, by Corollary 19.10. Therefore,
the exact sequence (20.3) is in fact a short exact sequence, and hence h°(D—p) = h°(D)—1.
Since this holds for any P € X, we conclude by (i)

Similarly, for (iv), we get h* (D—P—@Q) = 0, which implies h°(D—P—Q) = h°(D)-2,
and this allows us to apply (ii). O

In particular, the theorem implies that a divisor D on a curve is ample if and only if
deg D > 0.

Example 20.8. On X = P! a divisor D is base point free if and only if deg > 0 and very
ample if and only if deg D > 0. A

Example 20.9. If X is a curve of genus 1, a divisor D is base point free if deg D > 2. We
will see later that, if D = P for a k-point P, we have h°(X, Ox (D)) = 1, so D cannot be
base point free (a generator s € H°(X, Ox (D)) satisfies div(s) = P, so it vanishes at P).

A divisor D on X is very ample if deg D > 3. A
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400 Applications of the Riemann—Roch theorem

20.4 Curves of genus 0

The results of the previous sections are particularly strong when the genus is small. In the
case X is a curve of genus 0, a divisor D is base-point free if and only if deg D > 0 and
very ample if and only if deg D > 0.

If we apply this observation to a divisor of the form D = P for a k-point PP, we see that
h°(D) =1+ 1—0 = 2and D defines a closed embedding X — P;. Therefore, we have
proved the following remarkable theorem:

J

Theorem 20.10. Let X be a nonsingular curve of genus 0 over an algebraically closed
field k. Then X is isomorphic to P}

L

Example 20.11. Consider the plane curve X < P? defined by the homogeneous equation
i+t — a3 =0.

Then X as a k-point P = (1: 0 : 1). Let us find a basis for H°(X, Ox (P)).

We are looking for rational functions g which have a pole of order 1 at P and no poles
at any other point. The linear form xy — x5 vanishes at P, but it has multiplicity 2 there.
To make up for this, we can consider a quotient ¢/(xo — x5) where ¢ is a linear form in
To, X1, To vanishing with order 1 at P. For instance, we can take £ = x;. And indeed, the
quotient

satisfies
div(g) =(1:0:1)+(1:0:=-1)—2(1:0:1)=(1:0:-1)—(1:0:1).

andso g € H°(X, Ox(P)). As P has degree 1, we see that H*(X,Ox(P)) = k@ kg.
The corresponding morphism

X — P

(o : @y @) — (21 : 20— X2)
can be viewed as the projection from P. A

Remark 20.12 (Curves of genus 0 over general fields). For non-algebraically closed fields
k, there exist curves of genus 0 which are not isomorphic to P}. The isomorphism to P} is
closely linked to the existence of a k-point on X .

For instance, the conic curve X = V, (22 + 27 4+ 23) < P2 has genus 0, but it has no
R-points at all. Similarly, the conic X = V,, (22 + 2? — 3z2) has infinitely many R-points,
but no Q-points. In these examples, X cannot be isomorphic to P}, but the base change to
the algebraic closure X; = X x; k becomes isomorphic to IP%.

That being said, curves of genus 0 over arbitrary feidls are well understood. Here is a brief
explaination. If we assume that H°(X,Ox) = kand H*(X,0x) = 0 and X (k) # &,
then X ~ ]P’(b. Indeed, if X admits a k-point P, then one shows that the invertible sheaf
Ox (P) is very ample by pulling back to X7, where one can apply Theorem 20.10. Therefore,
we again find that X ~ Pj.
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A nice and surprising fact, which holds for any field k, is that any nonsingular projective
curve of genus 0 is isomorphic to plane curve of degree 2, X = V. (Q) < P%. To prove
this, one considers the anticanonical divisor D = — K x (which is always defined over £,
regardless of whether X has a k-point or not). By working on X7, one shows that this is very
ample, and embeds X as a degree 2 curve in 3.

We conclude by another characterisation of P!, which will be important for studying curves
of higher genus as well.

Proposition 20.13. Let X be a nonsingular projective curve over an algebraically closed
field £ and D any divisor on X. Then

dimy, H°(X,Ox (D)) < degD + 1
with equality if and only if X ~ P}.

Proof We may assume that D is effective, i.e., D = P; + --- + P, for some k-points
P, ..., P, € X (possibly equal) (otherwise replace DD by some other effective divisor
D’ ~ D). The proof is by induction on deg D = d.

First suppose d = 1. There is an exact sequence

Now h(X,Ox) = 1 and h°(k(P)) = 1 therefore h°(Ox (P)) < 2. If h°(Ox (P)) = 2,
then | P| cannot have any base points, so we obtain a finite morphism X — P}. As X is
nonsingular and deg P = 1, this must be an isomorphism, and so X ~ P}.

Next suppose D = Py +---+ Py. Let D' = P, + - - -+ P;_;. There is an exact sequence

0 — Ox(D") — Ox(D) —> k(P;) —> 0.

Now h?(Ox(D’)) < d by induction and h°(k(P;)) = 1s0 h’(Ox (D)) < d+1. Moreover,

h°(Ox (D)) < d + 1 with equality if and only if h°(Ox(D’)) = d which by induction

happens if and only if X ~ P;. O
Corollary 20.14. A nonsingular curve X over an algebraically closed field is isomorphic
to P}, if and only if C1(X) ~ Z.

Proof By Proposition ??, the Picard group of any projective space [P} is isomorphic to
Z. Conversely, suppose X is a curve with C1(X) ~ Z. Let p, g be two distinct points on
X. By assumption, the two divisors p and ¢ are linearly equivalent, so the invertible sheaf
L = Ox(p) has at least 2 linearly independent global sections (one vanishing at p and one
vanishing at ¢). Therefore, X ~ P} by Proposition 20.13. O

20.5 Curves of genus 1

A plane curve X < P? of degree 3 has genus 1. This follows by taking cohomology of the
exact sequence

0— OP%(*:%) — O]p}% — L*OX — 0.
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402 Applications of the Riemann—Roch theorem

In this section, we show that in fact every curve of genus 1 arises this way:

Theorem 20.15. Any projective curve X of genus 1 over an algebraically closed field
can be embedded as a plane cubic curve in P%.

Proof Pick a point P € X and consider the divisor D = 3P. Then D has degree 3 >
2g + 1, so it is very ample. Furthermore, by Riemann-Roch, h°(3P) = 3, so there is a
projective embedding ¢ : X — P2. The image ¢(X) is a smooth curve of degree equal to

deg ¢*Opz (1) = deg D = 3. O
We can make this a little bit more explicit, as follows. For a point P € X, consider the
multiples D = mP where m = 1, ..., 6. By the Riemann—Roch formula, we can compute
the spaces of global sections as follows
h° | basis

Ox(P) 1 1

OX (3P) 3 17 L,y

Ox(4P) 4 | 1,2,y,2?

OX(5P) 5 1,x,y,x2,xy

OX(GP) 6 1’x7y7x2a$y7$3ay2

As H°(X,Ox(6P)) is 6-dimensional, there must be a linear relation between the sections
1,z,y, 22, zy, 23, y2. Itis not hard to see that, after a coordinate change, we can take it to
be the following cubic

y2 + a1y + axy = 23 + a3z’ + agr + as

where a1, as, as, a4, as € k. When the characteristic of k is not 2 or 3, the equation can be
further simplified, to

y? =2° +ax + b.

This is known as the Weierstrass form of the curve X . Any such equation defines a nonsingular
genus 1 curve, provided that 4a® + 27b* # 0 (Exercise 10.6.4).

In contrast to the genus 0 case, there are many non-isomorphic genus 1 curves. For instance,
among the curves X; = V(z2xy + a3 + xow2 + ta3) < P2, where t € k, a given curve X,
is isomorphic to at most a finite number of other X,’s.

The group law on X

One of the most important facts about genus 1 curves is that the set of k-points X (k) form an
abelian group. That is, there is a natural way of ‘adding’ k-points on X . This only happens
for curves of genus 1.
To make the discussion a bit more concrete, we consider the curve X < PZ defined by the
equation
v’z = 2® — x2?

The key point in understanding the group structure is to consider divisors on X.
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20.5 Curves of genus 1 403

If L < P? is a line, we get a divisor L|x on X, supported on the finite set L N X. More
formally, we take a section s € Op2 (1) defining L and restrict it to X . The restricted divisor
on X consists of three points P, (), R (counted with multiplicity). In particular, since any
two lines are linearly equivalent on P2, we get for every pair of lines L, L’ and corresponding
triples P, (), R, a relation

P+Q+R~P +Q +R

where ~ denotes linear equivalence.

Let us consider the point O = (0 : 1 : 0) on X. This is a special point on X: it is an
inflection point, in the sense that there is a line L = V (z) < P? which intersects X with
multiplicity three at O. That means that L restricts to 30 on X. The point O will serve as
the identity in the group X (k). It has the property that any three collinear points P, @), R in
X satisfy

P+Q+ R~ 30

Next, consider the subgroup C1°(X) < C1(X) consisting of degree 0. This fits into the exact
sequence

0 —> CI%(X) — CI(X) 27— 0
Let us define the following map:

£: X (k) — C1°(X)
P — [P-0]

Lemma 20.16. £ is a bijection.

Proof £ is injective: {(P) = £(Q) implies that P ~ Q. Then P = @ (otherwise X would
be rational by Proposition 20.14). (Alternatively, it follows because h°(X, Ox(P)) = 1 by
Riemann—Roch).

€ is surjective: Take a divisor D = > n; P, € Div(X) of degree 0. Then D' = D + O
has degree 1, so by Riemann-Roch, H°(X, O¢(D’)) is 1-dimensional. Hence there exists
an effective divisor of degree 1 in |D’|, which must then be of the form D’ = () for some
k-point ). But this means that D + O ~ @, or in other words, D ~ @ — O = £(Q), as we
wanted to show. O

Using this bijection, we can put a group structure on the set X (k) by transporting the
group structure of C1°(X'). We have shown:

Theorem 20.17. The set of k-points X (k) on a genus 1 form an abelian group.

The group law has the following famous geometric interpretation. Given two points
P, Q) € X, we draw the line L they span (see Figure 20.1). This intersects X in one more
point, say R. In the group C1°(X) we have

P+Q+R=30
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S

Figure 20.1 The group law on X

To define the ‘sum’ P + () (which should be a new k-point of X'), we then look for a point
S so that

S—0=({P-0)+(Q-0)

or in other words, S + O = P + Q. In light of the above, this becomes S + O = 30 — R
or, R+ S + O = 30. This tells us that we should define S as follows: We draw the line L’
from O to R (shown as the dotted line in the figure), and define S to be the third intersection
point of L' with X. By construction, we get (P — O) + (Q — O) = (S — 0) in CI°(X).
We then define P + () to be the k-point S.

Given the equation of X in P2, and coordinates for the points P and (), we can of course
write down explicit formulas for the coordinates of .S, and they are rational functions in the
coordinates of PP and (). This construction has many applications in cryptography.

20.6 Hyperelliptic curves

A nonsingular curve X of genus g > 2 is said to be hyperelliptic if there is a finite degree
2 map X — Pj}. There was already a notion of ‘hyperelliptic curves’ in Section ??, so we
should start by showing that the two definitions are equivalent.

Let X be curve admitting a degree 2 morphism f: X — Pj. Then the function field
K(X) is a degree 2 extension of K (P},) = k(x). Let 1, y be a basis for K(X) as a k(z)-
vector space. Then the elements 1, , y? are k(x)-linearly dependent, so there is a relation of
the form Ay? + By + C = 0 for some elements A, B, C' € k(x). Multiplying this relation
by a suitable polynomial, we may assume that A, B, C' € k[x]. Furthermore, multiplying
the relation by A, and replacing y by Ay, we see that we may take the relation to be of the
form y? + By + C where B, C € k[x]. If the characteristic of & is not equal to 2, we may
furthermore complete the square to reduce to y* = p(x) for some p(x) € k[z]. Finally, by
performing variable changes of the form y = (x — a) - v, and we may assume that p(z) has
no repeated roots.

This shows that X has the same function field as the nonsingular curve defined by 3? =
p(z) in A7. Hence X is birational, hence isomorphic, to one of the hyperelliptic curves of
Section ??.

If the field k has characteristic 2, most of the steps in the above parapgraph remain valid,
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20.6 Hyperelliptic curves 405

except that the defining equation has the form y* + ¢(z)y = p(z) for some ¢(x) € k[z] of
degree < g.

The construction in Section ?? shows that there are hyperelliptic curves of any genus g.
Here is another construction:

Example 20.18. Let X < P} x P} be a smooth divisor of bidegree (2, g + 1). Then by the
exact sequence

00— Op1upr (—=2,—g — 1) — Optyxpr — 1:0x — 0
and by Exercise 15.18.5,
HQ(Pllc x Pllca O(_za -9 1)) = HI(P}wO(_Q)) ®H1(P}C,O<—g - 1)) = kg?

so X has genus g.
Explicitly, X is defined by a bihomogeneous equation of the form

f(xo, 21590, y1) = A(yo, yl)ng + B(yo, y1)Tox1 + C(yo, 91)37%

where A, B, C € k[yo, y1] are homogeneous of degree g+ 1. Therefore, the second projection
po: X — P} is finite of degree 2, so X is hyperelliptic of genus g.

In fact, any hyperelliptic curve can be embedded in P} x, P} as a divisor of bidegree
(2,g+1), atleast when char k # 2. To see this, note that we may write p(z) = q(z)*+7r(z)
where ¢ and r are polynomials of degree < g + 1. Then, if we make the substitution u = x
and v = y + ¢(x), we see that the curve is birational to the plane curve with affine equation
v? — 2vq(u) — r(u) = 0 in Spec k[u, v]. A projective model in P}, x P} is given by the
bihomogeneous equation

zoys ™t = 2zoz1q(yi /yo)ys T — T (yi/yo)ys T el = 0.

The following theorem summarizes the various ways to define a hyperelliptic curve.

Theorem 20.19. Let X be nonsingular curve of genus g > 2 over an algebraically closed
field with char k # 2. Then the following are equivalent:
(i) X admits a finite degree 2 map f: X — P}.
(ii) X is birational to a plane curve of the form y* = p(z), where p is a
polynomial with distinct roots.
(iti) X admits a divisor D of degree 2 and h'(D) = 2.
(iv) X is isomorphic to a divisor in P} x,, P} of bidegree (2,9 + 1).

Proof The discussion in the beginning of this section showed that ()< (ii). Example 20.18
showed that (iv)<(i). Hence we need only address the item (iii).

(i)=>(iii): Take D = f*Q for a point () € P*(k). Then D has degree 2, and two sections,
because the morphism is non-constant.

(iii)=>(i): Given such a divisor D, let us show that D is base-point free. By Theorem
20.7, it suffices to show that h°(D — P) = 1 for every point P € X. Since h°(D) = 2,
h°(D — P) can drop by at most 1 by the exact sequence (20.3), so h°(D) < 1. On the other
hand, D — P is a degree 1 divisor, hence h°(D — P) < 1 by Proposition 20.13. O
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20.7 Curves of genus 2

Let X be a nonsingular projective curve of genus 2. We have seen examples of such curves
already, namely the hyperelliptic curve obtained by gluing two copies of the affine curve
y* = p(z) where p(z) is a polynomial of degree 5 or 6. However, we show the following,
which tells us that any genus 2 curve arisises from the construction in Section B.4.
In fact, if X is a genus 2 curve, the canonical divisor K x is base-point free, and gives a
morphism
f: X — P

As K x has degree 2g — 2 = 2, this proves the following:

~

Proposition 20.20. Any curve of genus 2 is isomorphic to a hyperelliptic curve.

We saw in Proposition 15.36 that a genus 2 curve cannot be embedded in the projective
plane P7. However, in light of Theorem 20.19, it can be embedded as a (2, 3)-divisor in

20.8 Curves of genus 3

We next classify curves of genus 3. We have seen a few examples of such curves already:

Example 20.21. A plane curve X c P? of degree d = 4 has genus 3(d — 1)(d — 2) = 3.
Note that

QX = O]p2(d - 3)‘)( = Ox(l)
so K x is very ample, since it is the restriction of the very ample invertible sheaf Op2(1). A

Example 20.22. The X on the quadric surface Q ~ P}, x P}, in P} of type (2,4) is hyperellip-
tic. It is a curve of degree 6 and genus 3 in ;. As we showed in Section 20.7, the canonical
divisor Kx is not very ample (in this case, it defines a degree 2 morphism X — P? onto a
nonsingular conic). A

These two examples are a bit different. The curves in the first example have very ample
canonical divisor K x, whereas in the second case K x defines the degree 2 map X — Pj.
We show that this distinction is a general phenomenon for curves of genus 3:

Proposition 20.23. Let X be a curve of genus 3. Then there are two possibilities:
(i) Kx is very ample. Then X embeds as a plane curve of degree 4.
(i) Kx is not very ample. Then X is a hyperelliptic curve, and it embeds as a
(2,4) divisor in P}, x Pj.
Proof of Proposition 20.23  We still need to check the last part of the above theorem, namely
that every hyperelliptic curve arises as a curve of type (2, 4) on the quadric surface P}, x P} <
P,
Write F' for the divisor inducing the degree 2 morphism X — P}. We first claim that
Kx ~ 2F. Since both divisors have degree 4, it suffices to show that K x — 2F' is effective.
Note that in any case h°(X,2F) > 3, as the sections x3, rox;, z? are linearly independent
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20.8 Curves of genus 3 407

(they are pullbacks of independent sections from T'(P}, Op: (2)) and the pullback map is
injective by Exercise ??). Then applying Riemann—Roch to the divisor D = 2F', we get

RO(2F) —h°(Kx —2F) =4+1-3 =2,

from which we find that h°(Kx — 2F') # 0, as desired.

We next look for a base-point divisor D of degree 4. This is the divisor which will induce
the “first projection’ X — P}, once we have established that X is a (2, 4)-divisor. We will
find points P, ..., P; so that the divisor D = P, + - - - + P, satisfies

() h°(D) =2

(i) D is base-point free.

(iii) D — F is not effective.
In fact, there is a Zariski open set U < X (k) x X (k) x X (k) x X (k) so that these
conditions are satisfied for every (P, Py, P3, P;) € U.
Let us start with the condition (i). Note that by Riemann—Roch, we have

(D) —h°(Kx —D)=4+1—-3=2

Note that Ky — D has degree 2g — 2 — 4 = 0, so Kx — D is a divisor of degree 0. This is
effective if and only if Kx ~ D. Note that in selecting the points Py, P, P3, P, we have 4
dimensions of freedom, whereas there is only a 2-dimensional space of canonical divisors
| K x|, therefore most divisors P; + P, + P53 + P, will not be a canonical divisor.

To argue a little bit more rigorously, note that K x is base-point free, so h° (K y — P;) will
be be equal to 3 — 1 = 2 for all points ;. The divisor Lx — P, has at most finitely many
base points, so h’(Kx — P, — P») = 1 for most points P,. Continuing subtracting points
like this, we see that K x — P, — P, — P; — P, is not effective, and hence the claim (i) holds.

We can use a similar argument to show (ii). We need to show that

R (D—P)=h"(D)—1=degD+1-3-1=1

for every point P. Suppose this is not the case, and let P be a base point of D). Since
D = P, + P, + P; + P, we may suppose that P = P,. By Riemann—-Roch, we are done if
we can show that h°(Ky — D+ P) = 0. Notethat Kx — D+ P = Kx — P, — P, — P.
There is a 3-dimensional space of effective divisors of the form P, + P, + P35 for points
P; € X, but only a 2-dimensional linear system of effective canonical divisors | K x|. Hence
Kx — D + P is not effective.

Finally, to see (iii), write F' = @)1 + ()5 for the degree 2 divisor on X. When defining
the divisor D, we may assume that the points P; are choosen so that (Q; will not be a base-
point of D and @, will not be a base-point of D — @;. Therefore h°(D — ;) = 1 and
h°(D — @, — Q2) = 0,and so D — F is not effective.

We therefore have two morphisms: f: X — P} and g: X — P} (induced by D). By the
universal property of the fiber product, this gives a morphism

¢=(fxg): X — P x; Py

We claim that this is a closed embedding.

Let F' = P + @ be the divisor which induces f.

Next, we claim that D+ F' is very ample. This divisor is base-point free of degree 2+4 = 6
and h°(D + F) = 6 + 1 — 3 = 4 (there is no h! because 6 > 2g — 2).
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We can see the sections of H(X, Ox (D + F')) as follows. Write H°(F') = {x¢, z1)
and H°(D) = {yo,y1). As F is base-point free, the Koszul complex on zg, z; gives the
following exact sequence:

0— Ox(D—F)— Ox(D)?— Ox(D+F)—0 (20.6)

Note that H°(D — F') = 0 by item (iii). Then H'(D — F') = 0 as well, by Riemann-Roch.
This implies that the multiplication map H°(Ox(D))* — H°(Ox (D + F')) which sends
(s,t) to oS + x1t, is an isomorphism. Hence

H°(D + F) = {xoyo, Toy1, Z1Yo, T1Y1)- (20.7)
Now, to show that D + F'is very ample, we need to show that
(X, D+F—-p—q)=h"(D+F)—-2=2

for any pair of points p, ¢ € X. By Riemann—Roch again, we can conclude if we know that
h°(Kx — D — F +p+ q) = 0. Butsince Kx ~ 2F, we have

Kyx—-D—-F+p+q~F—-D+p+gq

These are divisors of degree 0, so if this is effective, we must have D — F' ~ p + q. But this
contradicts item (iii) above.

Therefore, D + F'is very ample, and embeds X into ;. By (20.7), the image of X lies
on the quadric surface ugus — ujuy = 0. Hence X — PP factors via the Segre embedding
X — P}, x;, P — P}. Hence we may view X as a divisor X < P}, x,, P;. By construction,
the two projections to ;. are given by the sections of D and F. This means that X has
bidegree (2, 4) as a divisor on P}, X, P}.

