
STAT 110A HW4 Solution

1. (a)
∫

xf(x)dx : [the summation of x× the number of ai in (x, x+4x) over all x]/N=µ∫
(x− µ)2f(x)dx : [the summation of (x− µ)2× the number of ai in (x, x +4x)

over all x]/N=σ2

(b)
∫

h(x)f(x)dx : [the summation of h(x)× the number of ai in (x, x +4x) over all
x]/N = µh∫

(h(x) − µh)
2f(x)dx : [the summation of (h(x) − µh)

2× the number of ai in
(x, x +4x) over all x]/N = σ2

h

(c) µh = (βa1 + γ + · · ·+ βaN + γ)/N = β(a1 + · · ·+ aN)/N + Nγ/N = βµ + r
or
µh =

∫
h(x)f(x)dx =

∫
(βx + γ)f(x)dx = β

∫
xf(x)dx + γ

∫
f(x)dx = βµ + γ

σ2
h =

∑N
i=1[(βai + γ)− (βµ− γ)]2/N = β2

∑N
i=1(ai − µ)2/N = β2σ2

or
σ2

h =
∫

(h(x)− µh)
2f(x)dx =

∫
(βx + γ − βµ− γ)2f(x)dx

= β2
∫

(x− µ)2f(x)dx = β2σ2

2. (a) µ = (a1+ · · ·+aN)/N =
∑

x x×[number of a′
is that are equal to x]/N =

∑
x xp(x)

σ2 =
∑N

i=1(ai − µ)2/N =
∑

x(x− µ)2× [number of a′
is that are equal to x]/N =∑

x(x− µ)2p(x)

(b) µh =
∑

x h(x)p(x), σ2
h =

∑
x(h(x)− µh)

2p(x)

(c) µh =
∑

x(βx + γ)p(x) = β
∑

x xp(x) + γ
∑

x p(x) = µ + γ
σ2

h =
∑

x(βx + γ − βµ− γ)2p(x) = β2
∑

x(x− µ)2p(x) = β2σ2

3. (a) fX(x) :
The number of people with height in (x,x+4x)/N

4x

fY (y) :
The number of people with weight in (y,y+4y)/N

4y

(b) f(x, y) =
The number of people with height in (x,x+4x) and weight in (y,y+4y)/N

4x4y

(c) fX(x) =
∑

y f(x, y)4y, fY (y) =
∑

x f(x, y)4x

(d) fY |X(y|x) = f(x,y)
fX(x)

= f(x,y)P
y f(x,y)4y

4. (a) pX(x) =number of people having height=x/N
pY (y) =number of people having weight=y/N

(b) p(x, y) =number of people having geight=x and weight=y/N

(c) pX(x) = Pr(X = x) =
∑

y Pr(X = x, Y = y) =
∑

y p(x, y)
pY (y) = Pr(Y = y) =

∑
x Pr(X = x, Y = y) =

∑
x p(x, y)

(d) pY |X(y|x) = Pr(Y = y|X = x) = Pr(X=x,Y =y)
Pr(X=x)

= p(x,y)
px(x)

= p(x,y)P
y p(x,y)
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5. (a) fX(x) : How often a person’s height falls in (x, x +4x)/4x
fY (y) : How often a person’s weight falls in (y, y +4y)/4y
f(x, y) : How often a person’s height and weight falls in (x, x +4x) and (y, y +
4y)/4x4y
fY |X(y|x) : When a person’s height falls in (x, x +4x), how often his/her weight
falls in (y, y +4y)/4y

(b) pX(x) : How often a person’s height is x
pY (y) : How often a person’s weight is y
p(x, y) : How often a person’s height and weight is x and y
pY |X(y|x) : When a person’s height is x, how often his/her weight is y

(c) µ : the average height of the population
µh : the average value of h(x) of the population

6. (a)
∫ ∫

h(x, y)f(x, y)dxdy : the summation of h(x, y)× the probability of X and Y in
(x, x +4x) and (y, y +4y) over all x and y = µh∫ ∫

(h(x, y) − µh)
2f(x, y)dxdy : the summation of (h(x) − µh)

2× the probability
of X and Y in (x, x +4x) and (y, y +4y) over all x and y = σ2

h∑∑
h(x, y)p(x, y) : the summation of h(x, y)× the probability of X and Y in x

and y over all x and y = µh∑∑
(h(x, y)−µh)

2p(x, y) : the summation of (h(x)−µh)
2× the probability of X

and Y in x and y over all x and y = σ2
h

(b) V ar(X) = E(X − µX)2 =
∑

i(ai − µX)2p(X = ai) =
∑

i(ai − µX)2 × 1
N

=∑
i c

2
i /N = ‖c‖2/N

V ar(Y ) = E(Y −µY )2 =
∑

i(bi−µY )2p(X = bi) =
∑

i(bi−µY )2× 1
N

=
∑

i d
2
i /N =

‖d‖2/N

(c) Cov(X,Y ) = E[(X − µX)(Y − µY )] =
∑

i(ai − µX)(bi − µY )p(X = ai, Y = bi)
=

∑
i cidi/N = (c1, c2, · · · , cN)(d1, d2, · · · , dN)′/N = c · d/N

ρ = Cov(X,Y )/σXσY = c·d/N
‖c‖‖d‖/N = cos(angel between c nd d)

(d) Covariance is the measure of how much two variables change together. If two
variables tend to vary together (that is, when one of them is above its expected
value, then the other variable tends to be above its expected value too), then the
covariance between the two variables will be positive. On the other hand, if one
of them is above its expected value and the other variable tends to be below its
expected value, then the covariance between the two variables will be negative.

7. (a) V ar(X + Y ) = E[(X + Y )− E(X + Y )]2 = E[(X − E(X)) + (Y − E(Y ))]2

=
∑N

i=1(ai−µX +bi−µY )2/N =
∑

i[(ai−µX)2+(bi−µY )2+2(ai−µX)(bi−µY )]/N
= V ar(X) + V ar(Y ) + 2Cov(X, Y ), or,
V ar(X +Y ) = E[(X−E(X))+(Y −E(Y ))]2 = E[(X−E(X))2 +(Y −E(Y ))2 +
2(X − E(X))(Y − E(Y ))]
= V ar(X) + V ar(Y ) + 2Cov(X, Y )

(b) Cov(X, Y ) = E[(X − µX)(Y − µY )] =
∑

i(ai − µX)(bi − µY )/N
=

∑
i(aibi −µXbi −µY ai + µXµY )/N =

∑
i aibi/N −µX

∑
i bi/N −µY

∑
i ai/N +

NµxµY /N = E(XY )− µXµY − µXµY + µXµY = E(XY )− µXµY ,or
Cov(X, Y ) = E[(X −µX)(Y −µY )] = E[XY −Xµy −µXY +µXµY ] = E(XY )−
µxµY = 0

(c) Cov(X, Y ) = 0 =⇒ corr(X, Y ) = cos(angel between c nd d) = 0
=⇒ X and Y are perpendicular
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