O

20.9 Curves of genus 4

Recall that curves of genus g > 2 split up into two disjoint classes, the hyperelliptic curves,
which admit a degree 2 morphism to [P+ ; and the canonical curves, where K x is very ample.
Here are two examples of genus 4 curves in P, x, P}.

Example 20.24. Consider a type (2, 5) curve C' on Q < P3. Then C has degree 7 = 2 + 5
and C is hyperelliptic (because of the degree 2 map coming from projection onto the first
fact p; : Q — PY). A type (3,3) curve on Q@ is also of genus 4. It is a degree 6 complete
intersection of () and a cubic surface. A

Let us try to classify curves X of genus 4. If X is hyperelliptic, then a very similar
argument to the one in the previous section shows that X embeds as a (2, 5)-divisor in
P} x; Pt

So we may assume that K x is very ample. This means that Ky defines an embedding
¢: X — Pi% = ¥ and the degree of the embedded curve is deg Ky = 2g — 2 = 6.

What are the equations of X in P} ? To answer this, we use a very powerful technique in
curve theory, namely combining Riemann—Roch with the sheaf cohomology of projective
space.
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Twisting the ideal sheaf sequence of X by O]p:Sk (2) and taking cohomology gives the exact
sequence

0 — H°(P;, Ix(2)) — H"(P}, O (2)) — H*(X, 0x(2)) — -
Note that Ops (1) = Ox (K x ). Applying Riemann-Roch to the divisor 2K x, we get
h(Ops(2)|x) = deg2Kx + 1 — g+ h'(Ox(2Kx)) =12+ 1 -4 =09.

(Note that h'(Op:(2)|x) = h'(2Kx) = h°(—Kx) = 0, as —Kx has negative degree).
Since h?(P}, Ops(2)) = 10, it follows that the map H®(Ops(2)) — H°(Ox(2)) must
have a nontrivial kernel, and so h° (P}, Zx(2)) > 0.

The conclusion is that X lies in some surface of degree 2, say Q < P is defined by
q € k[zo,x1, 22, x3]. Note that X does not lie in a plane (then X could not have genus
4). This implies that ¢ must be irreducible. So X lies on either a singular quadric cone
V (zoxy — x2) or the nonsingular quadric surface V (zox3 — 125). The quadric surface @
is moreover unique, as if X < Q) n @', and so X would have degree < 4.

What about cubics in Ix? Of course xyq, . . ., x3q give a 4-dimensional space in [x =
H°(P},Zx(3)). We next consider the sequence

0— H(Ox(3)) = H°(Op2(3)) > H(Ox(3)) — -

We have h°(P}, Ops(3)) = 20, and h°(X,Ox(3)) = 15 by Riemann-Roch. Hence

h°(Ox(3)) = 5, and we find that there is a cubic ¢ € k[xg, Z1, 22, 23] which is not in

the span of zoq, . .., £3q, hence ¢ ¢ (q). Note that V' (g, ¢) is a 1-dimensional subscheme of

degree 6 containing X as a component. As X is also of degree 6, we must have X = V' (g, ¢).
This proves the following theorem:

Theorem 20.25. Let X be a nonsingular curve of genus 4. Then either
(i) X is hyperelliptic (in which case X embeds as a (2, 5)-divisor in P* x P');
or
(i) X =V(Q) n V(C) is the complete intersection of a quadric surface and a
cubic surface in ;.

There are further classical results about the canonical embedding for genus > 3.

Theorem 20.26 (Enriques—Petri). Let X be a nonsingular non-hyperelliptic curve of
genus > 3. Then the image of the canonical emedding X — P9~! is defined by quadratic
equations unless:

(i) X is trigonal, i.e., birational to an affine curve of the form y* = p(x).

(ii) X is isomorphic to a curve of degree 5 in IP%.

20.10 Exercises

Exercise 20.10.1. Let X be a nonsingular quasi-projective curve over an algebraically closed
field k. Show that if I'(X, Ox) # k, then X is affine. HINT: Embed X in a projective
nonsingular curve X and consider divisors supported on the closed subset X — X.
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Exercise 20.10.2. Consider the relation D < D’ on divisors such that D — D’ is effective.
Let D be a divisor of maximal degree such that H'(X, Ox (D)) # 0. Show that D is a
canonical divisor, i.e., D ~ Kx.

Exercise 20.10.3. Let f: X — Y be a non-constant morphism of curves. If D is a divisor

onY, show that h°(X, f*Oy (D)) = h°(Y, Oy (D)).

Exercise 20.10.4 (Riemann—Roch for higher rank). Let X be a nonsingular projective curve
and let £ be a locally free sheaf of rank r. Show that

X(X, &) = deg(det &) + rx(Ox) (20.8)

Exercise 20.10.5 (Liiroth’s theorem). Let X be a nonsingular proper curve over an alge-
braically closed field k and let f: P, — X be a non-constant morphism. Show that X is
isomorphic to IP}.

Exercise 20.10.6. Find an example of an O xy-module F of finite type so that the equality in
(19.27) is not true if we replace H' by H".

Exercise 20.10.7. Let X < P? be a plane curve of degree < 3. Show that the automorphism
group of X is infinite.

Exercise 20.10.8. Let X < IP? be a plane curve of degree 4. Show that any automorphism
¢ : X — X is induced by a linear transformation P? — P%. Deduce that the general plane
quartic has trivial automorphism group.

Exercise 20.10.9 (Curves of genus 5). a) Let X be a complete intersection of 3
quadric hypersurfaces in P}. Show that X is non-hyperelliptic of genus 5.
b) Conversely, show that any non-hyperelliptic curve of genus 5 is contained in
the intersection of 3 quadric hypersurfaces Qo N Q1 N Q5 in P}.
c) * Show that there exist non-hyperelliptic genus 5 curves which are not complete
intersections of 3 quadrics (it can happen that )y N ()1 N () has dimension
= 2).

Exercise 20.10.10 (Curves of genus 6). Show that the following varieties define genus 6
curves:

a) A degree 5 curve in P}

b) A (2,7)-divisor in P}, x Pj}.

c) A (3,4)-divisor in P} x P;.

d) * Show that the classes of curves constructed in a), b), ¢) are disjoint.
Exercise 20.10.11. Let X be a smooth hyperelliptic curve of genus g. Show that if f: X —

PP} is a finite morphism of degree at most g, then f factors via the degree 2 covering
o: X — P}. HINT: Consider amap X — P} x;, P;.

Exercise 20.10.12 (Curves of degree 3). Let X < [P} be a nonsingular curve of degree 3.
Show that X has genus < 1 and is either a twisted cubic or a plane cubic.

Exercise 20.10.13 (Curves of degree 4). Let X < P} be a nonsingular curve of degree 4.
Show that X has genus 0, 1 or 3. Find a projective models in each case.

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

20.10 Exercises 411

Exercise 20.10.14 (Hyperelliptic curves). Let X be a hyperelliptic curve of genus g, that is,
admitting a base-point free divisor D of degree 2.
a) Show that if ¢ > 2, then D is unique up to linear equivalence, and that
Kx ~ (g — 1)D. POSSIBLE HINT: If f,g: X — P are two degree 2
morphisms, consider a point P € X such that f~!(f(P)) = P + Q and
g Yg(P)) = P+ Q for P,Q,R € X distinct. Then consider the divisor
P+Q+R.
b) Show thatif g = 1, then X contains infinitely many such divisors D which are
non-linearly equivalent.

Exercise 20.10.15. Let X be a curve over a field k and let F be a sheaf on X. Show that
H (X%, q*F) ~ H(X, F)®y k for all i, where ¢: X3 — X is the base change morphism.

Exercise 20.10.16 (Trace map). Let f: X — Y be a finite morphism of nonsingular
projective curves. Show that there is a natural map Tr: f,Ox — Oy which splits the usual
map f*: Oy — f,Ox. Deduce that

[+O0x =0y ®E
for some locally free sheaf £.

Exercise 20.10.17. a) Let f: X — Y be a domninant morphism of nonsingular

projective curves. Show that g(X) > ¢g(Y) HINT: Apply Exercise 20.10.16.

b) (Liiroth’s theorem): Let f: P} — X be a dominant morphism of nonsingular
projective curves. Show that X ~ Pj.

Exercise 20.10.18 (Fermat’s Last Theorem for polynomials). As an application of Exercise
20.10.17, show that if n > 3, there are no non-constant polynomials P, @), R € k[t] such
that

P"+Q" = R".

What happens when n = 1 or 2?
HINT: Construct a morphism to a Fermat curve in 2.
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Some results from Commutative Algebra
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414 Some results from Commutative Algebra

A.1 Operations on ideals

If Aisaringand S < A is subset, the ideal generated by S is defined as the ideal
{ays1+---+a.s,. | reNya; € A,s; €S}

For a collection of ideals {a;};c;, the sum ) ,_, a; is defined as the ideal generated by finite
sums a;, + -+ + a; where a;; € a;,. This is the smallest ideal containing all the a;. In
particular, for two ideals a and b, the sum a + b consists of sums a + b where a € a, b € b.

If a1,...,a, are ideals, the product ideal a; - - - a, is the ideal generated by products
a, - - - a,, where a; € a;. There is always an inclusion

A -0, S a; N - N ap.

By the next result, this is an equality if the ideals are pairwise coprime, that is, a; + a; = (1)
for each ¢ # j.

Theorem A.1 (Chinese remainder theorem). Let aq,...,a, < A be a collection of
ideals which are pairwise coprime. Then the homomorphism ¢: A — H?:l AJa; is
surjective, and

Ker@:alm...man:al...an,

A/ﬂ a; >~ HA/ai.

The radical of an ideal a is defined as

giving an isomorphism

Va={al|a"€aforsomene N}
If a and b are two ideals, we define the ideal quotient as the ideal
(a:b)={acA|abca}l.

If z € A, the ideal (0 : x) is sometimes called the annihilator of x.

An element a € A is called a zero divisor if there exists a nonzero b € A such that ab = 0.
It is a unit if there exists a b with ab = 1. a is nilpotent if a” = 0 for some n € N. a is
irreducible if it is not a unit and @ = xy implies that = or ¥ is a unit.

An A-algebra is a ring B equipped with a ring map ¢: A — B. For instance, B =
Alzxy,...,x,] is an A-algebra. B is said to be finitely generated if it is isomorphic to one of
the form Az, ..., x,]/a for some ideal a ¢ Afxy, ..., z,].

The ring map ¢ allow us to multiply elements of B with elements of A, by defining
ab = ¢(a)b. For this reason, it is common to suppress ¢ from the notation.

A.1.1 Prime ideals. An ideal p is prime if xy € p implies either x € p or y € p. This is
equivalent to saying that A/p is an integral domain.
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A.2 Some field theory 415
A.1.2 Ideals in quotients. For an ideal a of A, there is a one-to-one correspondence
{Ideals in A/a} < {Ideals in A containing a} (A.1)

Letm: A — A/abe the quotient map. If b A is an ideal containing a, then 7(b) = b/a
is an ideal of A/a. Conversely, if .J is an ideal of A/a, then 7~ *(.J) is an ideal containing
a. These operations are inverse to each other, as (7~ !(J)) = J and 7' (7 (b)) = {a €
A}m(a) em(b) =b+a=b.

This correspondence preserves inclusions: if a € b < ¢, then b/a < ¢/a,and if [ < J <

Ala, thenm= (1) c 7= 1(J) < A.

A.1.3 Prime ideals in quotients. The correspondence (A.1) also gives a bijection between
the prime ideals of A/a and the prime ideals containing a. This follows because b is prime if
and only if A/a is an integral domain, and A/b = (A/a)/(b/a) is an integral domain if and
only if b/a is prime in A/a.

A.2  Some field theory

A field extension K /k is a ring map k — K between two fields. The degree of the field
extension is defined as the dimension of K as a k-vector space; this number is denoted by
[K : k].If k > K — L is a sequence of field extensions, then [L : k| = [K : k][L : K].

We say K /k is called finite if K is finite-dimensional as a k-vector space. It is called

fintely generated if there exist elements ay, ..., a, € K so that K = k(ay,...,a,). Here
k(ay,...,a,) denotes the field extension generated by the a;, i.e., the field of fraction of the
ring k[aq, ..., a,].

An element @ € K is called algebraic over k if it satisafies a polynomial equation
P(a) = 0, where P has coefficients in k. The field extension K /k is said to be algebraic, if
every element of K is algebraic over k. K /k is called transcendental if it is not algebraic.
K /k is purely transcendental if there exists an algebraically independent collection of
elements {x; };cr such that K = k((z;);cr). An extension is finite if and only if it is algebraic
and finitely generated.

A field k is called algebraically closed if k — L algebraic implies that k = L. If k is a
field, we call a field extension K /k an algebraic closure if it is algebraically closed, and for
any other extension k — L where L is algebraically closed, there is a map of k-algebras
K — L. The algebraic closure is unique up to isomorphism (of k-algebras).

A.2.1 Transcendence degree. If K /k is a field extension, a set of elements a4, ..., a,
from K is said to algebraically independent over k if there are no polynomial relations
between them, i.e., P(ay, ..., a,) # 0 for every polynomial P € k[ty,...,t,]. Equivalently,
the map ¢; — a; defines a k-algebra isomorphism k[t1,...,t,.| ~ k[ai,...,a,]. Likewise,
one says that a possibly infinite subset S — K is algebraically independent if any finite
collection of (distinct) elements of S'is algebraically independent.

A transcendence basis for K over k is a maximal algebraically independent set S < K. If
aiy,...,a, are algebraically independent, they form a transcendence basis if and only if the
field extension k(aq, ..., a,) c K is algebraic. One can prove that all transcendence bases
have the same cardinality. This common cardinality is called the transcendence degree of K
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416 Some results from Commutative Algebra

over k and is denoted by trdeg, K. In general, the transcendence degree may be infinite,
but for finitely generated field extensions, it will always be finite. Note that if A — B is an
extension of integral domains with B of finite type over A, then the associated extension
K(A) ¢ K(B) will be a finitely generated field extension with a finite transcendence
degree.

If Kk € K < L are fields, and {a, };c; is a transcendence basis for K /k and {b,};c; is
a transcendence basis for L/K, then {a;, b;}cs jes is a transcendence basis for L/k. In
particular,

trdeg, (L) = trdeg, (K) + trdeg, (L).

A.2.2 Separable extensions. A field extension K /k is called separable if every algebraic
element K over k is a root of a separable polynomial over k, that is, a polynomial whose
roots are distinct in an algebraic closure of k. Equivalently, K /k is separated if for every
field extension k — L, the tensor product K &y, L is reduced.

o A field extension of characteristic 0 is always separable.

o In characteristic p > 0, an extension is separable if and only if the formal derivative of
every irreducible polynomial is non-zero.

e Every purely transcendental extension is separable.

A field k is said to be perfect if every irreducible polynomial over & has no repeated root in
any field extension K / k. Any field of characteristic 0, such as Q, R, or C, is perfect. If k has
characteristic p, k is perfect if and only if every element of k is a p-th power.

Example A.2. Examples of perfect fields include: Any field of characteristic 0, such as Q, R,
or C; finite fields, since any finite field of characteristic p is closed under taking p-th powers;
and algebraically closed fields, by virtue of having no proper algebraic extensions. A

As in the definition of an algebraic closure, we define the separable closure and perfect
closure of a field. These are again unique up to isomorphism.

A.3 Modules

An A-module M is said to be free if M ~ A’, where I is an index set and A’ = P,_, A.
The rank of M is defined as the cardinality of I.

A.3.1 Finiteness conditions. )/ is said to be finite if M ~ A™ for some n > 0.
M is finitely generated, or of finite type if there there are finitely many elements m, ..., m,,
which generate it as an A-module, that is, there is a surjective map of A-modules A™ — M.
M is of finite presentation if there is an exact sequence

A" - A" > M — 0

for some integers m,n = 0.
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A.4 Localization 417

A.3.2 Composition series. An A-module M is called simple if it is nonzero and its only
submodules are 0 and M itself. Equivalently, M ~ A/m for some maximal ideal m.

If M is an A-module, then a compostion series is a chain of submodules 0 = M,
M, c My < --- < My = M such that M, /M, is simple forany i = 0, ..., s—1. Given
a compsition series, the quotients M; 1 /M; are uniquely determined up to isomorphism. We
define thelength of M, length(M) to be the length s of a composition series.

The length is additive on exact sequences.

A.3.3 Torsion. If M is an A-module, we define the torsion submodule of M as the sub-
module My = {m € M | am = 0 forsomea e A — 0}. M is said to be rorsion free if
the torsion submodule is zero.

A.4 Localization

A nonempty subset S of a commutative ring A is called a multiplicative set if it is closed
under multiplication and contains the identity element of A.

The localization of A with respect to a multiplicative set S, denoted S~! A, is the set of
fractions a/s with a € A and s € S. There is a well-defined addition and multiplication
making S~! A into a ring. Formally, S~! A is constructed by definiing an equivalence relation
on A x Sby (a,s) ~ (a,s') if there exists an element ¢ € .S such that t(as’ — a’s) = 0 in
A. The elements of S~ A are denoted by a/s or 2.

There is a canonical localization map

p: A— ST'A x> /1

which makes S~ A into an A-module. The kernel of p consists of those elements which are
annihilated by some element of 9, i.e., sx = 0 for some s € S. In particular, the map p is
injective if A contains no zerodivisors.

The localization S~' A is the zero ring if and only if 0 € S (if 0 € S, then a/s = 0/1 by
definition).

If M is an A-module, one also defines a localization S~ M as the set of fractions m/s,
form € M, s € S, using the equivalence relation (m, s) ~ (m/,s’) if t(ms’ —m's) =0
in M. As above, there is a canonical localization map p: M — S~'M. Also, S™'M is
naturally an S~! A-module.

The localization S~' A and the map p satisfies the following universal property: For every
A-module N and any ring map f: A — B such that f(s) € B is invertible for all s € S,
there exists a unique map of rings g: S~* A — B making the following diagram commute:

A L: B
@l e (A2)

S1A
The map g is uniquely determined by g(m/s) = f(m) - f(s)"' forallm € M and s € S.

Example A.3. The first prototype example is when S = A — p for a prime ideal p. In this
case the localization S™' A is denoted A,. The ring A, is a local ring with maximal ideal
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418 Some results from Commutative Algebra

pA,. The elements in A — p become units in A, and every non-unit in A, is in the maximal

ideal pA,. A

Example A.4. The second prototype example is when S = {1, f, f2,...} for some f € A.
In this case the localization S~' A is denoted A ;. Elements of A are of the form a/ f™ where
a € Aandn > 0. The map Y, a,t" — >, a, f~" induces an isomorphism A[t]/(1 — ft) ~
Ay A

The functor M — S~ M has excellent properties. It is exact, and commutes with direct
sums, direct limits, and tensor products.

If p is a prime ideal, and f ¢ p, then there is a canonical localization map A; — A,. The
localizations A ; form a directed system as f runs over the set of elements in A — p and there
is an isomorphism

li_H)l Af — Ap.
feA—p
A.4.1 Ideals in localizations. Let S — A be a multiplicative set. If @ < A is an ideal
such that S na # ¥, then S~'a = (1) in S~ A. Hence the ideals that intersect S map to
non-proper ideals in S™* A.
For prime ideals, there is a one-to-one correspondence

{Prime ideals P in S~ A} «— {Prime ideals p in A withp N S = &} (A.3)

The correspondence sends P < S~ A to p~!(P), and the inverse is given by p — S~ 'p.

These maps are mutual inverses. For a prime ideal P in S~ A, we have S~p~!(P) = P.
Indeed, a/s € P<a/l€ P<ac p '(P) < a/s € S~ (p~(P)). On the other hand,
if p is a prime ideal in A such thatp N S = ¢, then p~!(S~'p) = p. The ‘O’-inclusion is
clear. Conversely, if a € p~'(S~'p), then a/1 € S~'p, so there exists ¢ € S such that ta € p.
Sincep NS = &, t ¢ a, therefore a € a.

A.4.2 Radicals and intersections. For an ideal a — A, we have

Va={p. (A4)

acp

Indeed, if f € 4/a, then f" € a for some r € N. Therefore, /" € p for every p that contains a,
which implies f € p.

Conversely, if f” ¢ a for every 7 € N, then A; # 0 and the localized ideal a; is a proper
ideal in A . Taking the preimage of any maximal ideal in A containing a;, we get a prime
ideal p © A such thatp D aand p N {1, f, f%,...} = . But then f does not lie in the
intersection of the right-hand side of (A.4).

A.4.3 Local rings. A ring A is called local if there is exactly one maximal ideal in A.
If A is aring and m is an ideal, the following are equivalent:
(i) Aisalocal ring and m is the maximal ideal
(i) All elements in A — m are units
(ii1) m is maximal, and every element of the form 1 + = where x € m is a unit.
Fields are local rings (with maximal ideal (0)). Other examples include discrete valuation
rings and localizations A, (with maximal ideal pA,.)
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A.5 Tensor products 419

A.4.4 Integral domains. If A is an integral domain, we let K = K (A) be the fraction
field, i.e., the localization S~ A where S = A — {0}. Then A < K and via the map
a — a/1. Moreover, the various localizations A, A, and A, lie as subrings of K.

p

Lemma A.5. Let A be an integral domain. Then
A=()An

where the intersection is taken over all maximal ideals of A.

Proof The containment A < () A, is clear. Conversely, let f € K be an element which
lies in all the localizations A,,. Consider the ideal I = {a€ A |af € A}.If I = (1), then
lel,ie., f e A,soweare done. If I is a proper ideal, it is contained in a maximal ideal m.
But then f cannot be contained in A, because otherwise there would exist some s ¢ m such
that sf € A and hence A € I, which contradicts the maximality of m. O]

A.5 Tensor products
Let M and N be two A-modles. We define the tensor product M ® 4 N as the quotient of

the free module AM*N with basis (e, ,,) modulo the relations
€mi+man — €min T €myn = 0
Cmni+ns — Cmny, T Emng, = 0
€amn — Emyan = A€mn — €amn = 0

forallme M,n e N, a e A. We write m @ n for the class of e, , in M ®4 N.

The assignment (m, n) — m®4 n defines map y: M x N — M ®4 N which is bilinar
as a map of A-modules. It satisfies the following universal property: for any bilinear map
¢: M x N — P, there is a unique map ¢: M ®4 N — P sothat ¢ = ¢o .

Example A.6. If A and B are k-algebras over some field k, then A ®,, B is a ring via the
multiplication rule (a ® b) - (¢’ ® B’) = (aa’ ® bl'). As such, it is naturally a k-algebra
via the map k — A ®;, B sending x — x(1 ® 1). If R is another k-algebra, the universal
property says that there is a bijection

Homy (A ®x B, R) = Homy (A, R) x Hom, (B, R).

A.6 Basic formulas

In the formulas below, M, N, L denote A-modules; S < A is a multiplicative set; and p is
a prime ideal of A. Each equality ‘=" between two modules means that there is a canonical
isomorphism between them.

A.6.1 Localization identities.

(i) STY(M/N)=S"'M/S™'N
(i) If M is finitely presented: S~ Hom 4 (M, N) = Homg-14(S™'M,S™'N).
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420 Some results from Commutative Algebra

A.6.2 Tensor product identities.
(i) AQa M =M
(i) M@ N=N®@aM
(i) M @4 (N®4P) = (M®,N)®4 P
(V) (Dye; Mi) ®a N = (D) M; ®a N)
(V) M ®4 AJa = M /aM for every ideal a < A.
(vi) If A — B is a ring map, and P is a B-module, then there is a canonical
isomorphism of B-modules

M®s(N®pP)=(M®sN)®g P.

(vil) Homa(M ®4 N, P) = Hom4(M,Hom(N, P)).
(viii) ST'M = M ®4 S7'A.
(ix) ST (M ®aN)=85"'"M®g-14S"'N.
(x) If A = kis afield, dimy, (M ®; N) = (dimy M) - (dimy N).
(xi) If f: A — B is aring map and M, N are B-modules, then M ®p N =
M ®4 N.

A.6.3 Exactness properties. If 0 — M’ — M — M"” — 0 is an exact sequence, then
0— S 'M — S 'M—S'M -0
is exact for every multiplicative set S

0 - Hom(L, M') - Hom(L, M) — Hom(L, M")
0 - Hom(M"”, L) — Hom(M, L) — Hom(M', L)

are exact for every A-module L; and
MXUN->MIN-—->M QN -0

is exact for any A-module V.

Proposition A.7.

(i) For an A-module M, M = 0 if and only if M,, = 0 for every maximal
ideal m.

(ii) A sequence of A-modules 0 — M’ — M — M" — 0 is exact if and only
if the induced sequence 0 — M — M,, — M — 0 is exact for every
maximal ideal m.

(iii) A map of A-modules ¢: M — N is injective (resp. surjective) if and only
if o1 My, — Ny, is injective (resp. surjective) for every maximal ideal m.

A.6.4 Finitely presented modules and Hom. We say that a module M is finitely presented
if there is an exact sequence

AT — AP - M — 0. (A.S)

If A is Noetherian, then any finitely generated module finitely presented.
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Proposition A.8. If )M is finitely presented, then Hom 4 (M, —) commutes with local-
ization. That is, there is an isomorphism of S~ A-modules

S~ Homy (M, N) —> Homg-14(S™'M,S™'N) (A.6)

Proof The isomorphism is defined as follows: sending ¢: M — N to the S~' A-linear
map m/s — ¢(m)/s, defines a map of A-modules

Hom 4 (M, N) — Homg-14(S™'M,S™'N)

Since multiplication by an element s € S is an isomorphism on the A-module on the right,
the map extends to a map (A.6).

For M = A, wehave Hom 4 (A, N) = N and (A.6) is the isomorphism S~! Hom 4 (A, N) =
§'N — Homg-1,4(S7'A,S'N) = S~ N. More generally, it is an isomorphism for any
M = AN, N eN.

The map (A.6) is functorial in M. Applying Hom 4 (M, —) to (A.5), we get the following
commutative diagram:

0 ——— S7'Homuy(M,N) ———— S 'Homy (AP, N) ——— S~ 'Hom, (A%, N)

| | |

0—— HOms—lA(S71AL SilN) e HOms—lA(SilAp,SilN) e HOms—lA(SilAq,SilN)

The two right-most vertical maps are isomorphisms (as shown above). By the five lemma, the
left-most vertical map is an isomorphism as well. O

A.7 Change of rings

For a ring map ¢: A — B, there are three natural operations on modules. Here M is an
A-module, and N is a B-module:

o /M = M ®4 B is the induced B-module.
e 0. M = Homu (B, M) is the coinduced module.

o "N = N, is the module formed by restriction of scalars, i.e., N but viewed as an
A-module.

These form adjoint functions, in the sense that there are natural bijections

Homy (¢ M, P) — Hompg(M, ¢p* P) (A7)
defined by sending £: M ®4 B — Ptom +— {(m® 1); and

Hom (¢* P, M) = Homp (P, ¢, M) (A.8)

sending ¢: Py — M to h: P — Hom4 (B, M) defined by h(p) = (b+— £(b- p)).
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A.8 Nakayama’s Lemma

Lemma A.9 (Nakayama’s lemma, local version). Let A be a local ring with maximal
ideal m, and let M be a finitely generated module. If mM = M, then M = 0.
Proof Assume M # 0, and let my,...,m,, T > 1, be a minimal set of generators for M.
As M = mM, we may write m,. as a linear combination of the form m,. = aym; + --- +
a,m, for some a; € m. This means that (1 — a,.)m,. = aymy + -+ - + a,_1m,_,. However,
1 — a, is a unit in A, so this relation allows us to express m,. in terms of My, ..., M,_1,
contradicting the minimality assumption on my, . . ., 7M. O

Corollary A.10. Let A be alocal ring, and let ¢: M — N be map of finitely generated
A-modules, such that M /mM — N/mN is surjective. Then ¢ is surjective.

Proof If M /mM — N/mN is surjective, then N = (M) + mN. Hence
m(N/p(M)) = (mN + ¢(M))/o(M) = N /o(M).

Applying Nakayama’s Lemma to N /@(M), we get that N /(M) = 0, so ¢ is surjective.
0

The above result can be helpful also in the case A is not local, as by Proposition A.7, a
map of A-modules ¢: M — N is surjective if and only if the localization ¢, : My, — Ny
is surjective for each maximal ideal m.

A.9 Cayley—-Hamilton Theorem

Theorem A.11 (Cayley-Hamilton). Let A be aring, a A an ideal and let M be a
finitely generated A-module. Let ¢: M — M be an A-module homomorphism with
©(M) < aM. Then there exists a monic polynomial

"+ a, 12"+ 4 ag € Alz]
with ag, ..., a,_1 € a such that
©" 4+ an_ 1"+ -+ apid = 0 € Homu (M, M),

Here ¢° denotes the composition of ¢ with itself ¢ times.

Let T' = (bij)1<i,j<n be an (n X n)-matrix with entries in A, and let 7}, be the (n x n)-
matrix obtained by deleting row ¢ and column j. The adjugate of 7" is the matrix adj(7") =
(¢ij)1<i,j<n, Where

¢y = (1) det(Ty,).

The adjoint matrix has the property that 7" - adj(T") = adj(T') - T' = det(T)I,,, where I, is
the (n x n) identity matrix. This follows by the cofactor expansion of the determinant.

Proof Letmy,...,m, be generators for M. By the assumption on ¢, we have p(m;) €
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aM foralli = 1,...,n. Therefore, for each ¢, we may express
p(mi) = Y biymy
j=1

for some elements b;; € a. Next, consider M as a module over the ring A[x] by setting
x'-m = ¢'(x) forall m € M.If I denotes the n x n identity matrix, and 7" = (b;;), then
the above equation can be written as

my
(2l =T)-| : |=0
My,
If we multiply both sides by the adjoint matrix of (xI — T'), we obtain
my
det(xl =T)-1-| : |=0
my

Let P(x) be the monic polynomial det(xI —T'). Then P(x) anihilates all the m;, and hence
P(¢) acts as the zero endomorphism on M. By the Laplace expansion of the determinant,
we also see that the coefficient of 7 of P belongs to a’. O

A.10 Integral Extensions

Let A — B be rings, and let b € B. We say b is integral over A if it satisfies a monic
polynomial relation

" 4 a1 b" P+ +ab+ay =0, a;€A.

Theorem A.12. Let A — B, and let b € B. The following are equivalent:
(i) bis integral over A.
(i) A[b] is a finitely generated A-module.
(iii) There is a ring C' with A[b] € C' < B such that C is a finitely generated
A-module.

N

Proof (i) = (ii): If b is integral, we can write b* = —(a;_1b*~1 + - + ay), and therefore
we may express every higher power

bk+m _ (ak_lkarmfl R (Iobm).

in terms of b’ for i < k + m. This gives that 1,b, ..., 0"~ " generate A[b].

(ii) = (iii): Take C' = A[b].

(iii) = (i): Applying the Cayley—Hamilton theoremto M = C,a = Aand ¢p: M — M
given by multiplication by b, we get that ¢ satisfies an integral relation with coefficients in A.
Applying this relation to 1 € C, we get that b is integral over A. O

Corollary A.13. Any finite ring extension A < B is integral.

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

424 Some results from Commutative Algebra

Proof Taking C' = B in (iii) in the proposition above, we see that any element b € B is
integral over A. O

For a ring extension A < B, we define integral closure of A in B as the subring
C = {be B | bintegral over A}

If A is equal to its integral closure, we say it is integrally closed in B.

Using Theorem A.12 on can show that The integral closure C' of A in B is itself integrally
closed in B.

An integral domain A is said to be normal if it is integrally closed in its fraction field
K = k(A). In other words, any element z € K which satisfies a monic equation with
coefficients in A, is already contained in A.

Example A.14. The ring Z is normal. More generally, every unique factorisation domain is
integrally closed. A

Proposition A.15. Let A be an integral domain. Then the following are equivalent:
(i) A is integrally closed.
(ii) A, is integrally closed for all prime ideals p — A.
(iii) Ay, is integrally closed for all maximal ideals m < A.

Proposition A.16. Let A — B be rings, and let C' © B be the integral closure of A in
B.Let S © A be a multiplicatively closed subset. Then S~'C < S~!B is the integral
closure of S~'Ain S7'B.

Proposition A.17. Let A — B be an integral extension of integral domains. Then A is a
field if and only if B is a field.

There is a collection of results, the Cohen—Seidenberg Theorems, about prime ideals in
integral extensions. We collect the ones we need in the following theorem.

Theorem A.18. Let A — B be an integral extension of rings.
(i) (Lying-Over) If p prime ideal in A, there is prime ideal q in B so that

gn A =np.

(ii) If g ¢ are prime ideals in B suchthatq n A = q' n A, thenq = ¢'.

(iii) (Going-Up) If p < p’ are two prime ideals in A and q € Spec B with
qn A =p, thereisaq € Spec Bwithq n A =q.

(iv) (Going-Down) Assume that A is integrally closed and that p’ < p are
two prime ideals. If ¢ € Spec B is such that ¢ n A = p, then there is a
q' € Spec B suchthatq' n A = p’.

Proposition A.19. Let A — B be an integral ring extension. Then dim A = dim B.

Proof Letpy S p1 & -+ & ps be a chain of prime ideals in A. By the Lying-Over
Theorem, there is a prime ideal gy B such that qo N A = po. Now B/ is integral over
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A.11 Noetherian rings 425

A/po and py/po is a prime ideal of A/py. Applying the Going-Up Theorem again, we see
that there is a prime ideal qy in B/qq such that q; n (A/po) = p1/po. This ideal must have
the form q; = q,/qo for some prime ideal q; D qo in B. The inclusion q; O ¢ must be
strict, because otherwise we would have p; = pg. Furthermore, q; N A = p;. Proceeding in
this manner, we can produce a chain of prime ideals in B of the same length [, and hence
dim A < dim B.

For the reverse inequality, suppose that qo & q; & -+ S ( is a chain of prime ideals
in B. Define p; = q; N A. Then py < - -- S p, is a chain of prime ideals in A. We claim
that each inclusion p; < ;1 is strict. Given this, we can conclude that dim A < dim B,
complete the proof. Suppose for a contradiction that p; = p; .. It suffices to show that
qi 2 qi41- Let y € q,41. Since B/q; is integral over A/p;, we have an integral relation
Y+ @y 4 -+ @y + @ = 0, and we may assume that n is minimal with this
property. Note that Gy € A/p; = A/p; 41 and @y € q;41/q:, and so @y = 0. But this means
that ("' +---+7%,) = 0. As B/q; is an integral domain, and "' + - - - +@; is non-zero
(by the minimality of n), we must have y = 0, and hence y € q;. 0

The following is a non-trivial result from commutative algebra about the integral closure:

Theorem A.20 (Finite generation of integral closure). Let A be an integral domain,
K = K(A) its fraction field, and let K — L be a finite separable field extension. Let B
be the integral closure of A in L (that is, the elements of L which are integral over A).
Then
(i) If A is integrally closed, then B is a finitely generated A-module
(ii) If A is finitely generated as a k-algebra, then B is a finitely generated
A-module.

The second part does not hold in general: there are non-noetherian rings where the integral
closure is not finitely generated.

A.11 Noetherian rings

A ring A is called Noetherian if every ascending chain of ideals I; < I, < - - - stabilizes,
meaning that there exists n € N such that I,, = I,,,; = - - -. Equivalently, A is Noetherian if
every ideal of A is finitely generated.

Theorem A.21 (Hilbert’s Basis Theorem). If A is a Noetherian ring, then the polyno-
mial ring A[xq, ..., x,] is also Noetherian.

The ring A is called Arfinian if it satisfies the descending chain condition on ideals, which
means that every descending chain of ideals /; © I, O - - - eventually stabilizes, with there
existing some n € NsuchthatI,, = [,,,; = - --

If A is an Artinian ring, then A is also Noetherian and there are only finitely many prime
ideals. In particular, its has Krull dimension zero. Moreover, A is the product of local Artinian
rings. More precisely, the natural map A ~ [ ] » A, is an isomorphism.
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p

Theorem A.22 (Krull’s Intersection Theorem). Let A be a Noetherian local integral
domain with maximal ideal m. Then ),_, m/ = (0).

Proof ' Write J for the ideal ) =1 m?, and let @ € J. We claim that ¢ € m.J, so that
J = mJ. Given this, Nakayama’s Lemma implies that J = 0.

Choose generators 1, ..., T, for the maximal ideal m. Then the ideal m? consists of
elements of the form P(zy,...,x,) where P € A[X4,...,X,] is a homogeneous poly-
nomial of degree d. As a € m? for every d, we may choose homogeneous polynomials
P, Py, e A[Xy,...,X,] sothata = Py(xy,...,z,) for every d. Consider the ideal
(Py, Ps,...) generated by all the P;. As A[ X, ..., X, ] is Noetherian, this ideal is finitely
generated, say by homogeneous elements P, . .., P, of degrees dy, . . ., d,.. In particular, we
may express

PT+1261P1+"‘+CTPT

for some ¢; € A[ X}, ..., X,]. In this relation, we may choose the ¢; to be homogeneous of
degree deg P,.,1 — d; = d + 1 — d; > 0. This means that ¢;(z1, ..., 2,) € m and hence
a=P.(x1,...,2,) = Zci($1,---,$n)Pi($1, ce,Ty) €M ﬂ me.
i d=1
O

In particular, this implies that in a Noetherian ring no nonzero element a € A can lie in all
powers of all maximal ideals.

A.12 Primary decomposition

An ideal q is called primary if xy € q implies that either z € a or y™ € a for some n € N. If
q is a primary ideal, then the radical p = ,/q is a prime ideal; it is the smallest prime ideal
containing q. We say that q is p-primary. If ¢, ¢’ are p-primary, then the intersection g N ¢’ is
also p-primary.

If p is a prime ideal, then any power p' is primary. ¢ = (22, y) is a primary ideal which is
not the power of any prime ideal.

Theorem A.23 (Lasker—Noether). In a Noetherian ring A, any ideal a can be expressed
as a finite intersection of primary ideals:

a=q N---Na, (A9)

The set of prime ideals p; = ,/q; are uniquely determined by a.

J

A decomposition (A.9) is called minimal if the prime ideals /q; are different, and the
decomposition is minimal, i.e., ﬂi 2 i ¢ q, for each j.

Example A.24. Consider the ideal a = (22, 72,7y, yz) of the polynomial ring A =

L This proof follows “Hervé Perdry. An elementary proof of Krull’s intersection theorem”
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A.12 Primary decomposition 427
k[z,y, z]. Then we have two different minimal primary decompositions
a=(z,9) N (2,2) 0 (2,,2)" = (z,y) 0 (z,2) 0 (27,9, 2).
Note by the way that a = (z,y) - (z, 2). A
If q is a p-primary ideal, then we have

e (q:z)=Aifzreq
° (q:z)=qifz¢p
e (q:x)is p-primary if x € q.

Furthermore, there is an element x € A such that p = (q : x). Using this observation, one
shows that the set of prime ideals p; appearing in the decomposition of a is exactly the prime
ideals of the form (q : ) where x € A (in particular, they are uniquely determined by ).
These prime ideals are called the associated primes of a, and the set of these is sometimes
denoted by Ass(a).

The minimal prime ideals p; associated to a (minimal with respect to inclusion) play an
important role: V' (p,) give the irreducible components of the closed set V' (p). The non-
minimal associated prime ideals are sometimes called the embedded components of a.

For instance, in the example above, the associated prime ideals are p; = (z,y) and
p2 = (, ). The prime ideal p; = +/(22,y, z) = (z, vy, z) is an embedded prime.

We will need two results about primary decompositions in localizations.

Proposition A.25. Let A be a Noetherian ring and let S © A be a multiplicative subset.
Let a € Abeanideal,and a = q; N --- N g, be a mimimal primary decomposition
of a with associated prime ideals p; = ,/q;. Assume that the q; are ordered such that
pinS=foreveryi=1,...,sandp; n.S # Ffori =s+1,...,7r. Then
(i) Foreachi = 1,...,s, theideal S~'q; is S~'q;-primary
() STta=_, S 'q
(i) STtan A=_, S 'q.

Moreover, the decompositions in (ii) and (iii) are minimal.

Here S~'a n A denotes the preimage of S™'a via the localization map A — S~ A.

Proof This is Proposition 4.9 in Atiyah (2018). O

Proposition A.26. Let a — A be an ideal with a minimal primary decomposition
a = ﬂ:zl q;, where each g, is p;-primary. Then, for each index ¢ such that p; is a
minimal prime ideal, we have

q; = ad,, N A

In this case, we call q; the p,;-primary component of a.

In particular, the primary components q; corresponding to minimal primes p; are unique
and depend only on a.

Given a Noetherian ring 12, we can use the uniqueness result mentioned above to define the
n-th symbolic power of any prime ideal p = R for n > 1. Consider a primary decomposition
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of p”, and note that p is the only minimal prime ideal of p™. The p-primary component of p”
is unique and given by

p™ = p"R, N R.

This is called the n-th symbolic power of p. Clearly, p" < p(™ and equality p = p(™ holds
if and only if p™ is primary.

A.13 Dimension theory

The Krull dimension of aring A, denoted by dim(A), is the supremum of the lengths n of
chains

POoSPI S S Pn

of distinct prime ideals p; in A. The height of a prime ideal is the supremum of the lengths
of chains of prime ideals contained in p. By the correspondence between primes in A, and
primes contained in p, we have htp = dim A,,.

Example A.27. The Krull dimension of a field is zero. The Krull dimension of Z equals
1. JAN

Example A.28. If p is a prime ideal in a finitely generated k-algebra A, then
dim(A) = dim(A/p) + ht(p).
A

Theorem A.29 (Krull’s Principal Ideal Theorem). Let A be a Noetherian ring and let
f € Abe anonunit. Let p be a minimal prime ideal containing (f). Then either (i) p is a
minimal prime ideal of A; or (ii) the height of p is 1, i.e., the maximal chains in p have
the form py < p. If f is a nonzerodivisor, then

Theorem A.30 (Krull’s Principal Ideal Theorem). Let A be a Noetherian ring and
I =(f1,...,f) aproperideal of A. Then each prime ideal that is minimal among those
that contain [ has height at most 7.

Corollary A.31. Let A be a Noetherian local ring with maximal ideal m and let f € m.
Then

dim(A/(f)) > dim A —1

with equality if f is not contained in any minimal prime ideal of A.

Proposition A.32. If A is a Noetherian ring, then the Krull dimension of A[z] equals
dim A + 1.

In particular, dim k[z1, ..., 2z,] = nand dim Z[xy, ..., x,] =n + 1.
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Proof Here is a proof in the case A = k is a field. The proof goes by induction on n. The
case n = 1 is clear.

Consider an irreducible nonconstant polynomial f in A = k[ty,...,t,]. Asin Lemma A.36,
letu; = t; — t] Then

f(tl, ce 7tn) = f(tl,’LLQ —+ tiq, vy Up + ti)

is a monic polynomial in ¢; with coefficients in B = k[ua,...,u,] € A, and the u;’s are
algebraically independent. By induction dim B = n — 1.

Consider now the algebra A/(f)A. The algebra B maps injectively into A/(f)A: a
polynomial in the kernel depends only on the w;’s, but it also is a multiple of f (which
depends on £1), hence it must vanish. The extension

B A/(f)A

is integral because A/(f)A is generated over B by the class of ¢;, which is integral since f
is monic. The Going-Up Theorem then shows that dim A/(f)A =n — 1.
O

Example A.33. If K /k and L/k are field extensions, then
dim(K ®;, L) = min(trdeg, (K), trdeg,(L)).

A.14 Noether’s Normalization Lemma

We now turn to one of the key results in the theory of varieties, Noether’s Normalization
Lemma, due to Emmy Noether.

Theorem A.34 (Noether’s Normalization Lemma). Let & be a field and let B be an
integral domain which is finitely generated as a k-algebra and let n be the transcendence
degree of the fraction field K (B) over k. Then there are algebraically independent
elements x4, . .., z, € B such that B is finite as a module over k[z1, ..., z,].

J

Noether’s Normalization Lemma is a powerful tool, which allows us to reduce many ques-
tions about k-algebras to statements about the polynomial ring k[z1, . .., z,]. It has many
fundamental results as consequences; in particular, we will obtain Hilbert’s Nullstellensatz as
a corollary.

With only minor modifications, the standard proof of the classical version of the Normal-
ization Lemma yields a more general result, which will be useful for our purposes.

Theorem A.35. Let A — B be two integral domains with B of finite type over A, and
let n be the transcendence degree of the quotient field & (B) over K (A). Then there are
elements x4, ..., x, in B which are algebraically independent over A and an element
f € Asuch that By is a finite module over A¢[xq, ..., z,].

When A is a field, the localization has no effect, and Theorem A.34 follows directly from
Theorem A.35.
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430 Some results from Commutative Algebra

We prove the theorem by induction on the minimal number of generators of A. The key to
the inductive step is the following lemma:

p

Lemma A.36. Let Abearingandlet P € A[ty,...,t,]. Thenif s is a sufficiently large
integer, we have

Pty +t5,. .ty + 15 t,) = g+ t% + (terms of order < dint,,)

where g € A is nonzero.

Proof 1If we replace t; with ¢; + ¢5 fori = 1,...,n — 1 in a monomial ¢{* ...t%", we
get a polynomial in ¢,, of the form t” +(lower degree terms), where N = ¢, + €15 +
€258% + -+ - + e,_15""'. The key observation is that for s sufficiently large, the expressions
entersters’+---+e, 15" willall be different. Indeed, for two n-tuples (ey, . .., €,),
(e],...,€), an equality

Y n
e1+es+ o te,s" =€ +ehs+ -+l st

holds only for finitely many integers s because non-zero polynomials have only finitely many
zeros. Since f has only finitely monomials, we can simply choose s so that no such equalities
take place.

This means that if we expand P(t; + &3, ty +t°, ... t,_y + 5" ) into powers of t,,
there cannot be any cancellation between the leading terms, and so the leading term is of the
desired form gt¥, where g is a non-zero element of A. O

Proof of Theorem A.35 Choose generators wy, . . . , w,, for B as an algebra over A. Then
K(B) is generated as a field over K(A) by the w;’s as well. It follows that m > n =
tr.deg e 4y (K (B)). In the case m = n, the wy, . . . , wy, are algebraically independent over
A, and B = A[wy,...,w,,] is a polynomial ring, so the theorem holds in this case.

If m > n, the elements are not algebraically independent, so there is a non-zero polynomial
P(t1,...,tm) € Alt1, ..., tn] such that P(wy,...,w,,) = 0.Pick an s € N as in Lemma
A.36. Then the polynomial

Qi o, . tm) = Pty + 5 o+ 5, oty + 85 )

i—1

has a leading coefficient g € A as a polynomial in ¢,,. If we define z; = w; — w?, for
i=1,...,m—1,then Q(z1, 22, ..., Zm_1, W) = 0. The polynomial g~ *(@ has a leading
term equal to 1 in t,,, so the localization B, is an integral extension of the subalgebra
B = Az, .., Zm-1].

Now, K(B) = K(B,) is an algebraic field extension of K (B’), so the two fields have
the same transcendence degree over K (A) = K (A,). Moreover, by construction, B’ is gen-
erated by fewer than m elements over A,. By induction, there is an h € A, and algebraically
independent elements 21, . . ., ,, € B’ such that Bj, is finite over Ay, [x1,. .., z,]. Now, g

is invertible in B’, so B}, = By, and taking f = gh, we are done. O

Example A.37. The algebra k[x, '] is not finite over k[x], as it requires all the negative
powers =~ " as generators. However, for any elements a,b of k with ab # 0, the ring
[z, '] is finite over k[ax +bxz]. Indeed, k[x, x~'] is generated by x over k[ax+bx ],
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A.15 Prime ideals in k-algebras 431
and x satisfies the monic equation
T? —a '(ax + bz )T + ba~' = 0.
A

Corollary A.38. Let A be a finitely generated algebra over a field k£ and let m be a
maximal ideal in A. Then A/m is a finite field extension of k.

Proof The field K = A/m is finitely generated as a k-algebra because A is. By Noether’s

Normalization Lemma, K is an integral extension over some polynomial ring k[y1, . . . , ¥,
If » > 1, then K has dimension > 1, which is not possible. Therefore, » = 0, and K is a
finite field extension of k. O

A.15 Prime ideals in k-algebras

Lemma A.39. Let A be an integral domain which is finitely generated as a k-algebra. If

p < A is a prime ideal of height one, then A/p has transcendence degree n — 1 over k.
Proof Assume first that A = k[xy,...,2,]. Then p is a principal ideal, say p = (f), for
some polynomial f € k[zy,...,x,]. After a change of coordinates, we may assume that f
is of the form

f = ad(xl, e 71'77,71)1‘2 —+ -+ ao(.'lfl, v ,l‘nfl)
Consider the polynomial ring B = k[xy,...,z,_1] € A. We have B n (f) = (0). There-
fore, the ring map B — A/p is injective, and the classes of z1, ..., x,_; are algebraically

independent in A/p. On the other hand, by the relation f, the element z; is algebraic over
the fraction field K (B) = k(z1,...,%,_1). Hence tr.deg, (4/p) = n — 1.

For the general case, let B = k[xi,...,2,] < A be a Noether normalization of A.
Applying the Going-Down theorem, we see that the prime ¢ = p N B has height 1 in B. By
the previous paragraph, B/q has transcendence degree n — 1, and so O

A.16 Graded rings

In this book, a graded ring will refer to a ring R which is graded by the non-negative integers,
i.e. a ring which admits a decomposition

R=@R, =R ®R, D
n=0

as an abelian group, such that R,,, - R, < R,, ., for each m,n > 0. Occasionally, we will
also discuss Z-graded rings, where we allow negative degrees as well.

A ring map ¢: R — S between two graded rings R and S is said to be a map of graded
rings if it respects the grading, that is, if ¢(R,,) < S, for all n.

Note that Ry is a subring of R and that R is an algebra over Ry. Moreover, each R, is
an Ry-module. The elements in R,, are said to be homogeneous of degree n, and one writes
degx = n when z € R,,. (By convention, 0 is considered homogeneous of any degree.)
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432 Some results from Commutative Algebra

Every non-zero element = € R can be expressed uniquely as a finite sum « = ), x,, with
z, € R,, and the non-zero terms in the sum are called the homogeneous components of x.

Example A.40. The simplest examples of graded rings are the polynomial rings R =
Alto, . .., t.], with the standard grading where each variable t; has degree 1 and the elements
from A have degree 0. Each graded piece R,, is a free module over Ry = A with the
monomials of degree n serving as a basis. A

An R-module M is graded if it has a similar decomposition M = @ _, M, as an
abelian group and R,,M,, € M,, ., for all n and m. Note that we allow also elements of
negative degrees. A map of graded R-modules is an R-linear map ¢: M — N satisfying
¢(M,) < N, for all n € Z. With this notion of morphisms, the graded R-modules form a
category, denoted GrMod .

As for graded rings, a non-zero element © € M is homogeneous of degree n if it lies in
M,,. Any element = € M may be expressed in a unique way as a finite sum z = )~ x,, with
each x,, in M,,, and the non-zero terms are called the homogeneous components of x.

Most of the familiar definitions for modules carry over to the graded setting. For instance,
the direct sum of a collection of graded modules @), M; is graded in a natural way such
that canoncal inclusions M; < @), M; preserve the grading. Likewise, the kernel and the
cokernel of a map of graded modules are also graded in a natural way.

A sequence of graded modules

0 M’ M M 0,

is exact if it is exact as sequence of ordinary modules. As maps of graded modules preserve
the grading, this is equivalent to saying that each of the sequences

0 M, M, M 0.

are exact (as a sequence of Ry-modules).

Anideal a c R is called homogeneous if the homogeneous components of each element
in a belongs to a. In other words, we may write a = (—Bn a, with a, = an R,,. Anideal a
is homogeneous if and only if it is generated by homogeneous elements (see Exercise 5.4.4).
It is readily verified that radicals, intersections, sums and products of homogeneous ideals
are homogeneous. If a is an homogeneous ideal, the quotient R/a inherits a grading from R
and R/a = @, R,/a,.

A homogenous ideal p is prime if and only if for each pair of homogeneous elements
f,9€ R, fgepimplies feporg e p.

We will write R, for the direct sum
R, which we call the irrelevant ideal.

n~o Ftn- This is naturally a homogeneous ideal of

Example A.41. The irrelevant ideal of a polynomial ring R = Alto,...,t,.] is equal to
R+:(t07...,t7s). A

Example A.42 (Veronese subrings). For a graded ring R and d € N, we define R? to
be the subring of R defined by (—ano R,.4. As every element of R(?) has degree equal to a
multiple of d, it is often useful to redefine the grading on R(¥) by dividing all degrees by d.

For instance, when R = k[x, 2], the Veronese subring R is given by k[22, zox1, 22].
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A.17 Regular local rings 433

We may adjust the grading by defining deg xq = degz; = %, the elements of the ring R(?)
will have integer degrees. A different viewpoint is to note that R(?) is isomorphic to the
graded ring k[ug, uy, us]/(u? — ugusy), where in the latter ring, the variables have degree

1. A

If S < R is a multiplicative system consisting of homogeneous elements, and M is a
graded module, the localization S~! M is naturally a graded R-module with degree n part
equal to

(§'M), = {m/s e S™"M | m € M homogeneous, s € S and degm — degs = n}.

In particular, if f is a homogeneous element of positive degree, the localization R is
a Z-graded ring. As we will see, the degree 0 part (Ry), will play a crucial role in the
Proj-construction.

Example A.43. In the polynomial ring R = Alto, ..., t,], with the standard grading, the
elements of degree zero in the localization I2;; are polynomials in the ratios Zo Jtiy .. ta/t;,
so the piece of degree zero (R, ), is the polynomial ring

_ Al
-]

A.17 Regular local rings

If A is a local Noetherian ring with maximal ideal m, the cotangent space m/m? is naturally
a vector space over the residue field A/m. This is finite dimensional, because m is finitely
generated. If 1, ..., x, are elements from A that generate m/m? as a A/m-vector space,
then Nakayama’s lemma implies that the x4, . . ., z,. generate m. But then Krull’s Principal
ideal theorem implies dim A = ht m < r = dim 4, m/m?. This gives:

p

Proposition A.44. Let A be a Noetherian local ring with maximal ideal m. Then

dim A < dimy/m m/m? < 0.

We say that the ring A is a regular if equality holds, that is, if m can be generated by n
elements, where n = dim A is the Krull dimension. A general Noetherian ring A is said to
be regular if every localization A, is a regular local ring.

A.18 Discrete valuation rings

Let K be a field. A discrete valuation is a surjective function v: K — 0 — Z u {0}
satisfying, for each f,g € K:
() v(fg) = v(f) +v(g)-
() v(f + g) = min{v(f),v(g)}, with equality in the latter when v(f) # v(g).
(iii) v(f) = Oif and only if f = 0.
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434 Some results from Commutative Algebra

An integral domain A with fraction field K is called a discrete valuation ring if there exists a
valuation v: K — Z U {00} such that

A={zeK|v(z)=0}

Given a valuation v, the set { x € K | v(z) > 0} is a subring of K. Therefore the discrete
valuation ring determines and is determined by v.

Example A45. Let K = k(z) be the field of rational functions in one variable. Then
any element f € K can be written as f = z"g(z)/h(x) where n € Z; and g(z), h(x)
are polynomials such that f(0), g(0) # 0. The ‘order of vanishing at 0* gives a valuation
v, K* — Z by setting v(f) = n. In this case, the elements of non-negative valuation are
exactly the ones of the form g(x)/h(x), where h(0) # 0. Therefore, the valuation ring is the
localization of k[z] at (x):

A= k[x](x).

A

Example A.46. Let K = k(x) be the field of rational functions in one variable. Define the
valuation vy, : K * — Z by setting

o (f) — deg g — deg f
g

One can check that this defines a valuation on k(). The valuation v, is supposed to measure
the order of a pole ‘at infinity’. The corresponding valuation ring is

A ={f/gek(z)|deg f < degg}.
with maximal ideal m = {f/g € k(x)|deg f < degg}. A

Example A.47. Let K = Q be the field of rational numbers, and let p be a prime number.
Any y € Q can be expressed as y = p"a/b where n € Z and a, b are coprime to p. We can
define the p-adic valuation v, : Q* — Z by setting v(y) = n. In this case, the valuation
ring is the localization of Z at (p):

m
A=Zy) = {E € Q|ged(p,n) = 1}
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A.18 Discrete valuation rings 435

Proposition A.48. Let A be a discrete valuation ring with fraction field K. Then
(i) A isalocal ring with maximal ideal

m={feK|v(f)=1}
and group of units
A ={feK|v(f)=0}

(i) If t € Ais an element with v(t) = 1, then m = ().

(iii) If ¢ is any element with v(t) = 1, then every non-zero ideal of A is of the
form (¢") for some n > 1.

(iv) A is Noetherian and of Krull dimension 1.

(v) Aisnormal.

Proof (i): Let f € A be a nonzero elemement. Then f is a unit if and only if the inverse
1/f € K belongs to A, which is if and only if v(1/f) = —v(f) > 0. Butas f € A,
v(f) = 0, and so v(f) = 0. Therefore A* = { f € K | v(f) = 0} and the non-units is
givenbym={fe K |v(f)=1}

(i) In general, if f,g € A and v(g) = v(f), then v(f/g) = 0,s0 f/g € A, which means
that g € (f). In particular, m = (t) for any element ¢ € A with v(¢) = 1. (The discrete
valuation v is assumed to be surjective, so there exists at least one such element ¢.)

(iii) Let a be an ideal, and let f € a be such that v(f) is minimal. Then for any g € a, we
have v(g) = v(f), so as above we find g € (f). Consequently, a < (f) and hence a = (f).

(iv) By the previous two points, we have that the ideals of A are (1), (z), (2?), ..., and
(0). It is easy to see that (x) and (0) are the only prime ideals of A, so A is Noetherian of
Krull dimension 1.

(v) Let z € K, and assume that z is integral over A. We must show that x € A. Since z is
integral over A, we can find a relation

"4 ap_ 12" M4+ +ay =0, a,eA

SO

If v(z) = d, we then get

v(a") = nv(z) = nd = v(~a,12""" — - — ag) > min(v(~az’)).

Hence there exists an ¢ < n — 1 such that
nd = v(z?) = v(—a;x") = v(—a;) + v(z') = id.

This gives (n — i)d = 0, and so d > 0. Hence, x € A.
O

An element t € A with v(t) = 1 is called a uniformizing parameter for A. By the above
proof, any element £ € m — m? is a uniformizing parameter. In fact, we can recover the
valuation from the maximal ideal m: any non-zero element in the fraction field K may be
written as ut™ with u a unit in A and n an integer. Indeed, if f € A and f # 0, we let v(f)
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436 Some results from Commutative Algebra

be the unique non-negative integer n such that f € m” — m"*!, then f = ut*Y) for a unit u.
For a general non-zero element f/g in K, one has f/g = ut”=7(9) with v a unit.

Proposition A.49. Let A be a Noetherian local domain of dimension 1 with maximal
ideal m. Then the following are equivalent:
(i) A is a discrete valuation ring.
(i) The maximal ideal m is principal.
(iii)) Every non-zero ideal is a power of m.
(iv) A is integrally closed.
(v) Aisregular, ie., dimy m/m? = 1.

Proof (i) = (ii), (iii) and (iv) by Proposition A.48.
(i1) = (i). We will need the fact that

ﬂ m” = (0) (A.10)

Let £ be a generator for m. Suppose a € ﬂle (t"™). This means that for every n € N, there is
an a,, € A such that a = a,t". As A is an integral domain, we have a,,.; = a,t for every
n > 1 and hence there is a chain of ideals (a;) D (az) D (az) D - - -. As A is Noetherian,
this chain stabilizes, meaning that there is an N such that (ax) = (any41) = - - -, or in other
words, @, = upa, forn > N and u,, is a unit. Then a = a,t"" = a,t", implies
(u,t — 1)a,t™ = 0 forn > N.But u,t — 1 is clearly a unit, as t € m. Therefore a,, = 0
forn > N, and hence a = 0.

From this it follows that any f € A can be written as f = ut”, where n > 0 and u € A*
is a unit. Explicitly, n is the unique integer 7 such that f € m™ —m"*!. (Note that m"” —m"*!
nonempty for every n by (A.10).) If we extend this via v(f/g) = v(f) —v(g) for f/g € K*
and v(0) = o, then A is exactly the discrete valuation associated to v.

(ii) => (iii). Let t be a generator for the maximal ideal m and let a = A be a non-zero
ideal. Let n be the largest integer such that a < m”. (Such an n exists beccause a cannot
be contained in all powers of m by (A.10).) Since a &€ m"*!, there is an a € a such that
a = bt™ with b ¢ m; that is, b is a unit since the ring is local. It follows that (¢") < a, and
hence a = m™.

(iv) = (ii). Assume that A is integrally closed and let € m be any non-zero element.
Since A is Noetherian and of dimension 1, m is the only non-zero prime ideal in A, and so m
is associated to ().

There is an integer n such that m”™ < (z). If we choose n to be minimal among these, so
that m"~! ¢ (z), and m" — (z) is non-empty. Pick y € m"~' — (x). Setz = z/y € K.
Then we claim that z € A and m = ().

'mcr'mczr'm"cz(z)c A

Therefore 27! A is an ideal of A. There are two cases:
Case 1: z=! € m. Then consider the endomorphism ¢: A — A given by ¢(a) = z7'a,
takes A into m. By the Cayley—Hamilton theorem, this would mean that 2! is integral over
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A.19 Normal domains 437

!'=yx~!' € Aand hence y € A. But

A. By assumption, A is normal, so z~! € A. Hence 2~
this contradicts the definition of y.
Case 2: 27 ¢ m. Then 27 ' A = A is the unit ideal. But then m = (z), and m is principal.
(ii) < (v). If m = (), then m/m? is generated by the class of 2 modulo m?. We also have
m # m? (since A has dimension 1), so dimy, m/m2 = 1. The converse implication follows

by Nakayama’s lemma. O

A.19 Normal domains

Theorem A.50 (Serre). Let A be Noetherian local ring. Then A is normal if and only if
(i) A, is regular for every prime ideal of height at most 1.
(ii) A is reduced, and for every nonzerodivisor f € A, the associated primes of
A/(f) are of height 1 in A.

Theorem A.51 (Krull). Let A be an integral domain, then A is normal if and only if
(i) A, is a discrete valuation ring for every non-zero minimal prime ideal p
(i) A= ﬂp A,, where the intersection is taken over all minimal prime ideals
of A.

Let us recall that an ideal quotient (b : a) = { = | za € (b) } equals the annihilator of the
class of a in A/(b)A. A basic result from the theory of primary decomposition in Noetherian
rings asserts that each proper annihilator is contained in a maximal annihilator. In this case,
these are precisely the prime ideals associated with (b).

Lemma A.52. A Noetherian domain A equals the intersection ﬂp Ap, where p runs
through the prime ideals associated with principal ideals.

N

Proof Assume for contradiction that there is an element ab~! in the fraction field of A that
lies in (1), A, but not in A. The ideal quotient (b : a) = {x € A | za € (b) } is a proper
ideal because ab™! ¢ A, and so (b : @) is contained in a maximal ideal, that is, a prime p
associated with (b). Since ab™! € A, we can write ab™' = cd™! withc,d € Aand d ¢ p.
Hence ad = be, implying that d € (b : a) < p, which is a contradiction. O

Theorem A.53. Let A be a Noetherian domain. Then A is normal if and only if the
following conditions are met:
(i) The local ring A, at each height 1 prime ideal p is a DVR.
(i) Each principal ideal has no embedded components, that is, all associated
primes have height 1.

Proof Assume first that the two conditions are fulfilled. By Lemma A.52, A is the inter-
section of the local rings A, where p runs over the prime ideals associated to a principal
ideal. Each such p has height 1 by Krull’s Principal Ideal Theorem, and by assumption (i) the
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438 Some results from Commutative Algebra

localization Ap is a DVR, hence normal. Intersections of normal rings are normal, so A is
normal.

Conversely, assume that A is normal. Then the localizations A, at height 1 primes are
also normal, and being 1-dimensional, they are discrete valuation rings XXX. For item (ii):
let p be a prime in A associated with a principal ideal (b). In the local ring A,, its maximal
ideal m = p A, remains associated with the principal ideal (b) A,. By Proposition A.49, m is
principal. Hence, A, is a DVR, so p is of height 1 and cannot be an embedded prime. O

When the first condition of the criterion is met, the p-primary ideals of height 1 are well
understood. They are all symbolic powers p*) = A N p¥ A, . Indeed, if q is p-primary, then
q = A n qA,, and since A, is a DVR, every ideal in A,, including qA, is a power of the
maximal ideal pA,.

If A is normal and f € A is a nonzero element, then the primary decomposition of (f)
has the form

() =pf el

where the p; are height 1 primes. The primes p; and the exponents v; completely determine
(f), that is, they determine f up to an invertible factor.

Theorem A.54 (Algebraic Hartogs’ theorem). Let A be a Noetherian normal integral
domain. Then
A=) 4. (A.11)
htp=1

Proof 1f g € A is a nonzero element, then each prime ideal p associated to (g) is of height
1. This is because pA, is associated to (g)A,, and A, is a discrete valuation ring, hence
ht(p) = dim A, = 1.

Now assume for a contradiction that there is an element f/g € K which lies in every A,
for p of height 1, but not in A. In other words, f € (g)A, for every height 1 prime p.

Let (g) = q1 N --- N g, be a primary decomposition of (g), and let p; = ,/q; be the
assocated prime ideals. By the above paragraph, the p,; have height 1, we get f € p; for every
1. By Proposition A.26, we get

T

FeN @A~ 4 =(a. =0

i=1

In other words, there is an element a € A such that f = a- g, or in other words f/g = a € A.
O

Theorem A.55 (Generic freeness). Let A be a Noetherian integral domain and let B be
a finitely generated A-algebra.

N

Proof See (Matsumura, 1970, p.185) or (?, Tag 051S). ]
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A.20 Unique factorization domains

In a Noetherian ring A, any nonzero nonunit z € A admits a factorization
=21 %, (A.12)

where each z; is irreducible (that is, a non-zero element that is not a unit and is not the
product of two non-units). To see this, suppose for a contradiction that no such factorization
exists. Set a; = x. We must be able to write z as x = yz where neither y nor z is irreducible,
nor a unit. Without loss of generality, we may assume that ¢ cannot be written as a product
of irreducibles. Set a, = y. Writing ¥ in the same way, and so on, we arrive at a sequence
ay,as,as, ... of elements of A such that a;,, divides a; for each i > 1 and a;,/a; is not
a unit. This means that the chain (a;) < (as) < (az) < ... is an infinite strictly increasing
sequence of ideals, contradicting the fact that A is Noetherian.

We say that A is a unique factorization domain (UFD) if the factorization in (A.12) is
unique up to order and multiplication by units.

Example A.56. Examples of UFDs include Z, Z[i], fields, and principal ideal domains. If A
is a UFD, then so is A[z]. A
Proposition A.57 (Gauss’ Lemma). Let A be a UFD with fraction field K. If f € A[x]
is a polynomial which factors into a product of non-constant polynomials in K [z], then

it does so also in A[z].

Proposition A.58. Let A be an integral domain and let f € A be a nonzero element
which is not a unit. Then if (f) is prime, then f is irredcucible. If A is a UFD, then the
converse also holds.

N

Proof 1If (f) is prime and f = gh is a factorization, then g € (f) or h € (f). If e.g.,
g =a- f,then f = (af)h, implying that / is a unit. Hence f is irreducible.

Suppose that f is irreducible and that xy € (f). Then we can write zy = af for some
a€ A Writex = 21 - X5,y = Y1 - - - Y Where the z; and y; are irreducible. As A is a UFD
and f is irreducible, we see that f has to be one of the x; or the ;, that is, f divides either =
or y. O

Proposition A.59. Let A be a Noetherian integral domain. Then A is a UFD if and only
if every height 1 prime ideal is principal.

Proof Suppose first that A is a UFD and let p be a height 1 prime ideal. Take x € p non-zero
and let x = x; - - - x,, be a factorization into irreducible elements. Since p is prime, we must
have, say, ; € p. Then p D (z;) D (0). A is UFD, (x;) is prime, and hence p = (x;)
because p has height 1.

Conversely, suppose that every height 1 prime is principal. By (A.12), any element can be
written as a product of irreducibles, so we need to show that the factorization is unique up to
order and multiplication. For this, it suffices to prove that an irreducible element is prime.
But this follows by Proposition A.58. O
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A.21 Modules over a PID

A very useful theorem for modules over a principal ideal domain R is the fact that any
matrix with entries in R can be put into so-called Smith normal form (see below). This is a
generalization of the diagonalization process from Linear Algebra; finding the normal form
involves only basic elementary row and column operations, and multiplying by units.

Theorem A.60 (Smith Normal form). Let R be a PID and let A be an ™ X n matrix
with entries from R. Then there exist invertible matrices P and (), with dimensions
m X m and n X n respectively, such that

PAQ = diag(si1,...,8,,0,...,0)

is a diagonal matrix where the non-zero entries satisfy s;|s;.; fori = 1,...,v — 1. The
elements s; are unique up to multiplication by a unit of R and are called the invariant
factors of A.

If A is a matrix A and s, € R are the elements in the Smith Normal Form of A, then we
have

Coker A~ R/(s1)®---®R/(s,) ® R™".

Over a PID, any finitely generated module M has a presentation 0 - £ — F' — M — 0,
where F and F’ are free modules of finite rank.

Corollary A.61 (Modules over a PID). Let R be a principal ideal domain and let M be
a finitely generated R-module. Then there are elements dy, . . ., d,, € R with d;|d; ., for
each 1, such that

M~R ®R/(d)® - ®R/(dn).

J

In particular, if M is a free R-module of rank m (so M ~ R™), then any submodule
N < M is free of rank at most m.

A.22 Symmetric powers and Exterior powers
For an A-module M, the tensor algebra T (M) is defined as

T(M) = é Mo

where M®™ is the n-fold tensor product M ® 4 - - - ®4 M. T'(M ) has a multiplication given
by the tensor product, but this is not commutative except in a few special cases. However, we
can define Sym (M ) as the quotient of 7'( M) by the two-sided ideal generated by all elements
of type t®y —y®x for z,y € M. Then Sym (M) is a graded, commutative, A-algebra. For
n € N, we define Sym" (M) to be the n-graded piece of Sym (M ). As the multiplication is
commutative, we write 125 - - - ,, for the image of x; ®- - -®x,, in Sym(M). So, explicitly,
Sym" (M) is generated as an A-module by all symbols ;x5 - - - x,, where x4, ..., 2, € M,
modulo the relations 2125 - - - T, = To(1)To(2) * - * To(n) Where o € S, is a permutation.
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A.22 Symmetric powers and Exterior powers 441

Example A.62. If M = A", then Sym(M) = A[x,...,z,] and Sym"(A") is the degree-
n piece. In particular, if M is a free A-module of rank r, then Sym" (M) is a free module of

rank (":1;1), generated by elements of the form x{* - - - 25", where e; +--- + e, =n. A

Next, we define the exterior algebra /\ M as the quotient of T'(M ) by the two-sided ideal
generated by products * ® x, where x € M. We let x; A --- A x,, denote the image of
21 ® -+ @, in A(M). In this notation, we have z A y = (—1)ky A x forz € A" M,
Y€ /\l M, and more generally Zo(1) A To@2) - A Tom) = (5ig0(0))T1 A T2 A -+ A Ty,
for a permutation o € S,,. In particular, the wedge product in /A M is skew-commutative.

Example A.63. If M is free of rank r, then /\" M is free of rank (:), generated by the
elements z;, A --- A x; wherei; <ip < -+ < ip,. A

Example A.64. An important special case is when M = A" is a free module of rank 7. Then
the A-module /\" M is called the determinant of M. The name comes from the following:
Zi,...,x.and yy,...,y, are two bases of M, related by (y1,...,9,) = (z1,...,2,.) - S
for some matrix S, then y; A -+ -y, = (det S)xy A -+ A T A
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Appendix B

Further constructions and examples

B.1 Toric varieties

In this section, we explore a large class of examples, known as toric varieties. Like projective
spaces, toric varieties are defined in terms of algebras generated by monomials. The corre-
spondence between monomials an lattice points in R™ sets up an interesting interplay between
algebra and combinatorics, which allows us to do computations with toric varieties using
combinatorial methods (and in some cases, solve combinatorial problems using tools from
algebraic geometry). We will confine ourself to discussing affine and projective toric varieties.
We refer to the standard texts Fulton (1993) and Cox et al. (2024) for more information about
this rich subject.

B.1.0 Affine toric varieties. Let k be a field and consider the ring of Laurent polyno-

mials k[z1", ..., 2X']. We will use multiindex notation for monomials, that is, if m =
(my,...,my) € Z", then X™ = z{"* -+ - 2",

Given a subset S < R", we define the cone of S to be the non-negative span of S, that is,
Cone(S) = {Alvl + AV, | v;ES and \; = 0,Vi = 1,...,3}.

For a cone C, we define the following subalgebra generated by the monomials corresponding
to the lattice points in C":
k[C]l= P kx™ (B.1)
meCnZ"
The foric variety associated to C is the affine scheme X = Spec k[C'].

We will usually assume that C'is rational polyhedral, meaning that it is generated by a
finite set of integer points S < Z". This implies that there are finitely many lattice points
my,...,m, € C so that every point in C' n Z" can be expressed as a non-negative Z-linear
combination of the my, ..., m,. On the level of rings, this means that the following map of
k-algebras

o: klys, ...,y — k[C]; yi > X (B.2)

is surjective, and hence induces a closed embedding

Lt X — AL
To find the ideal defining X inside A}, we need to find the kernel of ¢. Write A for the
n X r matrix with the vectors m, ..., m, as column vectors.
442
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B.1 Toric varieties 443

Proposition B.1. The kernel of ¢ is given by the ideal
I,=(y"—y’"|u—veKerA) (B.3)

N

Proof Tt is clear that I 4 < Ker ¢. For the reverse inclusion, we use a monomoial order
argument. More precisely, we will consider the lexicographic ordering < on monomials in
E[y1,--.,Yn], so that for instance

yf > Y1Y2 > Y1Ys > y% > Y2Ys > 3/3

If g € Ker ¢, we can write it as

g=cuy'+ ) ey

v<u

where ¢, y* # 0 is the leading term with respect to <. Applying ¢, we get

0= ¢(g) = CuxAu + Z CUXAU-

v<u

This is an identity of polynomials in k[z{", ..., xE!], so there must be cancellations between
the monomials. In particular, the term ¢, x* must cancel with some other terms in the sum.
This means that there exists some v with v < u such that Au = Awv, or in other words,
u — v € Ker A. Replacing g with g — ¢, (x" — x"), we obtain a polynomial which has a
leading term which is strictly smaller than that of g with respect to <. Note that x* — x"
belongs to the ideal [ 4. Continuing in this manner, we eventually obtain the zero polynomial,
which means that g is an element of I 4. O

Hence I 4 is a prime ideal defined by binomials. To find a finite generating set, a few more
computations are usually needed. A basic algorithm is to keep adding binomials y* — y*
until one obtains a prime ideal with the right codimension.

Figure B.1 Two cones in R2. On the left, the cone generated by (1,0) and (0,1). On
the right, the cone generated by (1,0) and (1, 2).

Example B.2. If C is the first quadrant, generated by (1,0), (0,1), then k[C] = K[z, y].
The corresponding toric variety is AZ. A

Example B.3. If C is the cone generated by (1,0), (1,2), then k[C] = k[x, zy, zy?]. In
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444 Further constructions and examples

1 11
A= <0 1 2)
which has kernel generated by the vector (1,—2,1). This gives Z4, = (v? — uw), and

klz,zy, xy*] ~ k[u,v,w]/(v? — uw). Therefore, the corresponding toric variety is the
quadratic surface v* = ww in A}. A

this case,

Example B.4. Note that C' = R" itself is a cone. The corresponding toric variety is the
algebraic torus

T = G" = Speck[z', ..., 25"

The reason behind the name is the following. When k& = C, the set of C-points T'(C) is
identified with (C*)™, which in the Euclidean topology is homotopy equivalent to a product
(S*)™. Thus, for n = 2, this is the classical torus S* x S*.

If X is any toric variety, then 7" embeds as a distinguished open subscheme in X. Indeed,
if v. e C is any vector in the interior of C, then the localization k[C'|.v is isomorphic
to k[x7!, ..., 2*']. Thus toric varieties can be viewed as ‘compactifications’ of the torus

T. A

B.1.0 Projective toric varieties. A lattice polytope in R™ is the convex hull of a finite set
of points in Z". In other words, there are m,, ..., m, € Z" such that

P:{)\lm1+---+)\rmr | Z)\izland)\l,...,)v)O}.
i=1

Starting with a lattice polytope P, we can define a collection of cones as follows. For each
vePnZ"letP—v={xeR"|x+ve P} denote the translate of P by —v, so that
the vertex v ends up at the origin. Then the cone

Cy = Cone(P —v)

is a cone spanned by the elements of P as viewed from the vertex v. This is pictured in the
figure below.

Let k be a field and consider the ring of Laurent polynomials S = k[z{"', ..., 2], and

use multiindex notation for monomials in S, that is, if m = (my,...,m,) € Z", then
m __ my mMn
XM =",
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B.1 Toric varieties 445

For a cone C' we define the following subalgebra of S, generated by the monomials
corresponding to the lattice points in C":

kC]l= P kx™ (B.4)
meCnZ"
In particular, to the polytope P, we can attach k-algebras k[C ], one foreachv e P n Z".
As P has only finitely many vertices, the cones C', are each spanned by finitely many points
with integer coordinates. Morever, there are finitely many lattice points my, ..., m, € C,
so that every point in C,, N Z" can be expressed as a non-negative Z-linear combination of
the my, ..., m,. This implies that each k[C ] is a finitely generated k-algebra.

Lemma B.5. If v and w are two vertices of P, then

k [Cv]xw—v = k [Cw]xv—w . (B'S)
Proof Letvy,...,Vv, be the vertices of P, ordered so that v = v; and w = v,. Then
the cone C, is the non-negative span of the vectors vy — vy,..., v, — vy, and C,, is the

non-negative span of the vectors vy — v, vy — Vg, ..., Vv, — vy. Clearly, these spans are
the same up to translation by vo — vy, so we get

Cy +R(w—v) =Cy +R(w—v). (B.6)
The equality (B.5) follows, because both sides are generated by the same monomials. 0
Consider the affine schemes
X, = Spec(k[Cy])
where v € P is a vertex. If w € P is another vertex, the affine scheme
Xvw = Spec(k[Cy ]xw—)

is identified with a distinguished open set in X, (defined by the monomial x*¥~V). The gluing
conditions for gluing the X, are then satisfied. The resulting scheme, X p, is called the foric
variety associate to the polytope P.

Example B.6 (The projective line). Let P = [0, 1] be the unit interval in R. Then P has
two vertices 0 and 1. For the vertex 0, which is already at the origin, the cone .5 is the
non-negative span of P, that is, Sp = [0, ). Likewise S; = (—00,0]. This gives the
following two k-algebras:: Ag = k[z] and A; = k[z~!]. The corresponding toric variety is
P;. JAN

Example B.7 (Projective space). Let P — R? be the triangle with vertices at 0, e; and
es. There are three cones: S; = {z > 0,y > 0}, S = {z < 0,2 + y < 0} and
Sy = {y < 0,z + y < 0}. These are depicted in Figure ??.

The cones S1, S5, S3 give the following three k-algebras

Al = ]{?[.’E,y], AQ = k[milvajily]a A3 = k[yil,l'yil]-

In light of Example ??, we recoginze the corresponding toric variety as the projective plane
P2.
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S
S5 !

S3

Figure B.2 Constructing the projective plane

More generally, if P < R" is the standard n-simplex, that is, the polytope with vertices at
the origin and the n standard basis vectors 0, e, . . ., €,, then the corresponding toric variety
is the projective space [Py.

A

Example B.8. Consider the polytope P given by the unit square, that is, the convex hull of
the four points (0, 0), (1,0), (1,1), (0,1).

Then the four cones Si, .. ., Sy are the four quadrants in R%. Hence

Ay = k[z,y] Ay = k[z7,y]

AS = k[xilayil] A4 = k[$)y71]
The corresponding toric variety is Py x;, P.. We will define products of general schemes in
Chapter 7. Note that the polytope P is itself a product: P = [0, 1] x [0, 1], and [0, 1] is the

polytope defining IP;. This is a general fact about products of toric varieties (see Exercise
77). A

Example B.9 (Hirzebruch surfaces). Let r be an integer and consider the polytope P defined
by the four points (0, 0), (0,1), (1,1) and (r + 1, 1). This is pictured below for r = 1. The
case r = 0 was considered in the previous example.

This gives the following k-algebras:
Ay = K[z, y] Az = k[z™",27"y]
As = k[z7 2"y 7] Ay =k[z,y 1]
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B.1 Toric varieties 447

The corresponding toric variety F,. is called a Hirzebruch surface.

-«

There are four vertices, so four cones. Two of these are shown below:

S
Ss
We compute that
Ay = klz,y] Ay = k[ 27 1y]
As = k[z™h ay™'] Ay =k[z,y™']

A

Each of the rings k[C,] and their localizations are subrings of k[z7", ..., zI!], and the
morphisms 7" — Spec k[C ] glue to an open embedding 7" — X.

The toric variety X p admits a closed embedding into projective space. More precisely, let
my, ..., m, be the lattice points of P, and assume that P satisfies the following property: for
each 7, the semigroup Cy,, N Z™ is generated by the elements m; —m;, my —m,, ..., m, —
m;. This condition is not too restrictive, as it is satisfied for sufficently large scalings of P,
and X p remains unchanged under scaling P. Moreover, it is automatically satsfied if P has
dimension at most 2.

In this setting, k[Chy, | is generated by the monomials x™ ~™: ... x™ "™ and we can
define a surjective map of k-algebras

bi: k [yl o y] e k[Cm]; L xmim (B.7)

Yi Yi Yi

and hence a closed embedding Spec k[Cr,, | — U; = Speck[%:, ..., ] Itis straightfor-
ward to check that these embeddings glue to an embedding

f: X — Pt
Alternatively, one can consider the morphism
fo: Speck[zf!, ... 2] — P!

defined by the monomials x™ ..., x™". Then X is isomorphic to the Zariski closure of
image of f; in P},
Another nice property of the toric varieties X p is that they provide natural ways to
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‘compactify’ affine hypersurfaces. If f € k[zy,...,x,] is a nonzero polynomial, we can
consider the associated Newton polytope P; — R" by taking the convex hull of the points in
Z™ corresponding to monomials appearing in f. This is best explained through an example

Example B.10. Consider the polynomial
f=1+2%y+ zy?

Then the Newton polytope P = P; is the convex hull of the vertices (0,0), (2, 1), (1,2).
The toric variety associated to P is covered by the three affine charts

Rl = k[Ian Xy, 'ny] = k[ub Ug, U3]/(Ug - u1u3)
Ry = k[z 2y ' 27 2 y] = k[vy, v, vs]/(v3 — vivs3)

R3 = k[l‘ilyia yila nyil] = k[wla Wa, u)3]/(u}:23 - w1w3)

The hypersurface given by V' (f) © T = Spec k[z*!, y*!] is an open set in a hypersurface
Y < Xp. Over the open set U; = Spec R; this is simply given by the linear equation
1+ u; +ug = 0. Over U, = Spec Ry it is given by the ‘dehomogenization’ 2y ~! + 1 +
2 Yy = v, + 1 4 v5 and so on. A

While any affine hypersurface can be embedded into some projective space by homogeniz-
ing, the toric varieties X p tend to be ‘more economical’, as they take into account only the
monomials appearing in f.

Figure B.3 The polytope P Figure B.4 A cubic surface.

Exercise B.1.1. Let P — R? be a the convex hull of the lattice points 0, 1, €5, €1 + €5 + 3es.
Show that P has only 4 lattice points and that P does not satisfy the condition mentioned on
page 447.

Exercise B.1.2. In the notation of Proposition B.1, let T' = {u,, ..., u,} be a Z-basis for
Ker A and let

I'i=@y" —y“ |ueb)

where we decompose © = u; — u_ € Z" in terms of its non-negative and non-positive
entries. Show that I 4 is the saturation of I’y with respect to the maximal ideal at the origin,

e Ta=14: (Yiyeooym)™.
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B.2 The blow-up of the affine plane 449

B.2 The blow-up of the affine plane

In this section we will construct the blow-up of A3 at the origin, by gluing together two affine
planes.

Consider the morphism 7: A7 — {(0,0)} — P}, from (5.5). On k-points, the morphism is
given by (a,b) — (a : b), where (a : b) are the homogeneous coordinates on IP;. It will be
helpful to think geometrically, so that P* (k) parameterizes lines through the origin in A% (k).
Then 7 sends a point (a, b) # (0, 0) to the unique line passing through (0, 0) and (a, b) In
particular, all the points on the line bz — ay = 0 get mapped to the point (a : b) € P;.

From this perspective, it is not surprising that 7w cannot be extended to a morphism
Ai — IP’}C. In fact, there is not even an extension as a continuous map, because 7 takes
different values along lines bz — ay = 0 and (0, 0) is contained in all of them.

While 7 cannot be extended to A7, it is possible to embed A7 — {(0,0)} as an open set in a
scheme X that does admit a morphism to P}, extending 7. This scheme is called the blow-up
of AZ at the origin. The blow-up amits two morphisms, p: X — A% and ¢: X — P}, such
that

(i) The scheme theoretic fiber E = p~*(0, 0) over the origin (0, 0) is isomorphic

to P}..
(ii) p defines an isomorphism betwen X — F and A7 — {(0,0)}.
(iii) The morphism ¢q o p~*, defined over A7 — {(0, 0)}, coincides with 7.
This is pictured in the diagram below (the dashed arrow indicates that 7 is only defined on an

open set):
/ N

,,,,,,,,,,,,,,, N ]P’l

Before we construct the scheme X, let us describe what the set of k-points of X looks like.
The k-points of X can be thought of as pairs (p, [L]) where p € A%(k) is a k-point and
L < A?*(k) is a line containing p. In terms of coordinates, we can define this as

X(k) = {((az,y), (ug : uy)) |u133 — Uy = O} < A?%(k) x P'(k). (B.8)

In other words, X (k) is the graph of the mapping (z,y) — (z : y).

We can verify that the properties (i), (ii), (iii) hold as follows. Firstly, note that p~* (0,0) =
(0,0) x P!(k) is a copy of the projective line P*(k), as the equation u,z — ugy = 0 puts no
conditions on ug and ;. On the other hand, if (x, y) is a k-point in the open set A7 —{(0, 0)},
then (x : y) is a well-defined point in P! (k), and p~'(z,y) = ((z,y), (x : y)). Therefore,
p defines a bijection over the set A?(k) — {(0,0)}. Now composing the inverse of p~* with
the second projection sends (z, y) to (x : y), so (iii) follows as well.

Note that (B.8) is just as set of k-points. We haven’t yet defined a scheme structure on the
blow-up. However, this set provides a clue for constructing X as a scheme.

We consider the usual construction of P; via gluing V, = Spec k[u] to V; = Spec k[v]
using the identification v = u~! over the overlaps. In light of (B.8), we then define

Xo = Spec By; By = k[l’, Y, u]/(y - UJ)) (B.9)
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Figure B.S The blow-up of the plane at a point

and over the open set V;, we define
X, = Spec By; B; = klz,y,v]/(x — vy).

Note that By ~ k[x,u] and B; ~ k[y,v], so X, and X are both isomorphic to affine
planes.
Furthermore, the map u +— v~! defines an isomorphism of rings

(BO)u = k['%?y?uvuil]/(y - ux) = k[x7y7v7vil]/(vy - x) = (Bl)v'

This means that we may identify the distinguished open D(u) < X, with the distinguished
open D(v) < X7, and hence glue X, and X together to form a new scheme X.

We next define the morphisms p and q. Note that there is a morphism Xy — Vj induced by
the ring map k[u] — By. Likewise, there is a morphism X; — V; induced by k[v] — B.
These morphisms are compatible with the gluing isomorphism « +— v~1, so they glue to a
morphism X — P}. Similarly, the two ring maps k[z, y] — By and k[z, y] — B; induce
a morphism p: X — AZ.

The k-points of the scheme X are precisely given by the set (B.8). To see this, consider
a morphism ¢: Spec k — X. Such a morphism must have image contained in either X,
and X;. Assuming, say, ¢ maps to (a,b,c) € X;(k), then b = ac, which corresponds to
the point ((a,b), (1 : ¢)) in the set (B.8). Conversely, any pair (a,b), (co : ¢;) satisfying
c1a — cob = 0, we can assume without loss of generality that co = 1. Then b = acy, and the
pair defines the k-point (a, b, ¢1) in X,.

Let us consider the fiber of the morphism ¢g: X — P!. On the level of k-points, if
(uo : up) € PL(k) is fixed, the k-points of the fiber g~ (uo : ;) consists of the points
(z,9), (up : up) such that u;x — upy = 0, that is, the points on the line u;x — upy = 0 in
A?(k). In fact, the scheme-theoretic fibers are all isomorphic to affine lines. To see this, take
a point p € P, which we may assume lies in the open set V; = Spec k[u] and corresponds
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B.3 Line bundies on P* 451

to a prime ideal p < k[u]. Then the scheme-theoretic fiber is given by

Specklz, y,ul/ ((y — uz) + p) = Speck[z, u]/p ~ Ay,

The fibers of the morphism p: X — A?Z are also interesting. First off all, the scheme theoretic
fiber E over the origin (0, 0), which corresponds to m = (z,y) < k[z,y], is glued together
by the two affine schemes

Ey = Speck|x,y,u]/(y — ux,z,y) = Spec k[u]
and
Ey = Speck[z,y,v]/(ve — y,x,y) = Speck[v].

Hence, the scheme theoretic fiber F is isomorphic to P}
We claim that p restricts to an isomophism of schemes

X —E— A; —{(0,0)}. (B.10)

Indeed, note that £ n Xy < X is the closed subscheme V' (x) inside X. Likewise, ' n X
is given by V(y) in X;. This means that X — F is covered by the two affine subsets
D(z) € X, and D(y) < X;. Note that p maps D(z) < X, isomorphically to D(z) < AZ.
This follows because it is induced by ring isomorphism

k‘[ﬂ?,l‘_l,y] - (BO):E = k[x,x_l,y,u]/(y - UCL‘)

Likewise p restricts to an isomorphism over D(y), proving the claim.

While the discussion on k-points required working over a field, the scheme X constructed
via gluing two copies of the plane works over any ring. So for instance, there is a blow-up of
A2 at the origin (z,y).

One can also define the blow-up of A} at the origin, or in fact, along any linear subspace.
While the details can be worked out, they are more naturally understood in the context of the
Proj-construction, as we will see in Example ??.

B.3 Line bundles on P!

The sheaf Op: (n) on the projective line P;, which we constructed in Example 5.1, has a
geometric counterpart, known as a line bundle over P;. This is a scheme equipped with a
morphism

7 X — P, (B.11)

whose fibers are affine lines (hence the name ‘line bundle’).
In this section, we will consider a family of schemes, constructed by gluing two affine
planes A7 along distinguished opens. Let n € Z, and consider the affine schemes

Xy = Speck[z,t], X, = Speck[z ™", z"t], (B.12)
These are glued along the open set X; = Spec k[x, ™1, t]. Here, Xy is a distinguished
open set in both X, and X: it arises by inverting « in k[, ¢] and =" in k[z~!, x"t]. The

gluing conditions are in this case automatically fulfilled, and hence we obtain a scheme,
which we denote by X.
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452 Further constructions and examples

The scheme X admits a morphism 7: X — P}. This is defined by gluing together the two
morphisms Spec k[x,t] — A} = Spec k[z] and Spec[z ™!, 2"t] — Spec k[z~']. These
glue to a morphism X — [P} by applying Spec to the following commutative diagram:

klz,t] —— k[z,x7 1 t] «—— k[z™', 2]

T T T (B.13)

klz] — k[z,a™'] +— k[z7!]

In summary, the scheme X and the morphism X — P}, is obtained by gluing together two
copies of A? and the projection morphisms A? — A} onto the first factor, but there is a twist
— the two morphisms Xy; — Spec k[z, z7!] are related by a multiplication of z™.

The diagram (B.13) also shows that if P € Spec k[z] is a point, then 7! (P) is contained
in Xy. One can see directly that the fiber is an affine line as follows: if P corresponds to a
maximal ideal m < k[z], then

7' (P) = Spec(k[z,y]/m) = Spec(k[z][y]/m) = Spec(r(P)[y]) ~ Ay p).

As noted above, this is the reason for the term ‘line bundle’. Intuitively, X is a family of
affine lines parameterized by the base space Pj..

The scheme X admits a closed subscheme isomorphic to IP’}Q. In X, the closed subscheme
V(t), corresponding to ‘z-axis’, is isomorphic to A}, and similarly for V' (2"t) < X;. Since
x is invertible in k[z, 27!, t], these two subschemes coincide on X, (with the subscheme
defined by the ideal ()), and hence glue to a closed subscheme C' — X. By construction,
C is construced by gluing Spec k[z,t]/(t) ~ Spec k[z] and Spec k[z ™!, z"t]/(z"t) ~
Spec k[z~], so it is isomorphic to P;. We also see that the composition C — X — P} is
the identity, as it restricts to the identity maps over X, and X;. In other words, C' is a section
of the morphism 7.

]P;I

The ring of globaly sections Ox (X) can be obtained from the exact sequence
0 —> Ox(X) — k[z,t] x k[z™', 2"t] — k[z,2',1] (B.14)

which shows that
Ox(X) = k[z,t] n k[z", 2™t]. (B.15)
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B.3 Line bundies on P* 453

This intersection depends on n. If n = 0, then
klz,t] n k[x™" a™t] = k[z"t, 2" ¢, ... 1] (B.16)

If n < 0, then
k[z,t] n k[z~" 2"t] = k.

Let us study a few special cases.

Example B.11 (n = 0). The scheme X is glued together of two copies of A? via the
inclusions

klz,t] —— klz, 271, t] +—— K[z~ ¢].

where the variable ¢ is unchanged in the process. In this case, we notice that X is isomorphic
to P}y In addition to the morphism o: X — PP}, there is the projection X — Spec A} =
Spec k[t]. The scheme X is in fact equal to the ‘fiber product’ P* x;, Aj (fiber products will
be studied in Chapter 7). The k-points of X are given by P*(k) x A'(k). A

Example B.12 (n = —1). When n = —1, the scheme X is isomorphic to the complement
of a closed point P in the projective plane. Indeed, with the standard affine covering of
P, the open set U = P2 — {(0 : 0 : 1)} is covered by the two affine subschemes V; =
Spec k[x1/xo, x2/x0] and Vi = Spec k[xo/x1, x2/21]. By setting © = x1/x¢ and t =
To/xg in Vj and observing that zo/21 = o/ - T2/xy = x~'t, we recover exactly the
gluing data for L_;.

Geometrically, the morphism P — { P} — [P} is given by ‘projection from the point P’.
The fibers are the lines in Pi through P with the point P removed, and the zero section is
identified with V., (z3) (the ‘line at infinity’). A

Example B.13 (n = 1). The line bundle L, can be identified with the blow-up of A? at
the origin. Recall that the blow-up X comes equipped with a map ¢: X — P;, which is
described in Section B.2. It is not hard

One checks without much difficulties that the gluing maps used for forming X are the
same as for making L_;. The zero-section C corresponds to the exceptional divisor ¥ in the
blow-up.

In this example, the canonical map X — Spec(Ox (X)) is exactly the blow-up morphism
X — AZ. Again, it makes sense that the exceptional divisor E is contracted by this map, as
any map from P} to an affine scheme must factor via a k-point. A

Example B.14 (n = 2). The scheme L, is quite interesting. It is a so-called desingularization
of a quadratic cone.
The ring of global sections R = Ox (X)) has the following description:

R = k[2%t, xt, t] ~ k[u,v,w]/(v? — uw)

via the identification v = x%t, v = at and w = t.

The inclsuions R < k[z,t] and R < k[z ™', 2t induce morphisms o: X, — Spec R
and 0, : X; — Spec R which glue to a morphism o : X — Spec R (over the intersection
they both correspond to the inclusion R < k[z,z~!, t]).

We claim that X — Spec R is surjective and induces an isomorphism between X — C'
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454 Further constructions and examples

and Spec R — {P}, where P = (0,0, 0) is the origin corresponding to the maximal ideal
(u,v,w) < R.

L,

To understand the fibers, consider the restriction o: Spec k[z,t] — Spec Rto X, < X.
The fiber over m = (u, v, w) is given by

Spec(k[x, t]/mk[z,t]) = Spec(k[z,t]/(z*t, xt,t)) = Spec(k[xz,t]/(t))

Hence the fiber equals the closed set oy ' (V(m)) = V/(¢). This means that the ’z-axis’
V(t) in A* = Spec k[, t] is collapsed to the origin in Spec R. Likewise, the "z~ *-axis’ in
A? = Speck[z ™!, 2™t] is collapsed to the origin, and hence the entire zero-section C' < X
is mapped to the origin. This is consistent with the fact that any morphism from P}, to an
affine scheme is constant.

To see the isomorphism X — C' ~ Spec R — { P}, note that Spec R — {P} is covered
by the two distinguished open sets D(u) and D(w) (note that D(v) = D(v?) = D(uv)
by the quadratic relation defining R). Similarly, the complement X — C'is covered by the
distinguished open subsets D(t) € X, = Spec k[z,t] and D(t) = V; = Spec k[u™!,t].

Note that the inclusion R k[, t] becomes an isomorphism after inverting ¢, because
x = (xt)t™'. Likewise, R,2; < k[x ™!, 2*t,27?t'] is an isomorphism because = =
(xt)(x~2t™'). Therefore, the two morphisms ¢, and ¢, restrict to isomorphisms over the
respective open sets D(t) < X, and D(z*t) < X;. All together, ¢ is an isomorphism
outside C'.

The morphism ¢ is helpful for understanding the quadratic cone. In the terminology of
Chapter 10, Spec R has a ‘singularity’ at the origin, and the morphism ‘X — Spec R’
resolves this singularity. A

Exercise B.3.1. Show that when n = —3, the ring R = Ox(X) is isomorphic to the

homogeneous coordinate ring of the projective twisted cubic curve. Describe the morphism
L_3 — SpecR.

B.4 Double covers

B.4.0 Hyperelliptic curves. Let k be a field and let p(x) = a,z™ + - - + a;x + ag be
a polynomial of degree n. We write n = 2g + 1 if nis odd and n = 2g + 2 if n is even.
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B.4 Double covers 455

Consider the two affine schemes X; = Spec A and X5 = Spec B, where
A = Kz, yl/(y* — p(e)) and B = ku, v]/(v* — w***p(u).
Here
u P p(u) = ap + apqu- -+ au™ "t + agu” (B.17)
if n is even, and
w9 Pp(ut) = apu + apu® -+ au™ Tt + aputt (B.18)

if n is odd.
The gluing of X; and X, is achieved via the isomorphism ¢: B, — A, defined by
¢(u) =z " and ¢(v) = 79" 'y. This is well-defined, since

¢(v2 . u29+2p(u_1)) — x_2(9+1)y2 _ $—2g—2p($) — ;1:_(2-‘”2)(1/2 —p(z))

and its inverse is defined by z > u~! and y > u =9 to.
The resulting scheme X is called a hyperelliptic curve. In the case g = 1, the curve X is an
example of an elliptic curve. As a set, the scheme X consists of the points of Spec A, along

o

Figure B.6 A hyperelliptic curve

with the points of Spec B outside D(u) = D(x), that is, the points of V (u) < Spec B.
The number of points in V' (u) depends on whether 7 is even or odd. If n is odd, then the
equation (B.18) implies that V' (u) consists of a single point, corresponding to the maximal
ideal (u,v). If n is even, then

V(u) = V(u,v* —ay,)

which consists of two points if a,, has a square root in k and a single point otherwise.

The scheme X admits a morphism 7: X — P} to the projective line. Consider the two
inclusions k[z] < A and k[u] < B. Under the isomorphism ¢: B, — A, above, k[u] is
mapped into k[z] and u maps to ™!, so there is a commutative diagram:

E[u] =2 k[z]

Lo

B, LN A,.

The two inclusions give maps X; — Uy = Spec k[z] = P} and X, — U, = Spec k[u]
PP}, where Uy and U are joined together to a P according to the rule z <> u~'. By the
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456 Further constructions and examples

observation above, this is compatible with the way X; and X, are joined together, and the
two maps glue to the morphism 7r.

The morphism 7 is also called a double cover of P}.. Over each affine, 7 restricts to a
double cover of Az. Therefore, if A is an algebraically closed field, the fibers remain either
two points, or one point with ‘multiplicity 2’ as in the previous example.

Notice that the gluing map defining X is very similar to the one involved in the construction
of the schemes L,,, from Section B.3. In fact, X is a closed subscheme of L_,_;. Indeed,
L_,_, is obtained by gluing U; = Speck[z,y] and Uy = Spec k[u, v] and X; and X,
are naturally closed subschemes of U; and U, respectively. As the isomorphism defining
L_,_; is exactly by the same formula as ¢, we find that X; and X, glue together to a
closed subscheme of L_,_;. The gluing isomorphisms are moreover compatible with the
two morphisms to P}, in the sense that the following diagram commutes:

B.4.0 Higher-dimensional double coverings. The above construction generalizes in
a straightforward manner to higher-dimensional projective spaces. We will even consider
projective spaces over any ring A.

Let A be aring and let R = A[xo,...,x,] with the usual grading. Let f € R be a
homogeneous polynomial of degree 2d, and for each 0 < 7 < n let

2
si:A[%,._.,%,yd}/ (y) _f<) (8.19)
xX; xTr; X; X xX; €T;

K3 2

For each pair ¢, j, we define S;; = S;[x;/x;]. Then we have equalities S;; = S;;, by the
following identity

xX; 2d Yy 2 X x Yy 2 x X
G () (o)) ()

As in the example of projective space, the Spec S;’s glue together along the open subschemes
Spec S;;’s to a scheme X. Moreover, keeping the notation R; from the previous section,
the morphisms Spec S; — Spec R;, induced by the inclusions R; — .5;, glue together to a
morphism 7: X — P’

B.5 Exercises

Exercise B.5.1. Consider P"(k) as defined on page 93. Show that every closed subset of
P (k) is of the form Z, (a) for some homogeneous ideal a.

Exercise B.5.2. Let F,- denote the field with p” elements.
a) Show that #A"™(F,.) = p™.
b) Show that #P"(F,-) = p™ + pr=h 4y 1
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o

Figure B.7 A double cover of the projective plane.

Exercise B.5.3. Let X = Spec A be an affine scheme over a field k. Show that every
morphism P, — X is constant, i.e. it factors through some k-valued point of X .

Exercise B.5.4. Show that P, is not affine for any ring A. HINT: The canonical map
P!, — Spec A is never an isomorphism.

Exercise B.5.5. Describe the closed subsets of P¢, Py, and Pg,.
Exercise B.5.6. Prove that P}; is irreducible for any n > 0.
Exercise B.5.7. Show that the Z-valued points of P} is given by { (a : b) | a,b€ Z }.

Exercise B.5.8. Let A be a ring and let ay, . . ., a,, be elements generating the unit ideal
in A. Show that the closed subscheme defined by (5.11) corresponds to the A-valued point
Lo: Spec A — P defined in (5.7). HINT: If 7: P} — Spec A is the structure map, show
that 7' D(a;) = Aa, and reduce to the case where a is invertible.

Exercise B.5.9. Let k be a field and let F' € k[x(, x1] be a nonzero homogeneous polynomial
of degree d. Show that the subscheme Z = V. (F') consists of d points counted with
multiplicity. More precisely, show thatd = >} _, dim; Oz ,.

xeZ

Exercise B.5.10. Let X be the affine line with two origins, as defined in Section ??.
a) Imitate the construction of the sheaves (’)]p)lc (n) on IP’,lC to form a collection of
sheaves Ox (m) on X, one for each integer m.
b) Show that Ox(m) and Ox(n) are not isomorphic unless m = n. HINT:
Consider the behaviour of sections at the two origins.

Exercise B.5.11. Verify the claims in Examples 4.37 and 4.38 above that X is isomorphic
respectively to SpecZs n Z3 and to Spec Ap. HINT: Use the uniqueness statement in
Proposition 4.35 on page 81.

Exercise B.5.12. Glue Spec Z») to itself along the generic point to obtain a scheme X.
Show that X is not affine. HINT: Show that Ox (X) = Z().

Exercise B.5.13. Show that for any ring A, I'(P", Op» ) = A.

Exercise B.5.14. Compute the space Ox (X) of global sections of the blow-up X and
describe the canonical map X — Spec Ox (X).
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Exercise B.5.15. Imitate the construction above to define the blow-up of A" along a codi-
mension 2 linear space V' (x, y).

Exercise B.5.16. Let k be a field and consider the scheme GLy = Spec k[z11, 12, T21, Ta2, ﬁ]
where det = L1129 — L12T21.
a) Find a non-constant morphism f: GLy — Pj.
b) Show that f is surjective. Deduce that the image of an affine scheme may not
be contained in an affine scheme in general.
¢) Describe the fibers of f.

Exercise B.5.17. Check that L. is indeed the blow-up constructed in Section B.2.

Exercise B.5.18. Show that for m > 0, the scheme L _,, admits a morphismo: L_,, - Y
contracting the zero-section C' to a point.

Exercise B.5.19. For the canonical morphism 7: L,,, — P}, show that
TI'*OLm = @ Opi(—lm)
=0
Exercise B.5.20. When £ is an algebraically closed field the k-points of L,, are described
by expressions resembling homogeneous coordinates.
a) Show that the k-points of L,, are precisely the equivalence classes of triples
(xo: a1 | 1),
where 2o, z1,t € k, with (2o, z1) # (0,0) under the relation
(xg: x| t) = (axg : axy | a™t),

for o € k a non-zero scalar.

b) Show that the zero section is the set of points of the form (xq : 21 | 0), and that
if m > 0 and p(xo, z1) is a homogeneous polynomial of degree m, then the
map P* (k) — L,, (k) given by the assignment

(xo: 1) — (20 : 21 | (0, 21)1)
is a well-defined section of L,,(k) — P'(k) (at least in a set-theoretic sense).

Exercise B.5.21. Define f: L_,,(k) — A™*' (k) by

(o 22y | t) > (Lol tay ... trer T, )
Show that this map is well-defined and collapses the zero-section to the origin. Define and
describe a scheme version of this map.

Exercise B.5.22. Assume that k is algebraically closed. Let ayy; = 1 and a; = —1 and
a; = 0 for the other indices. Determine the image of D(x) and D(u) in P;. Find all points
in P}, where the fiber of the double covering f does not consist of exactly two points. How
many are there?
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Exercise B.5.23. Let k be an algebraically closed field. Show that the k-points of IF,,, (k) are
in a one-to-one correspondence with the equivalence classes of quadruples

(o 21 | Yot 1)

under the equivalence relation

(zo 21 | Yo i y1) ~ (axo : axy | ™ Byo = By1)
for non-zero scalars « and 3.

Exercise B.5.24. The different Hirzebruch surfaces are closely related, as this exercise shows.
a) Show that for some point P there is a map F,,, — P — F,,_; that induces an
isomorphism on the complement of two fibers.
b) Show that for some point P there is a map IF,,,_; — P — [F,, that induces an
isomorphism on the complement of two fibers.
HINT: On k-points, these are (2o : 1 | Yo : Y1) — (To : @1 | Yo : T1y1) with P = (1: 0|
O:1)and (xo: 21 | yo:v1) — (zo: 21 | 21y 1 ya) with P = (1:0]1:0).

Exercise B.5.25. Show that the open subschemes L,, — C_,, and L,, — C,,, of respectively
L,, and L_,, are isomorphic over IP;. Show that gluing them together gives F,,,.

Exercise B.5.26. Let X = P;. Show that any element Ox (X)) corresponding to a map
X — A! factors via a “constant map” Spec k — Al

Exercise B.5.27. Let R be a local ring. Show that P"(R) = P"(R) = (R"—0)/ ~ .
HINT: The maximal ideal must land in some U;; show that the other points must be contained
there as well.

Exercise B.5.28. Show that the Z-points of P! are in bijection with the set of pairs (a, b) € Z>
with a, b coprime up to multiplication by —1.

Exercise B.5.29. A cyclic cover of A’} is a scheme described by the equation y" =
f(z1,...,2,)in A%, Generalize (B.19) to define cyclic covers of P.

Exercise B.5.30. Let P be a lattice polytope and let () = P be a face of P, that is, there
is a linear form £ on R™ so that P < {¢ > 0} and P n {¢{ = 0} = (). Show that there is a
closed embedding X — X p. Describe the corresponding embeddings for the examples Py,
and P2,

Example B.15. Let K be a field and let { 4, };c; be a collection of subrings of K. Suppose
that for each pair ¢, j € I, there is an element g;; € A; such that for all ¢, j, k € I:

(i) <AZ)9u = (Aj)gji

(ii) (Ai)gijgik = (Aj)gjigjk = (Ak)gkigkj
where the equalities are as subrings of K. Show that the affine schemes U; = Spec A; can
be glued together to a scheme X. A
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B.6 Grassmannians

Grassmannian varieties are important examples in algebraic geometry. Just like projective
space parameterize lines through the origin of a vector space, Grassmannians are designed to
parameterize linear subspaces of a fixed vector space. In fact, for natural numbers d and n,
there is a scheme Gr(d, n) of finite type over Z such that for any field &, the k-points are
given by the set

Gr(d,n)(k) = {[L] | L < k™ is a linear space of dimension d}. (B.20)
Projective space IP)Z_l is the special case when r = 1.

In the present discussion, we will find it notationally simpler to work with linear spaces of
codimension r. The basic idea is to parameterize the r = n — d linear equations defining L.

11T + A1 2T+ -+ a1 2, =0

A1 + A2 2%3 + -+ + ATy =0
(B.21)

Ar1T1 + Qg oTo + -+ Qr Ty, =0
or equivalently, we write

aii1 - Qip
L =Ker(A) c k" where A=

Ar1  **+ Qpp

5

Of course, the matrix A is not unique in determining L. For instance, the two matrices

(tovo)m(od ) ®2
give rise to the same 2-dimensional subspace in k*, as the second matrix is the row reduction
of the first. In fact, two matrices A and A’ give rise to the same subspace L precisely they
are related by an element of GL,.(k), that is, A’ = gA for some g € GL,.(k). Moreover, the
matrix A must have rank r for L to have dimension n. — 7.

Let A" (k) denote the k-points of the affine space of dimension rn with affine cordinates
it =1,...,7r, 7 =1,...,n. We will think of the points of A" (k) as  x n-matrices
with entries in k. Let Z < A" (k) denote the closed subset defined by the vanishing set of
all 7 x r-minors of the generic matrix (z;;). Then Z corresponds to the matrices of rank at
most 7 — 1.

Based on the above paragraph, we want to consider the quotient space

(A" (k) — Z) | GL.(F) (B.23)

This is of course possible in the category of topological spaces, as we can simply give the set
on the right-hand side the quotient topology. What is not yet clear, is that this works on the
level of schemes. While there is a vast theory on constructing quotients of schemes, it turns
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B.6 Grassmannians 461

out in the present setting to be simpler to construct the scheme Gr(r, k) by gluing together
affine spaces, like we did for projective space.

To explain how the gluing works we consider again the situation above. If a subspace L. —
k™ is represented by A, we can by Gaussian elimination find a more canonical representative,
by putting the matrix A in reduced echelon form. In other words, we may represent each L
by a matrix A with some r X r identity matrix as a submatrix. Conversely, any such matrix
A determines a subspace L of k™ and now two matrices A, B give the same L if and only if
A = B. Note that matrices A with a fixed r x r identity submatrix are parameterized by an
affine space of dimension nr — 7% = r(n — r). It therefore makes sense to try to construct
the variety Gr(r, n) by gluing together these affine spaces.

Write

A™ = SpecZ|z;; 1 <i<r,1<j<n]

We think of A" as an affine space parameterizing X n-matrices.

We write M = (z;;) for the 7 x n-matrix of indeterminates. If I < {1,...,n} is a subset
of size r and A is an r X n-matrix, we let A; denote the » X r submatrix of A given by the
columns in /.

For each subset I < {1,...,n} of size r, consider the closed subscheme of A" defined
by

U=V (2ij— 0 :d,j€I)~ A"

Note that there are (:f) choices for the r columns, so (:) affine spaces in total.
If J is another 7-subset, let U, ; < U; denote the distinguished open set D(det M) in
U;.

Example B.16. For n = 4,r = 2, there are 6 affine spaces, each isomorphic to A* In

suggestive notation:

o 1 O T13 x14_ . _1 12 O T14q
Uiz = SpeCZ _0 1 @9 L4 | Uis = SpeCZ _O Toy 1 T4 |
i 1 T12 T13 0 o T11 10 L14
Uy = SpecZ -0 Top Lo 1_ U23 = SpeCZ _$21 0 1 .T24_
o i1 1 x3 O - 11 xi2 1 0
Usy = SpecZ 0 0 2oy 1] Usy = SpecZ 2 7 0 1

A

If T is a scheme, the T-valued points U;(T') is the set of X n-matrices with entries in
O7(T') and the identity matrix in the columns indexed by I. Furthermore, U;_;(7T') is the set
of  x n-matrices A € U7(T) such that the determinant of M is invertible, i.e., belongs to
Or(T)*.

Note that if A is an r x n matrix and det A; is invertible, then A;lA has the identity matrix
in columns I. Hence, A — (A;)~' A defines a bijection of sets U, ;(T') — Uy ;(T). Note
thatif f: .S — T is a morphism of schemes, the pullback induces a map U;(T") — U;(S).
In this way, we obtain natural transformations betwen the functors of points hy;, , and hy, ;.
By Yoneda’s Lemma, we obtain isomorphisms of affine schemes

TJI - UI,J — UJ,I
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These isomorphisms moreover satisfy the gluing condition
TKI = TkJ O TjI- (B.24)

Indeed, both sides of the equation, when applied to a matrix A with the identity matrix in
the I-columns, row-reduce A to a matrix with the identity matrix in the K -columns. The
left-hand side does this directly, while the right-hand side does so in two steps: first to the
identity in columns J, then to the identity in columns K.

It follows that the affine spaces U; glue to a scheme, which we call the Grassmannian
Gr(d, n). The next proposition tells us that the k-points of Gr(d, n) are in bijection with the
set of d-dimensional linear subspaces of k", as we alluded to in (B.20).

Proposition B.17. Let & be a field. Then the k-points of Gr(r, n) are in bijection with
the set of equivalence classes of 7 x n-matrices of rank r modulo the action of GL,.(k).
Proof 1If Aisanr x n-matrix with entries in k, and the rank of A is equal to r, then some
submatrix A; must be invertible. The bijection is defined by sending A to A;' A, which
defines a k-point in Uy, and hence in Gr(d, n). If A’ is another matrix equivalent to A, then
also A’ is invertible, and A'; " A = A7 A. It follows that the assignment is injective. It is
also surjective, as any k-point Gr(d, n) lies in some Uy, and hence comes from a matrix A
with identity matrix in the /-columns. O

The Grassmannians resemble projective spaces in several ways:

Generalized homogeneous coordinates. In light of Proposition B.17, we may also talk
about generalized homogeneous coordinates on Gr(r,n): for a field k, the k-points are
equivalence classes [M] of 7 x n-matrices, where we say [M] = [M'] if M" = gM for
some g € GL, (k). For instance, for the two matrices in (B.22) we have

ot o)y 5]

Local coordinates. Just as the ratios zo/x;, . . . , x,,/x; form affine coordinates on D (x;) <
P, the affine coordinates of U are given by the entries of the matrix M, ! M. More precisely,
if Z[M;* M] denotes the k-algebra generated by the entries in the matrix M, ' M, then
Gr(r,n) is obtained by gluing together the affine spaces

Ur = SpecZ[M;'M] ~ A™ (B.25)
using the isomorphisms given by the following equality of subrings of Q(z11, .. ., Zpn,):
Z[Mf_lM]det(M;lM,]) = Z[MJ_lM]det(M;lMI)- (B.26)

Quotient morphism. If Z < A" denotes the closed subset defined by all the  x r-minors
of the matrix of variables M, then there is a a quotient morphism

m: A" — Z — Gr(r,n). (B.27)
This morphism is obtained by gluing together morphisms between affine schemes

Ty D(det M]) — U] (B28)
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B.6 Grassmannians 463

To define (B.28), we can use Yoneda’s Lemma. Note that a T-point of the open subscheme
D(det M;) < A™ is given by an r x n-matrix A with entries in O (7T') so that det A; is
invertible in Or(T’). On the level of T-points, the morphism (B.28) then sends the matrix
Ato A" A which is a well defined point in U;(T). It is clear that this defines a natural
transformation between the functors of points, and that the morphism is surjective. Moreover,
two matrices A, B € D(det M) map to the same point in U; if and only if A;*A = B;' B,
which happens if and only if B = gA where g = A;B; " is an element in GL,.(O7(T)).

In fact, the multiplication map defines a bijection between GL,.(O7(T")) x U;(T') and
D(det M;)(T'), and consequently an isomorphism of schemes

GL, xU; —> D(det M) (B.29)

It is straightforward to check that the morphisms (B.28) are compatible with the gluing of
Gr(d,n), so we obtain the morphism (B.27). In light of (B.29), 7 is a so-called ‘fiber bundle’
over U; with fiber GL,.

Universal sheaves. On projective space, P there is the invertible sheaf O(1) which is glued
together by copies of Oy, using the transition functions g;; = % over the distinguished opens
D, (z;) ~ A™. Moreover, the homogeneous coordinates o, . . ., z,, determine a surjection

onl —— 0(1) — 0

Likewise, the Grassmannian carries a universal quotient sheaf Q, which satisfies Q|y, ~
v,» and it is glued together using the transition functions

grs = M;'M; € GL,(Oy, ,). (B.30)
and there is a surjection
Of — 9 —0. (B.31)
Note that on A", there is such a map, namely, the map given by the r x n matrix M
e = O (B.32)

This is surjective on all stalks contained in the open set | J, D(det M). Moreover, restricting
this to the U; we obtain

b, = O, (B.33)
In terms of the affine charts in (B.25), the map (B.33) is induced by

—1
n MM
_

ZIM[M] ZIM; M

Passing to the localization, these maps glue to the sheaf map (B.31), because the following
diagram commutes.

M7 My

(Z[MJ_lM]dct(M;lMI))T (Z[Ml_lM]dct(MleJ))r

MM %M

(Z[MflM]det(M;lMJ))n
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464 Further constructions and examples

The Plucker embedding Consider the morphism
p: A" — Al = Spec Z[y,]
which is induced by all the 7 x r determinants of M, that is, p*(y;) = det M;. This induces
a morphism
p: A — 7 — (1)

where Z = (), V/(det M) is the closed subset defined by all the 7 X r-minors of M.

We claim that p is a closed embedding. To do this, it suffices to show that p restricts to an
isomorphism over each U, which maps into the distinguished open D, (y;) < IP’(:/)fl. We
write p;: Uy — D, (y;) for this morphism.

Lemma B.18. For each I, the morphism py is a closed embedding.

N

Proof After re-indexing, it suffices to consider the case I = {1,2,...,r}. Then, if we
expand the minors of the 7 X n matrix (corresponding to a matrix Uy)
1 Tir+1 -+ Tin
1 ZTrrt1 -+ Trn

it is clear that the set of minors contains (up to sign) all the variables x;; with j ¢ I. Hence
pr: AT AG) 1 given by the graph of a morphism A"("~") — A(Z)flfr("fr),
and hence is a closed immersion (Exercise 4.11.56). ]

This means that Gr(r, n) embeds as a closed subscheme of P(*)~!, The image of p is
defined by all the polynomial relations between the r x r-minors of the matrix M. These

relations are known to be generated by the so called Plucker quadrics. These quadrics take

the form

r+1

!
(_1) yi1,---7ir717j1yj1,..‘,jl,..‘jr+1 = 0. (B.34)

=1
There is one relation for each pair of increasing sequences [ = (i; < -+ < 4,_1),
J = (j1 < -+ < jrq1) of length r — 1 and r + 1 respectively, and ji,..., 7. . Jrs1
denotes the sequence jq, ..., ... jr,1 With the term j; omitted. Moreover, in the sum (B.34),
the indexes in the variables may not be increasing: here we adopt the convention that y; is
equal to 0 if I contains repeated elements, and ¥;, .. i, = —Viy, ..o 1 ici1,menin-

The proof that these quadrics generate the entire ideal of the Grassmannian is not partic-
ularly difficult, but it requires algebraic manipulations that make it a little bit lengthy (see
(Dolgacheyv, 2003, Corollary 2.5)). Besides we do not need this fact in what follows. In fact,
Gr(k,n) is probably the best example of a projective variety that is not best studied by its
equations in some projective space.

Example B.19. Let us continue the example of n = 4, r = 2. In this case, the image of ¢ is
the quadric

Q = V(Y12Y34 — Y13Y2a + Y14Ya3) < PP
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B.6 Grassmannians 465

This is a consequence of the following relation between the minors of a 2 x 4 matrix

T11 L12
T21 T22

13 T4 11 T13| |[T12 T4 11 T14| |T12 T13

=0

T23 T4 To1 T23| |T22 T24 To1 T24| |T22 T23

and the fact that both Gr(2,4) and () are integral and of the same dimension (over a field,
they are 4-dimensional). A

If R is aring, we define Grg(d,n) ~ Grz(d,n) xz Spec R. The main case of interest is
when R = k is a field.

e

Proposition B.20. For a field k, the Grassmannian Gry,(r, n) is a non-singular projective
variety of dimension

dim Grg(r,n) = r(n —r).

B.6.0 The Grassmannian functor. Let 7 and n be non-negative integers and consider the
functor

Gn(T) =

s

short exact sequences 0 - U — OF — Q — 0 /
where U, Q are locally free of ranks n — r and r

where two exact sequences are said to be equivalent if there are isomorphisms making the
following diagram commutative

0 U on o) 0
H

Jz

0 u' ox o 0

Theorem B.21. The functor G..,, is represented by the Grassmannian Gr(r, n).

Proof Suppose we have a scheme 1" and a short exact sequence of locally free sheaves

0— U’ oz Q' — 0. (B.35)

Choose an affine open covering of T" given by T; = Spec(A;) so that Q'|;, ~ OF,. The
surjection O, — Q'|y, ~ OF is given by some n x r matrix M; with entries in A;, which
naturally determines a morphism g; : Spec A; — A™.

As OF — Q is surjective, all of these morphisms factor through A™ — Z, so they
induce morphisms ¢ o g; : Spec(A;) — Gr(r,n). The morphisms h; = ¢ o g; glue
to give a morphism h: T" — Gr(r,n). Indeed, the h; are defined from the morphism of
locally free sheaves, which implies that they agree on overlaps. Moreover, it means that the
construction of h does not depend on the trivializations used, and also is independent of
choice of the sequence (B.35) within its equivalence class (as two equivalent sequences may
be simultaneously trivialized by the same data).

If : T — Gr(r,n) is any morphism, covering Gr(r, n) by the open affine pieces U;
and then covering h~*(U;) by open affine pieces Spec(A;) over which Q' is trivial, we see
that ¢ pulls back the universal family to .S if the following diagram commutes:

Comments or corrections welcome: https://tinyurl.com/yc5y6dwp

This material has been / will be published by Cambridge University Press as Introduction to Schemes by Geir Ellingsrud & John Christian Ottem
This pre-publication version is free to view and download for personal use only. Not for re-distribution, re-sale, or use in derivative works.
© Geir Ellingsrud and John Christian Ottem 2015-2025


https://tinyurl.com/yc5y6dwp

466 Further constructions and examples

But this happens if and only if h|Spec( A;) = 9i- Therefore g is the unique morphism pulling
back the universal family to 7', as required. O
. ("fr)-1 )

Remark B.22. The Plucker embedding P: Gr(k,n) — P, has an elegant interpreta-
tion in terms of the functor of points. The morphism P comes from the natural transformation
which takes a T-valued point of Gr(k, n), that is, a quotient 0% — Q — 0, and sends it

N
to ATO™ — A"Q — 0, which since A"() has rank 1, defines a point in IP’; ") 1(T). Itis
possible to use this to produce a completely coordinate-free proof of the fact that P is an
embedding in this functorial language.

Example B.23. The functor F': Sch®” — Sets given by
F(T) = {locally free sheaves of rank r on 7'} /isomorphism

is not representable. To see why, assume that there is a scheme X such that F' ~ hx. For a
scheme T, let o7 € F'(T') denote the element corresponding to the trivial sheaf O..

Now, let T" be any scheme, and let £ be a locally free sheaf £ or rank r on it. We may
choose a covering U; of T" such that £|y;, ~ Oy, . This means that the corresponding element
e € F(T) must map to oy, € F'(U;) via the maps F'(T)) — F(U;). The same is of course
true for the element o7 € F'(T'). So by the above remark, we must have that e = oy € F(T)).
However, this would mean that any locally free sheaf on 7" is trivial, which is false in general.
For instance, for 7' = P" and £ ~ Op:(1)", then £ is non-trivial. AN

B.6.0 Enumerative problems. The Grassmannian appears in classical algebraic geometry
involving enumerative questions involving linear spaces in projective space. One example
is the following theorem, which is one of the most celebrated results in classical algebraic
geometry.

Theorem B.24 (Cayley—Salmon). Over an algebraically closed field, every smooth cubic
surface S < IP? contains exactly 27 lines.

Example B.25. For illustration, let us consider the lines on the Fermat cubic surface defined
by

F=al+ - +23=0

We identify lines in P? with planes in k. Let us find equations for the set of points in
Gr(2,4) corresponding to lines in S = V/(F'). Let us consider lines L of the form

Ty + aoxs + boxs = 0,

1 + azxs + bzxs = 0.

These correspond to points contained in the affine chart Uyy oy < Gr(2,4). Then L is
contained in S if and only if the cubic F restricts to the zero polynomial in L. In other words,
F(—ays — byt, —azs — bst, s, t) is the zero polynomial in s and ¢. Expanding and collecting
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B.7 The Picard group of a Grassmannian 467

coefficients, we obtain the following system of equations for as, as, ba, b3:

ag + ag =1
a§b2 + a§b3 =
asbs + azb; = 0

by + b5 =1

Let a denote the ideal generated by these equations. Then a can be simplied to:
a= (a2a3, agbg, Clgbg, b2b3, bg + bg — 1,(I§ + bg — ]., Clg — bg)

From this we see that either a; = 0 or ag = 0. If ay = 0, then the last equation implies that
bz = 0 as well, and the two remaining equations reduce to b3 = 1 and a3 = 1. Here a3 and
b3 can be any cubic root of unity, leading to 3 x 3 = 9 solutions. Doing the same for az = 0
leads to a number of 9 + 9 = 18 lines in U;. By permuting the coordinates, we find the lines
contained in the other U; as well, leading to a total of 27 lines contained in V' (F'):

o4+ whr) = 20 + Wiz =0, 0<j,k<?2
o+ whas =21 +wiry; =0, 0<j,k<2
o4+ whrs =21 + Wiz, =0, 0<j,k<2
where w is a primitive cube root of 1. A

B.7 The Picard group of a Grassmannian

Proposition B.26. Let & be a field. Then the Picard group of the Grassmannian Gr(r, n)
is isomorphic to Z. It is generated by the restriction of O(1) from the Pliicker embedding.

N

Proof Consider Gr(r,n) < PV embedded via the Pliicker embedding. Fix an 7-tuple
I < {1,...,n}. Then the divisor H = div(z;)|x is a well-defined divisor on Gr(r,n).
The complement Gr(r, n) is the open set U; < Gr(r, n) (corresponding to n X r-matrices
whose I-th minor is nonzero). As U; ~ A"("~") has trivial class group, the exact sequence
(16.5) shows that the class group of Gr(r, n) is generated by H. Clearly, no multiple of H is
zero in C1(Gr(r, n)). That would mean that some Oy (m) ~ Ox. This is not possible, as
O(1) has N + 1 linearly independent global sections. O

Exercise B.7.1. Show that the set of lines on the quadric surface S = V (zoz3 —z122) C IP’%
is a union of two conics in Gr(2,4) < P;.

Exercise B.7.2 (Gluing relative schemes). Let X be a scheme and suppose that we are given
the following data:

(i) For each affine open U < X, a scheme Yy and a morphism 7 : Yy — U.

(i1) For any pair of affine open subschemes V < U < X, a morphism pyy: Yy —
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Yy such that the following diagram commutes

Yy 22Y% vy,
lﬂv lﬁU (B.36)

Ve— U

and induces an isomorphism Yy ~ 7, (V).
(iii) For any affine open subschemes W < V < U < X, we have pyw =
PV,U © Pw,v-
Show that there exists a scheme Y together with a morphism 7: ¥ — X, and isomorphisms
vy: m 1 (U) — Yy, such that for each V' < U affine, the following diagram commutes:

7T_1(U) v Yo i U

N

V) 4 Y, s

and 7y; 0 1y = |y for each U. Show that as an X -scheme, Y is unique up to isomorphism.
HINT: See (?, Tag 01LG).

B.8 Relative Spec

Let X be a scheme and let A be a quasi-coherent sheaf of O x-algebras. This means that A
is a quasi-coherent sheaf and for each open set U — X, the group A(U) is an algebra over
the ring Ox (U).

Let us apply Proposition ?? to the case where

Yy = Spec A(U)

and 7y Yy — U is the morphism induced by the ring map Ox (U) — A(U). Let us check
the that the second condition in the proposition is satisfied. If V' < U is another affine subset,
we have there is a ring map A(U) — A(V') which induces a morphism Yy, — Y}, inducing
a commutative diagram

Spec(A(V)) 225 Spec(A(V))
lﬂv J/WU (B.37)
Ve " U

The diagram is actually Cartesian, because A(V) = A(U) ®o () Ox(V), as A is quasi-
coherent. The third condition is also satisfied, because the ring map A(U) — A(W) factors
via restriction to V.

It follows that the schemes Y7, glue together to a scheme, which we denote Spec(.A)
which we call the ‘relative spectrum of A’. There is a morphism 7: Spec(A) — X which
satisfies

T OSpec(.A) = -/4
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B.8 Relative Spec 469

The scheme Spec(.A) satisfies the following universal property: For each morphism h : Z —
X with a map of Ox-algebras A — h, Oy, there is a unique morphism f : Z — Spec(.A)
such that h = wo f.

Example B.27. For A = Ox/[ty,...,t,], the relative Spec coincides with the relative affine
space Ay = X Xgpecz A" A

Example B.28. Let X = A? = Speck[zy,...,x,] and let f € k[zy,...,z,] be a
polynomial. Then

A= Ox[t]/(t" — f(x1,...,27,))

is an Ox-algebra. The relative spec Y = Spec A is exactly the degree m cover of A"
branched over the zero set of f. A

Example B.29. More generally, let X be a normal integral scheme, D < X an effective
divisor, and let L be an invertible sheaf on X such that L™ ~ Ox (D). Let s € Ox (D) be
the section that defines D; we will view it as amap s : Ox — L®™. Define the O x-module

AZOX@L_l@"'®L_m+1
This becomes an O x-algebra via the multiplication
L—a ® L—b ~ L—a—b ® OX 1d®s L—a—b ®Lm ~ L—a—b-&-m'

Let Y = Spec.A with the projection 7: Y — X. We call Y the ramified cyclic cover of s.

Over an open set U where L ~ Oy, pick a local generator s. The image s™ € I'(U, L™).
On such an open, we have Al ~ OF, which is generated by 1 and f subject to the relation
zm = f.

It is not hard to show that 7 is nonsingular if and only if X and D are. A

Exercise B.8.1. Check that the scheme Spec(.A) and the morphism 7 satisfies the above
universal property.

Example B.30 (Closed subschemes). An important special case is when A = Ox /Z for
some quasi-coherent ideal Z. In this case there is a morphism

i:Spec(Ox/T) —> Spec (Ox) = X
and Y = Spec (Ox/T) is exactly the closed subscheme associated to Z. A

Example B.31 (Vector bundles). Let £ denote a locally free sheaf of rank . The symmetric
algebra

Sym* (V) =0xDE D S*(EV)D -

is naturally an algebra over O . The corresponding relative Spec is denoted by V(). The
projection 7m: V(&) — X is what is known as a vector bundle; all the scheme-theoretic fibers
are affine spaces of dimension r. More precisely, if x € X, the fiber £(z) = £ ®o, k(x)
is isomorphic to k(x)", and so the scheme-theoretic fiber of 7 over z is isomorphic to the
spectrum of

Sym™*(k(x)") ~ k(z)[ts, ..., t]
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Example B.32 (Normalization). Now suppose X is a general integral scheme. For an affine
subset U = Spec A < X, we set Yy = Spec A, where A is the integral closure of A in
K (X). We check that the collection of morphisms 7 : Y, — U satisfy the conditions of
Proposition ??, so that they glue to a morphism 7: X — X.

If U,V are two affines with V' < U, we can consider the open subscheme W =
71'{,1(‘/) c Yy. By assumption, this scheme is affine, because 7;; is an affine morphism, and
integral and normal, being an open set in Y;. Furthermore, inside K (X), we have

Ow(W) = (] Oyiy-

yeWw

As the local rings Oy,, , are integrally closed, we see that Oy, (W) is normal. As W — V
is finite, Ox (V') — Oy (W) a finite ring extension, and we see that Oy, (W) is the integral
closure of Ox (V) in K(X). This allows us to canonically identify Yy, with 7r;;*(V'), and
consequently the fiber product Y, x V. Finally, if W < V < U are three affines, the map
Yw — Yy clearly factors via Yy . Therefore the conditions of Proposition ?? are satisfied,
and the schemes Y3 glue to a scheme which we will denote by X.

Finally, we prove that the scheme X and 7x : X — X satisfy the universal property. So
let h: Z — X be a dominant morphism from a normal integral scheme Z. Over each U;, we
have an induced dominant morphism 2! (U;) — Uj, which by the universal property over
the U; must factor uniquely via U; via a morphism h;: h=1(U;) — Uj;. Again the uniqueness
in the universal property tells us that these maps must agree over the overlaps h=(U;;).
Since the A~ (U;) form an open cover of Z, these maps glue to amap h: Z — X factoring
h. A

B.9 Relative Proj

Let X be a scheme and let R be a quasi-coherent sheaf of graded O x -algebras. This means
that for each open set U < X, the group R(U) is a graded ring with degree 0 isomorphic to
Ox(U).

For an open affine U c X, set Y; = Proj R(U), with projection 7: Y;; — U induced
by the natural map Proj R(U) — Spec Ox(U) = U.If V < U is another affine, the map
R(U) — R(V) is a map of graded rings, this induces a map Yy — Y7;. Checking that the
conditions of Proposition ?? are satisfied is similar to the Relative Spec-case. We call the
resulting scheme Proj(R) — X the ‘relative Proj of R’.

Example B.33 (Projective bundles). Let £ be a locally free sheaf on a scheme X and consider
the symmetric algebra Sym™ (&), which we for notational convenience write as

Sym* () = Ox QELD S*(EW D - -
The scheme Proj(Sym*(£)) is usually! denoted by P(£). A
Example B.34 (Hirzebruch surfaces). Consider the sheaf & = Op: @ Op: (—d), where

1 Warning: The notation in the literature here is not always consistent; in many texts P(€) refers to
Proj(Sym*(£")). The differences in notation is rooted in the contrasting viewpoints of denoting P by lines
or hyperplanes in k”*1. The notation here is the so-called ‘Grothendieck notation’ for projective bundles.
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d € 7. The corresponding projective bundle P(€) is exactly the Hirzebruch surface F,, from
Example XX. A

B.10 Blow-ups

Let A be a k-algebra. We are interested in morphisms
Spec(A) — P} = Proj(k[xo, ..., z,]).
Interpreting A as P% = Proj A[t], the map of graded k-algebras
o klxo, ...,z — A[t]; x— fit

defines an A-valued point (fy : - - - : f,,) of P}.

The base locus Bs(¢) is empty if and only if (fo, ..., f,) = (1), which happens if and
only if (fot,..., fut) = (t) in A[t], thatis, fot, ..., f.t generate the irrelevant ideal.

If (fo,...,fn) = (g) is a principal ideal, then we have f; = gc; for some elements
¢; € A. This means that we can extend the morphism over Bs(¢) by defining the A-valued
point (co, . .., ¢,).

In general, let a = (fo, ..., fn) A, and consider the graded ring

R(a) = @ a't’,
i>0
where ¢ is a variable, i.e., R is the subring A[t] of polynomials },_ a;t* with a; € a’. In
the ring R, t has degree 1, while the elements of A have degree 0. Since Ry = A, Proj R is
a scheme over Spec A with structure morphism

m: ProjR —— Spec A,

(this was introduced just after Definition ?? on page ??). We claim that 7 is an isomorphism
outside the closed subset 7'V (a), and so 7 merits being called the *blow-up* of V (a).
Indeed, if f € a, it holds that aA; = A; and consequently a’A; = A for all 7. Therefore,
we have the equality R; = A[t]. By Exercise 5.4.13 and Example ??, we then find that 7
induces an isomorphism

7 'D(f) = Proj Ry = Proj Af[t] ~ Spec A; = D(f).

Note that the elements fyt, ..., f,t by definition generate the irrelevant ideal of R. This
means that they induce a morphism

F: ProjR — P?,

which fits into the diagram

The scheme Proj R is called the *blow-up* of Spec A along a.
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The blow-ups can be computed as follows. Let ¢ — A be an ideal, generated by fo, . . ., fr.
Let J be the kernel of the map of graded rings

Aluo, ..., u,] — R(a) = P a"t", (B.38)

n=0

sending u; to f;t. Then the blow-up of a is the closed subscheme
Bl,(X) =V, (J) c P,
where X = Spec A.

Proposition B.35. Let a — A be an ideal and let X = Spec A. The blow-up Bl,(X)
and the morphism 7: Bl,(X) — X have the following properties:
(i) E =n"'(V(a)) is a Cartier divisor on Bl,(X).
(ii) 7 is surjective, and if U = X — V (a), the restriction 7|y : 71 (U) — U
is an isomorphism.

Leta = (fo,-.., fn) © A. We define the morphism
F: Bl,(X) > P?
by the composition
Bl (X) - P, — P}.

Then 7 is proper, because it is a composition of a closed embedding and P, — P}, which is
proper.
LetU = X — V(a). ThenU = | J,, D(f). Forany f € a, we have

7 YD(f)) = Proj(R(a) ®4 Ay) = Proj(A;[t]) ~ Spec A;.
These isomorphisms glue to an isomorphism
m:m YU) ~U.
Therefore, 7 is surjective, being closed and the image containing a dense open U'.
Now consider D; = D, (fit) = Spec A [%, ce %].Then 7 (V(a))nD; = V(f),
as f; = fi- ];’i

Proposition ?? gives a description of the scheme-theoretic inverse image of V' (a), as

(@ aiti) @A A/a _ @ ai/ai-&-l,

i>0 i>0

and hence 7'V (a) = Proj@,.,a’/a’"*".

Example B.36 (The blow-up of the plane). Consider the polynomial ring A = k[z,y] and
the ideal a = (x,y). Let R be the graded ring

R=@Pad't,
i>0

where the graded piece of degree 7 equals a‘t’. The irrelevant ideal R is generated by xt
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B.10 Blow-ups 473

and yt, and consequently Proj R is the union of the two open affine subschemes Spec(R,.)o
and Spec(R,:)o.

There is a map of graded rings ¢: A[u,v] — R, where u and v are of degree 1, given by
u +— xt and v — yt. This map is surjective because a is generated by x and y. The kernel of
¢ contains the element xv — yu, and by Exercise 5.4.27, we have

R ~ Alu,v]/(zv — yu). (B.39)
From this description, we see that Proj R is covered by the two distinguished open sets
D, (u) = Spec(R,)o and D, (v) = Spec(R,)o,
where
(Ry)o ~ k[z,vu™'] and (R,)o =~ k[y,uv™'].
These affine schemes are glued together along their intersection, which is

Spec(Ruv)o =~ (Alu, v]uw/(xv — yu))o.
One finds that

1

(Alu, v]wo/(zv — yu))o ~ k[z,y,uv " vu™ ]/ (zvu™" — y) ~ k[z,uv™ ", vu™"].

Therefore, Proj R coincides with the blow-up construction described in Section B.2 on
page 449. A

Example B.37. Let A = Z[t] and R = A[ug, u1]/(tu; — Tug). The projective scheme
Proj R with its structure morphism

7: Proj R — A}, = Spec 4,
can be viewed as the blow-up of A} in the closed point m = (7,t) € A}. Then
7(D(1) = Proj (R ®a A[1]) = Proj(A[us, }]) ~ D(1)
7(D(T)) = Proj (R®a A[L]) = Proj(A[u, 1]) ~ D(7)

This shows that 7 restricts to an isomorphism over the open subset Proj R — 7~V (m). On
the other hand, the schreme-theoretic fiber of m is given by

Proj(Alug, u1] @4 A/m) = Proj(Alug, w,]/(7,t)) = P}, .

Proposition B.38. Let X = Spec Aand Y = V(a), and let X = Bl,(X).

(1) If X is reduced/irreducible/integral, then so is X.
(i) Wehave X < Z = V, (fiu; — fiw;) < P4 If fo, ..., fn are a minimal
set of generators for a and Z is integral, then X = Z.

Proof (i): Let X = Bly(X) = Proj R(a), where R(a) = @, a’t? is the Rees algebra
of a. If X = Spec A is reduced, then A has no nilpotent elements. Since R(a) is a graded
subring of A[¢t], it inherits the reduced property from A. Thus, X = Proj R(a) is reduced.
The same argument shows that X is also irreducible, integral.
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(i) X © Z = Vi (fiu; — fju;) < P4, and if fy, ..., f, are a minimal set of generators
for a and Z is intggral, then X = Z.

The blow-up X is defined by the kernel J of the graded surjection (B.38). This kernel
contains the relations f;u; — f;u; forall4, j, since f;(f;t) = f;(fit). Thus, X = Proj R(a)
is a closed subscheme of Z = V. (fiu; — fyu;) < Py.

Suppose fo, - . ., [ are a minimal set of generators for a, and Z is integral. Since Xcz
and both are integral schemes, it suffices to show that the map X — Z is an isomorphism on
an open dense subset. N

Let U = X — V(a). On U, the blow-up X restricts to an isomorphism 7! (U) ~ U, as
shown earlier. Similarly, Z restricts to an open subset isomorphic to U because the relations
fiu; = fju; define the same structure as the blow-up on U.. Since Z is integral and X < Z is
a closed subscheme that agrees with Z on a dense open subset, we conclude that X=2 0O

Example B.39. Let A = k[z,y]/(y>—2*) and a = (2, y). The blow-up X = Bl,(Spec A)
embeds into P, = Proj A[U, V]. We compute X on the affine charts D, (U) and D (V).

On D, (U): Letu = V /U. The blow-up is defined by the relation y = wux. Substituting
into % = 3, we get:

(uz)? = 2° = W’ =2 = vl =1
Thus, X n D, (U) = Spec A[u]/(u? — z), with y = u3. The morphism Spec k[u] —
Spec A is given by:
Tz ut, oy Ut
On D, (V): Letv = U/V. The blow-up is defined by the relation z = vy. Substituting
into % = 3, we get:

Y= (vy)’ = y* =0y = 1=1%.

Thus, X n D, (V) = Spec A[v]/(1 — %), with = vy. The morphism Spec k[v] —
Spec A is given by:
e R TR T
The blow-up morphism 7 : X - Spec A is obtained by gluing these two charts. On
D, (U), itis induced by z — u?, y — u® and on D, (V), by z — v*, y — 02 A

B.11 Pushouts of affine schemes

Gluing schemes along open subschemes have been a central theme in this book. In some
cases, we can also glue two schemes along a common closed subsheme. In this section, we
explain how this can be done for affine schemes.

Let A, B,C beringsandlet f : A — C, g : B — C be surjections. From this data, we
can form the pullback ring A X ¢ B arising in the pullback diagram

AXCB*)B

| |

a—Lc
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B.11 Pushouts of affine schemes 475
Explicitly, the ring A x o B is defined by
AxcB={(a,b)e Ax B f(a) =g(b) }.
The diagram above induces a pushout diagram of schemes

SpecC — Spec B

l |

Spec A —— Spec(A x¢ B)

This means that Spec A X ¢ B satisfies a universal property dual to that of the fiber product:
it is universal among diagrams of the form (B.11) with Spec(A x ¢ B) replaced by some
other scheme.

Proposition B.40. As a topological space, Spec(A X ¢ B) is homeomorphic to
(Spec A) Uspec ¢ (Spec B) (B.40)

Example B.41. The nodal cubic curve can be obtained from this construction; it is obtained
by identifying two points of A}. [ADD MORE DETAILS.] A

Example B.42. Here is an example of a non-normal surface with an isolated singularity. We
let X be the scheme obtained by identifying two points in A7; X is the affine variety given
by the k-algebra

A= {feke.y] | £(0,0) = £(0,1)}.

Then the normalization X is the affine plane. The algebra A is generated by the 4 polynomials

2y, 9" —y,y° —y (B.41)

To see this, note that if f(z,y) is any polynomial satisfying f(0,0) = f(0, 1), we may
subtract products of the form b(z)(y* — y)* or b(z)(y* — y)*(y® — y) until the y-degree of
f is at most 1; the remaining polynomials can be written as polynomials in x and xy.

The polynomials (B.41) define a closed embedding of the surface X in A%, A

Theorem B.43. Let X and Y be schemes andleti: Z — X and j: Z — Y be closed
embeddings. Then the pushout X Uz Y exists as a scheme.

Example B.44 (Spec Z+/—3). The spectrum of the ring R = Z[\/TS] is rather interesting.
It can be viewed as a sort of singular curve over Spec Z. As such it shares many properties
with the nodal cubic curve of Example 10.37.

Note first that R is not a unique factorization domain. For example,

2-2=(1++v/=3)(1—-+-3).

It is also not normal, because the element w = (1 + +/—3)/2 € Q(/—3) satisfies the monic
equation 22 + x + 1 = 0, but w ¢ R. In fact, the integral closure of R is given by the ring
the ring of Eisenstein integers Z[w], and Z[w] is a unique factorization domain. In particular,
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Z|w] is normal, and equals the integral closure of R inside the fraction field Q(1/—3). It
follows that the morphism

Spec Z[w] — Spec Z[v/—3],

induced by the inclusion Z[2w] — Z[w], is the normalization map.

Note that R is not a Dedekind domain: an integral domain is Dedekind if and only if each
of its localizations is a discrete valuation ring. However, the localization I?,, at the prime ideal
p=(2,1+ \/?3) is not a discrete valuation ring; the maximal ideal requires two generators.
However the square of p is principal; it satisfies

p? = (2) < Z[v/-3].
There are two ring maps ¢, : Z[w] — Fy[z]/(2* + x + 1) = Fy, one sending w to
x, and the other sending w to x + 1. The subring of Z[w] where these coincide is exactly
Z[2w] = R. We get a pushout diagram

Fy ¢ Z[uw]

| I

Zlw] +—— Z[V=3]

This induces a homeomorphism between Spec Z[+/—3] and Spec Z|w] with two points
identified. Hence Spec R is obtained by identifying two points in the spectrum of the
Eisenstein integers. A

B.12 Multigraded rings

The Proj-construction has the following multigraded analogue.

Let R = k[xy,...,x,] be aring graded by the group Z". This means that each variable
x; is assigned a degree d; € Z™. Let f € R denote a homogeneous element with respect to
the Z"-grading. Let (R )o denote all the elements in the localization of degree 0 € Z".

Definition B.45. For w € Z", we define the subring
R(w) = @ R.w<c R
n>0

and the w-irrelevant ideal as the graded ideal

IW:@RTLWCR

n>0

Note that R(w) and I, are graded Ro-modules, in the usual sense. In fact, R(w) is a
graded algebra over Ry.

Definition B.46. For a given w € Z", we define the multigraded projective spectrum
w-Proj(R) as the set of homogeneous prime ideals p that do not contain the irrelevant
ideal I,.
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As in the usual Proj-construction, the set w-Proj(R) inherits a Zariski-topology, by
declaring that the closed sets are exactly the sets V' (a) of homogeneous prime ideals
p D a (not containing the irrelevant ideal I, ). There is also the set of distinguished opens
D.(f) = w-Proj(R) — V (f), defined for Z"-homogeneous f. As before, these give a basis
for the topology on w-Proj(R) and

D (f) ~ Spec(Ry)o.

Next, we define the structure sheaf on the topological space X = w-Proj(R). We define
it on the basis consisting on distinguished opens by

Ox (D4 (f)) = (Rf)o

and the restriction maps are as usual given by the localization maps Ry — R, for D (f) o
D (g). This defines a sheaf of rings Ox on X whose stalks at are the local rings (R, )o.
Therefore, the locally ringed space (X, Oy ) is a scheme.

B.13 Examples

Example B.47. Letm, n > 1 be integers and consider the polynomial ring R = k[xo, ..., Zm, Yo, - - -

with the Z?-grading given by deg z;; = (1,0) and degy; = (0, 1).
For the vector w = (1,1), we find
Iy = (®oYos -+ s Tm¥n) = (@oy -3 Tm) O Yoy -+ -5 Yn)-
Note that w-Proj( R) is covered by the affine schemes
Lo
FRERLI bt b

This is the usual affine cover of X, = P x P}.

Uij = SpeC(Rwiy,-)O ~ Speck [ In Yo . y0:| ~ Azwrn

A
Example B.48. Consider the polynomial ring R = k[xg, x1, Yo, y1] with the grading given

by the columns of the matrix
11 0 -1
M= (0 01 1 )

Let us choose the vector w = (1,1) as the degree vector. Then the irrelevant ideal is
generated by all monomials of bidegree w, i.e., Iy = (22y1, ToT1Y1, ToYo, T3Y1, T1Yo)-
This has radical /I, = (ZoYo, T1%0, Toy1, T1Y1) = (2o, 1) N (Yo, y1). The localizations
are given by

(R(moyo))o = k|5 =0 (R(xoyl))o = k| &2 Zovo

zo’ Yo o’ Y1
(R(myo))o =k %)a $Zé}l (R(myl))o =k %7 I;Z;O
This is the same affine cover as the blow-up of IP? at a point. A
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